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Abstract

We study the size of the range of the derivatives of a smooth function between
Banach spaces. We establish conditions on a pair of Banach spaces X and Y to ensure
the existence of a CP smooth (Fréchet smooth or a continuous Gateaux smooth)
function f from X onto Y such that f vanishes outside a bounded set and all the
derivatives of f are surjections. In particular we deduce the following results. For the
rateaux case, when X and Y are separable and X is infinite-dimensional, there exists
a continuous Gateaux smooth function f from X to Y, with bounded support, so that
(X)) = Z(X,Y). In the Fréchet case, we get that if a Banach space X has a Fréchet
smooth bump and dens X = dens Z(X,Y’), then there is a Fréchet smooth function
f: X — Y with bounded support so that f'(X) = Z(X,Y). Moreover, we see that if
X has a C? smooth bump with bounded derivatives and dens X = dens £7(X;Y)
then there exists another C? smooth function f: X — Y so that f*(X) = Z¥(X;Y)
forall k =0,1,...,m. As an application, we show that every bounded starlike body
on a separable Banach space X with a (Fréchet or (Gateaux) smooth bump can be
uniformly approximated by smooth bounded starlike bodies whose cones of tangent
hyperplanes fill the dual space X*. In the non-separable case, we prove that X has
such property if X has smooth partitions of unity.

1. Introduction

Although Rolle’s theorem fails in infinite dimensions [2], Ekeland’s Variational
Principle |7, proposition 11-5-2] easily determines that if b is a continuous Gateaux
smooth bump on X then the norm closure of ¥’ (X) contains 0 as an interior point. If,
in addition, X is finite dimensional and b is C' then & (X) is a compact neighbourhood
of 0. The questions as to how small or how large the set of gradients of a bump
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function can be have been considered recently in [1] and [3]. We refer to [5] for a
study on the shape of the set b’'(X) when X is finite-dimensional.

On the one hand, as a consequence of a result of [11], we know that if f is a
C" smooth function defined on ¢, with locally uniformly continuous derivative then
f/(X) is contained in a countable union of compacts. Also, if X is a non-reflexive
Banach space with a C'' smooth norm, then the set of norm attaining functionals
has empty interior in X* [12] (see also [6]); by composing this norm with an adequate
bump function on R one can easily obtain a C' smooth Lipschitz bump b on X so
that the cone generated by b/'(X), that is C(b) = {\V/(x):z € X, A > 0}, has empty
interior.

If a continuous Gateaux smooth bump b is defined on a Banach space X with the
Radon Nikodym Property, it easily follows, as a consequence of Stegall’s Variational
Principle, that C'(b) is a residual set in X*. Nevertheless, it may happen that C(b)
has empty interior even though b is defined on a reflexive Banach space. Indeed, it
has been proved in [3] that there exists a C'' smooth Lipschitz bump b defined on £,
so that C'(b) has empty interior.

On the other hand, it was shown in [1] that there is no upper bound on the size of
V' (X). More specifically, if X has a C' smooth Lipschitz bump, then there is another
C' smooth bump b so that &' (X) = X*. This result can be compared to that of [4]: for
every infinite-dimensional separable Banach spaces X, Y, there exists a C' smooth
surjection from X onto Y. T. Dobrowolski has recently obtained similar results for
weak bump functions with higher order derivatives which are surjections (see [9]).

In this paper we improve the main results from [1], establishing several interesting
generalizations which simultaneously include some of the results of [4] and [1], as
well as an analogous result for the Fréchet and Gateaux smooth case, and we provide
some applications.

If X and Y are Banach spaces, let Z(X,Y) stand for the Banach space of all
bounded linear operators from X to Y. We give conditions on a pair of Banach spaces
X and Y to ensure the existence of a Fréchet or continuous Gateaux smooth surjec-
tion f: X — Y such that f vanishes outside a bounded set and f/(X) = £(X,Y). In
particular, when X and Y are separable and X is infinite-dimensional, there exists a
uniformly Gateaux smooth function f from X to Y, with bounded support, so that
f/(X) contains the unit ball of the Banach space Z(X,Y). We obtain as a corollary
that every separable Banach space X has a uniformly Gateaux smooth bump b so
that &' (X) contains the dual unit ball of X*, and therefore, there is a continuous
Gateaux smooth bump g so that ¢’(X) = X*. In the Fréchet smooth case, we obtain
that if a Banach space X has a Fréchet smooth bump and dens X = dens £ (X,Y),
then there is a Fréchet smooth function f: X — Y with bounded support so that
(X)) =2(X,Y). One corollary to this result is that if a Banach space X has a
Fréchet smooth bump, then X has a Fréchet smooth bump b so that b'(X) = X*.
Another corollary states that for every separable infinite-dimensional Banach space
Y and every n € N, there is a Fréchet smooth function f:R"™ — Y, with bounded
support, so that f/(R") = Z(R",Y).

Next, we also provide conditions on a pair of Banach spaces X and Y which ensure
the existence of a C? smooth surjection f: X — Y such that f vanishes outside a
bounded set and the derivatives of f are all surjections. We prove that if X has a
C? smooth bump with bounded derivatives and dens X = dens Z7*(X;Y) then there
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exists another CP smooth function f: X — Y, with bounded derivatives, so that f
vanishes outside the unit ball of X and f*(X) contains the unit ball of #*(X:Y) for
all k = 0,1,...,m (notice that this conclusion is in fact equivalent to the assumption
on X); in particular, this implies that there is also a C” smooth surjection b: X — Y so
that b®)(X) = Z¥(X;Y) forall k = 0,1,...,m. Here, 1 <p < oo, m € N, Z¥(X;Y)
stands for the space of k-linear symmetric mappings from X into Y, and dens X
denotes the character of density of a Banach space X. Note in particular that for
m = 0 we identify Y = Z%(X,Y) and we obtain a C? smooth surjection b from X
onto Y, thus recovering a result of [4]. For some classical spaces X and Y, such as
the 4, ¢y, L, and Orlicz spaces, we also study when the above conditions for the
existence of smooth functions with surjective derivatives are fulfilled.

Finally, we give some applications of these results. In [1] it was shown that James’
Theorem fails for starlike bodies in all separable Banach spaces; in particular it
was seen that if X is infinite-dimensional and has a separable dual then there is a
C" smooth bounded starlike body whose cone of tangent hyperplanes fills the dual
space X*. Here we prove that in fact every bounded starlike body in such a space X
can be uniformly approximated by C' smooth starlike bodies whose cones of tangent
hyperplanes fill the dual X*. If X is separable but X* is not, a similar statement
holds replacing C'' smoothness by Gateaux smoothness. Moreover, a (non-separable)
Banach space X has this property provided X has smooth partitions of unity. We
also consider a similar question about smooth approximation of continuous functions
by smooth functions whose derivatives are surjections, and we show that if a Banach
space X has smooth partitions of unity then every continuous function on X can be
uniformly approximated by smooth functions with surjective derivatives.

2. The range of the gradients of a continuous Gdateaux (Fréchet) smooth function
between Banach spaces

THEOREM 2-1. Let X and Y be separable Banach spaces, where X is infinite-
dimensional. Then, there is a uniformly Gdateaux smooth Lipschitz function b: X — 'Y
with bounded support so that b(X) contains the unit ball of Y and b (X) contains the
unit ball of £(X,Y).

Consequently, there is a continuous Gateawx smooth function g: X — 'Y with bounded
support so that g and g" are surjections, that is, g(X) =Y and ¢'(X) = L(X,Y).

A consequence of this theorem is that there is no upper bound for the range of
the set of gradients of a continuous Gateaux smooth bump on a separable Banach
space. This is formally stated in the following corollary.

CoroLLARY 2-2. Every separable Banach space X has a uniformly Gdteaux smooth
Lipschitz bump b such that b'(X) contains the dual unit ball Bx-. Consequently, X has
a continuous Gateaux smooth bump g so that g'(X) = X*.

