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The Artin-Lang property for normal real
analytic surfaces

By Carlos Andradas, Antonio Diaz-Cano and Jesus M. Ruiz at Madrid

Abstract. We solve the 17th Hilbert Problem and prove the Artin-Lang property
for normal real analytic surfaces. Then we deduce that the absolute (resp. relative) holo-
morphy ring of such a surface consists of all bounded (resp. locally bounded) meromorphic
functions.

Introduction and main results

Let X be an (affine) real analytic surface, that is, a real analytic set of dimension
2 defined in some open set Q < R”"; this n we call the embedding dimension of X. The sheaf
of germs of analytic functions on Q is denoted by (', and its global sections are the global
analytic functions on Q, which form the ring ((Q). Contrarily to the complex case, the
sheaf #y of germs of analytic functions vanishing on X need not be coherent.

However, it is so if the surface is normal, which we assume henceforth. The surface X
is equiped with the (restriction of the) coherent sheaf Oy = O/ #y. The global sections of
the sheaf Oy are the global analytic functions on X, and form the ring O(X) = 0(Q)/ #(X).
In case X is irreducible #(X) is a prime ideal, and ¢(X) is a domain. In general, X
decomposes into a locally finite collection of irreducible components X;. Since a normal
surface is locally irreducible, its irreducible components are its connected components, and
consequently (X)) is the product of all ¢(X;)’s.

The sheaf .#x of meromorphic functions of X is defined by its stalks: .#y . is the
total ring of fractions of Oy . Since X is coherent, the ring of global sections of .#y is the
total ring of fractions .Z(X) of O(X); that is the ring of meromorphic functions on X. If X is
irreducible, .Z(X) is the quotient field of the domain ((X). In the general case .#(X) is
the product of the fields of meromorphic functions .#(X;) of the irreducible components
X;of X.

The goal of this paper is to solve several problems concerning meromorphic functions
on the normal surface X. Namely, we will first prove:
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100 Andradas, Diaz-Cano and Ruiz, Artin-Lang property

Theorem 1 (17th Hilbert Problem). Every non-negative meromorphic function on X is
a sum of p squares of meromorphic functions, where p is a positive integer that depends solely
on the embedding dimension of X.

The second half of this statement is quantitative in nature, and amounts to say
that the Pythagoras number of #(X) is finite, bounded by a function of the embedding
dimension. The first half is qualitative, and through Artin-Schreier theory means that a
meromorphic function on X is positive somewhere if and only if it is positive in every
ordering of .Z(X). Actually, we will get more:

Theorem 2 (Artin-Lang Property). The condition for finitely many meromorphic
functions on X to be positive at some point of X is that they are positive in some ordering of
M(X).

Secondly, we will consider two different types of meromorphic functions, in connec-
tion with the so-called holomorphy rings of X. Let us suppose X is irreducible, so that
M (X) is a field. Then, the absolute holomorphy ring #(X) is the intersection of all real
valuation rings of .#(X), and the relative holomorphy ring #'(X) is the intersection of
those that contain ((X). Clearly #(X) = #'(X), and in some way the two rings are
extremal. Both rings are Priifer rings and are related to the study of sum of squares and
other important questions ([3]). We will prove the following:

Theorem 3. (a) The absolute holomorphy ring #(X) < M (X) is the ring of bounded
meromorphic functions of M (X).

(b) The relative holomorphy ring #'(X) < 4 (X) is the ring of locally bounded
meromorphic functions of M (X).

Of course both holomorphy rings coincide if X is compact. In this case the result
was already known, and the Krull dimension of the holomorphy ring is the dimension of X
(see [1]). Here we will see that if X is not compact both holomorphy rings have infinite Krull
dimension, by exhibiting infinite rank real valuations.

