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Abstract

We consider an elliptic problem with nonlinear boundary condi-
tion involving nonlinearity with superlinear and subcritical growth at
infinity and a bifurcation parameter as a factor. We use re-scaling
method, degree theory and continuation theorem to prove that there
exists a connected branch of positive solutions bifurcating from infinity
when the parameter goes to zero. Moreover, if the nonlinearity satis-
fies additional conditions near zero, we establish a global bifurcation
result, and discuss the number of positive solution(s) with respect to
the parameter using bifurcation theory and degree theory.

1 Introduction

We consider the following elliptic equation with nonlinear boundary condition

—Au+u = 0 in Q; (1.1)
g—z = Af(u) on 09, '

where Q C RY (NN > 2) is a bounded domain with C?* (0 < a < 1) boundary
0, 9/0n = n(z) - V denotes the outer normal derivative on 9, A > 0 is
a bifurcation parameter and the nonlinearity on the boundary f : [0, 00) —
[0, 00) is locally Lipschtiz.

Keywords: elliptic problem, nonlinear boundary conditions, superlinear and subcriti-
cal, local bifurcation, degree theory, global bifurcation.
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Reaction-diffusion equations involving nonlinear boundary conditions, ap-
pear naturally in applications. For example, limb development which incor-
porates both outgrowth due to cell growth as well as cell division and inter-
actions between morphogens produced in several very specific zones of the
limb bud, see [3I]. Another known application is when a highly exothermic
reaction takes place in a thin layer around a boundary [22], this information
is then used in cryosurgery (surgery using local application of intense cold to
destroy damaged tissue) [17].

Elliptic equations with nonlinear boundary conditions have been investi-
gated extensively in recent years. Results on existence of positive solutions
of problems with nonlinear boundary conditions can be found (without be-
ing exhaustive), using techniques such as, monotone methods and functional
analysis in [1, [19], concentration compactness method of Lions (see [24] 25])
in [I5], bifurcation theory in [5] [6, [7, 26, 28, B0], variational methods in
[20, 29, [34], and topological degree in [10} 13].

Regarding the nonlinear eigenproblem (ILT), we refer to [14] 33, 29, 34,
20] where there are existence results with a parameter A on the boundary
for a pure power sublinear nonlinearity. When f is also a pure power and
superlinear, we mention for instance [I4] with a combination of interior and
boundary reaction terms, and also [I8] where the authors describe the profile
near blowup time for solution of the associated parabolic problem.

To the best of our knowledge, there are so far no existence results with
respect to the parameter A on the boundary of problem (L)) when the bound-
ary nonlinearity f is superlinear and subcritical, but not necessarily a pure
power. In this paper, we fill this gap by showing that there exists a positive
weak solution for A small (see Theorem [[]), depending only on the behavior
of f at infinity. Further, by imposing additional conditions on f to guarantee
bifurcation from the trivial solution, nonexistence for large A\, and some nec-
essary technical assumptions, we obtain global bifurcation and multiplicity
results (see Theorem [L2).

Main focus of this paper is to study (I[I) when f is superlinear and
subcritical, that is, there exists a constant b > 0 such that

(H) lim /() =b with {1 <P< % it N >3,

p>1 if N=2.

s—+oo SP

By a weak solution of problem ([.I]), we mean a pair (A, u) € (0,00) X
H'(Q) such that

/ VuVip + / u) = A f(u), for all ¢ € H'(Q). (1.2)
Q Q o9



Moreover, one gets that the weak solution u is actually in C**(Q) N Cl’a(g)
if f satisfies the condition (H)_ (see Corollary 2.3). Therefore, we use C(2)
as our underlying space, and define the solution set as

3= {(\u) €[0,400) x C() : (A, u) is a weak solution of (LI)} .

The closure of the set of nontrivial solutions will be denoted by .. Let
A0, Ao € [0,400). We say that (A, 0) (respectively, (A, 0)) is a bifurca-
tion point from the trivial solution (respectively, from infinity) if there exists
a sequence (A, u,) € X such that A\, = Ao and [[u,[|c@m — 0 (respectively,
A = Ao and |[upllo@m — +00) as n — +oo. Likewise, we say that a
connected component % bifurcates from the trivial solution at (Ag,0) if €
is a maximal closed connected subset of . U (Ag,0) containing (Ag,0). A
connected component bifurcating from infinity can be defined similarly.
We state our first result on local bifurcation from infinity.

Theorem 1.1. Assume that f satisfies (H)... Then, there exists A > 0

such that for all X € (0,7], (TI) has a positive weak solution u such that
lullc@ — o0 as A — 0F. Morcover, there exists a connected component
€t C X, of positive weak solutions of (L)), bifurcating from infinity at
A =0, such that X takes all values in (0, ] along €+ (see Fig. D).

HUHC(E)

A
Figure 1: Bifurcation from infinity at Aog =0

We use uniform a-priori bounds results for asymptotically superlinear,
subcritical nonlinearities, and re-scaling argument together with degree the-
ory and bifurcation theory to prove Theorem [Tl Such method was first
used in [4] for a result in the Dirichlet boundary condition case. We remark
that Theorem [Tl is independent of the behavior of the nonlinearity f away
from infinity.



Next, in order to discuss global bifurcation and multiplicity results, we
impose additional conditions on the nonlinearity f. First, we assume con-
ditions on f that guarantees bifurcation from the trivial solution, that is,
f € C(]0,0)) satisfies the following:

f(0)=0, f(0) >0,
(H), { and there exists a constant v > 1 such that
f(s) = f'(0)s +R(s) for s > 0 with R(s) = O(s”) as s — 0.

