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ABSTRACT. In this note we give sufficient conditions to ensure that the weak
Finsler structure of a complete C* Finsler manifold M is determined by the
normed algebra Cf(M ) of all real-valued, bounded and C* smooth functions
with bounded derivative defined on M. As a consequence, we obtain: (i) the
Finsler structure of a finite-dimensional and complete C* Finsler manifold M is
determined by the algebra C,f (M); (ii) the weak Finsler structure of a separable
and complete C* Finsler manifold M modeled on a Banach space with a
Lipschitz and C* smooth bump function is determined by the algebra C’,f(M);
(iii) the weak Finsler structure of a C! uniformly bumpable and complete
C' Finsler manifold M modeled on a Weakly Compactly Generated (WCGQ)
Banach space is determined by the algebra C{(M); and (iv) the isometric
structure of a WCG Banach space X with a C! smooth bump function is
determined by the algebra C} (X).

1. INTRODUCTION AND PRELIMINARIES

In this note, we are interested in characterizing the Finsler structure of a Finsler
manifold M in terms of the space of real-valued, bounded and C* smooth func-
tions with bounded derivative defined on M. The problem of the interrelation of
the topological, metric and smooth structure of a space X and the algebraic and
topological structure of the space C'(X) (the set of real-valued continuous functions
defined on X) has been largely studied. These results are usually referred to as
Banach-Stone type theorems. Recall the celebrated Banach-Stone theorem, assert-
ing that the compact spaces K and L are homeomorphic if and only if the Banach
spaces C(K) and C(L) endowed with the sup-norm are isometric. For more infor-
mation on Banach-Stone type theorems see the survey [I0] and references therein.

The Myers-Nakai theorem states that the structure of a complete Riemannian
manifold M is characterized in terms of the Banach algebra C} (M) of all real-
valued, bounded and C' smooth functions with bounded derivative defined on M
endowed with the sup-norm of the function and its derivative. More specifically, two
complete Riemannian manifolds M and N are equivalent as Riemannian manifolds;
i.e. there is a C! diffeomorphism h : M — N such that

(dh(z)(v), dh(z)(W)n@) = (v, )a
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for every € M and v,w € T,M if and only if the Banach algebras C} (M)
and C}(N) are isometric. This result was first proved by S. B. Myers [22] for a
compact and Riemannian manifold and by M. Nakai [23] for a finite-dimensional
Riemannian manifold. Very recently, I. Garrido, J. A. Jaramillo and Y. C. Rangel
[12] gave an extension of the Myers-Nakai theorem for every infinite-dimensional,
complete Riemannian manifold. A similar result for the so-called finite-dimensional
Riemannian-Finsler manifolds is given in [I4] (see also [26]).

Our aim in this work is to extend the Myers-Nakai theorem to the context of
Finsler manifolds. On the one hand, we obtain the Myers-Nakai theorem for (i)
finite-dimensional and complete Finsler manifolds, and (ii) WCG Banach spaces
with a C! smooth bump function. On the other hand, we study for k& > 1 the
algebra Cf (M) of all real-valued, bounded and C* smooth functions with bounded
first derivative defined on a complete Finsler manifold M. We prove that these
algebras determine the weak Finsler structure of a complete Finsler manifold when
k = 1 and the Finsler structure when & > 2. In particular, we obtain a weaker
version of the Myers-Nakai theorem for (i) separable and complete Finsler manifolds
modeled on a Banach space with a Lipschitz and C* smooth bump function, and (ii)
C' uniformly bumpable and complete Finsler manifolds modeled on WCG Banach
spaces. In the proof of these results we will use the ideas of the Riemannian case
[12].

The notation we use is standard. The norm in a Banach space X is denoted
by || - ||]. The dual space of X is denoted by X* and its dual norm by || - ||*. The
open ball with center x € X and radius 7 > 0 is denoted by B(z,r). A C* smooth
bump function b : X — R is a C* smooth function on X with bounded, non-
empty support, where supp(b) = {x € X : b(z) # 0}. If M is a Banach manifold,
we denote by T, M the tangent space of M at z. Recall that the tangent bundle
of M isTM = {(z,v) : ® € M and v € T, M}. We refer to [6], [8], [I9] and [7]

for additional definitions. We will say that the norms || - ||; and || - ||2 defined on
a Banach space X are K-equivalent (K > 1) when #|[v|[1 < [[v]|2 < K|[v|]1, for
every v € X.

Let us begin by recalling the definition of a C* Finsler manifold in the sense of
Palais as well as some basic properties (for more information about these manifolds
see [25], [7], [27], [24], [13] and [1§]).

