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Abstract

We adapt the definition of the Vietoris map to the framework of finite topological
spaces and we prove some coincidence theorems. From them, we deduce a Lefschetz fixed
point theorem for multivalued maps that improves recent results in the literature. Finally,
it is given an application to the approximation of discrete dynamical systems in polyhedra.

1 Introduction, preliminaries and motivation

non

Finite topological spaces are becoming a significant part of topology and a good tool so as
to model and face problems of different nature. For instance, they can be used to reconstruct
compact metric spaces [20] or to solve realization problems of groups in topological categories
[8]. From an algebraic point of view, they are interesting since they have the same homotopy
and singular homology groups of simplicial complexes [I8]. There are two monographs that
treat precisely the alegbraic aspects of finite topological spaces, [3|, [17]. Recently, an interest
in finding applications of finite spaces to dynamical systems has grown up. These spaces,
due to its finitude, seems a good candidate to develop computational methods. In [I5], L.
Lipinski, J. Kubica, M. Mrozek and T. Wanner define an analogue of continuous dynamical
systems for finite spaces and construct a Conley index. To do that, they generalize the theory
of combinatorial multivector fields for Lefschetz complexes introduced by M. Mrozek in [21].
On the other hand, the theory of combinatorial multivector fields is also a generalization of
the concept of combinatorial vector field introduced by R. Forman in [I2] [I1]. Combinatorial
vector fields are used to adapt the classical Morse theory in a combinatorial way for CW-
complexes. This theory has found several applications. For example, in [19], K. Mischaikow
and V. Nanda, using discrete Morse theory, develop a method to compute persistent homology
more efficiently

In the same spirit of adapting the theory of dynamical systems to finite spaces, J.A.
Barmak, M. Mrozek and T. Wanner, in [0], obtained a Lefschetz fixed point theorem for
a special class of multivalued maps. A Lefschetz fixed point theorem for finite spaces and
continuous maps was obtained by K. Baclawski and A. Bjorner in [2], where they also relate
the Lefschetz number with the Euler characteristic of the set of fixed points. The idea of this
paper is to adapt the classical notion of Vietoris map and Vietoris-Begle mapping theorem to
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finite topological spaces so as to obtain a coincidence theorem, which is a generalization of the
Lefschetz fixed point theorem. From there, we deduce Lefschtez fixed point theorems and we
also extend the class of multivalued maps for which the result holds true, i.e., we generalize
the Lefschetz fixed point theorem obtained in [6] to a more flexible class of multivalued maps.
These ideas are combined with the reconstruction of compact polyhedra by finite topological
spaces in order to give some results about approximation of dynamical systems.

We recall basic definitions and results from the literature before enunciating the main
results of this paper. Firstly, we review important concepts in the theory of Alexandroff
spaces. An Alexandroff space X is a topological space with the property that the arbitrary
intersection of open sets is open. If X is an Alexandroff space and x € X, then U, denotes
the open set that is defined as the intersection of all open sets containing x. Analogously, F
denotes the closed set that is given by the intersection of all closed sets containing . Given a
partially ordered set (poset) (X, <), a lower (upper) set S is a subset of X such that if x € §
and y < z (z <y), then y € S. In addition, if z,y € X, we denote x < y (z > y) if and only
if x <y (x >y) and there isno z € X with z < z <y (z > z > y). In [1], P.S. Alexandroff
proved that for a poset (X, <), the family of lower (upper) sets of < is a Ty topology on X,
that makes X an Alexanfroff space and for a T Alexandroff space, the relation x <, y if and
only if U, C Uy, (U, C U,) is a partial order on X. Moreover, the two associations relating
Ty topologies and partial orders are mutually inverse. The topology generated by the upper
sets is usually called the opposite topology. The partial order considered in parenthesis is
usually called the opposite order. If X is an Alexandroff space, where we are not considering
the opposite order, and z € X, U, can also be seen as the set {y € X|y < x}. Similarly, F,
can also be seen as the set {y € X|y > x}. Furthermore, U, and F, are contractible spaces.

Every finite Ty topological space is an Alexandroff space. Therefore, we will treat finite
Ty topological spaces and finite partially ordered sets as the same object without explicit
mention. In this context, some topological notions such as continuity or homotopy can be
expressed in terms of partial orders. For instance, a map f : X — Y between finite Tj
topological spaces is continuous if and only if it is order-preserving. If f,g: X — Y are two
continuous maps between finite T topological spaces, f is homotopic to g if and only if there
exists a finite sequence of continuous maps fi,..., f, such that f = f1 < fo > ... < f, = g.
See [3], 7] for a complete exposition.

Moreover, weak homotopy equivalences play a central role in the theory of Alexandroff
spaces.

Definition 1.1. A weak homotopy equivalence is a map between topological spaces which
induces isomorphisms on all homotopy groups. Let X and Y be topological spaces, X is weak
homotopy equivalent to Y if there exists a sequence of spaces X = Xo, X1,...,Xp =Y such
that there are weak homotopy equivalences X; — X1 or X1 — X for every 0 <i <n—1.

Remark 1.2. Weak homotopy equivalences satisfy the 2-out-3 property, that is to say, let
f: X =>Y and g : Y — Z be maps, if 2 of the 3 maps f,g,g o f are weak homotopy
equivalences, then so is the third.

We recall some results of [18].

Definition 1.3. If X is an Alexandroff space, K(X) denotes the McCord complex, which is a
simplicial complex whose simplices are totally finite ordered subsets of X. Given a simplicial



complex L, X(L) denotes the face poset, i.e., the poset whose points are the simplices of L,
the partial order is given by the subset relation. |L| denotes the geometric realization.

Remark 1.4. If L is a simplicial complex, then it is easy to check that (X (L)) is the
barycentric subdivision of L.

Given a simplicial complex K, when there is no confusion we will also denote by K the
geometric realization of the simplicial complex. If f : K — L is a simplicial map between two
simplicial complexes, we denote by |f| the extension of f to |K|. Again, we will also use f to
denote |f|.

Theorem 1.5. [18, Theorem 2] There exists a correspondence that assigns to each Ty Alexan-
droff space a simplicial complexr K(X) and a weak homotopy equivalence fx : |[K(X)| — X.
Each map ¢ : X =Y of Ty Alezandroff spaces is also a simplicial map K(p) : K(X) — K(Y),

and po fx = fy o K(p).

The weak homotopy equivalence fx : |[K(X)| — X considered in Theorem is given
as follows, for each u € |[K(X)| we have that u is contained in a unique open simplex o,
where o, is given by a chain vy < ... < v, of X, then fx(u) = vo. If ¢ : X — Y is
a continuous map between two finite Ty topological spaces, then ¢ sends chains to chains.
Hence, K(¢)(vg < ... <vp) = p(v0) < ... < @(vy).

Theorem 1.6. [I8, Theorem 3] There exists a correspondence that assigns to each simplicial
complex K a Ty Alexandroff space X(K) and a weak homotopy equivalence fg : |K| — X (K).
Furthermore, to each simplicial map ¢ : K — L is assigned a map X (¢) : X(K) — X (L)
such that X (V) o fx is homotopic to fr, o |v|.

Given a simplicial complex L, L; denotes the set of i-simplices of L. Finally, we recall a
definition that will appear in subsequent sections.

Definition 1.7. Let f,g: |K| — |L| be maps and K, L be simplicial complezes. f is simpli-
cially close to g if and only if for every x, there exists a simplex o, in L containing in its
closure f(x) and g(x).

The Euler characteristic of a finite poset (X, <) is defined as the alternate sum of the
number of i-chains, where an i-chain in X consists of i+1 elements in X such that vy < ... < v;.
The Euler characteristic of X is denoted by x(X). Then,

X(X) = Z(—l)i|{v0 < ... < vj|v; € X for every i},
i=0
where |.| denotes the cardinal of a set.
Remark 1.8. It is trivial to check that for a finite Ty topological space X, the Euler char-

acteristic of X defined previously coincides with the classical Fuler characteristic defined for
the simplicial complex K(X).

Given a finite Tj topological space X. The Hasse diagram of X is a directed graph. The
vertices are the points of X and there is an edge between two points z and y if and only
if + < y. The direction of the edge goes from the lower element to the upper element. In



subsequent Hasse diagrams we omit the orientation of the edges and we assume an upward
orientation.

A dynamical system for a topological space X consists of a triad (T, X, ), where T is
usually Z (discrete dynamical system) or R (continuous dynamical system) and ¢ : Tx X — X
is a continuous function satisfying the following: ¢(0,x) = x for every x € X and p(t+s,x) =
o(t,p(s,x)) for all s,t € T and x € X. If t € T is fixed, we denote ¢; : X — X for simplicity.
The classical definition of dynamical system for an Alexandroff space seems uninteresting.

Proposition 1.9. If A is an Alexandroff space, the only continuous dynamical system ¢ :
R x A — A is the trivial one, i.e., p; : A — A is the identity map for every t € R.