Second, to discuss the bifurcation direction of weak solutions near the
bifurcation point, following quantities play a crucial role. For v > 1 as
defined in (H),, set

R, := liminf and R, := limsup R(s)

s—0t  s¥ sso+  SY

(1.3)

Finally, let 1; > 0 be the first Steklov eigenvalue and ¢, € H'(£2) the cor-
responding nonnegative eigenfunction associated with the Steklov eigenvalue
problem

-Ap+¢Y = 0 in Q;
{ % — mp  on ON. (1.4)

See Remark 2.8 for the regularity and positivity of the nonnegative eigen-
function ¢;.

Now, we state the following theorem concerning global bifurcation and
multiplicity result.

an

Theorem 1.2. Let f € C'([0,00)) be such that hypotheses (H),, (H) are
satisfied. Suppose that there exists K > 0 such that

f(s) > Ks fors>0. (1.5)

Then, there exists a connected component €+ of positive weak solutions of

(LI) emanating from the trivial solution at the bifurcation point (%, O) € X
possessing a unique bifurcation point from infinity at A = 0. More precisely,

if (\,uy) € €7, then the following holds:

lurlle@) — 0 as A= 30y
lull @ — o0 as A — 0% and (1.6)

if (Moo, 00) 18 a bifurcation point from infinity, then Ay, = 0.

Moreover, problem (1)) has a positive weak solution for any A € (O, %)
and no positive weak solutions for X > 4, see Fig.[2 (a)-(b).
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Furthermore, if Ry < 0, then the bifurcation from the trivial solution at

(ffL(IO) , O) is supercritical. In addition, there exists A > ff‘(lo) such that problem
(LI has at least two positive weak solutions for any A\ € (ffL(IO),j\), and at
least one positive weak solution for A = %, and for A = X, as depicted in

Fig. 12 (b).
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Figure 2: Possible global bifurcation diagrams: (a) represents subcritical bifurca-
tion; (b) represents supercritical bifurcation.

We use novel approach of combining re-scaling argument used in the proof
of local result, Theorem [T, and uniform a-priori bound together with the
abstract local and global bifurcation theory [11, 32], and degree theory to
prove Theorem [1.2.

Analogous existence results, such as Theorems [[L1 and [L.2] when the
nonlinear reaction term appears as a source in the equation complemented
with homogeneous Dirichlet boundary condition, can be found, among others,
in [3, 4] and the survey paper [23].

Sections [2] deals with some preliminaries such as regularity of weak solu-
tions, positivity, and uniform a-priori bounds. In Section [3] we prove Theo-
rem [T using re-scaling argument and degree theory. In Section ], we collect
results concerning bifurcation from the trivial solution using Rabinowitz’s
global bifurcation Theorem [32]. We also characterize the subcritical or su-
percritical nature of weak solutions near the bifurcation point. Finally, we
prove Theorem by combining bifurcation theory and degree theory.

Unless otherwise specified, solutions in this paper are understood as weak
solutions, as defined in ([L.2l).



2 Preliminaries and Auxiliary Results

In this section, we discuss regularity and positivity of weak solutions of (L),
and uniform a-priori bound result.

2.1 Regularity of weak solutions and positivity

Here, we state and prove regularity results for some linear and nonlinear
problems, which are relevant for our purposes. In particular, we prove that
any weak solution of (LI is in fact Hélder continuous, see Proposition
and Corollary 2.3

To analyze the existence and regularity of weak solutions of (1), we
must set up the appropriate functional framework. To this end, we consider
the following linear problem

—Av+v = 0 in Q;
{ g—z = h on 02, (2.7)

where h € L1(09Q2) for ¢ > 1. It is known that for each ¢ > 1, (2.7)) has a
unique solution in WH™(Q) and

|v][wrm@y < Clh] Leo0), where 1 <m < Ng/(N—-1), (2.8)
see, for instance [28] for more details. We denote the solution operator cor-
responding to (2.7) by

T : L1(0Q) — WH™(Q) with T h :=wv.
It is known that the trace operator
L Wwh™(Q) — L"(09) (2.9)

is a continuous linear operator for every r satisfying % > % — 1, and
compact if # > % — 1, see |21, Ch. 6]. Now, we define the resolvent

operator (also known as the Neumann-to-Dirichlet operator) S :=T oI as
S LY(09Q) — L"(09Q) given by Sh:=T(Th) =Tv, (2.10)
for any ¢ > 1 and for all r satisfying % > N;mm with 1 <m < Ngq/(N —1),
given schematically by
L(89) - whm() - L7(09) .

Note that if % > N#’” then S is compact by the compactness of I'. The
following Lemma states the regularity of the solution of the linear problem

Z). In particular, if ¢ > N — 1, then v € C*(Q2).
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Lemma 2.1. Let N > 2 and h € L%(0N) with ¢ > 1. Then, the unique
solution v = Th of the linear problem (21) satisfies the following:

(i) If1 <qg< N—1, thenT'v € L"(0R) forall1l <r < % and the map

N—
S o L0 — L7(0R) is continuous for 1 < r < % and compact
for1<r< %.

(i) If g = N—1, thenTv € L"(0) for allr > 1 and the map S : LI1(0Q) —
L7(09) is continuous and compact for 1 <r < co.

(i) If ¢ > N — 1, then v € C*(Q) with ||[v|ca@) < CllhllL@n) for some
a € (0,1). Moreover, T'v € C*(9R) and the map S : L1(0Q) — C*(00N)
1 continuous and compact.

(iv) If h € C*(0RY), then v € C**(Q) N CL*(Q).

Proof. See [B, Lemma 2.1] for proofs of items (i)-(iii).

(iv) Since h € C*(99) then by (iii) v € C%(Q), it follows from the first
equation in (Z7) that v € C**(Q). Furthermore, using the second equation
of ([20), it follows that v € C%*(2) N C1*(Q).

O

In what follows, we will show that any weak solution u of our nonlinear
problem (L)) lies in fact in C%(2) for some o € (0,1). To accomplish this,
we will establish regularity results for problems with nonlinearities satisfying
(H),. Hereafter, we will use the same symbol to denote both the function
and the associated Nemytskii operator.