The following result concerns Fréchet smooth functions. It was proved in [1] that
if a Banach space has a C' smooth and Lipschitz bump, then the space has a C!
smooth and Lipschitz bump satisfying that the set of gradients fills the dual unit
ball. The proof of this result, as well as the proofs given in the next section for the C?
smooth case, strongly rely on the existence of a smooth bump function with bounded
derivatives. This requirement allows us to obtain smooth functions with continuous
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surjective derivatives. If one is not interested in the continuity of the first derivative,
one can dispense with that assumption, obtaining similar results on the existence of
Fréchet smooth bumps whose sets of gradients fill the dual unit ball. Notice that it
is still an open problem whether every Banach space with a Fréchet smooth bump
has a Fréchet smooth bump with bounded derivative as well.

THEOREM 2-3. Let X be a Banach space with a Fréchet smooth bump and Y a
Banach space so that dens X = dens L (X,Y). Then, there exists a Fréchet smooth
SJunction g: X — Y so that g has bounded support, ¢(X) = L(X,Y) and, when X
is infinite dimensional, also g(X) =Y.

CoROLLARY 2:4. Let X be a Banach space with a Fréchet smooth bump. Then, X has
a Fréchet smooth bump b so that v/ (X) = X*.

It is straightforward to verify that a uniformly Gateaux smooth continuous func-
tion f: X — Y, defined on a finite-dimensional Banach space X, satisfies that f’ is
continuous. Therefore f'(X) is a countable union of compact subsets. If, in addi-
tion, Y is infinite dimensional, then f/(X) cannot contain the unit ball of the infinite
dimensional Banach space £ (X,Y). Thus, there is no uniformly Gateaux smooth
function f from a finite dimensional Banach space X into an infinite dimensional
Banach space Y so that f/(X) contains the unit ball of £ (X,Y). However, we estab-
lish as a corollary of Theorem 2.3 that, under the above conditions on X and Y, there
exists a Fréchet smooth function with bounded support from X into ¥ and whose
set of gradients fills the space £ (X,Y’). We will not mention in this section the case
when X and Y are finite dimensional since in Section 3 we will prove the existence
of C'" smooth functions with bounded support from X to Y whose derivatives are
surjections.

COROLLARY 2-5. Let Y be an infinite dimensional and separable Banach space and
n € N. Then, there is a Fréchet smooth and Lipschitz function b:R™ — Y with bounded
support such that ' (R™) contains the unit ball of the space L (R™,Y).

Consequently, there is a Fréchet smooth function g:R™ — Y with bounded support so
that ¢'(R™) = L(R™,Y).

Let us begin with the proofs of the above results. In order to prove Theorems 2-1
and 2-3 we first present a lemma which provides the necessary tools to construct
such functions.

Consider in Z(X,Y) the topology 7 of the pointwise convergence on X and denote
by Bgx,y) the unit ball of Z(X,Y). Let us turn our attention to the topological
space (Be(x,y), 7). When, for instance ¥ = R, the space (Bg(xy), ) is (Bx-,w"),
where w* denotes the weak™ topology in the dual unit ball Bx~. Assume that X
is separable and fix a dense sequence (x,) in the unit ball of X and a decreasing
sequence of positive numbers (g,) converging to 0. It is well known that a countable
basis of neighborhoods of a point T' € By (x y) in the topological space (Bgx y),T)
is the family (U,,), where

Un = {S c BgI(X,y)Z ||(T — S)(.’L’i)H < En, 1= 1, e ,’I’L}.

The sequence (U,,) is a decreasing family of 7-closed and convex subsets of By (x v).
It is also known that the space (B¢(x,v), T) is separable whenever X and Y so are.
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Indeed, take a dense sequence (y,,) in the unit ball of Y. Now, for every n € Nand A =
(A(1),...,A(n)) € N, we select an operator Ty € By (x,y) so that [|T\(x;) —yxs || < en
fori=1,...,n (if there exists). It is straightforward to verify that the set

{T)\: A€ Nn}nEN

is dense in (Bg(x,y), T). The properties of the separability of (Bg(x,y), ) and the
existence in this space of a countable basis of neighbourhoods for every element,
give us the following lemma.

Lemma 2-6. Let X and Y be separable Banach spaces and (V,) be a decreasing family
of T-closed, convex and symmetric subsets of 2B ¢ x y) which is a base of neighbourhoods
of 0in (2B (x,y), 7). Then, there is a sequence (T,,) C 2Bg(x y), with the property that
Jorany T' € Byxy),

T = T-sum Z Ty, for some subsequence (T, ). (2-1)
k

Moreover, the sums satisfy the stronger condition

> T,

i<k

T_ZTmi eV and

i<k

<1, keN. (2-2)

If we denole
T ={o = (o(n)) € NV (Trn)) satisfies (2-2) for some T € By(x v},
and %, ={o,=(c(1),...,0(n)):0c € L},
then, an element o € NN satisfies that o € X if and only if o0, = (c(1),...,0(n)) € Z,

Sfor every n.

Proof of Lemma 2-6. Let us consider a dense sequence (Sy,) in (Byx,y), ). Then,
forany T' € By (xy). T = 7-lim §,,,, where (S,,,) is a subsequence of (S,,). Moreover,
we may assume that T'— S, € Vj, for every k. Now, we can write T" as the 7-sum
Sny T Y1 (Sng — Sny). We relabel (S,), U (S, — Sim)nsm as (T5,). Notice that the
sequence (T7,) is included in 2Bg(x,y). Then, for every T' € By (x y) there is a sub-
sequence (1}, ) satisfying

T = 7-sum g Th,-
k
Moreover, this sum satisfies the stronger condition

T-% T, =T-S5, €V and

i<k

ZTmiH = 1S ]l < 1.

i<k

In order to prove the last assertion of the lemma, notice that whenever o € NY
satisfies that 0,, € Z,, for every n, then by (2-2) we deduce that

k+m
Z Ty6) € 2V, and ZT““) <1 foranyk, meN
i=k+1 i<k
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Consequently, > . T, is T-convergent and it follows from the above that

jg: 7}@)6 2V..

ikt
Thus, if T := 7-sum ), T,;). this sum trivially satisfies (2-2) and then ¢ € X. This
concludes the proof of Lemma 2-6.

Proof of Theorem 2-1. We first construct uniformly Gateaux smooth functions
fy h: X — Y with bounded supports so that f/(X) contains the unit ball of Z(X,Y)
and h(X) contains the unit ball of Y. Next, we define the required function b as
the sum of suitable translations of f and h with disjoint supports. Finally, we shall
construct g by slightly modifying b. The proof is divided into several steps as follows.

Step 1: Definition of f. Since X is separable there exists an equivalent uniformly
Gateaux smooth norm || - || on X [7, p. 68]. Consider a C*° bump on R which we
denote by 0 so that 6(t) = 1 for |t| < % O(t) = 0 whenever [t| > 1, (R) = [0, 1] and
sup e [0/ (1)] < 3.

Now we define the following sequence of bumps h,: X — R as hy,(z) = 0(||z| ).
x € X. The bumps (h,,) are uniformly Gateaux smooth and verify that h,(z) = 1 for
llz|| < 1/2™, hy(x) = 0 for ||z]| > 1 and h(X) = [0, 1]. Also, h,, satisfies that k!, (z) =
t/n|z]| =" || - |/ ()0 (||| #) if = % 0 and A (0) = 0. Therefore

w

sup [[[[]|A;, ()] < (2-3)
zeX

3

The length of an element o € N”, ¢ := (o(1),...,0(n)), is n and it is denoted by
|o|. Let us consider ¥’ = U, X,,, where the family (X,), is the one obtained in the
Lemma 2-6. Now, as in [1], we take a sequence of positive real numbers (r,,),, where
Tn+t = T /2", as well as a family of points (z,),ex in %BX satisfying

(1) B(zo,7|4) C $Bx.

(2) if 0 % o’ have length n, then ||z, — z,/|| > 37,

(3) if o] =n, |0'| =n+1and o < ¢’ (that is to say, o), = 0), then ||z, — x| =

T2 = A
Therefore, for every n € N, the set

U Bo,r) (2-4)

oEZ,

is a disjoint union of closed balls inside the ball %BX. Also, if 0,0’ € £ and 0 < ¢,
then B(z,/,7|5/) C B(xg,mo‘/Q‘”‘). In this way, we have for every chain o, < g9 <
-o- < op < -, where 0, € X, for every n, a nested sequence of balls B(z,,,r1) D
B(z,,,m2) D -+ D B(x,,,7r,) D - -+ whose intersection is a single point. Notice that,
if (T’,,) is the sequence obtained in Lemma 2-6, then the associated series Y T, () is
T-convergent.

