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Abstract

In this paper we construct large families of characteristically nilpotent
Lie algebras by considering deformations of the Lie algebra g?m’mfl) of
type Qn, and which arises as a central naturally graded extension of the
filiform Lie algebra L,. By studying the graded cohomology spaces we
obtain that the sill algebras associated to the models g?mymfl) can be
interpreted as nilradicals of solvable, complete Lie algebras. For extreme
cocycles we obtain moreover nilradicals of rigid laws. By considering sup-
plementary cocycles we construct, for any dimension n > 9, non-filiform
characteristically nilpotent Lie algebras and show that for certain defor-
mations these deformations are compatible with central extensions.

Introduction

Characteristically nilpotent Lie algebras were born in the late 50’s, as the answer
to a question formulated in 1955 by Jacobson. In [14] he proved that any Lie
algebra defined over a field of characteristic zero and admitting nondegenerate
derivations is nilpotent, and asked for the converse. Dixmier and Lister gave a
negative answer in 1957, constructing an eight dimensional Lie algebra all whose
derivations are nilpotent. The so called characteristically nilpotent Lie algebras
constitute an important subclass within the nilpotent algebras, and they have
been studied in a number of papers ( [15], [19] )

Over the last years the study of characteristically nilpotent Lie algebras has
been reactivated by the fact that they are of great importance for the topologi-
cal analysis of the irreducible components of the variety of nilpotent Lie algebra
laws 91" [27]. Though there are a lot of constructions of such algebras, most re-
sults correspond to filiform Lie algebras, i. e., algebras with maximal nilpotence
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index. In [17] the author studied the graded filiform Lie algebra L,, profoundly,
and deduced interesting results about the topology of its components, as well
as giving large families of characteristically nilpotent Lie algebras.

In this paper we study deformations of a family g?m)m_l) of graded nilpotent
Lie algebras of chracateristic sequence (n — 2,1,1), and which are k-abelian of
maximal index k = ["T_Q} These algebras are the simplest case of a wide class
of graded Lie algebras called ”of type @,”, and which have been introduced in
[4]. The family we are considering is of special interest, as it is the only algebra
of type @, which is a central, naturally graded extension of the filiform Lie
algebra L,,. The characteristically nilpotent algebras obtained by deformations
of this model are of value for the general theory, because it is one of the few (
if any ) explicit methods to obtain non-filiform characteristically nilpotent Lie
algebras ( see also [3] ).

The paper is divided in four parts. In the first section we recall the elementary
facts about the invariants of nilpotent Lie algebras used, as well as the rudi-
ments of characteristically nilpotent Lie algebras. In section two we study the
cohomology of nilpotent Lie algebras and introduce a certain partition of the
cohomology groups H? (g, C). In the third part we analyze the model g? (mym—1)
and its deformations to obtain, on one hand, deformations which are isomorphic
to the nilradical of solvable, complete laws, which are rigid for certain cocycles,
and on the other, deformations which are characteristically nilpotent. Finally,
we prove that certain prolongations of these cocycles are compatible with central
extensions of degree one of g‘("m_’mfl) and construct characteristically nilpotent

Lie algebras with characteristic sequence (2m — 1,2,1) for any m > 4.

1 (Generalities

Let £ be the set of complex Lie algebra laws in dimension n. We identify each
law with its structure constants ij on a fixed basis {X;} of C". The Jaciobi
identities

Z Ckl +C kczl + Csz]l =

for 1 <i<j<k<n,1<s < nshow that £ is an algebraic variety.
The nilpotent Lie algebra laws 9" are a closed subset in £™. The linear group
GL (n,C) acts on £" by changes of basis. If O (1) denotes the orbit of the law
i by this action, it is easy to see that it is a regular subvariety [12].

Definition. If the orbit O (u) is open in £ (resp. M™), the law p is rigid in
£" (resp. N™).

For later use, it is convenient to recall some notation :

Ny = {p € N" | nilindex () <p—1}



1.1

Consider a complex nilpotent Lie algebra g = (C", u). For each X € C™ we
denote ¢ (X)) the ordered sequence of dimensions of Jordan blocks of the adjoint
operator ad,, (X).

Definition. The characteristic sequence of g is an isomorphism invariant c (g)
defined as

c(g)= sup {c(X)}
Xeg—Clyg

where C'g denotes the derived subalgebra.

Definition. Ann-dimensional nilpotent Lie algebra g is called filiform if c (g) =
(n—1,1).

