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Abatrgoct: Arcow's theorem shows how difficult are
rational agaregations of indlvidual aplnlops, If they
arw given hy ratloral blpoary prefsrance relatlons

Hany authors have proposed different approaches in
arder ta avold hls lmpossibillty result, ralaxing
some  parClcular requlrement, In this paper. by
Introducing the concept of ratlonality as a luzzy
properity, it 1s postulated that the maln reason f{or
guch a negatlve result 1z Just 1ts aristotelian
conceptlon. Hence, {t ks shown thet non complete
irraticne! aggregations are always poassible, Ln such
a way that clasmical Arrow's thearem should be
undarstocd  Just as  an  Impossibliity of  gettlog
compiete retlone! ageragations.

Eavwordg: aggregation Tyles, group decisien making
furzy ocpinions.

1. INTROMIMCTION

When dealing with the problem of agEgregating lndlvldual
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ocpinlong In & seclal group, the reference to the work of Prof.
Arcow [1] 13 really a must., Az 1t is well known, be conslderwd
an arbltrary flnite end non-volid group O of human belngs.
expressing their preferences about & flolte and non-empty set X
af feasible alternatlves in order Lo reach to same klnd of
sovlal preferences. It was assumed 3 sltuatloth wlth at least
twe lndividuals and at least three alterpatives, belng all the
cplnions -indlvidual and consensus cpinions- always glven by a
linear order, that is, 3 completa, reflexive and transitlve
crisp binary relatlon defined on such a et X of elterpatives.
Than it wag proeved Lhe impozsibllity of aggregatlon rules
verifylng some ethical condlticns which Seemed lo be deslreble
at a filest elght. Many Impossibility theorems have follawed ta
his work, For ewample, it can be shown that there 1s no gocial
welfare functisn asslgning a guclal praference ardering Lo each
prefile of lndividual preference orderltgs, if the fallowlng
condltions are agssumed: unrestricted domalin (each ilndividual is
free  to  choogse hissher personal  preference  orderlng),
ron-negative response [lf some changes are made by lndividuals
improving thelr opinlons aboyt Some alternatlue, 1t does oot
cavee a {1l change against =uch alternativel. [rdeperdence of
{rrelevant glternatives (there 's no influence betwsen disjoint
subsets of alternatives), citizen sovereign [if pecple agress
abecut a partieular orderbing. 1t should represent the =oclal
congensus]  and  non-dictatorship  (there ls  ne  iodivldgal

impesing systematically hischer opinlon).

HMuch effort has been devoted In the pagt in arder to avold
such & disceuraglog result, locking for  some  posslhbility
theorems. Twe approaches have Leen mainly erled: Ly assuming
same regtrictist on the domajp, argulng that the mest laportant
dlfficulty In praciice ls due to the wvarlety of ndlvldual
cpinlons (for example, by considering seme conditich based an
Elack's single-peakedness [21}; or by relaxing the concept of

toosensul, argulbng that the real obectlve in practice iz Just



some  uselul declsion-orlented Infermatlon {for exampls, by
congidarlng Sen's social declsien functions). Some pogzltlve
resul k& have been gbtalped under bath approachas, but aven Sen
kimzelf (see [3]) recognizes that Arrow's negablve philotophy

gtill remains.

Every socliety 1e faced wilth the problem of amalgamatlng
individual eopiniens Iote a3 consensus, and  therefore it
reprecents a key polpt (or the development of any group of
parsons. Though it cam be understocd that thers ks no general
methodolagy far aggregatlng crisp lodlvldual preferences, Lh
practice consensus are usually reached, perbapa through e
dyramlc process, or Just suppressing -perhaps agalmat the usual
democratic princlples- discordant eplnions or  discordant
Individuals. Our theais here 1s thal the mailn 4d1fficulty under
ATrow"'s forus L not due to how any ethlce! condltlon is
formally wrltten or hew the scclal apinlon should be expressed,
but haow the ldea of rafienalliy 1s undersktoad: the upderlyling
drigstotellan concept of rationelify bvased upon any crisp
krangitivity or crisp acyclity, which provokes to think that 1F
something ls oot absclubtely ratiooal, theh it 1s absolutely
irratiosal. In thle sense, &g palnted cut 1o Montero (4],
Lukawlievicz's cengure to sclences based on using Aristate]lan

leglc 1s fully epplicable in our centext.

Z2.= & MEASURE OF RATIONALITY FOR FUFZZY¥ FREFERENCE RELATIONWS

[t ua agsuma from now an that each opinlon 1s ghvwen by a
fuzzy preferance relatlon, that ls, a mapplng w.X=X-=+[D, 1] Ln
such a way that the value pix, ¥y} reptesents the Intensity of
preference of alternablve x over alternative v, We shall alse
assume that such a fuzzy preference relatlon ls complele, n
the sonse that p{x, yleply, 8321 5,y hence, the values

u[{x,}']=u[x,y'ﬂ+p[}r.x]—1

pg[x.y}-u[x,vJ-u[{x.vl
can be undarstood, respectively, as the degree of indiffersoce
(xly] batween each pair of altersatlves {x,y} snd the degres of
strict preference of altarnative x over alternatlve y (xxy). It
could te mlga assumed the conditlon uix,x)=1 ¥x, but such =&
ratlonality coodition will B¢ In fagt -as 1t will be shown

later= Juat a particular cagse under gur approach.

