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In this work, we introduce a phenomenological model describing the thermoelectric power of
icosahedral quasicrystals. On the basis of a realistic model for the spectral conductivity, obtained
from ab initio band-structure calculations@C. Landauro and H. Solbrig, Physica B301, 267~2000!#,
we derive a closed analytical expression for the Seebeck coefficient, satisfactorily describing its
temperature dependenceS(T) over a wide temperature range. We introduce four phenomenological
coefficients relating the electronic structure to characteristic features of the experimentalS(T)
curves. By comparing our analytical results with available experimental data we relate the
sensitivity of the thermopower curve to minor variations in the chemical composition to a systematic
shift of the Fermi-level position. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1530358#

I. INTRODUCTION

Following the attainment of thermodynamically stable
quasicrystals~QC’s! of high-structural quality,1 an increasing
number of transport measurements have been performed. By
comparing the obtained data with the transport properties of
conventional alloys of similar composition, several anoma-
lous behaviors in the temperature and composition depen-
dences of electrical conductivity, Hall coefficient, thermal
conductivity, and thermoelectric power have been
reported.2–8 In this way, it has been progressively realized
that QC’s occupy an odd position among the well-ordered
condensed-matter phases. In fact, on the one hand, most
transport properties resemble a more semiconductorlike than
metallic character.9–11 On the other hand, typical metallic
fingerprints, like the presence of a well-defined Fermi edge12

or an ideal ohmic behavior over a broad voltage range,13

have been observed in high-quality icosahedral samples. In
addition, it has been theoretically suggested that
Wiedemann–Franz’s law should also be followed by QC’s.14

Therefore, neither the notion of metal nor that of semicon-
ductor seem to be suitable for QC’s, clearly requiring the
introduction of a more adequate concept.

Nevertheless, a proper classification of QC’s able to en-
compass the peculiarities of their electronic structure and
their unusual transport properties within a unifying concep-
tual scheme remains still elusive. The puzzle includes the
basic fundamental question concerning whether the pur-
ported transport anomalies should be mainly attributed to the
characteristic quasiperiodic order of QC’s or, alternatively,
the very nature of the chemical bonding in these materials
plays a major role in determining their physical properties.
Two recent works have contributed to substantiate this issue
by studying the influence of quasiperiodicity on the transport
properties of an hypothetical decagonal aluminum QC,15 or

the role of hybridization mechanisms in the cohesion of cu-
bic approximants in thei–Cd~Ca, Yb! family.16 It seems rea-
sonable, however, that a definite answer may require a proper
combination of both kinds of contributions, so that both
long-range quasiperiodicity effects and local atomic environ-
ment effects should be considered all together.17,18Promising
evidence in this sense comes from experimental and theoret-
ical works showing that the structural evolution from the
amorphous to the quasicrystalline state is accompanied by a
parallel evolution of the electronic transport anomalies.19

In previous works we have considered simplified models
for the electronic density of states~DOS! of icosahedral
QC’s in order to estimate the influence of their electronic
structure on the transport coefficients.20–22 The aim of this
work is to introduce aphenomenological modelrelating sev-
eral topological features observed in the thermoelectric
power curves, like extrema or sign reversals, with the main
features of the electronic structure of QC’s. To this end, we
shall consider the spectral conductivity model proposed by
Landauro and Solbrig~LS!. This model was obtained from
ab initio band-structure calculations.23,24 On the basis of the
LS model we will perform a detailed analytical study, deriv-
ing a closed analytical expressionfor the Seebeck coeffi-
cient. The obtained function satisfactorily describes its tem-
perature dependenceS(T) over a wide temperature range. In
this way, we will introduce a number ofphenomenological
coefficients, analytically relating the electronic structure to
some characteristic topological features observed in the ex-
perimental thermopower curves. In addition, by comparing
the theoreticalS(T) curves obtained from our analytical
treatment with pertinent experimental data for icosahedral
QC’s of different compositions, we will relate the purported
sensitivity of theS(T) curves to minor variations in the
chemical composition to a systematic shift of the Fermi-level
position of the considered samples.

The paper is organized as follows. In Sec. II, we briefly
review relevant experimental results concerning the thermo-a!Electronic mail: macia@material.fis.ucm.es
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electric power of QC’s. In Sec. III, we describe the main
features of the LS model for the spectral conductivity. In Sec.
IV, we introduce our phenomenological model and obtain
closed analytical expressions describing the temperature de-
pendence of the Seebeck coefficient. Section V is devoted to
compare the obtained analytical results with suitable experi-
mental data, highlighting the physical implications of the
phenomenological coefficients previously introduced. Fi-
nally, in Sec. VI, we summarize the main conclusions of this
work.