Recall that the filiform model algebras L, and Q,, are :
1. L, is the (n + 1)-dimensional Lie algebra (n > 3) defined by
(X1, Xi] = Xi1, 2<i<n
where {X1,.., Xp4+1} is a basis.
2. Qa2m—1 is the 2m-dimensional Lie algebra (m > 3) defined by

(X1, Xi] = X1, 2<i<2m—1
(X, Xomt1—5] = (1) Xom, 2<j<m

where {X1, .., Xo,n } is a basis.

1.2

Definition. Let g be a solvable, non nilpotent Lie algebra. Then g is called
decomposable if

g=ndt

where w is the nilradical of g and t an exterior torus of derivations, i.e., an
abelian subalgebra consisting of ad-semisimple endomorphisms.

The structure of these algebras is well known by a theorem of Carles [6] :
Theorem. A rigid solvable Lie algebra g is decomposable.

Definition. If t is a mazimal torus for the Lie algebra g, then r = dimt is
called the rank of g, noted rank (g).



1.3

We recall here the elementary facts about characteristically nilpotent Lie alge-
bras.

Definition. A Lie algebra g is called characteristically nilpotent if the algebra
of derivations Der (g) is nilpotent.

From this definition it follows that g is itself nilpotent.

Proposition. The characteristically nilpotent Lie algebras constitute a con-
structible set in the variety N, empty for n < 6 and nonempty for n > 7.

A proof of this result can be found in [7].

2 Cohomology of nilpotent Lie algebras

Let g be a nilpotent Lie algebra whose nilindex is p. We have the ascending and
descending central sequences {Cj g} and {C;g}, which are respectively defined
by

C'g=4g,C%(g) = [C" " (g),9], fork>1

Cog=0, Cy(g) ={X €g] [X,9] CCys1(9)}
We set

Sq:gv forq<1, Sq:Oqil(g)a g=>1

T, =g, forq<1, Tq:Cp+l—q(g)7 g>1

obtaining two descending filtrations of g. It is usual to consider the algebra g
filtered by {S,;} and the g-module g ( respect to the adjoint representation )
filtered by {T},}. This choice induces descending filtrations

{Fij (gag)} ) {FkHj (gug)} ) {FkBj (gug)}

in the cohomology space, which is compatible with the coboundary operator.
The previous filtration has been profoundly studied by Khakimdjanov for the
filiform Lie algebra L, in [15], where he obtained important results on the
topology of the irreducible components of the variety 91" of nilpotent Lie algebra
laws.

Let

dp+1:0



Lemma. .

1) Ifj €N and j > dy, then F.Z7 (g,9) = Z7 (g,9) =0, r € Z

2) Ifds < j < ds_1 for some 1 < s < p, then F.Z7 (g,9) = Z7 (g,9) forr < g,
where

g=—[pdp+(p—1)(dp—1 —dp) + ..+ s(ds —ds+1) + (s = 1) (j = 1 — dy)]

A proof can be found in [16].

Lemma. Ifr < p(1—j) then F,.Z7 (g,9) = Z7 (g,9).
Corollary. If f is a derivation of g, then f (S;) CT; for any i.

These results, due originally to Vergne [26], were used by Khakimdjanov [16]
to construct large families of characteristically nilpotent Lie algebras which are
deformations of the filiform model algebra L,,.

2.1

Recall that a central extension of a Lie algebra g by C? is an exact sequence of
Lie algebras

O—>(Cp—>a—>g—>0

with CP C Z (g) If o is the law of g = (C™, uo), the the law of g can be
expressed as

where ¢ € Z2(g,CP). The orbit u(Z?(g,CP)) by the action of the group
GL (m + p,C) consists of the law over C™*? obtained by this manner.

The following result, due to Carles [6], is of importance in the study of
characteristically nilpotent Lie algebras :

Proposition. The subspace E., (g) of laws in M™ P which are ( up to iso-
morphism ) central extensions of g by CP is constructible, irreducible and of
dimension

m (m + p) — dim Der (g) + pdim Z* (g,C?) — p

where p is the minimum for g € E.,(g) of the dimensions of subspaces of the

Grasmannian Gry, (Z (E)) consisting of ideals a C Z (g) such that % ~g.



