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1. Introduction

The problem of determining whether a given family of interpolation spaces really depends on its parame-
ters was proposed long ago by J.-L. Lions. In the case of the real method, the problem was solved by Janson,
Nilsson, Peetre and Zafran, see [8, Section 3, Theorem 1]. They proved that if 0 < 6,7 < 1,1 <p,q < o0
and (Ao, A1) is a Banach couple such that Ay N A; is not closed in Ay + Ay, then (Ao, A1)o,p = (Ao, A1)n.q
implies that # = n and p = ¢. Previous partial solutions to Lions’s problem were obtained by Stafney [23]
(for the complex method) and by Bergh and Lofstrom [3, Exercise 21, p. 82].

The approach in [8] is based on deep results of M. Lévy [13,14] who showed that any real interpolation
space (Ao, A1)s,p with 0 < § < 1 and 1 < p < oo contains a subspace isomorphic to ¢,, provided that
Ag N Aj is not closed in Ay + A;. It is natural to consider this condition because, for any Banach couple
(Ao, A1), if Ag N Ay is closed in Ag + A; then (Ag, A1)g,, = Ao N A; for all parameters.

* Corresponding author.
E-mail addresses: cobos@mat.ucm.es (F. Cobos), mcwikel@math.technion.ac.il (M. Cwikel), kuehn@math.uni-leipzig.de
(T. Kiihn).

https://doi.org/10.1016/j.jmaa.2022.126634
0022-247X/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd /4.0/).


https://doi.org/10.1016/j.jmaa.2022.126634
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2022.126634&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:cobos@mat.ucm.es
mailto:mcwikel@math.technion.ac.il
mailto:kuehn@math.uni-leipzig.de
https://doi.org/10.1016/j.jmaa.2022.126634
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 F. Cobos et al. / J. Math. Anal. Appl. 517 (2023) 126634

The real method can also be defined for couples of quasi-Banach spaces, and not just for 1 < p < oo
but also for 0 < p < 1 (see [12,18,3,26]). Then (Ao, A1)p,p is a quasi-Banach space. However, the proof of
[8] does not work in this more general setting. The reason is that it makes crucial use of duality properties
of Ag N Ay, Ag + Ay and (Ao, A1), see [13, Proposition] and [14, Theoreme II.1]. In the quasi-Banach
case, however, duality arguments are no longer available. Therefore one has to find a different technique to
obtain a similar result for couples of quasi-Banach spaces.

Quasi-Banach spaces arise quite naturally in Operator Theory. For example, for 0 < p < co and 0 < ¢ <
00, consider the space fp(ffz) (X,Y) of all bounded linear operators T from a Banach space X into a Banach
space Y whose approximation numbers (a,(7")) belong to the Lorentz sequence space ¢, 4. These spaces of
operators are quasi-Banach spaces with respect to appropriate quasi-norms, see [19,20,10]. Except in trivial
cases, they do not possess an equivalent norm.

Recently Prof. Albrecht Pietsch asked one of the present authors whether or not the result by Janson,
Nilsson, Peetre and Zafran [8] remains true in the quasi-Banach setting. Such a more general result might be
interesting for potential applications in Operator Theory. In the present paper, motivated by this question,
we prove such a result, see Theorem 3.5.

We work with general quasi-Banach couples and 0 < p < oo. Our technique avoids the use of duality
arguments, instead our proof is based on computations with Peetre’s K-functional. Apart from this mod-
ification we follow Lévy’s strategy to a certain extent. First we show for quasi-Banach Gagliardo couples
(Ao, A1) (i.e. those for which A; coincides with the Gagliardo completion A} for j = 0, 1), that if (Ao, A1)e,p
is closed in Ay + A1, for at least one 0 < # < 1 and at least one 0 < p < oo, then Ag N A; is also closed in
Ag + A;y. Moreover we prove that (Ag, A1)g,, contains a subspace isomorphic to ¢, provided that (Ao, A1)
is a Gagliardo couple such that Ag N A; is not closed in Ay + A;. As a consequence, we deduce that all
spaces of the family (Ao, A1)g,p, with 0 < § < 1 and 0 < p < oo are different from each other, thus providing
a positive answer to Lions’s question in the quasi-Banach setting.

Moreover we give some applications to the spaces .,iﬂp(ffl) (X,Y). We show that, for arbitrary infinite-
dimensional Banach spaces X and Y, all spaces .,?p(?]) (X,Y) with 0 < p < o0 and 0 < g < oo are different
from each other.