Definition 1.1. Let M be a (paracompact) C* Banach manifold modeled on a
Banach space (X, ]| -||), where & € NU {co}. Let us consider the tangent bundle
TM of M and a continuous map || - ||as : TM — [0,00). We say that (M, || ||ar)
is a C* Finsler manifold in the sense of Palais if || - ||5s satisfies the following
conditions:
(P1) For every x € M, the map || - ||5 := || - HM‘TIJW : T, M — [0,00) is a norm
on the tangent space T, M such that for every chart ¢ : U — X withz € U,
the norm v € X — ||dp~!(p(x))(v)]|. is equivalent to || - || on X.
(P2) For every xg € M, every € > 0 and every chart ¢ : U — X with zg € U,
there is an open neighborhood W of xg such that if x € W and v € X, then

(1) %ﬁl\dw’l(w(fco))(v)llmo < [lde™ (p(@)) ()2 < (L+e)llde™" (9(20)) (V)] -

In terms of equivalence of norms, the above inequalities yield the fact that
the norms ||dp =1 (p(2))(+)|| and ||de = (¢(20))(+)||2, are (1+4¢)-equivalent.
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SMOOTH FUNCTIONS ON BANACH-FINSLER MANIFOLDS 1077

Let us recall that Banach spaces and Riemannian manifolds are C'*° Finsler
manifolds in the sense of Palais [25].

Let M be a Finsler manifold; we denote by T, M* the dual space of the tangent
space T, M. Let f: M — R be a differentiable function at p € M. The norm of
df (p) € T,M* is given by

\ldf (P)|lp = sup{ldf (p)(v)] : v € TpM, ||v]l, < 1}

Let us consider a differentiable function f : M — N between Finsler manifolds M
and N. The norm of the derivative at the point p € M is defined as

ldf (P)|lp = supfl|df (p) (V) ¢ ) = v € TpM, [[o]l, < 1}

= sup{&(df (p)(v)) : € € Ty N™, v € T,M and |[vll, = 1= [[€][}(,)}
where || - ||}, is the dual norm of || - || (). Recall that if (M, | - |[a) is a Finsler
manifold the length of a piecewise C' smooth path ¢ : [a,b] — M is defined

as l(c) := f | (t)||ee) dt. Besides, if M is connected, then it is connected by
plecew1se C’1 smooth paths, and the associated Finsler metric dy; on M is defined
as

dar(p,q) = inf{l(c) : cis a piecewise C* smooth path connecting p and ¢}.

It was shown in [25] that the Finsler metric is consistent with the topology given in
M. The open ball of center p € M and radius r > 0 is denoted by Bas(p,r) := {q €
M : dp(p,q) < r}. The Lipschitz constant Lip(f) of a Lipschitz function f : M —

N, where M and N are Finsler manifolds, is defined as Lip(f) = sup{dz\’(fzia);};gy))

x,y € M,z # y}. We shall only consider connected manifolds. Let us recall the
following “mean value inequality” for Finsler manifolds [I}[18].

Lemma 1.2. Let M and N be C* Finsler manifolds (in the sense of Palais) and
f:M — N aCl smooth function. Then, f is Lipschitz if and only if ||df||e :=
sup{||df (z)||, : * € M} < co. Furthermore, Lip(f) = ||df||co-

We will also need the following result related to the (1 4 €)-bi-Lipschitz local
behavior of the charts of a C' Finsler manifold in the sense of Palais [I8, Lem-
ma 2.4].

Lemma 1.3. Let us consider a C* Finsler manifold M (in the sense of Palais).
Then, for every xo € M and every chart (U, @) with xy € U satisfying inequality
), there exists an open neighborhood V.C U of xo satisfying

(2) rdM(pa q) < lle(p) — (@l < (1 +e)dur(p.q),  for every p,q €V,
where ||| - ||| is the (equivalent) norm ||[dp~(¢(20))(-)||z, defined on X.

Now, let us recall the concept of a uniformly bumpable manifold, introduced by
D. Azagra, J. Ferrera and F. Lépez-Mesas [I] for Riemannian manifolds. A natural
extension to Finsler manifolds is defined in the same way [I8].

Definition 1.4. A C* Finsler manifold in the sense of Palais M is C* uniformly
bumpable whenever there are R > 1 and r > 0 such that for every p € M and
§ € (0,7) there exists a C* smooth function b : M — [0, 1] such that:

(1) b(p) =1,
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(2) b(q) = 0 whenever dp(p,q) > 9,
(3) supgen lldb(q)llq < R/6.

