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HOMOGENIZATION IN A THIN DOMAIN WITH AN
OSCILLATORY BOUNDARY

JOSE M. ARRIETA*T AND MARCONE C. PEREIRAY

ABSTRACT. In this paper we analyze the behavior of the Laplace operator with Neumann boundary con-
ditions in a thin domain of the type R¢ = {(z1,22) € R? | 1 € (0,1), 0 < z2 < eG(z1,71/€)} where the
function G(z,y) is periodic in y of period L. Observe that the upper boundary of the thin domain presents
a highly oscillatory behavior and, moreover, the height of the thin domain, the amplitude and period of the
oscillations are all of the same order, given by the small parameter e.

Résumé: Dans cet article, nous analysons le comportement de 'opérateur de Laplace avec conditions aux
limites de Neumann dans un domaine fine du type R® = {(x1,22) € R? | z1 € (0,1), 0 < z2 < e G(z1,21/€)}
lorsque la fonction G(z,y) est périodique de période L. On observe que la limite supérieure du domaine
fine présente une comportement hautement oscillatoire et, en outre, I’ hauteur du domaine, ’amplitude et
la période des oscillations sont tous du méme ordre, donné par un petit parametre n e.

1. INTRODUCTION

In this work we study the asymptotic behavior of the solutions of the Neumann problem for the Laplace
operator
—Aw*+w=f¢ in R°
O onoRe (1.1)
ove
with f€ € L?(R), v° = (v5, v§) is the unit outward normal to OR¢ and a%e is the outside normal derivative.
The domain R€ is a thin domain with a highly oscillating boundary which is given by

R = {(z1,22) €ER? | 21 € (0,1), 0<zp < eGe(x1)}

where G(-) is a function satisfying 0 < Go < G¢(-) < G; for some fixed positive constants G, G; and such
that oscillates as the parameter ¢ — 0. We may think, for instance, that the function G. is of the form
Ge(z) = a(z) + b(x)g(z/e*) where a,b: I — R are piecewise C!-functions defined on I = (0,1), g: R — R is
an L-periodic smooth function and a > 0, see Figure 1. This includes the case where the function G(-) is a
purely periodic function, for instance, G.(z) = 2 + sin(z/e“) but also includes the case where the function
G, is not periodic and the amplitude is modulated by a function. As a matter of fact, we will be able to
treat more general cases, see hypothesis (H) below, but to stay the general ideas in the introduction we may
consider the proptotype function G¢(z) = a(x) + b(z)g(z/€e*).

The existence and uniqueness of solutions for problem for each € > 0 is garanteed by Lax-Milgram
Theorem. We are interested here in analyzing the behavior of the solutions as € — 0, that is, as the domain
gets thinner and thinner although with a high oscillating boundary.

Observe that the domain is thin since R C (0,1) x (0,€eG1) and its upper boundary oscillates due to the
function g(x/€%), (if @ > 0 and g is not a constant function).

Since the domain R€ is thin, “approaching” the line segment (0,1) C R, it is reasonable to expect that
the family of solutions w® will converge to a function of just one variable and that this function will satisfy
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FIGURE 1. The thin domain R¢

an equation of the same type of but in one dimension, say Lu + u = h in (0,1) with some boundary
conditions, where L is a second order elliptic operator in one dimension. As a matter of fact, if the function
G(z) is independent of €, (say & = 0 or g = 0), that is, the thin domain does not present any oscillations
whatsoever:

R ={(z1,22) : 0 <21 < 1,0 < zp < eG(x)}

the limit equation is given by

1
& (G @)+ w(@) = J) e (0,1 "

we(0) = w, (1) =0
see for instance [10, [I1]. Observe that the geometry of the thin domain enters into the limit equation through
the diffusion coeflicient.
Moreover, if we consider 0 < o < 1 and if we assume that a(z) + b(x)g(x/e*) — h(z) w-L?*(0,1) and
- — k(z) w-L?(0,1) (observe that h(z)k(x) > 1 a.e. and in general it is not true that

a(z)+b(z)g(x/e>)
h(z)k(z) = 1), then the limit problem is

1 1 .
_m <k(x)vw)z +v=f, in (0,1)
v,(0) =v,(1) =0

see [2]. Observe that this case contains the previous one. If o = 0, then h(z) = a(z) + b(x)g(z) = G(x) and
k(z) = W = G(lm), and we recover equation 1)

In this work we are interested in addressing the case o = 1, that is G¢(z) = a(x) 4+ b(x)g(x/€), where none
of the techniques used to solve the previous ones apply. Observe that this situation is very resonant: the
height of the domain, the amplitude of the oscillations at the boundary and the period of the oscillations are
of the same order e. Moreover we are interested in addressing not only the purely periodic case, that is, the
case where the function G.(z) = G(z/e) for some L-periodic smooth function G but also the general case
where the amplitude of the oscillation depend on x in a continuous fashion, that is, in our prototype case,
the situation where a and b are not piecewise constant, but piecewise continuous function.

The purely periodic case can be addressed by somehow standard techniques in homogenization theory, as
developed in [5, 8, [12]. If G.(z) = G(z/€) where G is an L-periodic C! function and if we denote by

Y*={(y1,y2) ER* : 0<y1 <L, 0<y><G(m)}

then the limit equation is shown to be

—qoWzr +w = f(xz), =z € (0,1
w'(0) =w'(1) =0
where ) ox
= 1 - A
do |Y*| v { ayl (9173/2)}dyld2/27
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and X is the unique solution of
—AX =0in Y™

N
giX = N1 on B1
X(0,y2) = X(L,y2) on By

X dyrdys =0
Y*

(1.4)

where By is the lateral boundary, B; is the upper boundary and Bj is the lower boundary of dY™*, that is
By ={(0,y2) : 0 < y2 < G(0)}U{(L,y2) : 0 < ya < G(L)}

By ={(y1,G(y1)) : 0 <1 < L}
By ={(y1,0): 0 <y1 < L}.

We refer to [4] for a complete analysis of the purely periodic case of a nonlinear parabolic problem.

If we want to analyze now the case where the function G, is given by G.(z) = a(z) + b(z)g(x/¢) and the
functions a, b are smooth but not necessarily constant, it is intuitively true that the limiting equation should
behave like with a diffusion coefficient ¢y depending on x somehow. Actually if we look at the thin
domain in a small neighborhood of a point £ € (0,1), we will approximately see a domain with very high
oscillations but locally the domain behaves like the thin domain with the function z — a(§) + b(&)g(z/e).
Therefore, it is expected that if we freeze the coefficients of the limit equation in a fixed point £ € (0,1) we
should recover equation . Although this intuitive argument will turn out to be true, it does not give us a
complete information about the limit equation, specially, the way in which the dependence on x is explicitly
stated in the limit equation. For instance, it is not clear at this stage whether the limit equation should be
—(¢(x)wz)s +w = f or —q(x)way +w = f with ¢(z) = ﬁfy*(@{l _ 3;}(11‘) (y1,y2) }dy1dya, or maybe

—ﬁ(r(x)wz)z +w = f where r(z) = fy*(x){l - ag;(lm) (y1,y2) }dy1dys, or maybe other. Observe that all

these equations coincide if we consider the purely periodic case.

In order to accomplish our goal and obtain the limit equation in the general case, we propose a technique
that consists in solving first the piecewise periodic case, that is, the case where the functions a(z) and b(x)
are piecewise constant and then do an approximation argument to obtain the limit equation in the general
case. This is a subtle argument since we are approximating first the functions a and b by piecewise constant
functions, say a’(x) , b%(x) so that |a(z) —a®(z)| +|b(z) — b (x)| < § and obtain the limit equation for § > 0
fixed, passing to the limit as € — 0. Then, in this limit equation, which will depend on §, we pass to the limit
as 0 — 0. But the limit we are interested in is taking first § — 0 for € > 0 fixed, so we obtain the domain given
by the function a(x) 4 b(z)g(z/€), and then we pass to the limit as € — 0. But, a priori there is no garantee
that these two limits commute. We will actually show that these two limits commute by proving that the
solutions of problem in two domains Q¢ = {(z,7) : 0 < 2 < 1,0 < y < Ge(z) = a(x) + b(x)g(z/€)} and
Q= {(z,9): 0 <z <1,0 <y <G(x) =a(zx) + b(x)g(z/e)}, are close in the H* norm uniformly in e when
a,b and EL,B are close. This result, which can be regarded as a domain perturbation result but uniformly
in €, guarantee that the two limits commute and will show that the limit problem is given as above. We
remark that this domain perturbation result is not deduced from standard and known results on domain
perturbation techniques since we are able to compare the solutions of an elliptic problem in two families of
domains which also depend on a parameter and the way this domains depend on € is not smooth at all.