Proof. We will treat A as a poset (A, <) with the opposite order, that is to say, we consider
the upper sets. Then, if z € A, F, is an open set. We argue by contradiction. Suppose that
¢¢ is not the identity map for every ¢ € R. Then, there exists s € R with ¢4(z) # x for
some z € X. On the other hand, ¢ is continuous at (0,x), so there exists ¢ > 0 such that
©((—€,€) x Fy) C F,. Concretely, it can be deduced that for every t € (—e,€), ;1 Fy — Fy
is a homeomorphism. We prove that ¢;(F;) = Fy. Suppose there exists z € Fy \ pi(Fy).
Since —t € (—¢,¢€), we have that ¢_.(z) € F,, which implies the contradiction. From here,
it is immediate to deduced the desired assertion. It is not complicate to prove that s can be
considered in (—e€,€). s : F — Fy is a homeomorphism. Thus, there exists z € F}, such that
vs(z) = x. s should preserve the order, so x = ps(2) > ps(z) =y, but y > x.

O

Furthermore, if X is a finite Tj topological space and we have a discrete dynamical system
p:ZxX — X, we get that ¢; = f is a homeomorphism. Hence, it is easy to check that
there exists a natural number n such that f™ = id, where id denotes the identity map.

By the previous arguments, it seems natural to consider multivalued maps so as to be able
to establish new definitions of dynamical systems in this context. A first approach to start
can be to develop a proper fixed point theory. In [6], J.A. Barmak, M. Mrozek and T. Wanner
provide a Lefschetz fixed point theorem for multivalued maps and finite Ty topological spaces.
Before recalling the definitions and results obtained in [6], we recall the classical Lefschetz
fixed point theorem.

Given a finite polyhedron X and a continuous map f : X — X. The Lefschetz number of
f is defined as follows:

A(f) =D (1)t (fe s Hi(X) = Hi(X))

=0

where f, denotes the linear map induced by f on the torsion-free part of the homology groups
of X and tr denotes the trace. This definition can be also extended to general topological
spaces that have homology groups finitely generated. Fiz(f) denotes the topological subspace
of X given by the fixed points of f. Moreover, if f, is a linear map on the torsion-free part of
the homology groups of a topological space X that is not induced by a continuous map, we
will denote also by A(f.) the alternate sum of the traces of fi.

Theorem 1.10 (Lefschetz fixed point theorem). Given a finite polyhedron X and a continuous
function f: X — X. If A(f) # 0, there exists a point x € X such that x = f(x).



A proof of this theorem can be found for instance in [14] or [22]. Moreover, a finite
version of this theorem can be found in [2]. K. Baclawski and A. Bjérner proved the following
result, where the Euler characteristic that appears is the one defined previously for finite T}
topological spaces (finite posets).

Theorem 1.11. [2, Theorem 1.1] Let P be a finite poset and let f : P — P be an order-
preserving map. Then A(f) is the Euler characteristic of Fix(f). In particular, if A(f) # 0,
then Fix(f) # 0.

Hence, the Lefschetz fixed point theorem for finite T topological spaces provides more
information about the structure of the fixed points set of a continuous map.

Definition 1.12. A topological space X is acyclic if the homology groups of X are isomorphic
to the homology groups of a point.

If X is an acyclic finite polyhedron and f : X — X is a continuous map, f has a fixed
point. Then, the Lefschetz fixed point theorem can be seen as a generalization of the Brouwer
fixed point theorem.

A generalization of the Lefschetz fixed point theorem is the so-called coincidence theorem,
it can be found in [10] proved by S. Eilenberg and D. Montgomery. Given two continuous
maps f,g : X — Y, it is said that f and g have a coincidence point if there exists x € X
such that f(z) = g(x). Before enunciating the coincidence theorem, we recall a result of L.
Vietoris [26] that was generalized by E. G. Begle [7]. For simplicity, the results will be only
enunciated for compact polyhedra.

Definition 1.13. A continuous map f: X — Y, where X and Y are two compact polyhedra,
is a Vietoris map if f~1(y) is acyclic for everyy € Y.

Theorem 1.14 (Vietoris-Begle mapping theorem). If f : X — Y is a Vietoris map, where
X andY are compact polyhedra, then f induces isomorphism in the homology groups.

Theorem 1.15 (Coincidence theorem). Let X and Y be compact polyhedra. If f,g: X =Y
are continuous maps, where g is a Vietoris map, then A(f.og: ') is defined, and if A(frog: ') #
0, there exists a point x € X such that f(x) = g(z).

We recall some definitions and results of [6]. We will take as definitions some characteri-
zations instead of the original ones in order to simplify.

Definition 1.16. [6, Lemma 3.2] Let F : X — Y be an arbitrary multivalued map between two
finite Ty topological spaces. It is said that F' is upper semicontinuous (lower semicontinuous)
if for all x1,x9 € X with x1 < x9 (1 > x2) and for all y1 € F(x1) there exists yo € F(x2)
such that y1 < ys (1 > 1),

The notion of upper semicontinuity is defined for general topological spaces. Concretely,
a multivalued map F' : X — Y between two topological spaces is an upper semicontinuous
multivalued map if for each point x € X and for each neighborhood V of F(z) in Y there
exists a neighborhood U of z in X such that F(U) = (J,cx F(z) is contained in V. Hence,
Definition [1.16] is a particularization of the previous one to finite topological spaces.



Definition 1.17. [0, Lemma 3.4] Let F' : X — Y denote an arbitrary multivalued map
between two finite Ty topological spaces. It is said that F' is strongly upper semicontinuous
(strongly lower semicontinuous) or susc (slsc) if for all x1,zo € X with x1 < x9 (r1 > x2),
F(x1) € F(x2) (F(x1) 2 F(22)).

From now on, if F': X —o Y is a multivalued map between two finite Ty topological spaces,
we will denote by I'(F) the graph of F, that is to say, I'(F) = {(x,y)|y € F(z)}. Hence, I'(F)
can also be seen as a finite Ty topological space, where we are taking the lexicographic order
on I'(F) C X xY. We denote by p: I'(F) = X and ¢ : I'(F') — Y the projections of the first
and the second coordinate of I'(F'), respectively. If F': X — X is a multivalued map, x € X
is called fixed point if z € F(z).

In [0, Lemma 4.1], it is shown that if ' : X — Y is a susc (slsc) multivalued map
with acyclic values between two finite Ty topological spaces, then p induces isomorphism in
homology. Therefore, it makes sense to consider F} : H,,(X) — H,(Y) defined as F, = g.op; .
From here, it is proved a Lefschetz fixed point theorem.

Theorem 1.18. [6, Theorem 5.3] Let X be an arbitrary finite Ty topological space and let
F: X — X be a susc or slsc mutlivalued map with acyclic values. If A(F) # 0, then F has a
fized point.

Now, we enunciate three of the main results of the paper. These results relies on the notion
of Vietoris-like maps and multivalued maps, which plays a central role herein. This notion
generalizes the multivalued maps considered in [6], i.e., every susc multivalued map F : X —o
Y between finite Ty topological spaces with acyclic values is a Vietoris-like multivalued map,
see Proposition The concept of Vietoris-like map is a finite analogous of the classical
definition of Vietoris map. Indeed, it also satisfies that induces isomorphisms in homology
groups. Then, we can obtain a coincidence theorem, as in the classical setting.

Theorem A (Coincidence theorem). Let f,g: X — Y be continuous maps between finite Tp
topological spaces, where f is a Vietoris-like map, then A(g. o f71) is defined and if A(gx o
1) #0, there exists x € X such that f(x) = g(x).

From here, the classical Lefschetz fixed point theorem for finite topological spaces and
single valued maps can be deduced since the identity map is a Vietoris-like map. We generalize
the notion of Vietoris-like map to multivalued maps so as to obtain a new Lefschetz fixed point
theorem. One advantage of this notion is the fact that it is very flexible. In fact, there is no
kind of continuity required in the definition of a Vietoris-like multivalued map. Despite the
previous fact, Vietoris-like multivalued maps induce morphisms in homologoy groups. Then,
we obtain a generalization of Theorem [I.1§]

Theorem B (Lefschetz fixed point theorem for multivalued maps). Given a finite Ty topo-
logical space X. If F : X — X is a Vietoris-like multivalued map and A(Fy) # 0, then there
exists x € X with v € F(x).

In general, the composition of two Vietoris-like multivalued maps is not a Vietoris-like
multivalued map. But, the composition of Vietoris-like multivalued maps presents a good
behavior in terms of the Lefschetz fixed point theorem. Specifically,



Theorem C. Let F : X — X be a multivalued map, where X is a finite Ty topological space.
Suppose that F = G, 0---0 Gy, where G; : Y; —o Y11, Yo = Y1 = X, Y] is a finite Tp
topological space and G; is a Vietoris-like multivalued map. If A(Gpy o -0 Gox) # 0, then
there ezists a point x € X such that x € F(x).

