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ABSTRACT

In this study, we focus on the detection of a vaccine-preventable communicable disease using a stochastic SIR com-
partmental model, which includes an additional compartment for individuals protected by vaccination. Although
the vaccine is administered as a preventive measure before the onset of the disease, its efficacy diminishes with time,
which requires booster doses for susceptible individuals. Using a continuous-time Markov chain, we examine the
time required for disease detection (i.e., full confirmation of the disease) and analyze the incidence rates before detec-
tion, both within the vaccinated group and throughout the population. To illustrate the usefulness of our theoretical
derivations and algorithmic schemes, we will present a numerical study involving the above descriptors for outbreaks
of foot-and-mouth disease (FMD) in cattle.

MSC2020 Classification: 92D30, 60J28, 60J22

1 | Introduction

Mathematical models in epidemiology are essential tools for understanding and predicting the dynamics of infectious
diseases within a population. These models enable the evaluation of various control and prevention strategies, such as
vaccination.
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Vaccination, a widely used method, involves the introduction of attenuated or inactivated pathogens into an organism to
confer immunity against a specific disease. However, vaccination is not always perfect; there can be failures in admin-
istration, variability in individual immune responses, and other factors that affect its efficacy. As a result, vaccinated
individuals can still become infected. Moreover, studies suggest that immunity induced by a vaccine can wane over time,
leading to an increase in the number of infections in previously vaccinated individuals [1, 2].

Incorporating imperfect vaccination into the mathematical formulation is crucial for understanding how vac-
cine failure and waning immunity impact disease spread and for designing more effective control strategies
[3, 4]. These models often extend classical frameworks such as the susceptible-infected-recovered (SIR) and
susceptible—exposed —infected -recovered (SEIR) models to include parameters that represent vaccine efficacy and vac-
cination characteristics [5-9]. In addition to vaccine characteristics, recent studies (see, e.g., [10-15]) include control
measures such as treatment, quarantine, isolation, and boosting to discuss their effect in disease transmission.

To characterize epidemiological events, epidemic modeling often involves intervals representing the elapsed times for an
infected individual to pass the infection on to others, such as the incubation period or other transmission patterns (see
[16-19] and the references therein). However, there is not much literature that focuses on the detection period. As recent
examples, we mention [20-22] for practical guidance and [23, 24] for mathematical modeling.

Many infectious diseases are difficult to diagnose because of the variability of presentation and the limitations of diagnostic
testing. Many signs and symptoms are common to many different infections, regardless of the pathogen. Hence, different
infections may initially present with a similar clinical picture. The time lag to disease detection (or the time between the
onset of symptoms and the confirmed diagnosis) is a critical period during which the pathogen is free to spread in the
population while a decision on infected individuals is made. Understanding how the disease spreads during this critical
period is therefore essential to take effective action to control it.

In this paper, we are concerned with a stochastic model that employs a continuous-time Markov chain (CTMC) to model
the spread of an epidemic process through a population. Infection is transmitted individual to individual through a gen-
eral nonlinear infection force, but not only from within a community, as an external source of infection is considered
[25-27]. The disease involved can be prevented by vaccination, but the administered vaccine may not protect an indi-
vidual for several reasons, and the protection conferred wanes with time after vaccination [12, 28, 29]. To counteract the
waning effect and maintain the level of protection in the population, the vaccine is administered to susceptible individuals
according to a revaccination schedule. We assume that we are able to recognize symptoms in infected individuals as soon
as the infection occurs and that, immediately, the suspicious individual is tested to identify the pathogen. Once identified,
infectious individuals are isolated and treated appropriately.

To focus on the period until the disease is definitively confirmed by clinical tests, we start from a stochastic model of the
SIR type where the R compartment, normally reserved for the removed individuals, will contain the detected diseased
individuals.

The above-mentioned recent works [23, 24] explore the dynamics of deterministic epidemic models to understand the
effects of diagnosis and delay in treatment on disease burden. The deterministic approach is flexible enough to represent
the spread of a disease in large populations where the homogeneity of individuals is a natural assumption. In contrast,
our stochastic approach models disease transmission as a sequence of stochastic stages and incorporates randomness
and variability into the disease dynamics. As a consequence, they are especially helpful in dealing with populations of
moderate size, where the variety of potential outcomes plays a crucial role in disease transmission.

The key contribution of this paper is the stochastic analysis of the disease detection period, which is based on two impor-
tant random descriptors: the length of the detection period and the incidence of infection in the meantime. First, we derive
the moments of the random distribution of the lag-time period. Second, we perform an exhaustive analysis of the random
incidence of infection prior to identification of the disease, both in the entire population and among the vaccinated pool.

By exploiting the special transition structure of this model, which is directly related to the block tridiagonal form of the
infinitesimal generator of our CTMC, we get stable recursive schemes for computing probabilities and moments. In the
paper, we propose straightforward recursive algorithms that circumvent the need for subtractions or the use of mathe-
matical expressions involving matrix powers and products that can lead to computational challenges as the population
size increases.
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The remainder of the paper is organized as follows. In Section 2, we introduce the model formulation and the CTMC that
represents the progress of the disease. Section 3 deals with the detection of disease. Firstly, in Section 3.1, we study the time
required to confirm the disease, and in Sections 3.2 and 3.3, we analyze the incidence of infection prior to disease detection,
both in the whole population and within the vaccine-protected compartment. Regarding foot-and-mouth disease (FMD)
outbreaks, Section 4 collects numerical results that show the applicability of theoretical results and algorithmic schemes
presented in previous sections. Finally, Section 5 presents an additional discussion and future extensions of this work.

2 | Model Description

We consider a finite and homogeneous population of N individuals affected by a contagious viral disease that can be
prevented by administering an available vaccine. We assume that this vaccine is not fully effective in protecting individuals
and that it loses effectiveness over time. As a result, some people may become infected despite having been vaccinated.
Vaccination of susceptible individuals is carried out before and during the outbreak to mitigate the effects of waning
immunity. The virus is transmitted by direct contact with an infected person. We assume that we will be able to detect
symptoms in all infected individuals. Therefore, our assumption is that all infected individuals will be tested for the
presence of the pathogen.