Note that this is not a restrictive definition: D. Azagra, J. Ferrera, F. Lépez-
Mesas and Y. Rangel [3] proved that every separable Riemannian manifold is C'*°
uniformly bumpable. This result was generalized in [18], where it was proved that
every C! Finsler manifold (in the sense of Palais) modeled on a certain class of
Banach spaces (such as Hilbert spaces, Banach spaces with separable dual, closed
subspaces of co(I") for every set I' # @) is C! uniformly bumpable. In particular,
every Riemannian manifold (either separable or non-separable) is C'! uniformly
bumpable.

It is straightforward to verify that if a C* Finsler manifold M is modeled on a
Banach space X and M is C* uniformly bumpable, then X admits a Lipschitz C*
smooth bump function. Besides, a separable C* Finsler manifold M is modeled on
a Banach space with a Lipschitz, C* smooth bump function if and only if M is C*
uniformly bumpable [18]. Nevertheless, we do not know whether this equivalence
holds in the non-separable case.

From now on, we shall refer to C* Finsler manifolds in the sense of Palais as
C* Finsler manifolds, and & € NU {oo}. We shall use the standard notation of
Ck(U,Y) for the set of all k-times continuously differentiable functions defined on
an open subset U of a Banach space (Finsler manifold) taking values into a Banach
space (Finsler manifold) Y. We shall write C*(U) whenever Y = R.

Now, let us recall the concept of a weakly C* smooth function.

Definition 1.5. Let X and Y be Banach spaces and consider a function f : U — Y,
where U is an open subset of X. The function f is said to be weakly C* smooth
at the point xp whenever there is an open neighborhood Uy, of zy such that y* o f
is C* smooth at U,,, for every y* € Y*. The function f is said to be weakly C*
smooth on U whenever f is weakly C* smooth at every point x € U.

On the one hand, J. M. Gutiérrez and J. G. Llavona [I5] proved thatif f : U — Y
is weakly C* smooth on U, then go f € C*(U) for all g € C*(Y). They also proved
that if f: U — Y is weakly C* smooth on U, then f € C¥~1(U). For k = 1, the
above yields that every weakly C'' smooth function on U is continuous on U. Also,
for k = 0o, every weakly C'°° smooth function on U is C'*° smooth on U. M. Bachir
and G. Lancien [4] proved that if the Banach space Y has the Schur property, then
the concept of weakly C* smoothness coincides with the concept of C* smoothness.
On the other hand, there are examples of weakly C'' smooth functions that are not
C' smooth (see [15] and [4]).

Definition 1.6. Let M and N be C* Finsler manifolds and U ¢ M, O C N open
subsets of M and N, respectively. A function f: U — N is said to be weakly C¥
smooth at the point g of U if there exist charts (W, ) of M at xo and (V)
of N at f(zo) such that 1o f o ¢~! is weakly C* smooth at o(W). We say that
f:U — N is weakly C* smooth in U if f is weakly C* smooth at every point
x € U. We say that a bijection f: U — O is a weakly C* diffeomorphism if f and
f~1 are weakly C* smooth on U and O, respectively. Notice that these definitions
do not depend on the chosen charts.
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SMOOTH FUNCTIONS ON BANACH-FINSLER MANIFOLDS 1079

Let us note that there are homeomorphisms which are weakly C'! smooth but not
differentiable. Indeed, we follow [15 Example 3.9] and define g : R — ¢¢(N) and
h:co(N) = ¢o(N) by g(t) = (O, $sin(2t),..., 2 sin(nt),...) and h(z) = = + g(z1)
foreveryt € Rand z = (z1,...,%n,...) € ¢o. The functlon I is a homeomorphism,
h=Y(y) = y — g(y1) for every y € cg, and h is weakly C' smooth on cy(N). Notice
that if h were differentiable at a point « € ¢y with x; = 0, then

h'(2)(1,0,0,...) = (1,1,1,...)E € ls \ co,
which is a contradiction.

Now, let us consider different definitions of isometries between C* Finsler man-
ifolds.

Definition 1.7. Let (M, || - ||a) and (N,]|| - ||n) be C* Finsler manifolds and a
bijection h : M — N.

(MI) We say that h is a metric isometry for the Finsler metrics if

dn(h(@),h(y)) = dar(w,y),  for every z,y € M.
(FI) We say that h is a C* Finsler isometry if it is a C* diffeomorphism
satisfying

|ldh(z)(V)[[n() = [[(h(x), dh(z)(v))lIn = [|(z,v)[[ar = [[v]]2,
for every x € M and v € T, M. We say that the Finsler manifolds M and N
are C* equivalent as Finsler manifolds if there is a C* Finsler isometry
between M and N.

