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LOG CANONICAL THRESHOLDS OF QUASI-ORDINARY
HYPERSURFACE SINGULARITIES

NERO BUDUR, PEDRO D. GONZALEZ-PEREZ, AND MANUEL GONZALEZ VILLA

ABSTRACT. The log canonical thresholds of irreducible quasi-ordinary hypersur-
face singularities are computed, using an explicit list of pole candidates for the
motivic zeta function found by the last two authors.

1. Let f € Clzy,...,24+1] be a non-zero polynomial vanishing at the origin in
C?1. Denote by Z the zero locus of f in a small open neighborhood U of the
origin. Consider a log resolution p : Y — U of Z that is an isomorphism above the
complement of Z, and let E; for i € J be the irreducible components of u~1(2).
Denote by a; the order of vanishing of f o u along F;, and by k; the order of
vanishing of the determinant of the Jacobian of p along E;.

The log canonical threshold of f at the origin is defined as

leto(f) ::min{kile | ie J}.

i

This is independent of the choice of log resolution. A polynomial f is log canonical
at 0 if leto(f) = 1. The definition of the log canonical threshold extends similarly
to the case of a germ of complex analytic function f : (C% 0) — (C,0).

The log canonical threshold is an interesting local invariant of the singularities
of Z (the smaller the log canonical threshold is, the worse the singularities of Z
are) with connections with many other concepts, see [B, [3, [7. For example, the
log canonical threshold of f is the smallest number ¢ > 0 such that |f]|~%¢ is not
locally integrable. It is also the smallest jumping number of f, the negative of
the biggest root of the Bernstein-Sato polynomial of f, and in certain cases it is a
spectral number of f. The log canonical threshold can be computed in terms of jet
spaces of C41 and Z, [[J]. Furthermore, the set of log canonical thresholds when
d is fixed but f varies is known to verify the ascending chain condition, [g].

In this note we give a formula for the log canonical threshold of an irreducible
quasi-ordinary polynomial in terms of the associated characteristic exponents, see
Theorem B.J. This result generalizes the well-known case of plane curves singu-
larities, see Example B.4. Unlike the curve case, the log canonical threshold of
a quasi-ordinary hypersurface can involve the second characteristic exponent, not
only the first one.
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2. A germ (Z,0) of an equidimensional complex analytic variety of dimension d is
quasi-ordinary (q.o.) if there exists a finite projection 7 : (Z,0) — (C¢,0) that is a
local isomorphism outside a normal crossing divisor. If (Z,0) is a q.o. hypersurface,
there is an embedding (Z,0) C (C41 0) defined by an equation f = 0, where
f e C{zy,..., x4}y is a q.o. polynomial, that is, a Weierstrass polynomial in y
with discriminant A, f of the form A, f = 2°u, for a unit u in the ring C{z} of
convergent power series in the variables z = (zy,...,74) and § € Z%,. In these
coordinates the projection 7 is the restriction of the projection -

(1) Cd+1 _>Cd7 (',“Ulv"wxduy)'_> (xla"'vxd)’

The Jung-Abhyankar theorem guarantees that the roots of a q.o. polynomial f,
called q.0. branches, are fractional power series in the ring C{z'/™}  for some
integer m > 1, see [[[. Denoting by K the field of fractions of C{z1,...,z4}, if
TE C{x}/m, o ,xi/m} is a q.o0. branch then the minimal polynomial F' € Ky] of 7
over K has coefficients in the ring C{z1,..., 24} and defines the q.o. hypersurface
parametrized by 7.

In this paper we suppose that the germ (Z,0) is analytically irreducible, that is,
the polynomial f is irreducible in C{x1,...,z4}[y]. The geometry of an irreducible
g.0. polynomial often expresses in term of the combinatorics of the corresponding
characteristic exponents which we recall next.

If o, B € Q¢ we consider the preorder relation given by a < 3if 8 € a+Q<%,. We
set also v < fif @« < and a # 3. The notation o £ § means that the relation
a < 3 does not hold. In Q¢ U {oo} we set that o < oo.