We strongly believe that this technique of solving first the piecewise periodic case and then use an
approximation argument, uniform in the parameter €, can be used in other problems to obtain the appropriate
homogenized limit for the non periodic case.

Following this agenda, we solve first the piecewise periodic case, that is, the case where the function
Ge(z) = a’(x) + b°(2)g(x/€) and a’, b° are piecewise constant. We consider the points 0 = & < & < ... <
En_1 < &y = 1 and assume that the functions a® and ° are constant in each of the interval (&i—1,&), say
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a’(x) = a;, b(x) = b;. We show that the limit equation is of the same form ([1.3) in each of the intervals
(fi*l?&i)a that iS,

_qlwxx—i_w:f(x)’ 1‘6 (61_17§1)7 7Z: 17"'7N (1'5)
where ) ox
i = — —(y1, v2) {dyrdys,
q |Yz*| Y{ A (yl yQ)} Y1ays2

and X; is the unique solution of (1.4]) in the cell Y;* where

Y;k:{(y17y2)€R2 . 0<y1<L7 0<y2<az+blg(y1)}

Moreover, equation is suplemented with Neumann boundary conditions at x = 0, x = 1 and with some
“matching” condition at the points §;, ¢ =1,..., N — 1, which are continuity of the function and some kind
of Kirchoff type conditions, see Section [3] for details. Actually, if we look at the variational formulation of
the limit equation, we obtain

J {7 @7 @ we@)on@) + 2@ 0@ ol o = [ @)f(a) o da (16)
where ¢°(z) = ¢; and p°(z) = IY—L*‘ in (§-1,&)-
Now we will be able to pass to the limit in this equation as § — 0 and obtain the limit problem:

—m(r(x)ww)gc +w=f(x), x€(0,1) )

w'(0) =w'(1) =0

where
@) =p@a@ = 7 [ {1 D g1, Y
p(z) = 7|Y*L(x) |

and X (x) is the unique solution of in the basic cell Y*(z) which depends on the variable z and it is
given by

V@) ={(y1,52) €R? : 0<y1 <L, 0<yz<a(w)+b(z)g(y)}
Equation is the limit equation we were looking for.

Finally, we would like to remark that although we will treat the Neumann boundary condition problem,
we may also impose different conditions in the lateral boundaries of the thin domain R€, while preserving
the Neumann type boundary condition in the upper and lower boundary. That is for problem we may
consider conditions of the Dirichlet type, w® = 0, or even Robin, %—1]‘(; + Bw* = 0 in the lateral boundaries
{(0,y) : 0 <y <eGc(0)}, {(1,y) : 0 <y < eGe(1)}. The limit problem will preserve this boundary condition.

That is, in problem |D we will obtain the conditions w = 0 or g—]‘\”[ +pw=0atxr=0and x=1.

We describe the contents of the paper. In Section [2] we set up the notation, obtain some technical results
that will be needed in the proofs and state the main result. In Section [3|we obtain the result for the piecewise
periodic case. In Section [f] we show the continuous dependence result on the domain, uniform in e, that
will be the key argument to obtain the limit problem. In Section [5| we provide a proof of the main result.
Finally, we include an Appendix where we analyze the behavior of the basic function X solution of as
we perturb G.

Acknowledgments. Part of this work was done while the second author was visiting the Applied Math
Department at Complutense University in Madrid. He express his kind gratitude to the Department.

We would also like to thank E. Zuazua, C. Castro, M. Eugenia Pérez, M. Lobo and D. Gémez for the all the
discussion and good suggestions on this problem.
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2. BAsic FACTS, NOTATION AND MAIN RESULT
We consider the one parameter family of functions G, : I — (0,00), where I = (0,1), € € (0, ¢) for some
€p > 0. We will assume the following hipothesis
(H) There exist two positive constants Gy, G7 such that
0< Gy <Ge(x) <Gy, Vxel, Vee (0,e). (2.1)
Moreover, the functions G.(-) are of the type G.(z) = G(x,x/¢), where the function
G:IxR — (0,+00)
(,y) — G(z,9)
is L-periodic in the second variable, that is, G(x,y + L) = G(x,y) and piecewise C'! with respect to
the first variable, that is, there exists a finite number of points 0 = &y < & < --- <&y_1 <&v =1

such that the function G : (§;,&;41) x R — (0, +00) is C! and such that G, G, and G, are uniformly
bounded in (&, &;+1) X R and have limits when we approach §; and §;41.

(2.2)

One important example of a function satisfying the above conditions is

N
G(z,y) = a(z) + > br(x)g:(y)
r=1

where the functions a, by,..,by are piecewise C! in I = (0,1) and the functions gi,..,gn are all C' and
L-periodic.
We define the thin domain as

R ={(z1,22) ER* |z €1, 0<z2<eGc(z1)}

In this work we study the asymptotic behavior of the solutions of the Neumann problem for the Laplace
operator
—Aw® +w® = f* in R°
€
w =0 onJR° 23)
ove
with f¢ € L?(R¢) and where v¢ = (v§,v§) is the unit outward normal to OR® and 81‘1 is the outside normal
derivative.

From Lax-Milgran Theorem, we have that problem has a unique solution for each ¢ > 0. We are
interested here in analyzing the behavior of the solutions as € — 0, that is, as the domain gets thinner and
thinner although with a high oscillating boundary.

To study the convergence of in the thin oscillating domain R€, we consider the equivalent linear
elliptic problem

8?us 1 9%us
——— - 5——=tu"=f° inQ°
8$12 €2 8.1‘22 f

ous 1 Ju¢ (2:4)
u u
ey 9 Ne— 90°
6.1‘1 ! 62 8&62 2 on
where f€ € L?(2°) satisfies
1fllr2(rey < C (2.5)

for some C > 0 independent of € and now N¢ = (Nf, N§) is the outward unit normal to 9Q¢ and Q¢ C R? is
given by
Q°f = {(1‘171'2) S RQ | r1€l, 0<xy< GE(ZL‘l)} (26)
Observe that the equivalence between the problems and is obtained by changing the scale of
the domain R through the transformation (z,y) — (z, ey), (see [10] for more details). Moreover, the domain
Q€ is not “thin” anymore but presents very wild oscillations at the top boundary, although the presence of a
high diffusion coefficient in front of the derivative with respect the second variable balance the effect of the
wild oscillations.
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The domain Q¢ is related to the ones analyzed in the papers [6] [T, 9] but the fact that in our case we have
a very high diffusion in the y-direction makes our analysis and results different from these other papers.

We write H!(U) for the space H!(U) with the equivalent norm

2 _ 2
lelirs ) = lelaw + | 75| 52|

2wy € L2(U)

given by the inner product
B ¢ Oy 1 0¢ Op
(6, ) m1 () = /U {¢ + Dr O + @ D D }dmldxg

where U is an arbitrary open set of R?, which may depend also on e.
The variational formulation of m is find u¢ € H'(Q€) such that

/ {8u68i+18u Oy
0x1 0x1 €2 Oxg Oxa

Remark that the solutions u° satisfy an uniform a priori estimate on e. In fact, taking ¢ = u® in expression
(2.7), we obtain

+u ga}d:cldxg | Fpduides, Vo € HY(Q). (2.7)

ous |2

155 e * 25, * 0T < 1Flz260 (2.8)
Consequently,
ou® .
I “L2<9‘>’ et 4 2l sy <1130 ¥e>0 (29)
Hence, it follows from ) that there exists C' > 0, independent of € > 0, such that
ous
Il | G| e nd 2|2 P (2.10)

Observe that the solutions u€ of (2.4)) can also be characterized as the minimum of a functional. That is,
u€ € H(Q2°) is the solution of (2.4 . 1f only if

)= mi 2.11
Ve(u) Saerg;ll?m‘/e(«p), (2.11)

where
Ve: HY(Q) — R
1 dp? 1 9p?
Vi) =5 [ {52 + 552 +¢ dnde— | fopdeides.
(¢) 2/Qe Dt —i—eanQ +g0}x1;v2 Qefcpmxz
It follows from (2.7]) with ¢ = u€ that
1
Ve(u) = —5/ feusdrzydes.