Proposition 2.2. Let N > 2 and h : [0,00) — [0,00) be locally Lipschitz
continuous satisfying condition (H) . Let v be a nontrivial weak solution of
the following problem

—Av+v = 0 m Q;
{ g—z = h(v) on 0N.
Then,
[v][ca@y < C(L+ [[T0][Lro0))
L, 2(N—-1)
for some positive o € (0,1), where r = N 3 if N> 2, andr > 1 when

N =2.



Proof. We assume N > 2, since the proof is trivial when N = 2. By definition
of a weak solution and the trace operator, (29), v € H'(Q) and its trace
Tv e L7(09), where 1 <r < rg:= Q%V__Ql), respectively. It follows from the
condition (H)_ that

h(Tv) < C(1+|Tvf?), (2.11)
and by the continuity of the Nemytskii operator
To 2(N — 1)
h(Tv) € L?°(09), where Go:=—=—F———"=.
(T) (o) " p p(N-2)

Now we proceed with the bootstrap argument. For h(I'v) € L®(9<) and

[28), we have

Ng;— .
v e Wi (Q), where s; := Nq L fori=1,2,....
By (Z3), we get
N —1)q;_ .
I'v e L"(0N2), where r; ::;]?_)qqi_ll fori=1,2,....

Then, using (Z.11]) and the continuity of the Nemytskii operator

h(Tv) € L%(8Q), where ¢; := B fori= 1,2,....
p

If g > N —1 for some i € N, then v € C*(Q) for some o € (0,1) by
Lemma 2.7] (iii).

If g = N —1 for some i € N, then by Lemma 21 (ii), ['v € L"(09)
for r > 1. By @2II), h(T'v) € L™ for m > 1 . Using the L%-estimates for
second-order linear elliptic equations, we get that u is actually in W1*(£2)
for any s > 1, in particular for s > N. By the continuity of the embedding
Whs(Q) — C*(Q) for s > N, one has that v € C*(Q), see e.g [, p. 285].

Now suppose ¢; < N — 1. Then,

1 1 1  p(N-2-2 N-2 1 .

= = < = — iff p < .

1 qo N —1 Q(N—l) Q(N—l) To N —2
If TP >Ti—1, then

11 1 p 1 » 1 1 1 1

= < = = .
Ti+1 q; N -1 r; N -1 Ti—1 N -1 qi—1 N -1 T

Hence, by induction {r;} is strictly increasing. Then, clearly {s;} and {¢;}
are strictly increasing as well.



Suppose ¢; < N —1 for all i € N. Since {¢;} is strictly increasing and 1 <
¢ < N—1foralli € N, ¢; = g forsome 1 < g, < N—1. If go o = N—1, then
fixing € > 0, there exists an ¢y € N such that N—1 > ¢;, > N—1—¢. However,
{¢;} is strictly increasing, hence ¢;,+1 > ¢;, > N — 1, a contradiction. As a

consequence, (o, < N — 1. Define r, := lim r; = lim pg; = pg > 0. Note
12— 00 71— 00
that
Tig1 —7T;  TigaTi (1 1
qi+1 — qi = = — =
p p T Ti+1
:Tz‘+17”i( 1 _i):ﬁ‘—i—lri ¢ — 4i-1
p qi—1 q; p qi—19;
hence
Qit1 — i _ Tig1 T 1 _ Tl p? _ Tin
qi — qi—1 P G4 P Trian Tic1

Taking the limit as ¢ goes to infinity and noting that r,, > 0, we have

1i qi+1 — q;
m-———

i—=00 @ — (i1

=p>1.

This contradicts the boundedness of {qz}_ Therefore, there exists ig € N

such that ¢;, > N — 1 and hence v € C*(Q) for some a € (0, 1), as desired.
Furthermore, the estimate in Lemma 2] and (ZI1]) give

[vllga@) < 1A(T0) |20 02) < [C(1 + [Tof)|[ Lo @) < C(1+[[T0||Lr@o0)
(2.12)

2(N -1
gif]\f>2. 0

where r = pqy = N

Corollary 2.3. Assume that the nonlinearity f : [0,00) — [0, 00) is locally
Lipschitz continuous and satisfies condition (H)_ . Fix any A > 0 and let
be a weak solution of the nonlinear problem (I.1J) for some 0 < A < A. Then

[ullga@ < C(L+|[Tul|zra0)),

2N — 1)

N o for N > 2

for some a € (0,1) and some C' = C(A) > 0, where r =
and r > 1 for N = 2. Moreover, u € C*%(Q) N CH*(Q).

Proof. Proposition 2.2] yields the proof for the first part.

Since u € C*(1?), f is locally Lipschtiz continuous, f(u) € C*(0f2). The
conclusion follows from Lemma 211 (iv). O
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Under additional assumption on the nonlinearity f, Corollary 2.3 can be
rewritten in the following way.

Proposition 2.4. Assume that the nonlinearity f € C1([0,00)) satisfies
conditions (H), and (H)__. For any fized A > 0, if u is a weak solution of
the nonlinear problem (1) for some 0 < X\ < A, then

||U||Ca(ﬁ) < C|Tul|zr o0y,

or some a € (0,1), where C = C(A) and r = Q(N__l) if N> 2, andr > 1
N-2
when N = 2.

Proof. Note that under conditions (H), and (H)_, for any € > 0, there exists
a constant C. > 0 such that

f(s) < (1 +2)f(0)]s| + Cclsl”.

In particular, there exists a constant C' > 0 such that f(s) < C(|s| + |s|?).
Hence, the conclusion follows from (2.12]). O

Next lemma shows that any nonnegative nontrivial solution of (27) is
positive on ).

Proposition 2.5. Let v € C*(Q) N CHQ) be a solution of @) for h > 0
with h # 0. Then v > 0 on Q.