To model the spread of the disease, we consider a stochastic susceptible-vaccinated-infected -removed (SVIR) model,
where the removed class is interpreted as an infection-detected class, consisting of those individuals for whom the dis-
ease has been unequivocally confirmed and who are no longer participating in the spread of the epidemic, perhaps due
to isolation or other control measures. Thus, at any time ¢, we shall define the following nonnegative, time-dependent
variables:

« S(1), representing the number of susceptible individuals, that is, unvaccinated elements of the populations who might
become infected at time ¢;

» V(t), the number of vaccine-protected individuals;
+ I(1), indicating the number of currently infected individuals at time #;

« R(t), representing the number of removed (or confirmed infected) individuals at time .
According to the constant finite size hypothesis, it is clear that the following relationship is fulfilled at any time:
SOHO+V(@®)+I1(t)+ R@F) =N,

allowing us to represent the dynamic of the disease in terms of a three-dimensional CTMC, recording infectious, suscep-
tible, and vaccinated individuals at any time ¢ > 0. Thus, we introduce the Markov chain:

x={U®, SO, V(@) : 1> 0}, 1)

N+2

) states.
3

with state space S = {(i,s,v0) : 0 <i+ s+ v < N} containing <
Asitisshown in Figure 1, the possible events that cause a change in the state of y are the following: E,, which records tran-
sitions due to vaccination of a susceptible individual; E,, which corresponds to a transition due to loss of vaccine-induced
immunity; E,, that is associated with infection of a susceptible individual; E,, which is associated with infections of vacci-
nated individuals due to vaccine failure; and E5, which identifies transitions due to the removal of an infectious individual
after being confirmed as a case of infection with the disease.

We assume that the events described above are independent and that transition times between states are exponentially
distributed, with parameter depending on the initial state (i, s, v) € S. Specifically, each susceptible individual is required
to be vaccinated at time intervals of mean length p~!. As mentioned, vaccine protection against the disease wanes and the
immune response lasts for an exponential interval, where =1 identifies the expected duration of protection.

Infection transmission in the susceptible compartment is represented by the function (i, s) = sg(i), where the function
g(i) satisfies g(0) > 0 to cover the possibility of contacts with nonresident infectious individuals occurring at a rate &.
However, the spread of the virus in the vaccinated group depends on the efficacy of the vaccine and is represented by a
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FIGURE1 | Effective events and transitions between compartments in the SVIR model.

TABLE1 | Effective events that modify the state of the Markov chain y defined in (1) and the corresponding transitions.

Event Description Transition

El Vaccination of a susceptible individual (i,s,v) > (i,s—1,v+1)
E2 Loss of vaccine-induced immunity (i,s,v) > (i,s+1,v—-1)
E3 Infection of a susceptible individual (i,s,0) > (i+1,s—1,0)
E4 Infection of a vaccinated individual (i,s,0) > (i+1,s,v0-1)
E5 Removal of an infectious individual (i,s,v) > (i—1,s,0)

TABLE2 | Model parameters and their description.

Parameter Description

B, s) = sg(i) Transmission function among susceptible individuals
& External infectious contact rate

p Vaccination rate

0 Waning rate of vaccine-induced immunity

h Probability of vaccine failure

n(i,v) = hvg(i) Transmission function among vaccinated individuals
y Removal rate

function analogous to viral transmission in the susceptible class. Specifically, the transmission function in the vaccinated
group depends on the number of infected and vaccinated individuals and is defined as (i, v) = hvg(i), where h represents
the probability of vaccine failure and the function g(i) is the above mentioned for disease transmission in the susceptible
compartment. Finally, clinical tests to confirm the disease are performed on each infectious individual independently,
and an expected time of y~! units is required to have a conclusive result.

The events { E,, ... , E5} described previously, as well as the corresponding transitions between elements of y, are sum-
marized in Table 1. Furthermore, Table 2 shows a description of all the parameters that have been introduced for the
model.
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The infinitesimal generator, Q, of the Markov chain is a square ( N ;2 ) matrix with nonnull entries:

-

yi, if i*=i—-1,s*=s,0" =0,
ps, if i*=i,s*=s-1,0v"=v+1,
—q(i,s,v), if i*=i,s"=s,0" =0,
Tisoninsto = ov, if i*=i,s"=s+10v"=v-1, @
p(i, s), if "=i+1,s*=s-1,0"=0,
n(i, ), if i*=i+l,s*=s,0"=v-1,
L

where q(i, s, v) = yi + ps + v + B(i, s) + n(i, v) that corresponds to the sojourn rate at the state (i, s, v) € S.

The long-term behavior of the Markov chain depends on the action taken on the population once the presence of an
infected individual is suspected. If the population is isolated, then & = 0 and subsequent infections can only occur through
internal contacts. Otherwise, we set £ > 0, and new infections can also occur through external contacts.

After isolation, the infectiousness of the virus between susceptible or vaccinated individuals is zero when i = 0. Thus,
states in S with 0 infectious individuals belong to the absorbing set of states. Because the state space of the Markov chain
contains a finite number of states, classical theoretical results guarantee that the Markov process will certainly be absorbed
in one of the noncommunicating classes of absorbing states: A, = {(0,s,k—s)€ S : 0<s <k}, for0 <k < N —1.0Once
the process enters into a communicating class A,, it can move across these states, but it cannot leave the absorbing set.

When the population is not isolated (i.e., £ > 0), the state space of the finite CTMC contains a single absorbing state given
by (0,0, 0). Hence, the stationary distribution is concentrated in this single state. This means that occasionally the disease
fades away (i.e., I(¢) = 0) but is later reintroduced by an external contact.

3 | Detection of the Disease

In this section, we focus on the important issue of disease detection. As mentioned, we assume that the confirmation of
the disease involves one or more diagnostic tests, in such a way that an exponential time of mean y~! units is required
to diagnose the disease with certainty. Our challenge is twofold: First, to measure the time from the beginning of the
epidemic until the disease is confirmed, and second, to measure disease incidence during this period.

Without loss of generality, we assume that at the beginning of the epidemic process, the population contains a
single infected individual, s, susceptible individuals, and vy = N — 1 — s, individuals with active vaccine. That is,
(1(0), S(0), V(0)) = (1, 59, 1), With 5y + v, = N — 1.

Let us introduce the random variables of interest. First, we introduce the time to confirmation of the disease, Tj,, defined
as the elapsed time between the onset of the epidemic and the definitive diagnosis of the disease. We note that this random
variable is conditioned on the initial compartmental distribution of the population. Indeed,

To=min{r >0 : I®)+ SO+ V(@) =N —1|(1(0),500),V(0) =(1,s5, N —1—50)}.