Hence, due to (2.5) and (2.9) we obtain

€ 1 €
Vo) < 51l

(2.12)

Important tools for the analysis are appropriate extension operators for functions defined in the sets 2°.
We will obtain such operator and we will be able to construct it even for more general domains that the ones
like €.

Hence, let us consider the following open sets:

0= {(37175(}2) ERQ | z1 €l and 0 < 29 < Gl}

O° = {(z1,73) €R? |z € T and 0 < x5 < Ge(z1)}



HOMOGENIZATION IN THIN DOMAINS 7

where I C R is an open interval, G : I — R is a piecewise C!-function satisfying 0 < Gy < G, (z1) < Gy for
all z € T and € > 0 and there exists 0 = & < & < ... < én_1 < &nv = 1 such that G, is C! in the intervals
(&,&+1). Let us define

n(e)= sup {|G(2)]} (2.13)
z€I\o,--- €N

and assume 7(€) < +oo for fixed €, although in general n(e) — +o0o as € — 0.
Also, we denote by

O =0 \UN {(&, x2): Go < 3 < G1}.
Notice that O° C O.
Lemma 2.1. With the notation above, there exists an extension operator
P. € L(LP(0°), LP(0)) N LIWP(O), WP (0)) N LW, (O°), Wy P (0))
(where W;l’p is the set of functions in WY which are zero in the lateral boundary 8;) and a constant K

independent of € and p such that
HPESDHLP((’)) <K ||S0||LP(OE)

OP.p Op Op
<& {||5 e
H 0xy llor©6) ~ { x4 LP(O€)+n(6) 0z Lv(@e)} (2.14)
e e
Oxg lLr(0) — Oz llLr(09)

for all o € WHP(O¢) where 1 < p < oo and n(e) is defined in (2.13)).

Proof. Observe first that the set 0% = (0,1) x (0,Go) C OF for all e. Hence, if we have that G; < 2Gy,
which implies that G.(z1) < 2Gg, we can define the operator:

_ [ elar,22) (z1,2) € OF
(Pep)(1,22) = { o(x1,2Gc (1) — x2)  (21,22) € O/O°.
Observe that this operator is obtained through a “reflection” procedure in the zs direction along the
oscillating boundary. It is straigth forward to check that this operator satisfies .
If we are in the case where G1 > 2G(, we will need to extend first the function ¢|po in the direction of
negative xo, with a finite number of successive reflections. That is, if g is defined in O¢ then we extend ¢
to the set (0,1) x (—Go,0) with the reflecting along the line 25 = 0. This produces the function

(21, 22) = wo(z1,z2) (21,22) with 0 < 29 < Gc(21)
#1121, T2 (po(xl, —56‘2) (371,.%‘2) with — Gg < 29 <0.

We can continue producing these reflections inductively as follows

($ " )_ QDn_l(iL’l,IZTQ) (Il,iﬂg) with — (n — 1)G0 <xo < Ge(wl)
¥nlT1, ¥2)= sanl(.Tl,_:EQ - 2(“—1)G0) (xl,xg) with — nGO < X2 S —(’I’L—].)GO

Choosing n large enough so that nGy > G, constructing ¢, and applying to ¢, the procedure by
reflection in the xo direction along the oscillating boundary, we obtain the extension operator P, which

satisfies (2.14]). O

Remark 2.2. 1) This operator preserves periodicity in the x1 variable. That is, if the function @, is periodic
in x1, then the extended function P.p. is also periodic in xy.

2) This result can be applied to the case G.(x) = G(x) independent of €. In particular, we can apply the
extension operator to the basic cell.

Now we are in contidion to state our main result. We consider the general case, that is, the domain Q€ is
given as

QGZ{(Q'Jl,.TQ)ERQ |l‘1 el, 0<.’L‘2<Ge(l‘1)}.
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where the function G.(-) satisfies hypothesis (H). Recall that we denote by Q = (0,1) x (0,G;) and
Q =0 \ Uivzl{(fi,l'g) Gy < a9 < 01}7
where the points &y, &1, ..., &N are given by (H).

Theorem 2.3. Let u¢ be the solution of with f€ € L*(Q°) satisfying || f€||L2(qey < C for some positive

constant C independent of € > 0. Assume that the function f<(z) = Ge() f(x,y)dy satisfies that f¢ — f,

~—Jo
w-L2(0,1).
Then, there exists 4 € H'(Q)), such that, if P. is the extension operator constructed in Lemma then

Puf =i w—HYQ)

where G(x1,x2) depends only on the first variable, that is, G(x1,x2) = u(z1), and u is the unique solution of
the Neumann problem

/I {1 (&) s () 90 (@) + pla) () () }da = / f(a) pdu (2.15)
for all p € HY(I), where

r(z) = 2/}/*(1:) {1 - %(yl,yz)}dyldm

% (2.16)
_ Y (2)]
and X (x) is the unique solution of problem
—AX(z)=0inY" ()
0X(x)
= B
N 0 on By(x)
0X (x
8]5[ ) = N; on Bi(x) (2.17)
X(2)(0,y2) = X(z)(L,y2) on Bo(x)
/ X(z) dyrdya =0
Y*(x)
in the representative cell Y*(x) given by
Y*() ={(y1,92) ER* : 0<yy <L, 0<y<G(z,y1)} (2.18)

By(z) is the lateral boundary, By(z) is the upper boundary and Ba(zx) is the lower boundary of 0Y*(x) for
allz e 1.

Remark 2.4. i) If the function r(x) is a continuous function, then, the integral formulation is the
weak formulation of problem with f(z) = f(z)/p(x)

i) If initially the function f<(z,y) = fo(z), then it is not difficult to see that f<(x) = Ge(z)fo(x) and
Gc(zx) — LL(“?)‘ = p(z) as € — 0, and therefore, f(x) = p(x)fo(z).

3. THE PIECEWISE PERIODIC CASE

In this section we find the limit of the sequence {u}.~¢ given by the Neumann problem as € goes
to zero for the case where the oscillating boundary is piecewise periodic.

So let us consider that the family of domains Q¢ satisfies (H) and morever the function G is independent of
the first variable in each of the domains (&;—1,&;) x R. That is, there exist 0 = &y < & < ... < &y-1 <&n =1
so that the function G from satisfies that G(z,y) = G;(y) for x € I; = (§;-1,&) and G;(y+ L) = G;(y)
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for all y € R. Moreover, the function G;(-) is C* for all i = 1,2,... N, there exists 0 < Gy < G such that
0<Go<Gi()<Gforalli=1,...,N; and the domain is given by

0 — {(x,y) G <a<&,0<y<Gi(y/e)i= 1,...,N}u
(3.1)
U (69,0 <y < min{Gina (6/0), Gu(&i/ )} }
(see Figure[2). Denote also by 2 the open rectangle Q = I x (0,Gy) and by
Q=Q\UN {(&,22) : Gy < 29 < G1}.
Observe that for Q¢ and { we have the extension operator P, constructed in Lemma

FIGURE 2. Piecewise periodic domain 2¢

We can show,

Theorem 3.1. Assume that f¢ € L*(Q¢) satisfies and the function f€(x) = OG"(I) f(z,y)dy satisfies
that f¢ — f, w-L2(0,1). Let u¢ be the unique solution of . Then, there exists 4 € HY(Q) such that if
P, is the extension operator constructed in Lemma |2.1, we have

Pt =%a w—HYQ), s— L2(Q)
where (1, x2) = u(zy) in Q and u(-) is the unique weak solution of the Neumann problem
[ {r@) wsta) erta) + pta) ) ol o = [ ) oda (32)

for all o € HY(I), where p(z) and r(x) are piecewise constant functions defined as follows: p(x) = p; for all
x € (&-1,&) where

Y*
pi=|£|, i=1,...,N (3.3)
where Y;* is the basic cell for x € (§_1,&;), that is
Y ={(y1,12) €ER? : 0<y1 <L, 0<ys<Gi(y1)} (3.4)

and r(x) =r; for all x € (§-1,§) where

1 0X;
w g G ana



10 J. M. ARRIETA AND M.C.PEREIRA

and the function X; is the unique solution of

~AX; =0inY;

0X; i

aN 0 on By
0X; ;

aN = N1 on B (3.5)

Xi(0,y2) = X;(L,y2) on B},

/ X; dyidy2 =0
v

Remark 3.2. If we define fo(x) = f(:z:)/p(x), then problem s equivalent to the following:

= Qillae () + u(z) = fo(z) @ € (§-1,&) (3.6)
fori=1,..., N, where q; = 1;/p;, satisfying the following boundary conditions
{ uz (o) = uz(§n) =0

G uz(&—) — i1 uz(&+) =0 i=1,...,N—1. (3.7)

Here, u,(&;£) denote the right(left)-hand side limits of u,, at &;.
Proof. Let us consider the family of representative cell Y;*, i =1,2..., N, defined by
Y ={(y1,92) €ER? : 0<y; < Land 0<yz < Gy(y1)}

and let x; be their characteristic function. We extend each x; periodically on the variable y; € R and denote
this extension again by x;, for i =1,..., N.