Proof. Clearly v > 0 in Q by the strong Maximum Principle, see [II, p. 127].
Assume to the contrary that there exists an xy € 02 such that v(zy) = 0. By

the Hopf’s Lemma ([16, Lem. 3.4|) g—Z(fEO) < 0, contradicting the boundary

condition g—z(xo) = h(x¢) > 0. As a conclusion, v > 0 for all x € . O

Remark 2.6. Let f : [0,00) — [0,00) be a locally Lipschitz continuous
satisfying condition (H)_ and u be a weak solution of (LIl for some A > 0.
Then, Corollary 2.3 implies that v € C%*(2) N C1*(Q) and hence u > 0 on
Q by Proposition 2.5

Remark 2.7. Let f : [0,00) — [0,00) be a locally Lipschitz continuous
function satisfying condition (H)_ . Then, for a given u € C(12), f(I'u) maps
C(2) into L2(0N2) with ¢ > 1 by the continuity of the Nemytskii operator

associated with f, see [2, Lemma 3.1|. Then, using (ZI0), we have that

Sofol:C(Q) — L7(00) “X52 (@) < C(Q), (2.13)
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is compact, and v = (S o f o I')u is the weak solution of

—Av+v = 0 in €;
g—z = Af(u) on 09.

More precisely,

u is a weak solution of (L) for A > 0 <= u = AS(f(Tw)).

We end this subsection with a remark about the sign and regularity of the
eigenfunction ¢; corresponding to the first Steklov eigenvalue p; of problem

(4.

Remark 2.8. By the regularity of weak solutions, see [0, Thm. 9.26], and
repeating the arguments as in the proof of Corollary 2.3l the eigenfunction
@1 corresponding to the first Steklov eigenvalue p; of problem (IL4) is in
C%(Q) N CH(Q) with 0 < o < 1 (see also e.g. [27, Thm 8.12]). Therefore,
by Proposition ©1>0on Q.

2.2 Uniform a-priori bound

Our main tool in the proof of Theorem [L.1] is degree theory, for which the
following uniform a-priori bound is crucial. To state the result, consider

—Au+u = 0 in €;
{ g_:; = buP 4 ((z,u) on 0, (2.14)
where p is as in (H)__, and for a.e. z € , all 0 € R, and
lim 1< _ (2.15)
T—00 |0-|p

While we are not aware of any paper that establishes uniform a-priori
estimate for (2.14)), the result below follows by adapting the proof for sys-
tems case in [13, Thm. 3.7]. Their proof is written for |((z,0)] < ¢(1 +
|o|") for some 0 < r < p, but the same arguments can be used to prove the
existence of a priori bound under condition (Z.I5]).

Proposition 2.9. There exists a constant M > 0 such that every positive

solution u € C(Q) of [ZI4) satisfies

HUHC(Q) <M.
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3 Proof of Theorem 1.1]

Our proof is motivated by [4]. In particular, we re-scale (I.I)) in such a way
that the transformed problem approaches a limiting problem of "pure power
type" as A — 0. Then, using A > 0 as the homotopy parameter, we obtain
a positive weak solution of the re-scaled problem, hence of (IL.1]) for A > 0
small.

First, let us extend f to R by setting f(s) = f(|s]) for s € R. Now
consider the problem

—Au+u = 0 in Q-
u ; 3.16
{ oo = A(jul) on 09 (3.16)

Note that for A > 0, u is a solution of (3.16) if and only if w = ATy satisfies

—Aw+w = 0 in €; 417
2—11’7} = )\ﬁf()fp_il|w|) on 0f). (3.17)

For A > 0, define

FAs) = A f(A 71 s)
= \p-1 [f(xﬁ|s|) — b()ﬁﬁ|s|)p] + b|s|P.

We observe that )

lim A#1 f(A751]s]) = b|so|?

Tim AT F (A7) = bsol?

$—S0
due to superlinear condition at infinity (H)__ for sy # 0, and by the continuity
of f at s9 = 0. Therefore, we can define f at A = 0 by setting f(0, s) := b[s|?.
Therefore, since f is Lipschitz continuous, so is f : [0, +00) x R — [0, +00)
defined above.

Then the goal is to study the following re-scaled problem for A > 0

—Aw+w = 0 in Q; 318
g—t‘; = f(Aw) on 09, (3.18)

while keeping in mind that (3.I8)) reduces to the limiting problem for A =0

—Aw+w = 0 in €;
{ %—‘7‘7’ = blwlP on 09Q. (3.19)

Our strategy to proceed with the proof of Theorem [[T] is as follows: 1)
we show that the limiting problem (BI9)), corresponding to A = 0, has a

12



positive solution using the Leray-Schauder degree, 2) show that the re-scaled
problem (B.I8)) has a positive solution using 1) and A > 0 as the homotopy
parameter, then 3) return to the original problem via the re-scaling.

To set up for the Leray-Schauder degree, we formulate the problem (B.I8])
in an abstract setting in terms of the compact and Nemytskii operators. For
this, we define the compact map F : [0, +00) x C(Q) — C(Q) given by

F(Av) = S(F(AT(v),

where f(), -) denotes the Nemytskii operator corresponding to f(),-), and S
is as defined in Remark 2.7l It follows from Remark 2.7 that

(A, w) is a weak solution of BI8) <= F(\,w)=w.

First we establish the following result regarding the limiting problem
B.19).
Lemma 3.1. There exists r > 0 such that for all 0 € [0,1] and all w € C(Q)
with |wlc@) =7, w # 0F(0,w). Consequently deg(I —F(0,-), B,(0),0) = 1.

