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ABSTRACT. In this article we prove that a semialgebraic map 7 : M — N is a branched covering
if and only if its associated spectral map is a branched covering. In addition, such spectral map
has a neat behavior with respect to the branching locus, the ramification set and the ramification
index. A crucial fact to prove the preceding result is the characterization of the prime ideals
whose fibers under the previous spectral map are singletons.

1. INTRODUCTION

The primary goal of semialgebraic geometry is to study the set of solutions of a finite system
of polynomial inequalities in a finite number of variables with coefficients in the field R of real
numbers or, more generally, in an arbitrary real closed field. Frequently, one wants to do this
without using polynomial data, as it happens in classical (complex) Algebraic Geometry, where
one often avoids working explicitly with the systems of polynomials equalities and non-equalities
involved. After the pioneer work of Delfs-Knebusch [DK2], where they introduced locally semi-
algebraic spaces and locally semialgebraic maps between them, real algebraic geometers realized
the need of constructing their abstract counterpart.

A subset M C R™ is a basic semialgebraic if it can be written as
M:={zeR™: f(x)=0,g1(x) >0,...,g9¢(x) >0}

for some polynomials f,g1,...,9¢ € R[x1,...,%y]. The finite unions of basic semialgebraic
sets are called semialgebraic sets. A continuous map f : M — N between semialgebraic sets
M c R™ and N C R" is semialgebraic if its graph is a semialgebraic subset of R, In general,
semialgebraic map refers to a (non necessarily continuous) map whose graph is semialgebraic.
However, as most of semialgebraic functions and maps appearing in this work are continuous,
we omit for the sake of readability the continuity condition when referring to them. By Tarski-
Seidenberg’s Theorem semialgebraic sets can be characterized as the first order definable sets in
the pure field structure of R (see [vdD]).

The sum and product of functions defined pointwise endow the set S(M) of semialgebraic
functions on M with a natural structure of (commutative) R-algebra with unit. The subset
S*(M) of bounded semialgebraic functions on M is an R-subalgebra of S(M). We write S°(M)
to refer indistinctly to both rings and we denote Spec®(M) := Spec(S°(M)) the Zariski spectra
of S°(M) endowed with the Zariski topology. Recall that M is a dense subset of Spec®(M). We
denote ($°(M) the maximal spectrum of S°(M), that is, the set of closed points of Spec®(M).
As §°(M) is a Gelfand ring (that is, each prime ideal of S°(M) is contained in a unique max-
imal ideal of S°(M), see [CC]), there exists a natural retraction rp; : Spec®(M) — [°(M),
which is continuous [MO]. Gelfand-Kolmogorov Theorem implies that 3(M) and (M) are
homeomorphic [T, Thm.10.1] (see [FG1, Thm.3.5] for an alternative proof).
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Each semialgebraic map m : M — N has associated a homomorphism of R-algebras ¢ :
S°(N) — 8°(M), g+ gom. Thus, one has morphisms

Spec®(m) : Spec® (M) — Spec®(N), p+— (©5) ™ (p),
B°(m) := rn o Spec®(m)|go(ary : B7(M) — Spec®(N) — B°(N),
which are continuous and ‘extend’ 7w : M — N.

Morphisms between algebraic varieties over algebraically closed fields induce homomorphisms
between their coordinate rings and the latter induce morphisms between their Zariski spectra.
This is the classical approach to study morphisms between ‘geometric varieties’ via ‘abstract
morphisms’ between affine schemes. In the real setting it was not clear neither which are the
right rings of functions to deal with nor which should be the ‘real affine schemes’. The pioneer
works [Br] of Brumfiel and [CC] of Carral-Coste pointed out that (continuous) semialgebraic
functions provide a suitable setting.

Rings of semialgebraic functions present a key property: their Zariski and real spectra are
canonically homeomorphic [S5, IT1.§1]. The theory of the real spectrum introduced by Coste and
Roy [BCR, §7] provides powerful tools to understand the interplay between the geometric and
abstract settings. It is worthwhile to mention the theory of real closed spaces and real closed rings
developed by Schwartz [S2, S3, S4, S5, S6, S7], which is much more than the abstraction of the
geometric locally semialgebraic spaces studied in [DK2] by Delfs—Knebusch. They are powerful
tools, which involve a deep knowledge of Commutative Algebra, that help to understand the
real spectrum of a ring A, as they reduce its study to decipher the Zariski spectrum of its real
closure (which is a real closed ring universally associated to A, see [S5]). For instance, the real
closure of the ring of polynomials R[x1,...,x,] is the ring S(R™) of (continuous) semialgebraic
functions on R™.

The literature quoted above has a foundational nature. The articles [BFG, Fel, Fe2, Fe3, FG1,
FG2, FG3, FG4, FG5, FG6] are devoted to understand the relationship between a semialgebraic
map 7 : M — N and its spectral map Spec®(w) : Spec®(M) — Spec®(N) (using basic techniques
that involve less prerequisites than the techniques commented above). This article focuses on
the preceding relationship when 7 : M — N is a semialgebraic branched covering.

Branched coverings constitute a common and useful tool in many areas of Mathematics that
appears often in Knot Theory, Orbifolds (quotients of manifolds under the discontinuous action
of a group), (complex) Algebraic Geometry, (complex) Analytic Geometry, Riemann surfaces,
etc. Given two topological spaces X and Y, a continuous map 7 : X — Y is a finite quasi-
covering if it is a separated, open, closed, surjective map whose fibers are finite (§2.1). Inspired
by the theory of complex analytic coverings, we propose a notion of branched covering (§2.2)
adapted to find a consistent definition of ramification index function. Roughly speaking, a finite
quasi-covering m : X — Y is a branched covering if w locally behaves as a covering with a
constant number of sheets (after removing certain subset with dense complementary, called the
ramification set Ry). The ramification set R, is the image under 7 of the branching locus B,
which is the set of points of X at which 7 is not a local homeomorphism. If the fibers at the
points of Y \ R, have constant cardinality d, we say that 7 is a d-branched covering. There is
a well-defined notion of ramification index at a point x € M. Intuitively, it is the number of
sheets that 7 has close to z. Example 2.26 is an enlightening (counter-)example that shows the
subtleties of the definition of branched covering.

A first goal is to analyze the notions above in the semialgebraic setting. Semialgebraic maps
with similar properties have been already studied. For instance, Schwartz characterized openness
of semialgebraic maps 7w : M — N with finite fibers [S3, Thm.13]: a semialgebraic map 7 with
finite fibers is open if and only if the homomorphism pr : S(N) — S(M) is flat.

The main result of this article analyzes the behavior of the spectral map associated to a
semialgebraic branched covering.
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Theorem 1.1 (Spectral map associated to a semialgebraic branched covering). Let M C R™
and N C R" be semialgebraic sets and let m : M — N be a semialgebraic map. The following
assertions are equivalent:

(i) 7 is a branched covering.
(ii) Spec®(m) : Spec®(M) — Spec®(N) is a branched covering.
(iii) go(m) : B°(M) — B°(N) is a branched covering.

In addition, if such is the case, then:

o Bspeco(ﬂ-) = ClSpeco(M) (Bﬁ) and Bﬁo(w) = CIBO(M) (Bﬂ)
® RSpeco(w) = ClSpeco(N) (’R,ﬂ-) and Rﬁo(ﬂ) = Clﬁo(N) (Rﬂ—)

The openness, closedness and surjectivity of Spec®(rw) follow from [FG3, S2]. As it is well-
known, the topological space Spec®(M) is in general not Hausdorff. Thus, it is not clear why the
spectral map Spec®(w) of a semialgebraic branched covering 7 : M — N should be a separated
map. We will prove this in Proposition 3.11 through an analysis of the effect over S°(M) of
symmetric polynomials via the semialgebraic branched covering 7 : M — N (similarly to [GR,
Thm. 12, Ch. III] for complex analytic coverings). Once this is proved (and consequently
Spec®(7) is a finite quasi-covering), it remains to be shown that the spectral map Spec®(r) is in
fact a branched covering. To ease the presentation we include in Section 2 several (surely known)
technical results of topological nature that make the proof of Theorem 1.1 more readable.

Another important tool is the study of the set of points of X at which ‘there is a complete
collapse of the fibers of a finite quasi-covering w : X — Y’. More precisely, the collapsing set C,
of a finite quasi-covering 7 : X — Y is the set of points x € X such that the fiber 7~!(7(z)) is a
singleton. Given a semialgebraic d-branched covering = : M — N, our purpose is to characterize
the collapsing set Cgpeco(r) Of the spectral map Spec®(r) : Spec®(M) — Spec®(NV). To that end
we introduce in Section 4 a map p°® : S°(M) — S°(N), where pu°(f)(y) is ‘intuitively’ the
weighted arithmetic mean with respect to the ramification index of the values of f € S°(M)
at the points of the finite fiber 77!(y). The homomorphism 2 endows S°(M) with a natural
structure of §°(IN)-module and the map p° is a homomorphism of §°(V)-modules.

Theorem 1.2. Let w: M — N be a semialgebraic d-branched covering. Then

(1) Cspeco(r) i the set of prime ideals of S°(M) that contain ker(u°).
(ii) CSpeco(w) = ClSpeco(M) (Cr).
(iii) Cgo(r) is the set of maximal ideals of S°(M) that contain ker(u®).
(IV) Cﬁ@(ﬂ.) = CI,BO(M) (Cﬂ—)

Semialgebraic branched coverings were implicitly introduced by Brumfiel in [Br]. Given a
semialgebraic set M C R™ and a closed equivalence relation £ C M x M such that the projection
Il : E — M is proper, it was proved in [Br, Thm. 1.4] the existence of a semialgebraic set
N C R™, a surjective semialgebraic map 7 : M — N and a homeomorphism g : M/E — N
such that m = g o p, where p : M — M/FE is the natural projection. Scheiderer studied more
general quotients in [Sch] and again semialgebraic branched coverings appear. We present an
enlightening related example at the end of this paper (the Bezoutian covering). Another source
of examples are algebraic morphisms between complex algebraic curves [BCG1, BCG2] (after
considering their real intrinsic structures).

Differences between the S and S§* cases. In this article we have tried to unify the proofs
of the results for the rings S(M) and S*(M) whenever it has been possible. For some results
certain differences appear because of the particularities of both settings. In the S-case we have
the machinery of z-ideals, which is not available in the S*-case (see Subsection 3.2 and Corollary
3.12). For instance, the proof of Theorem 1.2 is done in the S-case using z-ideals and we show
how one reduces the proof of Theorem 1.2 in the S*-case to the preceding one.
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2. BRANCHED COVERINGS

We begin this section with some general topological facts. For each subset A of a topological
space X we denote Clx(A) and Intx(A) the closure and the interior of A in X. In addition,
#(A) denotes the cardinality of A. The following results are straightforward, but very useful
for our discussion below.

Lemma 2.1. Let 7 : X — Y be a surjective map and let Z CY. Denote T := n~1(Z). Then
for each set A C X, we have f(ANT) =7n(A)Nn(T). In addition,

(i) If w is open, 7|7 : T — Z is open.
(ii) If w is closed, w|p : T — Z is closed.