If we denote by x§ the characteristic function of the set Qf = {(z,y) : -1 < 2 < &, 0 <y < Gi(z/e) =
G(z,z/€)}, we easily see that
x
?1,.%2), for (x1,xz2) € 5. (3.8)
Let us also denote by Q¢ the rectangle Q' = {(z,y) : &1 <2< &,0<y < Gi},fori=1,...,N.

Let us also consider the following families of isomorphisms 77 : Af — Y given by

Xi(z1, 22) = xi(

x1 — €kl
Ti(w,22) = (" 22) (3.9)
where
AS = {(21,20) ER?* | kL < 2y < eL(k+1) and 0 < 2o < G4}
Y =(0,L) x (0,G1)
with k£ € N.
Let us consider the following auxiliary problem given by
—AX; =0in V"
0X; :
aN 0 on B
0X; Gi(y1)

N =y ae .10

Xi(0,92) = Xi(L,yo) on B}

Xi dyldyg =0
Yy

where B} is the lateral boundary, B! is the upper boundary and Bj is the lower boundary of dY;*.
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Taking the isomorphism (3.9) and the family of extension operators
Ple LHNY;), HN(Y)) N L(LA(Y), L*(Y))

defined by Lemmawith G(z1) = Gi(x1) independent of € and Y = (0, L) x (0, G1), see Remark we
define the function

w(ry,22) = 3 — G(PiXi o Ti(xy, xg))

T, — eLk

= a1 e(PX :

,:cg)), for (z1,20) € Q' NAL, i=1,...,N.

Notice that this function is defined in UY Q% and it is well defined. For € > 0 fixed and for (z1,x3) € Q!
for some i = 1,..., N then there exists a unique k¥ € N such that (z1,22) € Af. Observe that UY Q! =
Q\UNTH(&,y) 1 0 <y < G1} and that w € H(UN, Q7).

We introduce now the vector n¢ = (n$,n5) defined by

ny (@1, 22) = g(fﬂl,@), (z1,29) € UN,QF r=1,2 (3.11)
Since 6‘?61 = %8%1 and agz = 8%2 we have that
i) =1 S ) = 1= S0 ) = (o, ),
(o, aa) =~ (T ) = e (M) = ()

for (y1,y2) = (xl_eekL,xg) e Y and (x1,20) € Q, fori=1,...,N.

It follows from definition of X that the functions n{ and n5 satisfy
Oni 1 Oy
O0r1 €2 0x9

1
MENT + S5msNs = 0 on (a1, G (

=0inQ,i=1,...,N

x1

€)),i:l,...,N (3.12)

1
MNT + —1aN3 =0 on (21,0)
where
G (%) €
@+ G2 @+ Y=
N¢=(0,-1) on (x1,0),

W-UWW@-(

In fact, by (3.10) we have

€ 1 € 1 2Xi 2Xi
Oni | 1 0m _ (a Z(E,x2)+a—2(ﬂ,x2)):omﬁg,i:L...,N
0y” ¢ Oyz”~ €

O0x1 €2 0xo €

I(x oOX (x o0X (x
776Ne+ineNe — _Gi(f)(l_ﬂ(f’w)) 5, (2 72)
e e +g ()

Gi(%) + (5 (%, w2), Gop (%, 22)) - (=G(%2), 1)

Gé(f)—ﬁ 14+ Gi(7)? .
- e+ Gl B
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on (xl,Gi(%)) fori =1,..., N. Moreover,

8X1 T
5 (20

Therefore, multiplying (3.12) by a test function ¢ € H'(Q) with ¢ = 0 in neighborhood of the set
UN o {(&,22) : 0 < 29 < G} and integrating by parts, we obtain

ong 1 Ons

a— t 57— | drid
/Qﬁsﬂ(aml-1-628:1:2 r1dzo

enre L L enre dp . 1 dp
‘/QQS ¥ <771N1 + 62772N2> ds — /Qe <aa:1771 + = 2 9r 772> dridxs

1 Oy 1 0p
= NC _ ENE dsf U¥ e d d
/@M( ))SD( P 2) /Q (&cl”1+ 2 0z 772> S

B 830 ‘ 1 0p .

(O 10y
/e (”laxl + 10— > dzidzs = 0. (3.13)

L2

Let ¢ = ¢(x1) € C5°(UN3 (&, €i11)) and considering the test function ¢ = ¢ w€ in (2.7) and in (3.13), we

obtain

19X, (:E1 x2) =0 on (x1,0).

€ € 1 € €
m Ny + :2772N2 =(1-

€ Oy

0

That is

f(¢ w)daydmy
Qe

8’1,[/6 8 e 1 8u . .
B /Qs{axl(?ixl((bw)—i_@ax 8x — (6 W) + u(¢ ) fdmrday

ouc 0 . 1 Ou® . .
B /Qg{aimaim(qsw)—’_ezax 0xo (¢w)+u(¢w)}dx1dx2

- {niailww% g (6w) b,

_ /{ < 0¢ €+8u8i¢+18u6w
Ox 011 Oz, Oz €2 Oz Oxo

00 . _O0uf 1 . ouf
_771873:1“ _7718331425—:277287332

¢+ upuw

6 pdoida. (3.14)

Using that 7 = % we cancel the appropriate terms and obtain

ou 0 0
/Q {85187;; € ia(zslu + up we }dmldxg

(3.15)
feowdardry, Vo € Coo (UG (&ir&iv)):
QE
On the other hand, we have obtained before the weak formulation of problem ({2.4]), that is
ous Oy 1 ouc dp 1
— dzid “pdridry, ¥ H-(Q°). 3.16
/ {6x16x1+62833263:2+u90} Tdrz = Qefsaxl T2, Vip € HASY) ( )

Now we need to pass to the limit in (3.15)) and (3.16). In order to accomplish this we need to write both
expressions as integrals in the same domain. For this, we will use the extension P, constructed in Lemma
the standard extension by zero, that we denote by, and the characteristic function x¢ of Q¢ as follows:
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/Q{éa/fad)we_n?agbpu + X Pe(u)pwe }dxldxg

8901 8$1 15}
(3.17)
= [ xFowtdndnn, V6 e GRS € 6)
Q
/{auea—‘p+xepuw}daz dz :/Xeff dzidzs, Yo € HY(0,1) (3.18)
921 O € 102 o pariars, y L) .

Observe that in this last equality we have taken ¢ € H'(0,1) and the term including partial derivatives with
respect to xo do not appear.

We want to pass to the limit in the expressions above, and . In order to accomplish this, we
pass to the limit in the different functions that form the integrands.