Previous partial results on Lions’s problem for quasi-Banach couples with A; < Ag are due to Almira
and Ferndndez-Martinez [1]. An extension of Lévy’s theorem to quasi-Banach couples was obtained by Lépez
Molina [15,16], but his assumptions are rather restrictive. He showed that if there exists a sequence () in
(Ao, A1)e,p which converges to 0 in Ao+ Ay but satisfies inf,en [|7n(49,4,),, > 0, then (Ao, A1)g,, contains
a subspace isomorphic to ¢,, where 0 < p < co. Assuming in addition that Ay + A; has a separating dual
and the sequence (x,,) satisfies a certain extra condition, he proved that this subspace is complemented.

The plan of the paper is as follows. In Section 2 we review some basic concepts from interpolation theory.
The solution to Lions’s problem in the quasi-Banach setting is given in Section 3, and in Section 4 we apply
this to the Lorentz approximation spaces fp(ffz) (X,Y).

We dedicate this paper to the memory of Jaak Peetre (1935-2019), who, among his many other notable
achievements, was one of the founders of the theory of interpolation spaces. We are among many mathe-
maticians who were inspired by his profound and prolific research and his contagious enthusiasm, and by
his very wide and deep knowledge of many fields. He was also our dear friend.

2. Preliminaries

First let us recall some basic facts concerning quasi-Banach spaces. As general references for this subject
and, more generally, for topological vector spaces we recommend [22] and [11].

Let (A, ||.||) be a quasi-normed space, and let ¢4 > 1 be its quasi-triangle constant. Then ¢4 = 2%/~ for
some 0 < r < 1, and by the Aoki-Rolewicz theorem (see [11, Sect. 15.10], [19, Sect. 6.2] or [10, Proposition
1.c.5]) there is an equivalent quasi-norm ||.||s such that
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lells < llzfl <2'7llzll, and Jlz +ylL < ll2ll+ ylE

for all z,y € A. We say that |.||« is an r-norm. A complete r-normed space is called an r-Banach space.
Note that an r-norm is also an s-norm for every 0 < s < r. Important examples of quasi-Banach spaces are
the Lorentz sequence spaces £, 4, where 0 < p < 0o and 0 < ¢ < oo. For details about these spaces we refer
to [26,19,20,10].

Next we recall some facts from interpolation theory. (More information can be found in the monographs
[3,26,2,4].) We say that (Ag, A1) is a quasi-Banach couple, if Ay and A; are quasi-Banach spaces which
are continuously embedded into the same Hausdorff topological vector space. If Ag, Ay are both r-Banach
spaces, then we say that (Ag, A1) is an r-Banach couple, and if » = 1, we call it a Banach couple.

Peetre’s K-functional of a (quasi-)Banach couple (Ag, A1) is defined by

K(t,a) := inf{HaOHAU +tllai]|a, ca=ao+ai,a; € Aj} , t>0,a€ Ao+ A;.
The quasi-norms of the sum Ay 4+ A1, respectively the intersection Ag N Ay, are given by
||Cl||A0+A1 = K(la a) respectively ||aHAoﬂA1 = max{”a”Ao? ||a’||A1} .

Moreover, for each ¢ > 0, the functional K (¢,.) is an equivalent quasi-norm on Ag + A;. For 0 <r < 1, we
shall also use the functional

: r r r 1/r
K, (t,a) := mf{(HaOHAO +tar ) 0 = ao + ar, eAj}.

For each t > 0, K,(t,.) is a quasi-norm on Ag + A;. If ||.|[4; is an r-norm on A; for j = 0,1, then K,.(t,.)
is also an r-norm which is equivalent to K(1,.). It satisfies

K(t,a) < K.(t,a) <2Y"'K(t,a) forallt>0and ae Ag+ A;. (2.1)

Let (Ag, A1) be a quasi-Banach couple, 0 < § < 1 and 0 < p < oo. Then the real interpolation space
(Ao, A1)g,p consists of all elements a € Ag + A for which the quasi-norm

(5= (K (t,@))" )" if p < oo

sup t YK (t,a) if p=o00
>0

lallo.p := (2.2)

is finite. (Ag, A1)g,p is a quasi-Banach space with respect to this quasi-norm. In view of (2.1) it is clear that
we obtain an equivalent quasi-norm on (Ao, A1)g,, if we replace K(¢,a) in (2.2) by K, (¢,a). Furthermore,
we have a variant of (2.2) where the function ¢t — K(t,a) is replaced by a sequence. If we put

Jm(a) :=279"K, (2™, a) form e Z and a € Ay + A;

and set

1/p
jm(a)p) if p< oo

(2

sup jm(a) if p=o0,
meZ

lallo,psr == (2.3)

then [|.||lg,p;r is quasi-norm on (Ag, A1 )e,, which is equivalent to the original quasi-norm ||.||g,,. Moreover, if
Ap and A; are both r-Banach spaces for some 0 < r < 1 and p > r, then it is not hard to check that ||.||g p:r
is also an r-norm. Later on we will often work with this r-norm.
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The Gagliardo completion Af of Ag, respectively A" of A; consists of all a € Ay + A; having a finite
quasi-norm