Lemma 2.2. Let w: X — Y be a continuous map and let A C X and B CY. Then

(i) If 7 is open, Clx (7~ 1(B)) = 7~ 1(Cly(B)).
(i) If w is closed, m(Clx(A)) = Cly(mw(A)).

In this article we study certain classes of coverings in two different topological contexts: the
semialgebraic and the spectral one. In order to analyze both contexts simultaneously, we work
in a general enough topological setting. This has forced us to be careful when writing down
the proofs. Of course, many of the them can be shortened and simplified if we add additional
hypothesis to the topological spaces (for instance, if they are subspaces of affine spaces or if the
spaces are locally connected).

2.1. Finite quasi-coverings. A continuous map 7 : X — Y is separated if each pair of points
in the same fiber admits disjoint neighborhoods in X. A finite quasi-covering is a separated,
open and closed surjective map 7 : X — Y whose fibers are finite.

Remark 2.3. Let 7 : X — Y be a finite quasi-covering and let Z C Y. Denote T := 7~ !(2).
Then 7|r : T — Z is a finite quasi-covering by Lemma 2.1.

We define next some special neighborhoods related to the points of the spaces that appear in
a finite quasi-covering.

Lemma 2.4 (Characteristic and distinguished neighborhood). Let 7 : X — Y be a finite quasi-
covering and let y € Y be such that its fiber 7= (y) := {x1,...,2,} has r distinct points. Let
W= WP C X be pairwise disjoint open neighborhoods of x1,...,x,. Then there exists
an open neighborhood Vo C Y of y such that for each open neighborhood V- C V4 of y there
exist pairwise disjoint open neighborhoods U™, ... U* C X of the points x1,...,T, satisfying
Us c W#i,

T
V)= |U% and x(U")=V for 1<j<r. (2.1)
j=1
In addition, #(771(2)) > r for each = € V. We say that V is a distinguished neighborhood of
y (with respect to ) and U®*, ..., U?" is a family of characteristic neighborhoods (with respect
to V). We say that U is a characteristic neighborhood of x € X if U is a member of a family of
characteristic neighborhoods with respect to a distinguished open neighborhood of 7(z).

Proof. The existence of pairwise disjoint open neighborhoods W*t ... W% C X of the points
x1,...,T, is guaranteed because 7 is a separated map. As 7 is an open and closed map,

Vo = (Y\W(X\ U W%')) N ﬂ T(W) CY
=1 j

is an open neighborhood of 3 and 7~1(Vp) C U§:1 W%, Let V C Vp be an open neighborhood
of y. Define U% := W% Nr~Y(V) C W% C X, which is an open neighborhood of z;. Then
U*NU% = @ if i # j and the reader can check that equalities (2.1) follow. Once this is checked,
the last part of the statement is clear. ]



SEMIALGEBRAIC BRANCHED COVERINGS 5

Remark 2.5. Let 7 : X — Y be a finite quasi-covering and let y € Y. Let 7~ 1(y) := {21,..., 2}
and let Wy, ..., Wi be open neighborhoods of x1,...,x; for some k < r. Suppose that V is a
distinguished neighborhood of y and let Uy, ..., U, be characteristic neighborhoods of x1,...,x,
with respect to V. Then there exist a dlstmgulshed open neighborhood V- C V of y and
characteristic neighborhoods U with respect to 1% (for : =1,...,r) satisfying:

. Ui:ﬂ'_l(V)ﬂUiﬂm cUnNW;fori=1,...,k

. ﬁizﬂfl(V)ﬂUZ-CUi fori=k+1,...,r
Indeed, it is enough to apply Lemma 2.4 to the family U1 NWi, ..., U " Wi, Ugs1,...,U.
Note that for each z € V, we have #(71(2) N U;) = #(x1(2) N Uy). O

The reader can check that if a distinguished neighborhood V is connected, then the fam-
ily of characteristic neighborhoods with respect to V coincides with the family of connected
components of the inverse image of V' under the finite quasi-covering.

Corollary 2.6. Let 7 : X — Y be a finite quasi-covering and let y € Y. Write 7 (y) =
{z1,...,2}. Let V be a distinguished neighborhood of y and let U™, ... , U*" be a family of
characteristic neighborhoods with respect to V. Assume that V is connected. Then U™ ... U*"
are the connected components of 71 (V).

Definition 2.7. If 7 : X — Y is a finite quasi-covering, the branching locus of 7 is the closed
set B, of all points belonging to X at which 7 is not a local homeomorphism. The ramification
set of 7 is the closed set R, := w(B;) C Y. The regular locus of 7 is the open set

Xyeg = X\ 7 HRy) C X.

We say that 7 : X — Y is a d-unbranched covering (for some integer d > 1) if X, = X and
the cardinality of each fiber is equal to d. In case we do not want to specify the integer d, we
will say that 7 is an unbranched covering. It is important to keep in mind that the fibers of an
unbranched covering have constant cardinality (see Examples 2.26).

Lemma 2.8. Let 7 : X — Y be a finite quasi-covering. Then y € Y \ Ry if and only if there
exists an open neighborhood W C'Y of y such that the cardinality of the fiber 7=1(2) for each
z € W s constant.

Proof. Let y € Y and denote 7 1(y) := {z1,...,2,}. If y € Y \ R, there exists an open
neighborhood U; of z; such that «|y, : U; — w(U;) is a homeomorphism for each ¢ = 1,...,r.
By Remark 2.5 we can assume that Uy, ..., U, is a family of characteristic neighborhoods with
respect to their common image W. Thus, the cardinality of 7~1(2) is constant for = € W.

Conversely, if there exists a neighborhood W C Y of y such that the cardinality of each fiber
7 1(2) for z € W is constant, after shrinking W if necessary we may assume by Remark 2.5
that there exists a family of characteristic neighborhoods U*, ... U®" with respect to W. Now,
each restriction 7|y=; : U% — W must be injective. By Remark 2.3 the surjective map m|y=; is
open and closed and therefore it is a homeomorphism, as required. O

Corollary 2.9. Let m: X — Y be a finite quasi-covering and suppose that d := sup{# (7~ (y)) :
y €Y} < +oo. Lety €Y be such that #(7 ' (y)) =d. Theny €Y \ Ry.

Proof. Denote 7 1(y) := {x1,...,24}. Let V be a distinguished neighborhood of y with respect
to 7. By Lemma 2.4 d = #(7 1(y)) < #(7 1(2)) < d for each z € V, so the cardinality of the
fiber 771(2) for each 2z € V is constant. By Lemma 2.8 y € Y \ R, as required. O

We finish this part with a topological property of certain finite quasi-coverings that will be
used in the proof of Theorem 1.1.

Lemma 2.10. Let m: X =Y be a finite quasi-covering such that X,eg is dense in X. If Z is
a closed nowhere dense subset of X then w(Z) is a closed nowhere dense subset of Y.
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Proof. As R is a closed nowhere dense subset of Y, if inty (7(Z) \ R») = &, then inty (7(Z)) =
@. Thus, we can assume X, = X and the statement follows straightforwardly because 7 :
Xreg = Y \ Ry is a local homeomorphism with finite fibers. ]

2.2. Branched coverings. Let 7 : X — Y be a finite quasi-covering, let y € Y and pick
x € 7 (y). Let V be an open neighborhood of y and let U be an open and closed subset of
7=1(V). By Lemma 2.1 the restriction map 7|y : U — 7(U) is also a finite quasi-covering and
By, = Bz NU, so that Ry, C Ry and Xyeg N U C Ureg.

The next definition of branched covering is proposed to avoid the pathology described in
Examples 2.26 below. Such type of examples can never appear in the context of complex
analytic coverings [GR, Ch. III]. The similarity of branched coverings to complex analytic
coverings allows us to define properly the ramification index and to use symmetric polynomials
when dealing with branched coverings, see §3.3. These tools are crucial to prove Theorem 1.2.

7l

Definitions 2.11. With the notations introduced above:

(i) A characteristic neighborhood U of x with respect to a distinguished neighborhood V/
of y such that the restriction 7|y, : Ureg — V' \ Ry, is an unbranched covering is called an
exceptional neighborhood of x (with respect to V'). If each member of a family of characteristic
neighborhoods with respect to V is exceptional, then V is a special neighborhood of y. In that
case, we say that such a family is a family of exceptional neighborhoods with respect to V. When
it is clear from the context we will omit with respect to V.

The number b, (x) of sheets of 7|y,,, (the common cardinality of its fibers) is the ramification
index of x relative to U. We will show in Lemma 2.14 that b, (z) does not depend on U.

(ii) We say that 7 is a branched covering if X,eg is a dense subset of X and each y € Y admits
a special neighborhood.

(iii) Let 7 : X — Y be a branched covering. For each y € Y \ R, there exists an open
neighborhood W of y such that the cardinality of the fibers at the points of W is constant
(Lemma 2.8). We say that 7 is a d-branched covering if this constant is the same positive
integer d for each point y € Y\ R.

Lemma 2.12. Let 7 : X — Y be a finite quasi-covering. Lety € Y and x € 7 (y). Let
U C X be a characteristic neighborhood of x with respect to a distinguished neighborhood V.C'Y
of y. Let G be an open dense subset of U such that the cardinality of the fibers of the restriction
7|g : G — m(G) is constant and equal to d € N. Then 7|y,,, : Ureg — V \ Ry, is a d-unbranched
covering and U is an exceptional neighborhood of x with respect to V.

giles

Proof. The branching locus of the finite quasi-covering 7|y, : Ureg = V \ R
claim: # (7~ 1(2) NU) = d for each z € ©(G).

Let z € m(G). By hypothesis #(77(2) N G) = d. Assume m = #(771(2) NU) > d and let
Vo € 7(G) be a distinguished neighborhood of z. Let Uy, ..., Uy, be a family of characteristic
neighborhoods with respect to Vj. As G is dense in U, the intersection G N Uy; is dense in Uy;,
so by Lemmas 2.1 and 2.2 (;2, 7(G NUy;) is a dense open subset of V. If 2/ € N2, 7(G N Uy),
then d = #(7~1(2') N G) > m > d, which is a contradiction.

We prove next: #(7~(y) NU) =d for eachy € V\R

Let y € V\ Ry|,. By Lemma 2.8 there exists an open neighborhood W C V' such that the
cardinality of the fiber 771(2) N U for each z € W is a constant c¢. By Remark 2.5 we can
assume that 7= 1(W) N Uyeg = | ;_; U; where each 7|y, is a homeomorphism onto W. As G
is an open dense subset of U, we deduce that G N U; is an open dense subset of U; for each
i=1,...,c. Thus, N;i_; 7(GNU;) is a dense open subset of W. If z € (;_,; 7(G N U;), then the
fiber 771(2) N U has d elements, so ¢ = d. Thus, 7|y, : Ureg = V \ Ry|, is a d-unbranched
covering, as required. O

is empty. We

il

mly-

As a straightforward application of Remark 2.5 we have the following.
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Remark 2.13. Let m : X — Y be a finite quasi-covering, let y € Y and denote 7~ !(y) :=

{z1,...,2,}. If each x; has an exceptional neighborhood U; for ¢ = 1,...,r and Uy,...,U, are
pairwise disjoint, then y has a special neighborhood ‘as small as needed’. We are not assuming
that Uy, ..., U, is a family of characteristic neighborhoods with respect to their common image,

but that each U; belongs to a possibly different family of characteristic neighborhoods.