Let us define for every n the function f,,: X — Y as follows

Fa@) = Y (Topuy, @ — 30) ha(ry, (v — 5)).
ogEX,

The support of each f,, is included in the disjoint union of closed balls which appears
n (2-4). Thus, for n and x fixed, the series which defines f,(z) has at most one
non-null summand, which is the same in a neighbourhood of z. This clearly implies
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that each f, is continuous and Gateaux smooth. Also, if || — x| < r, /2" for some
A€ X, then by (x) = (Txpn), x — ). We define f: X — Y

=> falw), zeX.

Let us check that f is well defined and continuous. Indeed, |f,(z)| < 2r, for every
xz € X so the series ) f, converges uniformly to f in X and the continuity of f
follows.

Step 2: The function f is Gdateaux smooth. In order to prove the Gateaux smoothness
of f let us fix x € X and v in the unit ball of X and consider

P [_1)1] —>Ya (,O(t) :f($+t1)),

Qon:{_Ll] —)Yv (pn(t) :fn(.’L‘+tU).

Then, ¢(t) = >, @nl(t), for [t| < 1. In what follows we prove that the series of gra-
dients Y ¢ (t) is unlformly convergent for |t| < 1. Indeed, if y = x + tv = lim,, z,,,
for some o € N" with the property that o,, = (o(1),...,0(n)) € Z,. for every n, then
condition (3) above implies that, ||y — z, | < 5rps1 = 57, /2" <1, /2" and then
lr "y — x,,)|| < 1/2™. This implies that h,, is linear in a neighbourhood of y and

then
> @) =D Tom (o). (2:5)

n>1 n>1

Otherwise, there is a positive integer k and v € X, so that

> ()

k—1
n>1 n=1

Tyny(v) + T’y(k)(v)hk(n;l(x v —xy))

+ Ty +tv — )y Ry (ry (@ + to — 2,)) (v). (2+6)

Therefore for N € N we deduce from inequality (2:-3) that,

Z goﬁl(t)‘ = Z Tomy(v)||, in the case (2:5), (2-7)
n=>N n>N
/ 6 .
PORCAGIES Ty @) + 5, in the case (26),  (28)

n>N
(assuming that k > N, and 0 otherwise).
Inequalities (2-7) and (2-8) imply that } v ¢}, () tends to0as N tendq to infinity
unif01 mly on [ J Thus ¢(t) is differentiable and ¢'(t) = Y~ ¢/ (t). In particular,
=Y, fh(x)(v). Since this can be done for every v in the unit sphele of X, we
deduce that f is Gateaux smooth at  and

= ZTg(n), in the case (2:5) (2-9)

E

—1

= Ty + Ty b (= 24,)

n=1

+ Ty (@ — o, )y "Ry (' (@ — 24,)),  in the case (26). (2:10)
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Notice that f’ is bounded, thus f is Lipschitz. The derivative [’ is || - || — 7
continuous as well.

Step 3: The function f is uniformly Gdteaux smooth. Fix v in the unit sphere of X.
Consider for every n, the function G,,, defined as

Gu: X — Y, Gnl(x)= f.(x)().

n

On the one hand, it is straightforward to verify that the function G,, is uniformly
continuous (this is a consequence of the uniformly Gateaux smoothness of the norm
Il - ). On the other hand, it can be deduced from inequalities (2:7), (2-8) and the
strong property (2-2) related to the directionally uniform convergence of the series
> Tsn), that the series > G, is uniformly convergent on X. In particular, this
implies that the limit function of the series G: X — Y, G(z) = Y, G, (x) = f'(z)(v)
is uniformly continuous on X. If v ranges over the norm one elements of X, we
obtain the conclusion. In addition, we have that

1337X;Y3 = { ZE:fI}u)IU S 2:} C:jy()(y

Step 4: Construction of the functions h and b. Following a similar construction, we
obtain a uniformly Gateaux smooth function h with bounded support so that the
image of h fills the unit ball of Y (see [4]). Let us give an outline of this assertion.
Consider a dense sequence {y,}, in the unit ball of Y. Fix 0 < ¢ < ﬁ and select a
family # = {z,:0 € N, n € N} in %B x satisfying the following conditions

(1) B(x,,el’ly c iBx.

(2) if o # o’ have length n, then ||z, — 2| > 3e™,

(3) if|o| = n.|o’'| = n+land o < ¢’ (thatis to say, o], = 0), then ||z, —z,|| = " /4.
Then, for every n and z € X, we define g,,;: X — Y

gn(@) = > ey @ — 2,)),

oeN?

and h: X =Y, h(z) =), gn(x). The function h is uniformly Gateaux smooth, has
bounded support and h(X) contains the unit ball of Y: for every y € By there is
o € NV 5o that y = > 52("’1>y0(n) and then, if z = lim,, z,_, we have that h(z) = y.

Now b can be defined as b(z) = f(z — a) + h(z + a), where [la|| =} and then
supp (b) C Bx. Obviously, from the definition and the fact that the supports of the
above translations of f and h are disjoint, it follows that b(X) contains the unit ball
of Y and ¥'(X) fills the unit ball of Z(X,Y).

Step 5: The construction of the function g. In order to obtain a continuous and
Gateaux smooth function g: X — Y whose image fills Y and whose set of gradients
fills Z(X,Y) we proceed in a standard way as follows: consider the above function
b whose support is included in Bx and fix a sequence (y,) in the unit sphere of X
such that ||y, — Y|l = 3 whenever n + m. Then we may define g on X as g(z) =
>, nb(4(x — yy,)). This concludes the proof of Theorem 2-1.

Proof of Theorem 2-3. Let us consider a Fréchet smooth bump h: X — R so that
h(z) = 1 for [|z| <& (for some 0 < § < 1), h(z) = 0 whenever [[z| > 1 and h(X) C
[0, 1]. Let us define r,, = §"~!/2"~![(n + 2)!]? for every n € N,

If X is finite dimensional, we consider in (By(x,y), | * ||) a dense set {T},}. where
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Ty = 0, and a decreasing sequence of positive numbers {e,} converging to 0. Then
for every T' € By (x.v),

T= ZTJ(M for some o € NV where o(k) € {1, k}, (2-11)
k
HT Z Tow|| < €p, forsome my <my<--- and of(i) =1
it Q& {my,ma,...). (2:12)

If X is infinite dimensional and dens X = k, we consider in (Bgx,y), || + ||) & dense
set {Th}aex- Then, for every T € By(x,y) there is o € kY so that

=

i<k

< e, forevery keN. (2-13)

If X is finite dimensional, let us define
T = {0 € N": 5 satisfies conditions (2-11) and (2-12) for some T' € By (x.y)}-
If X is infinite dimensional, we define X as
T = {0 € k" o satisfies condition (2-13) for some T' € By (xy)}.

Denote X, = {0, = (o(1),...,0(n)):0 € L} and ¥’ = U, X,. Then, it is straight-
forward to verify that, in both cases, )", T5) is convergent whenever o satisfies that
on € X, for every n € N. Thus ¢ € X if and only if 0, € X,, for every n.

Now, as in the preceding proof, let us take a family (z,),cz in 6Bx so that

(1) B(zs,7s) C 0Bx,

(2) if o % o' have length n, then ||z, — x| = rp(n + 2),

(3) if o] = n, |0'| =n+1and o < ¢’ (that is to say, o], = 0), then ||z, — x| =

6(rp/n + 2).

Therefore, for every n € N, the set

U Bls,ra) (2-14)

gEX,

is a disjoint union of closed balls inside the ball §Bx. Also, if 0,0’ € £’ and ¢ < ¢,
then B(x,/,7)0|) C B(%o,2070|/(|o] +2)). When X is finite dimensional, the disjoint
union which appears in (2-14) consist at most of 2"~! balls and every ball of radius
r,, contains at most a pair of balls of radius r,+;.