Second, we focus on the incidence of the disease from the time the contact disease starts until it is fully confirmed. This
is analyzed in terms of two random variables that count the total number of infections and the number of infections due
to vaccine failure in the interval [0, T}].

In the following, for the sake of clarity of notation, we will avoid writing the initial state unless it will be necessary. Hence,
in what follows, R, will represent the variable that measures the total number of infections in the above period [0, T;,], and
R will record the number of infections due to vaccine failure that occur in the vaccinated pool prior to the confirmation
of the disease. Both random variables are a particularization of the population transmission number that was introduced
in [30] as a measure of disease spread and was studied by many other authors (see [27, 31-33]) for exponential and
nonexponential distributional assumptions.
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To study the random variables Tj,, Ry, and R’,, we partition the state space S as S = Ay U Sy U Sp, where the set Ay =
{(0,s, N —5) : 0 < s < N} contains states representing the infection-free situations previous to the onset of the disease,
Sr={(,50)€eS:1<i<N,0<s<N-i,v=N —i—s} contains states where the disease is detected but not yet
confirmed, and the set S, = {(i,s,0) € S : 0 <i+ s+ v < N — 1} consists of the absorbing objective states.

Notice that S, is a closed set accessible from the states of Sy, which is a set of transient states. Because we assume
that (1(0),.S(0), V(0)) = (1,s,, N — 1 — s,), which is a state in S, the long-term behavior discussed at the end of Section 2
guarantees that the finite CTMC y will be in a state in Sy, of the form (0, s, v), with 0 < s + v < N — 1, in an expected finite
time. Therefore, lim, ,  R(t) > 1, meaning that the disease will be confirmed almost surely. Thus, the random variable T,
has a proper distribution and P{T, < oo} = 1.

Our aim is to investigate how the above variables behave, and for this purpose, we focus on their probabilistic distributions
and moments.

3.1 | Time to the Confirmation of the Disease

We observe that T}, is the conditional version of a random variable that can be seen as the first passage time of the CTMC
x into the set S,.

Well-known results for CTMCs [34, 35] provide that the distribution of the unconditional version of T}, is given by a
phase-type distribution depending on the submatrix of the infinitesimal generator Q corresponding to the set S of tran-
sient states. Therefore, the computation of its distribution function and its moments requires dealing with powers and
inverses of matrices with positive and negative entries, which makes the computations numerically unstable.

In this section, following a first step argument, we develop stable recursive schemes from which the computation of the
moments of T, can be done at a low computational cost.

These recursive schemes involve a set of random variables describing the time to confirm the disease conditioned to the
current state of the population. Obviously, for states (i, s, v) € Sp,, the time until confirmation of the disease is 0. On the
other hand, for states (i, s, v) € S, we define

Tisp=min{r>0: 1)+ S®+ V() =N —1{(1(0),5(0),V(0) = (i,s,0)}.

Because the states in S are described as (i, s, N —s —i),for 1 <i < N,0 < s < N — i, where the third component can
be completely determined from the other two components, in what follows, the component representing the number of
vaccinated individuals, v, will be removed from the notation when dealing with states in S;.

N _S., where each subset

Next, we split the set Sy in levels according to the number of infectious individuals as Sy = U;l .S},

S, ={@,s,N—i—s):0<s <N —i}isfinite and contains N —i + 1 states,for1 <i < N.

To study the random variable T, we introduce some notation dealing with Laplace transforms and moments of the random
variables T, ) = T, y_;_y,for 1 <i < Nand 0 < s < N —iand notice that Ty = Ty n_, 1) = Ti1. -
H 29> 290> 0 20

So, we define
@5 (w) = E[e™Tus], for Re(w) >0,

Mg = E[T(’;S)], for k >0,

and set the following notation to represent Laplace functions and kth-order moments in vector form, for each level 1 <
i<N:

!’

®,(w) = <(P(i,o)(w), (P(f,1)(w)s ,(P(i,N—i)(w)) s

!
k _ k k k
M; = (M(i,O)’M(i,l)’ e M(i,N—i)) ’

where the symbol / stands for transpose.
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In the following, 1, and 0, represent the all ones and all zeros vectors of dimension a, respectively; e,(;) is a vector of
dimension b with a single one at position j and zeros elsewhere; and empty products, appearing in theoretical derivations,
are an identity matrix of the appropriate dimension.

The following theorem provides a result to derive the moments Mf.‘, for 1 <i < N, in a recursive way from moments of
one order less.

Theorem 1. Given k > 0, the moments of order k of the random variables T}; ), for 1 <i < N and 0 < s < N —i, are
obtained from the following equations:

M) =1,_,,, for 1<i<N. 3)
Fork>1,
k!
My = ——, )
NNy
M= —(C) (kM + BM), ), for 1<i<N -1, (5)

where C; isan (N — i + 1) -dimensional square matrix and B, is a matrix of dimension (N — i + 1) X (N — i) of the form

—q(i,0,N — i) (N — )6 0
p —q(i,1,N—-i—1) (N—-i—1)0
Ci = : 5
(N—-i—1p —q(i,N—-i—-1,1) 0
(N =ip —q(i, N —1i,0)
and
n@i, N —i) 0 0
B, 1) ni,N—i—-1) ... 0
B, =
PG, N —i+1) n(i, 1)
0 0 A, N —1i)

Proof.  Let us assume that the current state of the CTMC y, which describes the compartmental situation of the pop-
ulation, is (i, s, N —i — s) € S;. To lighten notation, the sojourn rate of the state will be written simply (i 5)» that is,
dis) =915, N —i—s).

Using a first step argument, conditioning on the next outgoing effective event (i.e., disease confirmation, vaccination of a
susceptible, loss of vaccine protection, new infection of a susceptible, and new infection due to vaccine failure) gives that
Laplace transforms {¢; ,(w),1 <i < N,0 < s < N — i} satisfy the following equations:

yi ps O(N —i—ys)
QW) = + @5 )W) + ———— @ 1y (W)
) W4y WA TV w+qey
ﬁ(i,S) ﬂ(l,N—l—S) .
LD ey w)+ T T g w), for 1<i< N -1,
w+4(,~,5) (i4+1,5-1) w+‘1(,’,5) (i+1,s)
(wy=—1N
(p N0 w) = )
No W+ 4N o)

which are equivalent to

- Psqo(i,s_l)(w) +(w+ CI(,',S))@(,',S)(W) —-0O(N —i- S)(P(i,sﬂ)(w) ©®)
=yi+ B, )P(s1,5-1)(W) + 1, N — i = )@y 5(W),
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for1<i< N —1,and
(w+ Q(N,o))(P(N,o)(W) =yN. (7

Equations (6) and (7) are the basis to get the moments of the distribution of T}, ;, and, more specifically, the moments of
the random variable of interest, Tj,.