Lemma 2.14 (Ramification index). Let 7 : X — Y be a branched covering and let x € X. The
ramification index by (x) of x does not depend on the chosen exceptional neighborhood of x.

Proof. We may assume that 7 is a d-branched covering. Let y € Y and 7~ 1(y) := {z1,...,2,}.
Let V be a special open neighborhood of y and let Uy, ..., U, be a family of exceptional neigh-
borhoods of 1, ..., x, with respect to V. Let V' be another special open neighborhood of y and
let Uf,...,U/ be a family of exceptional neighborhoods of z1, ..., z, with respect to V’. We de-
note by b¥i(x;) the ramification index of x; with respect to Uj, that is, bUi(x;) = #(m~ () NU;)

for each z € V'\ R;. Next, we consider the ramification index b (xz) of x; with respect to U].

After reordering the indexes, it is enough to show: bVl (z1) = by ( 1) (that is, the case i = 1).

By Remark 2.5 there exists a distinguished open neighborhood V CVof y and characteristic
neighborhoods U1, .. U with respect to V such that U; = W_I(V)ﬂUlﬂUl and U = W_I(V)QU
for i = 2,...,r. In particular, for each z € V \ R, we have bVi(z;) = #(x 1(z) N U;) =
#(r1(2)NT;) for i =2,...,r and

b (z1) = #(x 71 (2) NUY) 2 #(x 1 (=) N UL NUY) = #(x L (=2) n Ty) =
=d— Z# )NU) =d- ZbU ;) = bt (1),

=2
We have proved b¥!(z1) < bwl(ml). The same argument shows bg{ (w1) < bY1(z1), so b (21) =
b (1), as required. O
Remarks 2.15. Let m: X — Y be a branched covering, let x € X and let y € Y.

(i) Let V be a special neighborhood of y. Then the restriction map 7| -1y : (V) =V
is a dy-branched covering where dy := ) (z). Thus, d, = #(m~*(w)) for each w €
V\ Ra and d, = d, for each z € V.

)

ren—1(y) br

(ii) If Y is connected then 7 is a d-branched covering for some d > 1.

By Remark 2.15(i) the set Y; := {y € Y : d, = d} is open for each d € N. Consequently, each
set Yy is also closed. As Y is connected, we deduce that Y = Y} for some d € N.
(iii) Write 7=!(y) := {@1,...,2,}. Let W% C X be an open neighborhood of z; for each
i = 1,...,r. Then there exists an open special neighborhood V C Y of y and a family of
exceptional neighborhoods U*!,..., U with respect to V such that U C W% fori=1,...,r
Let V) C Y be a special neighborhood of y and let Uy* be the corresponding exceptional
neighborhood of z;. By Remark 2.5 there exists a distinguished neighborhood V' C Vj of y and
a family of characteristic neighborhoods U** C Uy* N W of x; with respect to V such that
V)NUyt N W= = U¥% for each i = 1,...,r. Using Lemma 2.1 and Remark 2.5 the reader
can check: V is a special neighborhood of y and each U™ is an exceptional neighborhood of x;.

(iv) Let U be an exceptional neighborhood of x. Then b, () := max{#(x 1(y)NU) : y €
m(U)}. In addition, for each 2’ € U we have b;(2') < b(z). Thus, for each e € N the set
{br < e} is open in M, so b, is upper semi-continuous.

By definition br(z) = # (7' (y)) for each y € w(U) \ Ry, Pick ¢/ € V := 7(U) and denote

“Hy)NU = {a},...,2}}. By Remark 2.15(iii) there exist a special neighborhood V' C V of
y" and exceptional neighborhoods Uj,...,U; C U of #,...,z,. Each intersection Ueg N U] is a
dense open subset of U/, so ﬂle 7(Ureg N UY) is a dense open subset of V. Thus, ¢ < br(z).
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Next, given 2/ € U there exists by Remark 2.15(iii) an exceptional neighborhood U’ of 2
contained in U. It follows that

be(z') = max{# (7 (y) NU') : yen(U)} <max{#(x Hy)NU): yen(U)} = be(x).
(v) br(z) = 1if and only if = ¢ B.

The ‘only if part’ follows from Remark 2.15(iv), whereas the ‘if part’ follows from Remark 2.5
and Remark 2.15(iii). O

2.2.1. Behavior of branched coverings under restriction. We analyze next how branched cover-
ings behave under restriction.

Lemma 2.16. Let 7 : X — Y be a branched covering. Let W C Y be an open set. Let
W C Z c C(W) and denote T := n~Y(Z). Then w|r : T — Z is a branched covering,
Brip =BrNT, Treg = Xieg NT and Ry, = Rr N Z.

| |

Proof. We use freely in this proof the following: If U is an open subset of X and A is a dense
subset of U, then ANT is dense in UNT.

By Remark 2.3 7|7 is a finite quasi-covering. Observe that B, . C B NT, so R
and Xyeg N7 C Treg. As Xieg is dense in X, it follows Treg is dense in 7.

CR.NZ

|

Pick a point y € Z and write 7 1(y) := {1,...,2,} C T. Let V be a special neighborhood
of y and let Uy, ..., U, be a family of exceptional neighborhoods of z1, ..., z, with respect to V.
Thus, each restriction 7|y, ., : Uireg = V' \ Ry, is a (br(2;))-unbranched covering. Regarding
w|lr : T — Z, the open set V N Z is a distinguished neighborhood of y and Uy NT, ..., U, NT is
a family of characteristic neighborhoods with respect to V N Z. In addition,

7T|(UimT)reg : (U’L N T)reg — (V N Z) \R

mlu,nT

is also a (br(z;))-unbranched covering by Lemma 2.12 because U; yeg N7 is a dense open subset
of U; N T and the cardinality of the fibers of 7|y, .7 equals by(z;). We conclude that Uy N
T,...,U.NT is a family of exceptional neighborhoods with respect to the special neighborhood
V' NT. In particular, 7| —1np : 7Y (V)NT — VN Z is a d-branched covering where d :=

> izt br(@i).

By Remark 2.15(v) z; € By, if and only if b (z;) > 1, so B, = B NT and by Lemma 2.1

71"T 7r|T
Rrip = Rx N Z. Finally,
Treg =T\ 7 '(Rpp) =T\ (m H(Re) N H(2)) =T\ 7 (Rr) = TN Xeg,
as required. ]

The following result is a straightforward consequence of the previous lemma.

Corollary 2.17. Let 71 : X — Y be a map and assume that Y has finitely many connected
components Y1,...,Y,. Denote X; :== m=Y(Y;) for eachi = 1,...,r. Thenm: X — Y isa
branched covering if and only if for each i = 1,...,k there exists an integer d; > 1 such that
7lx, : Xi = Y; is a d;-branched covering.

Lemma 2.18. Let m: X — Y be a branched covering. Let T C X be an open and closed set and
denote Z := n(T). Then w|p : T — Z is a branched covering, By, = B NT, Ry, C RN Z
and Xreg NT C Threg.

w|T 7|

Proof. First, observe that Z is open and closed in Y. As T is an open and closed subset
of m71(Z), the restriction map |y : T — Z is a finite quasi-covering with By, = B, N T,
RMT CRrNZ and TN Xyeg C Treg. As Xyeg is dense in X and T is open, X,eg N T is dense in
T, 50 Teg is dense in T'.

Pick y € Z and write 7 !(y) := {x1,...,2,}. We may assume 71 (y)NT = {z1,...,xs} for
some s < r. Let V C Y be a special neighborhood of 4 and Uy, ..., U, be a family of exceptional
neighborhoods of x1,...,x, with respect to V. As each set Uy NT,...,Us NT is open, we can



SEMIALGEBRAIC BRANCHED COVERINGS 9

assume by Remark 2.15(iii) that Uy,...,Us C T, s0 V. C Z. As 7|y,,., : Uireg = V\R

7T|U,L'
is an unbranched covering for ¢ = 1,...,s, we conclude that V is a special neighborhood with
respect to w|p : T'— Z and Uy, ..., Us are exceptional neighborhoods. Thus, «|7 is a branched
covering, as required. ]

2.2.2. Some special branched coverings. We propose next some mild sufficient conditions under
which we can guarantee that a finite quasi-covering is a branched covering.

Lemma 2.19. Let 7 : X — Y be a finite quasi-covering such that d := sup{# (7~ '(y)) :
y € Y} < +oo and for each y € Y there exists a distinguished neighborhood V' of y such that
VN (Y \Ry) is connected. Then 7 is a branched covering.

Proof. We show first: Xyeg = X \ 7 1(Ry) is dense in X, or equivalently: Y \ R is dense in Y.

Suppose that R, contains a non-empty open subset V' C Y. Define V}, := {y € V :
#(7~(y)) = k} and note that V = Vi U ---U V,. In particular, for some 1 < k < d the
interior Int(V;) NV of V}, in V is not empty. By Lemma 2.8 we get Int(V;,) NV C Y \ R, which
is a contradiction.

Fix y € Y. By hypothesis there exists a distinguished neighborhood V of y such that
VN (Y \Ry) is connected. As Y \ R, is dense in Y, the intersection V' N (Y \ R;) is dense in
V, so V is connected. Write 7= 1(y) := {x1,..., 2, }.

Let Uy, ..., U, be a family of characteristic neighborhoods of z1,...,z, with respect to V.
Then 7|y, : Uy — V is a finite quasi-covering and RﬂUi C RNV fori=1,...,r. Thus, each
difference V' \ RW‘Ui is connected. By Lemma 2.8 the cardinality of the fibers of the restriction
map T|v; o, * Uireg = V' \ Ry, is locally constant. As V'\ Ry,
unbranched covering for some k; € N, so U; is an exceptional neighborhood of x;, as required. [

is connected, 7|y, . is a k;-

reg i,reg

Remark 2.20. The previous situation is quite common. It arises for instance when one con-
siders the underlying real structure of a complex irreducible analytic germ and analyzes local
parameterization theorem [GR, Ch.2.B & Ch.3.B| (as a consequence of Noether’s normalization
lemma [AM, Ch.5.Ex.16]). Analogously, it appears when consider the underlying real structure
of Noether’s normalization lemma of a complex irreducible algebraic set [AM, Ch.5.Ex.16].

2.3. Collapsing set of a finite quasi-covering. Our next purpose is to analyze the set of
points at which there exists a complete collapse of the fibers of a finite quasi-covering.

Definition 2.21. Let 7 : X — Y be a finite quasi-covering. We define the collapsing set of
as Cp = {z € X : v 1(n(x)) = {z}}.

Remarks 2.22. (i) The collapsing set of a finite quasi-covering is a closed set.

Let 7 : X — Y be a finite quasi-covering. By Lemma 2.4 the cardinality of the fibers at
the points close to a given point y € Y is greater than or equal to the cardinality of = !(y).
Thus, the set S of points whose fiber contains at least two points is an open subset of ¥ and
Cr=71(X\9) is a closed subset of X.

(ii) If 7 : X — Y is a d-branched covering, its collapsing set is Cr = {z € X : by(z) =d}. O

We will need also the following result.

Lemma 2.23. Let 7 : X — Y be a finite quasi-covering. Let C C X and D C'Y be such that

mlc : C — D is a d-branched covering for some d > 1. Then Cr|, C Bx.