Proof. The space E., (g) is the image of GI (m + p,C) x Z2 (g,CP) by the al-
gebraic map

(s,0) = s ()
where * denotes the action of Gl (m + p,C) on M™*P. It follows that E. , (g)

is irreducible and constructible. If ¢ is the law of g, then its inverse image is
algebraically isomorphic to the first projection

X (¢)={s€GL(m+p,C)|s ' 'x¢pepn(Z2’(gCr)}

The algebraic mapping which associates s (CP) to s € X (¢) in the Grasmannian

Grp (C) by the image of the set of central ideals of g whose factor is isomorphic
to g. If s; and s, give the same image § then 8;182 belongs to the stabilizer of
CP, mapping p (p2) on u(¢1). We deduce that the minimum of dimensions for
X (¢) equals dim Der (g) + mp + p. O

As known, the second cohomology space with values in C is obtained as
follows : Let X : /\2 g — g be the linear mapping defined by

MXAY) =0 (X,Y), XY eg
and let Q be the vector subspace of /\2 g generated by the elements
(X, YIANZ+ [V, ZINX +[Z,X]\X, (X,Y,Z)ecg®

It follows that the second homology space Ha (g,C) coincides with the factor

KBM, and by duality

H? (g,C) = Hom (%C) — Hy (3, C)°

This space is of special interest in the determination of central extensions of
degree 1. Now, let {X1,.., X,,} be a basis for the Lie algebra g and define the
cocycles ¢;; € H?(g,C), (i,4,k, 1 <n)

@ij (X, Xi) = { 0 otherwise

where 6;; denotes the Kronecker delta function. It is easy to verify that 3, ; apy; =
0 (a;; € C) if and only if >~ a% (X; A X;) € Q.

Notation. For k > 2 let

di -3
H;’t(g,C)—{wijEHQ(g,(C)|i+j—2t+1+k},1§t§[%]
2,% 2 C dimg —3 —
H.?(9,C)={p;; e H*(3,C) |i+j=t+1+k},1<t< — ,t =1 (mod 2)



If E.1(g) defines the subset of E. 1 (g) formed by the central extensions of
g by C which are additionally naturally graded, we can define the sets

EL7M (g) = {M € Eca(g) | = po+ (Z akij@fj) , @i € Hy' (9,C) anij € (C}

Lk, ke 2t
EZ77 (g) = {N € Eea(9) | p=po+ (Z akij@fj) , pij € H? (9,C) awij € C}

If {X1,.., Xn, X1} is a basis of g € E. 1 (g) the its law u is given by :

i (X,Y) = 10 (V) + (3 anisely) Xy (X,7) € g2

Lemma. The following set-theoretically identity holds

sk £k, ke
Ec1(9) = | ] (ELR - (0) VB (9)
t.k;

The proof is trivial.
Example. For the Lie algebra g7 defined by the brackets
(X1, Xi] =Xi41,2<i<5
[XQ; X3] = X7

we have the decomposition

2.1 3.3 24 245
E.i(g7) =EZ} (97) UEZT (97) UEZ] (g7) UEZT ™ (97)

Remark. Recall that the 2-cocycles 1 € Z*(g,g) of the Chevalley cohomology
can be interpreted as the infinitesimal deformations of the Lie algebra g.

Definition. Let 1) € Z2(g,g) be a cocycle of the Lie algebra g = (C", ). Then
Y is called linearly expandable if the operation

(b+¥) (X,Y) =p(X,Y)+ ¢ (X,Y)
defines a Lie algebra law over C™.

3 The algebra g’

(m,m—1)

In this section we are interested on a certain class of nilpotent Lie algebras,
which are called ”Lie algebras of type Q,”.

Definition. A nilpotent Lie algebra g is called k-abelian if the ideal C*g of the
central descending sequence is abelian and C*~'g is not abelian.
The index k is called abelianity index of the Lie algebra g.



Remark. If p is the nilindex of g, it is trivial to verify that

<2

where [()] is the integer part function.

Definition. A k-abelian nilpotent Lie algebra of nilindex p is called of type Q.
= [8].

The denomination is inspired on the following property of the filiform algebra

Qn :

Proposition. Let g be a naturally graded, n-dimensional filiform Lie algebra.
Then g is k-abelian of mazximal abelianity index if and only

1) dimg = 2m

2) g= Q2m—l-

Remark. Vergne proved in 1966 that a naturally graded filiform Lie algebra
is either isomorphic to L, or Q,, and where the last algebra exists only in
even dimension. As L, is clearly 1-abelian, a k-abelian filiform algebra with
mazximal abelianity indexr must be an isomorphic copy of Qn. This forces the
even dimensionality.