II. THERMOELECTRIC POWER OF ICOSAHEDRAL
QUASICRYSTALS

During the last decade, the thermoelectric power of
samples belonging to different icosahedral families has been
measured.25–40 Reported data refer to a broad range of sto-
ichiometric compositions and cover different temperature
ranges in the interval from 1 to 900 K. From the collected
data the following general conclusions can be drawn. First,
the thermoelectric power usually exhibits large values when
compared to those of both crystalline and disordered metallic
systems.41 Second, the temperature dependence of the See-
beck coefficient usually deviates from the linear behavior,
exhibiting pronounced curvatures~either positive or nega-
tive! at temperatures above;50–100 K. This behavior is at
variance with that exhibited by ordinary metallic alloys
where theS(T) curve is dominated by electron diffusion
yielding a linear temperature dependence. Third, small varia-
tions in the chemical composition~of just a few atomic per-
cent! can give rise to sign reversals in the thermopower
value. Fourth, theS(T) curves exhibit well-defined extrema
in several cases. For example, high-quality samples belong-
ing to the systemi -AlCu(Fe,Ru) showS(T) well-defined
extrema in the temperature range 80–250 K.26–31 The pres-
ence of broad maxima has been recently observed in high-
quality i – AlPd(Mn,Re) samples at temperatures above
;500 K.37,38,42 Both the magnitude and position of these
extrema are extremely sensitive to minor variations in the
chemical stoichiometry of the sample. Fifth, for a given
sample stoichiometry, the thermopower shows a strong de-
pendence on the annealing conditions induced onto the
sample during the synthesis process.30,33,34 Finally, signifi-
cant differences among theS(T) curves corresponding to
poly-grained and single-grainedi – AlPdRe samples have
been observed.34,43

Most of the anomalous behaviors listed above are mainly
observed in high-quality QC’s containing transition metals.
In fact, it was reported that poor quality, metastable QC
phases containing only simple and noble metals, like
i – AlCuMg,25 obey a linear relation of the typeS(T);aT.
In addition, the order of magnitude of their thermopower is
typical of metallic alloys (uSu&10m V K21) over the entire
temperature range considered. On the other hand, ther-
mopower measurements of rare-earth bearing QC’s in the
system i -ZnMg(Y,Tb,Ho,Er) also exhibit markedly linear
temperature dependences ofS above ;50 K, with slopes
ranging from approximately 0.015 to 0.030m V K22.39 An
analogous behavior has been reported for the thermodynami-
cally stable CdYb QC, which also contains rare-earth

atoms.40 Such different behaviors among the
i – AlCu(Fe,Ru,Os) andi – AlPd(Mn,Re) families~bearing
transition metals! and thei – ZnMg(RE) andi – CdYb fami-
lies ~bearing rare-earth atoms!, strongly suggest that chemi-
cal effects may be playing a significant role.

III. ELECTRONIC STRUCTURE MODEL

Our study will focus on the relationship between the
conductivity spectrum,s(E), defined as theT→0 conduc-
tivity with the Fermi level at energyE, and the transport
properties. Generally speaking the conductivity spectrum
should take into account both band-structure effects and
those effects related to the critical nature of the electronic
states.20,44 In fact, although it may be tempting to assume
that thes(E) function should closely resemble the overall
structure of the DOS, it has been shown that a dip in the
s(E) curve can correspond to a peak in the DOS at certain
energies.23,24,45 This behavior is likely to be related to the
peculiar nature of critical electronic states.45–47 In fact, ac-
cording to the expressions(E)}N(E)D(E), the conductiv-
ity spectrum depends on the diffusivity of the electronic
states,D(E), as well as on the DOS structureN(E). Con-
cerning the DOS structure, most efforts aimed to understand
the unusual transport phenomena of QC’s have focused on
the existence of a pronounced pseudogap at the Fermi
level,48–54and the possible presence of a dense set of nested
peaks in the DOS.55,56The physical origin of such peaks may
stem from the structural quasiperiodicity of the substrate via
a hierarchical cluster aggregation resonance,57 or through
d-orbital resonance effects.58 At the time being, however, the
very existence of such peaks remains controversial.59–65 In
any event, in order to make a meaningful comparison be-
tween experimental measurements and numerical results, one
should take into account possible phason, finite lifetime, and
temperature broadening effects. In so doing, it is observed
that most finer details in the DOS are significantly smeared
out, and only the most conspicuous peaks remain in the vi-
cinity of the Fermi level at room temperature.12 These con-
siderations convey us to reduce the number of main spectral
features necessary to capture the most relevant physics of the
transport processes. Two fruitful approaches have been re-
cently considered in the literature to this end. On the one
hand, theab initio study performed by Landauro and Solbrig
has shown that the spectral resistivityr(E) corresponding to
i – AlCuFe phases, can be satisfactorily modeled by means of
just two basic spectral features, namely, a wide and a narrow
Lorentzian peaks.23 Quite remarkably, this model is able to
properly fit the experimentals(T) and S(T) curves in a
broad temperature range.24 Following a different line of rea-
soning, aimed to encompass the transport properties of both
amorphous phases and QC’s within a unified scheme, Ha¨us-
sler and collaborators have shown that the main qualitative
features of thes(T), S(T), as well as the Hall coefficient
curves, can be accounted for by considering anasymmetric
spectral conductivity function characterized by a broad mini-
mum ~arising from a momentum-based spherical resonance
mechanism! exhibiting a pronounced dip within it~due to
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angular or planar order, based on an angular momentum
resonance triggered by a hybridization mechanism!.19