K(t,a)

lal|ay = sup K(t,a), respectively |la|lay = sup "
>0

t>0

see [7,2-4]. We always have continuous embeddings Ay — Aj and A; — A7". Since K (¢, a) is non-decreasing
in t and K (t,a)/t non-increasing, the quasi-norms satisfy

. . K(t,a)
lallag = Jim K(t.a) o allay = lim S

Note that if we take p = co and extend the definition (2.2) of the real interpolation spaces (Ao, A1)s,p by
allowing 0 to also take the values 0 and 1, then the Gagliardo completions can be identified as

A(T = (AoaAl)O,oo and AIN = (AoaAl)l,oo
with equality of quasi-norms, [|.[ay = [.|lje for j = 0,1. A quasi-Banach couple (Ao, A;) is called a
Gagliardo couple, if Ay = Ao and A} = A;. This is a rather mild condition which is satisfied in many
concrete cases. A specific example will be studied in Section 4.
For non-negative real functions ¢ : (0,00) — [0,00) and ¢ : (0,00) — [0, 00) we write ¢(t) < ¢(t) if there
is a constant ¢ > 0 such that ¢(t) < cip(t) for all £ > 0, and p(t) ~ ¥(t) if () < Y(t) < o(t).
3. Lions’s problem in the quasi-Banach setting

We begin with a preliminary result.

Lemma 3.1. Let (Ag, A1) be an r-Banach couple for some 0 < r < 1. Suppose that there is a constant C > 1
such that, for some fized 6 € (0,1),

K, (t,a) < Ct%|lal|lagsa, forallt>0 and alla € AgN A;. (3.1)
Then
lallagnay < CM lal|aga, for alla € AgN Ay,

where

30 = {exp (125) e (150 }

Proof. Step 1. First we estimate ||a|| 45 for a € AgN A;. We use (3.1), but only for ¢ > 1. Given a particular

a € AgN Ay, consider any decomposition a = ag + a1 with a; € A;. Of course, since a € AgN Ay, we in fact
have that ag and a1 are both in Ag N A;. The functional K, (¢,.) is an r-norm on Ay + A;. Therefore, by
applying (3.1) to aq, it follows that for all ¢ > 1 the inequality

K. (t,a)" < K.(t,a0)" + K(t,a1)"
< llaolls, + (C )" laslay s a,

< Jlaolls, + (Ct°)" llas s,
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holds. We now take the infimum over all decompositions of a. Note that C't? > 1. Hence, using (3.1) once
again, we get for all ¢ > 1 and indeed for all a € Ag N A; that

2
K. (t,a) < K (Ct%,a) < C(Ct")? [lal|lagra, = CT01 Jlal ag4a, - (3-2)

Thus we have shown that condition (3.1) (restricted to ¢ > 1) with parameter 6 € (0,1) and constant C' > 1
implies the same condition with parameter 62 and constant C'?. Repeating these arguments, but starting
now with (3.2) instead of (3.1), we obtain that

K, (t,a) < COHOOT0 0% g1, 4 forallt>1and all a € AgN A .

By induction we get for all m € N, all t > 1 and all @ € Ag N A; that

n—1
K (t,a) < Cut® Jlallagen,  with Cp = CP™ and p(n) = J] (1 +6*". (3.3)
k=0

Using the trivial estimate 1 + = < e” we can bound the exponents p(n) as follows:

n—1 00 0o
p(n) = H(l + 92k) < exp (Z 92k> < exp (Z 9’“) = exp (&) < A(0).

k=0 k=0 k=1

This shows that sup C,, < C*? . Moreover, we have lim 62" = 0. Therefore, for any fixed t > 1, we can

take the limit as n — oo in (3.3) and obtain that
K. (t,a) < C 9 |la||gy4a, forallt>1andallac AgNA;.
Since K(t,a) < K, (t, a), this finally implies that, for all a € Ag N A4y,
Jalag = Jim K(t,a) < lim K, (t,a) < CXO o]y, (3.4

Step 2. Now we estimate ||al| 4. Here we use (3.1) only for ¢ € (0, 1), but otherwise we proceed similarly to
our reasoning in the first step. For convenience of notation we set « =1 — 6. By (3.1) we have

K. (t,a) < Ct'™|lallag1a, for allt € (0,1) and all a € Ag N A4; . (3.5)

For a fixed a € Ay N A; we again consider any decomposition ¢ = ag + a1 with a; € A;. Then (3.5) implies
for all t € (0,1) that