For m > 4 let g‘(lm m—1) be the Lie algebra whose structural equations are

dwl = dWQ =0
de = w1 /\(.Ujfl, 3 Sj S 2m
m .
dwom41 = (—1) wj A wamt1—;
j=2

where {w1,..,wam11} is a basis of ((sz*l)*.

Proposition. For any m > 4 the Lie algebra gzlm m—1) is naturally graded,
(m — 1)-abelian of characteristic sequence (2m — 1,1,1).

Proof. We only observe that the (m — 1)-abelianity is given by the differential
form dwap,41.- O

Notation. Recall that
SN} = {p € N} | nilindex () = p— 1}

Theorem. For m > 4 any naturally graded, central extension of Lomy—1 by C
whose nilindex is (2m — 1) is isomorphic to g‘(lm_mfl).

Proof. We analyze the elements of the set Ef221 (Lam—1) which have the pre-
scribed nilindex.



For t #m — 1 it is immediate to see that the nonexistence of such an extension.
For t = m —1 the cocycles ¢;; defining the extension have to satisfy the relation

i+j=2m+1

The only ones which verify this requirement are the cocycles

. 2m+1
Yjamt+1—j, 2<J < { }

Moreover, if {X1, .., Xom+1} is the dual basis of {w1, ..,wam+1} we have

j 2 1
Xo A Xom—1+ (1) Xj A Xopmi1-; €Q,3<5 < [ m+ ]

Observe that the space %ﬁ‘ gives the presentation

) . 2m +1
<X17 --5X2m+1 | X2 /\X2m71 + (_1)] Xj /\X2m+1,j g 07 3 S J S |: 5 :|>

and the underlying Lie algebra is obviously isomorphic to g‘(lm m—1) for any

m > 4. O
Corollary. For any values (t,k1,..,k-) # (3,2,0,..,0), (r > 1) we have

B () =0

Remark. [t is routine to verify that g‘(1

m,m—

Sq:Tq:@gk

k>q

1 satisfies

where gi, denotes the k' block of the associated graduation of g‘(lm_mfl).

Let {X7, .., Xam+1} denote the dual basis of {w1, .., wam+1} given for g‘(lm_’mfl).

Proposition. The linear mappings ad (X1),..,ad (Xom_1), f, f2, [

F3030 (1 <j < 2m—4), f3m, f2m 1 where

)

fll (Xl) = Xla fll (XQ) = 07
fll (Xl):(l—2)Xz, 3§2§2m,
fl (Xam41) = (2m — 3) Xom 11

f2(X1)=0
f3(X5) =X, 2<i<2m,
f22 (X2m+1) = 2X2m+1



{f12 (X1) = X, fl2 (X2) = Xomt1
{ 77 (X1) = Xomia
{ ST(Xp) = Xpyju1, 1<j<2m—4,2<k<2m—1—j
{f3™(X2) = Xom; £ (Xs) = Xomg

and the undefined images are zero, form a basis of Der (g‘(lm m_l)).

Proof. The listed endomorphisms are clearly derivations of gé(lm,mq)' Their
4

(m,m—1) is naturally graded, a

linear independence is also easy to verify. As g
derivation d decomposes as

d=do+dy + ... +dopm2

where d; € Der (g?m m—l)) and d; (gr) C grpq; for 1 < j <2m—-2, 1<k <
2m — 1. From this decomposition it is not difficult to prove that

do = apfi +agf3 + agfi

di = ajad (X1) + a3ad (X>)

dp, = a,lcad (Xgt1) + ai 5”, 2<k<2m -3

dom—2 = a;m72ad (Xmel) + a§m72f22m + agm72f22m+l + a3m72f12m+1
where a/ € C for 0<i<2m—2, j =1,2,3,4. O
Corollary. For m > 4, dim Der (g‘(*m m_l)) =4m + 1.

Corollary. For m >4, dim H! (g‘("m_’mfl),g‘(*mymil)) = 2m.

4

In particular, we see that for any m > 4 the rank of the Lie algebra B mm—1)

is 2.
Let H? (g‘(*m m_l),g?m m_l)) be the second Chevalley cohomology space.
We consider cocicles ¢ which satisfy the following property :

1. For any X € g‘(lmym_l) such that there exists ¥ € Z (g‘(lm)m_l)) with
Y € gop—1 and Y ¢ imad (X) we have

@ (X 8tmn)) =0

2. 1Y eZ (g4 ) is such that Y € gom_1 then Y ¢ im ().