All these questions have an old history: the local case (germs) was settled back in
1974 by Risler, and the global case for compact X by Ruiz and Jaworski independently
in 1985; also in the compact case, holomorphy rings were described in 1999 by Abanades-
Joglar-Ruiz. Some refinements under milder compactness assumptions are due to Castilla
and Jaworski in 1991. Without compactness, the problems are solved for non-singular
curves and non singular surfaces in several papers by Jaworski, Andradas-Becker and
Castilla from 1982 till 2000. The reader can find more details of this progress in [2], Notes
to Ch. VIII.

We stress that here we deal with a normal surface X, possibly singular, possibly non
compact. The restriction to the normal case is usually solved by normalization. However
this has some difficulties in the real analytic case. Of course, one has to deal with coherent
surfaces to get a birational surjective normalization, but the crucial difficulty here refers to
embeddings: the normalization of an affine surface may not be affine again. Thus, our
results in this paper extend readily via normalization to every coherent real analytic surface
X whose normalization X' is affine, which happens when the local embedding dimension of
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Andradas, Diaz-Cano and Ruiz, Artin-Lang property 101

X' is bounded. This holds true if: (i) the singularities of X have bounded multiplicities, (ii)
X' has finitely many singularities, or (iii) X is algebraic.

We further remark that the union of all dimension 1 components of X is a non sin-
gular curve, on which every non negative analytic function is a sum of two squares ([8]).
This means that we can forget this one-dimensional part and suppose the normal surface
has dimension 2 everywhere, that is, it is a pure surface. However, we do not assume our
surface is irreducible. In fact, the case when X has infinitely many components will be
important to bound the Pythagoras number.

Part of this paper was written during a stay of the second author at the Institute
de Recherche Mathematique de Rennes, a research place all of us have had the occasion
to enjoy. We thank Prof. M. Coste and the Institute for a warm welcoming and a fruitful
atmosphere.

1. Multiplicities along an irreducible curve
Let X < Q < R" be a normal pure surface. Let ¥ < X be an irreducible curve.

For every function f € O(X) we define its multiplicity my(f) along Y as follows. Fix
a point x € Y'\Sing(X) (always possible as Sing(X) is discrete). Since Oy . is a unique fac-
torization domain, the ideal ¢y, is principal, say #y . = h.Oy ., and we have f, = vh¥
for some vy € Oy ,\ #y . and some integer o, = 0. This integer a, is to be the multiplicity
my(f). Let us show that this definition is consistent.

Firstly, o, does not depend on the generator: assume f, = 141ng"’ for another gener-
ator g, and wy € Oy \\ Zy .. If, say, a, < f,, we get hy = u.g, for a unit u, of Oy ,, and
wng‘ = vy (uygy)™, so that

Wngxia"’ = Uxu_i('\ ¢ fY,,w

which means f, — a, = 0.

Secondly, « is constant on some (local) branch of Y. Indeed, for y close to x we have
Jy = vyh)* and hy is a generator of 7y . (curves are coherent). Furthermore, since vy ¢ 7y |,
v cannot vanish on all branches of Yy, so that v(y) % 0 for y close to x in that branch. We
conclude o, = a,.

Next, we claim:

There exists a global analytic function g € O(X) which vanishes on Y and whose germ
at x generates Jy . for all x € Y off a discrete set D < Y.

Indeed, choose any regular point a of Y off Sing(X). By Cartan’s Theorem A,
the ideal 7y, is generated by a finite number of global functions fi, ..., f. € O(X) which
vanish on Y, and at least one of the germs f; , does not belong to jﬁa, say this is true
for i = 1. Then we put g = fi, so that g, = v,h, with v, ¢ Iv.a AS above, we see that a is

isolated in Y n {v = 0}, hence g, generates #y . for all x € Y\{a} close enough to a. Now,
consider the coherent sheaf of ideals

jx‘:(gx(o)(,x:f}’,x)7 -XEXa
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102 Andradas, Diaz-Cano and Ruiz, Artin-Lang property

and notice that .4, = (Ox , if and only if g, generates #y .. In this situation, the support
supp(CUy/.f) = {x € X : g, does not generate 7y}

is a closed analytic set Y’ and does not contain Y. As Y is irreducible, D=Y nY'is a
discrete set. So g, generates #y . for all x € Y\D, and the claim is proved.