First, we notice that the same arguments used in proving that the random variable 7}, has a proper distribution can be also
applied to show that any random variable 7, ), for states in Sy, has a proper distribution and satisfies P{7|; ;) < oo} = 1.
Consequently, we get that M((?,s) = @5(0) = 1, which gives the result appearing in Equation (3) in the statement of the
theorem.

To derive expressions involving the kth-order moment of T}, ,,, we take derivatives, k-times, on Equations (6) and (7) with
regard to w, and after evaluation at w = 0, we get

k k k-1 ) k
—psM gyt a Mg — kM5 = 0N —i=s)M ) (®)
= (i, s)Mg+LS_1) +n(i, N —i— s)M('jJrLS), for 1<i<N-1, ©

k k-1 __
AN My o = kMo =0

With the help of the matrices C; and B, for 1 <i < N, appearing in the statement of the Theorem 1, we can express
Equations (8) and (9) in matrix form as follows:

k-1 k _ k .
kMM - CMF=BMF |, for 1<i<N -1, (10)
k-1 k _
- kM —yNMj, =0. (11)

The iteration of Equation (11) and the explicit result appearing in (3) for i = N gives the result shown in Equation (4).

Finally, by making use of Equation (10), we can obtain the general matrix expression for moments of T}, ,, given in
Equation (5). O

Given integers k and s,,, the moments of T}, are recursively determined according to the algorithmic scheme appearing in
Algorithm 1.

Algorithm 1 7j moments

For £ > 1 and 0 < sg < N — 1, moments Mf, for 1 < i < N are computed as follows
Step 1. Set j =0
Step la. For 1 <i < N — 1, set M? =1n_i41-
Step 2. Set j =1 '
Step 2a. Set i = N, and M, = (yN)~ 1.
Step 2b. Set i =7 — 1. If i = 0, go to Step 3.
Step 2c. Compute MZ =—(C)! (]‘Mf1 + BiMz_H) , €0 to 2b.
Step 3. Set j =75+ 1. If j <k, go to Step 2a.
Step 4. Compute E[T}] = €y (so + 1)MK.

3.2 | Disease Incidence Prior Detection

In this section, we analyze the incidence of the infection before the disease is confirmed. We introduce the random variable
R, defined as the number of cases of infection during the interval [0, ;)] that can be seen as a measure of contact tracing
forward from the index case to its offspring. This random variable counts the number of infections arising from the first
infectious individual and its offspring until the disease is definitively diagnosed. Therefore, as in the precedent section,
we assume that the initial state of the CTMC y is (£(0),.S(0), V' (0)) = (1, sy, N — 1 — 5,), where 0 < 5 < N — 1.

We have that, because the population is finite, the support of the R, is also finite and is given by the set of integers
{0, ..., N —1}. So, we state that P{R; < o0} = 1.
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To study, in detail, the probabilistic behavior of this random variable, we introduce the set of auxiliary variables {z ) :
(i,s, N —i —s) € S;}, which record the number of new cases of infection before the disease confirmation, given that the
current state of the population is represented by (i, s, N — i — s). In particular, using this notation, the random variable
can be written as Ry =z ).

Some notation for mass probability and generating functions and factorial moments of the auxiliary variables is required,
and it is given by:

z, = Plzg=j} for 0<j<N-1,

N—i
¢(,~,S)(w) = E[w%»] = wazéi’s), for |w| <1,
=

. Btz )] P{z; < oo}, for k=0,
m: = Z,: =
- o E [Hflé(%,s) - n)], for k> 1.

The following theorem provides the mass distribution function of Ry.
Theorem 2. Given sy, suchthat0 < s, < N -1, R € {0, ... ,N —1}.

For any integer j, 0 < j < N — 1, we have

J
P{Ry = j} =y(j + De\(so + D| [J(-C)7'B, (=€} "1y, (12)
n=1
where the matrices C,, and B,, for 1 <n < N — 1, are the ones appearing in Theorem 1, and Cy = —y N.

Proof.  First, we notice that when the current situation is (N, 0, 0), all the individuals in the population are unconfirmed
infectious cases; then, the unique possible transition for the CTMC is the disease confirmation. Therefore, for any integer
j >0, we have
i
Zino) = S0 (13)
where 6, ; represents Kronecker’s delta function defined as 1 when i = j and as 0 otherwise.

For any level i, 1 <i < N — 1, the following result is trivially true because the population is finite:

z{”) =0, for j>N—i. (14)

For the rest of cases, a first step argument conditioning on the first transition out of the initial state gives the following
relationship:

i yi ps O(N —i—s)
Zigy =007+ 2, . (i.5+1)
dis) i 4ii.s) (15)
Bli,s) j1 ni, N —i—s) ;1
+(1-4 .)<—z’. + 7 .
0.j q(i,s) (i+1,5—1) q(i,s) (i+1,s)
Multiplying both sides of Equation (15) by ¢ ,, and rearranging terms, we get an equivalent expression
J J ; J
P52yt dunZy — ON — =97 )
(16)

) o1 . . i1
=g vi+(1— 50,j)(ﬂ(1, S)Z£i+l,s—1) +n(i, N —i— s)zéiH’s)).

Next, we introduce an (N — i + 1)-dimensional vector collecting the probabilities of having j new cases of infection given
that at present, we record i infectious but unconfirmed cases.

J J '
w0y o FaN)
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With the help of vectors zf and matrices C;, B;, for 1 <i < N — 1, we can write Equation (16) in matrix form as follows:

—Cizl =68y, vily_ip +(1—5y)Bz) |, (17)

forl<i<N-1land0<,j<N —i.

Now, defining Cy = —y N, from Equation (13) and the explicit solution of Equation (17) for j =0and0 <i < N — 1, we
can state that

z) = yi(-C)'1y_;,;, for 1<i<N.