First, let us define a Fréchet smooth function b: X — Y so that b'(X) contains the
unit ball of Z(X,Y) as the series b(x) = Y, by(z). for z € X, where the functions
b,: X — Y are defined by

bu(@) = Y (Topmy, @ — 26) hr, ' (@ — x,5)).
o€X,

Notice that the support of each b, is included in the disjoint union of closed balls
which appears in (2-4). Thus, for n and x fixed, the series which defines b, (z) has at
most one non-null summand, which is the same in a neighbourhood of . This implies
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that each b,, is continuous and Fréchet smooth. Now, x)|| < 1y, for every x € X
so the series ) b, converges uniformly to bin X and the continuity of b follows.
In order to prove the Fréchet smoothness of b let us take x € X so that thereis o €
N'(k = dens X) with the property that z = lim,, xg , where 0,, = (o(1),...,0(n)) €
<é/(n+2)<band

K
¥, for every n. Then by condition (3) above, |7, (z — z,,)

b(x) = Z<T"(”)’ T —Zg,).

n

Now, if t > 0, |[v|| = L and z + tv € B(x,, ,70)\B(Z 0,.,, Tn+1), there exists o’ € k" so
that o/, = o, and

n—1

bz +tv) =Y (Typx+tv—3,,) + (Topmy,x +to— x4, ) h(r, (x +tv — 2,,))
i=1
+ Z (i), @ T 10 — Tor) B(ry H(x + tv — 207)),
i=2n+l

where the last summand may be a eventually null series. Then,

b(x + tv) — b(z)
Ht —<z>l >H

+ ;H<To<n>’ﬂf = @0, )| |, (@ + tv = 20,)) — 1

+ (o 0) Ay (@ + to = 4,))]

1 _
2 3 T+t = o) | @+ 10— 207))|

. (2-15)

+ = Y Ty — 20,)
izntl
The first and second summand in the second member of the above inequality may
be arbitrarily small for n big enough because >, T, ;) is convergent. In the case of
the third summand notice that if h(r, ' (z +tv—x,,)) + 1 thent > 67, — ||z — 2, | =
ory — 6rp/(n+2) > gérn and then
3

o |l < 5

2(n + 2)
Now, if the fourth summand is not null then there exists £ > n + 1 so that
h(r,;l(ertvfxg;c)) # 0 and then h(r ! (z+tv— Ty ) FO0and x+tv € B(wor  ,Thrt).

Since o), + 0,41 we have that t > 7,4 (n + 3) — 2r,41 = Tpei(n + 1). Therefore we
have the inequalitv

1 1
S Tty = 0, ) 1l a0 = 00,)) = 1] < 10—

i Z (Toriay  + tv — 20| |h(r; (@ + tv — 201))]

z>n+1

2
<ot 2 < G

izn+l1
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Finally,
1 D i1 (073/1+2)
§ Y T — 2l € 2t LS
iSnt T+t — ( rn+1) (n . )
n+1T1 4
2*52;1 i+2 < (n+3)(2—6)?2
This proves that b is Fréchet smooth at « = lim,, z,, with b'(z) =) T,

The Fréchet smoothness at the rest of the points follows 1mmedlately since b can
be written as a finite sum of the terms which appear in the b&‘lieb which dehnes
bin a nelghboulhood of each one of these points. In this case b'(x) = ), N T )
Tonh(r N (@ —2ov) F (To(ny, T— Ty ) TN B (1N (T =5y ), for some N and oy € zN.

From the above we deduce that b’ is bounded in X whenever b’ is bounded in X.
This is the case for instance when X is separable and, in particular, when X is finite
dimensional as in Corollary 2-5

Finally, b satisfies the required conditions since

Boxy) = {ZT UEZ} c V(X).

In order to obtain a g such that ¢’ is surjective, and when X is infinite dimensional,
also g is surjective, we proceed in a standard way as in the above proof.

3. Higher order derivatives which are surjections

In this section we deal with the following question. When can one construct a C?
smooth mapping f between two Banach spaces X and Y such that f has a bounded
support and the derivatives f®, k = 0,1,...,p, are all surjections (i.e. f(X) =Y
and fO(X) = ¥ X;Y)forall k =1,...,p, where Z¥(X;Y) is the space of k-linear
symmetric and continuous mappings from X into Y)?

To begin with, it should be noted that, even in the simplest case when ¥ = R,
there are very smooth separable Banach spaces X for which this is not possible
at all, since the spaces Z*(X) need not be separable for k& > 2 (here we denote
ZLHX;R) = £F(X), the space of k-linear symmetric and continuous forms on X,
which is isomorphic to 2% (X), the space of k-homogeneous and continuous poly-
nomials on X). For instance, if X = ¢, then no C? smooth bump b on X has the
property that b*(X) = #%(X); indeed, since b® is continuous and X is separable,
b?(X) is separable as well and hence cannot fill all of #2(X), which is non-separable
(to see this, notice that the mapping a = (a,) — A(x,y) = 220:1 anTnYy defines an
isometric embedding of ¢, into the space of bilinear forms on X = £,). More gener-
ally, it is known that if X = £, then the spaces £*(X) are separable if and only if
k < [p|, where |p] is the integer part of p (see |8] for instance).

The above argument clearly shows that dens X = dens £7'(X:;Y) is a necessary
condition for a pair of Banach spaces X and Y to have a C? smooth function f from
X onto Y so that f®(X) = £*(X) forall k = 0, 1,...,m. The next result (which can
be regarded as a generalization of both one of the main theorems in [1] and another
in |4]) tells us that if the Banach space X has a C? smooth bump with bounded
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derivatives then this condition is sufficient as well. In the following statement we
use the convention Z°(X;Y) =Y and f = f.

THROREM 3-1. Let m,p € {0,1,2,... 00} and let X, Y be Banach spaces with
dim X = oco. The following are equivalent:

(1) X has a CP smooth bump function with bounded derivatives, and dens X =
dens 7(X:Y);

(2) there is a CP smooth function f: X — Y, with bounded derivatives and bounded
support, such that f*(X) contains the unit ball of L*(X;Y) for every k =
0,1,...,m.

In particular, if X satisfies condition (1) then there is another C? smooth function b from
X onto Y with bounded support so that its derivatives are all surjections wp to the degree
m, that is, b (X) = L¥(X;Y), for k=0,1,...,m.

Before proceeding with the proof of this result let us state some remarkable conse-
quences. First, notice that when m = 0 and dens X = densY we recover a particular
case of a result of [4].

COROLLARY 3-2. Let X andY be Banach spaces with dens X = densY, dim X = oo,
and assume that X has a CP smooth bump function with bounded derivatives (p =
1,2,...,00). Then there is a CP smooth surjection f: X — Y whose support is in the
unit ball of X; moreover, if we additionally assume that dens X = dens L (X,Y), the
derivative f' is a continuous surjection as well, that is, f'(X) = L(X,Y).

When m =1 and Y = R Theorem 3:1 yields the following improvement of one of
the main results in [1].

COROLLARY 3-3. Let X be an infinite-dimensional Banach space and p € {1,2,...,00}.
The following are equivalent:
(1) X has a C? smooth bump function with bounded derivatives;
(2) X has a C? smooth bump function f, with bounded derivatives, so that f'(X)
contains the unit ball of X™.
In either case, there exists another C? smooth bump b on X so that b'(X) = X*.

It should be noted that if a Banach space X satisfies condition (1) of Theorem 3-1
for p > 2 then it is super-reflexive (see [7]). Let us mention that condition dens X =
dens £*(X,Y) is strongly related to Gonzalo and Jaramillo indexes £(X), /(Y) and
u(X), u(Y) concerning upper and lower estimates of the Banach spaces X and YV
(see [8] and [10]). For instance, it is proved in [8] that if a Banach space has an
unconditional and shrinking basis then #*(X) is separable if and only if every T €
Z*(X) is weakly sequentially continuous which is equivalent to the fact that the
Banach space £*(X) has a monomial basis. Also, it is proved that (a) if X has a
shrinking basis and (k — 1)u(X*) < £(X), then #*(X) has a monomial basis (and
thus it is separable); (b) if X has an unconditional and shrinking basis and u(X) < k,
then Z*(X) contains /..