(a). Limit of ..
From (3.8), we have for i =1,..., N,

€— 1 b * oo
X5 (o) 0 0y(0) = E/ Xi(s,w2)ds  w* — L=((§i-1,&), V2 € (0,Gh). (3.19)
0
Observe that the limit #; does not dependent on the variable z1 € (§_1,&;), although it depends on
t=1,...,N. Moreover, we can get the area of the open set Y;* with the formula
G1
L 9 ($2)dl’2 ‘Y*‘ (320)

0

Also, from (3.19) we have that
&i
Hf(zg) = / o(x1,z2) {Xg(zl,xg) — 01(:52)} dri —0ase—0
i—1

a.e. 2 € (0,G1) and for all ¢ € L1(€). So, due to
G1

/ o(x1,29) {XE(.Tl,{EQ) — 92‘(.’152)} dxidzs = H{ (z9)dxo
Qi 0

&i
and [H{(w)] £ [ [p(ar,aa)lda,
I—-1

we can get by Lebesgue’s Dominated Convergence Theorem that
X200 wt — Lo(Q) (3.21)
where 0(x1,22) = 6;(z2) for 21 € (§-1,&),1=1,2,...,N.

(b). Limit in the tilde functions
Since || f¢||L2(q) is uniformly bounded, we get from ({2.8) that there exists M independent of € such that

du

a5 < M for all € > 0. (3.22)
8331

L2(Q)

H’LTE”LQ(Q),

a5

L2(Q

Then, we can extract a subsequence, still denoted by u¢, g% and 61 , such that
ut —u* w— L*(Q)

due

0x1

due
8.’E2

—0 s—L*9Q)
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as € — 0 for some u* and £* € L(Q).

Moreover, since || f¢[|z2(qs) < C independent of €, we have ||f5||L2(Q) < C and therefore, the function f€
defined by
~ Gl ~
f(x) = fe(x1, x2)das (3.24)
0
satisfies that f€ € L?(0,1). Hence, via subsequences, we have the existence of a function f= f(zl) € L%(0,1)
such that

fe—~f w-—L*0,1) (3.25)

(¢). Limit in the extended functions
Using the a priori estimate (2.8)), the fact that u¢ € H'(Q¢) and using the results from Lemma on the
extension operator P. we get that

1
and —

< M for all e > 0 (3.26)
L2(Q) €

OP.u¢ ‘ OP.u¢
L2(Q)

81‘1 8962

where M is a positive constant independent of € given by estimate lj and Lemma Then, we can
extract a subsequence, still denoted by P.u¢ and a function ug € H*(£2), such that

Pauf —uy w— HY(Q)

| Peus|l 22 (), ‘

P —uy s —L*(Q) (3.27)
P.u¢ R
and OFeu —0 s—L*).
T2
A consequence of the limits (3.27)) is that ug(z1,z2) does not depend on the variable zo. More precisely,
0
6—1;(2)(;61,302) =0a.e. (L. (3.28)
In fact, for ¢ =1,..., N and for all ¢ € C5°(£2;), we have by (3.27) that
/ ug 8—¢ dridzy = lim P.uf a—@ dxidzo
Q; 6372 e—0 Qs 8:52
OP.u¢

— lim
e—0 Q; 6.152

pdridre =0

which implies that ug(z1,z2) does not depend on 5. Morever, since the rectangle I x (0, Gp) C Q€ for all €
and u¢ € H*(I x (0,Gy)) we have from that u¢ — ug w— H*(I x (0,Gp)) and therefore ug € H*(0,1).

Also, we note that u¢ = x“P.uc a.e. Q. Thus, it follows from (3.21)), (3.23) and (3.27) that we have the
following relationship between u* and ug

u (21, 22) = 0;(z2) up(z1) a.e. (x1,22) €0y, i=1,...,N. (3.29)

(d). Limit in w,.
With the definition of w., we have for alli =1,... N,

/ |w® — 21 |?dz1dzs :/ E(PX:) (y1, y2) 2 dyrdys S/ Ce®1 X, (y1,y2)Pdyrdys
A5 NQ Yi Y

and so,
%
/ |w€ — x1|2dx1dgc2 ~ Z/ 063|Xi(y1,y2)‘2dy1dy2
2 k=1 Y

~ 62/ C|X;(y1,y2)Pdyrdys — 0 as € — 0.
v
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Similarly,
0 2 / (PX;) 2
— (W —x dridre = Y1, Y ‘ e dyr dy
/A;mi‘axl( o[ dndre = [ JZERD 0| ediy,
0X; 2
< 6/ Cla—(yl,yz)‘ dy1dy2
fa Y1
and

yl, y2)’ edy1dysa

[ o [
Acnq; | 022 A Bt

, 2
S € /Y I (91 y2)| dyidyz
Also, we have
c
0 ‘2 eL / 8X,L )
— (W€ —x1) | dridre ~ Ce| = (yy, durd
‘/Qi ‘8x1( 1) | dwidxo ; - |8y1 (y1,92)["dy1dy2

~10X; 2
~ / C‘@f(yhm)‘ dy1dy>
for all € > 0 and

g , . 2 ) ~10X; 2
/ ’8—@) —xl)) dridas < € / C‘—(yl,yz)‘ dyrdys — 0 as € — 0.
Q; X9 Yi* 83/2

Then, we can conclude

wt—ax; s—L*Q) and w— H'(), i=1,...,N, (3.30)
and 5
(JJE
— L*(9).
0y 0 ° (€)

(e). Limit of 7S
Let ¢ = nx¢ be the extension by zero of the vector n° to the whole 2. We can obtain by the Average
Theorem that

- o X, )
ni(z1,z2) = %/o (1 o (8,372)))(1‘(8,&52)(18 =7i(r2) w' = L%(§-1,6) (3.31)

where x; is the characteristic function of Y;*.
Hence, arguing as (3.21]) we can prove
ny =7 w"—L2N). (3.32)

where 7#(x1,22) = 74(x2), (r1,22) € Q;, i =1,...,N.

Now, by the convergences shown in (a)-(e) above, we can pass to the limit in (3.17) and in (3.18]). We
obtain, for all ¢ € C5°(UN 3 (&, &i11)),

0 0
/ { 3i x1 — ra—(b up + 9u0¢x1}da:1dx2 / f x1)p(x1) x1dX].
Observe that f* ((b x1) = A axl + £*¢. Consequently, we have

1
/Q {f*aixl@xl) - & - f% ug + 9Uo¢$1}d$1d$2 = /0 f(@1) () zrday (3.33)
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for all ¢ € C5°(UN 3 (&, &i11)). From (3.18)), we get

d b
/ {E*i + 9¢uo<ﬁ}d1’1da¢2 = / fedzy, Vo€ H'Y(0,1). (3.34)
Q 8I1 0
In particular, via iterated integration and ( m, we get
& G 0p(z Y
Z/ £ (w1, x2)das )% + %uo(xl)sﬁ(xl)}dh
1 (3.35)

B /0 f(ﬂfl)@(l‘l)dxl, Vo € Hl(oa 1).

Taking ¢ = ¢z in (3.34), we get

0 L
/{6*78 (¢$1)+9U0¢$1}d$1d$2:/ foxrdxy. (336)
Q Z1
Hence, it follows from || and |D that, for all ¢ € C§°(UY o Y& i),
_ v, 509 _ « o, Oug
0—/Q{¢f +T87c1uo}dxldw2_/ﬂ{¢§ —r¢a—$1}da?1dm2 (3.37)

where we have performed an integration by parts to obtain the last integral. Observe that this integration
by parts can be performed since ¢ € C5°(UN i—0 Y(&:,&i11)) and 7 does not depend on ;1 in each of the domains
Q;. Hence, if we define

G 1 X, :
Ti:/o Ti(S)dSL/i*{l8y1(y17y2)}dy1dy2, i=1,...,N

and we denote by
T(l‘l):Ti, for T € (fi—lafi)a Z:17aN
and performing an iterated integration in (3.37) we get

1 G1 b
[ oten( [ € @rmatnn - ) 295 Yan 0, w6 € R 6 6)

which implies that

Gy b

£ (x1, w2)dzs = 1(21) “gffl), ae. 21 € (0,1). (3.38)
0
Plugging this last equality in (3.35) we get
0 0p Y7 / ; 1

- dzy, Ve HY(0,1). 3.39
Z/ ot + L [Fedn. veemo (3:39)
0

4. A DOMAIN DEPENDENCE RESULT

In this section we are going to analyze how the solutions of (2.4]) depend on the domain Q¢ and more
exactly on the function G.. As a matter of fact we will show a continuous dependence result with respect
to the functions G..