The organization of the paper is as follows. In Section [2] we introduce the notion of
Vietoris-like for single valued maps and multivalued maps and we present examples. In
Section [ a coincidence theorem for finite topological spaces is obtained, Theorem [A] Then,
Lefschetz fixed point theorems are deduced, e.g., Theorem |Bl Moreover, it is introduced the
notion of continuous selector for a multivalued map. An existence result of selectors for a
certain class of multivalued maps is obtained. Finally, coincidence theorems for multivalued
maps are given. In Section [l hypothesis regarding to the image of the mutlivalued maps
considered in previous sections are relaxed. A Lefschetz fixed point theorem is obtained for
this new class of multivalued maps, Theorem [C] To conclude, in Section [f] it is proposed
a method to approximate a dynamical system by finite topological spaces using the theory
developed previously.

2 Vietoris-like maps and multivalued maps

In this section, we introduce the notion of Vietoris-like for single valued maps and multivalued
maps, we also present some examples and properties.

Definition 2.1. Let f : X — Y be a continuous function between two finite Ty topological
spaces, we say that f is a Vietoris-like map if for every chain y1 < ya < ... < ynp in Y, we
have that | Ji_, f~(y:) is acyclic.

Remark 2.2. Definition |2.1] implies the surjectivity of the maps considered. Therefore, f :
X — X is a Vietoris-like map if and only if f is a homeomorphism. Moreover, if f: X — Y
is a Vietoris-like map, then f is also a Vietoris-like map when it is considered the other
possible partial order on X and Y at the same time.

Theorem 2.3. If f : X — Y is a Vietoris-like map, then f induce isomorphisms in all
homology groups.

Proof. The idea of the proof is to use [4, Corollary 6.5], which says that if ¢ : X — Y is
a continuous map between finite Tp topological spaces satisfying that K(¢~(U,)) (or equiv-
alently »~1(U,)) is acyclic for every y € Y , then K(y) (or ¢) induces isomorphism in all
homology groups. On the one hand, we have K(f)~1(7) = KU, f (i), where o is a
simplex given by some chain y; < ... < y, in Y and & denotes the subcomplex of I(Y)
given by o and all its faces, i.e., all the possible subchains of y; < ... < y,. We prove the
last assertion, if 7 € K(f)~1(7), then K(f)(r) C 7. Hence, K(f)(7) is given by a subchain
of y1 < ... < Yn, which implies that 7 € K(J_; f~*(y;)). We prove the other content, if
7€ K(UX, f~1(y:)), then 7 is given by a chain 21 < ... < @y,, where z; € f~!(y;) for some
j=1,.,nand i = 1,...,m. K(7) is given by the chain f(z1) < ... < f(z,), which is a
subchain of y; < ... < y,,. Therefore, K(f)(7) € 7.

By hypothesis, C(f)~!(7) is acyclic due to the equality that we prove above. On the
other hand, we have X (K(f)~1(7)) = X(K(f))"*(U,), where U, is the minimal open set of



o € X(K(Y)), that is to say, U, consists of all subsimplices of . Therefore, we are in the
hypothesis of [4, Corollary 6.5] because for every o € X(K(Y)), we get that X (K(f)) "1 (U,)
is acyclic. Thus, X (K(f)) induces isomorphism in all homology groups. By Theorem and
Theorem it can be deduced that f induces isomorphisms in all homology groups. O

Theorem [2.3]is a finite analogue of the Vietoris-Beggle mapping theorem. It also justifies
Definition [2.1} in the following example, we show that it is not possible to obtain an analogue
of a Vietoris-Begle mapping theorem (Theorem for finite topological spaces if we keep
an analogue of the classical definition of Vietoris map (Definition .

Example 2.4. We consider X = {A, B,C, D, E, F} and the following relations A > C, D, E, F;
B >CDEF; C >FEF and D > E,F, i.e., X is the minimal finite model of the 2-
dimensional sphere [5]. On the other hand, we considerY = {M, N} and the relation M < N.
We define f as follows: f(A) = f(B) = f(C) =N and f(D) = f(E) = f(F) = M. Clearly,
f is a continuous surjective function, we also have that f~Y(M) and f~1(N) are contractible.
But, f does not induce isomorphism in homology, X 1is weak homotopy equivalent to a 2-
dimensional sphere and 'Y s weak homotopy equivalent to a point.

A B

Figure 1: Schematic description of f on the Hasse diagrams of X and Y.

Lemma 2.5. If f : X - Y and g : Y — Z are two Vietoris-like maps between finite Ty
topological spaces, then the composition g o f is also a Vietoris-like map.

Proof. The continuity of g o f is trivial. Let us take a chain 21 < ... < z, in Z, ULy 9 (%)
is acyclic by hypothesis. If A = |J,9 '(2;), then fis1a) f71(A) — Ais a Vietoris-like
map trivially. Therefore, by Theorem we get that f~!(A) and A have the same homology
groups, which implies that f~1(A) is acyclic. O

Lemma 2.6. Let f: X — Y andg:Y — Z be continuous maps between finite Ty topological
spaces. If f and go f are Vietoris-like maps, then g is also a Vietoris-like map.

Proof. We denote h = go f. We take a chain 21 < 22 < ... < 2, in Z. By hypothesis,
ULy b1 (z:) is acyclic, we denote A = UL, 97" (2z:). We get that fiy—104) : f7H(A) — A
induces isomorphisms in all homology groups because f is a Vietoris-like map. Then, A is
acyclic and g is also a Vietoris-like map. 0



Despite Lemma [2.5] and Lemma the 2-out-of-3 property does not hold for Vietoris-like
maps in general as we show with the following example.

Example 2.7. We consider X = {A, B,C} with the following partial order: A,B < C. We
also considerY = {D, E'}, where we declare D < E. Finally, Z = {F}. We define f : X =Y
given by f(A) = D, f(B) = D and f(C) = E. We consider g : Y — Z as the constant map. It
is trivial to check that g and go f are Vietoris-like maps. On the other hand, f~1(D) = {A, B}
has the weak homotopy type of the disjoint union of two points. Then, f is not a Vietoris-like
map.

In addition, if f : X — Y is a Vietoris-like map and g : X — Y is a weak homotopy
equivalence which is homotopic to f, then g is not necessarily a Vietoris-like map.

Example 2.8. We consider X = {A, B}, where we declare A > B, and W = {C, D, E,
F,G, H,1,J,K}, where we declare C > F,G,I,J,K; D > F H I,JJK; E > G,H,1,J K;
F>1,J;,G>1,JK and H> J K. W is the finite Ty topological space introduced in [27,
Figure 2]. W is weak homotopy equivalent to a point but it is not contractible. We consider
f W = X given by f(C) = F(E) = f(G) = A and f(D) = f(F) = f(H) = f(I) = f(J) =
f(K)=B and g: W — X given by g(C) = g(E) = A and g(W \ {C,E}) = B. It is easy to
check that f and g are continuous maps. f is a Vietoris-like map since f~1(A) is the minimal
closed set containing G (Fg) and f~1(B) is the minimal open set containing D (Up), which
means that f~Y(A) and f~1(B) are contractible. Furthermore, g is homotopic to f because
g < f. But g is not a Vietoris-like map, g~ (A) does not have the same weak homotopy type
of a point since it is not connected. In Figure[d, we have represented the Hasse diagrams of
X and W.

X w
E

7 4 i 7(4)
f~4(B) O
L G a1 O
‘ 9~ '(B)

« B & I W’ e K

Figure 2: Hasse diagrams of W and X and schematic representations of f=1(A), f~(B),
97" (A) and g~ !(B).

Now, we provide one of the main definitions.

Definition 2.9. Let F : X — Y be a mutlivalued map between finite Ty topological spaces, F'
1s a Vietoris-like multivalued map if the projection p onto the first coordinate from the graph
of T'(F) is a Vietoris-like map.



It is important to observe that we do not require any notion of continuity in the multivalued
maps of Definition [2.9

Remark 2.10. If F': X — Y is a Vietoris-like multivalued map between finite Ty topological
spaces, then F(z) is acyclic for every x € X. This is due to the fact that p~'(z) = x x F(x).

Furthermore, the compositions of Vietoris-like multivalued maps are not in general Vietoris-
like multivalued maps as we show in the following example. Before the example, we recall
the definition of the composition of multivalued maps. If F: X —o Y and G : Y — Z are
multivalued maps, then G o F'is given by G(F(z)) = Uyep) G(v) -

Example 2.11. We consider X = {A, B,C, D} with the following partial order given as
follows A > C,D and B >,C, D, i.e., X is the minimal finite model of the circle. F : X — X
is given by F(A) = {A,C,D}, F(B) ={B,C,D}, F(C)=C and F(D)=D. G: X — X
is given G(A) = A, G(B) = B, G(C) = {C,A,B} and G(D) = {D,A,B}. It is easy to
check that F' and G are Vietoris-like multivalued maps. On the other hand, Go F : X — X
is not a Vietoris-like multivalued map since G(F(A)) = X is not acyclic, which implies a
contradiction with Remark[2.10. In addition, G is an exzample of a Vietoris-like multivalued
map which is not usc.

On the other hand, we get

Lemma 2.12. If f : X — Y is a continuous map and G : Y —o Z is a Vietoris-like
multivalued map, where X, Y and Z are finite Ty topological spaces, then Go f : X — Z is a
Vietoris-like multivalued map.