Motivated by these results, in this work we shall start by
considering the LS model for the spectral conductivity

s~E![A@L1~E!1L2~E!#21, ~1!

where the parameterA is expressed inV21 cm21 eV21 units
and the Lorentzians

Li~E!5
g i

p
@g i

21~E2m2d i !
2#21, ~2!

characterize the height (pg i)
21 and positiond i of each spec-

tral feature with reference to the Fermi-levelm. In addition,
the g i parameters can be related to the diffusivity of the
corresponding states.66,23 Thus, the variation of the transport
properties with the temperature will be determined as a
proper combination of both band-structure effects and the
critical nature of the electron wave functions in a natural
way. For the sake of illustration in Fig. 1 the spectral con-
ductivity curve, as obtained from expression~1!, is shown
for a suitable choice of the parametersg i and d i .23 The
overall behavior of this curve agrees well with the experi-
mental results obtained from tunneling and point contact
spectroscopy measurements, where the presence of a dip fea-
ture of small width superimposed onto a broad, asymmetric
pseudogap has been reported.62,63

IV. ANALYTICAL TREATMENT

In this work, the study of the transport properties is
based on the energy spectrum functions(E). Then, follow-
ing previous works19–22,24,29We will start by expressing the
Seebeck coefficient in the way

S~T!5
1

es~T!T E
2`

1`

dES 2
] f

]ED ~E2m!s~E!, ~3!

where

s~T!5E
2`

1`

dES 2
] f

]EDs~E!, ~4!

is the electrical conductivity,e is the electron charge,T is the
temperature,f (E,T) is the Fermi distribution, andE is the
electron energy. By expressing Eqs.~3! and ~4! in terms of
the scaled variablex[b(E2m), with b[(kBT)21, where
kB is the Boltzmann constant, we get21,22

S~T!5
cJ1

J0
, ~5!

wherec[2kB /ueu.287mVK21, and we have introduced
the integrals

Jn~b![E
2`

1`

xn sech2~x/2!s~x!dx. ~6!

Expressing Eq.~1! in terms of the scaled variable ass(x)
5c0P4(x)/P2(x), where

P4~x![b24x422b23n3x31b22n2x222b21n1x1n0 ,
~7!

P2~x![b22x222b21q1x1q0 ,

where c0[pA(g11g2)21, n3[d11d2 , n2[«1
21«2

2

14d1d2 , n1[d2«1
21d1«2

2, n0[«1
2«2

2, q0[««1
2«2

2(g1

1g2)21, q15(g1d21d1g2)(g11g2)21, with « i
2[g i

21d i
2,

and«[g1«1
221g2«2

22, we can rewrite Eq.~6! in the form

Jnc0
215E

2`

` F (
k50

2

akb
2kxn1k

1
Qn11~x!

P2~x! Gsech2~x/2!dx, ~8!

where

a0[2a1q11n22q0

5
~g11g2!~g1«1

21g2«2
2!24g1g2Dd2

~g11g2!2 ,

~9!

a1[2~q12n3!522
d1g11d2g2

g11g2
, a251,

with Dd[d12d2 , andQn11(x)[a3b21xn111a4xn, with

a3[2a0q122n12a1q0

524g1g2Dd
2q1Dd2«1

21«2
2

~g11g2!2 ,

~10!
a4[n02a0q0

5g1g2

4««1
2«2

2Dd22~«1
22«2

2!2~g11g2!