Dur proposal Ls Just to measure ratlenallty of a given
preference relation by conslderlng  all  posslbls  chalns
H H L E T of k distinct alternatives and welghting in 8
natural way thelr agycllc patha. For example, 1f we take only
tha alterpative %, there 1= only one acyclle path =xIx, which
can be welghted by y][x.x}—. and L{ we take two alternatlves
{#,%}, there are three acyclic paths «xdy<x, yrx<y and xIvix,
which can be welighted respectively by p:Ex.y}. uz{v.x] and
pf[’x,y}—. In geoeral, & path of k distinct alternatives wlll be
non-acyellc if okd only 1F 213“23"'2xk:”1 Wwith seme =trict
preference or H g . S S with svme stricht preference, and
the agsocclated path weight wlll be the product of the welghts
af all the prefarences ceotalned in such a path., Bazsed on these
path weights, in Montero [4]1 it was proposed to conslder
rafdonality -that lu, acycdify=- as 8 fuzzy property

A RIX)+[0,1]
balng RI¥1 the family of all complete fuZEY preference
ralatiche on X, with Alp) the minimun =um of weights of acyclic
paths 1t all posslble chains (see Montere 141 for =z formal
definltlon).

For ewample, if ¥={x.y. =} with pix.whspiy, wl=piz z}=1 and
Rix, b0 5, ply,x}=0.8, uly,=t=0,7, plz, yleQ, 7, plz, x}=0.8, and
piw, 2wl &, then the degree of wcycllity of such & complete
fuzzy preference relatlon g will be
Alp) = mir { %, 1, 1:
] o2 A B 2 pe] 2 2 2
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pl= f (0, 2e0.3)%(0.3+0_2)*{0_4+0. 4]+
+{0.3+0. 51* (0. 4+0. 3)*{0. 4+0. 3)-
—2*0. 50480, 4 ) -
=min {1, 1, 1; 0.38, 0.34, 0.36; 0.4B} = 0.34
where wa capn fired =Iin thls order- the zum of acyclic welghts
for the three chajns with only ona alternativa (1n thle case we
flnd what we know as orlzp reflexivity], the sum of acycllic
waights for the three chalns wlth two alterpatlves and the
agyellty for tha chaln with three alternatives [(there 15 only
ohm here, and it has been evelyated through {ts non-acyclic
pathsl. In thlis example we heve found that the lowest acyclliy

lies on the comparlson between alternatives y and z.

Fimally it muszt be polnted oyt thst some sensltlvity
analysiz should be developed in arder te xnow how blg can be
the structural acyclity, that is. that irraticrnality only due
to the aize of the probler: the bigzer cumber of comparlsons
neaded, tha lpowest acyclity 1s expected, For example, 1o
Montera 14] it wags shown that Lo very long chalng we could
expect acyellities lower Lhan Q.5

d.- A POSEIBILITY THEODHEN

Fallowlng the welfare-arlented approach of Arrow,  and
asguming that preference Intensitles are alloved, 1o the =sense
that they are represented by fuzzy preference relabions belng
complete, far each Individual and the group leself, then we can
think ae a first step that a soclal welfere (unctlen should be
a mapping

B R[N
where n 13 the number of lndividual aplnlons to be aggregabed
[card (Dimn), imposing scme eliical ceondltions translated from
the clagaical crisp cankext: non-negak Lve respanae,

independence of LErrelavart allernatives, cltizen maverelgn and

mon-dictatorship, togethar wilth some wnresiriclied domaln, IG
will not be really 1lmportant for our objective now how the
firat four conditlons are in fact formallized (here we adopt the
praposals ghwen 1o Montera 144); the key polnt for uz wlll be
how that unrestricied domain condliion ekould be undarstood:
glnce it is clear that it bs wvery dlfficult for any Indlvidual
to deflpe & crisp binary preference relatlaon baihg acyelle, the
minkmam candition could ba somathing Like Individuals should be
absclutely irratlenal, ard thet 1t 1e coherent to look for an
aggregated opinlon maf being absolutely idrretlonal. In thls
Way, our seciz] wetfare funckiaon will be e mapping
S FUAVLF(N)
being
FIR] = {ueRIK} # Algl>a}

and satlsfyilng the above Tour ethical ceopditlons. The meln
result -though weak Indeed becagse 1t merely implies the
akgence af abgelute irrationality, no metter how close the
cplpione are to absolute raticnality- can be summarized Lo tha

fopllowlng theorem:

Theorem.— [7 18 assured the exlstence of social welfare
funcelans 5 FUEI"SF(L) satisfylng the ethical conditionz as
formalized 1n Menterao [4].

Therefore, we can assure the exlstence of democratic
aggregation rules for lndividual preferences 1n such a way that
Air)*d always holds for the =soclal fuzry preference o
tanalogous roeults can be ablaiped with other alternatlve
famllles af esthicai conditlioos). Hence, 1L makes Sense o look

for the best -Im some wWway— aggregation rula.

Cne of those demscratic rules is that cbtained by the
mean. p[x.yf'=z':_[ul[:-c.y]./n [4er Montera [5] fo¥ a discusslon
-ln & marc gensral cohblexi- on seme eiblcal and democralic

propechbies, Logether Wlth some conditlons feor its stablllity



egainst manlpulation].
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