Proof. By hypothesis, G is a Vietoris-like multivalued map. Then, pg is a Vietoris-like map,
where pg denotes the projection onto the first coordinate of the graph of G. We consider a
chain z1 < ... < ,, in X, by the continuity of f, f(z1) < ... < f(z,) is a chain in Y. Hence,
A=, pg'(f(x:)) is acyclic. One point in A is of the form (f(z;),y), where y € G(f(z;)).
We will prove that pgoyr is a Vietoris-like map, where pgoy denotes the projection onto the
first coordinate of the graph of G o f. Then, we need to show that B = |J; péi f(x,,) is
acyclic. To do that, we verify that A and B are homotopy equivalent. One point in B is of
the form (x;,y), where y € G(f(z;)). We define L : B — A given by L(x;,y) = (f(x;),y). Lis
trivially well defined and continuous. We consider R : A — B given by R(z,y) = (f,.1.(2),v),

in
-1

where f,-! (2) denotes the minimum of the intersection of f~'(z) with {z1,...,z,}. R is
well defined since f 1 (2) is a non-empty subset of a totally ordered set (v1 < ... < z,,). If

(2.9), (z,y) € Awith (2,y) < (2, ¢/), then R(z,y) = (f,5,(2),9) < (frin(2)), ) = R(2',9/).
We argue by contradiction, suppose f, 1 (2) > fi1 (), z = f(f.1 (2) > f(fii () = 2,

but z < 2/. Therefore, the only possibility is z = 2’ and we get f, ! (2) = f,.i (z'), which

entails a contradiction. It is easy to check that L o R is the identity map in A. Finally, if

(zi,9) € B, R(L(xi,y)) = R(f(x:),y) = (min(f~ (f(z:)) N {z1,...;20}),y) < (24,y), which
means that R o L is homotopic to the identity map in B. Thus, A and B are homotopy
equivalent. ]

If f:Y — Z is a continuous map between finite Tj topological spaces and F': X —o Y is
a Vietoris-like multivalued map between finite Ty topological spaces, the composition f o F' is

defined as follows:
fF@) = | f.
yEF ()
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In the previous conditions, it is not possible to get an analogue of Lemma [2.12| as we prove
in the following example.

Example 2.13. We consider the finite topological space of one point, X = {A}. We also
consider Y = {B,C, D, E} with the following relation B < C > D < E and Z = {F,G,H, 1}
such that F > H,I and G > H,I. F : X — Y s given by F(A) =Y. Then, F is clearly a
Vietoris-like multivalued map. f :Y — Z is given by f(B) = H, f(D) =1, f(C) = F and
f(E) = G. It is immediate to get that f is a continuous map. We have f(F(A)) = Z, which
implies that f(F(A)) is weak homotopy equivalent to a circle because Z is the minimal finite
model of the circle. If we suppose that fo F : X —o Z is a Vietoris-like multivalued map, we
get a contradiction with Remark[2.10,

H 1

Figure 3: Schematic description of F' and f on the Hasse diagrams of X,Y and Z.

Remark 2.14. If f : X — Y s a continuous map between finite Ty topological spaces, it is
trivial show that the projection of the graph of f onto the first coordinate p is a Vietoris-like
map. In fact, p is a homeomorphism. On the other hand, since every continuous map f can be
seen as a multivalued map, we get that every continuous map f is a Vietoris-like multivalued
map. It is simple to show that fr = qs o p; ! because f op = q, where q : T'(f) — Y denotes
the projection onto the second coordinate.

If F: X — Y is a Vietoris-like multivalued map between finite T topological spaces,
F, : H.(X) — H.(Y) denotes the morphism induced in homology given by F, = g, o pt,
where ¢ : T'(F') — Y denotes the projection onto the second coordinate. Since p induces
isomorphisms in all homology groups Fj is well defined. If p is not a Vietoris-like map but
induces isomorphisms in all homology groups, F} is also considered as F, = g, o p; .

Example 2.15. We consider X = {A,B,C,D,E}, where A,B,C < D,E, and F : X — X
given by F(A) = {D,B,A}, F(B) = B, F(C) = C,F(D) = D, F(E) = {C,E,D}. It is
immediate that F' is a usc multivalued map. Moreover, it is easy to prove that F' is not a
Vietoris-like multivalued map since p~*(A) Up~1(E) is weak homotopy equivalent to a wedge
sum of two circles. Then, the property of being usc does not imply the property of being a
Vietoris-like multivalued map.

As examples of Vietoris-like multivalued maps, we have the multivalued maps considered
in [6], see the hypothesis of Theorem In terms of continuity, Vietoris-like multivalued
maps are more flexible than the ones mentioned above since the properties of being susc or
slsc are not considered to prove Theorem [B| (Lefschetz fixed point theorem for multivalued

11



D E (E, D)
(A,D) (E,E) . (E.D)
Fo |
A B C  (E.0) (A,A) (A,B)

(4, B)

Figure 4: From left to right, Hasse diagrams of X and p~!(A) Up~!(E) and McCord complex
of p(4) Up~(E).

maps) in Section It is easy to find Vietoris-like multivalued maps that are not susc with
acyclic values. For instance, every continuous map f : X — Y can be seen as a Vietoris-like
multivalued map, Remark For more examples, see the multivauled map G considered in
Example or the following propositions. The multivalued map considered in Proposition
2.17 cannot be clearly a susc multivalued map unless it is constant.

Proposition 2.16. If F : X — Y is a multivalued map susc (slsc) such that F(x) is acyclic
for every x € X, then F' is a Vietoris-like multivalued map.

Proof. The continuity of p is trivial to show. We follow similar techniques than the ones used
in [0, Lemma 4.1] so as to get that p is a Vietoris-like map. Let us take a chain 21 < ... < z,
in X, we denote A = |J", p~(z;). The idea is to show that A has the same homotopy type
of F(x,). We define i : F(z,) — A given by i(z) = (zn,2), clearly, i is well defined and
continuous. We also consider r : A — F(x,,) given by r(z;,y) = y, we get by hypothesis that
x; < x, implies F'(x;) C F(xy,), so r is well defined, the continuity of 7 is trivial to check. It
is immediate that roi = idp(;,). On the other hand, ior ~ id4 because for every (zi,y) € A
we get that i(r(x;,y)) = i(y) = (zn,y) > (i, y) = ida(zi,y). Thus, A is homotopy equivalent
to F(xy,), which implies that F is a Vietoris-like multivalued map.

The second case, the one in parenthesis, is analogous. If we change the partial order
on X and Y at the same time, we are in the previous hypothesis and the result follows
immediately. O

Proposition 2.17. If f : X — Y is a Vietoris-like map, then F : Y — X given by F(y) =
f~Y(y) is a Vietoris-like multivalued map.

Proof. We need to show that the projection of the graph of F' onto the first coordinate is a
Vietoris-like map. We take a chain y; < ... < y,, in Y. We denote A = JI_; p~!(y;). We
define g : A — |, f~1(y:) given by g(yi, 2;) = 2;, where we have that z; € f~1(y;) for some
yi, so g is well defined. The continuity of g follows trivially. Now, we prove that g is injective.
We take (yi, 2), (y;, w) € A satisfying that (y;,2) # (y;, w). We have two options. The first
one is y; # y;, then, it is clear that z # w because f(z) =y; and f(w) = y;. We deduce that
9(yi, 2) # g(y;,w). The second option, y; = y; and z # w, implies z = g(v;, 2) # g(y;, w) = w.
We define ¢ : |, f71(y;) — A as follows: t(z) = (y;, 2), where z € f~1(y;) for some y; in
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the chain y1 < ... < y,. We have that t is well defined since f is a map. Suppose z < w,
where z,w € U, fHwi), t(2) = (yi,2) and t(w) = (y;,w) for some y; and y;, the chain
y1 < ... < yp is a totally ordered set, so y; < y; or y; > y;. Suppose that y; > y; holds.
By the continuity of f we obtain a contradiction because y; = f(2) < f(w) = y;. Therefore,
the only possibility is y; < y;, which implies that t(2) = (v, 2) < (y5,w) = t(w). Hence, t
is a continuous map. It is easy to check that t o g and g ot are the identity map in A and
U, £~ (i), respectively. Thus, g is indeed a homeomorphism. From here, we get that A is
acyclic and p is a Vietoris-like map. O

Proposition 2.18. If F: X — Y is a usc (resp. slc) multivalued map with F(x) containing
a maximum (resp. minimum) for every x € X, then F is a Vietoris-like multivalued map.

Proof. We prove the result for the first case. We take a chain z; < ... < x,, in X and we
denote A = {JI_; p~!(z;). We argue as we did in the proof of Proposition We denote by
T; the maximum of F(z;) for i = 1,...,n. We define f : A — A as follows f(z;,2) = (zn, Tn).
f is trivially a continuous map. We check that f > ids. By hypothesis, F' is usc, therefore,
for every z € F(x;) there exists w € F(x,) such that z < w. On the other hand, F(z,)
contains a maximum, so z < w < T,. From here, we deduce the desired result.