Proposition 2.1. [, Proposition 1.3] If { = Y  exa* € C{z'/™} is a g.o. branch
there exist unique vectors Ai,..., A\, € Q%, such that \y < --- < Ag and the
three conditions below hold. We set \g = 0, Ag+1 = 00, and introduce the lattices
MO = Zd, Mj = Mj—l —I—Z)\j, fO’f’j = ]_,...,g.
(i) We have that cy; #0 forj=1,...,g.
(i) If cx # O then the vector X belongs to the lattice M;, where j is the unique
integer such that \; < X and \j41 £ .
(iii) Forj=1,...,9, the vector \; does not belong to M;_;.

If ¢ € C{z'/™} is a fractional power series satisfying the three conditions above
then ¢ 1s a q.o. branch.

Definition 2.2. The vectors A,...,\,; in Proposition B.]] are called the charac-
teristic exponents of the q.o. branch (.

We introduce also some numerical invariants associated to the characteristic
exponents. We denote by n; the index [M;_; : M;] for j =1,...,g. We have that
eo = deg, f = n1...ny (see [[§]). We define inductively the integers e; by the
formula ej_; = nje; for j =1,...,9. Weset {p = 0. If 1 < j < g we denote by ¢;
the number of coordinates of A\; which are different from zero.

We denote by (A;1,...,A;q) the coordinates of the characteristic exponent \;
with respect to the canonical basis of Q%, and by Zlex the lexicographic order. We
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assume in this note that

(2) ()\1717 R )\g,l) zlex to ZleX (Al,da R )\g,d)a

a condition which holds after a suitable permutation of the variables x4, ..., z,.

The q.o. branch ( is normalized if the inequalities (f) hold and if A; is not of the
form (A171,0,...,0) with A\;; < 1. Lipman proved that if the q.o. branch is not
normalized then there exists a normalized q.o. branch (' parametrizing the same
germ (Z,0) (see [A, Appendix]). Lipman and Gau studied q.o. singularities from
a topological view-point. They proved that the embedded topological type of the
hypersurface germ (Z,0) C (C%*1,0) is classified by the characteristic exponents of
a normalized q.o. branch  parametrizing (Z,0), see [{, [J].

3. We introduce the following numbers in terms of the characteristic exponents:

1+)\11 n1(1+)\21) 1+)\24+1 .
A D and Ag = 2204 40 g
€011 ? e1(ni (14 Xgq) — 1) ’ e1 2,041 e

With the above notations our main result is the following:

Al =

Theorem 3.1. Let f € Clxy,...,zq}|y] be an irreducible quasi-ordinary polyno-
mial. We assume that the associated characteristic exponents verify (B). Then the
log canonical threshold of f at the origin is equal to:

l'Ilil'l{l,Al} Zf >\171 §£ L, or Zf g = 1,

ni

(3) ICto(f) = l'Ilil'l{AQ, Ag} Zf )\171 = L, qg > 1 and /< 62,

ni

A2 Zf )\171 = L, g > 1 and gl = EQ.

n1

The number lcto(f) is determined by the embedded topological type of the germ
defined by f =0 at the origin.

Corollary 3.2. With the hypothesis of Theorem [5_1, a singular polynomial f is log
canonical if and only if g =1 and either Ay ; € {1, %} orA\; = n% for1 <i</.

Remark 3.3. Suppose that A\; = (1/n4,0, ...,0). By the inversion formulae of [Ig]
the germ (Z,0) is parametrized by a normahzed q.0. branch ¢’ with characteristic
exponents A; = (ny(1 + Ny11 — 1/n1), Nig12, .-, A1) for i = 1,...,9g — 1, in
particular )\27 > 1. If f"is the quasi-ordinary polynomial defined by (’ we get that
leto(f) = leto(f') since both are square-free and define the same germ.

Example 3.4. If n =2 and f € C{z}|y] defines a singular irreducible plane germ
then lcto(f) = 16311. This example is well-known, see [[J]. The log canonical
thresholds of plane curve singularities have been considered several times. For ex-
ample [[[d] gave a explicit formula for this invariant in the case of two branches and
explained how to compute it for more branches. The case of transversal branches
is treated with the help of adjoint ideals in [§]. The general non-reduced case is

done in [B]. See also [F].