Proof. Let = € Cy), and suppose that x ¢ B;. Then there exists an open neighborhood W of z
such that 7|y : W — 7(W) is a homeomorphism. As 7|c : C' — D is an open continuous map,
Tlwne : WNC — m(W N C) is an open continuous bijective map, so it is a homeomorphism
and (W N C) is an open subset of D. Thus, by Remark 2.15(v) we deduce by (7) = 1. As

r € Cyp|,, we conclude 1 = by, (x) = d, which is a contradiction. O
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2.4. Semialgebraic branched coverings. As one can expect a semialgebraic finite quasi-
covering is a finite quasi-covering that is in addition a semialgebraic map. As semialgebraic sets
are Hausdorff spaces, we deduce the following from Lemma 2.4.

Corollary 2.24. Let m : M — N be an open, closed, surjective semialgebraic map with finite
fibers between semialgebraic sets M and N. Then 7 is a finite quasi-covering and each point
y € N admits a basis of distinguished semialgebraic neighborhoods with respect to .

Concerning the branching locus and ramification set we have the following.
Lemma 2.25. Let w: M — N be a semialgebraic finite quasi-covering.

(i) The cardinality of the fibers of 7 is bounded by a common constant.
(ii) Br, Mieg,Cr C M and Ry C N are semialgebraic sets.

Proof. (i) This follows from cell decomposition of semialgebraic sets [vdD, Corollary 3.7].

(ii) A point x € By if and only if the restriction 7|y : U — m(U) is not a homeomorphism for
each open semialgebraic neighborhood U C M of x. As 7 is open, continuous and surjective,
we deduce x € By if and only if the restriction 7|y is not injective on each open semialgebraic
neighborhood U C M of x. Consequently, B, is a semialgebraic subset of M, so R, = 7(B;) is
a semialgebraic subset of N and Mg := M \ 7 }(R,) is a semialgebraic subset of M. The set
Cr={x e M: 7' (x) = {z}} is also semialgebraic, as required. O

A semialgebraic branched covering is a map m : M — N that is simultaneously a branched
covering and a semialgebraic map. Lemma 2.14, Corollary 2.17 and Lemma 2.19 apply readily
in the semialgebraic case. In order to show some subtleties hidden in the definition of branched
covering we provide next an example of a semialgebraic finite quasi-covering that is not a semi-
algebraic branched covering.

Ezamples 2.26. (i) Consider the semialgebraic subsets of R? defined by

3+
Ml;:([_2,0]x{3/2})u{(x,y)eR2: 0<z<2 y= 236}’
6+
My:= (0,2 x BHU{(zy) €R: —2<2<0, y="2")
and N := [-2,2] x {0}. The projection 7 : M := My U My — N, (z,y) — z is a semialgebraic

finite quasi-covering, but it is not a semialgebraic branched covering. The branching locus of 7
is Br := {p1 :=(0,3/2),p2 := (0,3)}, so the ramification set is R := 7(B;) = {¢q := (0,0)}. We
have #(771(q)) = 2 and #(7~1(y)) = 3 for each point y € N \ {¢}.

4,,

2 1
M
LT
N
2 1 1 2

FiGURE 1. Projection 7 : M := M; U My — N
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The regular locus of 7 is the dense subset M,es = M \ {p1,p2} of M. Suppose that m
is a semialgebraic branched covering. Then there exists a distinguished open semialgebraic
neighborhood V of ¢ in N and open semialgebraic neighborhoods U; of p; in M such that the
restriction 7|as,nu; ¢ Mreg N Ui — (N \ Ry) NV is a semialgebraic unbranched covering for
1 = 1,2. This is false because

e the cardinality of the fibers of 7|z, v, at the points of (N \ R) NV N {z < 0} is 1,
e the cardinality of the fibers of 7|az,.,n; at the points of (N \ R;) NV N{x > 0} is 2.

(ii) A similar pathology appears in the (more restrictive) real algebraic case if one considers

X={r=(y-2u{r=-(y+2u{y=20U{y=-2}, Y:={y=0}
and 7 : X =Y, (z,y) — 2. The previous map is a finite quasi-covering, the general fiber has 4
points, but it is not a branched covering.

Proposition 2.27 (Semialgebraic ramification index). Let m : M — N be a semialgebraic
branched covering. The ramification index function by : M — N C R has semialgebraic graph.

Proof. Let d := max{# (7 !(y)) : y € N} < +oo. Observe that b,(M) C {1,...,d}. For each
k=1,...,ddefine Bry ={x € M : br(zx) =k}, By, ={z € M: br(x) >k} and B; ;. , = 2.

™

As By = B;,k \ B;kr,k‘+1 for k=1,...,d, to prove that b, is a semialgebraic map, it is enough to
check: By . is a semialgebraic set for each k =1,...,d.
It holds
rk=1r €M: Ve >0, Jur,...,up € M, |z —uy <e
Vi=1,...,k), i #uj, m(u1) =--- =m(ug)},
so it is described by a first order formula and it is a semialgebraic set, as required. O

3. BRANCHED COVERINGS AND SPECTRAL MAPS

In this section we analyze the properties of the spectral maps associated to semialgebraic
finite quasi-coverings and branched coverings. These results will be applied in Sections 4 and 5.
One of the main results of this section is Proposition 3.11, where we prove that if 7 : M — N
is a semialgebraic branched covering, the spectral map Spec®(w) is a finite quasi-covering.

3.1. Preliminaries on rings of semialgebraic functions. Let M C R™ be a semialgebraic
set and let f € S(M). We denote Z(f) :={x € M : f(x) =0} and D(f):= M\ Z(f). If N is
a closed semialgebraic subset of M, the semialgebraic function g := dist(-, N) € S(M) satisfies
Z(g) = N. In fact, after replacing g by ﬁ we may assume in addition that g is bounded. The

restriction homomorphism S°(M) — S°(N), f+— f|n is by [DK1, Thm.3] surjective. Denote
2°(f) : =A{p € Spec®(M) : [ € p},
De(f) : = Spec® (M) \ 2°(f) = {p € Spec®(M) : f ¢ p}.
The semialgebraic set M is identified with a dense subspace of Spec®(M) via the injective map
jam : M — Spec®(M), x — mg, where m$ := {f € S°(M) : f(x) = 0} is the maximal ideal of
S°(M) associated to x. In particular, Z(f) = M NZ°(f) and D(f) = M ND°(f). Thus, jas is
an embedding.

We denote 3°(M) C Spec®(M) the set of maximal ideals of S°(M). As m, € °(M) for
each point x € M, we have M C °(M). Denote OM := °(M )\ M and recall that 5°(M) is a
compact Hausdorff space [BCR, Prop.7.1.25]. Schwartz proved in [S5, IT1.§1] that S°(M) is a real
closed ring. Thus, its Zariski spectrum is homeomorphic to its real spectrum (Coste-Roy [CR])
via the support map Spec,(S°(M)) — Spec®(M),a — a N (—a«). The set of specializations
of a point in a real spectrum constitutes a chain [BCR, Prop.7.1.23], so the same holds for
the set of prime ideals in S°(M) that contains a given prime ideal. Consequently, S°(M) is a
Gelfand ring [CC], that is, each prime ideal p € Spec®(M) is contained in a unique maximal ideal

(3.2)



12 E. BARO, JOSE F. FERNANDO, AND J.M. GAMBOA
m € $°(M). This provides a natural retraction ry; : Spec®(M) — B°(M), which is continuous
[MO, Thm.1.2].
If : M — N is a semialgebraic map, the induced maps
Spec®(m) : Spec®(M) — Spec®(N), p — o' (),
B(m) :=rno Speco(w)\ﬂo(M) : B°(M) — Spec®(N) — B°(N)
are continuous, Spec®(m)[y = m and B°(7)[p = m. We recall here the following result.

Lemma 3.1. Let m: M — N be a semialgebraic map.

(i) If w is open, closed and surjective, then Spec®(m) is open, closed and surjective.
(ii) Suppose that  is surjective. Then it is proper if and only if Spec®(w)(0M) = ON.

Proof. Statement (i) was proved in [S2, Ch.6], whereas (ii) was shown in [FG6, Rem.4.2]. O
Observe that Wy, := {f € S*(M) : Z(f) = @} is a multiplicatively closed subset of S*(M)
and S(M) = W,!S*(M). This is so because each f € S(M) can be written as f = g/h, where

g:i= 1+ff2 € S*(M) and h:zl_:f2 € Wur.
As S(M) = W,!S*(M), there exists a bijection, which is in fact a homeomorphism,
¢ : Spec(M) = S(M), q— qNS*(M),
¢~ &(M) — Spec(M), q +— Wy d
that preserves inclusions between prime ideals, where &(M) is the set of prime ideals of S*(M)
that do not meet W),.

Remark 3.2. As it happens with rings of continuous functions [GJ, Ch. 7], the comparison of
the Zariski spectra of S(M) and S*(M) provides a homeomorphism between their maximal
spectra (see [T, §10] for a extended version of the Gelfand-Kolmogorov theorem). Explicitly,
this homeomorphism is the map S(M) — B*(M) that maps each maximal ideal m of S(M) to
the unique maximal ideal m* of S*(M) that contains the prime m N S*(M).

In addition, by [Fel, Prop.5.1] we have: Let p € Spec*(M) be a prime ideal. If m* € §*(M) is
the unique mazimal ideal of S*(M) that contains p and m € B(M) is the unique mazximal ideal
of S(M) such that m N S*(M) C m*, then either p C mNS*(M) or mNS*(M) C p. O

Given a semialgebraic map 7 : M — N the induced homomorphism ¢, : S(N) — S(M) maps
S*(N) to §*(M) and we denote ¢} := ¢r|s+(n) : S*(N) — §*(M) the restricted homomorphism.

Lemma 3.3 (Going down). Let m : M — N be an open, closed and surjective semialgebraic
map. Then

(i) The induced homomorphism ¢ : S°(N) — S°(M) satisfies the going-down property.
(ii) The spectral map Spec®(r) : Spec®(M) — Spec®(N) maps minimal prime ideals of S°(M)
to minimal prime ideals of S°(N).

Proof. The S*-case was proved in [FG3, 3.6]. The S-case is proved from the S*-case using that
S(N) = Wy'S*(N) and S(M) = W;;S*(M). Alternatively, it follows from [S3, Prop.1] and
[AM, Ch.10] using only that 7 is open. O

3.2. Addition of radical and prime ideals. We need some results concerning the addition
of radical and prime ideals of rings of semialgebraic functions.

Lemma 3.4. Let a be a radical ideal of S°(M) and let p be a prime ideal of S°(M). Let
f,g € S°(M). It holds:

(i) If |f] < |g| and g € a, then f € a.
(ii) The sum of two radical ideals of S°(M) is a radical ideal.
(iii) The sum a+ p is either S°(M) or a prime ideal of S°(M).
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Proof. (i) By [S5, Prop.3.8] or by the axiomatization of real closed rings used in [PS, Introduc-
tion] we have |f|? € |g|S°(M). Thus, f* € g?S°(M) C a, so f € a.

(ii) This follows from [S1, Cor.15] because S°(M) is a real closed ring.