After this, we come back to the definition of my(f). We fix a regular point a of Y off
Sing(X) U D. We have f, = v,g} with v, ¢ #y,. Again, v, is a unit for a # x € Y\ D close
to a and consequently

Ox = Oy, g;” X fx’q)oc(“

Now, we consider the coherent sheaf of ideals .# of Oy given by

Je= (g5 )0 (feigy), xeX.

The support
supp(Ux/f) = {x € X : g2 ¥ fx orfi ¥ g}

is an analytic set Y” that does not contain Y, hence D' = Y”" n Y is discrete, and we
deduce that o, = o, for every x € Y off Sing(X) u D u D’. The conclusion follows from this
and the fact that for every x, o is constant on some branch of Y.

Remarks 1.1. (1) The preceding arguments show that: If my(f) = «, there is a dis-
crete set E such that f./g% is a unit for x € Y\E.

(2) From the preceding remark, we see that my(f) is odd if and only if f changes
sign at every point of Y. In that case, we will simply say that f changes sign at Y.

(3) The function g we have constructed vanishes on Y, but can, and sometimes
must, have additional zeros. The usual example is a nontrivial circle Y in a torus X: since
Y does not disconnect X, no function with zero set Y can change sign. For a less imme-
diate example, consider the cone X < R*: x2+y2 =z2and the line Y <« X:z=1x, y =0,
which disconnects X. We have for instance g = y, but this g vanishes also on the line
z=—x, y=0. Even we can find another function not vanishing on this second line, as
g =y+(z- x)2 , but then some other additional zeros appear.

However, we can always modify ¢ to avoid any prescribed curve Y’ which meets Y
at isolated points. Indeed, if 7 € O(X) and f € O(X) have zero sets Y and Y’ respectively,
then the function § = fg + A has the same properties as g and does not vanish on Y'\Y.

(4) Put in algebraic form, we have proved that the localization ¢(X), at the prime
ideal p = #(Y) is a discrete valuation ring, with uniformizer g, and my is exactly the
valuation associated to it. Note that this is a real valuation, since its residue field is the
quotient field of @(X)/p, which is the field of meromorphic functions of Y.
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(5) Of course, we can define the multiplicity of a meromorphic function h = f /g by
my (h) = my(f) —my(g).

(6) Fixed any integer o = 0 there is a global analytic function f with multiplicity o
along Y. With the notations above, take f = g”.

2. Functions with prescribed multiplicities

Let us fix the normal pure surface X as before, and consider an analytic curve
Y < X without isolated points, whose irreducible components are denoted Y; (i € I). Fix
a sequence of integers m; = 0 (i € I). We discuss here the problem of finding an analytic
function f € O(X) with multiplicity m; along Y; (i € I).

Proposition 2.1.  Suppose that all m;’s are even. Then there is h € O(X) which is a sum
of squares such that my,(h) = m; and % (h) = |J Y.

m;>0

Proof:  Choose for each i € I a uniformizer g; of the valuation my, which does not
vanish on any Y;, j + i (Remarks 1.1 (3)), and a sum of squares 4; which is an equation for
Y:. Set m; = 2n; and consider the sheaf of ideals given by

fx:( g T1 h:?zc),

i|xeY; i|xeY;

for x € X. To see this sheaf .# is well defined and coherent, one takes a neighborhood U
of a € X such that all Y;’s that meet U pass through a, and checks that .# is generated in U
by the two functions [] ¢;”, [[ A/". This also implies that the sheaf is globally generated

aeY; aeY;

by finitely many global sections fi,...,f, (see [6]). Now, let h=f2+---+f2, so that

Z(h) = |J Yi. We also know that for any x € ¥;\ |J Y; off a suitable discrete set, the germ
n;>0 JFi
gi,x generates ¢y . and consequently