Ko (t,a)" < Kp(t,ao)" + Kp(t,a1)" < (C17%)" [laolly, + ¢ llax |y, ,

or, equivalently,

r 1/r
- T ta ks
Kot <0t (ool + () lalls,) -

Now we pass to the infimum over all such decompositions of a. Note that t*/C < 1, so we can again use
(3.5), and we obtain that

B o 11—« o,
Kr(tva’) < Ctl oo (E) ||a’||A0+A1 = Cl+a e ||a’||A0+A1 :
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By iteration we obtain that, for all n € N and all ¢t € (0,1) and all a € Ag N 4,

K. (t,a) <C; o™ lall agsn, , with C: =P ™ and p*(n) = ﬁ(l + azk) .
k=0
The same reasoning as in Step 1 shows that the exponents can be bounded by
e k- a 1-0
pr(n) = [ (1+0%) < exp (m) ~exp (T) <0),

k=0

whence sup C: < CM9 | and therefore
neN

UK (ta) < CYO 1 a4y,
Taking first the limit as n — oo for fixed ¢ € (0,1), and then the limit as ¢ — 0, we obtain that
L S A(6
lallaz = lim ¢ 'K (t,a) < lim ¢ K (t,a) < CD|laflayra, forallae AgnA;.
Combining this with (3.4), we arrive at the desired conclusion
llall aznay = max {||a]laz, [lallap } < C D|lal|g4g4a, forallae AgNA;. O

Based on this lemma we can now prove the following theorem, which will be one of the main ingredients
for our solution of Lions’s problem.

Theorem 3.2. Let (Ag, A1) be a Gagliardo couple of quasi-Banach spaces, and let 0 < 6 <1 and 0 < p < oo.
Then the following conditions are equivalent.

(i) Ao N Ay is closed in Ay + Ay with respect to the quasi-norm of Ag + Aj.
(ii) (Ao, A1)g,p is closed in Ag + A1 with respect to the quasi-norm of Ag+ A;.

Proof. (i) = (ii): By the equivalence theorem [3, Theorem 3.11.3] we know that Ay N A; is dense in
(Ao, A1)gp with respect to the quasi-norm of Ay + A;. Therefore, if Ag N A is closed in Ay + A; with
respect to the quasi-norm of Ay + A;, then we have (Ao, A1)sp = Ao N Ay. Consequently (Ao, A1)g,p is
closed in Ag + A; with respect to the quasi-norm of Ag + A;.

(ii) = (i): By the Aoki-Rolewicz theorem we can assume without loss of generality that the quasi-norms
in Ap and A; are both r-norms for some 0 < r < 1. If (Ao, A1)g,p is closed in Ag + A1, then it follows from
[22, Corollary 2.12] that there is a constant M > 0 such that

lallo.p < M la]lag+a, forall a € (Ao, Ar)s,p-

Due to the continuous embedding (Ao, A1)g,p — (Ao, A1)9,00 and the equivalence K(t,.) ~ K, (t,.) there is
another constant C' > 0 such that

sug t7K,(t,a) < 2||allp.oor < C llallagsa, forallae AgNA;.
>

Note that then C' > 1, which follows from
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lallaota, = K(1,a) < Kr(1,a) < Cllaf ag 4 a, -

By assumption (Ao, A1) is a Gagliardo couple, and hence Ag N A; = Aj N AT. Therefore the norm one
embedding AgNA; — Ay N AT is bijective, and by [22, Corollary 2.12] its inverse is continuous. This shows
that the quasi-norms |[.||4on4, and ||.|[aznay are equivalent. By Lemma 3.1 we have

lallagna, ~ llallagnay < C*Plafagra, forallae Agn Ay,
whence Ag N A; is closed in Ag + A; with respect to the quasi-norm of Ag + A;. O

In the Banach case, Theorem 3.2 corresponds to the Proposition in [13] which Lévy proved with the help
of duality properties of AgN Ay, Ao+ A1 and (Ao, A1)g,,. We have had to find a different proof from Lévy’s,
since in the quasi-Banach case duality arguments are no longer available.

Our next goal is to generalize another deep result of Lévy (see [14, Ch. 2, Thm. 1] or [13, Theoreme])
from the Banach case to the quasi-Banach setting. Theorem 3.3 below will be another important ingredient
of our solution to Lions’s problem for quasi-Banach spaces.

Theorem 3.3. Let (Ao, A1) be a quasi-Banach couple, let 0 < § <1 and 0 < p < o0. If (Ag, A1), s not
closed in Ao+ Ay with respect to the quasi-norm of Ag+ A1, then (Ao, A1)g,p contains a subspace isomorphic
to £p.