(iii) By (ii) b := a+p is a radical ideal. Let P := {q € Spec®(M): b C q}. Then b = (\,cpq.
As P is a chain with respect to the inclusion, b = S°(M) or b is a prime ideal, as required. [

Recall that an ideal a of the ring S(M) is a z-ideal if for each pair of functions f,g € S(M)
such that f € a and Z(f) C Z(g), it holds g € a. In particular, z-ideals are radical ideals.

Lemma 3.5. Let M C R"™ be a semialgebraic set.

(i) Let ay,a be two z-ideals of S(M). The sum aj+az is either S(M) or a z-ideal of S(M).
(ii) Let p1,...,pr be minimal prime ideals of S(M). The sum p :=p1+---+p is S(M) or
a prime z-ideal of S(M).

Proof. (i) Suppose that a3 + as # S(M) and let f,g € S(M) be such that f € a; + a and
Z(f) € Z(g). Then there exist functions f; € a; such that f = fi + fo. As Z(f1) N Z(f2) C
Z(f) C Z(g), the function

0 if x € Z(fl),
gla) ifxe Z(f)

is a well-defined semialgebraic function. By [DK1] there exists H € S(M) such that H|y = h.
We have Z(f1) C Z(H) and Z(f2) C Z(g— H). As each q; is a z-ideal, H € a; and g — H € as.
Thus, g=H + (9 — H) € a1 + as.

(ii) We prove the statement by induction on k. All minimal prime ideals of S(M) are z-ideals
[Fel, Cor.4.7]. Suppose k > 2 and let q := p; + -+ + pr—1. By induction hypothesis either
q=S(M) or q is a prime z-ideal. By part (i) the sum p = q + pj, is either S(M) or a z-ideal.
In the last case p is by Lemma 3.4(iii) a prime ideal, as required. O

h:N:ZZ(fl)UZ(fQ)—)R, SL"—){

3.3. Symmetric polynomials and semialgebraic d-branched coverings. Let us analyze
the effect over S°(M) of symmetric polynomials via a semialgebraic d-branched covering 7 :
M — N. The approach follows the ideas of the reference [GR, Thm. 12, Ch. III] concerning
complex analytic coverings.

Lemma 3.6. Let m: M — N be a semialgebraic d-branched covering and let o € R[xq,...,x4]
be a symmetric polynomial. Let f € S°(M) and define

o(f): N =R,y o(f(@n), ", f@n), o flan), ), ()
if Y y) = {z1,..., 2.} (recall that by(x1) + -+ by(x,) = d). Then o(f) € S°(N).

Proof. As o is a symmetric polynomial, o is a well-defined function. We prove first: o(f) is
continuous on N.

Pick y € Y and write 771(y) := {x1,...,2,}. Fix e > 0. As 0 : R? — R is continuous at

p=(p1,.-,pa) = (f(z1),25D, f(21), ..., flap), "2, f(ar)),
there exists § > 0 such that if ¢ := (q1,...,q¢) € R? and |p; — ¢;| < & for i = 1,...,d, then
lo(p)—o(q)| < e. As f is continuous at 1, ..., z,, there exist open neighborhoods A% of x; such
that |f(z;)— f(z;)| < ¢ foreach z; € A% fori =1,...,r. Let V. C N be a special neighborhood of
y and let U** ..., U* be a family of exceptional neighborhoods with U** C A% fori=1,...,r
(use Remark 2.15(iii)). Pick a point ¢’ € V and write 7= 1(y/) := {211, +, 21515 -+ Zrls - - - » Zrs,. }
where z;; € U% for j = 1,...,s; and i = 1,...,r. Using that 7|ps,,, : Mg — N \ Ry is an
unbranched covering, the reader can check that > %", br(zij) = bx(z;) for i = 1,...,r (Remark
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2.15(iv) can be useful). As x;,2;; € U% C A%, we have |f(z;) — f(2j)] <0 for j=1,...,s; and
i=1,...,7 As >0, br(2i5) = br(x;) for i =1,...,r, we conclude

0 (/) () — o(F) W) = lo(f(@1), @D, fla), ..., fz,), =@, f(z,))
— o (f(z10), "B, Fz11), o Fzis), ) (1),
o f(z2), 0 E) f () (s ), 07 Ee) fzs))] < e

Thus, o(f) is continuous.
In addition, if f is bounded, o(f) is also bounded. We claim: o(f) has semialgebraic graph.

The restriction 7|ps,,, : Mreg — N\ Ry is a semialgebraic map. For each y € N\ R there exist
exactly d different points x1, ..., 24 € M such that 7(x;) =y and o(f)(y) = o(f(x1),..., f(zq))
(as the polynomial ¢ is symmetric the ordering of the values f(z;) is not relevant). Thus, the
graph of o(f)[y\r, is a first order definable set, so o(f)|n\r, is a semialgebraic map. As
o(f) is a continuous map, the set N \ Ry is dense in N and o(f)|ymr, = o(flanz—1(r,)) s a
semialgebraic function on N\R,, we conclude that the graph I'(o(f)) of o(f) is the semialgebraic
set Clyrxr(I'(o(f)|n\r,))- Thus, o(f) is a semialgebraic function, as required. O

3.4. Separated spectral maps. We prove next a separation result for certain pair of points
in Spec®(M), which will allow us to prove in Proposition 3.11 that the spectral map associated
to a semialgebraic branched covering is separated.

Lemma 3.7 (Separation). Let p1,pa € Spec®(M) be such that py ¢ p2 and po & p1. Then there
exist f1, fo € S°(M) such that p; € D°(f;) and fifo = 0. In particular, D°(f1) N D°(f2) = @.

Proof. As the prime ideals of Spec®(M) that contain a given prime ideal constitute a chain, there
exist no prime ideals in Spec®(M) contained in both p; and p2. Consider the multiplicatively
closed subset T := (S°(M) \ p1) - (S°(M) \ p2) of S°(M). Suppose 0 ¢ T. By [K, Ch.1.Thm.1]
there exists a prime ideal p of S°(M) such that pNT = &, so p C p1Npa, which is a contradiction.
Consequently, 0 € T and the statement holds. ]

The previous type of neighborhoods in Spec®(M ) are used below to show (in a very elementary
way) the local connectedness of the Zariski spectra of rings of semialgebraic functions.

Lemma 3.8. Let M C R™ be a semialgebraic set and let f € S°(M). Denote D := D(f) C
M C ,BO(M). Then 'Do(f) C ClSpeco(M) (D)

Proof. Denote C' := Clp (D) C °(M) and let p € D°(f). We claim: the kernel of the homo-
morphism 1 : S*(M) — S°(C), g+ glc is contained in p.
Let h € §°(M) be such that h|c =0. As hf =0 and p € D°(f), we deduce h € p.

Now, by [FG2, Lem.4.3] p € Clgpeco(ar)(C) and we conclude D°(f) C Clgpeco(ar)(C), as
required. O

Lemma 3.9. Let M C R™ be a semialgebraic set and let g € S*(M). Let Ey, ..., Es be the con-

nected components of D(g). Then the connected components of D°(g) are V; := Clgpeco(ar) (Ei) N

D(g) for i = 1,...,s. In addition, V; = D°(g) \ Uj;; Clspeco(n)(Ej) is an open subset of

Spec®(M).

Proof. Tt is enough to show: each V; is connected, D°(g) = J;_; Vi and V; NV}, = & if j # k.
As E; is connected, V; = Clgpece(ar)(Ei) N D°(g) is also connected. By Lemma 3.8

D°(g) = Clgpeco(any(D°(g9)) N D°(g)

= Clspece () (U Bi) 1D°(9) = | Clspeceany(B:) N D*(9) = | Vi
=1 i

=1
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If j # k, we have by [FG2, Lem.4.5]
Vi N Vi = Clgpeco(ar) (£5) N Clspeco (ar) (Ex) N D°(g)
= Clgpece(m) (CI(E;) N CL(Ey)) N D*(g)
= Clgpeco(ar)(CL(Ej) N CL(Ex) N D(g)) N D*(g) = 2,
as required. O

Corollary 3.10 (Local connectedness of Zariski spectra). Let M C R™ be a semialgebraic set.
Then Spec®(M) is locally connected.

Proof. Let p € Spec®(M) and let W C Spec®(M) be an open neighborhood of p. Let g € S°(M)
be such that p € D°(¢g) C W. By Lemma 3.9 D°(g) has finitely many connected components V;,
which are open subsets of Spec®(M). We may assume p € V;, which is a connected open subset
of Spec®(M) contained in W, as required. O

The following result shows (among other things) that spectral maps associated to semialge-
braic d-branched coverings are separated.

Proposition 3.11 (Separated spectral map). Let 7 : M — N be a semialgebraic d-branched
covering. Then

(i) ¢ : S°(N) — S°(M) is an integral homomorphism.

(ii) Spec®(m) is a finite quasi-covering.

(iii) If m® € B°(M), we have Spec®(m)(m®) € B°(N). In addition, Spec®(7)|ge ) = B°(7).
(iv) Ifn® € B°(N), it holds Spec®(m)~1(n°) is a finite subset of 3°(M).

(v) Ify € N and 7~ 1(y) := {x1,..., 2}, we have Spec®(7)~1(n?) := {mS,,...,mS }.

Y 219 » Wy

Proof. (i) Let f € §°(M). Let ok € Z[x1,...,%4] be the kth elementary symmetric form (for
1 < k < d) and consider the functions oi(f) : N — R, y — ox(f(x1),..., f(zq)), where
7 1(y) == {z1,...,24}. By Lemma 3.6 each oy(f) € S°(N). As f is a root of the polynomial

d
p(t) ==t + > (~DFor())e!* € S(N)[t],
k=1

we conclude f is integral over S°(NN) via 2. This means that ¢¢ is an integral homomorphism.

(ii) By Lemma 3.1(ii) the spectral map Spec®(w) is open, closed and surjective. In addition,
Spec®(7) has finite fibers by [S3, Prop.11]. We prove next that Spec®(r) is separated.

Given p1,pa € Spec®(M) with Spec®(7)(p1) = Spec®(m)(p2) we have by (i) and [AM, Cor.5.9]
p1 Z po and po ¢ p1. Thus, by Lemma 3.7 p; and po have disjoint open neighborhoods.

(iii) As Spec®(m) is closed, it maps closed points to closed points and the statement follows.
(iv) By Lemma 2.2(i) we have
Clspece (ar) (Spec® (1) ™! (n°)) = Spec® () ™ (Clspece(ar) (n°)) = Spec® () ™ (n).

Write Spec® ()1 (n°) := {p1,...,pr}. We have {p1,...,p} = Uj_; Clspeco(ar)(ps). Let mg be
the unique maximal ideal of S°(M) that contains p;. Then m{ € Clgpec(ar)(Pi) C {P1,.--,pr}
fori=1,...,7. As Spec®(r) is separated, p; ¢ Clgyeco(ar)(ps) if @ # j. We conclude p; = m$ for
i=1,...,r,s0 Spec’(m) "t (n°) = {m$,...,m2} C B°(M).

(v) As m : M — N is a closed map with finite fibers, it is proper, so by Lemma 3.1(ii)
Spec®(m)(OM)NN = @. By (iv) Spec®(m)~!(ng) C B°(M) is a finite set. Thus, Spec®(r) ! (ng) =

y
<& <& 3
{mg,,...,mg }, as required.