For1 < j < N — i, iterating the result in Equation (17), we got that

i+j—1

z{ =y@+ J)< H (_Cn)_an>(_Ci+j)_11N—(i+j)+1'
n=1

Finally, because Ry = z, , ), the mass function of the number of cases of infection taking place before disease confirmation

is determined from z{, for0<j<N-1,as P{Ry =j} =€/ (5o + 1)z{. O

The finiteness of the support of R; may encourage the direct use of Equation (12) to derive the moments of R, as E [R’;] =
Zj\': 61 j*P{R; = j}. However, using mathematical expressions involving powers and products of matrices depending on
the size of the population can cause computational difficulties as the size of the population increases. Therefore, in the
following lemma, we present a direct derivation of the factorial moments of the auxiliary variables, z, ), which provides
an efficient recursive algorithm for deriving the moments of the random variable R;.

For any integers k > 0and 1 <i < N — 1, we introduce the (N — i + 1)-dimensional vector whose components represent
the factorial moment of order k of the number of new infections observed until the disease is confirmed, given that we
currently have i unconfirmed infectious cases:

k

k _ k ’
m; = (m(i,())’ ,m(i’N_i)).

Lemmal. Givenk >0and1 <i < N, the factorial moment of the auxiliary variables are determined from the following
results:

m’=1,_.,, for 1<i<N, (18)
m=0y_,, for 1<i<Nand k>N —i. (19)
m = —(C) 'B;(km};' +m}, ), for 1<i<Nand 1<k<N-i, (20)

where C; and B, are the matrices defined on Theorem 1.

Proof.  First, we call the result shown in Equation (14) and state that the support of any auxiliary variable Z.y 18 given
by the set {0, ... ,N —i},for1<i < N and 0 <s < N —i. Therefore, P{z; < oo} =1 and E[Hf;é(z(i,s) - n)] =0, for
k > N — i, and results in Equations (18) and (19) are fulfilled.

To prove the result in Equation (20), we will deal with the generating functions ¢;; ;,(w), introduced before the statement
of Theorem 2.

By multiplying Equation (16) by v’ and adding in j from 0 to N — i, after rearranging terms, we get the following rela-
tionship involving generating functions

- Psd)(i,s_n(w) + Q(i,s)d’(i,s)(w) —0O(N —i-— S)¢(j,s+l)(w)
=vyi+ f(, S)LU(,{)(H_LS_D(LU) +n(i, N —i— S)wqﬁ(,-JrLS)(w).

(21)
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We notice that m dd—';(¢(i’s)(w))|w=1. Hence, differentiating (21) k-times regarding w and evaluating at w = 1, we

k —
(i) —

obtain
_ psmé‘m_l) + q(i,s)mz‘i’s) —O(N —i— s)mé‘iﬁl) @)
=BG, $)m,, _y +hmEy )+ nG N =i = s)(kmi o+ me ),
that, appealing to vectors mf and to matrices C; and B, in Theorem 1, can be written in matrix form as
- Cm! = B,(km/_' + m}, ), (23)
fork>land1<i< N -1 O

By noticing that R; = z, , ), we can state the following result for the factorial moments of the number of infectious cases
arising from the first infectious individual until the disease is fully confirmed.

Theorem 3. Givens,, 0 < s, < N — 1, forany integer k > 0, the factorial moment of order k of the random variable Ry
is determined as follows:

E[(Rp),] = € (sp + Dm]. (24)

Algorithm 2 Ry factorial moments
For k > 1and 0 < sy < N —1, the factorial moment of order k, E [(Rr)y], is computed
as follows
Step 1. Set j =0,
Step la. For 1 <i < N —1,set m{ = 1y_;41.
Step 2. Set j =5+ 1. _
Step 2a. Set ¢ = N, and m?%, = 0.
Step 2b. Set i =7 — 1. If ¢ = 0, go to Step 2.
Step 2c. If i > N — j, set m} = On_;4+1 and go to Step 2a.

Step 2d. Compute mf =—(C;)"'B; (jmfl + mg_H).
Step 2e. If j < k, go to Step 2a.
Step 3. Compute F [(R7)x] = €'y (so + 1)m¥.

3.3 | Disease Incidence in the Vaccinated Pool Prior Detection

In this section, we derive results on the mass function and moments of the random variable R;, which counts the number
of cases of infection due to vaccine failure before the disease is confirmed. The random variable is tied to the random
interval (0, 7], and without loss of generality, we assume that at the onset of the epidemic process, there is a single
infectious individual in the population. Hence, the initial state of the Markov chain is again (/(0), S(0), V' (0)) = (1, s, N —
1-s5y),for0<sy; <N -1

As we stated for Ry, the support of the random variable R, is finite and consequently P{R]. < co} = 1.

To derive the distribution of R; and its moments, we will follow a parallel scheme to the one used in Section 3.2. Therefore,
we introduce a new set of conditional random variables { Vis) - (s, N—i—s)€ S7}, which, for each state (i, s, N —i —
s) € Sy, count the number of cases of infection due to vaccine failure, observed before the confirmation of the disease,
conditioned on the current state (i, s, N — i — s). Because the population is finite, the support of the conditional random
variables, given i infectious cases, is also finite and is given by the set {0,1, ... , N —i}.

Moreover, we note that R}, = y , ), and in what follows, we present results regarding the conditional random variables
from which we derive those for the mass distribution and moments of the disease incidence in the vaccinated pool. Let
us begin by introducing some notation for probabilities, generating function and factorial moments of the conditional
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variables.
ygi,s) =Py, =J}, for 0<j<N-—i,

N—i
W) = Elwe] = 3wyl for w| <1,
j=0

K E Ply;s < oo}, for k=0,
m, .= . =
o = El0M E[Hn oW n)], for k>1.

Furthermore, given i, for 1 <i < N, for any integers j and k, we define the (N — i + 1)-dimensional column vectors

y{:(y{i’o),... ;/(lN ), for 0<j<N-i,

ok _ ook

m; = (y(iyo), ( N l)) for k>0,

containing probabilities and factorial moments of the conditional variables, and the (N — i + 1) X (N — i) matrices ﬁi and
B, resulting from the matrix B, (in Theorem 1), by splitting new infections according to their previous health status, that
is, susceptible or vaccine-protected individuals. In more detail, for 1 <i < N — 1, we set

0 0 0
B, 1) 0
B, = :
B, N —i+1) 0
0o .. 0 BGi, N — i)
and
n(i, N —1i) 0
0 ni,N—-i-1) ... 0
B =
n(i, 1)
0 0 0

The following lemma shows the iterative equations that yield conditional probabilities.