If we apply Theorem 3-1 to some of the classic Banach spaces, we get the following
corollaries. For a definition of the indexes as and a$y in Orlicz spaces and the best
order of smoothness of these spaces (see [13]).
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COROLLARY 3-4.

(1) ¢y has a C™ smooth bump b with V' (co) = £y if and only if n = 1.

(2) For r an even integer, the space £, has a C* smooth bump b with b (£,) = L% (¢,)
Jor k=1,2,...,mif and only if m <.

(3) If v is not an even integer, £, has a C™ smooth bump b with bP (£,) = L*(L,) for
k=1,...,mif and only if m < r.

(4) If Lps is a reflexive Orlicz sequence space and oy is the lower index of Boyd, then
for m < apr, by has a C™ smooth bump b so that b®) (€yr) = LF (), whenever
Ee{t,...,m}.

Notice that according to a result of [11], no C*-smooth bump b on ¢, has the property
that o' (co) = £; and assertion (1) in the above corollary follows.

The classical Banach space L,[0,1], r > 1, as well as the Lorentz function spaces
L]0, 1] contain a complemented copy of £5. Thus #2(L,.[0,1]) and Z£2(Ly[0,1])
contain ¢, and the best we can expect for these spaces is the following result.

COROLLARY 3-5.

(1) Forr an even integer the space L, [0, 1] has a C* smooth bump so that b’ (L0, 1]) =
L0, 1], t/r+1/r =1.

(2) If T is not an even integer, the space L.[0,1] has a C™ smooth bump b so that
b'(L-[0,1]) = L/[0, 1] if and only if m < r.

(3) If L0, 1] is a reflexive Orlicz function space and a3y is the lower index of Boyd
at 0o, then for m < a3y, L]0, 1] has a C™ smooth bump b so that b' (L]0, 1]) =
L u+[0,1]), where M* is the Young conjugate of M.

In the vector valued case let us mention that £(cy, £;) is separable, and £*(¢,.,¢,)
is separable if and only if kg < 7. Thus we obtain for these spaces the following result.

COROLLARY 3-6.

(1) There is a C' smooth function f:cy — €4 with bounded support so that f(cy) = £,
and f'(co) = L (co; £y).

(2) When mq < r, there is a C™ smooth function f:€, — £ with bounded support so
that fP(L,) = L* (L, 0,) for k € {0,1,...,m}.

What about Theorem 3-1 when X and Y are finite-dimensional? In this case, an
analogous result is available which provides us with Peano functions from R* to R™
which in fact are derivatives of smooth functions.

PROPOSITION 3-7. For every k,m € N, there exists a C" smooth Lipschilz function
f:R* — R™ so that f vanishes outside a bounded set and the unit ball of £ (R*, R™) is
contained in f'(R¥). In particular, for every m € N there is a continuous path g:[0,1] —
R™ whose image contains the unit ball of R™ and so that g is the derivative of a C'' smooth
Lipschitz path f:]0,1] — R™.

Proof of Theorem 3-1. 1t is clear that (2) implies (1). Let us see that (1) implies (2)
too. Assume that dens X = dens £7*(X;Y) = . Then it is easily seen that dens X =
dens Z%(X;Y) = & for all k with 0 < k < m. It is enough to see that for any k with
0 < k < m there exists a C? smooth function g: X — Y with support on Bx so that
g™ (X) contains the unit ball of £*(X;Y). Indeed, once this is shown, we can take a
disjoint sequence of balls of the same diameter, 2r, contained in the unit ball By, say
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B(zp,r),n=20,1,2,3,..., and C? smooth functions by, b, bs, . .., b,,, with support in
Bx and taking values in Y, so that b;ck)(X) contains the unit ball of #*(X;Y) for
every k; then the function f: X — Y defined by

For =3 (1)

k=0

is clearly a C? smooth bump with the property that f*(X) = b;ck)(X) contains the
unit ball of £*(X;Y) for every k.

So let us prove that for a fixed k with 0 < k < p there exists a CP smooth function
g: X — Y with support on By so that ¢*(X) contains the unit ball of £*(X;Y).

Since X has a C? bump function with bounded derivatives, by composing it with a
suitable real function, we can obtain a C? function h: X — |0, 1] such that for some
M; >0,7=1,2,...,and M > 3 we have h(z) = 1 whenever |z| < 2, h(z) = 0 if
lall > M. and [ = sup ,cy [19@)]] < M;.

Let us fix €, where 0 < 2Me < %, and select a 2Me-separated collection of points
(2a)acr in %BX with card(I') = K = dens X. The balls B(z,, M¢), a € T, are all
disjoint and contained in B = Bx. As in [1], we define chains of balls

UJS = B(04170127~--7(¥j) = Zay TE€2ay T o0t gjilzo‘j +¢'B

for s = (ay,az,...,aj,...) € TV. There is a bijection between the chains of balls
(U;) and the set of sequences I'N; besides, the intersection of any chain of these balls
consists exactly of the point ﬂ;’il Blay,as,ay) = Z;’Zl S

Now, for a fixed € > 0 such that e < 1/4M, since dens(,fﬁ(X;Y)) = card(I'),
we can take a family (Qa)aer which is dense in the unit ball of Z*(X:;Y), and a
corresponding family (P, )qcr of k-homogeneous polynomials from X into Y so that
(., is the kth derivative of P, for each a. Notice that in the case k = 0 we are dealing
with a dense subset (y4)aer of Y.

Next, for every n > 1 we can define 6,, = ¢

=" ez,
gn(2) = Z bnh ( Lt ) Py, ()
yern

21
=1 and

En
(1,00,

for all x € X. It is clear that g, is C? smooth with bounded derivatives, and its
support is in B. Notice also that every = € X has a neighbourhood V, so that all but
one of the terms in the sum defining g, (y) are zero for y € V.. Besides, we have that
I (Blar.om,....an) = 60Qa,, for all (o, qs, ..., a,) € I™. Bearing in mind that the ith
derivative of h is uniformly bounded by M;, the construction of g,,, and the fact that
it a k-homogeneous polynomial P has its kth derivative () bounded by 1 then all the
derivatives of P are bounded by 1 as well (this is an immediate inductive application
of the mean value theorem), we can estimate the norm of the jth derivative of g,, as
follows

i i

, M, o y o

99 ()] < 62 ) ( Z ) i < bne MY ( ‘Z ) < 2 M=)
i=1 1=1

for all z € X and n € N, and for every j with 0 < 5 < p.
Since the series Zf;l 20 M;em™=)=1 are convergent for all j = 0,1,2,..., this im-
plies that the series of derivatives Y. =, g¥)(x) converge uniformly on X (for all
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0 < 7 < p), and therefore the function g: X — Y defined by

9(@) =Y gnl@)
n=1

is C? smooth with bounded derivatives, and gV (x) = ZZ‘;] g9 (z).
Let us now see that g*)(X) contains the unit ball of #*(X;Y). By the construction
of the g, and g it is clear that

g(k)<aB((¥1,--~7ak)) = Qoq + 52Qo¢g +.e Tt 677,@(1"

for every chain of balls (Bq,,....a,,))nen; then, for x = ﬂzozl Biay,as,....a), bY the con-
tinuity of g™ we get that ¢*(z) = 32 6,,Qa,, . Since (Qa)acr is dense in the unit
ball of £*(X:Y) it is clear that every @ in this ball can be written as a series
Q=>",6,Q., for some sequence (o) € I'N, so we can conclude that g*(X) con-
tains the unit ball of Z*(X;Y).

Finally, in order to obtain a C? smooth surjection b: X — Y such that b*)(X) =
LHX;Y) for every k=0,1,....,m, we only have to take a sequence
(i, 2y ooy, .. ) € TN with «; # a if i # §, a CP smooth function f: X — Y with
support in By and such that f*)(X) contains the unit ball of #*(X;Y) for every
k=0,1,2,...,m, and put

oo

br) = > nf (5” _:“”)

n=1

forall z € X.