Next result points out the good properties of the minimal elements of the collapsing set in
the S-case.

Corollary 3.12 (Minimal elements of the collapsing set). Let w : M — N be a semialgebraic
d-branched covering. Then each minimal element B € Cspec(r) 15 a z-ideal of S(M).
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Proof. If B is a minimal prime ideal of S(M), the statement follows for instance from [Fel,
Cor.4.7]. Thus, we may assume ‘B is not a minimal prime ideal.

Let 9; be a minimal prime ideal of S(M) contained in B. By Lemma 3.3(ii) its image
q := Spec(m)(Q1) C Spec(w)(R) := p is a minimal prime ideal of S(N) and Spec(7)~L(p) = {B}
because P € Cspec(r).- Write Spec(m)~1(q) := {Qi1,...,Qc} for some £ < d. As Spec(m) is
separated, the fiber Spec(m)~!(q) has the trivial topology. We claim: 9Q; is a minimal prime
ideal of S(M) for 1 < j </.

Assume £; is not a minimal prime ideal of S(M) for some j = 2,...,¢ and let P’ be a prime
ideal of S(M) strictly contained in Q;. Then Spec(m)(P’) C Spec(m)(Q;) = q. As the latter is
a minimal prime ideal of S(N), we have Spec(7)(B’) = q, that is, P’ € Spec(7)~!(q). This is a
contradiction because the fiber Spec(m)~!(q) does not contain a pair of prime ideals such that
P’ C 9, (recall that Spec(w) is by Proposition 3.11(ii) a finite quasi-covering).

We prove next: Q; C*B for 1 <j < /.

As q = Spec(7)(Q;) = Spec(m)(Q1) C Spec(m)(B) := p and Spec(r) is a closed continuous
map, p € Clgpec(v)({Spec(m)(Q;)}) = Spec(m)(Clspec(nr)({25})). As Spec(m)~!(p) = {3}, this
implies P € Clgpec(ar)({Q;}), so Q; C P.

By Lemma 3.5(ii) the sum Q; + --- 4+ Qy is a prime z-ideal contained in . To prove that
P is a prime z-ideal, it is enough to check: P = Q; + --- + Q. As P is a minimal element of
Cspec(n)» it suffices to show: Q1 + -+ + Qy € Cgpec(r). Denote g’ := Spec(m)(Q1 + --- + Q) and
let us prove: 9y + --- + Qy is the unique point in the fiber Spec(m)~1(q').

Pick a point q} € Spec(m)'(q'). As q = Spec(r)(Q1) C Spec(m)(Q1 + -+ Q) = q =
Spec(m)(q}), there exists by Lemma 3.3(i) a point in the fiber of q contained in qj. Thus,
Qi C g} for some index 1 < k < ¢. Consequently, q; and Q; + --- + Qy are prime ideals of
S(M) containing Q. As the prime ideals of S(M) containing Qj constitute a chain, either
qh C Qi+ +Qpor Q1+ + 9y Cq}. As the fiber Spec(r)~1(q’) has the trivial topology,
qp = Q1+ -+, 80 Q1+ + Q¢ € Cspec(n); as required. O

4. PROOF OF THEOREM 1.2

To get a better understanding of the finite quasi-covering Spec(w) induced by a semialgebraic
branched covering 7w : M — N we prove Theorem 1.2, which provides a precise description of
the subset Cgpec(r)- Its proof does not involve Theorem 1.1. We need the following notion.

Definition 4.1. Let 7 : M — N be a semialgebraic d-branched covering and let b, : M — 7Z
be the branching index of w. We define the map

' S(M) — S°(N), f—=p(f) = 501(]0) = é Z br(z) f(z),
zem~(y)

where o1(x1,...,%q) := %1 + -+ + x4 is the first elementary symmetric form in d variables.

Remarks 4.2. (i) If by(x) = 1 for each point in the fiber of a point y € N, then 7~!(y) consists
of d points, so u®(f)(y) is the arithmetic mean of the values of f on the points of 7=!(y). In
general, u°(f)(y) is a weighted arithmetic mean of the values of f on 7~ !(y).

(ii) The homomorphism ¢, endows S°(M) with a natural structure of S°(NN)-module and the
map p° : S°(M) — S°(N) is a homomorphism of S°(NN)-modules.

For each g € §°(N) and each y € N we have
(k(gem) W) =14 Y. belx)(gom) ()

S ()
=3 Y ba(®)gly) = g(y)(é > bﬂ(:”)) =90),
zeri(y) zen=1(y)

so u’(gom) =g. O
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We also need the following result.

Lemma 4.3. Let N C M C R"™ be semialgebraic sets and let j : N — M be the inclusion. Then
there exists h € S®(M) with Z(h) C Cly(N) nowhere dense in Cly(N) such that

Spec?(N) \ Spec®(§) ™" (Z°(h)) = Spec®(N) \ Z°(hl)
is homeomorphic to Clgpeco(ar)(IN) \ 2°(h) via Spec®(3). In addition, if N is locally compact,

we may assume Z(h) = Clyf(N)\ N. If N is closed in M, then Spec®(N) is homeomorphic to
Clgpeco(ar) (V) via Spec®(j).

Proof. Let H € S*(R™) be such that Z(H) = Clgn (Clgn(N)\ N) and define h := H|y € S*(M).
The difference Clgn (N)\ Z(H) = N\ Z(H) is a dense subset of N (see [Fe3, §2.2]). In particular,
Cly(N)\ Z(h) =N\ Z(H) is also a dense subset of Cly/ (V).

Let j1 : N < Clp(N) be the inclusion. We claim:

Spec®(31)] : Spec®(N) \ Spec®(51) (2% (hlcay () = Spec(Clar(N)) \ 2°(hlery, ()
is a homeomorphism.

We provide different proofs of the claim for the S-case and the S*-case. The claim for the S-
case is a straightforward consequence of [Fe3, Lem.1.1]. We approach next the S*-case. Denote
Z := Clgpec*(c1y, (v) (Clm (N) \ V). By [Fe3, Thm.1.2] the restriction

Spec’ (N) \ Spec” (§1)7H(Z) — Spec” (Clas(N))\ Z,

of Spec”(j1) to Spec” (N) \ Spec” (1)~ (Z) is a homeomorphism. As Z C 2*(hlciy (v))s also the
restriction

Spec’ (31)] : Spec” (N) \ Spec” (31) (2 (hlany, () = Spec” (Clar (V) \ 2* (hlaryy ()
is a homeomorphism. Note that Spec*(j1)*1(2,*(h\01M(N))) = Z*(h|n).
Next, let jo : Clys(N) < M be the inclusion. As Cly(N) is closed in M, Spec” (Clys(N)) is
by [FG2, Cor.4.6] homeomorphic to Clg,ecx(ar)(Clar(IV)) = Clgpean) (V) via Spec”(j2). Thus,

Spec’ (j2)] = Spec” (Clar(N)) \ 2" (Aloiy (v) = Clspec (ary (V) \ 2(h)
is a homeomorphism and Spec”(j)| = Spec” (j2)| o Spec”(j1)| is a homeomorphism too.

If N is locally compact, Clgn(N) \ N is a closed subset of R". Thus, Z(h) = Z(H) N M =
(Clgn (N)\N)NM = Clps(N)\N. Finally, if N is closed in M, then Cly;(N) = N and Spec®(N)
is by [FG2, Cor.4.6] homeomorphic to Clg,eco(ar)(IV) via Spec®(j), as required. O

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Consider the commutative diagram

o

SH(N) —27 $*(M)

S(N) —5 S(M)

As 7 is surjective, f € S(N) is bounded if and only if p(f) = fonr € S(M) is bounded. If
q € Spec(M), then

Spec’ (m)(q N S*(M)) = (¢5) (@ N 8" (M)) = ¢ (a) NS (N) = Spec(m)(q) N S*(N).
Along the proof we will make use of Remark 3.2 without mention. Statements (iii) and (iv)
follow from the equality Cge(r) = Cspeco(r) N B°(M) (that follows from Proposition 3.11(iii) and

(iv)). So, let us prove (i) and (ii). Inside the proof of (i) we make a reduction (see (4.a) and
(4.b)) of the S*-case to the S-case and we take advantage of it also in the proof of (ii).

(i) Define 7° := {p € Spec®(M) : ker(u®) C p}, which is a closed subset of Spec®(M).
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We prove first: 7° C Cgpeco(r)- Suppose there exists p € T\ Cgpeco(r)- Then there exists
p1 € Spec®(M) \ {p} such that Spec®(7)(p) = Spec®(7)(p1). As Spec®(r) is a separated map, we
achieve a contradiction if we show: p C p;.

Pick f € p. If we prove f? € py, then f € p;, so we assume f is non-negative. By Remark
4.2(ii) we have p®(u°(f) om) = p°(f). Thus, f — (u°(f)om) € ker( °) Cp, so
po(f)om=f—(f=(u(f)om)) €
c ( )(p) = Spec®(m)(p1) and p®(f) om € p1. In addition, for each
f)o

Consequently, u°(f) € Spe
) < d- (p°(f) om)(x) and d - (p°(f) o) € p1. By Lemma 3.4(i) w

(
x € M we have 0 < f(x
conclude fem.

Next, we prove the converse inclusion: Cgpeco(ry C T°. Pick p € Cgpeco(r) and let po € Cpeco(m)
be a minimal element of Cgpeco(r) contained in p It is enough to show: ker(u®) C po. As we
have announced above, we make a reduction from the S*-case to the S-case (see claims (4.a)
and (4.b) below). Once this is done, we prove the statement in paragraph (4.c).

Assume p € Cypeer(r)- Let m* € B*(M) be the unique maximal ideal of S*(M) that contains
p and let m € B(M) be the unique maximal ideal of S(M) such that mNS*(M) C m*.

(4.a). We claim: pg C mNS*(M).

Suppose m N S*(M) C po, so m N S* (M) ¢ Cypec(r)- Thus, there exists a prime ideal
q' € Spec’ (M) such that ¢/ # m N S*(M) and Spec’ (7)(q') = Spec’(7)(m N S*(M)). As
Spec” () is a separated map, ' ¢ m N S*(M) and m N S*(M) ¢ ¢

Let m} € 8*(M) be the unique maximal ideal of S*(M) that contains q’ and let my € S(M) be
the unique maximal ideal of S(M) such that m; NS*(M) C mj. Let us show: ' = m; NS*(M).

Recall that either my NS*(M) C ¢’ or ¢ C my NS*(M). If my NS*(M) C ¢, then
Spec(m)(m1) NS*(N) = Spec’ (m)(m; N S*(M))
C Spec’ (7)(q') = Spec” (7)(m N 8*(M)) = Spec(w)(m) N S*(N).

As Spec(m) is a closed map, ny := Spec(w)(m;) and n := Spec(w)(m) are maximal ideals of
S(N). Let n*,n} € B*(M) be the unique maximal ideals of S*(IN) that contains n N S*(N)
and ny N S*(N). Thus, ny NS*(N) C nNS*(IN) C n*. We conclude nj = n*, so ny = n and
Spec’ (m)(my NS*(M)) = Spec” (7)(q'). As Spec”(n) is separated, m; N S*(M) = ¢/.