Lemma2. Giveni, 1 <i< N and an integer j, 0 < j < N — i, the conditional probabilities are determined from the
following equations:

Y =80, (25)
¥ =—(C) (iyly_ip +BYY,). for 1<i<N -1, (26)
y, =—(C) By +By,,). for 1<i<N-1 (27)

Proof. Ifthe population is completely infected, no additional infectious cases can occur. Then, the result in Equation (25)
is trivially true.

The proof of Equations (26) and (27) follows by a first step argument. By conditioning on the first transition out of the
state (i, s, N —i — s) € Sy, we get the recursive equation

y =6 yi ps O(N —i—ys)
. = Op,j — — P — .
(i,s) J q s q s (i,s—1) q s (i,s+1)

(i.s) ) (i.5) (28)

AGE) ni, N —i—s) j1
—y + (1 =6 )| ————v, ,
q(l,S) (i+1,s—1) 5] q(i,s) (i+1,s)
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which is equivalent to

psyéi,s—l) - q(ivs)yéi,s) + Q(N —i- s)yzi,s+1) + ﬁ(l’ S)yZi+1,s—1)

. . . . (29)
= —5071-]/1 -(1- 50’1-)11(!, N —i—y%) (i+1s)’
for1<i<N,0<s<N-i,and0 < j < N — . Finally, expressing (29) in matrix form, we obtain
CY + By’ =—iyly_ ;. for 1<i<N-1,
L . . . .
Cy +By,  =-By, . for 1I<i<N-land 1<j<N—i -

The mass function of the number of vaccine-protected individuals that become infected prior disease confirmation follows
by noticing that R}, = y ).

Theorem 4. Given g, Such that 0 < s, < N — 1, the support of the random variable R; is {0, ... , N — 1}, and its prob-
ability distribution is

P{R;‘ = J} = e;V(So + 1)Y{7 for 0<j<N-1 (30)

Algorithm 3 R}, mass function

For 0 < sp < N — 1, the mass function of Rj. is computed by the following pseudo
code:
Step 1. Set j = 0.
Step la. Set i = N and y%, = 1.
Step 1b. Set i =7 — 1. If i = 0, go to Step 2.
Step lc. Compute y? = —(C;)~? (i’le—i-H + ﬁiy?_H) and go to Step 1b.
Step 2. Set j =j + 1. If j = N, Stop.
Step 2a. Set i = N —j+1and y] = On_;41.
Step 2b. Set i =7 — 1. If : = 0, go to Step 3.
Step 2c. Compute y? = —(C;)~* (Blygl1 + ﬁiy§+1> and go to Step 2b.

Step 3. Compute P {RY = j} = e/y(so + 1)y‘{ and go to Step 2.

Finally, we present the recursive results that drive to the factorial moments of the random variable R..

Lemma 3. Given k> 0and 1 <i < N, the factorial moment of the conditioned variables are determined from the fol-
lowing results:

m =1y, for 1<i<N, (31)
th) =0y_,;. for 1<i<Nand k>N—i+1, (32)
) = —(C)' (kB[ + Bm}, ), for 1<i<N-land 1<k<N-i. (33)

Proof.  The result in Equation (31) follows by observing that n%?,. o= P{y;s < oo} =1, for (i, s) such that (i,s, N — i —
s) € S;. Moreover, because the support of the conditional random variable Yiis) is the set of integers {0,1,--- , N — i},
then rhf‘, o = El(is)] =0, which is the result appearing in Equation (32).

To prove the result in (33), we start with Equation (28). First, we multiply all terms by w’ and by adding in j, for 0 < j <
N — i, we get the generating functions relation:

ps O(N —i—ys)
Wis(W) = + — (W) + —————y; oy (W)
is) s Ai.s) (34)
ﬁ(i7s) ﬂ(l,N—l—S)
+ —W(is1,5-1) (W) + ——————— W4 ().
4ii.s) Qii.s)
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For k > 1, we recall the relationship linking factorial moments and generating functions of any random variable X:
k
E[(X)] = =y ()] e

Multiplying both sides of Equation (34) by q; ,, taking k derivatives with respect to w and evaluating at w = 1, we get

~k ~k . -k
Pt 3y = Qs g+ ON — 1 =) oy

=k = k-1 =k (35)
== Bl )y gy =N N =i = s)<km(i+1,s) + m(i+1,s)>’
fork>1,1<i<N-1,and0<s<N —i.
Finally, we observe that Equation (33) comes from the matrix form expression of Equation (35). O

The result for deriving factorial moments of R7. is presented in the following theorem.

Theorem 5. Givens;, 0 < sy < N — 1, for any integer k > 0, the factorial moment of order k of the random variable RY.
is determined as follows:

E[(RY),] = € (5o + Dr}. (36)

Given an integer k > 0, a recursive scheme, implementing Lemma 3 and Theorem 5, allows the computation of the facto-
rial moment of order & for R}.. The corresponding algorithm presents the same structure of Algorithm 2 just by substituting
-1

Ry for RY., m{f for m{, and the expression in Step 2d for ﬁl{ = —(C) (kB + Biﬁl{H).

4 | Numerical Results: an Application to FMD Virus

To illustrate the usefulness of our descriptors, we shall apply theoretical results to outbreaks of FMD in cattle. FMD is
a highly contagious viral disease of cloven-hoofed (bipedal) animals. It causes painful sores and blisters on the animal’s
feet, mouth, and teats. The virus is transmitted by direct contact with infected animals and by indirect contact with a
contaminated environment. FMD is rarely fatal, but infected animals display high fever, depression, loss of weight, and
drop in milk production. Lastly, some animals who catch this illness may display permanent symptoms caused by FMD
even after recovery, producing less good quality milk and meat. In general, a suspected case of FMD can be identified
on the basis of clinical signs, but diagnosis on this basis is highly unreliable because many other diseases have similar
symptoms. Therefore, confirmatory laboratory diagnosis of any suspicion of FMD is essential. Diagnostic procedures and
laboratory test for determining evidence of infection can be found in [36, 37].

One preventive measure is the use of vaccines. In endemic areas, a prophylactic vaccine can protect animals from clinical
signs, and in virus-free countries, vaccination is an emergency measure to reduce virus transmission during an outbreak.
The vaccines routinely used are prophylactic and generally provide immunity for only 4-6 months. Therefore, animals
protected by such vaccines are usually given one to three doses per year. On the other hand, a study conducted in a
Cambodian province [38] revealed that more than half of cattle vaccinated with FMD vaccines became infected with the
virus and showed clinical signs of the disease, indicating possible vaccine failure. Consequently, it may occur that the
administered vaccine loses effectiveness over time and does not fully protect the animal.