~g11g2!3 .

Making use of the integrals

E
2`

`

sech2~x/2!dx54, E
2`

`

x2 sech2~x/2!dx5
4p2

3
,

E
2`

`

x4 sech2~x/2!dx5
28p4

15
,

E
2`

`

xl sech2~x/2!dx50, ~ l odd!,

we obtain

FIG. 1. Spectral conductivity curve in the energy interval61 eV around the
Fermi level as obtained from Eq.~1! for the electronic model parameter
valuesg i andd i indicated in the frame.
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J0c0
2154p2b22/31a3b21H11a4H014a0 ,

~11!
J1c0

2154p2a1b21/31a5H11a3bG0 ,

where

a5[2q1a31a452
g2g1«3

~g11g2!4 @~g12g2!2~«314Dd2!

14Dd~d2g2
22d1g1

2!#, ~12!

with «3[(g11g2)21Dd2, G0[42q0H0 , and we have in-
troduced the auxiliary integrals

Hk~b![E
2`

` xk

P2~x!
sech2~x/2!dx. ~13!

In order to evaluate these integrals we shall expand the func-
tion P2

21(x) in Taylor series around the Fermi level to get

H0.
4

q0
S 11

p2

3

4q1
22q0

q0
2 b22D ,

~14!

H1.
8p2q1b21

3q0
2 S 11

14p2

5

2q1
22q0

q0
2 b22D .

By plugging Eqs. ~14! into Eqs. ~11! and ~5!, keeping
O(b24) terms, we finally arrive to the following expression
for the Seebeck coefficient:

S~T!522ueuL0TF~T!, ~15!

where L05p2kB
2/3e252.4431028 V2 K22 is the Lorenz

number and we have introduced the auxiliary function

F~T!5
j11j3bT2

11j2bT21j4b2T4 , ~16!

whereb[e2L052.4431028 (eV)2 K22, and

j1[2
g1d1«2

41g2d2«1
4

««1
4«2

4 , ~17!

j2[
g1«2

6~«1
224d1

2!1g2«1
6~«2

224d2
2!

««1
6«2

6 14j1
2, ~18!

j3[
42

5
a5q1~g11g2!2

2q1
2~g11g2!2««1

2«2
2

«3«1
8«2

8 , ~19!

j4[28«g1g2

Dd~2q1Dd1«2
22«1

2!

~g11g2!3a5
j3 . ~20!

Therefore, the expression we have obtained for the thermo-
electric power can be viewed as a product involving the fac-
tor 22ueuL0T, exhibiting a linear temperature dependence,
and the auxiliary function defined by Eq.~16!. This function
exhibits a marked nonlinear temperature dependence. In the
next section, we will account for some of the Seebeck coef-
ficient anomalies reviewed in Sec. II by means of Eq.~15!.
To this end, we will focus on the main topological features of
function F(T) and the physical implications of the param-
etersjn .

V. DISCUSSION

A. Deviation from the linear behavior

In the low–temperature regime, the thermoelectric
power of QC’s belonging to thei–AlCu~Fe, Ru, Os! and
i–AlPd~Mn,Re! families exhibit a linear dependence withT.
At temperatures above;50–100 K, however, theS(T)
curve clearly deviates from the linear behavior, exhibiting
pronounced curvatures. This behavior can be readily de-
scribed by means of Eqs.~15! and ~16!. In fact, sinceF(T
→0)5j1 , in the low-temperature limit Eq.~15! reduces to
the linear form

S~T→0!522ueuL0j1T[aT. ~21!

The sign of the slopea is determined by the sign of the
parameterj1 which, in turn, depends on the electronic struc-
ture of the sample according to Eq.~17!. The slope value is
determined by two contributions: one involving universal
constants only~whose value will be the same for all the
samples!; and a sample-dependent one given by theuj1u
value. In order to gain some physical insight about the coef-
ficient j1 we will take the logarithm derivative of Eq.~1!,
obtaining the relationship

j15
1

2 S d ln s~E!

dE D
E5m

. ~22!

Therefore, Eq.~21! reduces to the well-known Mott’s for-
mula S52ueuL0@d ln s(E)/dE#E5mT in the low-temperature
limit. In several previous works the validity of such an ex-
pression has been assumed for QC’s in order to discuss some
experimental results.28–30,35From Eqs.~21! and ~22! it fol-
lows that Mott’s formula will properly describe the thermo-
electric power of QC’s as far as the remaining coefficients
j2 , j3 , andj4 in the F(T) function given by Eq.~16! are
negligible as compared toj1 . Since these coefficients are
multiplied by the temperature-dependent factorsbT2 and
b2T4, respectively, it is clear that the range of validity of Eq.
~21! will be strongly dependent on the electronic structure of
the sample. We can quantitatively express this relationship
by means of Eqs.~17!–~20!, determining the corresponding
jn values.