Otherwise, ' C my NS*(M). Then, there exists a prime ideal q := Wy,'q’ C m; of S(M) such
that ¢’ = qNS*(M) and

Spec(r)(4) 1 S*(N) = Spec” (1)(g) = Spec” () (m N §*(M)) = Spec(r)(m) N S*(N),
Spec(m)(q) N S*(N) = Spec ()(q') C Spec’ (7)(my NS*(M)) = Spec(r)(my) NS*(N).
Consequently,
Spec()(q) N S*(N) = Spec(m)(m) N S*(N) C Spec(m)(my) NS*(N).
As in the previous case, Spec(m)(m) = Spec(7)(m1) and we deduce ¢’ = m; NS*(M).
Next, as ¢ ¢ mNS*(M) and mNS*(M) ¢ q', we have my # m, so m} # m*. In addition,
Spec’ (m)(m; NS*(M)) = Spec” (7)(m N S*(M)) C Spec’ (7)(m?¥) N Spec” () (m*).
As Spec”(7) is a closed map and S*(N) is Gelfand, we conclude Spec” (7)(m?¥) = Spec” (7)(m*),
80 M* & Cgpec*(r)- By Lemma 2.4 and since m* € Clg,qcx(ap)(Po),
#(Spec” (m) ! (Spec” () (po))) > #(Spec (m) " (Spec’ (7)(m*))) > 2,

which is a contradiction because po € Cgpec* (r)-
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(4.b). As pg C m N S*(M), there exists a unique prime ideal qo := W]\_/[lpo C m such that
po = qo NS*(M). We claim: qg € Cspec(ﬂ).

Pick q1 € Spec(M) such that Spec(m)(qo) = Spec(7)(q1). Thus,
Spec’ () (40 N S*(M)) = Spec(r)(do) N S*(N)
= Spec(m)(d1) N S*(N) = Spec” (m)(q1 N S*(M)).
As po € Cypect (- it follows g1 N S* (M) = g9 N S* (M) = po, S0 qo = q1, as claimed.

(4.c). By (4.a) and (4.b) it is enough to consider the S-case and prove: pg € T. Pick f € ker(u)
and let us show: f € pg.

Consider the non-negative functions h; := |f| — f and hg := |f| + f. As hihe = 0 € pg, we
may assume hi € pg. As 7 is open, closed and surjective,
g1: N =R, y—sup{hi(z): z€n (y)}

is by [FG3, Const.3.1] a semialgebraic function. By [FG3, Eq.(*) in Proof Thm.1.5] it holds
Spec(m)(D(h1)) = D(g1). As po ¢ D(h1) and {po} = Spec(m) " (Spec(w)(po)), we deduce

Spec(m)(po) ¢ Spec(m)(D(h1)) = D(g1),
so g1 o € po. By Corollary 3.12 pg is a z-ideal, so to prove that f € pg it is enough to show:
Z(giom) C Z(f).

Suppose there exists a point © € Z(g; o w) such that f(x) # 0. As g1(n(z)) = 0, the
semialgebraic function h; vanishes identically on the fiber 771 (7(z)) (recall that hy > 0 on M).
Thus, f(z) > 0 for each z € 7! (7 (z)) and f(x) > 0. Hence,

@) =45 Y be(2)f(2) >0,
zen—(w(x))
which is a contradiction because f € ker(u).
(4.d). For the sake of completeness, we prove: The prime ideal qo € Cgpec(r) introduced in (4.b)
is minimal in Cpec(r)-

Suppose there exists q1 C qo such that q1 € Cgpec(r)- By (i) we have ker(u) C q1. Therefore,
ker(p*) = ker(u) NS*(M) C q1NS* (M), so 1 NS* (M) € Cgpeet (). As q1NS™(M) C qoNS* (M)
and qo N S*(M) € Cspec(r) is minimal, it follows q1 N S*(M) = qo N S*(M), so q1 = qo.

(i) We have to prove: Cgpeco(r) = Clgpeco(ar)(Cr). Recall that for each 21 € M we have
Spec® (7)1 (Spec®(m)(my,)) = {my,,...,my, } where 77 1(7(21)) = {x1,...,2,.}. Thus, C; =
Cspeco(m) N M, 80 Clgpece(ar)(Cr) C Cspeco(r)- Let us prove next the converse inclusion. Pick
P € Cspeco(r) and let pg € Cgpeco(r) be a minimal element of Cgpeco(r) contained in p. If we prove
that pg € ClSpeco(M) (Cr), then p € Clspeco(M)({po}) C Clspeco(M)(Cﬂ). By (4.a) and (4.b) it is
enough to consider the S-case. By Corollary 3.12 the prime ideal py is a z-ideal and by [FG2,
Lem.4.1] By := Spec(m)(po) is also a z-ideal.

Let f € Po be such that d := dim(Z(f)) = min{dim(Z(g)) : g € Po} and denote Z := Z(f).
As Py is a z-ideal, Po € Clgpec(n)(Z) (use [FG2, Lem.4.3]). Write T := 7~ !(Z) and consider
the restriction map w|r : T'— Z. By Hardt’s trivialization theorem [BCR, 9.3.2] there exist:

e a semialgebraic partition {A,..., A} of Z,
e semialgebraic sets Pp,..., P, C RP and
e semialgebraic homeomorphisms 6, : A, x P, — 7~ (Ay)

such that for 1 < ¢ < r we have the following commutative diagram

Apx Py L 77_1(14[)

X iTr|7r1<“‘e)
A

£
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where mp : Ay X Pp — Ay is the projection onto Ay. Taking a semialgebraic triangulation of Z
compatible with Aj,..., A, we may assume that each A; is locally compact. As 7 has finite
fibers, each Py is a finite set.

As Clgpee(n)(Z) = Up— Clgpec(n)(Ar), we may assume Po € Clgyeeny(A41). By [FG2,
Lem.4.3] it follows that for each g 6 S(N) such that Z(g) = Cly(A1) we have g € Py, so
dim(4;) = dim(Cly(A41)) > d = dim(Z) > dim(A;), that is, dim(A4;) = d. As A; is locally
compact, the semialgebraic set C' := Cly(A4;) \ A; is closed in N.

By Lemma 4.3 there exists h € S(IV) with Z(h) = C such that the inclusion j : 41 — N
induces a homeomorphism

Spec(3)| : Spec(Ar) \ Z(h|a,) = Clgpec(v) (A1) \ Z(h).

As Py is a z-ideal and dim(Z(h)) = dim(C) < 4, we have Py ¢ Z(h). In particular, there exists
P € Spec(Aq) \ Z(h|4,) such that Spec(3)(B;) = Po-

Next, consider the d-dimensional subset 7—!(Ay) of M (recall that 7 has finite fibers). As
7 : M — N is closed and has finite fibers, it is a proper map, so 7~ !(A;) is locally compact. Thus,
C" = Cly (7 1(A1)) \ 7 1(A1) is a closed subset of M. By Lemma 2.2 we have ¢’ = 7=1(C)
and Clgpec(ar)(C') = Spec(ﬂ)*l(Clspec(N)(C’)). As Po &€ 2(h), we deduce Bo & Clgpec(n)(C) and
po ¢ Clgpec(an) (C').

As before, there exists h’ € S(M) with Z(h') = C’ such that the inclusion i : 7= 1(4;) — M
induces a homeomorphism

Spec(i)] : Spec(r ™! (A1) \ Z(W|x-1(4,)) = Clspec(n) (7" (A1) \ Z(K).

As po is z-ideal and po ¢ Clgpec(ar)(C”), it follows from [FG2, Lem.4.3] that po ¢ Z(h'). Thus,
there exists pjy € Spec(m™(A1)) \ Z(h'|z—1(4,)) such that Spec(i)(py) = po.

Suppose that po & Clgpec(ar)(Cr). Observe that Ay N7 (Cr) # @ if and only if #(P1) = 1. If
such is the case, then A; C 7(Cr). Thus,

Po = Spec(w) (pO) € ClSpcc(N) (Al) - ClSpcc(N) (ﬂ-(cﬂ'))
= ClSpCC(N) (SpeC(ﬂ') (Cﬂ')) = Spec(w) (CISpoc(M) (Cﬂ')) :

As {po} = Spec(m) ! (PBo), we deduce pg € Clspec(ar) (Cr), against our assumption. Consequently,
#(P1) >2and AjNn(Cr) = @.

Consider the commutative diagram

Spec(61) Spec(i)

Spec(4;1) x P Spec(m~1(41)) Spec(M)
Spec(7| . — ) Spec(w
Spec(71) \L . lé:;i(j) l’ pect)

Spec(A1) Spec(N)

where Spec(f) is a homeomorphism. Thus, there exists p} € Spec(m~1(A;)) such that p| # p})
and Spec(m|z-1(4,))(P5) = Spec(7|-1(4,))(p]) = P Observe that py & Z(A'|-1(4,)). Define

p1 = Spec(i)(p}) € Clspec(an (7 (A1) \ Z(K).

As p} # p;, and Spec(i)] is bijective, we deduce p1 # po. As Spec(m)(p1) = Po = Spec(w)(po) we
have po & Cspec(r), Which is a contradiction. Consequently, po € Clgpec(ar)(Cx), as required. [

5. PROOF OF THEOREM 1.1
In this section we prove Theorem 1.1.
Proof of Theorem 1.1. The implication (ii) = (iii) follows from Proposition 3.11(iii) and (iv)

and the density of 5°(M) in Spec(M), whereas the implication (iii) = (i) follows from Propo-
sition 3.11(v) and the density of M in B°(M). The equalities Bgo(r) = Clgep)(Br) and



SEMIALGEBRAIC BRANCHED COVERINGS 21

Rgeo(ry = Clgo(ny(Rx) follow from the equalities Bspeco(r) = Clgpeco(ar)(Br) and Rgpeco(r) =
Clgpeco(n)(Rr) (once they are proved) together with Proposition 3.11(iv).

(i) = (ii). Let Ny,..., N, be the connected components of N and denote M; := 7~ 1(]N;).
By Lemma 2.17 there exist integers d; > 1 such that w|y, : M; — N; is a d;-branched cov-
ering. In addition, by [FG2, Cor.4.7] Spec®(Ny),...,Spec®(N;) are the connected components
of Spec®(N). By [FG2, Cor.4.6] and Corollary 2.17 it is enough to prove Theorem 1.1 for the
d;-branched coverings 7|y, : M; — N;. We may assume from the beginning that N is connected.

By Remark 2.15(ii) # : M — N is a d-branched covering for some integer d > 1. By
Proposition 3.11(ii) Spec®(7) : Spec®(M) — Spec®(N) is a finite quasi-covering.

(5.a). Let us show now: the fibers of Spec®(w) have no more than d points.

Otherwise, there exists q € Spec®(N) such that #(Spec®(7)~%(q)) > d. As Spec®(w) is
separated, there exists by Lemma 2.4 an open neighborhood V of q in Spec®(N) such that
#(Spec®(m)~1(p)) > d for each p € V. As N is dense in Spec®(N), there exists n, € VN N.
Write 7= 1(y) := {1,...,2,}. By Proposition 3.11(v) Spec®(m)~1(n,) = {my,,...,my,}, so
d < r, which is a contradiction because 7 is a d-branched covering.