More precisely, assume G. and G. are piecewise continuous functions satisfying lb and consider the
associated oscillating domains Q¢ and Q€ given by

Q= {(z1,22) ER?* |21 €I, 0< a2 <Gela1)}
O ={(x1,22) ER* |21 €1, 0< a2 <CGe(a1)}

Let u€ and 4 be the solutions of the problem 1} in the oscillating domains 2¢ and Qe respectively with
f€ € L3(R?). Then we have the following result:
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Theorem 4.1. There exists a positive real function p : [0,00) — [0,00) such that
”u6 - ff“?{g(gem{)e) + ”ueHi{g(Qs\Qe) + Hﬁe”?qel(ﬁe\ge) < p((S) (4'1)

with p(6) — 0 as § — 0 uniformly for all

o >0
o piecewise C' functions G and C;’E with 0 < Gp < G(+), (?’E() < Gi and

|Ge = GellL=0.1) < 3
o fe e L*(R?), | fellr2me) < 1.

Remark 4.2. The important part of this result is that the function p(d) does not depend on €. Only depends
on Gy and G1.

To prove this theorem, we use the fact that u¢ and @€ are minimizers of the quadratic forms

1 dp? 1 9p?
Ve(<p)=f/ {—@ 222 +<p2}d:c1dx2— Feodardas
€ QE

2
f Zx ) f; (4.2)

Ay o+ ' 1 oy ~2 _ € A

V(@) = 5 /s {78901 + 2 78:52 + @ }d$1d$2 o fepdaydrs.

That is, we have
Ve(u®) = min V.
e(uf) ol (0°) ()
V(i) = min  Vi(p).
PEH(Q2¢)

In order to prove Theorem we will need to consider the minimizer of the functionals V, V., and plug
them in the other functional. For this, we need to transform the function u° into a function defined in Q¢
and the function 4€ into a function defined in 2¢. One possibility is to use some kind of extension operator
as the one we have constructed in Section 2l But the problem with this approach is that the norm of the
extension operators will depend on the derivatives of the function G, and G, and therefore it will be very
unlikely to prove a results that will depend only on the L*> norm of G, — G..

In order to transform the function u (resp. @) into a function defined in Q€ (resp. §2¢), we construct the
following operators:

P, HY(U) — HY(U(1 4 1))

T2 (4.3)
(Pryne)(w1,22) = @ ( 21, —— (x1,22) €U
1+mn
where
UL +n) = {(z1,(1+n)az) € R? | (21,22) € U}
and U C R? is an arbitrary open set.
We also consider the following norm in H*(U)
1 1 1+mn
Hw“?{g,lﬂw) = meHsz(U) + m”wml 172y + GTmeH%z(U)a (4.4)
and we can easily see that
el @y = HP1+77(PH§J£1’1+"(U(1+77)) (4.5)
and
1 2 2 2
m”ﬂ mrw) < el @y < E el w): (4.6)

We have the following preliminary result about the behavior of the solutions near of the oscillating
boundary.
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Lemma 4.3. Let u® be the solution of the problem and let P14, be the operator given by ,
Then exists a positive constant C = C(G1, || f¢||r2) independent of € € (0,1) such that

[[uf ||H1(Qe\sze( ) T ||P1+nu6||%zg(ge(1+n)\ﬂe) + [luf — P1+n“6||%zg(ge) <Cvn

for alln > 0.

Proof. Since 1 > 0, we have QE( -) € Q. So, we obtain,
Vi) = el — [ fou doiday
Qe

))7/ feut dridxs
+n Qs

_ 1 €2 €2 € €
= Sl @aeey +§”P1+n“ Vit @0 = [ Futdeides

= Sl ln@ena sy +3 Sl 2 02

1
> Zlqy 2 X P, €112 o= €uf drd
2 Sl @ee oy + 21+ 1) [P u (2 (e /Qéf u dwyday
(4.7)
where we have used (4.5), @ Moreover,

||P1+nu HHl Qe) le+w7uE —uf+ Ue”?{el(ge)
= | Pryyu — ’U’EH%{g(QG) + ||U€H%{3(Qe) + 2(Pryqut — uf,u) g1 (o)
= | Prgu — w3 o) + Ul o) + 2/9 (Pryqu —uf) f€ dwydas

where we have used that u¢ satisfies the variational formulation (2.7) with ¢ = Py ,u —u® € HY(Q°).
Consequently, it follows from (4.7)) that
€ 1 € 1 € €
1 € 1 € € € €
+m\|u ||%,3(Qe) T QE(u — Piypuf) fedoides — /6 fue drrdas
€12 1 € €2
2 *HU ”Hel(QE\Qf(ll n T mllenu — u 51 e
1 €
+1+ Velw) + / <1+ Proqut —u ) Jr dwde
Hence, we obtain
€ 1 € €||12
||u 71 e (2 1)t m\\PHnU — w51 (e
(4.8)

n 1
< —V P; ¢) f¢dxrdzs.
=140 ()+/ (1+7I 14U — )f x1dT2
Now, we analyze the integral
1
/ <1+77P1+nu —u >f€d$1d$2.
To this, observe that

T 2 Qu
u(z1, x2) — (Pryqu) (21, 22) = u(x1, T2) — U’ (ml, 14_277) = / . (21, 8)ds
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€ _ € m2 ‘ < /302
ut(x1,22) —u <x171+n> < .

which implies

IA
—
o8
Q
SRS
N
~—
S
o
[V2)
~—
[\
Q
V)
N———
-
~
[V
N\
—
=3
+|8
dw
N———
~

Thus
Ge(w1) o \ P2
€ , _ € , d
/0 uf(x1,x2) — u (xl 1_’_17)‘ 9
Ge(1) | 9y € 2 n
< !
< (/ " (1,3) ds) (1) @)

and we have
ous

1/2
61‘2 L2(Q¢) 1+ n

[u® = Pryqutlr2ae) < H

Consequently

1 € € €
/QE <1+77P1+nu —u ) f€dxydxs

n 1
< — feuf| deidrg + —— (Pryput — uf) f¢| dxidxs
T+ Q€| | 0 Q€| +n |
1/2 Ous
n n u
< ——||f€ NS o+ —r || f€ || =— Gi.
< 1+77Hf 2200 [[u]l L2 00 (1+77)3/2Hf L2 (e ‘83&2 L2(9°) !
(4.9)
Then, it follows from (4.8) that
1 € 1 € €
5”“ ||?{€1(QE\QE(1}“})) + m“PHnU —u ||§{g(ﬂe)
n ,rll/2 ouc (410)
< — V U,E =+ € € 'LLE € + € € G .
>~ 1+T] ( ( ) ||f HLQ(Q )H ||L2(Q )) (1 +77)3/2 ||f HLQ(Q ) (9332 L) 1
Hence, due to (2.9)), (2.12)) and (4.10]), we obtain
”ue”?{‘l(ﬂe\ﬁi(ﬁ)) HIPLpnus = w7 e
(4.11)

< 2||fEH2L2(QE) <377 +n'/? €G1) ~
On the other hand, we have
Vi) = gl = [ £ deiday
= %HP1+17UE||§151Y1+n(96(1+n)) — /Q feut dridas

1 €2 1 cn2 € €
= §\|P1+nu ||H3,1+n(fze(1+n)\ge) + §HP1+77U ||H61Y1+N(Qe) - /Q feu® dridry
1

2(1+1) (||P1+"u€H%Q(Qi(lﬂ)\ﬂé) + ||P1+n“5||§161(9e)> - /Q feu dzqdas.
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So, we can proceed as in (4.11)) to get

1Pl (e ey + 1Pranu = |5 or)
3 (4.12)
<2/ £ 7200 <27I +n'/? €G1) :
Putting together (4.11) and (4.12)), we complete the proof of the lemma. a

We are in conditions now to proof the main result of this section.