B. Thermopower sign reversal

According to Eqs.~15! and ~16!, the overall sign of the
thermoelectric power depends on the sign of the auxiliary
functionF(T) which, in turn, is determined by the electronic
structure through the signs adopted by eachjn coefficient. In
order to get a Seebeck coefficient sign reversal the condition
F(T)[0 should be satisfied. Thus, theS(T) curve will have
a crossing point at the temperature given by the relationship

T05A2
j1

bj3
. ~23!

Therefore, the necessary condition for the existence of such a
crossing point is that the coefficientsj1 andj3 have opposite
signs. This condition explains why not all samples exhibit
such sign reversal. Equation~23! also defines two singular
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electronic structures, corresponding to the casesj150⇒T0

50, andj350⇒T0→`. In both cases we have no crossing
points either.

According to Eq.~21! the coefficientj1 can be obtained
from the slope of theS(T) curve in the low-temperature
regime as

j1
exp.220.5a@m V K22#, ~eV!21. ~24!

Then, making use of Eqs.~21! and~23! the coefficientj3 can
be obtained from the experimentalS(T) curves by means of
the relationship

j3
exp.8.43108S a@m V K22#

T0
2 D , ~eV!23. ~25!

For the sake of illustration, in Table I we list the low-
temperature thermopower slopes andT0 values for some rep-
resentative QC’s, along with the corresponding values for the
parametersj1

exp and j3
exp as determined from Eqs.~24! and

~25!. From the listed data we can appreciate that all QC’s
exhibiting thermopower sign reversals also exhibit negative
slopes in the low-temperature regime. According to Eq.~21!
this implies thatj1 takes on positive values in all the con-
sidered samples. Now, according to Eq.~22! we can express
j15s8(m)/2s(m), so that the spectral conductivity will be a
growing function around the Fermi level. Since thes~m!
value can be experimentally measured by means of several
techniques, we see that the study of the phenomenological
coefficientj1 provides us with a useful tool to obtain quan-
titative information about the spectral conductivity growth
rate around the Fermi level from suitable experimental trans-
port data.

C. Seebeck coefficient extrema

One of the most intriguing anomalies observed in the
experimental thermopower data refers to the presence of ex-
trema in bothS(T) and S(T)/T curves. According to Eq.
~15!, relevant information on the auxiliary functionF(T) can
be directly obtained from the study of the experimental curve
S(T)/T.30,39,40To this end, we shall express Eq.~15! in the
way

F~T!.220.5S S@m V K21#

T D , ~eV!21. ~26!

On the other hand, by imposing the extrema condition
dF(T)/dT50 to Eq.~16! we obtainT1

050, and

bT1
252

j1

j3
6AS j1

j3
D 2

1
j32j1j2

j3j4
. ~27!

Therefore, depending on the actual values of thejn coeffi-
cients, two nontrivial extrema may be present in theS(T)/T
curve, namely, a maximum~minus sign choice! at T1

2 fol-
lowed by a minimum~plus sign choice! at T1

1 , (T1
2,T1

1).
Quite interestingly, the presence of both extrema has been
observed in a recent study of thei–MgZn~Y, Tb, Ho, Er!
system, where a small hump in theS(T)/T curve, at about
T1

2.15 K, followed by a little dip atT1
1.50 K, has been

reported in all the considered samples.39 The possible mag-
netic origin of such a hump can be ruled out as the hump also
appears in the thermoelectric power of the nonmagnetic
i–ZnMgY,40 hence favoring an electronic structure origin for
this feature. By mutually adding the solutions given by Eq.
~27! we obtain the relationship

2
j1

j3
5

b

2
@~T1

2!21~T1
1!2#, ~28!

and plugging the above experimental values forT1
1 in Eq.

~28! we obtainj1 /j3.23.331025 (eV)2. This figure is al-
most two orders of magnitude lower than that listed in Table
I. This suggests that substantial differences among the elec-
tronic structure ofi–AlCu~Fe, Ru! samples and the rare-earth
bearing QC’s should exist, in agreement with recent band-
structure calculations.64 Let us now consider the case of
samples exhibiting a crossing temperatureT0 . In this case,
we can make use of Eq.~23! to rewrite Eq.~27! in the form

bT1
25bT0

26j4
22A11j2bT0

21j4b2T0
4. ~29!