Proof. Suppose to the contrary that for each r > 0, there exists 6 € [0, 1]
such that the operator equation

w=0F(0,w) for 6e0,1]

has a solution w € C(Q) with |wllo@ =7, that is, w is a solution of

—Aw+w = 0 in €;
{ ‘g—‘r‘]’ = Obwl? on 0ON. (3.20)

Clearly w # 0 since ||w|| ¢, =7 > 0. Hence w > 0 in Q by Proposition

Now, let 0 < € < puy be fixed. Since p > 1, there exists r* > 0 such
that bs? < es for 0 < s < r*. Then there exists 6,« € [0,1] and a solution
wy- > 0 of 320) such that [Jw,« o = 7, and w,- satisfies bw). < cw,-
whenever [|w,«|lo@) = r*. Using ¢1 > 0 as the test function and the fact
that 6,- € [0, 1], we have

0 :/VwT*Vgo1+/wr*g01—6’r*b/ wr. o1
Q Q o0

Z/Vwr*Vme/wwsol—E/ Wy P1 :<,U1_5)/ Wy Q1
Q Q o0 o0

a contradiction since € < py. Thus there exists » > 0 such that for all
0 € [0,1] and all w € C(Q) with ||w|cg = r, w # 0F(0,w). Therefore,
using 0 € [0, 1] as a homotopy parameter, we get

deg(I — F(0,-), B,(0),0) = deg(I —HF(0,-), B,(0),0) = deg(I, B,(0),0) =1,
as desired. This completes the proof of Lemma 3.1l O
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Lemma 3.2. There ezists R > r > 0 and 0 < z € C(Q) such that w #

F(0,w)+tz forallt > 0 and allw € C(Q) with |w||cgq) = R. Consequently,
deg(l - ﬁ(ov ')7 BR(O)7 0) = 0.

Proof. Let 0 < z € C(£2) be the unique solution of

—Az+z = 0 in Q;
% =1 on 0.
"

Then, we observe that the operator equation

w=F0O0,w)+tz

corresponds to the PDE

“Aw+w = 0 in €;
{ %—1‘7’ = blwlf+t on IN. (3.21)

Step 1: We show that there exists ty > 0 such that (32I]) does not have a
solution for t > tg.

For this, let i > py be fixed. Then there exists ¢y > 0 such that bs? +¢ >
s+t —to for t > 0. Suppose by contradiction that there exists t; > ¢, such
that w > 0 is a solution of (B21I)). Using ¢; > 0 as the test function, we get

O:/VwV@lJr/wgol—/ [bw? + 1]y
Q Q o9
:/ [buw? + t1]p1 —/VIUVQPl_/w(Pl
o0 Q Q
>/ [pw + (t — to)]en —/VUJV%—/WPI
o0 Q Q

Zu/ w@l—/Vstol—/w%:(u—m)/ wey
o0 Q Q [2)9]

which is a contradiction since p > ;. This establishes Step 1, which implies

that for all @ > 0, w # F(0,w) + to 2 for all w € C(2) with [|w[|og = a for
any a > 0. Hence, for any a > 0, we have

deg(I — F(0,w) 4t 2, B,,0) = 0. (3.22)
Step 2: We show there exists R > r > 0 such that for all ¢ € [0, t],

deg(I — F(0,w) 4tz Bg,0) =0.
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Indeed, by Proposition with {(t) =t € [0,o], there exists M > 0 such
that |lw|lc@) < M. By taking R > max{r, M}, we get w # F(0,w) + ¢z for

all w € C(Q2) with [|w|[o@ = R and t € [0,%o]. Then, using (3.22), we get
deg(I — F(0,w), Bg,0) = deg(I — F(0,w) +to 2, Br,0) = 0,
as desired, establishing Step 2. This completes the proof of Lemma O

Now we show that the limiting problem (B.19) has a positive solution.
Indeed, it follows from Lemma B.I] Lemma and the excision property of
degree that

deg(I — F(0,w), Bg \ B,,0) = —1. (3.23)

Therefore, there exists a solution of w = F (0,w), or equivalently a weak
solution of (B.19), say wy € Br \ B,. Using the fact that |lwollcg) > >0,
it follows from Proposition that wy > 0 in .

Now we use A > 0 as homotopy parameter to establish the following
existence result for the re-scaled problem (3.18]).

Lemma 3.3. There exists A > 0 such that

(a) F(\w)#w for all X € [0, A] whenever [wllo@ € {r, R}; and

(b) deg(I — F(\,-), Bp\ B,,0) = —1 for all A € [0, A].

Proof. (a) Suppose not. Then there exist sequences A, > 0 with A\, — 0 and

wy, € C(A2) such that F(\,, w,) = wy, and |, c@) =7 (or [|wallc@ = R).
Since wy,, is bounded and F is compact, (An,w,) — (0,w) for some w €
C(2) with |lwllc@ = r or [[w|c@ = R, a contradiction to Lemma B.1] or

Lemma 3.2 respectively. Hence there exists A > 0 satisfying (a).
(b) Now using A € [0, \] as the homotopy parameter, it follows from part
(a) that A
deg(I — F(),-), B \ B,,0) = const. VA € [0,)].

In particular, it follows from (323) that for all X € [0, A]
deg(] - ﬁ(Aa ')7 BR \ Era 0) = deg(I - ﬁ(oa ')a BR \ Era 0) =-1.
This complete the proof of Lemma [3.3] O

Lemma (.3 implies that the re-scaled problem (B.I8) has a nontrivial
solution wy € C(N2) for all A € [0, A] satisfying r < |lw,[/¢gy < R. Moreover,

since f is nonnegative and satisfies (H)_, so does f and hence wy > 0 in Q
by Proposition
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Now we return to the original problem (I]). Using the re-scaling
U= )\_Tilw)\ ,

we can conclude that () has a positive solution (\,u) for A € (0, A]. Also,
since |lwal|c@) > 7 > 0, it follows that [|ull¢g, — +00 as A — 0.