(w-FI) We say that h is a weak C* Finsler isometry if it is a weakly C* dif-
feomorphism and a metric isometry for the Finsler metrics. We say that
the Finsler manifolds M and N are weakly C* equivalent as Finsler
manifolds if there is a weak C* Finsler isometry between M and N.

Proposition 1.8. Let M and N be C* Finsler manifolds. Let us assume that there
is a CF diffeomorphism and metric isometry (for the Finsler metrics) h: M — N.
Then h is a C* Finsler isometry.

Proof. Let us fix x € M and y = h(z) € N. For every ¢ > 0, there are r > 0 and
charts ¢ : By (z,7) C M — X and ¢ : By(y,7) C N — Y satisfying inequalities
(@ and @). Since h: M — N is a metric isometry, h is a bijection from Bps(z,r)
onto By (y,r).

Let us consider the equivalent norms on X and Y defined as ||| - |||z =

llde= (0()) ()le and ||| -[[ly = [lde~" (¥ () ()lly, respectively.
Since h is a metric isometry, we obtain from Lemma [[3] for p,q in an open
neighborhood of ¢(x),

llohow ™ (p) —vohop  (q)|lly < (1+e)dn(how " (p),hov ' (q))
= (L+e)du(e " (), (@) < (L +2)?llp — qlllo-

Thus, sup{|||d(s o h o o™)(p(x))(w)]lly : [||w]]le < 1} < (14 €)% Now, for every
v € T, M with v # 0, let us write w = dp(z)(v) € X. We have
h(z

(x
[ldh(@)(v)lly = lldy~" (¥ () (y)dh(@) (v)lly = [[ld( o k) () ()]l

= lld(¥ o h)(a)de™ (o(@)) (w)llly = llld(¥ o ho o™ (e(x)) (w)ll;
< (L+e)?llwllle = (1 +€)?[fv]la-
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Since this inequality holds for every € > 0 and the same argument works for h=!,
we conclude that ||dh(z)(v)||, = ||v||; for all v € T, M. Thus, h is a C* Finsler
isometry. ([l

Let us now turn our attention to the Banach algebra C} (M), the algebra of all
real-valued, C'! smooth and bounded functions with bounded derivative defined on
a C'! Finsler manifold M, i.e.

Co(M)={f:M = R: feC'(M),|lfllo < o0 and [|df||s < o0},

where ||f]loo := sup{|f(z)] : © € M} and ||df||cc := sup{||df(z)||l. : = € M}.
The usual norm considered on C} (M) is [l = max{[|f[|oo, [|df|oc} for every
[ € CHM), and (CH(M),]| - lcz(ary) is a Banach space. Let us notice that, by
Lemma[[:2] we have ||df||o = Lip(f). Recall that (C}(M),2||- |lcz (ary) is a Banach
algebra.

For 2 < k < oo and a C* Finsler manifold M, let us consider the algebra
CF(M) of all real-valued, C* smooth and bounded functions that have bounded
first derivative, i.e.

Cy(M)={f: M = R: feC* (M), ||flloc < oo and ||df||oc <oo}=C*(M)NCy(M)

with the norm [ - [[c1. Thus, CF(M) is a subalgebra of C{(M). Nevertheless, it is
not a Banach algebra.

A function ¢ : CF(M) — R (1 < k < 00) is said to be an algebra homomorphism
when for all f,g € CF(M) and \,n € R,

(1) (Af +ng) = Xp(f) +np(g), and
(ii) @(f - 9) = e(fe(g).

Let us denote by H(CF(M)) the set of all non-zero algebra homomorphisms; i.e.
H(CF(M)) ={p:CFM)—R: ¢ is an algebra homomorphism and (1) = 1}.

Let us list some of the basic properties of the algebra CJ(M) and the algebra
homomorphisms H(Cf(M)). They can be checked as in the Riemannian case (see
[11], [I2] and [I7]).

(a) If p € H(CF(M)), then ¢ # 0 if and only if ¢(1) = 1.

(b) If ¢ € H(CF(M)), then ¢ is positive, i.e. p(f) > 0 for every f > 0.