(gz”’x> =J = (fl,x; s afr,x)-

Thus, by the properties of valuations,
my,(fz) 2 m = min my,(fe),
and so n; = mkin my,( fx). Since my, is a real valuation, we conclude

my,.(h):2mkin I’I/lyi(fk) 227’11‘. O

Next, we consider the case where all multiplicities are 1:

Lemma 2.2. There is a function g € O(X) such that my,(g) =1 for all i € I. In par-
ticular, g changes sign at all Y;’s.
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104 Andradas, Diaz-Cano and Ruiz, Artin-Lang property

Proof. We define the coherent sheaf of ideals .# as in the proof of Proposition 2.1,
here with all exponents n; = 1, and find global sections fi, ..., f, that generate .#. In par-
ticular, all the f;’s vanish on Y. For each k = 1,...,r, we consider the set ;. of the indices
i € I such that f; is the first function with multiplicity 1 along Y;:

my,(f1) > 1,....my(fic1) > 1, my(fi) =1

We notice that the I;’s are a partition of 1. Now, set Z, = |J Y, choose an equation /i
iEIk
of Z; which is a sum of squares, and define gx = fi + /. Since my, is a valuation, we have

my,(gx) = min{my,(fx),my,(hc)}

with equality if the multiplicities of f; and A are distinct. Since the valuation is
real, my,(hy) is an even number, and we see that my,(gx) = 1 if Y; < Z;, and my,(gx) =0
otherwise. But Y; is contained in a unique Z;, and we conclude that the product g; - - g,
has multiplicity 1 along Y;. Thus g = g; - - - g, is the function we were looking for. []

Finally, we turn to the general result:
Proposition 2.3. There is f € O(X) such that my,(f) =m; for all i € I.

Proof. We write m; = 2n; or m; = 2n; + 1 according to the parity. By 2.1, there is

a sum of squares /1 € O(X) such that my,(h) = 2n; for all ie I, and Z(h) = |J Yi. By 2.2,
n;>0

there is g € O(X) with my,(g) = 1 when m; is odd. Also, we take a sum of squares e which is

an equation of the analytic curve Y’ consisting of the Y;’s with odd m; and the Y;’s on

which g does not vanish. With this choice, f = /(g + ) is the function we sought. Indeed,
th(f) = in(h) + me(g + 8),

and an easy discussion of cases shows that my,(g +¢) =0 or 1, according to the parity
of m;. O

3. The 17th Hilbert problem

In this section we solve the 17th Hilbert problem in a technical form that will be
essential to deduce later the Artin-Lang property.

Let X < Q = R” be a normal pure surface. Let ' € (/(X) be an analytic function and
Z its zero set. For each irreducible component Y of dimension 1 of Z the valuation my
gives multiplicities along Y. In particular, f* changes sign along Y if and only if my(f) is
odd, and the union of the Y’s for which this is the case is denoted Z°. In addition, /" may
change sign at some of its isolated zeros, and these are collected in a discrete set denoted
by D°.

The important fact is the following:
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Andradas, Diaz-Cano and Ruiz, Artin-Lang property 105
Proposition 3.1.  There is an analytic function f € O(X) such that:

(a) The zero set of fis Z°0 DY and f generates the sheaf of ideals o0 off a discrete
set.

(b) R2f = (h} +---+ W) f, with hg,..., h € O(X); moreover, the zero set of hy is
discrete.

In particular, f and f change sign at the same points and f changes sign at every zero.

Proof. We can suppose that X is closed in R”, after embedding Q as a closed sub-
manifold of a bigger affine space (Grauert’s theorem); this guarantees that discrete sets in X
are also discrete in R", a detail that will be crucial later. Now, by 2.1, with a suitable choice
of even multiplicities along the irreducible components of Z, we can find a sum of squares
of analytic functions, /, such that off a discrete set {x; : i € I} the meromorphic function
f/h is analytic, generates #,, and its zero set is Z°. This is close to the f we seek, but not
it yet and some modifications must be made.