We use the following Leray-Schauder continuation theorem to establish
the last part of Theorem [L.l

Proposition 3.4. ([12, Prop. 2.3]) Let X be a Banach space and U a
bounded open subset of X. Let T : [a,b] x U — X be a compact map
and S = {(t,x) € [a,b] x U : T(t,x) =z} is the set of all fized points of
T. Assume that

o T(t,x) # x for (t,x) € [a,b] x OU;
o deg(I —T(t,-),0)#0 for allt € [a,b].

Then there exists a connected component D of S such that DN ({a} xU) and
DN ({b} x U) are nonempty.

Now, by taking [a,b] = [0, \], U = Bg\B,, T = F(-,-) in Proposition B4,
it follows, using Lemma[3.3] that the re-scaled problem (B.I8]) has a connected
component D of positive weak solutions along which A\ takes all values in
[0, 5\] This in turn, again using u = )fﬁwh implies that there exists a
connected component €+ C 3 of positive weak solutions of (L) bifurcating
from infinity at Ao, = 0. This completes the proof of Theorem [L.1]

4 Global Bifurcation

In this section, we will prove that there exists a connected set of positive
weak solutions € of (L)) bifurcating from the trivial solution at A = %,
and bifurcating from infinity at A = 0. Furthermore, we discuss the direc-
tion of bifurcation of positive weak solutions at (-4, 0). Finally, we prove

f/(0)°
Theorem

4.1 Bifurcation from the trivial solution

We first show that the condition (H), guarantees solutions bifurcating from
the trivial solution. The proof is similar to the case of bifurcation from
infinity, see for instance [5, Proposition 3.1|. We provide the proof below for
completeness.
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Proposition 4.1. Assume that the nonlinearity f € C*([0,00)) satisfies the
hypothesis (H),. Let {\,} be a convergent sequence of real numbers and u,
be the corresponding sequence of positive weak solutions of equation (L))

satisfying [|un|lc@ — 0 as n — oo. Then, necessarily A, — ffzt))’ and
{u,} satisfies, up to a subsequence,
__Un — 1 in ol (ﬁ)
unllo@)
for some 5 € (0,1).
Proof. Suppose that A\, — A for some A € R and set v, := #
Unllc@)
Observe that v, is a weak solution of the problem
—Av, +v, =0 in
duy, R(uy) (4.24)

— =X\ S (0)v, + A on 0S).

on n||un||0(ﬁ)

It follows from (H), that Rlun) () in C(Q) as n — oo. Therefore, the

||“n||c(§)

right-hand side of the second equation in ([#.24]) is bounded in C(£2). Hence,
by the elliptic regularity, v, € W1#(Q) for any s > 1, in particular for s > N.
Then, the Sobolev embedding theorem implies that |[v,[|ca(g) is bounded by
a constant C that is independent of n. Then, the compact embedding of
C*(Q) into C#(Q) for 0 < 8 < a yields, up to a subsequence, v, — ® > 0 in
CP (). Since lvnllc@) = 1, we have that |[®[|oq) = 1. Hence, ® # 0.

Using the weak formulation of equation (£.24]), passing to the limit, and
taking into account that A\, — A for some A € R and v,, — ®, we obtain that
® is a weak solution of the equation

~AD+ P =0 inQ;
o
%E::Af%oyp on 99,

Then, it follows that Af’(0) = u;, the first Steklov eigenvalue, and & = p; >
0 is its corresponding eigenfunction, ending the proof. O

Now, we will show that (%, O) is a bifurcation point from the trivial
solution of positive weak solutions of (ILT). That is, there exists a sequence
(Ans un) € ¥ such that A, — 5745, un > 0 on 2, and that [unllo@ — 0. In
particular, we have the following result.
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Theorem 4.2. Assume that the nonlinearity f € C*(]0,00)) satisfies hypoth-
esis (H),. Then, there exists a connected component 6+ C % of positive weak
solutions of (LI emanating from the trivial solution at (%, 0) € RxC(Q).

Moreover, €+ is unbounded in R x C(£2).

Proof. The proof follows from the general results on bifurcation from the
trivial solutions given in [32, Thm. 1.3|. More precisely, there exists a con-
nected component €T C ¥ of positive weak solutions of (I.I) emanating
from the trivial solution at (%, 0) € R x C(Q) and, the branch € either
meets another bifurcation point from the trivial solution, or it is unbounded

in R x C(Q2). Since f > 0 satisfies (H),, it follows from Lemma 2.1] (iv) and
Proposition that the branch contains only positive solutions. From the
Crandall-Rabinowitz Theorem, see [11], € can neither meet another bifur-

’

cation point from zero (that is, another point (%, O) for another Steklov

eigenvalue 4'), nor can meet ( ff‘(lo) , O) again, so the branch is unbounded in

R x C(Q). O

4.2 Subcritical and supercritical bifurcations from the
trivial solution

In this subsection, we discuss sufficient conditions for the bifurcation from
the trivial solution to be either subcritical (to the left) or supercritical (to
the right). Following lemma is key in determining the direction of bifurcation

from the trivial solution at <?,(&0), O).

Lemma 4.3. Assume that the nonlinearity f € C'([0,00)) satisfies the hy-
pothesis (H),. Consider a sequence of positive weak solutions u, of (L))

corresponding to the parameters A, such that Ay, — 455 and lunlle@) — 0.
Then, we have

1+v _l& _ )\n
o faq €1 < liminf 20

(F(0)* Joarl = mo funllig,
f"l _ )\n o 1+v
< lim sup f(o)ﬁ <Ry A1 5 fag %2
n—00 ||un||c(§) (f/<0)) fag $1

where Ry and Ry are defined in (L3), and v > 1 as defined in (H),.