For the second case, we only need to change the partial order on X and Y at the same
time. Then, we are in the hypothesis of the first case. O

With the following example, we show that if F': X — Y is a usc multivalued map such
that F'(z) contains a minimum for every = € X, then F' is not necessarily a Vietoris-like
mutlivalued map.

Example 2.19. We consider X = {H,I} with H < I andY = {A,B,C,D} with A > C,D
and B > C, D, that is to say, a finite model of the unit interval and the circle. We define
F:X —Y given by F(H) ={D} and F(I) ={A,B,C}. F is clearly usc and satisfies that
for every x € X there exists a minimum in F(x). The finite topological space associated to
the graph of F is given by I'(F) = {(I,A),(I,B),(I,C),(H,D)} with the following partial
order: (I,A) > (I,C),(H,D) and (I,B) > (I,C),(H,D). Hence, I'(F) is a finite model of
the circle. Thus, the projection onto the first coordinate of the graph of F' is not a Vietoris-like
map.

Proposition 2.20. If f : X — Y is a continuous map between finite Ty topological spaces,
the second projection of the graph of F : f(X) — X given by F(y) = f~(y) is a Vietoris-like
map.

Proof. We denote by ¢ : T'(F') — X the projection onto the second coordinate. We have
trivially that ¢ is surjective, for every x € X we get (f(z),z) € T'(F). If 2,t € ¢ () for
some ¥ € X, we get f(z) = z and f(x) =t, so z = t. Then, the cardinality of ¢~'(z) is one.
Let us take a chain 21 < z2 < ... < &, in X. Hence, we need to show that A = J;" ; g (x)
is acyclic. We check that (t,,z,) = ¢ }(z,) € A is a maximum. If (¢;,7;) = ¢~ '(x;) with
i < n, we have f(x;) = t; and f(x,) = t,. By the continuity of f, we deduce that t; < t,,
which implies ¢~ 1(z,,) > ¢~ !(x;). Thus, A is contractible. O
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3 A coincidence theorem for finite topological spaces

In this section, we prove a coincidence theorem for finite topological spaces. As a consequence,
we will obtain some versions of the Lefschetz fixed point theorem.

Proposition 3.1. Given two finite Ty topological spaces X,Y and two continuous functions
frg: X = Y. If there exists x € |K(X)| such that |KC(f)|(x) = |K(g)|(x), then there exists

y € X with f(y) = g(y)-

Proof. We denote f' = |[K(f)| and ¢ = |K(g)| for simplicity. By [I8, Theorem 2], we have
the following relations, fy o f' = fo fx and fy og = go fx , where fx : [K(X)| = X
and fy : [(Y)] — Y are weak homotopy equivalences. Let us take x € |K(X)| such that
f'(x) = ¢’(x). Using the previous relations we get:

F(Ix (@) = fy(f'(2) = fy(¢'(x) = g(fx ().

Therefore, y = fx(z) € X satisfies that f(y) = g(y), as we wanted.

Now, we prove one of the main results.

Proof of Theorem [A] By Theorem A(g. o 1) is well defined. For the second part,
we argue by contradiction. Suppose that f and g do not have coincidence points, i.e., for
every € X, we have f(z) # g(x). We define an acyclic carrier ® : (Y) — K(X), that is to
say, ® is a function which assigns an acyclic subcomplex of I(X) for each simplex o € K(Y)
and satisfies that if 0 C 7, then ®(0) C ®(7). For every simplex o € K(Y'), where o is given
by a chain y; < ... < yp of Y, we define ®(0) = K(U;—; f~Yy)). By hypothesis, f is a
Vietoris-like map, so ®(o) is acyclic. Furthermore, by conétruction, it is clear that if 7 C o,
we have ®(7) C ®(o). By the acyclic carrier theorem (see for instance [22, Theorem 13.3]),
there exists a chain-map ¢ : C.(K(Y)) — C.(K(X)), which is carried by ®, i.e., for every
n-simplex o in K(Y), ¢(o) is a linear combination of simplices of C,,(®(c)). We will show
inductively that IC(f)x(¢(0)) = o for every o € K(Y'), where IC(f)x denotes the chain-map
induced by the simplicial map IC(f) : K(X) — K(Y). Without loss of generality, we can
assume that K(f)x(é(v)) = v for every vertex in IC(Y'), since ¢(v) can be taken as a vertex
in K(f)"1(v), see [22, Proof of Theorem 13.3]. If e is an edge, we have d(K(f)4(¢(e))) = Oe.
We also know that ¢(e) is a linear combination of edges of ®(e), that is to say, ¢(e) = > ki,
where k; is a coefficient and 7; is an edge in ®(e) for every i. We have that IC(f) is a simplicial
map, which implies that K(f)y sends 7; to zero or e. Therefore, K(f)x(d(e)) = >_; kje.
Since O(K(f)4(¢(e))) = Oe we get that 3, k; =1 and we deduce IC( )#(o(e)) = e. We can
follow inductively to prove the result. From here it is easy to deduce that K(f)x o ¢ is chain
homotopic to the identity chain-map idy : C(K(Y)) = C.(K(Y')). Then, ¢ corresponds in
homology to KC(f); !

We consider = K(g)y 0 ¢ : Co(K(Y)) — Cu(K(Y)). We denote by p, the induced
homomorphism in homology. We also have

D (=1)'trace(p;) = > (—1)trace(u, : Hi(K(Y)) = Hy(K(Y))).

=0 =0

See for instance [14] Proof of Theorem 2C.3].
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If the trace of y; is not zero for some i, we get that there exists a simplex o € C;(K(Y))
with p;(0) = ko + ..., where k is a non-zero coefficient. Therefore, there exists v in ¢(o) with
K(9)#(y) = 0. We prove the last assertion, we have ¢(0) = > k;7;, where 7; € C;(®(0))
is a simplex and k; is a coefficient for every j. Since K(g) is a simplicial map, K(g)4 sends
7; to an i-simplex or zero, which implies the desired assertion. In fact, |IC(g)| restricted to
7 is a homeomorphism, where 7 C |IC(X)| denotes the closed simplex given by the simplex
v € K(X). On the other hand, we get that |IC(f)|(}) € @. Then, by the Brouwer fixed point
theorem, |IC(f)]o ]IC(g)\%1 : @ — o has a fixed point ¢. Therefore, \K(g)]gl (t) is a coincidence
point for |[IC(f)| and |K(g)|. By Proposition we get that f and g have a coincidence point,
which entails a contradiction.

Previously, we proved that IC(f);! = ¢.. Then, p, = K(g)« o K(f):!, which implies that
> (=1)itrace(K(g)« o K(f)s1) = 0. In addition, A(K(g)« o K(f);1) = A(trace(gs o fi1). We
prove the last equality. By Theorem (1.5 we have fi o fx. = fy« o K(f)« and gy o fx.« =
fy«0K(g)«. Since fu, K(f)s, fx« and fy. are isomorphisms, we get f7! = fx.oK(f);'o fy)
and g, = fy.oK(g)«o fxr. Then, g.o fi' = fy.oK(g)« o K(f)7' o fy . By the properties of
the trace, we get the desired equality, which entails a contradiction because A(g. o f; 1) # 0.
Thus, there must exists a point € X such that f(z) = g(z).

O

Suppose f,g : X — Y are continuous maps, where X and Y are finite T topological
spaces and f is a Vietoris-like map. If A(g.o f;!) #0and ¢ : X — Y is a continuous map
homotopic to g, then ¢’ and f have at least one coincidence point. The opposite result does
not hold, that is to say, if f/: X — Y is a continuous map homotopic to f, then f’ and g do
not have necessarily a coincidence point.

Example 3.2. We consider X = {A, B,C}, whereC > A, B, f: X — X given by f(C) = C,
f(A)=Band f(B)=A,g: X — X given by g(y) = A for everyy € X and f' : X — X given
by f'(y) = B for every y € X. It is easy to deduce that f and f' are homotopic. Moreover, f
is a Vietoris-like map and A(gs o fi1) # 0. But, f' and g do not have a coincidence point.

We can also obtain coincidence theorems for multivalued maps as corollaries of Theorem

(Al

Corollary 3.3. Let f : X — Y be a continuous map between finite Ty topological spaces such
that f is a Vietoris-like map and let ' : X —o Y be a Vietoris-like multivalued map. Then,
A(F, o f1) is defined and if A(Fy o f;1) # 0, there exists x € X such that f(x) € F(x).

Proof. We have the following diagram,

x 1 .y

e
I(F)

By hypothesis, p is a Vietoris-like map. Then, f op is a Vietoris-like map due to Lemma 2.5
so we are in the hypothesis of Theorem Therefore, there exists (z,y) € I'(F) such that

f(p(xvy))ZQ(x7y)7 S0 f(m):yEF(x.) O
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Corollary 3.4. Let f : X — 'Y be a continuous map between finite Ty topological spaces and
let F': X — Y be a multivalued map such that the second projection, q, is a Vietoris-like
map. Then, A(f.o F 1) is defined, where F.' = p,oq;t, and if A(foo F71) # 0, there exists
x € X such that f(z) € F(x).