To start with, consider the coherent sheaf (4 : ). This sheaf is generated in a neigh-
borhood of each x; by finitely many sections Jy, ...,0,. By the standard sum of squares
trick, fy,/hy, = gx, /9, for 6 = 3267 and some g,,. Furthermore, x; is an isolated zero of J.

k

For, suppose there is x = x; arbitrarily close to x; with d(x) = 0. Then, all J;’s vanish at x,
and since the ideal (A, : fy) is generated by them, it contains no unit. This means that £ /A,
is not analytic, a contradiction. Adding the square of an equation of X,,, we can extend Jy,
to a sum of squares of analytic germs in R} that vanishes only at x;: call 4, that extension.
The ideals .7, = (0,) glue to define a locally free coherent sheaf of ideals .# of (s, whose
zero set is {x; :ieI}. Since H'(R",7;,) = 0, all locally free sheaves are free, and .# has
a global generator A; this means that each germ A,, /5x,, is a unit. This A is a non-negative
analytic function on R” with zeros the x;’s, and f’ = Af/h is analytic. By [4], Th. 1 and its
proof, A is a sum of squares

A=(g1/90)+ -+ (95/90)°,

where each g; is an analytic function and the zeros of gy are again the x;’s. Since A has
discrete zero set, f’ and f/h have the same properties off a discrete set. Furthermore, we
have

g*f = gdghf', where g = g7 +---+ g2 has discrete zero set.

Thus, we are left with the condition that the zero set of f/ be Z° U D°. In fact, since X is
pure dimensional, the above formula shows that f’ changes sign at a point x if and only
if so does f, hence the zero set of f’ contains Z° U D°, and we have to discard a discrete
set of points {y; : j € J} at which f” vanishes but does not change sign. This requires some
additional manipulations.

First, by the 17th Hilbert problem for germs ([2], VIIL.5.8), we find a sum of squares
Ay, € Oy, which vanishes only at y; such that &4, f/ is a sum of squares (with & = +£1).
Let Zy. be a sum of squares in R; which vanishes only at y; and extends 7,,. As we did
j 'j j
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106 Andradas, Diaz-Cano and Ruiz, Artin-Lang property

before for A, now we find a non-negative analytic function A on R” with discrete zero set
{y; : je€J}, hence a sum of squares of meromorphic function germs whose denominators
do not vanish off {y; : j € J}, and such that each quotient A, /4, is a unit. By these con-
ditions, we can replace /' by f* = Af’ and have f =7y y’/_ = Uy Ay, f}’/ , where u,, is a unit.
Hence fyf is a sum of squares of analytic germs, and as we found A and A above, we now
find a non-negative analytic function # of R” which does not vanish off {y; : j € J} and
such that each quotient 1y, / fyj‘ is a unit; furthermore, # is a sum of squares of meromorphic
functions with denominators vanishing only at the y;’s. Finally, we can replace f* by
S =/"/n, and this f is analytic and the y;’s have been discarded from its zero set. The
proof is thus complete. []

To justify our former assertion that the preceding result is a solution to the 17th
Hilbert problem, we deduce the qualitative part of the 17th Hilbert problem:

Corollary 3.2. Let X be a normal surface. Then, every non-negative analytic function
f on X is a sum squares of meromorphic functions.

Proof. As was explained in the introduction, we can assume X is pure. Then, we
apply 3.1 to f, and notice that f* does not vanish, because f does not change sign any-
where. It follows f is >0 and a square. We are done. []

For the quantitative part we have:

Corollary 3.3. Let X be a normal surface. Then, the Pythagoras number of M (X) has
an upper bound p(n) that depends solely on the embedding dimension n of X.