Proof. By the Aoki-Rolewicz theorem we can again assume that the quasi-norms of Ay and A; are both
r-norms for some 0 < r < 1. Since every r-norm is an s-norm for any s < r, we can furthermore assume
that » < p. In this case, as we have pointed out in Section 2,

1/p
lallo.pr i= (D2 (@) " with jim(a) = 27" K27, )
meZ

is an r-norm on (Ao, A1)s,p which is equivalent to the original quasi-norm of (A, A1)g . In what follows we
shall always equip (Ao, A1)gp with the r-norm ||a||g p;». By our assumption this r-norm is not equivalent
to the quasi-norm ||.|| 4,+4, . In particular this implies that dim(Ag, A1)g,, = 00, since on finite-dimensional
spaces all quasi-norms are equivalent, which follows from [22, Corollary 2.12]. This observation ensures that
the recursive construction described below never stops.

Given any 0 < € < 1, one can inductively construct a sequence (z,)nen of vectors in (A, A1)g,p and an
increasing sequence (Np,),en of natural numbers satisfying the following conditions:

(a) ||xn||0,p;r =1 for all n € N

1/p
(b) ( Z jm(xn)p> <27"e  forallneN

[ml> N, (3.6)
1/p
(c) ( Z jm($n)p> <277 forall n > 2
‘mlgNn—l
Let us now describe this construction in some detail. First take any x1 € (Ao, A1)g,p with ||z1]lgpr =
1/p 1/p
( > jm($1)p) = 1 and select N; € N such that ( > jm(xl)p> < 9= lre, Hence, for n = 1 the

meZ |m|>Ny
conditions (a) and (b) are satisfied, and condition (c) is not needed.
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Assume now that x1,...,x, and Ny,..., N, are already found. Since all j,,, are r-norms on Ay+ A1, it follows
1/p
that ( > jm(a)p) is also an r-norm on Ag+ A1, and clearly this r-norm is equivalent to the quasi-norm
|m‘ SN’VL
llall 49+4,- Therefore, due to our assumption, it cannot be equivalent to ||.||g,p.» on (Ao, A1)g . Hence one

1/p
can find an element x,,1 € (Ao, A1)gp of quasi-norm one such that ( > jm(xnﬂ)p) < 2~ (ntl)/rg
|m|<Ny,

Since ||Zp41llo,p;r = 1, we can select Ny1 > N, such that ( > jm(mn+1)p>1/p < 2=(4D/7e Then
m|>Np 41

(a), (b) and (c) hold also for x,1 and N, 41, and repeating tl‘qelse ar+guments we can recursively construct

sequences (Zn)neN and (N, ),en satisfying all required conditions.

Our next aim is to show that (for sufficiently small € > 0) the sequence (z,)nen € (Ao, A1)o,p is equivalent

to the unit vector basis in £,. More precisely, we will prove that there are constants 0 < My < M; < oo

such that for all scalar sequences («,,) with at most finitely many non-zero entries the inequalities

(S o) <[ Sn,,, < 0(Svr)” o
n=1 n=1

n—1 sP3

hold. Certainly the equivalence constants My and M; will depend on € and r, and maybe also on the
parameters 6 and p. For later use we shall keep track of this dependence.
Let E,, := Ay + Ay equipped with the r-norm j,,, m € Z, and define

F, = < @ Em> = {X = (Xp)mez : Xm € B, ( Z jm(Xm)p)l/p < OO}

meZ meEZ
Then
1/
1, o= (32 dm)?)
mEeZ

is an r-norm on F),, and the interpolation space (Ao, A1)gp is just the diagonal in F),, if we identify = €
(Ao, A1) p with the vector X = (X,,) € F,, where X,,, = z for all m € Z. Moreover, we have equality of
the corresponding r-norms,

||a: |0,p;r = ||( LT, T, .. ')HFp for all z € (Ao,Al)g’p.

In the definitions below we use the notation
L:i={meZ:Im| <N} and IL,:={m€Z:N,_1<|m|<N,} forn>2.

With this notation, conditions (b) and (c¢) imply for all n € N
- Ve _ 4 - —(n—1
( Z ]m(a:n)p) < ol/p.g=n/re < 9=(n=1)/rg (3.8)
m¢lI,
For any given scalar sequence o = (v, ) with at most finitely many non-zero entries we define now elements

X =(Xn),Y = n,),2Z2"=(Z) € F),ne N, by

o0
X, = Zanaxn forallme7Z,

n=1
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Y = apt, iftmel,,
0 if me I,
7 = if m
anTy ifmé¢lI,

Then we have
, (3.9)