Proof. We have the following diagram,

x L .y

] 7

I'(F)

F!is well defined since ¢ induces isomorphisms in all homology groups, Theorem We
are in the hypothesis of Theorem [A] Thus, there exists a coincidence point (z,y) € I'(F') with

y=q(x,y) = f(p(x,y)) = f(z) so f(x) € F(x). [

From the theory developed previously, it is easy to get an analogue of the Lefschetz fixed
point theorem for Vietoris-like multivalued maps.

Proof of Theorem B, A(F,) is well defined since F is a Vietoris-like multivalued map.
Then, we are in the hypothesis of Corollary where we are considering the identity map

as the single valued map.
O

We can also obtain the classical Lefschetz fixed point theorem for finite spaces [2] using
the previous techniques.

Corollary 3.5 (Lefschetz fixed point theorem). Let f: X — X be a continuous function and
let X be a finite Ty topological space. If A(f) # 0, there exists a fized point. Furthermore,
A(f) is the Euler characteristic of Fiz(f).

Proof. By Remark f can be seen as a Vietoris-like multivalued map. Then, we are in
the hypothesis of Theorem

The second part follows easily from the fact that p is a homeomorphism. Then, we have

gop~': X — X and the following relations:

M) = Ao o9} = 3o el o) = 31 (o < Kot (o) = =
=0
—Z Y {vo < ... <wvilg(p Hvo < ... <)) =g < ... <3} =

—Z )'H{vo < ... <vilg(p~t(v;)) = v; where j € {0,...,i}}| =

=X(sz(f))-

The previous relations are the same used in |2, Theorem 1.1]. O
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A continuous selector for a multivalued map F : X — Y is a continuous function f : X —
Y such that f(x) € F(x) for every z € X, where X and Y are finite T topological spaces. In
[6], it is proved that if F': X — X is a susc (slsc) multivalued map with acyclic values and f
is a continuous selector, then A(f) = A(Fx). With the following proposition, we extend the
class of multivalued maps satisfying that A(f) = A(F) for every continuous selector f of F'.

Proposition 3.6. Let X and Y be finite Ty topological spaces. If F': X —o Y is a multivalued
map usc (Isc) such that F(x) contains a maximum (minimum) T for every x € X, then there
exists a continuous selector f for F with Fy, = f.. Furthermore, if X =Y, A(Fy) = A(f). If
g s another continuous selector for F, A(g) = A(Fy).

Proof. By Proposition 2.18] F' is a Vietoris-like multivalued map. Firstly, we construct a
continuous selector f for F. We consider f : X — Y given by f(x) =T € F(x). We prove the
continuity of f. If z <y, we know by the usc property that for every 2’ € F(z) there exists
y' € F(y) with 2/ < y/. Then, there exists ¢’ € F(y) withZT <y <7,s07 = f(z) < f(y) = 7.
We have the following diagram, where p and ¢ denote the projection from the graph of F' onto
the first and second coordinates respectively.

I'(F)
AN
p
X ! Y

If (z,2) € T'(F), we have z = q(z,2) < f(p(x,2)) = f(x) =T € F(z). Therefore, f op is
homotopic to ¢. Concretely, we have f, = ¢, o p; ! = F, since p is a Vietoris-like map. Thus,
it X =Y, A(Fy) = A(fy).

Suppose there is another continuous selector g for F. We prove that g < f. Suppose
z € X, g(x) € F(zx) and f(x) > y for every y € F(z), which implies that f(z) > g(z). Thus,
Ag) = A(f) = A(FY).

The result in parenthesis follows directly from the previous one. Suppose F'is a multivalued

map lsc such that F(z) contains a minimum for every x € X. Then, taking the other possible
partial order on X and Y, we are in the previous conditions. ]

Example 3.7. We consider X = {A, B,C, D} with the partial order given as follows A >
C,D and B > C, D, that is to say, X is the minimal finite model of the circle. We consider
Y ={E,F,G,H,I,J, K, L} with the following relations E > L < H>D <G> B < F >
C < E. Y is also a finite model of the circle. T : X —o Y s defined as follows T'(C) = I,
T(D) = K, T(A) = {E,H,L} and T(B) = {F,G,J}. It is trivial to check that T is usc
and the image of every point has a minimum. Furthermore, T does not have any continuous
selector, arguing by contradiction the result follows easily.

Let F,G : X — Y be multivalued maps, we say that F' and G have a coincidence point if
there exists z € X such that G(z) N F(z) is non-empty. Combining Theorem Corollary
B:3] Corollary [3:4] and the notion of continuous selector, it is easy to deduce the following
result.

Theorem 3.8. Let ' : X — Y and G : X — Y be multivalued maps between finite Ty
topological spaces.
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1. If F is a Vietoris-like multivalued map and G admits a continuous selector g that is also
a Vietoris-like map, then A(F, o g;') is defined and if A(Fyog;') #0, F and G have
a coincidence point.

2. If the projection onto the second coordinate of the graph of F' is a Vietoris-like map and
G admits a continuous selector g, then A(g. o F; 1) is defined and if A(g. o F, ') # 0,
F and G have a coincidence point.

3. If G admits a continuous selector g that is a Vietoris-like map, F' admits a continuous
selector f and A(f.og;t) #0, then F and G have a coincidence point.

4 A Lefschetz fixed point theorem for the composition of Vietoris-
like multivalued maps

In Section |3 given a mutlivalued map F' : X — X, hypothesis regarding to the image of
every point z € X are required so as to obtain a version of the classical Lefschetz fixed point
theorem. We will show that a Lefschetz fixed point theorem can be obtained for some special
multivalued maps such that the image of every point is not necessarily acyclic.

Lemma 4.1. Let f : X = Y be a continuous map and G : Y — Z be a multivalued map
such that the projection of its graph onto the first coordinate induce isomorphism in homology,
where X,Y and Z are finite Ty topological spaces. If H = G o f satisfies that the projection
of its graph onto the first coordinate induce isomorphism in homology, then Hy, = Gy o f,.

Proof. We only need to follow the same structure for the analogue result obtained in [23]
Theorem 3.8]. We denote by I'(f), I'(G) and I'(H) the finite Ty topological spaces given by the
graphs of f,G and H, moreover, p¢,qy,pa, qa, pr and gy denote their respective projections,
where p denotes the projection onto the first coordinate and ¢ the projection onto the second
coordinate. We also define an auxiliary map from I'(H) to Y, F : T'(H) — Y given by
F(z,2) = f(x). The continuity of F is trivial since F' is the composition of continuous maps,
py and f. Again, I'(F) denotes the finite Ty topological space given by the graph of F, we
denote by ¢1 and ¢ their respective projections onto the first and second coordinates. Finally,
we define two extra auxiliary maps from I'(F), ¢3 : T'(F) — T'(f) given by ¢3((x, 2),y) = (x,7)
and ¢4 : T(F) — T'(G) given by ¢4((z,2),y) = (y, 2). It is clear that ¢3 and ¢, are continuous
maps because they preserve the order. It is easy to check that the following diagram of
continuous maps is commutative.

X o —T(f) =LV 5 —T(G) 5 2
ol 27 y
P I'(F)
l¢1
T'(H)

By the commutativity of the diagram, we can obtain the following equalities:
PH© $1 =Df O P3 (1)
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¢2 =qyo¢3 (2)
qH © $1 = qG © P4 (3)
$2 = pG © Pa. (4)
On the other hand, pf, pa, pa, ¢1 induce isomorphism in homology, so we can take its inverses
after applying the homological functor to the previous diagram. Therefore, we can deduce
from equations and .

G+ 0 DF, = b« 0 b1, 0Py (5)

Combining equations and we can also obtain the following relation:

dH+ = 4Gx Op(_;i o ¢2* o ¢1_*1 (6)

To conclude we only need to combine equations equations and @ so as to obtain the
desired result.

Hy = qH+ © Py = 4G © Py © $24 © D1, 0 Py, = 46w © Pr 0 dpe 0Py, = Guo fi  (7)
O
Now, using the previous lemmas, we can prove the generalization of Theorem [B]

Proof of Theorem [C, We show the result for the case F' = G o Gy, that is to say, n = 1.
For a general n € N, the proof is a generalization of the case n = 1, we will indicate how to
do it for the case n = 2 and the general case.

We have that Go : X — Y and G; : Y — X are Vietoris-like multivalued maps. I'(Gp)
denotes the graph of Gp, where we have the natural projections py : I'(Gg) — X and qp :
I'(Gy) — Y. By hypothesis, we know that pg is a Vietoris-like map. We consider the following
composition, Gioqp : I'(Gp) — X, by Lemma (1 0q is a Vietoris-like multivalued map.
Again, I'(G1 o qp) denotes the finite Ty topological space given by the graph of G; o gg, where
we also have the natural projections p; : I'(G1 0 qp) — Go and ¢1 : I'(G1 0 qo) — X. Again,
p1 is a Vietoris-like map. We also have that pg o p; is a Vietoris-like map by Lemma [2.5] We
get the following diagram.