Proof.  Suppose that there is a sequence of normal surfaces X; < Q; < R" whose
rings of meromorphic functions have Pythagoras numbers p; — oo. Pick any family of
open balls D; whose closures do not meet; since R” is analytically diffeomorphic to the
open ball of radius 1, we may assume that Q; < D;. By hypothesis, in every Q, there is an
analytic function Fj whose restriction f; to X is non-negative and cannot be represented

as a sum of less than p; squares of meromorphic functions on X;. Now, X = J X is a
k
normal surface in Q = | Q; < R”, and the F}’s define an analytic function F in Q whose
k
restriction to X is non-negative. By the qualitative result 3.2, f is a sum of squares of

meromorphic functions, say of p squares, which by restriction to every Xj give a repre-
sentation of f; as a sum of p squares of meromorphic functions. But then p = p;. for all
k, which is a contradiction. []

4. The Artin-Lang property

Clearly, it is enough to prove Theorem 2 of the introduction for an irreducible normal
surface X.

Proof. Suppose that fi,..., f, € O(X) are positive at some point x € X. Then, the
fi’s are positive in any ordering centered at x. This is the easy implication. For the con-
verse, let us suppose that the set f; > 0,..., f, > 0 is empty. We claim:
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The closed semianalytic set T defined by fl =0,... ,fr =0, ﬁfz =0,... ,m =0
is discrete.

To show this, we first note that by the construction of free square functions,
f1 >0,. f, > 0 must be empty as fl >0,..., f; > 0is, and consequently, T is contained
in the union of the zero sets of the f s. Here we notice the reason to consider the f Ji's:
if both f; and f; change sign along an irreducible curve Y, then so do f and jj, but not
their product, so that f;f; does not vanish on Y. Now suppose 7" has dimension 1. Then,
moving along a 1-dimensional branch of T', we can find an open set B such that:

(i) Bis contained in the regular locus of X.

(i) BN T is a smooth connected curve, that decomposes B in two connected com-
ponents U and V.

(ii) For each g = fN, or f;}/j-, B {g = 0} is either a smooth curve or empty.

After this preparation, since f; > 0,..., f, > 0 is empty, there must be some f; that
vanishes exactly on B T, hence changes sign, say it is >0 on U and <0 on V. But then
again some other fj must vanish on BN T and be <0 on U, >0 on V. Hence f /; does
not vanish on BN T, and is <0 on B. But f /i is 20 on T, a contradiction. This completes
the proof of the claim.

Now, by Grauert’s embedding theorem, we can suppose X embedded in R" with
a global analytic equation H, and that F;, Fj; are analytic extensions of f;, fif; to R". Let
T = {ax : k = 1} and for each k we p1ck an open set Uy with Uy N T = {ax}. We consider
the quadratic polynomial Oy = ||x — ax||%, so that

U " {F; 2 0,F; 20,H =0,0 + 0} = 0.

Hence, by the Positivstellensatz for analytic germs ([2], VIIL.5.6), after shrinking U; we
find analytic functions Ay, ,, Gx on Uy such that

—OP = Y A E - EYRY - EY )+ G,

where the A4y ,’s are sums of squares and the exponents v;, v; are either 0 or 1. Next, using
Cartan’s Theorem B, we find global analytic functions B,, G on R” such that for every k it
holds

B, = Ar, + 0" mod mp and G =G, modm**

where my is the maximal ideal of the point g, (in the stalk Or» , ). We now consider the
following analytic function on R”:

P=Y B,F"---F"F...F" " + GH.

We have, maybe after shrinking the Uy’s,
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108 Andradas, Diaz-Cano and Ruiz, Artin-Lang property

(i) P =<0o0n U= Uy, because at each a; the initial form of P is fQ,E‘“’ , and
k

(i) each B, is =0 on U and ay is an isolated zero of B,. Indeed, near a; we have
B, = Ak7 y + D, with
Dv = leS/le mOd miSkJr?&’
2Sk+1

whence the initial form of D, is Q;”*"", which implies that D, is non-negative and ay is an
isolated zero of D,. Since Ay, is a sum of squares the assertion follows.

Finally, we consider the restriction to X

p = Zb‘,fl\q .. .ﬁVr 1 21’12 .. 'fr—lfrv';“,
v

where p = P|X, and b, = B,|X for every v.