4. Notations. We introduce a sequence of vectors oq, S0 € Qio in terms of the
(J)
characteristic exponents Ay, ..., \;. We denote by ( MORRRRE (J)) the coordinates of
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()

; in terms of the canonical basis of Q¢, with gcd(qi(j ' p
of a; are defined inductively by

qgl) Q-(j) (1) (-1
Z(l) = )\172', and Z(]) =p;, - -pi] ()\]ﬁ — )\j—l,i)-
% D;
The sequences {\;}{_; and {a;}7_, determine each other and by Proposition

we get that pEj ) divides n; for 1 <7 <d.

) = 1. The coordinates

Definition 4.1. The following formulas define pairs of integers (BZ-(j ), bgj )) for 1 <
1<dand 1 <5< g

b= p e R
BY = epq®™, BY = p0BUD Lo g
Remark 4.2. Notice that Bi(j) = 0 if and only if /; < ¢ < d and in that case
bgj) = 1. We have also that A; = %, Ay = % and Az = %
1 1 0141

@)
5. In this section we give some properties of the set of the quotients %

The following formulas are useful in the discussion below. The first ‘one is con-
sequence of Proposition B.1J:

(4) O:€0<€1§§€g§d
If ¢, < ¢; we deduce from the inequalities (f]) that
(5) )\j,Zj,1+1 2 s Z )\j,éj and )\j,éj-l-l == )\j,d =0.
Lemma 5.1. We have the following inequalities for 1 < k < g and {,_1 < i <
pik) (k)
(6) S < b’(k),
Bék,1+1 BZ
1 ¥
€r—1 BZ-( )
. o . . q(k) 1
in addition, if T4y > v then we have
p; ’
b1
(8) - k < -
Bz( ) T e
(k)
if k< g and 45 = nik then we have
p; ’

1 b(k+1) 1
(9) — <y <
€k B(kH) €k+1

i
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(M

and if k < g and f’,j) = ni then we have
Cp—1+1 r
k+1
(10) bék 1—)1—1 bz('k+1)
kt+1) = Skt1)”
Bfk 1+1 B’l
Proof. Notice first that if €k 1 < i < 0y then q ) =0 for 1 < j < k hence we

obtain that bg = p( ) + q ) and B = ep 1ql . We deduce (B) from (f]) and the
definitions. We get ([]) from the definitions and the inequality

1 1 1 11 1 b
(11) —<— |1+ |=—|—+ P =~
€r—1 Cr—1 % €\ p B
p(_k) k (k) %
(k) k)
If in addition ql(k) > 1 then we get that q( > nlk Then we deduce the inequality

’L

()
() from the expression for b(k) given at formula ([[I]) by using that ny > 2.

l

k)
If in addition k < g and % = n—lk we get from the definitions that
p;

B 1
(12) LSS oY U N
(1) |
B; o ke + @D
p;
o L D . B e
This implies that -~ < oo By formula (T2) and the inequalities 2

Ng, N1 > 2 and e, = ngr1eprg we deduce that

CAMRI N N U 1 <1<1+ 1 )<1
Bi(kﬂ) €1 | Mkt1 E ] Terg \ w1 Mg+ 1 Chi1

N1 (g + Zﬁ)

This proves that the inequality ([) holds.
) (k)
Finally, notice that nl < q’(k) < qfﬁ) " by formula ([]) and the definitions. If
fp—1t1
(k) )
qfﬁ) = n—k it follows that ? ( = n—lk We deduce from this and formula ([J) that
pfk 1+1 p;

() holds. O

It is easy to see from the inductive definition of the pairs (bgk), Bi(k)) that

D M (k+1) . (k) (k+1) (k)
(13) @SW < g eb <g¢ B,

% %

for 01 <i</lyand 1 <k <g.
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(k)
Lemma 5.2. If (1 < i < () and %5 > n—lk then the following inequality holds
p;

b b .
@SBQ) for1 <k <j3<g.

7

(14)

Proof. We set R; := BZ.(j ) ejbgj ), By the equivalence ([[3) it is enough to prove
that the inequality R; > 0 holds for £ < j < g — 1. We prove this by induction.
For j = k we have the equivalences:

k
i

)

(k)

ekbgk) < BZ-(k)<:>ek (p; (k)

+q") < €k—1qi(k)<:>p§k) + Q-(k) < nkq(k) ~

3 3

We deduce that the inequality
(15) R, =B® — e b >0

q

holds since ny; > 2 and NG Z 2 by hypothesis.