(c) If the C* Finsler manifold M is modeled on a Banach space that admits a
Lipschitz and C* smooth bump function, then Cf(M) is a unital algebra
that separates points and closed sets of M. Let us briefly give the proof for
completeness. Let us take x € M, and C C M a closed subset of M with
x ¢ C. Let us take r > 0 small enough so that C N By(z,r) = 0 and a
chart ¢ : By(x,r) — X satisfying inequality (). Let us take s > 0 small
enough so that ¢(x) € B(e(x),s) C ¢(B(z,r/2)) C X and a Lipschitz and
C* smooth bump function b : X — R with b(p(x)) = 1 and b(z) = 0 for
every z € B(p(x),s). Let us define h : M — R as h(p) = b(p(p)) for every
p € Buy(x,7) and h(p) = 0 otherwise. Then h € CF(M), h(z) = 1 and
h(c) = 0 for every c € C.

(d) The space H(CF(M)) is closed as a topological subspace of RO (M) with
the product topology. Moreover, since every function in C’f(M ) is bounded,

it can be checked that H(CF(M)) is compact in RCH (M),
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SMOOTH FUNCTIONS ON BANACH-FINSLER MANIFOLDS 1081

(e) If CF(M) separates points and closed subsets, then M can be embedded
as a topological subspace of H(CF(M)) by identifying every z € M with
the point evaluation homomorphism ¢, given by 6,(f) = f(z) for every
f € CE(M). Also, it can be checked that the subset 6(M) = {5, : 2 € M}
is dense in H(CF(M)). Therefore, it follows that H(Cf(M)) is a compact-
ification of M. N

(f) Every f € CF(M) admits a continuous extension f to H(CF(M)), where
f((p) = ¢(f) for every ¢ € H(CF(M)). Notice that this extension fco-
incides in H(CF(M)) with the projection 7 : RO (M) 5 R, given by

(@) = p(f), Le. wle(ck(M)) = f In the following, we shall identify M
b

with §(M) in H(CF(M)).
The next proposition can be proved in a similar way to the Riemannian case
[12].
Proposition 1.9. Let M be a complete C* Finsler manifold that is C* uniformly
bumpable. Then, o € H(CE(M)) has a countable neighborhood basis in H(CF(M))
if and only if p € M.

2. A MYERS-NAKAI THEOREM

Our main result is the following Banach-Stone type theorem for a certain class
of Finsler manifolds. It states that the algebra structure of Cff(M) determines the
C* Finsler manifold. Recall that two normed algebras (A, || - ||4) and (B, || - ||B)
are equivalent as normed algebras whenever there exists an algebra isomorphism
T : A — B satistying ||T(a)||p = ||a||a for every a € A. Let us begin by defining
the class of Banach spaces where the Finsler manifolds shall be modeled.

Definition 2.1. A Banach space (X, || - ||) is said to be k-admissible if for every
equivalent norm | - | and € > 0, there are an open subset B D {z € X : || < 1} of
X and a C* smooth function g : B — R such that

(1) lg(x) — |z|| < e for z € B, and

(ii) Lip(g) < (1 +¢) for the norm |- |.

It is easy to prove the following lemma.

Lemma 2.2. Let X be a Banach space with one of the following properties:

(A.1) Density of the set of equivalent C* smooth norms: Every equivalent norm
on X can be approzimated in the Hausdorff metric by equivalent C* smooth
norms [6].

(A.2) Ck-fine approzimation property (k > 2) and density of the set of equivalent
C' smooth norms: For every C' smooth function f : X — R and every
e > 0, there is a C* smooth function g : X — R satisfying | f(x) —g(z)| < e
and ||f'(z) — ¢'(x)]| < e for all x € X (see [16], [2] and [20]). Also, every
equivalent norm defined on X can be approzimated in the Hausdorff metric
by equivalent C* smooth norms (see [6, Theorem II 4.1] ).

Then X 1is k-admissible.

Banach spaces satisfying condition (A.2) are, for instance, separable Banach
spaces with a Lipschitz C* smooth bump function. Banach spaces satisfying con-
dition (A.1) for k = 1 are, for instance, Weakly Compactly Generated (WCG)
Banach spaces with a C' smooth bump function.
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Theorem 2.3. Let M and N be complete C* Finsler manifolds that are C* uni-
formly bumpable and are modeled on k-admissible Banach spaces. Then M and N
are weakly C* equivalent as Finsler manifolds if and only if C’f(M) and C’f(N)
are equivalent as normed algebras. Moreover, every normed algebra isomorphism
T :CF(N) — CE(M) is of the form T(f) = f o h where h: M — N is a weak C*
Finsler isometry. In particular, h is a C*~1 Finsler isometry whenever k > 2.

In order to prove Theorem [Z.3] we shall follow the ideas of the Riemmanian case
[12]. Let us divide the proof into several propositions.