After this preamble, suppose there is some ordering o of the field .#(X) such
that fi(«) > 0 for all i’s. By construction of the free square functions, we have f;(o) > 0,
fifi(2) > 0 for all i, j’s. Clearly, we only need to prove

p(@) <0, by(x) >0,
to get a contradiction. But this comes from the following lemma:

Let /y,...,hy € O(X) be positive in an ordering o of .#(X). If ge O(X) is =20 on
some neighborhood of {#; =0, ..., ks = 0}, then g is positive in .

We take a free square function §. By the construction of this function, g is >0 on
{hM =0,...,h =0}, and from [2], VII1.4.7-4.8 we see that g is positive in . Hence g is
positive too. []

5. Holomorphy rings

Now that we have solved the 17th Hilbert problem and obtained the Artin-Lang
property, we can deduce the direct description of the holomorphy rings in Theorem 3 of
the introduction. Again, we only have to prove it for an irreducible normal real analytic
surface X.

Proposition 5.1.  The absolute holomorphy ring # (X) is the ring of all meromorphic
Sfunctions bounded on X.

Proof.  Suppose a meromorphic function f/g is not bounded on X: for every integer
k =1 there is a point x; € X such that g(x;) = 0 and f(xx)?/g(xx)* > k. Since we can
center a total ordering of the field .#(X) at every xi, the constructible set T} defined in the
real spectrum of .#Z(X) by the condition f? > kg* is not empty. But that real spectrum is

compact, and Ty > Ty, so that (T #+ 0. If o is a total ordering in that intersection,
k
we have f2/g* > k in o for every k, and the convex hull of R in .#(X) with respect to « is
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a real valuation ring that does not contain f/g. Conversely, if f2/g> <k on X for some
k =1, then kg> — f? = 0 on X, and by Hilbert’s 17th problem (3.2), kg> — f? = 0 is a sum
of squares in .Z(X). Hence kg> — f* = 0 is positive in all orderings of .#(X), that is, f2/g>
is bounded by k in all of them. Now if V' is a real valuation ring, it is convex with respect
to some ordering, and contains k, hence contains f2/g?. We are done. []

Similarly, we have:

Proposition 5.2.  The relative holomorphy ring #'(X) is the ring of all meromorphic
Sfunctions locally bounded on X.

Proof.  Let f/g be a meromorphic function which is not locally bounded on X there
is a point xo € X and a sequence x; € X convergent to x( such that f (xk)2 /g(x;()2 > k.
Now we work with germs at xo. The set germ {f? — kg> = 0} contains the sequence x, for
/ = k, hence it is not empty. By the properties of semianalytic germs ([2], VIII.2.11) the
constructible set T defined by the condition f? — kg? >0 in the real spectrum of the
ring ()(X,,) contains prime cones o of dimension 2. Again by the compactnes of the real
spectrum, we deduce that there is such an o that makes f2> — kg? = 0 for all k > 1, that
is f2/g*> = k for all k = 1. Let p = Oy, = O(Xy,) be the support of «, so that we get an
inclusion O(X) < O(X,,)/p, and o induces a total ordering in .#(X). Finally, the convex
hull of R with respect to that total ordering is a real valuation that specializes to x(, but
does not contain the function f'/g.

Conversely, suppose f'/g is locally bounded, and let 7 be a real valuation that con-
tains ((X). We pick an ordering « of .#(X) compatible with V. Next we can suppose that
X < R" and n is the embedding dimension, so that X is not contained in any hyperplane
H < R"; as X is irreducible, this means that dim(H n X) < 1. Next, we consider the fol-
lowing global semianalytic sets:

Zs < R":hy 1 =0oysin(x) >0,...,h,, = 0a,sin(x,) >0,

where o = (a1,...,0,) is any choice of signs +1. Clearly, each Z, is a discrete union of
open polycylinders whose closures are disjoint, and 7 = R"\ |J Z, is a discrete union of

hyperplanes. By the remark above on the embedding dimension, we find that X n 7 has
dimension <1, and no /4, ; vanishes on X. Thus, for a unique o, the functions /. 1, ..., A »
are positive in «. Now, the semianalytic set S = X n Z, is a countable union of open sets
S with disjoint compact closures. Then, since f/g is locally bounded, it is bounded on
each Sy, say by A;. Next, we produce a continuous function L which is =24, on Sk, and by
approximation, an analytic function M € O(X) which is > J; on Sy. If M — f?/g? is neg-
ative in o, by the Artin-Lang property the set S N {g’M — f? < 0} would not be empty,
against the construction. If M =f2/g?, then f2/g*> € O(X) < V. Finally, if M — (/g% is
positive in «, since M € ¢(X) = V and V is convex with respect to o, f2/g> € V. In any
case, since V' is integrally closed, f/g € V', and we are done. []

The dimension of holomorphy rings. Suppose X is not compact. Let Y — X be a real
irreducible curve. We choose in Y a discrete infinite sequence of regular points (a,) of X,
and through each a, another irreducible curve X, < X. This can be done to have at each
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a, local coordinates (x,, y,) of X whose zero set germs x, = 0 and y, = 0 are, respectively,
X, and Y. Now we define a total ordering « using any fixed ultrafilter A of natural numbers
which does not contain finite sets: an analytic function f is positive in « if there is L € A
such that for every 7 € L we have an expansion

S(xe,y0) = () +--)xp + - € R{xy, yr}

with ¢, > 0. Notice that the norm ||x|® is bigger than any real number in this order-
ing. Once o is defined, consider the convex hulls W of Rin .#Z(X) and V of O(X) in ./ (X).
These are two real valuation rings of .#(X) compatible with o: W is minimal and V' is
minimal containing O(X).

(i) Construction of an infinite chain between W and V. For every d = 1 denote by
exp, the d-th iteration of the exponential function, and consider the ring W, consisting
of all 4 € V such that a bound of the form

h(x)| < cexpy(||x]|*), ¢ >0,N integer = 1,

holds on some semianalytic set {f; > O0,...,f, > 0} with the f;’s positive in o. Since a
bound

expg ([1x]%) £ cexpy(lx|*),  ¢> 0, N integer = 1,

can hold only if ||x||* < p for some p, we see that expd+1(||x||2) € Wa1\ Wy, so that the
chain is infinite.

(i) Construction of an infinite chain over V. Let S; = V consist of all f € V' such
that for some constant ¢ > 0 and some L € A we have my,(f) < ¢/ for all / € L. This set
is multiplicative, and we consider the ring of fractions V; = V[S;!]. We claim that the
inclusion ¥; = ¥, is strict. For, pick an analytic function f € O(X) with my,(f) = /¢!
for every / > 1 (2.3). Clearly f € S;.1 hence 1/f € V.. Suppose now that 1/f € V,, and
so there are g € V', h e S; with f(g/h) = 1, that is fg = h. One easily checks that, g being
bounded by some analytic function, there is L € A such that my,(g) = 0 for all / € L, and
by the definition of S; and the choice of f we conclude

(N < myo(f) + mys(g) = mye(h) < et
for some ¢ > 0 and infinitely many /’s, which is impossible. []

Remark 5.3. The dimension of Priifer rings like our holomorphy rings, is used to
bound the minimal number u of generators for finitely generated ideals: in fact ¢ < dim + 1
([7]). Thus, if X is compact we get x4 < 3, but if X is not compact we cannot deduce any
bound. However, by the general properties of holomorphy rings (see [3]), « is bounded by
the Pythagoras number of .#(X). Since this Pythagoras number is finite (3.3), we conclude
that u is finite too. For instance ([8] or [4]), if X is a compact non-singular analytic surface,
p = 3, which gives the same bound u < 3 as above, and if X is a non-compact non-singular
analytic surface, p = 2, and this gives the even better bound u < 2.
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