Assume that k < j and Ry > 0. Using that e;_; = n e;, we get the following
inequalities:

(16) BY™Y b > BYTY _ e bV = R, >0,

7

and

: . . (L9) :
R_j _ pZ(J) (Bi(]_l) - ejb,(-]_l)> + e]q(])( o 1) > ejqi(J)(nj N 1) > 0.

This completes the proof. O

(k)
Lemma 5.3. If {1 < i < /{ and if 45 = n—lk then the following inequality holds
p; ’

b(k"rl) b(j)
B(k-i-l) < B(j)

7

(17) for1<k<j<g.

(k) o)
Proof. To compare (k — and (k) we use the expressions ([2) and ([J]).

By ([J) it is enough to prove that R; := BY — el > 0 for k < j < g. We
prove this by induction on j. The inequahty Rk+1 > O is equivalent to

(18) ek+1(p2(k+1)b( ) 4 q# DY < pEHD g g 1)

)

By hypothesis we have BZ- = e, and bgk) = 1 + ng hence (I§) holds since
Ch—1 = Nk = NpNpp1€p41 and ng, ngq > 2.

If k4+1 < j < g then we deduce from the induction hypothesis that R; > 0 as
in Lemma [(.9. O

We set

(19) B:={1}U

()
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Proposition 5.4. The minimum of the set B is the number defined by the right-
hand side of formula ().

oM
Proof. We deal first with the case (1) >
™

f1<:< and — - we get the following inequalities for 1 < j < g:
p (@) 0 ([@@) 0
A=_m S o S oo

(1)
If1<i</; and % = n% we obtain that
p;

o) B 1@ 2 @ b(]
- < - < - <
B T e  BY®
Suppose now that 1 < k < j < g and {,_1 < i < {,. We have:

S (k) & 1
bﬁ” () 1 kzl 1 (E) by, 1 () bz('k) () bZ(J)

Bf) Toer e Blgf)ﬁl Bfk) N BZ-(j)'

Alz fOI'l<j<g

i

1:

e (k)
4 1
(k) > —. Otherwise l(’@ = — and

Nk

Formula ([[4) i

we use that

11 1 (@) oY @) b
a e_k = Bi’f“’ — U’

2

e
This finishes the proof in the case (1) > -

We suppose now that 2 (1) = - By (E) it follows that q = n% for 1 < < /(.
We get the inequalities for 1<i</liand 1< j <y,

p? ([M@) @ (@) 9
B£2) - Bz‘(2) Bi(J)

(20) 4y =

e
If ¢, < ¢y and f;f - n% then we deduce the following inequalities for 2 < j < g
Py

and€1<i§€2

2, @ o @ )

Ag - ~ L ~ .
B0, S BT S B0
NO) )
If /1 < /5 and fé)“ :n—12 then for 2 < j < gand ¢; <1 < /{5 we get qﬁz) :n—12 and
Peia p;
@ 1 @ P, @) ,» @@ W
=0 @ 1@ by O 0 G

B(2 €9 B(3)
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For k > 3 and ¢,,_; <1 < {;, we have that

b 1 k28 1 b
B§ ) €2 €k—1 Bz( )

The remaining candidates for the minimum of B are discarded by (f), (I4), and

([7). This completes the proof. O

6. In this note we use a relation between the log canonical threshold and the poles
of the motivic zeta function.

Let f be as in Section . The local motivic zeta function and the local topological
zeta function of f of Denef and Loeser (see for example [[]]) are

-1{o ~ ,,~1 L7
Znotf(T)o =Y, W=D E; 0 p O] [ [ =5 g
0£ICT iel
. _ 1
Ziop,f(5)0 := Z X(E; 0 p=1(0)) - H as i1
0AICT iel " v

where E} = (NierE;) — UigrE;, the symbol [-] represents the class of - in the
Grothendieck ring Ko(Varc) of complex algebraic varieties, L is the class [A'], and
X is the Euler-Poincaré characteristic. Zo, r(1")o and Z,p, r(s)o are independent of
the choice of the log resolution p. The set of poles of Z,,0,r(IL7%)o and the set of
poles of Z,, ¢(s)o are subsets of {—(k; +1)/a; | i € J}.