(m,m—1)

10



We say that the cocycle ¢ satisfies the property (P) and write

22 (g?m,m—l)7g?m,m—l)) = {SD € Z2 (gzlm,m—l)hg?m,m—l)) | ¥ satisfies (P)}

Then, for each k, we obtain the subspaces

{szz (g?m,m—l)’ g?m,m—l))} ’ {FkB2 (g?mvm_l)7 g?m’m_l))} ’

and

{FkHz (gé(lm,mflﬁ gz(im,mfl)) }
Foreachm >4 and 0 <r <2m-—4, 2<k < [%T_T] we define the cocycles

| Xgjorgr M l=km=j 1+E<j<2m+1-k—r
Yk (X1, Xim) = { 0 otherwise
Proposition. For anym > 4, the cocycles 1y, , (O <r<2m-—4,2<k< [%D
form a basis of FOE2 (g‘(lmﬁmil),g‘(lm’mfl)).
Moreover, for any 0 < jo < 2m — 4, a basis of Z\JQO (g‘(lm m71)794(1m m71)> 18
gien by the cocycles Yy, j, (2 <k< [MT*JO])

Proof. Let ¢ € F022 (g4 g‘(lm)m_l)) be a cocycle. Then, for 2 < j <

(m,m—1)’
m—2,0<h<2m—j,1<t<2m—25—h we have
2j+t+h
Y (X, Xjr14n) = Oéjfjtrtﬂt+hX2j+t+h
The cocycle condition § (1) = 0 implies the relations

Q2th R0tttk
Git1+h = ¥ j+14t+h

for2<ji<m-2,0<h<2m-—yj, 1<t<2m—25—h, and

2m—2 _ _2m—1
am—l,m - am—l,m—i—l

2m—1 __ _2m
am—l,m - am—l,m—i—l

2m _ 2m-—2 2m
am,m-{-l - amfl,m - am—l,m+2

Thus the cocycle ¢ can be rewritten as :
m—2
_ 25 2m 2m—2 2m—1
=3 (aj7j+11/}j>0 +ot O‘j,j+1‘/’j72m+lfj) + 0 Ym-1,0 + 0 Vm—1,m +
=2

2m 2m
+ 057n—1,7n1/}m*112 + o‘m,m-ﬁ-lwmao

So the cocycles ¥y, (O <r<2m-4,2<k< [%D constitute a generator

system for FOZ2 (g‘(lm m_l),g‘("m m_l)). Clearly they are linearly independent,
so they form a basis. This proves the first assertion. The second follows imme-

diately. O

11



Corollary. Form >4 and 0 <t <m — 3,

dim Zg (gzlm,m—l)’ g?m,m—l)) =m—1
dim Z22t+1 (gé(lm,mfl)a gé(lm,mfl)) = dim Z22t+2 (gz(lm,mfl)a gé(lm,mfl)) =m-—-t-2

In particular
dim FOE2 (g?m_’m_l),g?m)mfl)) =m?—2m+1

Proposition. For any m > 4, the cohomology class [Yx.r] of the cocycles Py,
(1 <r<2m—4) are nontrivial and linearly independent.

Moreover, Fofp (gé(lm,mq)v gé(lm,mq)) s a (m2 —3m + 2) -dimensional  sub-
space of FoH? (88110 1)>8tmm-1))-

Proof. From the basis obtained in the previous proposition it follows easily that

FyB? (g?m,m—l)vg?m,m_1)> = {¢Yr0]2 <k <m}. Observe in particular that

most coboundaries have been previously excluded from the cohomology space

FyZ? (g?m,m—1)vg?m,m—1)) by property (P). O

Corollary. For any 1 <r <2m —4 the cocycles Vi, (2 <k< [MT*T]) form
: 72 (44 4

a basis of H (g(m_’mfl),g(m)mfl)).

Proof. Follows from the previous result, as for r > 1

HT2 (g?m,m—l)7g?m,m—l)) = Zf (g?m,m—l)7g?m,m—l))
O
Proposition. For k > 1, any coycle iy, € ﬁ,f (gzlm m_l),g?m m_l)) which sat-

isfies Yy (Clg‘(lm)mfl),clg‘(lm)mfl)) = 0 s linearly expandable if and only if
v = )\1/)21]@, PNS C\{O}
Moreover g?m)m_l) + Mo =~ gt + ok for any A # 0.