Proof of Proposition 3-7. Let us denote X =R* and Y = R™. Fix 0 < ¢ < é and
take a e-net (T))aer in Bg(x,y). i.e. to say, a maximal family in By x y) satisfying
IT\ — T || = €, whenever A # X'. Notice that I is finite. Denote X,, = I'" and X' =
U,, Z»- Now, consider the sequence of positive real numbers {r, },. where r,; < r,/8,
as well as a family of points (#,)scx in 1By satisfying:

(1) B(zo,m) C $Bx, whenever |o| = n;

(2) if 0 % o’ have length n, then ||z, — z,/|| = 2r,;

(3) if|o| =n. |o'| =n+1and 0 < o', then ||z, — x| = r,/4.

Let us denote by h a C* smooth bump on X so that h(z) = 1 for ||lz|| < 5, h(z) =0
whenever ||z|| > 1, and h(X) C [0, 1]. Define

fal@) = Y " Loz — 20) hry, (@ — z5))

oEX,

and

f@) =" fal).

Then f is a C' smooth Lipschitz function from X to Y since y_ f/ uniformly
converges on R™. Also, notice that every T' € Bg(xy) can be written as a sum
Zn 6”71Tfy(n), for some v € I'N, because (Ty) is a e-net in Byxy). Thus, if z =
lim, ., . then f'(x) =) En’lTW(n). This implies that By (x y) C f'(X) and finishes
the proof.
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4. Some applications: smooth approximation of starlike bodies by starlike bodies with
many tangent hyperplanes

Before stating our results, let us recall the definition and a few properties of starlike
bodies. A closed subset A of a Banach space X is said to be a starlike body provided
there exists a point z, € int A such that each ray emanating from z, meets the
boundary of A at most once. In this case we will say that A is starlike with respect to x.
One can always assume that such bodies are starlike with respect to the origin (up to a
suitable translation); so we can define the gauge or Minkowski functional of a starlike
body A as pra(x) = inf {X > 0| 2 € A} for all z € X. It is easily seen that for every
starlike body A its gauge pi4 is a continuous function which satisfies pa(rz) = rupa(x)
for every r > 0. Moreover, A = {x € X | pa(z) < 1}, and 0A = {x € X | pa(x) = 1},
where 0A stands for the boundary of A. Conversely, if ¢¥: X — [0, 00) is continuous
and satisfies ¥ (Ax) = A\p(x) for all A > 0, then Ay, = {x € X | ¢(x) < 1} is a starlike
body. We will say that A is a C? smooth starlike body provided its Minkowski
functional g4 is C? smooth on the set X\pu;'(0). This is equivalent to saying that
0A is a 1-codimensional C? smooth submanifold of X whose tangent hyperplanes do
not contain any ray coming from the origin.

It is also worth noting that every Banach space having a C? smooth (Lipschitz)
bump function has a C? smooth (Lipschitz) bounded starlike body too [7] (the con-
verse is also clearly true).

THEOREM 4-1. Let X be an infinite-dimensional Banach space with a separable dual
X*. Then, for every bounded starlike body A and every ¢ > 0 there exists a C' smooth
starlike body D so that |pp(x) — pa(x)| < € for all x with ||z|| < 1, and the cone of
tangent hyperplanes to D, € (D), fills the dual space X*.

If X is separable but X* is not, the same conclusion holds replacing C' smoothness
with Gdteaux smoothness.

The idea behind the proof of this result is similar to that of [1, theorem 1-2],
but is slightly complicated by some difficulties peculiar to smooth approximation of
starlike bodies. First we approximate our starlike body A by a C' smooth starlike
body V. Then we modify V by creating a number of suitably located small flat
patches on its boundary, and upon each of those patches we put a small C' smooth
bump whose set of gradients is large enough. The starlike body D thus constructed
will have the required properties. For the reader’s convenience we will split the most
technical part of the proof into several lemmas.

Lemma 4-2. Let X be a Banach space with separable dual X*. For every bounded
starlike body A and for every e > 0 there exists a C' smooth starlike body V = V. so that
lpa(z) — py(x)| < e for every x € Bx.

Proof. Since X has a separable dual, it has C'' smooth partitions of unity, and a
C" smooth equivalent norm ||+ || too (see [7]). Therefore, a given continuous function
such as p4 can be uniformly approximated by C' smooth functions on X in partic-
ular there exists a C' smooth function f: X — R so that |pa(x) — f(z)| < € for all
x € X. It can be assumed that ¢ is small enough so that 0 < e < inf {pa(x): || = 1}
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and hence inf { f(z): ||z|| = 1} > 0. Now define ¢: X — [0, 00) by

- o
via) = el (5)

for all z € X\{0}, and ¢(0) = 0. It is clear that ¢ is a positive-homogeneous contin-
uous function which is C'' smooth away from 0, and therefore

V={xe X:¢x) <1}

is a C'' smooth starlike body whose Minkowski functional is py = 9. Besides, we have
that

[na(z) — pv ()] = [pale) — f(@)] <e
for all z € X with [|z]] = 1 and, by the positive-homogeneity of p4 and py, this
implies that
lna(z) — pv(z)| < e
for all z € By.

Lemya 4-3. Let X be a Banach space and let A be a C' smooth bounded starlike body
in X. For every z* € X* and z € X so that z*(z) = ||z|| = ||2*|| = 1. and for every e > 0,
8 > 0, there exist a C' smooth starlike body V =V, . and r € (0,6) so that:
(1) pv(x) = pa(z) for all x with ||z|| = 1 and ||z — z|| = 2r; that is, A and V coincide
outside the cone {\z: X\ = 0, ||z — z|| < 2r, ||z| = 1};

(2) |pv(x) — pa(z)| < e forall x € Bx;

(3) pv(x) = pa(z)z*(x) for all x such that ||x|| = 1 and ||x — z|| < r; that is, OV has
a flat pateh (of radius r/pa(z)) parallel to the hyperplane ker z* around the point
2= (1/pa(z))z € 0A.

Proof. Since z* and p4 are continuous at 2z, and z*(z) = 1, there exists r > 0 so
that [|=*(@)]] > 1/2, [1a(2)2"(@) — pa()] < /2. and |pa(@) — pa(2)| < £/2. when-
ever ||z — z|| < 2r; of course we can assume that r < §. Let :R — [0,1] be a C*

smooth function so that 6 is non-decreasing, 0(¢t) = 0 for t < r, and 6(t) = 1 for
t > 2r. Let us define ¢¥: X — [0, 00) by

ver = o (g =) s () (=2 (i =)o ()

for all z € X\{0}, and ¥ (0) = 0. It is clear that ¢ is C' smooth away from the origin
and satisfies ¢(Ax) = A\p(z) for all A > 0, x € X; therefore

V={zreX:¢Yx) <1}
is a C' smooth starlike body whose gauge is puy = 9. From the definition of 6 and
1) it is obvious that ¢ = uy fulfills conditions (1) and (3). Let us check that ¢ also

satisfies (2); since ¥ and 4 are both positive-homogeneous it is enough to do so for
every x on the unit sphere. If ||z|| = 1 then

(@) = pa@)| = (1 = O(lz = 2[)|pa(z)2" () — palx)|

< 1al2)=" (@) — pa@)] < [a(2)2" (@) — pa(2)] + |a(z) — pa(a)
< E + E =g,
2 2

so we have what we want.
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Lumva 44, Let X be an infinite-dimensional Banach space and let A be a C* smooth
bounded starlike body in X. For every z* € X* and z € X so that z*(z) = ||| = ||z*]| =
1, consider the decomposition X = H ®|z] = H X R, where H = Ker z*. Then, for every
e>0,6>0, there exist a C' smooth starlike body W =W, . and r € (0,6) so that:

(1) A and W coincide outside the half-cylinder {x = (h,t) € X:||h]| < 7.t > 0};

(2) |pw(x) — pa(x)| < € whenever ||z]| < 1;

(3) for every hyperplane F not containing any vector of the cone {x = (h,t) € X: |t| >

2||h||} there exists y € OW N{x = (h,t) € X:t > 0, || k|| < r} such that y + F is
tangent to OW at y.