0.p;r

o0 o0
X=Y+Y 2" and |X|g = HZanxn
n=1

n=1
and by definition of Z™ and (3.8) we get

1/
127, = lenl (32 dmlea)?) " <27V e
meln

By the r-triangle inequality this implies
oo
|z
n=1

The quasi-norm of Y is given by

”Ypr = Z Jm (Ym)? = Z |an [? Z Jm(@n)?
n=1

meZ mely

o0 [e’e]
o <2 205, <227 Vlalpem =2 ale" (3.10)
P n

=1 n=1

and from (3.6) and (3.8) we see that

Z Jm(zn)? <1 and

mel,

D Gmlwn)? 21— 27 R/Ter > e

mel,

This leads to the bounds

[e%S) 9]
Y15 <D lanP and Y| > (1—e")) |anl?,
n=1 n=1

or, equivalently,
(3.11)

Y%, <llall, — and  [Y]F, > (1 —e)"ally > (1~
The last inequality follows from p > r, whence 1 = (P + (1 — 5p))1/p < (e"+(1—eP)r/P) Y7 The r-triangle

inequality in F, and the bounds (3.10) and (3.11) imply the estimates

1X N7, < 1Y 15, + > 12", < (1+2e7)]al;, and

n=1

XI5, = 1YW, = D125, = (1= 3")]al,-
n=1

That means, taking (3.9) in to account, we have proved (3.7) with equivalence constants
My = My (e,r) == (1 +27)V7. (3.12)

MO = Mo(é‘,’l") = (1 — 3€T)1/r and
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Of course we need My > 0. This holds whenever 0 < ¢ < 377 and then the sequence (,),en in (Ao, A1)op
(equipped with the quasi-norm ||.||g ;) is indeed equivalent to the unit vector basis in £,. O

Remark 3.4. (1) Let us point out that the equivalence constants in (3.12) are independent on the parameters
0, p of the interpolation space, as long as p > r. This observation will be important in the proof of our next
theorem, which is the positive solution to Lions’s problem in the quasi-Banach setting.

(2) Since ;l—% Mj(e,r) =1 for j = 0,1, one can even achieve that for any given ¢ € (0,1) the subspace of

(Ao, A1), spanned by the sequence (x,,) is (1 + d)-isomorphic to £,, i.e. we have

. fé)(i Ianlp)l/p < H ianxn A +5)(§: |an|p)1/p.
n=1 n=1 ” n=1

In the Banach case r = 1 and for parameters 1 < p < oo this is due to Lévy [13,14]. She also showed that

these subspaces are complemented, which was used in an essential way in the solution to Lions’s problem in
[8]. We do not know whether the corresponding subspaces in the quasi-Banach setting are complemented,
but we shall give a different proof which does not rely on complementedness of these subspaces.

Now we are ready to prove our main theorem which provides the positive solution to Lions’s problem
for quasi-Banach couples and the extended range of parameters 0 < p,q < co. However we shall need an
additional assumption, namely that the couple is a Gagliardo couple. This is a rather mild condition which
is satisfied in many concrete cases. As an example which might be of interest for potential applications we
shall consider in Section 4 the spaces .,Sfp(ff]) (X,Y) of operators defined by approximation numbers.

Theorem 3.5. Let (Ao, A1) be a quasi-Banach Gagliardo couple such that
Ao N Ay is not closed in Ag + Ay with respect to the quasi-norm ||.||A,+4, -
Then, for 0 < 0,1 <1 and 0 < p,q < oo, we have that
(Ao, A1)o,p # (Ao, A1)nq unless O=mnandp=gq.

Proof. According to Theorem 3.2 none of the interpolation spaces (Ao, A1)g,p with0 <8 <1land 0 < p < oo
can be closed in Ag + A; with respect to the quasi-norm ||.|| 4,44, Hence we can apply Theorem 3.3. We
proceed by contradiction and assume that (Ao, A1)g, = (Ao, A1)y,q for some (6,p) # (1, q).

If 6 =7, then p # ¢, say p < ¢. In this case, all spaces (Ao, A1)g,s with p < s < g coincide, which is due to

the embeddings
(AO,AI)H,p — (Ao, Ar)g,s — (Ao,Al)e,q = (A07A1)9,p~

If 6 # 7, then it follows from the reiteration theorem (see [3, Theorem 3.11.5] or [10, 2.c.4]) that the spaces
(Ag, A1) o4n , do not depend on s, 0 < s < co. Therefore our assumption implies that
£,

X = (Ao, A1)op = (Ao, A1)p,q forsomel<f<land0<p<g<oo.