(m,m—1)

Theorem. Let ¢ € ﬁ,f (g‘(lmymfl),g‘(lm_’mflo by a linearly expandable cocy-

cle which satisfies 1y, (Clg‘(lm_’mfl),Clg‘(lm_’mflo = 0. Then the deformation
4

B mm—1) + 1y is isomorphic to the nilradical of a solvable, complete Lie algebra
té(l;: m—1) of dimension 2m+ 2. Moreover, if k =2m —5 or k = 2m — 4,then the
Lie algebra tz(l;:mil) is rigid.

12



Proof. We have seen that the rank of the algebra g‘(lm m_1y 18 2 for any m > 4.
From the previous proposition we know that ¢, = Ao for A # 0. Without

loss of generality we can take A = 1. Let f € Der (gzlm m—1) T 1/)2,1@) such that

2m-—+2
F(X)= Y fiX;,1<t<2m+2

j=1
The cocycle 15 implies in particular

Yo (Xo, Xj) = Xiyjyk, 3<j<2m—1-k
Taking the relation [f (X2), X3] + [Xo, f (X3)] = f (X44k), we obtain

f5=0+k)f

4
(m,m—1

This proves that the deformation g
4.k

t(m,mbfl)
basis {w1, .., wam1,0} are

y + 1o, has rank one. Now let

be the solvable Lie algebra whose Cartan-Maurer equations on the

dwi = 0 N\ wq
dws = (k+1)0 Aws
dwj=w1 Awj1+(k+j—-1)0Aw;, 3<j<3+k
Awitpt; = w1 Awagpt; +wa Awsyj +(k+5+7)0 Awagpts, 0<j<2m—4—k

dwamt1 = Z (—1)(41]‘ N Womt1—j + (2k +2m — 1) 0 A Wam+1
j=2
dd =0

It is immediate to verify that this Lie algebra is solvable and complete. If
k =2m —5or 2m — 4 the algebra is moreover ( see [1] for a standard proof ).

As we have té(l;:f m—1) = (g?m m—1) T Va1 ) @, its nilradical is clearly isomorphic
to g?mym_l) + Yo k. O

Remark. The previous proposition provides us with a correspondence ( k =
2m—4, k=2m—-5)

1. A2 (g?m7m—1)7g?m,m—l)> _, g2m+1

between the cohomology class of the cocycle 2 1 and the (2m + 1)-uples
(1,k+1,...,2k 4+ 2m — 1), where this sequence gives the weight distribution of

the eigenvalues of the action of the torus t over g‘(lm m—1) T Vo k.
Let ¢ € FyH? (gzlm m_l),g‘(‘m m—l)) be a cocycle. Then this cocycle is ex-

pressible as

Y=9P1+ .+, P € ﬁzz (g?m,m—l)’g?m,m—l))

13



If r is the greatest integer such that 1, # 0, then we call v, the sill cocycle
of 9.
Lemma. For any cocycle i € FllE_\I2 (g‘(lmm_l),g?mym_l)) the sill cocycle 1,
(1 <r <2m—4) is linearly expandable.
Remark. This fact is already known for the deformations of the filiform Lie
algebra L,, [21]. For this model the property is preserved, as it is a central

extension of the last algebra. The Lie algebra gzlm m—1) T Yy, where 1, is the
sill cocycle, is usually called sill algebra.

(m,m—1)’

Theorem. Let1) € Flfp (g4 g‘(lm_’mfl)> be a linearly expandable cocycle

such that the sill cocycle v, satisfies

1)r<2m-5

2) Q/JT (Clgz(lm,mfl)’ Clgé(lm,mfl)) =0.

If there exists a component v, of ¢ such that jo < r — 1 and satisfying
Yjo (Clg‘(lmymfl),Clg‘(lm_’mflo # 0, then the Lie algebra gé(lm,mq) + 1 is char-
acteristically nilpotent.