Then, taking into account Eq.~16! we obtain

bT1
25bT0

26j4
22Aj11j3bT0

2

F~T0!
, ~30!

and by mutually substracting these solutions we get

j45F 28

bueu
T0

S~T0!

j11j3bT0
2

@~T1
1!22~T1

2!2#2G1/4

. ~31!

This expression allows us to determine the coefficientj4

value from the knowledge of the experimental dataT0 , T1
6 ,

andS(T0), provided that the values ofj1 andj3 are known
from Eqs.~24! and ~25!, respectively.

TABLE I. Experimental values of the low-temperature thermopower slopea and sign reversal temperatureT0 for different QC’s~taken from the literature!,
along with the corresponding values for the phenomenological coefficientsj1

exp andj3
exp as determined from Eqs.~24! and~25!. The values labeled~* ! have

been extrapolated from experimental curves in the range 4–300 K.

Reference Sample a ~m V K22! T0 ~K! j1
exp @~eV!21# j3

exp @~eV!23#

31 Al63Cu25Fe12 20.39 398* 18.02 22078
26 Al65Cu20Ru15 20.30 162 16.09 29557
26 Al68Cu17Ru15 20.25 329* 15.03 21908
27 Al62.5Cu25Fe12.5 20.23 334* 14.76 21746
26 Al70Cu15Ru15 20.22 285 14.45 22253
30 Al62.5Cu25Fe12.5 20.19 349 13.85 21294
29 Al64.5Cu20Ru15Si0.5 20.07 197 11.46 21531
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Finally, we will consider the presence of extrema in the
S(T) curve. To this end, we impose to Eq.~15! the extreme
conditiondS(T)/dT50 to get

j3j4y31~3j1j42j2j3!y21~j1j223j3!y2j150,
~32!

wherey[bT2. By means of Eq.~32!, the possible existence
of maxima or minima in theS(T) curve can be related to the
electronic structure in a precise, although somewhat involved
way. In fact, Eq.~32! depends on all the phenomenological
coefficientsjn . This fact helps us to understand the physical
reasons motivating the strong dependence of these extrema
on minor stoichiometric changes since by changing the elec-
tronic structure of the sample we are substantially modifying
the values of thejn coefficients which determine the solu-
tions of Eq.~32!.

D. Sample stoichiometry-dependence effects

The sensitivity of the thermopower curves to minor
changes in the sample composition can be related to system-
atic changes of the electronic structure by means of Eqs.~15!
and ~16!. To illustrate this point we shall consider the sys-
tematic variation ofS(T) for a series ofi–AlCuFe QC’s
whose average electronic valence~number of electrons per
atom! is modified by means of a systematic stoichiometric
change. For a sample of general composition
Al xCuyFe12x2y , the average valence is obtained from the
expressionn5xnAl1ynCu1(12x2y)nFe, where nAl53,
nCu51, and we have adopted the effective valence ofnFe

522.45 for the iron atoms. This value has been determined
from sp-dhybridization effects in the tetragonal quasicrystal-
line approximant Al7Cu2Fe.67,68 From the knowledge of the
average valence we can estimate the shift in the Fermi level
by means of the relationship29

Dm.6.2353
n02n

n0
, ~eV!, ~33!

wheren0 is a suitable reference value. In our case, we will
take the sample Al62.5Cu25Fe12.5 as a reference one,23 yield-
ing n051.8188 electrons per atom. Making use of Eqs.~33!
and~17!–~20! we obtain thed i andjn values listed in Table
II for different i–AlCuFe samples. The influence of the sto-
ichiometry in the electronic structure is shown in Fig. 2,
where we clearly appreciate a progressive shift of the dip
position in the spectral conductivity curves(E). This shift
correlates with the stoichiometry of the sample, leading to a
systematic shift of the Fermi level given byDm in Table II.
By plugging the phenomenological coefficients’ values listed

in Table II into Eqs.~23! and ~32! we can calculate the cor-
responding sign reversal and extrema temperatures. In Table
III, we list the obtained results and compare them with suit-
able experimental data reported in the literature. Comparing
the results presented in Fig. 2 and Tables II and III several
conclusions can be drawn. First, we appreciate a good agree-
ment between the measured and calculatedT0 andT2 values
for the Al62.5Cu25Fe12.5 and Al62.5Cu24.5Fe13 samples. On the
contrary, there exists a significant discrepancy between these
values for the Al63Cu25Fe12 sample. Such a difference is not
surprising since the assumption of identicalg1 andg2 values
for all the considered samples seems very rough. Second, we
observe that all the samples should exhibit a thermopower
sign reversal~the phenomenological parametersj1 and j3