Proof. From Theorem 3-1 we know that there exists a C' smooth Lipschitz bump
f: H — R with support in the unit ball of H, By, so that f'(Bg) contains the unit
ball of the dual H*, denoted by Bp+. Let M/2 be the Lipschitz constant of f. Since
f is M /2-Lipschitz and has a bounded support, f is bounded too. Hence, for s > 0
small enough the bump function fs(h) = (s/4)f(8h/s) is M-Lipschitz, takes values
in [0, a], where

a = min { ° ’MA(Z)}
[pazP+1 4 J

has its support in By (0, s/8), and has the property that f.(By (0, s/8)) contains the
ball 2B«

From this fact and from Lemma 4-3 we can take r > 0 and a C'' smooth starlike
body V so that the bump f, has the properties listed above,

1
r<min<{a, ——— >,
{ MMA(Z)}
and

(1) pv(x) = pa(z) for all z with ||z|| = 1 and ||z — 2|| = r/2;

(2) |pv(x) — pa(x)| < /2 for all z € By;

(3) pv(x) = pa(z)z*(z) for all x such that ||z|| =1 and ||z — z|| < r/4.
Since {x € X: ||z — z|| < r/2,||z|| = 1,t > 0} C {z = (h,t) € X:||z]| = 1,]|h]] < 7},
and {z = (h,t) € X:|z|| = 1,[|h]| < /8t >0} C{x € X:|z—z|| <r/4,|z| = 1},
this implies that

(1) A and V coincide outside the half-cylinder {z = (h,t) € X:||h|| <7t > 0};

(2) |pv(z) — pa(z)] < e/2 for all x € By;

(3) the boundary 9V and the hyperplane {z € X:z*(x) = pa(z)} have the same

intersection with the cylinder {z = (h,t) € X:||h|| < r/8}.

Now define

W = {x =(h,t) e X:0<t < b + fr(h), ||h]] < T} U{r e X:uy(x) < 1}

pa(z) 8

Let us see that W satisfies the required properties. We first check that W is a C"!
smooth starlike body. Let us take y € OW and see that the ray {A\y: A > 0} meets
the boundary OW only once, exactly at the point y. Write y = (h,,t,) € X. Since
the sets V and W coincide outside the half-cylinder {(h,t) € X: ||| < r/8,t > 0}
and V is starlike we only have to check the case ||h,| < r/8 and t, > 0. We have

ty > 1/pa(z) > 1

> = > M.
[yl r/8 ThA(2)




Range of the derivatives of a smooth function 181

If there were another point ¥’ = Ay, A & 1, A > 0, such that ¢y € OW; then we would
have

ty’ — ty _ ()‘ - 1)ty
= M
Ty 1= T~ = 1) [~
but in fact
by —ty 1/ pa(2) + frlhy) — (1/pa(z) + fr(hy))
(R [l = [|7y [l = [Pyl
— fr(hy’) _fr(hy) — |fr(hy’) — fr(hy)| <M
()‘_ I)th” ”hy/_hy” h

because f, is M-Lipschitz, a contradiction. Therefore W is a bounded starlike body,
and it is C' smooth because it is locally the graph of a C' smooth function whose
tangent hyperplanes do not contain any ray emanating from the origin (this property
is again guaranteed by the fact that f,. is M-Lipschitz).

From the definition of W it is obvious that W satisfies property (1) of the state-
ment. To check property (2), take x = (h,t) € X with ||z|| = 1, A > 0, and assume
that (1/XN)x € OW\IV (i.e. A = pw () + py(x); the case pw (r) = py(x) is trivial).
Then we have that (1/A)||h|| < r/8, and (1/A\)t = f.((1/A)h) + (1/14)(2), so that

1 1 1 t t 1 1—1t h
R — <|l=—==|+|=- = + fr —
A palz) A AL A pal?) A A
1
<Allal+a<t +a< 2,
A 8
and therefore
A—pa(z)| _ 4 o |1 1 8a , €
A— Sl e = < - < = < o,
A — pa(2)] ‘ Nia(2) S.UA(Z) N A 3 pa(z) 2
that is,
€
lw () — pv ()] = [A — pa(2)] < 3

By combining this inequality with property (2) of py we get that

lpw () — pa(z)| < e,

and this holds for all  with ||z| = 1.

Finally, let us check (3). Bearing in mind the construction of W, this amounts to
seeing that {T' € X* | T'(h +tz) £ 0 for all h +tz € X with [t| > 2||h||} is contained
in the set {T'€ X* | KerT is tangent to the graph of ¢t = f,(h)}. Let us check this
inclusion.

Take T' € X* such that T'(h + tz) £ 0 for all h+t¢z € X with [t| > 2||h|. Then
T(h)/T(z) < 2 for all h € H with ||h|| < 1 (indeed, either T'(z) > 0 or T'(z) < 0; sup-
pose for instance T'(z) > 0; then, for ||h]| < 1= —t/2 we have T'(h — 2z) %+ 0 and
T(—2z) < 0; since the set {h € H:||h|| < 1} is connected and T is continuous this
implies that T'(h) — 2T(z) = T'(h — 2z) < 0 and therefore T'(h)/T(z) < 2 forallh € H
with ||h]| < 1). If we define S € H* by S(h) = T'(h)/T(z) for all h € H this means that
S| e+ < 2. Now, since 2By« C f/(Bg(0,7/8)), there must be some hy, € By (0,7/8)
such that f/(hy) = —S. Then we have that T'(h+tz) = T'(h) +tT'(z) = T(2)[S(h) +t] =




182 D. Azagra, M. JIMENEZ-SEVILLA AND R. DEVILLE

T(2)[—fl(ho)(h) + t], and since T'(z) # 0 this means that T'(h + tz) = 0 if and only
if ¢ = fl(ho)(h), that is, KerT is tangent to the graph of ¢ = f.(h) at the point
ho + fr(ho)z.

Proof of Theorem 4-1. Let A be a bounded starlike body in X. For a given € > 0,
e < %, we have to find a C' smooth starlike body D = D, so that the cone of its

tangent hyperplanes, € (D), fills the dual space X*, and

lup(z) — palz)| <e

for every x € By. Thanks to Lemma 4-2, we can assume that A is C'' smooth. Let
{Za }aer be a e-net on the unit sphere Sx. For every a € I (by the Hahn—Banach the-
orem) we can choose a 2% € X* so that 2 (z,) = 1 = ||z}]|. Let us denote H, = Ker 2.
Now, for every a € I, by Lemma 44, we can take 7, > 0 and a C'' smooth starlike
body W, so that:
(1) Aand W, coincide outside the half-cylinder {z = (h,t) € X = H,®|z4]:||h] <
Tayt > 0};
(2) |pw, (®) — pa(x)| < € whenever ||z|| < 1;
(3) for every hyperplane F' not containing any vector of the cone {(h,t) € H, ®
[za|: |t] > 2||h||} there exists y € OW, N{(h,t) € Hy ® [2a]:t > 0, ]|h] < 7o}
such that y + F' is tangent to OW,, at y;

moreover, the r, can be chosen small enough so that the sets
OW, N{(h,t) € Hy & [24]: ||h]| < 7a,t > 0}

are pairwise disjoint. For each a € I, let us denote the gauge of W, by p,.
Now consider the union of all these bodies,

D:UWQ.

acl

Let us see that D is a bounded C' smooth starlike body. Define 1): X — (0, c0) by

() = inf po (2).

acl

It is obvious that v is positive homogeneous, and it is not difficult to check that for
every z € Sx there exists some 6 > 0 and some « € I such that ¥(z) = p.(x) for
all z € Sx with ||z — z|| < §; since every functional u, is C' smooth away from the
origin, this implies that ¢ is C'' smooth in X\{0}. Therefore {z € X | ¢)(x) < 1} is
a C'! smooth starlike body, and it is easily checked that D = {x € X | ¢(x) < 1}, so
that ¢ is the Minkowski functional of D. The fact that v is locally some of the p,,
also implies that for every x € Sx there is some a € I so that

[Y(x) — pa()| = |pa(r) — pa(@)| <e,

which shows that D approximates A as it is required.