Proof. As the sill cocycle is itself linearly expandable, we know from previous re-

sults that the algebra (g?m m—1) T 1/)r) hasrank one. If f € Der (g4 4 1/;)7

(m,m—1)

of f satisfy the

it is easy to verify that the entries of the matrix (f;)KZ_ i<2mi1

relations

fi=02<i<j<2m+1

fle(fi, f3)e, 3<i<2m+1
Thus the sill cocycle implies

fF=0+1h
Now let v, the summand of v that satisfies 1}, (C’lg?m)m_l), C’lg?m)m_l)) #£0.
Then there exists an s > 4 such that
Vo (X3, Xs) = A3s X14s4jo
From this equation we obtain
(s—Dfi+2f3=0+s+jo—2)fi +f3
so that
f3=jofi

and as jo <7 — 1 we have f{ = f2 = 0. It is not difficult to see that the other
summands of ¢ do not affect these relations. It follows that the matrix of f is
strictly upper triangular, thus the derivation f is nilpotent and (g?m)m_l) + 1/))

is characteristically nilpotent. O
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Corollary. For anym >4 and k>3, 1 <s<r—1<2m — 6 the Lie algebra

gzl1n,7n—1) + O”vDQ,T + 61/}]6,85 Q, 6 eC- {O}

18 characteristically nilpotent.

4

4 Extensions of B mm—1)

In this last section we study how the previous deformations are compatible
with central extensions of g‘(lmym_l) by C. We will obtain, for any m > 4,
characteristically nilpotent Lie algebras of characteristic sequence (2m — 1,2, 1)
in dimension 2m + 2.

For m > 4 let us define the Lie algebras g?;i_mfl) whose Cartan-Maurer

equations are

dwl = dWQ =0
dwj =w1 ANwj-1, 3<7<2m
m .
dwomi1 = Z (—1) wj Awamtr—j
j=2

dwom 2 = w1 Awamy1 + Z (1) (m+1 - j)w; Awamta—;
=2

Remark. [t is clear that these algebras have characteristic sequence (2m — 1,2, 1)
for any m > 4 and that they are (m — 1)-abelian. The only property which got
lost by the extension is the natural graduation.

Moreover, let 15 ;. be the prolongation by zeros of 92, i.e.,

Bor = Yok (X1, Xom) if 1<l,m<2m+1
B 0 if l=2m+2o0orm=2m+2
Proposition. The cocycle 1?)21,6 € H? (g‘(*;i m71)79?;i_m,1)
able if and only if k = 2m — 5 or k = 2m — 4.

) is linearly expand-

Proof. The only manner in which the differential form dway, 42 is closed is that

the cocycle 9, only affects the differential form dws, adding the exterior
product wg A ws or changing the differential forms dwo,,—1, dws,, by adding,
respectively, the exterior products wo A ws and wg Awy. This corresponds to the
indexes k =2m — 4 and k = 2m — 5. O

Remark. Observe that the prolongation by zeros of a cocycle will be linearly
expandable in the extension if it is compatible with the adjoined differential form
dwam+2. This result can be easily generalized for prolongations of cocycles 1y i,
for arbitrary t > 3, but we are only considering the cocicles for which t = 2.
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The two next theorems are direct consecuences of the results of the previous
sections :

4,1,2m—>5

Theorem. Form > 4 let v "~

equations are

be the Lie algebra whose Cartan-Maurer

dwi = 0 N\ ws

dws = (2m — 4) 0 A wo

dwj =w1 Awj_1+2m—6+j7)0 Awj, 3<j<2m—2
dworm—1 = w1 Nwam—2 +wa Aws + (dm — 7) 0 A wam—1

dworm, = w1 A Woym—1 +wa A wyg + (4m—6)6‘/\w2m

m

dwom+1 = Z (—1)j wj NWomt1—5 + (Gm — 11) 0N Wam4+1
j=2

dwam+o = w1 A wam+1 + Z (—1)j (m +1-— ]) wj Nwamta—j + (6m - 10) 0N Wam4-2
j=2
dg =0
This algebra is solvable, decomposable and rigid. Moreover, its nilradical is

isomorphic to gz(l;?ll m—1) T 122727”_5.
Theorem. For m > 4 the Lie algebra ey (gzlm m—1) + 1/)2,2m,4) defined by

dwlzd(Ug:O
dwj:wl/\wj,l, 3§j§2m—1

dWQm = W1 AN wWom—1 + wo /\(.U'g,

m

dwamt1 = Z (—1) wj A wamt1—;
=2

m
dw2m+2 =wi A Wam+1 + Z (—1)J (m +1-— j) wj A Wom+42—j
j=2

is characteristically nilpotent. Moreover, its characteristic sequence is (2m —1,2,1).
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