In this section, we present numerical results to illustrate the influence of the incidence function, f(i, s); the probability of
vaccine failure, h; the detection rate, y; and the basic reproductive number, R, for FMD transmission.

Numerical scenarios will share the population size, N = 100, the external contact rate £ = 2.1428 x 10>, the mean time
between booster doses, p~! = 167 days, and the expected duration of the vaccine protection, =1 = 90 days.

We consider three different incidence functions, all of them depending on the bilinear transmission function: (i, s) =
s(% + &), where f is the infection rate parameter. The first one is (i, s) = B(i, s)/(1 + i?), a rescaled version of the inci-
dence function appearing in [39, 40], where 1/(1 + i2) measures the inhibitory effect resulting from the change in behavior
of the noninfectious individuals as the incidence of infection increases; the second is the bilinear transmission function
p,(i, s) = p(i, s), which gives equal contribution of susceptible and infectious individuals in the transmission; and the
reaction-diffusion force of infection #,(i, s) = B(i, s)(1 + i) appearing in [41, 42] that was considered in [43] to represent
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TABLE3 | Expected value and standard deviation of Tj,.

h =011 h=05
vy=01N vy =08 N vy=01N vy=08 N
1/y  E[T,]  SDIT,] E[T,] SD[T,]  E[T,]  SD[T,]  E[T,]  SDIT,]
By(i, s) 8 54777 4.6224 6.6926 6.0560 54116 4.5378 5.9626 5.1679
15 8.7100 6.9437 11.1535 9.4786 8.5772 6.7874  9.6250 7.8394
By(i, 5) 8 39774  2.9435 5.7394 4.8177 3.8948 28532  4.6477 3.6182
15 5.5344 3.6786 8.7731 6.6642 5.3903 3.5385 6.6854  4.6791
Ps(i, 5) 8 22821 1.5058 4.3347 32810  2.2077 1.4440 2.9743 2.0623
15 2.6855 1.6225 5.8050 3.9078 2.5843 1.5483 3.6372 2.2844

TABLE 4 | Expected value and standard deviation of R;.
h =0.11 h =05

v, =01N v, =08 N vy=01N v, =08 N

1/y  E[R;]  SDIRy]  E[R;]  SD[R;]  E[R;]  SDIRy]  E[Ry]  SDI[Rg]

p(, s) 8 0.7905 0.8473 0.3633 0.5899 0.8186 0.8630 0.6064 0.7503
15 1.1767 1.0281 0.6178 0.7690 1.2168 1.0483 0.9449 0.9334
Py, s) 8 2.4796 2.8424 0.8849 1.2982 2.6074 2.9748 1.7113 2.1256
15 4.5110 4.7093 1.7165 2.1731 4.7588 4.9621 3.1870 3.5584
B3, s) 8 23.2839 30.0501 3.9121 7.3687 25.5810 32.5541 14.0442 22.9858

15 42.1729 37.9437 10.3286 15.8616 45.5587 40.1937 30.8636 35.2960

an imitative process for susceptible to become infectious. For any fixed number of susceptible individuals, the selected
transmission functions present the same initial infection force, % + &, and satisfy p,(i, s) < p,(i, s) < p5(i, 5).

In a first set of experiments, we show the expected values and standard deviation of T;, and R, for the transmission
functions described above when fixing the infection rate f = 0.3583, as the parameters £, the initial coverage of the vac-
cine, v, and the expected time to confirm the disease 1/y are varied as follows: 2 € {0.11,0.5}, v, € {0.1 N,0.8 N}, and
1/y € {8,15} days.

The results in Table 3 correspond to expected value and standard deviation of T,. We can observe that, once we fix the
vaccine characteristics, the initial coverage and the expected time to get clinical results then, regarding the transmission
function, the expected value and standard deviation of the time to confirm the disease satisfy the following relationship:
E[T,|p,1 > E[T,|p,] > E[T,|f;] and SD[T,| 5,1 = SDIT;|p,] > SD[T,|p;]. For each choice on the transmission function,
initial coverage level and vaccine failure probability, both the expected value and standard deviation of the time to confirm
the disease increase with respect to the mean time to get clinical results (1/y). The same effect is observed when we
increase the initial coverage, v,, keeping the other parameters fixed. In general, less efficient vaccines (i.e., 2 = 0.5) imply
shorter values for the mean and standard deviation of the time to confirm the disease. We note that for low vaccination
coverage (i.e., v, = 0.1 N), the influence of the probability of vaccine failure on E[T,] and .S D[T] is small.

Table 4 displays the expected value and standard deviation of R, the total incidence (i.e., the number of cases of infection
until the disease is confirmed). Regarding the transmission function, when other parameters are fixed, we observe that
E[R;|p,] < E[Ry|p,] < E[Ry|p3]and SD[Ry|f,] < SD[R;|p,] < SD[Ry|p;]. For any single parameter, while the others
are fixed, E[Ry] and S D[R] behave according to intuition. That is, both measures increase as the expected time to
get clinical results increases or as the vaccine failure probability increases but decrease as the initial vaccine coverage
increases. As mentioned for the T,, measures, we observe small influence of 2 on E[R;] and S D[R] for low vaccination
coverage.
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FIGURE2 | E[T,]and SDI[T,] as afunction of R,, when the initial state is (i, s,, vy) = (1,19, 80). [Colour figure can be viewed at
wileyonlinelibrary.com]

In the second set of experiments, we study the influence of the transmissibility of the disease on 7;, and R, by displaying
the expected values and standard deviations as a function of R,. In the literature (see, for instance, [36, 44, 45]), estimates
of R, vary between 1.1 and 5.0, depending on geographical areas, cattle species, control measures, and other factors.

We use the simple expression for R, = fe! in a Markovian SIR model [46], which involves the contact rate parameter,
B, and the expected length of the infectious period, e~!. In this second set of experiments, following [47], we set e} = 7
days and determine the values of the contact rate for each transmission function considered. We also assume that the
probability of vaccine failure is 4 = 0.11 and that the average time for confirmatory laboratory diagnosis is 8 days (i.e.,
y = 1/8days™1).