It only remains to prove that for every hyperplane F' of X there is some y € 0D
such that y + F' is tangent to 9D at y. Since for each a the bodies W, and D are
the same inside the half-cylinder C, = {h +tz, € Hy @ [24]: [|h|| < 7a,t > 0}, all
the hyperplanes of X not containing any vector of {h +tz, € H, @ [z4]: [t| > 2|1/}
are tangent to OW,, and therefore tangent to A too, at some point of 9W, N C,, =
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0D N C,. This means that the set

UH{T e X* [ T(h+tza) £0 forall h+tzo € Ho @ [24] with [t] > 2|5}
ael

is contained in
{T € X* | y+ KerT is tangent to D at some point y € 9D}.
Therefore, in order to conclude the proof we only have to check that

XN} = T € X* | T(h+tza) £ 0 forall httza € Ho®[2a] with [t|>2]|h]}.
o€l

Consider any T' € X*, T # 0; we may assume ||T]| = 1. Choose z € X, ||z|| = 1, such
that T'(z) > 1 — ¢, and take z, such that ||z — z,|| < e. We have that |T'(z,) —T'(2)] <
|z — 2ol < € and hence T'(z,) = T(2) —e > 1 — 2¢ > 0. Then, for every h + tz, €
H, & |zo] with t > 2||h]| > 0 we get

T(h+tzo) = T(h) +tT(za) > T(h) + t(1 — 28) = —||h|| + t(1 — 2¢)
> —[|hll + 2[[A[(1 — 2e) = (1 — 4e)||A] > 0:

and in a similar way one checks that T'(h +tz,) < 0 for all h + tz, € H, & |z,] with
t < =2||h|| < 0. Therefore T'(h +tz,) £ 0 for all h +tz, € H, ® |z,]| with [t| > 2||A]|.
This concludes the proof of Theorem 4-1 in the C' smooth case.

Finally, let us say a few words about the Gateaux smooth case. It is known that
every separable Banach space X has Gateaux smooth partitions of the unity (see
[7]), so both the statement and the proof of Lemma 4-2 remain valid in this case.
The same applies to Lemma 4-3. A Gateaux smooth norm can be used instead of a C!
smooth norm when X* is not separable in those proofs. In the proofs of Lemma 4-4
and Theorem 4-1, we make implicit use of the implicit function theorem, which is not
true for Gateaux smooth functions; this is the only delicate point of the proof in the
Gateaux case. The techniques used herein can nonetheless be adapted with some care
to avoid this problem. For instance, when showing that the Minkowski functional of
a starlike body which is locally the graph of a uniformly Gateaux smooth function is
Gateaux smooth too, one can consider the sections of the body with two-dimensional
subspaces; these sections are then two-dimensional starlike bodies which are locally
graphs of uniformly Gateaux smooth functions of one real variable; since Gateaux
and Fréchet notions of differentiability coincide for functions of one real variable
and uniformly Gateaux functions have continuous derivatives, uniformly Gateaux
smoothness imply C' smoothness in this case, so the implicit function theorem can
be used to ensure the Gateaux smoothness of our two-dimensional starlike bodies,
and since the tangent lines to those sections all belong to the same hyperplane, this
shows that the original infinite-dimensional starlike body is Gateaux smooth as well.

Remark 4-5. A careful examination of the proof of Theorem 4-1 reveals that this
result is true and the same proof holds if only X has smooth partitions of unity.
Indeed, whenever we make use of a smooth norm, one could use the gauge of a C?
smooth bounded starlike body instead. So we have the following result.

THEOREM 4-6. Let X be an infinite-dimensional Banach space with CP smooth par-
titions of unity. Then, for every bounded starlike body A and every € > 0 there exists a
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C? smooth starlike body D so that |pup(x) — pa(x)] < € for all x with ||z|| < 1, and the
cone of tangent hyperplanes to D, € (D), fills the dual space X ™.

Before finishing this section let us consider the much easier related question about
smooth approximation of continuous functions by smooth functions whose deriva-
tives are surjections. In the following proposition, the term ‘smooth’ means either
C? smooth or Gateaux smooth.

ProrosiTioN 4-7. Let X be an infinite-dimensional Banach space. The following are
equivalent:
(1) X has smooth partitions of unity:
(2) every continuous function g: X — R can be uniformly approximated by smooth
Sfunctions f: X — R with the property that f'(X) = X*.

Proof. 1t is clear (see |7, chapter 8]) that (2) implies (1). Let us see that (1) implies
(2). For a given € > 0 and a continuous function g: X — R, take 6 > 0 so that
lg(z) — g(0)] < /4 whenever ||z]] < 26. Since X has smooth partitions of unity
there exists a smooth function h on X so that |g(z) — h(z)| < €/2 for all x € X,
and h(z) = g(0) whenever ||z|| < é. From Theorem 3-1 we know that there exists a
smooth Lipschitz bump F: X — R, with support in Bx, so that F’(Bx) contains the
unit ball of the dual X*. Since F' is Lipschitz and has a bounded support, F'is itself
bounded; we can assume that F' takes values in [0, 1]. Pick r so that 0 < r < §/4 < 1,
and a sequence (z,) of points in the ball B(0,6/2) so that ||z, — z,,|| = r for n £ m.
The bump function

takes values in [0,£/2], has its support in B(0, 6), and has the property that &' (X) =
X*. Now define

f(x) = h(z) + b(x)
for all z € X. It is clear that f/(X) = b'(X) = X* and
|f(@) = g(x)] < [f(z) = h(@)| + [h(z) — g(z)| = [b(z)] + |h(z) — g(z)] <

for all x € X.

+

bo| ™
bo| ™

Acknowledgements. This research started during a visit of M. J-.S. to the Labora-
toire de Mathématiques Pures de Bordeaux. This author is indebted to the members
of the Laboratoire for their kind hospitality.

REFERENCES

[1] D. Azacra and R. DEevILLE. James’ theorem fails for starlike bodies. J. Funct. Anal. 180
(2001), 328-346.

[2] D. Azagra and M. JimiNEZ-SEVILLA. The failure of Rolle’s theorem in infinite dimensional
Banach spaces. J. Funct. Anal. 182 (2001), 207-226.

[3] D. Azacgra and M. JIMENEZ-SEVILLA. On the size of the sets of gradients of bump functions
and starlike bodies on the Hilbert space. Preprint.

[4] S. M. Bates. On smooth non-linear surjections of Banach spaces. Israel. J. Math. 100 (1997),
209-220.

[5] J. M. BorwElN, M. Fasian, I. Korrezov and P. D. LoeweN. The range of the gradient of a
continuously differentiable bump. J. Nonlinear Convex Anal. 2 (2001), 1-19.



Range of the derivatives of a smooth function 185

[6] G. DEss, G. Goperroy and J. SaiNT Raymonp. Topological properties of the set of norm-
attaining linear functionals. Canad. J. Math. 47 (2) (1995), 318-329.

[7] R. DEvILLE, G. GopEFrROY and V. Z1ZLER. Smoothness and renormings in Banach spaces.
Pitman monograph and surveys in pure and applied mathematics, 64 (Longman Scientific &
Technical, Harlow, 1993).

[8] V. DimanT and I. ZALDUENDO. Bases in spaces of multilinear forms on Banach spaces. J. Math.
Anal. Appl. 200 (1996), 548-566.

[9] T. DoBrowoLskIl. Weak bump functions and applications. Bull. Polish Acad. Sci. Math. 49 (4)
(2001), 337-347.

[10] R. GonzaLo and J. A. JaramiLLo. Compact polynomials between Banach spaces. Proc. Roy.
Ir. Acad. 95A (2) (1995), 213-226.

[11] P. HAJEK. Smooth functions on ¢y. Israel J. Math. 104 (1998), 17-27.

[12] M. JimiNEz-SEVILLA and J. P. MORENO. A note on norm attaining functionals. Proc. Amer.
Math. Soc. 126 (3) (1998), 1989-1997.

[13] R. P. MaLeEV and S. L. TrRovaNsKI. Smooth norms in Orlicz spaces. Canad. Math. Bull. 34
(1991), 74-82.

[14] R. R. PHELPs. Convex functions, monotone operators and differentiability, 2nd edn. Lecture
Notes in Mathematics, vol. 1364 (1993).