To compute the log canonical threshold of irreducible quasi-ordinary singularities
we will use the following result.

Theorem 6.1 ([[3] p.18; see also [RQ] 2.7 and 2.8, or [[4] 6.3). The biggest pole of
Zmotf(L™%)o is equal to —lcto(f).

7. We recall some results obtained by the last two authors in [[T]. We use notations
of Section ] and also the definition of the set 5 in formula ([J). The following result
follows from [[[J], Corollary 3.17].

Theorem 7.1. If f € C{z1,...,x4}[y] is an irreducible quasi-ordinary polynomial
then the poles of Zyo (L™%)o are contained in the set {—% | L € B}.

Remark 7.2. Theorem [7]] is proved by giving a formula for the motivic zeta
function in terms of the contact of the jets of arcs with f. The proof uses the change
of variable formula for motivic integrals applied to a particular log resolution of
f. This log resolution pu: Y — U C C4!, is built as a composition of toric
modifications in [[0]. If bgj )/ BZ-(j ) € B then there exists an exceptional divisor EZ-(j )
of this log resolution such that BZ-(j ) (respectively, bgj ) minus one) is the order of
vanishing of the pull-back of f (respectively, of the determinant of the Jacobian of

u) along Ei(j ). This is a consequence of Corollary 3.17, Remark 3.19, and Lemma

9.11 of [[T].

Remark 7.3. Notice that the pairs (B(j) b(j)) = (0,1) do not contribute to a

candidate pole of Z,,, f(L7°). The list of candidate poles indicated in Theorem
[[]] arises also in [[]] with a different method, see [[]]] for a comparison.
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8. We prove the main results of this note:

Proof of Theorem B.1]. Since lcto(f) is by definition the minimum of (k; + 1)/a;
for ¢ € J, it follows from Theorem p.I], Theorem [}, and Remark [.] that lcto(f) =
min B. The result follows then from Proposition .4. O

(1)
Proof of Corollary B.3. If f is singular and log canonical then 1 < %

1
%(1 + péli) Since % > nil we deduce that e — 1 = n;.. -1 < Ei;
ny. ThlS implies that g = 1. If ny = 2 there are two pos&ble cases )\1 =
(L1 1/2 0 1/2,0,.,0) or A = (1/2,....1/2,0,...,0). Tfny > 2 we
must have pgl) = n; and qfl) = 1, since pgl) divides n;. By (f) we get that
Alz(%,... L,O,...,O). |:|

7TL1

IN

9. We end this note with some examples.

Example 9.1. Let \; = (1/3,1/3), Ay = (7/6,2/3). A polynomial with these
characteristic exponents is for example f = (23 — xy)? — 23y?2%. We have n; = 3
and ny = 2. By Theorem @ the log canonical threshold comes from Ay ; and equals

Ay = 13/22. Indeed, ( =2/3, 2 (2) = 13/22, 2 (2) = 5/8, and the minimum of
these is 13/22. -

Example 9.2. Let us consider a q.o. polynomial with characteristic exponents
A = (1/2,1/2,0) and Ny = (2/3,2/3,11/3). For instance f = (y* — z122)% — (y* —
T129)28aSxlt. We have that ny = 2 and ny = 3 and B = {1,1/2,10/21,14/33}.
We get lcto(f) = 14/33 = As.

Acknowledgement. The first author would like to thank Johns Hopkins Uni-
versity for its hospitality during the writing of this article.

REFERENCES

[1] S. S. Abhyankar, On the ramification of algebraic functions, Amer. J. Math. 77 (1955),
575-592.