Ry (4.25)

)

Proof. Using the weak formulation of (LII) with ¢, as the test function, we
get

/ VunV% + / UpP1 = )\nf/<0)/ UnP1 + )\n ’R’<un)()01 )
Q Q

oN o0N
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which yields

(11 — M f(0)) /a = [ Rl

o0
Consequently, we get

(1 —Af(DL (. Rlw) (4.26)

Tl Jon Tunllo@) o ol

From Fatou’s Lemma,

lim inf R<“”)< fn ><p1 (4.27)

neo Jao o Uy [tnlle@)

Ry .\
Z/ lim inf (1n) - 1 ZEO/ o1,
o oo Uy, [unlle@) 09

where we have used the definition of R, (see (L3))), that ¢; > 0 on 02 and
the fact that —e— ” — ¢ uniformly on 09 ( see Proposition F.1]).

Passing to the hmlt in (426) and using ([A27), we obtain the first in-
equality of (£25]). The second inequality is trivial and the third is obtained
likewise. O

Now, we can state the following result with regarding subcritical or su-
percritical bifurcations from the trivial solution.

Theorem 4.4. (Bifurcation of positive solutions from the trivial so-
lution) Assume that the nonlinearity f € C([0,00)) satisfies hypothesis
(H),. Then, the following holds.

(i) (Subcritical bifurcations). If R, > 0, then the bifurcation of positive
weak solutions from the trivial solution at A = f‘—lo 18 subcritical, i.e.

A < iy Jor every posztwe solution (A, u) of (L)) with (A, [lullc@)) in

0).

(ii) (Supercritical bifurcations) If Ry < 0, then the bifurcation of pos-
itive weak solutions from the trivial solution at A = ff‘(lo) 18 supercritical,
i.e. X > gy for every posztwe solution (A, u) of [LI) with (A, ||ullc@))

in a nezghborhood of (£74<,0).

a nezghborhood of(

f’(O
Proof. Consider a sequence of positive weak solutions w,, of (ILT]) correspond-

ing to the parameters A, such that A, — 74 and [unllc@y — 0. Observe

that, by (£25), conditions R, > 0 and Ry < 0 imply that % > )\, and
7 ( < Ap, respectively, for sufficiently large n. This completes the proof. [
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4.3 Proof of Theorem

The proof will be completed in several steps.

Step 1: By Theorem [L.2], there exists a connected component € of positive
weak solutions of (LLT]) bifurcating from the trivial solution at the bifurcation

point (%, 0) and that € is unbounded in R x C(2).
Step 2: At this step, we show that (L) has no positive weak solution for
A > B where K > 0 is as given in the hypothesis (L3).

Indeed, let u be a positive weak solution of (L)) for some A > 0. Then,

using ¢ > 0 as the test function, we get

0= / VuVp, + / upr — A fu)pr
Q Q o0

=)\ f(u)cpl—/VuV<p1—/ug01
a0 0 Q

> \K up — / VuVy; — / upy = (AK —,ul)/ upy -
a0 Q Q a0

This yields A < £ Hence there exists no positive weak solution u of (L)
for A > £, completing the proof of this step.

Step 3: Here, we show that € from Step 1 contains weak positive solutions
that bifurcate from infinity at A = 0, and establish (L.6]).

By Step 1-Step 2, if (A, u) € € then [Julom — 0as A — Foy> and A
is bounded in the A-direction. Hence, there exists a sequence (\,,u,) € €
such that A, € (0,K) and [[u,llc@ — oo. By choosing a subsequence
if necessary, there exists a sequence (\,,u,) €f€+ with the property that

An — A and [unllo@) — oo It suffices to show A = 0.

Assume to the contrary that A\ > 0. For ag > 0, let lag, bo] be any fixed
compact interval with \ € (ap, by). By Proposition 29| for any A\ € [ag, bo],
there exists a uniform constant M = M (ag, by) > 0 such that for every (A, w)
with A € [ag, by] and w a positive weak solution of the re-scaled problem

BI7), we have

”U)HC(Q) <M.

Here we recall from Section [3] that for any A > 0, u is a positive weak
1
solution of ([LLTJ) if and only if w = A»=Tw is a weak solution of (3.I7)). Hence,

[ulle@) < ANTFTM < ag" "M = M’ for any A € [ag, bo],  (4.28)

which contradicts that [[u,[|cg) — oo with A, — A > 0. Hence A = 0. As a
conclusion, necessarily, 4 contains a unique bifurcation point from infinity
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at A = 0 and (LL6]) holds. Then, (LI has a positive weak solution for any

A€ (0 ff‘(lo ) This completes Step 3. Now, set

Ai=sup{\ >0:(\u) € €T}

Then, A\ < co by Step 2. Step 4: Assuming Ry < 0, we prove the existence

of two positive weak solutions for each A € ( 70y 5\).
It follows from Theorem [£.4] (ii), that the bifurcation is supercritical at
the bifurcation point (%,0) from the trivial solution. Note that since

Ro <0, X > “1). Let A\ € (ﬁ,X) and uy be a positive weak solution

£
corresponding to A\g. Now, let \ € ( ) be fixed. We show that there
exist two distinct positive weak solutlons of (1)) corresponding to A using
degree theory. For this, first we extend f to R by setting f(¢) = 0 for ¢t < 0.
First solution corresponding to A:

First we note that, since f is Lipschitz continuous, there exists ¢ € R
such that Af(s)+ cs is nondecreasing on [0, M'], where M’ > M, and M > 0
is given by Proposition 29 Now let # € [0,1] and 8 > p;. For a given
u € C(Q), define the operator Ty : C(Q) — C(Q) by v = Ty(u) := (So fyol')u,
where v is given by

—Av+v = 0 in Q;
Sotlcv = O(Af(u)+cu)+ (1 —0)(But +1) on 99,

and fo(u) := O(A\f(u) + cu) + (1 — )(Bu™ + 1). We note that Ty is compact
by Remark 27 and fixed point of the operator T} is a weak solution of (LTI).