Proposition 2.4. Let M and N be C* Finsler manifolds such that N is modeled on
a k-admissible Banach space Y. Let h: M — N be a map such that T : CF(N) —
CF(M) given by T(f) = foh is continuous. Then h is ||T||-Lispchitz for the Finsler
metrics.

Proof. For every y € N, let us take a chart ¢, : V, - Y with v, (y) = 0. Let us
consider the equivalent norm on Y, ||| - |||, := [|di, ' (0)(-)]], and fix € > 0. Let us
define the ball B, (2,t) :={w € Y : [[[w — 2]|[, < t}.

Fact. For every r > 0 such that By |, (0,7) C 1, (V) and every € > 0, there exists
a C* smooth and Llpschltz function f, : Y — ER such that

(1) fy(0) =

(2) Ifyllos = Sup{\fu( J:zeY}t=r,

(3) Llp(fy) (1+¢)? for the norm || - [[],

(4) fy(z) =0 for every z € Y with |||z]||, > 7, and
(5) |||Z|||y <r— fy(z) + € for every [[|z]|[, < r.

Let us prove the Fact. First of all, let us take r > 0, € > 0 and 0 < a <
min{1, §, £ 281 Since N is a C* Finsler manifold modeled on a k-admissible Banach
space Y, there are an open subset B D {z € Y : |||z|||, < 1} of Y and a C* smooth
function g : B — R such that

(i) |g(2) = [ll2|lly| < @/2 on B, and
(ii) Lip(g) < (1 + «/2) for the norm ||| - |||,.
Now, let us take a C* smooth and Lipschitz function 6 : R — [0, 1] such that
(i) 6(t) = 0 whenever t < «,
(ii) 6(t) =1 whenever t > 1 — «,
(iii) Lip(f) < (1+¢), and
(iv) |0(t) — t] < 2« for every t € [0,1 4 .
Let us define
0(g(x)) ifz € B,
flay = )
1 ifzxeY\B.

It is straightforward to verify that f is well-defined, C* smooth, f(z) = 1 whenever
|||/l > 1 and f(z) = 0 whenever |||z|||, < «/2. Let us now consider f, : ¥ —
[0,7] as fy(z) = 1"(1 — f(%)), which is C* smooth, Lipschitz and satisfies:

(i) fy(0) =

(i) ||fy|\oo—7"

(iif) |fy( 2) = fy(@)] < (1 +e)(1+a/2)llz — 2llly < (1 +2)?[[]z = zllly,
(iv) fy(2) =0 for every z € Y with |||z]||y > 7,
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V) Mzlly < §+9(5) < § +2a+ f(3) for every ||[2][]y, < r. Thus, |[[z][, <
r(§ +2a) + 17— fy(2) <€+ — fy(z) for every |[|2]|], < 7.

Let us now prove Proposition 24l Let us fix p;,po € M and € > 0. Let us
consider o : [0,1] — M a piecewise C! smooth path in M joining p; and pg, with
(o) < dp(p1,p2)+e. Since h: M — N is continuous, the path  := hoo : [0,1] —
N, joining h(p1) and h(ps2), is continuous as well. For every ¢ € ([0, 1]), there is
0 < ry <1 and a chart ¢, : V; = Y such that ¢,(¢) = 0, Bn(g,74) C V4 and the
bijection 1g : Vg — 1q(Vy) is (1 + €)-bi-Lipschitz for the norm |[|dy; ' (0)(-)[lg in
Y (see Lemma [[3). Since 5([0,1]) is a compact set of N, there is a finite family
of points 0 = t; < t3 < -+ < t;, = 1 and a family of open intervals {I}}",
covering the interval [0,1] so that if we define ¢, := & (¢x) and ry := ry,, for every
k=1,...,m, we have

(@) 6(5) € By (aw,ra/(1 +9))
(b) I; NI} # 0 if, and only if, [j — k| < 1.
It is clear that 7 ([0, 1]) C U;—, B (qx, %) Now, let us select a point s € IxNIk11q

such that ty < sg < tg41, for every k = 1,...,m — 1. Let us write aj, := 7(si),
for every k = 1,...,m — 1, ¢y = tg,, Vi := V,, and ||| - |||k == |T|d1p,;1(0)(~)||qk,
for every k = 1,...,m. Notice that ar € By(qx, {—_{fa) N By (g1, %), for every

k=1,...,m—1. Since ¢ : Vi = ¢, (V%) is (14 ¢)-bi-Lipschitz for the norm ||| |||
in Y, we deduce that ¢ (ax) € By, (0,7%), for every k=1,...,m — 1.