[2] M. Aprodu and D. Naie, Enriques diagrams and log-canonical thresholds of curves on smooth
surfaces. Geom. Dedicata 146 (2010), 43-66. fi

[3] E. Artal Bartolo, Pi. Cassou-Nogues, I. Luengo, and A. Melle-Herndndez, On the log-
canonical threshold for germs of plane curves. Singularities I, Contemp. Math., 474, Amer.
Math. Soc., Providence, RI, 2008, pp. 1-14. E

, Quasi-ordinary power series and their zeta functions, Mem. Amer. Math. Soc. 178
(2005), no. 841, vi+85 pp. §

[5] N. Budur, Singularity invariants related to Milnor fibers: survey. arXiv:1012.3150.

[6] T. de Fernex, L. Ein, and M. Mustata, Shokurov’s ACC conjecture for log canonical thresh-
olds on smooth varieties. Duke Math. J. 152 (2010), no. 1, 93-114.

[7] J. Denef and F. Loeser, Geometry on arc spaces of algebraic varieties, Furopean Congress
of Mathematics, Vol. I (Barcelona, 2000), Progr. Math., vol. 201, Birkh&user, Basel, 2001,
pp. 327-348.

[8] V. Egorin, Characteristic varieties of algebraic curves. Ph.D. Thesis, University of Illinois
at Chicago, 2004, 80 pp. E

[9] Y.-N. Gau, Embedded topological classification of quasi-ordinary singularities, Mem. Amer.
Math. Soc. 74 (1988), no. 388, 109-129. With an appendix by Joseph Lipman. [}, {

[4]




10

NERO BUDUR, PEDRO D. GONZALEZ-PEREZ, AND MANUEL GONZALEZ VILLA

[10] P. D. Gonzélez Pérez, Toric embedded resolutions of quasi-ordinary hypersurface singulari-

ties, Ann. Inst. Fourier (Grenoble) 53 (2003), no. 6, 1819-1881. §

[11] P. D. Gonzdlez Pérez and M. Gonzdlez Villa, Motivic Milnor fibre of a quasi-ordinary hy-

persurface. arXiv:1105.2480v1. §

[12] J.-i. Tgusa, On the first terms of certain asymptotic expansions. Complez analysis and alge-

braic geometry, Iwanami Shoten, Tokyo, 1977, pp. 3577368.3

[13] L. H. Halle and J. Nicaise, Motivic zeta functions of abelian varieties, and the monodromy

[14]

conjecture. arXiv:0902.3755v3. E
, Motivic zeta functions for degenerations of abelian varieties and Calabi-Yau vari-
eties. arXiv:1012.4969. §

[15] J. Kollar, Singularities of pairs. Algebraic geometry — Santa Cruz 1995, Proc. Sympos. Pure

Math., 62, Part 1, Amer. Math. Soc., Providence, RI, 1997, pp. 2217287.

[16] T. Kuwata, On log canonical thresholds of reducible plane curves. Amer. J. Math. 121 (1999),

no. 4, 701-721. f

[17] R. Lazarsfeld, Positivity in algebraic geometry. II. Positivity for vector bundles, and multi-

plier ideals. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics, 49. Springer-Verlag, Berlin, 2004. xviii+385 pp.

[18] J. Lipman, Topological invariants of quasi-ordinary singularities, Mem. Amer. Math. Soc. 74

(1988), no. 388, 1-107. f, f

[19] M. Mustata, Singularities of pairs via jet schemes, J. Amer. Math. Soc. 15, (2002), 599-615.

f

[20] W. Veys and W. Zuniga-Galindo, Zeta functions for analytic mappings, log-principalization

of ideals, and Newton polyhedra. Trans. Amer. Math. Soc. 360 (2008), no. 4, 220572227.5

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, 255 HURLEY HALL, IN

46556, USA

FE-mail address: nbudur@nd . edu

ICMAT. Fac. bE CC. MATEMATICAS. UNIV. COMPLUTENSE DE MADRID. PLAZA DE LAS

CIENCIAS 3. 28040. MADRID. SPAIN.

3.

E-mail address: pgonzalez@mat.ucm.es

Fac. pE CC. MATEMATICAS. UNIV. COMPLUTENSE DE MADRID. PLAZA DE LAS CIENCIAS
28040. MADRID. SPAIN AND MATCH, UNIV. HEIDELBERG, IM NEUENHEIMER FELD 288,

69120 HEIDELBERG, GERMANY

E-mail address: mgvOmat.ucm.es, villa@mathi.uni-heidelberg.de