Moreover, we can again assume without loss of generality that Ay and A; are both r-normed for some
0 < r < min{p, 1}. Then the two r-norms ||.||g p.» and ||.||e,q;» on X must be equivalent, that means there is
a constant C' > 1 such that

1zll6,q:r < lzllopsr < CllZll0,gr for all z € X . (3.13)
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(The first inequality is due to p < ¢.) Now we apply Theorem 3.3. We choose 0 < £ < 1 small enough such
that we get My(e,r) > 1/2 for the lower equivalence constant (see (3.12)), and construct a sequence ()
in (Ao, A1)gp and an increasing sequence (NN,,) of natural numbers satisfying conditions (a)—(c) from (3.6).
Then (z,) is equivalent to the unit vector basis in £, in particular we have

N N1/p
H Soan|, =Mer)NP >~ forallNeN. (3.14)
n=1 BT
Now we set vy, := Mﬁ and study the properties of the sequence (y,) in (Ao, A1)s,q- By (3.13) we have
for all m € Z and n € N
1 C
Jm (Yn) oo (zn) Tonloon? (@n) = C jm(zn)

By the properties (a)—(c) of the sequence (x,) in (Ao, A1)s,p this implies for all n € N

@*)  lynllo,gr =1
1/q 1/p
(b%) ( > jm(yn)q> <C< > jm(azn)p> <27 Ce
[m|>Nn |m|> Ny
1/q 1/p
(") < Z jm(yn)q> SC< Z jm(-rn)p> SQin/TC%,
[m|<Np_1 |m|<Np_1

where the first inequalities in (b*) and (c*) are due to p < ¢. The properties (a*)—(c*) of the sequence
(yn) in (Ao, A1), are in complete analogy to the properties (a)—(c) of the sequence (z,) in (Ao, A1)g,p,
just replacing the parameters p and ¢ in (a)—(c) by ¢ and Ce. We set now M := M;(Ce,r), see (3.12),
and o, = ||znlle,q:r, Wwhence a,, < 1 and x,, = oy, yp. The proof of Theorem 3.3 applied to (y,) yields (in
particular) the upper estimate

o

0,p;r 0,q;r 0,q;r

N N
SCH;% Can_:lanyn

N
<om(y Ianlq)l/q <CMNVI
n=1

for all N € N. Together with (3.14) and letting N — oo this implies the contradiction
1< lim 2C M NYe /P =g,
N—o0
Therefore the assumption (Ao, A1)s,, = (Ao, A1)g,q was wrong and the proof is finished. O
4. An application to Lorentz operator classes

In this final section we apply our previous results to spaces of operators defined by the behaviour of their
approximation numbers.
Let X,Y be Banach spaces, and let £ (X,Y") be the space of all bounded linear operators from X into Y.
The n-th approximation number of an operator T € Z(X,Y) is defined by

an(T) = inf{|T — A : A € Z(X,Y) with rank A < n} , neN.
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For 0 < p < o0 and 0 < ¢ < oo the space ,,fp(‘fl) (X,Y) consists of all operators T € £(X,Y) for which
the sequence (a,,(T")) of its approximation numbers belongs to the Lorentz sequence space ¢, ;. The space
fp(ffl) (X,Y) is complete with respect to the quasi-norm

o l/q

> (nl/pl/qan(T))q> if g < o0
pa = l(an(D)lle,., = <”—1
sup n'/Pa, (T) if g =00,
neN

IT]

see [25,20,10]. If p = ¢, then we write simply .,Sfp(a) (X,Y) and ||T||,. Note that these quasi-norms are (for
general infinite-dimensional Banach spaces X,Y’) not equivalent to a norm, not even for p,q > 1. Therefore
it is in this context necessary to work in the quasi-Banach setting.

Let 0 < pg < p1 < 00,0 < 6 < 1and 0 < ¢qg < oco. Then the continuous embedding fp((?)(X, Y) —
fp(f) (X,Y) shows that (,,Sfp(f)(X, Y),.fp(la)(X7 Y)) is a quasi-Banach couple. According to [9, Corollary 1],
we have with equivalence of quasi-norms

1-6 6

a a 1
(LD (X, Y), L0(X,Y)), =L (X,Y) where 5= o0 T (4.1)

In the following two lemmata we show that the couple (fp(g )(X ,Y), .,iﬂp(f ) (X,Y)) satisfies the assumptions
of Theorem 3.5. Subsequently, we write || for the greatest integer function.

Lemma 4.1. Let X,Y be Banach spaces and 0 < pg < p; < oo. Then (.fp(g)(X,Y),fp(f)(X,Y)) s a
Gagliardo couple.