Proof of Theorem |4.1. If we define = §/Gy, then under the hypotheses on G, and G and if |G, —
GellLo(0,1) < 0 we have that

QL) c Qe CcQ(1+1n)

M4 N (413)
Q(5) CQCQ(1+n)
Applying (4.13)) and Lemma we easily get that
€2 €ll2
~e|l2 R < ||6€ 2 R R < < . .
HU ||H1(Qe\Qe) = ”u ||H1(QS\QS($’”)) = C\/’ﬁ = C\/g
So we will concentrate in the first term of (4.1). Therefore,
Ve(us) < Ve((Prynt) |a<)
1 ~E € ~E
= 5l1Prna 72 0e) — o f(Pryn@®) daydas
1 ~ € € ~ €
< 1P s e gmyy ~ /Q [ Pyt dyday
+/ f€P1+nff dzidzs.
Qe\Qe
But from (4.5)) and (4.6]) we get
||P1+nﬂe||fq€1(ﬁe(1+,7)) S (1 + 77)Ha6||§{51(§2e) (415)
Moreover
. f6P1+nﬂE deldeQ = /. fe(P1+nfL6 — ﬁe) dIldﬂjg + . felALE dl’ldl‘g
Qe Qe Qe
but from Lemma
| o PPy — ) derdwa] < SNl oo 1 Prn® = el 2 ey < O™,
Also,
| e f€P1+nﬁ€ d$1d1'2| < HfEHLz(QE) P1+777.AL6HL2(Q€\Q€) < C771/4
where we have used Lemma [4.3| and (4.13)).
Hence, putting all this information together, we get
Vo) < (L4 V(@) + 0l N o 16 gy + O/ < Vel@e) + O/,
Therefore
Ve (uf) < V() + C/*. (4.16)

On the other hand, we obtain by (4.4), (4.5) and (4.13))

1
Vi) = gl = [ £ deiday



HOMOGENIZATION IN THIN DOMAINS 21

1 €12 €, €
= §HP1+77U ||Hi,1+n(Qe(1+n)) - \/QE fudridrs

1 €12 €, €
mﬂpunu ||H3(Qs) —/Qef u dridzy

+
#HP _ € _ €,,€
ST LU — U+ U H 100 /Q‘f u dridxs

1

+

€ ~€112 ~€112
sy Pt = @l a0 + 185 a0

+2(Prpuf — ﬂe,ﬂE)Hsl(Qf)) - /Q feu drydas

sy UPren = @l a0 + 185

Qe
1

1

+

/ (Prynut —a) f€ dzldzg) — feus dridas
1 (7 (A€

—a ||H1(Qe) + mve(u )

= Py uf
2( +"7)H 1+n

1
+— PHnu6 fedxidrs — / feut dridxs. (4.17)
1 —|— A Qe

But, due to (4.9) and Lemma[£.3] we have

1
‘m/ Prypu f€dxidas 7/5 feus dzldz2’

< P dayd ’
= 1+n’/6\95 1t f durdis

+‘ T, Pyigut f€dridzs — feus dl‘ldl‘g‘
L+nJae Qe
1
<o (1Pr 0 sy 17 L2 ey + Con'?)
1 . .
=14y (”P1+’7“‘||L’-’<ﬂ€<1+n>\ﬂe>||f 22 (e (1+mvae) + Co 771/2)
1
< INITS . . 1/2)
1409 ( a2 I F Nl 2@ 4oy + Con
1
< _- 1/4 . . 1/2) < 1/4
=141y (Cln £l 2@ 14mnoe) + Con <Cy6
with Cy, C7 and (5 independent of € and 7.

Consequently
Ve(u®) > 17v 4) 4 || Pyyyu — Cy0M4, (4.18)
Thus, it follows from and - that

||P1+,,u

R e

— N0 < T f/( )+ C M4 Cp 6t
which implies

HP1+77U < Cg (51/4 (419)

— 471 0y
with C3 independent of € and 7.
But, from Lemmawe have that |Ju® — P1+77u€||%{1(96) < C/n. Hence, from (4.19)) we get

|lu — @ <O (4.20)

6”Hl(QémQ
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for C' independent of e. This provers the result.

5. THE GENERAL CASE

We provide now a proof of the main result, Theorem [2.3]

Proof. From estimate and we derive
[“)Peu

< M foralle >0
6.231

L2(S)

H OP.u¢
0xo

||Peu6||L2(Q)v‘ L2(

where M is a positive constant independent of €. Hence, there exists ug € H 1(@) and a subsequence, still
denoted by P.uf, such that

Pu® —uy w-— Hl(Q)

Peu€—>u0 S—LQ(Q) (51)
Pous .
and(9 Y o s — L*(Q).
T2

It follows from that wuo(z1, #2) = ug(z1) on Q.

We will show that ug satisfies the Neumann problem . To do this, we use a discretization argument.

Let us fix a parameter § > 0 small enough and consider a function G°(x,y) with the property that
0 < G%(x,y) — G(z,y) < 6 for all (x,y) € I x R and such that the function G? satisfies hypothesis (H) and
is piecewise periodic as described in Section [8] To construct this function, we may proceed as follows. The
function G is uniformly C! in each of the domains (£;_1,&;) x R and it is also periodic in the second variable.
In particular, for 6 > 0 small enough and for a fixed z € (§;-1,&;) we have that there exists a small interval
(z —n,z+n) with n depending only on § such that |G(z,y) — G(z,y)| + |0,G(x,y) — 0,G(2,y)| < 0/2 for
all z € (z —n,z+n)N(&_1,&) and for all y € R. This allows us to select a finite number of points: &_1 =

L<& <. <& =¢ suchthat & | — &7} < n and therefore, defining G®(x,y) = G(&_,,y) + /2
for all z € (& 1,5”'1) we have that 0 < G(x,y) — G(z,y) < § and [9,G%(z,y) — 9,G(x,y)| < § for all
(z,y) € (&-1, 51) x R. This construction can be done for all ¢ =1,..., N.

In particular, if we rename all the points £¥ constructed above by 0 = 29 < 21 < ... < 2z, = 1 (and
observe that m = m(d)), the function G°(z,y) = G¢(y) with (x,y) € (2;_1,2) xR, i =1,...,m and G? is
C"' and L-periodic.

We denote by G?(x) = G®(z,z/¢) and consider the domains

Q0 ={(z,y) eR* |z el, 0<y<G(zx)}
Q° =1x(0,Gy)
Q0 = O\ UM M (2i,9) € R? |Gy <y < Gy}
Since G? satisfies the hyphoteses of the Lemma there exists an extension operator
P.5 € L(LP(Q%°), LP(Q%)) N LW P(Q0), WhP(QF))

satisfying the uniform estimate (2.14]) with n(e) ~ 1/e.

Since f€ € L*(Q) with ||f¢||r2(qs) < C, then if we extend this function by 0 outside Q¢ and denoting

~ 5

the extended function again by f¢ and using that Gs > G, we have that f§(z) = OGe(x) fe(z,y)dy =
fG «(2) fe(z,y)dy = f<(x) and by hypothesis, we have that fe = fe— f w-L2(0, 1)

Therefore, it follows from Theorem |3.1] . that for each § > 0 fixed, there exist u® € H'(0,1) such that the
solutions u® 3 of (2.4) in Q%9 satisfy

P.su® —u’ w— HY(Q) (5.2)

where u%(x1,22) = u®(z1) on Q7 is the unique solution of the Neumann problem



HOMOGENIZATION IN THIN DOMAINS 23

[{F @ i@ o) + @ @ e@}is = [ fo)pla)da (53)

I

for all ¢ € H'(I), where 7% : I + R and p° : I — R are strictly positive functions, locally constant, given
by

T (zim1, %) (5.4)
B Y| T € (21,2 5.4
pé(x) -

where

Ti§ = i/y {1 - %(ylayz)}dyldyz- (5.5)

X; is the unique solution of in the representative cells Y;* defined in foralli=1,...,m.

Now, we pass to the limit in as & — 0. To do this, we consider the functions r® and p? defined in
x € I and the functions r and p defined in . We have that r° and p® converge to r and p uniformly
in I. The uniform convergence of 7 to r in I it follows from Proposition proved in the Appendix. The
uniform convergence of p° to p follows from the uniform convergence of G° to G as § — 0.

Since we have the uniform convergence of % and p® to 7 and p respectively, we have by [5, p. 8] or [8] p.
1] the following limit variational formulation: to find v € H*(I) such that

[ {r@) wata) esta) + pta) ) oo o = [ fia) g da (56)
for all o € H'(I).
Hence, there exists u* € H'(I) such that

u® — u* in HY(I) (5.7)

where u* is the unique solution of the Neumann problem .

To finish the proof, we need to show that u* = ug in I, where ug is the function obtained in .