shown in Table II have opposite signs!, although the corre-
sponding crossing temperatures take values within a wide
temperature range extending from 400 to 1700 K, approxi-
mately. Analogously, all the samples exhibit an extremum at
a temperature whose value ranges from about 240 to 1200 K.
In this regard, we should note the absence of an experimental
confirmation for the predicted maximum atT2.237 K for
the Al62Cu25.5Fe12.5 sample. This absence should also be in-
terpreted as indicating that more adequate values for the
model parametersg1 and g2 may be taken into account.
Third, there exists a clear correlation between the average
electronic valencen, and the maximum~minimum! S(T2)
value, as it can be readily seen by comparing Table III and
Fig. 2. In fact, for those samples whose Fermi level is lo-
cated between both Lorentzian features (d1,0,d2.0) the
thermoelectric power exhibits a maximum@S(T2).0#. Con-

TABLE II. Systematic variation of the average electronic valencen, the electronic structure model parametersd i , and the phenomenological coefficientsjn ,
determined from Eqs.~17!–~20!, as a function of the sample stoichiometry. (g151.35 eV,g250.04 eV).

Sample n Dm ~eV! d1 ~eV! d2 ~eV! j1 @~eV!21# j2 @~eV!22# j3 @~eV!23# j4 @~eV!24#

Al62.5Cu24.5Fe13 1.8015 20.06 20.381 10.049 211.45 1197 11158 115 039
Al62Cu25.5Fe12.5 1.8088 20.03 20.406 10.024 210.63 1426 1710 116 815
Al62.5Cu25Fe12.5 1.8188 0.00 20.440 20.010 15.73 1569 21634 250 573
Al63Cu25Fe12 1.8460 10.09 20.533 20.103 17.10 132 2449 22453

Al62.5Cu26.5Fe11 1.8705 10.18 20.617 20.187 13.38 24 247 298

FIG. 2. Systematic variation of the spectral conductivity around the Fermi
level as a function of the sample stoichiometry.
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versely, for those samples whose Fermi level is located
above both Lorentzian features (d1 ,d2,0) the thermoelec-
tric power exhibits a minimum@S(T2),0#. In addition, as
the Fermi level progressively shifts from the position it oc-
cupies in the Al62.5Cu24.5Fe13 sample to that corresponding to
the Al62.5Cu26.5Fe11 sample the absolute value of the thermo-
electric power progressively decreases fromS(T2)
.185m V K21 up to S(T2).2130m V K21. Therefore,
merely changing the average electronic valence by less than
4%, a substantial variation of the thermoelectric power of
more than two orders of magnitude can be obtained. In this
regard, it is interesting to note that the obtained extrema
values are quite large for metallic alloys, being comparable
to those measured in some semiconductor materials. This
fact spurs the interest of considering QC’s as tentative ther-
moelectric materials.22

Finally, in Fig. 3 we graphically summarize the main
results obtained in this section by comparing the temperature
dependence of the Seebeck coefficient corresponding to the
considered i–AlCuFe samples in the temperature range
1–500 K. The qualitative overall behavior of the different
S(T) curves compares fairly well with the experimental mea-
surements reported in the literature~see the references given
in Tables I and III!. In this sense, our phenomenological
treatment provides aunified description of the thermoelectric
power for the five considered samples, properly describing

the main topological features present in the experimental
curves over a broad temperature range. Notwithstanding this,
quantitative differences between our analytical results and
the experimental curves are expected due to the approximate
knowledge of the electronic structure model parameters for
most of the samples considered. These differences can also
be related to experimental uncertainties due to the strong
dependence of the transport properties on different heat
treatments,30,33 the sample microstructure,34 and possible
oxidation and/or diffusion effects.30