We begin by establishing that uy > ep; for sufficiently small ¢ > 0.
Clearly, ug — ep; satisfies

—A(ug — €p1) + (ug — €p1) =0 in Q.

Now, using the hypothesis ([L3]), and the facts that A > i<
and f is continuous, we get

f/(o ||U0||C(Q <M

251 !
A (uo) — €pipr > 70) (f(uo) —ef'(0)1) >0

for € > 0 sufficiently small. Then

O(ug — €p1)

o = Af(up) — €p1p1 > 0 on 0N).
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Therefore, by Proposition 2.5] ug > €p; for € > 0 sufficiently small.

Now define
Y = {v c0(Q): ||v||C@) < M'" and v > €p; on ﬁ} ,

and
Z::{UEY:v<uoon§},

where € > 0 to be chosen sufficiently small later such that in particular
ug > €py in .

Claim I: deg(/ — T1,Y,0) = 0.

First, we justify that the degree deg(l — Tj,Y,0) is well defined and
independent of # € [0,1]. That is, u # Tpu for any u on the boundary
of Y, 9Y. We note that if u € Y, then either [julloq) = M’ or u = ep;.
Now, if [|ull¢@ = M’, then by Proposition 2.9, u # Tpu for any 6 € [0, 1].
On the other hand, if u = €y is a solution of u = Tyu for § = 0, then 8 > 1y
yields the contradiction

Oe
Pepr + 1 = ail = [epy < PBepr .

Thus, u # Tyu when u = ep;.

Now, by repeating arguments in Step 2 with Af(u) replaced by Sut + 1
and using > p1, we see that v # Tou for any u € Y. Then, using 6 € [0, 1]
as a homotopy parameter, we conclude that

deg(I — T1,Y,0) = deg( — Ty, Y,0) = deg(I — Tp,Y,0) = 0. (4.29)

Claim II: deg(/ — 71, Z,0) = 1.

We fix 1y € Z and show deg(I — (6T} + (1 — 0)Ty,), Z,0) =1 for 0 € [0, 1],
where T, maps every element of Z to ¢y. By v = (611 + (1 — )Ty, )u, for
6 € [0, 1], we mean

—Av4+v = 0 in Q;
St 0er = O0V(w)+au)+(L— 00 on 20,

Now we show that deg(I — (6T + (1 — 0)Ty,), Z,0) is well defined and inde-
pendent of # € [0,1]. Indeed, note that if u € Z, that is, u < wug, then by
Proposition 28l v = Tiu € Z, since —Av+v =0 in 2 and

v

n +cv=Af(u) +cu < Af(ug) + cug < Ao f(ug) +cug  on 0S.

22



Also, Ty,u € Z for u € Z. Then 0T1u + (1 — 0)Ty,u € Z for all § € [0, 1],
since Z is convex. Hence, there is no solution of I — (677 + (1 — 0)T},) on
the boundary of Z, and deg(I — (077 + (1 — 0)Ty,), Z,0) is well defined for
all @ € [0, 1]. Therefore, since ¥y € Z, we have

deg(I —T1,Z,0) = deg(I — Ty, Z,0) = deg(I, Z, 1) =1, (4.30)

completing Claim II. B
Combining (£.29) and (£30), one has deg(/ — 71,Y \ Z,0) = —1 and
hence there exists a positive weak solution us € Y\ Z of (L)) corresponding

to the fixed A.
Second solution corresponding to A:

We construct the second positive weak solution distinct from wuy by the
method of sub- and supersolutions. Using the facts that f(0) = 0 and f'(0) >
0, we verify that u = €p; is a subsolution of (LIl for € ~ 0. Indeed, we
observe that since A > 7 is fixed, {(s) := pus — Af(s) satisfies (0) = 0
and £'(0) < 0, then £(s) < 0 for s & 0. Therefore, for all 0 < ¢ € H'(Q), the
following holds for e ~ 0

/Q Vuviy + /Q = /a e <A /8 Hepi = /a Fwy.

Note that ug € Y since ep; < ug < M < M’ for sufficiently small € > 0.
It follows from [8] that min(us,ug) is a strict supersolution of (LI]). Since
Ug, Up € Y, u = €p; < min(us, up) on Q. Hence, there exists a positive weak
solution w; of (LI corresponding to the fixed A satisfying ep; < u; < up on

2 by Proposition 2.5 This completes Step 4.
Step 5: At this step, we prove the existence of a solution for A\ = X. For
each A € ( ff‘(lo) ,A), problem (1) admits a positive weak solution wu,.

Using Proposition 2.9 (£.28]) for A € [%, Al, and Proposition 2.4] there
exists a uniform constant C' > 0 such that [[us|[ca < C for any A €

( ff‘(lo),;\). By compact embeddings, uy has a subsequence that converges to
(say), uy in C#(Q) as A — ), where 8 < a.

Moreover,

HUAH?JI(Q) :/|VUA‘2+/ ‘U)\|2 = )\/ f(u)\)u)\ < C, VA e < fll ,5\) .
Q Q o0 f(O)

By the reflexivity of H'(), uy has a subsequence that converges weakly to
(say), us in H'(Q2) as A — A. On the other hand, since uy — ux € C*(Q)
and f is locally Lipschitz, then f(uy) — f(uy) in C#(Q) as A — .
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Then, by taking limits in the weak formulation of uy as A — \, we get

/ VsV + / wst= A [ fluy)e.
Q Q o0

Hence uy is a positive weak solution of (LIJ)5.

Therefore, (ILT]) has at least two positive weak solutions for A € ( ff‘(lo) , 5\),
and at least one positive weak solution for A = A. Finally, since the connected
set €T bifurcates to the right at (%,0) and bifurcates from infinity at

A = 0, ¢ must cross the hyperplane A = % at a point distinct from
u = 0. Hence, the problem (1)) has a positive weak solution for A = %.
This completes the proof of Theorem U
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