N(Giogqy) — 22— X
p1l 011\
I'(Go) L y Y

=,

X

It is clear that go. = G« © po« because Gy, is by construction ggs © pa*l. By Lemma
G1x0qox = (G10q0)« = Q14 opl_*1 and then G, 0 go« © p1+ = q1x. From here, we can deduce

G1x 0 Gox = G140 Gox © Py, = q1x © P © Do = q1x © (po 0 p1); (8)

Therefore, A(G1.0Gox) = A(q1x0o(poop1)y!) # 0, where q1, poop1 : ['(G1og1) — X are continu-
ous maps between finite Tj topological spaces. Thus, we are in the hypothesis of Theorem[A] so
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there is a coincidence point for ¢; and pgops, let us denote that point by ((x,y), z) € I'(G10qo),

where (z,y) € I'(Go), ¢1((z,y),2) = z = po(p1((x,y), 2)) = po(x,y) = x. Hence, z = z and
z € Gi(qo(z,y)) = Gi(y). But y € Go(z), so x € G1(Go(z)) = F(z).

Now, suppose that F' = Gy 0G10Gy, where Go: X — Y], G1: Y1 > Yoand Gy : Yo — X
are Vietoris-like multivalued maps and Y7,Yo are finite T topological spaces. We argue
as we did before, we consider Gy o qo : I'(Gy) — Y, which is a Vietoris-like multivalued
map. Repeating the arguments used before, it can be obtained that the square and the
bottom triangle of the following diagram commute after applying the homological functor.
We consider G 0 q1 : I'(G1 0 qo) — X, G2 o ¢ is a Vietoris-like multivalued map by Lemma
2.12\ T'(G3 o q1) denotes the graph of Gy o g1, where py and g2 are the projections onto the
first and second coordinates respectively.

F(GQ e} Q1)
/ q2
D2
['(G1oqo) e Yy 5 X
P1 GlT
T l qo0
(Go) > Y1
K y’
X

By Lemma [2.5 pg o p1 o pa is a Vietoris-like map. Using Lemma it can be proved that
A(G2s 0 G1x 0 Gox) = A(gas 0 (po o p1 o p2);t). By Theorem [Al there exists a coincidence
point for pg o p; o pa and ¢a. Let us denote that point by (((x,y),2),t) € I'(G2 o q1). Then,
po(p1(p2((((%,9), 2),t)) = po(p1((z,),2)) = po(z,y) = = =t = ¢2((((x,9),2),t)). By con-
struction, t € F'(x), so there exists a fixed point for F'.

For a general n, we only need to use the same arguments described before. Keeping the
same notation introduced, we have 0 # A(Gpso---0Gox) = A(gno(poo---pu)it). oo+
is a Vietoris-like map since it is the composition of Vietoris-like maps, Lemma [2.5] Then
(poo---opn);! is well defined. By Lemma we get

Gn*o"'oGl*OGO*:Gn*o"'oGl*OQO*opa*l:Gn*o"'o(GIOQO)*Opa*lz

= Gn*o---oGg*oql*opl_*lopa*1 = Gn*o---o(GQoql)*opl_*lopa*1 =
= Gn*0"'®Q2*Op2_*10p1_*10pa*1 — ... :qn*opgj o...pa*l.
By Theorem [A] there is a coincidence point for ¢, and pg o - - - p,, which implies that there is
a fixed point for F.
O

In general, we cannot expect to obtain every mutlivalued map as a composition of Vietoris-
like multivalued maps as we show in the following example.

Example 4.2. Let us consider X = {A,B,C} with A,B < C and F : X — X given by
F(A) = B,F(B) = A and F(C) = {A,B}. F is clearly a susc multivalued map with images
that are not weak homotopy equivalent to a point since F(C') is not connected. Suppose that
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there exists a sequence of spaces and Vietoris-like multivalued maps such that F = Go0---0Gy,
where G; : Y; —o Yiy1 and Yo = Yp11 = X. It is trivial to show that A(Gpx o ---Gox) # 0 due
to the fact that H;(X) = 0 for everyi > 0. By Theorem@ we should have a fized point for F
but this is not true. Then, F' cannot be expressed as the previous decomposition of multivalued
maps.

Example 4.3. Let X be the finite Ty topological space given by the Hasse diagram of Figure
[3 We consider F : X — X defined as follows:

T A B C D E
F(z) {4,B,C) {A B,D} {AB,C D} {AB,CD} {AB,C D)}

It is easy to check that F is a susc mutlivalued map, but F(C') is weak homotopy equivalent
to S because F(C) is indeed a finite model of S*, which implies that F is not a Vietoris-like
multivalued map. On the other hand, F' = G1 0 Gq, where Gg: X — X and Gy : X — X are
susc multivalued maps with contractible images (Vietoris-like multivalued maps) given by

T A B C D E
GO(:U) {C} {D} {C’DvB} {C7D7B} {07D7B}

and

x A B C D E
Gi(z) {B} {4} {A,B,C} {A,B,D} X

It is trivial to show that X is contractible, therefore, we can deduce that A(G1 0 Gos) # 0.
By Theorem[(, we know that there exists a fized point. Looking at F it is easy to verify that
C and D are fized points.

Figure 5: Schematic description of Gy and G on the Hasse diagram of X.

Remark 4.4. In Ezample [{.3, we have another example of a composition of Vietoris-like
multivalued maps that is not a Vietoris-like multivalued map. In addition, it can be proved
that the graph of F is not contractible, it has the same weak homotopy type of a circle.
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5 Approximation of dynamical systems

Definition 5.1. [15, [27] Given a finite Ty topological space X, the finite barycentric subdivi-
sion of X is given by X (K(X)).

The finite barycentric subdivision of a finite Tj topological space X will be denoted by X’.
If it is applied n-times, the n-th finite barycentric subdivision of X will be denoted by X™. If
K is a simplicial complex we will also keep the same notation for its barycentric subdivisions,
i.e., the n-th barycentric subdivision of K is denoted by K™.

Remark 5.2. Let X be a finite Ty topological space, X' can be seen as the poset whose points
are the chains in X, i.e., if 2’ € X', 2’ can be seen as a chain x1 < ... < x, in X. Hence, the
partial order of X' is given by the subset relation.

There is a natural map between a finite Ty topological space X and its finite barycentric
subdivision X', h : X’ — X is given by h(z') = x,, where 2/ is a chain z; < ... < x, of X. It
is easy to get that h is continuous. In fact, it can be obtained the following.

Proposition 5.3 ([17]). If X is a finite Ty topological space, then h : X' — X is a weak
homotopy equivalence

Remark 5.4. [t is easy to show that |[KC(h)| is simplicially close to the identity map on |KC(X)|.
Then, h : X" — X induces the identity in homology.

More details about the previous results can be found in [17].

Proposition 5.5. Let X be a finite Ty topological space. Then, h: X' — X is a Vietoris-like
map.

Proof. We take a chain z1 < ... < x,, in X, we denote A = JI'_; h™!(x;). We define f : A — A
given by f(y) =y N {z;}}_;, where we denote by y N {z;}]_; the subchain of y given just
by elements of {xj}?’:l. We prove the continuity of f, if y < z, y is a subchain of z, by the
construction of f, we get easily that f(y) < f(z). In addition, f: A — f(A) is a retraction.
We also have that f <id. Ify € A, f(y) is a subchain of y, so f(y) <y = id(y). From here, it
is easy to deduce that f(A) C A is a strong deformation retract of A. On the other hand, f(A)
contains a maximum, which is 1 < x9 < ... < X1 < x,,. Thus, f(A) is contractible. d

Given a finite Ty topological space X, we denote by hp pi1 1 X n+l _ X7 the natural weak
homotopy equivalence described before. If m > n, where n,m € N, hj, , : X" — X" is given
by hn,n-l—l -0 hm—Z,m—l o hm—l,m-

Example 5.6. Let X be a finite Ty topological space that has the weak homotopy type of a
point. Let us denote X° = X. By Proposition Lemma and Corollary for every
Vietoris-like multivalued map F : X™ — X" and m > n, there exists a point x € X™ such
that hypm(x) € F(z).

We consider the multivalued map H : X — X’ given by H(x) = h~!(z). It is important to
observe that H(x) consists of chains containing x as a maximum element. More generally, we
can consider Hy, p, : X™ —o X™ given by Hy m(z) = hy 7, (2), for every m > n and m,n € N

On the other hand, H is an example of a usc mutlivalued map such that H(z) contains
a minimum for every z € X and is a Vietoris-like multivalued map. The chain that consists
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of a single element x € X is the minimum of H(x) for every x € X. Now, we prove that
H is usc. We consider z,y € X such that < y. If 2/ € H(z), then 2/ is a chain of X
containing = as a maximum element. We can extend this chain to a new chain containing y
as a maximum element since x < y. But, the new chain is an element of H(y). Therefore, H
is a usc mutlivalued map, Definition [1.16

Proposition 5.7. Let X be a finite Ty topological space and n,m € N are such that m > n.
Hy o X —o X™ is a Vietoris-like multivalued map.