Proof. Put Ay = fp(él)(X, Y) and 4; = (fp(f)(X, Y). Due to the embedding Ay < A; we have A} =
Aj. Moreover, Ay < Ay’. To prove the reverse embedding, we use the result of Konig [9, Proposition 1]
concerning Peetre’s K-functional for the couple (Ag, A1),

[t"] 1/po oo 1/p1
K(t,T) ~ (Zan(T)p°> —i—t( Z an(T)p1> where 1/r=1/py—1/p;.

n=1 n=|tr|
Let T € Af. Then we have

1" N o0 1/po
/Po
Ty = sup K(t.7) 2 sup (3 an(ry) " = ( anmm) — T,

>0 >0 N n=1
Since ||T'|| 4, is finite, it follows that T' € Ay and consequently we have Ay = Ap. O
Lemma 4.2. Let X,Y be infinite-dimensional Banach spaces, and let 0 < pg < p1 < oo such that 1/py —
1/p1 > 1. Then .,Sfp(f) (X,Y) is not closed in .i”p(f) (X,Y). In particular, .,%(f) (X,Y) is strictly smaller than
L7 (X.Y).
Proof. If .Zp((? ) (X,Y) would be closed in .,%p(la ) (X,Y), then there would exist a constant M > 0 such that

IT|lp, < M||Tlp, forall T € £ (X,Y). (4.2)

We will show that this is impossible. As a consequence of Dvoretzky’s famous theorem on almost spherical
sections of convex bodies [5] (for improved versions see [17,24,6] and [21, Chapter 4]), the Banach space X
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contains for every n € N an n-dimensional subspace E,, with d(E,,¢3) < 2, where d denotes the Banach-
Mazur distance. That means there are invertible operators S,, € .Z(E,, (%) such that ||S,[|||S; || < 2. By
homogeneity we can assume that ||S,| = ||S;}|. Similarly, for the space Y there are subspaces F}, and
operators T, € L (F,,¢%) such that | T, ||| 7., < 2 and ||T5,|| = |7, Y- It is well known (see e.g. [10,
Theorem 4.b.6]) that every n-dimensional subspace of a Banach space is y/n-complemented. Hence there
are projections

P, € £(X,X) such that P? = P,, P,(X) = E, and |P,|| </n and

Qn € Z(Y,Y) such that Q2 = Q,,, @,(Y) = F,, and ||Q,|| < /7.
Moreover we shall use the embeddings J;X from E,, into X and JY from F), into Y. Now we define operators
A, € Z(X,Y) by the following composition

Y
K

X
S, !

E, — 0§ —

3

Since rank A,, = n, we have ai(A4,) =0 for k > n, and for k£ < n we use the trivial estimate
ar(An) < [Aall < [P ISAIINT I | < 24/

In order to estimate the approximation numbers of A, from below we consider the operators B,, that are
given by the following composition.

mn mn
2 2
syt l T T,
IX A, Qn
E, X Y F,

Using that SnPnJT)fS;l =idgyy and TnQnJEZTn_l =idgp we get

By = TnQnAnJy Syt = (TnQnJY Ty ) (S P JiX Sy t) = ides -
Hence, by [20, Section 2.3], a,(By) =1 for k =1,...,n, and we obtain

1= an(Ba) < 1571750 an(Aa) [Qull IT0ll < 2 VA an(An)

Therefore

‘ -

<ap(A,) <2vn fork=1,...,n and ag(4,)=0 fork>n.

5

It follows that

Aullp, = ap(Ap)P? " < 2pt/Ptl/2 and
|| P1
k=1

bl = (S taa) ™ 2 m,
k=1

This implies
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||An||170 > lnl/po—l/m—l — 00
[Anllp, —* noee

which contradicts (4.2). The proof is complete. O
Now we are prepared to prove the main result of this section.

Theorem 4.3. Let X and Y be infinite-dimensional Banach spaces. Then all spaces .i”p(fz) (X,Y) are different
for0 < p<ooand0 < q < oo.

Proof. Let (rg,q0) # (r1,q1) be any two different pairs of indices with 0 < rg,7r; < co and 0 < go, q1 < 0.
We want to show that £}, (X,Y)) # £ (X,Y). To this end we choose first po and p; such that
0 < pp < min(rg,r1) < max(rg,m1) < p1 < oo and 1/pg — 1/p; > 1, and then we determine 0 < p,60; < 1
such that 1/r; = (1 —6;)/po + 6;/p1 for j = 0,1. By Lemma 4.1 (.Zp(g)(X, V), £ (X, Y)) is a Gagliardo
couple, and by Lemma, 4.2 .,%((f)(X, Y) is not closed in .,iﬂp(f) (X,Y). Clearly we have (6o, q0) # (61, 1), hence
we can apply Theorem 3.5, and taking also Konig’s interpolation formula (4.1) into account we obtain the
desired result

L (X)Y) = (LH(X,Y), L9(X,Y))

oo po 00,90
# (LNX)Y), £ (X, V)0 = 2 (X,Y). O
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