Now, let us we apply the above Fact to rg, € and € = £/2m to obtain functions
fr 1 Y — [0,7}] satisfying properties (1)-(5), k = 1,...,m. Let us define the C¥
smooth and Lipschitz functions g : N — [0,74] as gr(2) = fr(v¥r(z)) for every
z€Viand grp(z) =0for z ¢ Vi, k=1,...,m. Then,

(i) gr € CH(N);
(i1) gr(ar) = re;

(iii) |gx(2) — gr(2)] < (1 +¢)3dn(z,2) for all z,x € N;

(iv) if 2 € ¥ " (B)i1, (0,7%)), then ||| (2)]||x < &, and from condition (5) of

the Fact, we obtain

dn (2, qr) < (148)[[[9x (2) =r (@) |k = (A+e)ll[vr (2)llk < (14€)(rk—gk(2)+e/2m).
The Lipschitz constant of g o h, for k =1,...,m, is the following:

Lip(gr o h) < |lgr o hllcrary = 1T (gr)llop (ary < T Mgwllep )
= ||T|| max{]|gk|loo, [|dgr|loc} < [IT]|(1 +€)°.
Now, since 7, = g (qx) = gr(h(o(tx))) and ¥ (h(o(sk))) € By, (0,7%), we have

m—1

dn (h(p) () < 3 [ (h(o(t), ho(50)) + d (h(o(52)). Ao (i)
k=1
< ™ (1 + 2)lonlar) — gn(hlo(si)))

3

e
Il

+ gr+1(qr+1) = gr+1(h(o(sk))) +€/m]

3
L

< > (1+¢)[Lip(gk o h)dn (o (tr), o (sk))

=~
Il
—

+ Lip(gk+1 © h)dar (o (trs1), 0 (sk)) +€/m]
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< z_: TN+ e)*[dar (o (t), o (s1)) + dar (o (trs1), o (sx))] + (1 + )

k=1
m—1
IT][(1+ &) (o, ) TE@+e)=[TI(1 +e)* (o) +e(1 +e)
k=1
<IN+ ) (dar(pr, p2) +¢) +e(1+¢)
for every € > 0. Thus, h is ||T’||-Lipschitz. O

Lemma 2.5. Let M and N be C* Finsler manifolds such that N is modeled on
a Banach space with a Lipschitz C* smooth bump function. Let h : M — N be
a homeomorphism such that f oh € CF(M) for every f € CF(N). Then, h is a
weakly C* smooth function on M.

Proof. Let us fix v € M and ¢ = 1. There are charts ¢ : U — X of M at z
and ¢ : V = Y of N at h(z) satisfying inequalities ([Il) and (&) on U and V,
respectively. We can assume that h(U) C V. Since Y admits a Lipschitz and
C* smooth bump function and v (h(U)) is an open neighborhood of 9 (h(z)) in
Y, there are real numbers 0 < s < r such that B(y(h(z)),s) C B(¢(h(z)),r) C
¥ (h(U)) and a Lipschitz and C* smooth function « : ¥ — R such that a(y) = 1
for y € B(¢(h(x)),s) and a(y) = 0 for y ¢ B(yp(h(x)),r). Let us define Uy :=
h=t (=Y B(¥(h(x)),s))) C U, which is an open neighborhood of z in M.

Let us check that y* o (o hop~1) is C*¥ smooth on ¢(Uy) C X for all y* € Y*.
Following the proof of [0, Theorem 4], we define g : N — R as g(y) = 0 whenever
y & Vandg(y) = a(y(y)y*(¢(y)) whenever y € V. It is clear that g € CF(N) and,
by assumption, g o h € CF(M). Now, it follows that ¥(h(¢~1(2))) € B(¢(h(x)), s)
for every z € p(Up). Thus

y o (pohop ) (z) =y (¥(h(p™(2))) = a(w(h(e™ (2))y" (A~ (2))))
= g(h(¢™(2)) = gohop (2),

for every z € ¢(Up). Since (go h)o¢~! is C* smooth on ¢(Uy), we have that
y*o (Y ohopt)is CF smooth on p(Up). Thus 1) o hop~ ! is weakly C* smooth
on ¢(Up) and h is weakly C* smooth on M. O

Proof of Theorem B3l If h : M — N is a weak C* Finsler isometry, we can
define the operator T : CF(N) — CF(M) by T(f) = f o h. Let us check that
T is well defined. For every z € M, there are charts ¢ : U — X of M at z
and ¢ : V — Y of N at h(x), such that h(U) C V and 9 o ho ¢! is weakly
C* smooth on ¢(U) C X. Also, fo~!is CF smooth on (V) C Y. Thus, by
[15, Proposition 4.2], (fo® 1) o (pohoyp™!) = fohop ! is C*¥ smooth on
©(U). Therefore, f o h is C* smooth on U. Since this holds for every x € M, we
deduce that foh is C* smooth on M. Moreover, T is an algebra isomorphism with
ITCH) e o = 11 © Blles = 1 ls vy for every f € CE(N).