Proof. By Lemma[2.5and Proposition[5.5} hn m is a Vietoris-like map. Finally, by Proposition
2.17, we obtain that H,,, is a Vietoris-like multivalued map. O

Remark 5.8. It is easy to show that H induces the identity in homology, it is an immediate
consequence of Remark and the commutativity of the following diagram, where p and q
denote the projection onto the first and second coordinates respectively from the graph of H.

It is clear that q is a weak homotopy equivalencce by the 2-out-of-8 property, but it can be
obtained that q is indeed a Vietoris-like map, Proposition[2.20

Definition 5.9. An inverse sequence in the topological category consists of a topological space
Xy, for everyn € N and a continuous map pn.m : Xm — Xy, for each pair m > n. Moreover, it
is required that py ., is the identity map and that m > n and n > s implies psm = Pnm © Dsn-
An inverse sequence is usually denoted by (Xp,pnn+1), where the continuous maps are called
the bonding maps and the topological spaces are called the terms.

By definition, for an inverse sequence (X, pnn+1), it is enough to know py, p41 for every
n € N because the other bonding maps are obtained just by compositions. We recall the
definition of inverse limit for the topological category.

Definition 5.10. The inverse limit X of an inverse sequence (X, pnn+1) in the topological
category is the subspace of I1;enX;, which consists of all points x satisfying

(%) = P (Tm(2)),  n<m.
Where m, : I;enX; — X, denotes the natural projection.

For a complete exposition of the notion of inverse limit and inverse sequence, see for
instance [16].

In [9], given a simplicial complex K, it is obtained an inverse sequence (X", hy n41) of
finite Tp topological spaces, where X" is the n-th finite barycentric subdivision of X' (K) and
X (K) is considered with the opposite order or opposite topology, and hy p41 : X+l xn
is the natural weak homotopy equivalence defined before. The inverse limit of this inverse
sequence contains a homeomorphic copy of K which is a strong deformation retract of the

inverse limit. Then, the inverse limit of this inverse sequence reconstructs the homotopy type
of K.
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If f:|K| — |L|is a continuous map between the geometric realizations of simplicial
complexes, then there is a natural morphism induced by f over the inverse sequences related to
K and L. (X", hy 1) denotes the inverse sequence of finite Ty topological spaces associated
to K and (Y™, hy, nt1) denotes the inverse sequence of finite Tj topological spaces associated
to Y, where we are denoting the bonding maps of the two inverses sequences with the same
notation for simplicity. By the simplicial approximation theorem, there exists ng € N such
that for every m > ng there exists a simplicial map from the m-th barycentric subdivision
of K to L which is simplicially close to f in |L|, that is to say, there exists f(0) = ng and
a simplicial map fo : K/ — L simplicially close to f. Using Theorem [1.6, we can obtain
the finite version of the previous result, i.e., X(fo) : X/(© — Y% Now, we can consider the
barycentric subdivision of L, denoted by L', and repeat the same arguments so as to obtain
(1) > £(0), f1 : KfM = LV and X(f1) : X7 — Y. We can follow inductively until we get
an increasing map f : N — N and X(f,) : X/ — Y™ continuous for every n € N. X(f,)
will be also denoted by f, for simplicity. Moreover, the following diagram is commutative
after applying a homological functor for every m > n.

hf(n)yf(mﬂ hn,mT

x f(m) L) ym

Hence, every continuous map between the geometric realization of simplicial complexes in-
duces a morphism between the inverse sequences associated to them.

If f:|K| — |K| is a continuous map between the geometric realization of a simpli-
cial complex K, we have an inverse sequence (X", hy n41) and a morphism (f,) from that
inverse sequence to itself, we only need to repeat the previous arguments. We can con-
struct a new inverse sequence using as bonding maps continuous maps of (f,). We start
with fo : Xf© — X° we rename foq = fo and X! = X/ We have f(1) > f(0), so
we can consider fi2 = fry0)) : XTU0) 5 X1 we rename X7(F(9) just by X2 and con-
tinue this process. Then, we obtain a new inverse sequence (X", f, n4+1), we also have an
inverse sequence isomorphic to (X", hy, n+1) with the same terms of (X", f;, n4+1) and bond-
ing maps of (X", hypnt1) just relabelling and using cofinality. This new inverse sequence
will also be denoted by (X", hynt1). It is also trivial to check that (X", hy, 1) preserves
the same good properties of reconstruction in its inverse limit. An inverse sequence ob-
tained from a geometric realization |K| of a simplicial complex K as we did before will be
called finite approximative sequence for f. Now, we can compare all the bonding maps in
a direct way because for every m > n we have f, ) hnm @+ X7 — X", where hy,, is a
Vietoris-like map. We define Ay (f) as A(fnmx © Ay bpe)- By Theorem [A] if Ay (f) # 0,
there exists a coincidence point for fy, , and hy . But, |[K(hypm,)| is homotopic to the
identity map and |K(f,m)| is homotopic to f. By conjugacy, it is easy to deduce that
Apm(f) = Afnms o hﬁ}m«) = MK (fam)s 0 K(hm)it) = A(f).

We can define a multivalued map for each level of the inverse sequence, we only need to
consider the multivalued map H,, ,, induced by hy, ,,, where m > n, that is to say, Hy, ,(z) =
h,‘L’lm(a:) for every x € X™. Thus, Fy41 : X" — X" is given by Fii1 = Hynt1 © frntd
and we have the following diagram.
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XO Xl X2 X" ¢ Xn+1 Xn+2

ho,1 hi,2 ha 3 T hn—in A hn,nt1 hnt1nt2 hnt2,n+3
F F> Fy Fnqa Frio
X0 X! X? X" < xXntl Xnt2
fO,l f1,2 f2,3 fn—l,n N fn,n+1 fn+1,n+2 fn+2,n+3

Proposition 5.11. F, .1 : X" — X" is o Vietoris-like multivalued map such that
Fot1x = Hyppt1x © frt1ns for everyn € N.

Proof. Hy n+1 is a Vietoris-like multivalued map, Proposition By Lemma F,i1isa
Vietoris-like multivalued map. The last part is an immediate consequence of Lemma [£.1] [

By the theory developed in previous sections, it is immediate to get the following propo-
sition.

Proposition 5.12. If A(F,4+1.) # 0, there exists a point v € X141 such that x € F,11(x),
where n € N.

Remark 5.13. By construction, it can be deduced that x € X"+ is a fived point for F, 1 if
and only if x is a coincidence point for hyp pi1 and frpy1-

Corollary 5.14. If A(f) # 0, there exists a point x, 1 € X" such that 1 € Fyi1(Tng1),
for every n € N.

Proof. By Remark it is easy to deduce A(f) = A(fun+1) = A(fant1x© h;;lﬂ*) =
A(Hyn1x © fant1x) = A Fpt14). From here, we get the desired result. O

Theorem 5.15. If f : |K| — |K| is a continuous map, where K is a simplicial complex, then
f has a fized point if and only if there exist a finite approximative sequence for f, (X™, hpnt1),
a sequence {Tn41}nen and m € N such that 41 € X", 2, = hypi1(Tny1) for everyn € N
and Tp41 € Fry1(Tng1) for everyn+1 > m.

Proof. Firstly, we suppose that there exist a finite approximative sequence for f, (X", hy nt1),
and a sequence {xp41} such that x,41 € Xyq1, Tn = hpnt1(zng1) for every n € N and
Tnt1 € Fry1(xpg) for every n+1 > m. By Remark hont1(Zn+1) = fant1(Tnyr) for
every n € N. We have that [K(hy, n41)| is simplicially close to the identity map. We also know
that |K(fnnt1)| is simplicially close to |fnnt+1] @ [K" | — |K™| and |fnnt1] is simplicially
close to |f|. The maximum diameter for a closed simplex in |K™| is denoted by ¢, for every
n € N. If 2,11 is viewed as a point of [KC(X,,41)| = |[K" 2| = | K|, then by the triangle inequal-
ity, (i1, f (@n41) < d@asts i)l @) + AUCRags1) @iy L1/ (@ni1)) +
d(| fan+1l(@ns1), f(@nt1)) < 3€pn, where we also know that lim,—,.c3€, = 0, this is due to the
fact that after a barycentric subdivision the diameters of the new simplices are smaller, see
for example [14, 25]. In addition, every z,+1 € X" can be seen a closed simplex of |K]|
since X"t is the face poset of K"!, where have that x,,.1; C z, for every n € N. Hence,
NneNTri1 1S non-empty because it is the intersection of a nested sequence of compact sets.
In fact, the diameter of N,enzy, is zero, which implies that it is a point zx. We show that
f(zx) = x*. The sequence {x,+1}nen, where we are treating now x,, as a point of |K|, is
convergent to . From here, we can deduce the desired result.
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If f has a fixed point denoted by ¢, we only need to consider a triangulation that has t as
a vertex. Then, we can construct the inverse sequence satisfying the desired property.
O

Remark 5.16. The idea of this construction is that the dynamics generated by F,4+1 approz-
imates the classical dynamics generated by f. As long as n is bigger, the approximation to f
is better.
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