Let us consider the open square 2y = I x (0,Gy) which satisfies Q¢ C Qf for all § and e small enough.
Observe that ||u* — u0||iz(1) =Gyt ur — u0||%2(90) and therefore, to show that u* = uy it is enough to show
that ||u* — UOH%Z(QO) = 0. Hence, adding and substracting the appropriate functions and with the triangular
inequality,

lu* = uollL2(0) < lu™ = u’llz2(ag) + U —u || 22(qy)
(5.8)
Hu® = w2 (0,) + [[u = uol| 2(00)

for all € and 6 > 0.

Now, let 1 be a positive small number. From and from Theorem 4.1} we can choose a § > 0 fixed and
small such that [|u* — u’||z2(0,) < 7 and [[u®® — uf||12(q,) < 7 uniformly for all e > 0. Now, from for
this particular value of &, we can choose €; > 0 small enough such that |[u® — u®?||f2(q,) <1 for 0 < e <e;.
Moreover, from we have that there exists €2 > 0 such that ||u® — uo||r2(q,) < 7 for all 0 < e < €.
Hence with € = min{eq, €2} applied to , we get [|[u* — uol|L2(qy) < 4n. Since 7 is arbitrarilly small, then
u* = ug. O

APPENDIX A. A PERTURBATION RESULT IN THE BASIC CELL.

In the proof of the main result in Section [5| we have used the convergence of ° — r, where 7% = ;5

in the interval (z;_1,2;), and r; 5, © are defined by (5.5) and (2.16]), respectively. In order to proof such a
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convergence we need to analyze how the function X, solution of

—AX =0inY"
0X
aiN =0 on B2
0X 02G
— =N=————————o0n B
Al
ON 1+ (0,6)° (A1)
X(0,y2) = X(L,y2) on By
X dyldyg =0
Y*
on the representative cell
Y*={(y1,12) €ER?|0<y1 <L, 0<ys<G(y1)}, (A.2)

depends on the function G.
We will consider the following class of admissible functions

A(M) = {G € C*(R), L — periodic, 0 < Gy < G(-) < G4, |G'(s)| < M} (A.3)

and we will denote by Y*(G) and X(G) the basic cell and the solution of for a particular
G € A(M). Observe that for each G € A(M), we have the extension operator Eg : H(Y*(GQ)) — H(Y)
as constructed in Lemma which will satisfy ||[Equllgiyvy < Cllullgi(y=(q)) with C = C(M), but C
independent of G, and therefore this constant can be chosen the same for all G € A(M).
For each G € A(M), we can consider the basic cell Y*(G) defined by . Here, we proceed as [2], p.
84] and [10], we begin by making the following transformation on the domain Y*(G)
Ly @ Y*G)—Y*(G)

(21,22) — (21, F(21) 22) = (y1,92)

where F (2) = ggi; The Jacobian matrix for this transformation is

16 = it £ )

and observe that its determinant is given by |J L4 (21, 22)| = F(z) = ggz;

Using L, we can show that problem 1' in Y*(G’) is equivalent to

—+div(BgW) =0 in Y*(Q)
BsW-N=0 ) on By(G)
B:W - N = ———%24 __ B (G
G 1+(8zé)2 on 1( ) (A.4)
W(0, z9) = W(L, 22) on By(G)

IY*(G) W |JLG~| ledZQ = O

where
F Z1 U Z1,22) — F/ Z1) %2 U 214,22
(BG‘W)(ZlaZQ) = < _FA/( ( ) 621( ) ( ) 822( ) (21,22) )

21) 2 %(21722) + ﬁ (14 (22 F/(zl))2) 37[]2

That is, we have that X (G) is the solution of (A.1)) in Y*(G) if and only if W(G) = X(G) o L satisfies
equation (A.4) in Y*(G).

Moreover, if we define
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then, U(G) is the unique solution of

—+div(BgU) =0 in Y*(Q)
BU-N=0 on By (G)

é e " 1(G) (A.5)
U(0,22) =U(L, z2) on By(G)

fY*(G) Udzidze =0
Also, we have that the variational formulation of problem (A.5]) is given by the bilinear form
pe H(G)x HG) —R
1%
(U, V) »—>/ ByU -V <A> dz1dzo
Y*(G) F
where H(G) is given by
H(G) = {UeH'(Y*(G)|U(0,2) = U(L, ) on By(G), / U =0
Y*(G)

with the H*(Y*(G)) norm. Hence, we have that X (G) is the solution of (A.1) in Y*(G) if and only if

~ ~ 1 ~
UG =X(G)oLsy — ——— X(G)o Lg (A.6)
¢ Y Jy-e ¢

satisfies

el 14
pe(U,V) = —/ ¢ Yis, foalven@) (A7)
Bi(G) /14 (G)2 F
Observe also that the bilinear form associated to problem (A.1) in Y*(G) is given by
pc: HG)x HG) —R

U,v) — / VU - VV dzidzs
Y=(&)
and the weak formulation is given by
/
pe(U,V) = —/ — Y vas, forall Ve H(G).
Bi(@) V1+(G')?

As a matter of fact, we will be able to show the following:

Proposition A.1. Let us consider the family of admissible functions G € A(M) for some constant M,

where A(M) is defined in ([A.5).
Then, for each € > 0 there exists 6 > 0 such that if G,G € A(M) with |G — GHCI(]R) <4, then

|U(G) - U(G)HH(Y*(G)) <e. (A.8)
Moreover, we obtain from @)
Ir(G) = r(C)] < e (A.9)
where
1 0X(G)
G) = e — (Y1, 42) pdy1d A10

and similarly for r(G).
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Proof. Obviously follows straightforward from , the relation between U and X stated in ,
the definition of 7(G) in and the fact that G and G are close in the C''-metric, and in particular in
the uniform norm.

Hence, we need to show . For this let pg and ps be bilinear forms associated to the variational

formulation of . for G and G respectively. We can get the following estimate
pe(U, V) = pa(U, V)|

o [V . oUu . oU
< — (= —1)— — I
- /Y (@) {‘621 (F) ((F 1)821 2k 822)’
1oV N\ OU | oU
+F322( (1_F+( F))Big_ 2F821)‘}dzld22
< IF - 1||L°° H ’ 3U‘ 11— FIILoo +G2 ||| L H ’
- 0z 1lL2 821 Oz llL2 az2
!
HF HL (H621 L2 82’2 Héhg L2 821 )
HF e B ,
g (I F|\LOQH821‘ +Gy | F HLWHM v . (A11)
Since X
Plz) 1= G(zlé;1?(21> and
G (Gl) = Gle) + Gl (G(1) = G (2))
e = e
we have 1
[ £ = 1|0,y < GT)HG — Gllp=((0,z)) and
) 1 . .
||| Lo (0,)) < a2 (M G = GllL=(o,) + G1 IG" - G/”L‘X’(O,L)) :
Then, due to (A.11]), we get
6(UV) = pa(U V) < C (IG = Gl + G = &l ) 10V 11, (A.12)

thre the constant C' depends on M, Gy and (G; and therefore it can be chosen the same constant for all
G,G e A(M).

Now, since pg is a coercive bilinear form in H(G) (observe that we have imposed the condition fy* @) U=
0 in H(G)) then, there will exist a constant ¢ > 0 such that pg(U(G) — UEG)7 UG) —UQ)) > ¢|U(G) —
U(G)13(c)- But, to simplify, if we denote by U = U(G) and U = U(G), we will have

llU =Tl < paU—=U,U—=U) = pa(U,U = U) = pa(U,U - U)

< |pa(U,U =U) = pe(U,U = U)| + |pe(U,U = U) — pa(U,U - U)

Vel
</Bl(c> VI (@ \/1 (G2

But using appropriate trace theorems in B;(G), the fact that G, G e A(M) so that they are uniformly
bounded in C*(R) (and therefore

\U U\dS+C||G G”ClR)”UHHG)HU U|||H(G)

\/15(,@) \/15(10/)2 | = ClG - G||c1 for a constant C' depending

only on M), then, we easily get that ¢||U — U||H(G < OG- G||C1(R), where we have used that we have
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a uniform bound of ||| () for all G € A(M), which is easily obtained from the variational formulation

(A.7) and the fact that G € A(M). This shows (A.8) and we conclude the proof of the result. O
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