Figure 2 plots the expected time to disease confirmation as a function of R, in combination with the transmission function.
Itis assumed that at7 = 0, the population has one infected individual, 19 susceptible individuals, and 80 vaccine-protected
individuals. Each curve corresponds to a choice on the transmission function ﬁj(i ,s), for j =1,2,3. Shaded areas are
obtained by representing E[T,] + S D[Tj].

The expected confirmation time E[7,] decreases with increasing values of R,, regardless of the transmission function.
Intuitively, as R, increases, so does the number of cases of infection. As a result, more laboratory tests are performed
simultaneously, and the diagnosis is confirmed earlier. For a fixed R, we observe that E[T;|5;]1 < E[T,|p,] < E[T,| 41
Thus, the inhibitory choice gives, on average, longer times to confirm the disease, while shorter times are observed when
the reaction -diffusion force of infection is considered.

Using the same assumptions as for Figure 2, Figure 3 shows the expected incidence of infection up to the time of confir-
mation of the disease as a function of R,,. Similarly, the shaded areas correspond to E[R;] + SD[R].

An increase in R, indicates a greater ability of the disease to spread through a naive population. Therefore, the mono-
tonically increasing behavior of the expected number of infections observed in the interval (0, T;], as a function of Ry, is
intuitively consistent. Moreover, for a fixed R,,, we observe that E[R;|f,] < E[R;|f,] < E[R;|p;]. That is, the inhibitory
choice gives, on average, shorter times to confirm the disease compared with those observed when the bilinear or the
reaction-diffusion force of infection is considered.

Next, we derive a numerical analysis for the ratio E[R}.]/ E[Ry], which compares the expected number of infections due
to vaccine failure with the expected total number of infections up to disease confirmation. We plot this ratio as a function
of the probability of vaccine failure 4 and the mean time to confirm the disease by laboratory tests 1/y, for the transmission
function g, (i, s) for j = 1, 2, 3, where the contact rate f is set at R, € {1.5,2.5,5.0}.

For Figure 4, we assume that the initial state in the population is (i, sy, vy) = (1,19, 80). We observe that the ratio of
the expected values varies in (0.25,0.76), that is, for high vaccine coverage (v, = 80), the expected incidence among
vaccinated is at most the 75% of the total incidence before disease confirmation. For fixed R, and incidence function,

16 Mathematical Methods in the Applied Sciences, 2025

85UB017 SUOWWOD 8AIEa.D 3(edl|dde ayy Aq pausenob ale sajoie YO ‘85N JO o 10y Afeiq1T8UlUO 8|1 UO (SUONIPUOD-PUE-SWLBIAL0D" AB | 1WA Leiq Ul UO//Sdhy) SUOIPUOD PuUe SIS 1 8L 88S *[S202/TT/52] Uo ARiqiTauliuo A8]iM ‘PUPeIN 8 8suein|dwoD pepsieAlun Ag 90E0. BWW/Z00T OT/I0pAL0D" A8 M Alelq Ul |uoy/Sdiy Wolj papeoiumod ‘0 ‘9/FT660T


http://wileyonlinelibrary.com

15 2 25 3 35 4 4.5 5

[—B1(i,5) — Ba(i,5) — Bs (i 5)]

FIGURE3 | E[R;]and SD[R;] as function of Ry, when the initial state is (i, s,, vy) = (1,19, 80). [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE4 | E[R;]/E[RT] as a function of 4 and 1/y, for values of R, € {1.5,2.5,5.0}, N = 100, and an initial state (i,, sy, V) =
(1,19, 80). [Colour figure can be viewed at wileyonlinelibrary.com|

the ratio increases as a function of the probability of vaccine failure, showing the importance of the vaccine as a con-
trol measure. When the average time to obtain clinical results varies between 5 and 15days, we observe only small
changes in this ratio, especially under inhibitory or bilinear choices for the incidence transmission function. Under the
reaction—diffusion transmission, a longer time to obtain clinical results leads to an increase in the proportion of cases of
infection in the vaccine-protected group compared with the expected total incidence. Changes in R, show little influence
on E[R]] /E[R;] when the incidence function is chosen as inhibitory or bilinear. For reaction-diffusion incidence, we
observe an increase in the ratio of expectations as R, increases.

Additional experiments, not reported here, show a similar behavior to Figure 4 when considering a vaccine coverage v,
lower than 80%.
5 | Conclusion

In this paper, we study the time lag to disease detection. With the help of a CTMC, we model changes in the state of a
stochastic SIR-type process, that records the number of individuals who are susceptible, vaccinated, infected (i.e., showing
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symptoms), or clinically confirmed cases. To make the model more realistic, infection can be transmitted through internal
and external contacts not only to susceptible individuals but also to vaccinated individuals, due to vaccine failure. The
vaccine is used preventively in susceptible individuals but is also planned during the outbreak to mitigate the waning
effects of the vaccine. In this paper, we assume that it is possible to detect symptoms of the disease in all infected indi-
viduals. However, this is a very restrictive assumption that can be relaxed by including an asymptomatic compartment in
the model [10, 48, 49] with a subsequent increase in the size of the state space and computational times.

We introduce and analyze interesting random variables that measure the time to confirm the disease, Tj,, and the inci-
dence of cases of infection during (0, 7;] in the whole population, Ry, and among vaccine-protected individuals, R..
Results regarding moments and probabilities of these random variables, appearing in Section 4, come from applying the
recursive algorithms included in Section 3 to outbreaks of FMD. The numerical results for the ratio E[R7.]/E[Rr] are
a first step towards understanding the relationship between E[R7./Rr] and vaccine efficacy. This requires a joint study
of the two-dimensional random variable (RY, R;), as we have done in [27, 50], and could be applied to estimate the
probability of vaccine failure, 4, from real data sets.

The conclusions drawn from this study have important implications for decisions that influence farm profitability and
the well-being of its animals. Once producers are confident that an active outbreak of FMD is present on a farm, our
methodology provides probabilistic information on how long the infection may have been present and how many infected
cases can be found at the time of detection. Both quantities are particularly helpful in enabling timely actions to be taken
regarding isolation, culling, and/or other measures that will reduce the risk of a small outbreak turning into a larger one
and the subsequent economic consequences.

Our research can be generalized; for example, we can consider environmental changes in the present model to represent
not only behavioral changes [48] but also modifications in an ecosystem [51-53] or treatments that produce changes in
parameters [32, 54, 55]. The introduction of population structures, such as households, and the inclusion of assumptions
about epidemics with latent periods of infection or lifelong immunity after recovery would allow more sophisticated
models to be treated.
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