Conversely, let T : CF(N) — CF(M) be a normed algebra isometry. Then, we
can define the function h : H(CF(M)) — H(CF(N)) by h(p) = ¢ o T for every
¢ € H(CF(M)). The function & is a bijection. Moreover, h is an homeomorphism.
Recall that we identify z € M with 6, € H(CF(M)). Thus, h(z) = h(6;) = §, o T.
Since h is an homeomorphism, by Proposition [L9, we obtain for every p € N a
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unique point & € M such that h(d;) = 6,. Let us check that T'(f) = f o h for all
f € CF(N). Indeed, for every x € M and every f € CF(N),

T(f)(@) = 0:(T(f)) = (02 0 T)(f) = h(02)(f) = dn(a) (f) = f(h(x)) = [ o h(z).

Now, from Proposition Z41and Lemma 2.5 we deduce that h is a weak C* Finsler
isometry. O

Remark 2.6. It is worth mentioning that for Riemannian manifolds, every met-
ric isometry is a C* Finsler isometry. This result was proved by S. Myers and
N. Steenrod [21] in the finite-dimensional case and by I. Garrido, J. A. Jaramillo
and Y. C. Rangel [12] in the general case. Also, S. Deng and Z. Hou [5] obtained
a version for finite-dimensional Riemannian-Finsler manifolds. Nevertheless, there
is no generalization, up to our knowledge, of the Myers-Steenrod theorem for all
Finsler manifolds. Thus, for £ = 1 we can only assure that the metric isometry
obtained in Theorem 23] is weakly C! smooth.

Let us finish this note with some interesting corollaries of Theorem 2.3l First,
recall that every separable Banach space with a Lipschitz C* smooth bump function
satisfies condition (A.2) and every WCG Banach space with a C' smooth bump
function satisfies condition (A.1) for k = 1.

Corollary 2.7. Let M and N be complete, C' Finsler manifolds that are C*
uniformly bumpable and are modeled on WCG Banach spaces. Then M and N
are weakly C equivalent as Finsler manifolds if and only if C}(M) and C{(N)
are equivalent as normed algebras. Moreover, every normed algebra isomorphism
T : CH(N) = CH(M) is of the form T(f) = f o h where h: M — N is a weak C*
Finsler isometry.

Notice that the assumptions of Corollary 277 hold if M and N are modeled on
Banach spaces with separable dual.

Corollary 2.8. Let M and N be complete, separable C* Finsler manifolds that are
modeled on Banach spaces with a Lipschitz and C* smooth bump function. Then
M and N are weakly C* equivalent as Finsler manifolds if and only if CF(M)
and CF(N) are equivalent as normed algebras. Moreover, every normed algebra
isomorphism T : CF(N) — CF(M) is of the form T(f) = foh where h: M — N s
a weak C* Finsler isometry. In particular, h is a C*~1 Finsler isometry whenever
k> 2.

Since every weakly C* smooth function with values in a finite-dimensional
normed space is C* smooth and every finite-dimensional C* Finsler manifold is
C* uniformly bumpable [I8], we obtain the following Myers-Nakai result for finite-
dimensional C* Finsler manifolds.

Corollary 2.9. Let M and N be complete and finite dimensional C* Finsler mani-
folds. Then M and N are C* equivalent as Finsler manifolds if and only if Cf(M)
and CF(N) are equivalent as normed algebras. Moreover, every normed algebra
isomorphism T : CF(N) — CF(M) is of the form T(f) = f o h where h : M — N
is a C* Finsler isometry.

We obtain an interesting application of Finsler manifolds to Banach spaces. Re-

call the well-known Mazur-Ulam Theorem establishing that every surjective isom-
etry between two Banach spaces is affine.
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Corollary 2.10. Let X and Y be WCG Banach spaces with C' smooth bump
functions. Then X and Y are isometric if and only if CL(X) and CL(Y) are
equivalent as normed algebras. Moreover, every normed algebra isomorphism T :
CHY) — CH(X) is of the form T(f) = foh where h : X — Y is a surjective
isometry. In particular, h and h=1 are affine isometries.
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