VI. CONCLUSIONS

In this work, we present a detailed analytical study of the
thermoelectric power of icosahedral QC’s, introducing a phe-
nomenological framework aimed to relate the main topologi-
cal features of the experimentalS(T) curves to certain char-
acteristic features of the electronic structure of the samples.
Within this context the analytically derivedjn coefficients
can be regarded as phenomenological parameters containing
information about the electronic structure of the sample. In
fact, since the values of thejn coefficients canalso be de-
termined from the analysis of the experimentalS(T) curves,
we can obtain information about the spectral conductivity
function from the topological features of the experimental
transport curves. The first step will be to determine the val-
ues of thejn from the main topological features of the ex-
perimentally obtained transport curves making use of the ex-
pressions obtained in Sec. V. The next step will be to
determine the electronic model parametersg i , d i , and A,
from the jn theoretical values derived in Sec. IV. Nonethe-
less, due to the involved nature of the analytical expressions
relating the phenomenological coefficients to the model pa-
rameters, this is a rather difficult task. Fortunately, even the
partial knowledge of some phenomenological coefficients
suffices to gain some physical insight onto certain relevant
features of the electronic spectrum of the sample, as it has
been illustrated is Secs. IV and V. On the other hand, the
involved nature of the analytical expressions for thejn coef-
ficients suggests that the study of one transport coefficient
alone will not suffice, in general, to get a detailed picture of
the sample electronic structure. Therefore, one reasonably
expects that a sharper view about the main electronic fea-
tures of the considered QC samples would ultimately emerge
from the simultaneous measurement of different transport
coefficients. In fact, preliminary results from a combined
study of the analytical expressions for thes(T) and S(T)

FIG. 3. Temperature dependence of the Seebeck coefficient in the tempera-
ture range 1–500 K for different sample compositions: Al62.5Cu24.5Fe13 ~a!;
Al 62Cu25.5Fe12.5 ~b!; Al 62.5Cu25Fe12.5 ~c!; Al 62.5Cu26.5Fe11 ~d!; and
Al63Cu25Fe12 ~main frame!.

TABLE III. Comparison between the sign reversal.T0 and extremaT2 andS(T2) values obtained from the analytical expressions Eqs.~23! and~32! and some
suitable experimental values reported in the literature. The values labeled~* ! have been extrapolated from the experimental curve in the range 4–300 K.

Sample T0 ~K! T0
exp ~K! T2 ~K! T2

exp ~K! S(T2) ~m V K21! S(T2
exp) ~m V K21! Reference

Al62.5Cu24.5Fe13 636 260 235 184 145 27
Al62Cu25.5Fe12.5 783 237 168 31
Al62.5Cu25Fe12.5 379 350 169 155 228 223 30
Al62.5Cu25Fe12.5 379 335* 169 150 228 224 27
Al63Cu25Fe12 805 400* 454 115 295 226 31
Al63Cu25Fe12 805 454 200 295 222 69
Al62.5Cu26.5Fe11 1710 1224 2126 27
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curves indicates the convenience of such a procedure.70 In
this sense, measurements of the Seebeck coefficient in the
regime of high temperatures would be very interesting as
well. Finally, the phenomenological approach presented in
this work may be straightforwardly extended to other sys-
tems whose electronic structure around the Fermi level is
characterized by two main peaks separated by a well-defined
pseudogap centered at the Fermi level. This includes a broad
class of candidate materials for thermoelectric applications
like Heusler-type alloys,71 hence widening the interest of our
proposed framework for studying other structurally complex
alloy phases of potential technological interest.
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14E. Maciá, Appl. Phys. Lett.81, 88 ~2002!.
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Bilušic, A. Smontara, J. C. Lasjaunias, J. Ivkov, and Y. Calvayrac, Mater.
Sci. Eng., A294–296, 711 ~2000!.

32F. Giraud, T. Grenet, C. Berger, P. Lindqvist, C. Gignoux, and G. Fourcau-
dot, Czech. J. Phys.46, 2709~1996!.

33T. M. Tritt, A. L. Pope, M. Chernikov, M. Feuerbacher, S. Lagault, R.
Cagnon, and J. Strom-Olsen, Mater. Res. Soc. Symp. Proc.553, 489
~1999!; A. L. Pope, T. M. Tritt, M. Chernikov, M. Feuerbacher, S. Legault,
R. Cagnon, and J. Strom-Olsen,ibid. 545, 413 ~1999!.

34A. L. Pope, T. M. Tritt, M. A. Chernikov, and M. Feuerbacher, Appl. Phys.
Lett. 75, 1854 ~1999!; A. L. Pope, R. Schneidmiller, J. W. Kolis, T. M.
Tritt, R. Gagnon, J. Strom-Olsen, and S. Legault, Phys. Rev. B63,
052 202~2001!.

35V. Fournée, U. Mizutani, T. Takeuchi, K. Saitoh, M. Ikeyama, J. Q. Guo,
and A. P. Tsai, Mater. Res. Soc. Symp. Proc.643,K.14.3.1~2001!.
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