(5.b). We claim: Spec®(N) \ Rgpeco(r) = {9 € Spec®(N) : #(Spec®(w)~*(q)) = d}.

The inclusion right to left follows from Lemma 2.4 and Corollary 2.9. To prove the converse
inclusion let q € Spec®(N) \ Rgpeco(r)- By Lemma 2.8 there exists an open neighborhood W of
q such that the cardinality of the fibers at the points of W is a constant ¢. As N \ R is dense
in Spec®(NN), the intersection 7~1(W) N (N \ R) is non-empty, so ¢ = d, as claimed.

(5.c). We prove next: m, € Spec®(M),,, for & € M.

reg

By the previous claim it is enough to check that # (7 ~!(7(x))) = d, which is true by Propo-
sition 3.11(v) because & € M.

(5.d). Consequently, the restriction
Speco(ﬂ—NSpeco(M)reg : SpeCO(M>reg - SpeCQ(N) \RSpeco(fr)
is a d-unbranched covering. As M, is dense in M, it follows from (5.c) that
Spec® (M)reg = Spec® (M) \ Spec® (7)™ (Rgpeco (r))
is dense in Spec®(M).

(5.¢). Let q € Spec®(N) and write Spec®(7)~1(q) := {p1,...,pr}. We claim: there exist g €
S°(N) and fi,..., fr € S°(M) such that q € D*(g), p; € D°(fi), fifs =0 if i #J,

Spec®(m) "' (D°(9)) = | | D°(fi) and  Spec®(m)(D°(fi)) = D°(g)
i=1

fori=1,...,r.

For each pair 1 <1 < j < r there exist by Lemma 3.7 semialgebraic functions f;;, fj; € S°(M)
such that p; € D°(fi;), p; € D°(f;i) and fijfji = 0. For each ¢ = 1,...,r define h; =
[1x ki fir € S°(M). 1t holds p; € D°(h;) and h;hj = 0if i # j. Observe that D°(h;) ND°(h;) =
@ if i # j. Define

W= (SpeCQ(N) \ Spec® (r) ( Spec® (M) \ | J mm)) N () Spec® () (D° (1)),
=1 =1

<

which is an open neighborhood of q in Spec®(V) such that Spec®(m) "} (W) C Ui_; D°(h;). Let
g € 8°(N) be such that q € D°(g) C W. As Spec®(7)~1(D°(g)) = D°(g o ), it follows

D°(hs) N Spec®(m) " (D*(g)) = D°(hi(g o m)).
If we define f; := hj(gom) for i =1,...,r, the reader can check that the claim follows.
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(5.f). We check next: Spec®(m) : Spec®(M) — Spec®(N) is a d-branched covering map.

By Remark 2.5 it is enough to show that each q € R, has a special neighborhood. Write
Spec®(7)~1(q) := {p1,...,pr} where r < d. Let g € S°(N) and f1,..., f. € S°(M) be as in (5.e)
for q and py,...,p,. Let Ey,..., Es be the connected components of D(g). By Lemma 3.9 the
connected components V; := Clgpeco(ny(Ei) N D°(g) of D°(g) are open subsets of Spec® (V).

We may assume q € V := V;. If U := Spec®(m)"1(V) and U; := U N D°(f;), we have
U =|[;_,U; and Spec®(m)(U;) = V. Observe that p; € U; for i =1,...,r.
By (5.d) and Lemma 2.16 the restriction
Spec° (W)‘MﬁSpeco(M)reg tUnN SpeCO(M)reg -V \ 7zSpeco(w)
is a d-unbranched covering. By Lemma 2.18 the restriction
Spec° (77) |Ll1rWSpec<>(M)reg (U N SpeCO(M)reg =V \ RSpeco(Tr)

is a branched covering with empty ramification set. We prove below in (5.g) that there exists an
open dense subset G of U such that the cardinality of the fibers of Spec®(n)|g : G — Spec®(7)(G)
is a constant e € N. We deduce by Lemma 2.12 that U is an exceptional neighborhood of p; with
respect to V. As this can be done with each U;, we conclude that V is a special neighborhood
of q and Spec®(r) is a d-branched covering.

(5.g). We claim: there exists an open dense subset G of Uy such that the cardinality of the fibers
of the restriction map Spec®(m)|g is a constant e € N.

Denote E := E1, D := 7 Y(E) and D; := D(f;)ND fori=1,...,r. By (5.e) and Proposition
3.11(v) we have D = | |\_; D; and m(D;) = E for i = 1,...,r. By Lemma 2.16 the restriction
m|p : D — E is a d-branched covering. By Remark 2.15(ii) and Lemma 2.18 7|p, : D; — E is
an e-branched covering for some integer e > 1. By (5.d) applied to 7|p,,

Spec®(m|p,) : Spec®(D1)reg — Spec’(E) \ R (5.3)

7r|D1

is an e-unbranched covering. As E is dense in V and Spec®(7)|y : U — V is by Lemma 2.2 open,
closed and surjective, D is dense in U. As D NU; = Dy, we deduce that D; is dense in U;.

Leti: Dy — M and j: E — N be the inclusions. Consider the commutative diagrams

i Spec®(i
D\——M Spec®(Dy)  Seee®) Spec®(M)
7Dy l lﬂ Speco(ﬂDl)l J{Speco(ﬂ')
Spec®(3)

BN Spec®(E)
By Lemma 4.3 there exist a € S°(M) and b € S°(N) such that
Spec®(1)] : Spec®(D1) \ Spec®(1) H(2°(a)) = Clspece(ar) (D1) \ 2°(a),
Spec®(3)] : Spec®(E) \ Spec®(5) 7 (2°(b)) = Clgpece ) (E) \ 2°(b),
are homeomorphisms,

e Cly(D1) \ Z(a) is dense in Clys(Dq) and
e Cly(E)\ Z(b) is dense in Cly(E).

In particular, Clgpeco(ar)(D1)\2°(a) is dense in Clgpeco(ar)(D1) and Clgpeco vy (E) \Z2°(b) is dense
in Clgpece(n)(E). As Dy is dense in Uy and E is dense in V, we deduce

U C ClSpeco(M) (ul) = ClSpec<>(M) (Dl)a

VC ClSpeco(M) (V) - ClSpeco(M) (E>
Define Z; :=U; N Z°(a) and Zg :=V N Z°(b), which are closed nowhere dense subsets of U; and

V. As Spec®(m)|y, : Uy — V is a finite quasi-covering and Spec®(M )reg NUL C Ui reg is dense in
Uy, we have by Lemma 2.10 that Spec(m)(Z1) is a closed nowhere dense subset of V. Thus,

G .= (L{1 N Speco(M)reg) \ (Speco(ﬂ)*l(Speco(w)(Zl) N Zg))
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is an open dense subset of U;. As the spectral map (5.3) is an e-unbranched covering, we
deduce (via the homeomorphisms Spec®(i)| and Spec®(j)|) that the cardinality of the fibers of
the restriction Spec®(m)|g : G — Spec®(7)(G) C V \ Rgpeco(r) 18 also e, as claimed.

To finish the proof of Theorem 1.1 it only remains to check the equalities Bgpeco(r) =
ClSpeco(M) (Bﬂ') and RSpeco(ﬂ) = ClSpeco(N) (Rﬂ)

(5.h). We prove first: Bgpeco(r) = Clgpeco(ar)(Br)-

The inclusion B C Bgpeco(r) is clear. As Bgpeco(r) is a closed subset of Spec®(M), it holds
Clgpece(m)(Br) C Bgpeco(r)- To prove the converse, pick p1 € Bgpeco(r) and let us show: pi €
ClSpec<>(M) (Bﬂ)

Denote q := Spec®(p;) and Spec®(w)~'(q) = {p1,...,pr}. As Spec®(m) : Spec®(M) —
Spec®(N) is a d-branched covering, there exist a special neighborhood V of q and correspond-
ing exceptional neighborhoods U, ..., U, of py,...,p,. Let h; € S°(M) be such that p; €
De(h;) C U; for i = 1,...,r. Arguing as in the proof of (5.e), we obtain functions g € S°(N)
and fi,...,f, € S°(M) such that D°(g) is a special neighborhood of q and p;, € D°(f;)
for i = 1,...,r are exceptional neighborhoods with respect to D°(g) (see Remark 2.15(iii)).
In particular, Spec®(m)|po(s,y : D°(f1) — D°(g) is an e-branched covering whose collaps-

ing set contains p;. Note that bgpeco(r)(P1) = € and as p; € BspeCO(ﬂ-) we deduce e > 1.
We also point out: Clgpeco(an)(D°(f1)) N D(f;) = @ for each j # 1 and by Lemma 3.8

ClSpeC<> ( (fl)) ClSpec<> ( (fl))

Next, consider the open subset D(g) of N and note that 7=(D(g)) = ||;_; D(fi). Thus, by
Lemmas 2.16 and 2.18 7|p(y,) : D(f1) — D(g) is a branched covering. By Proposition 3.11 it is
an e-branched covering.

Let i : D(f1) = M and j : D(g) < N be the inclusions. Denote Z := Clp/(D(f1)) \ D(f1)
and note that as Cly/(D(f1)) N D(f;) = @ for j # 1, we have by Lemma 2.2 that 7n(Z) =
Cly(D(g)) \ D(g). By Lemma 4.3

Spec®(1)] : Spec®(D(f1)) \ Spec®(1)™1(Z) = Clspeco(an) (D(f1)) \ 2
is a homeomorphism, where Z := Clg,eco(ar)(Z). Similarly,
Spec®(j)] : Spec®(D(g)) \ Spec®(3)™H(Z') = Clspeco(a) (D(9)) \ 2/
is a homeomorphism, where 2’ := Clgyeco(n)(7(Z)) = Spec®(7)(Z).
We claim: p1 € Clgpece(ar)(D(f1)) \Z and in particular ¢ = Spec®(p1) € Clgpeco(ny(D(g)) \ 2.

Suppose p1 € Z. As p1 € D°(f1), we deduce D°(f1)NZ # &, so there exists x € Cly(D(f1)) \
D(f1) such that m$ € D°(f1), which is a contradiction because D°(f1) N M = D(f1).

We have the following commutative diagrams

D(A)=M  Spec®(D(f1)) \ Spec®(1)1(2) — 2D C1g o an (D)) \ 2
ﬂ—lD(h)l b Spec°(7r|D(fl))i Speco(ﬂ')|l
D(g)>=N  Spec’(D(g))\ Spec*(3)1(2) —= L, Gl e (D(9)) \ 2/

where the maps Spec®(i)| and Spec®(j)| are (as proved above) homeomorphisms. As

Speco(ﬂ—)_l(q) N ClSpeCO(M) (D(fl)) = {pl}

we deduce from Theorem 1.2 that Spec®(i)~!(p;1) € CSpeC°(7r|D(f1)) = ClspeCO(D(fl))(Cﬂ-|D(fl)). By
Lemma 2.23 we conclude p; € Clgpeco(ar) (C”|D(f1)) C Clgpeco(ar) (Br)-

(5.1)). By Lemma 2.2

RSpeco(ﬂ) = Speco(ﬂ-) (BSpeco(ﬂ)) = Spec<> (ﬂ-) (CISpeCO(M) (Bﬂ”))
= ClSp6>c<>(N) (Speco(ﬂ') (BW» = ClSp6>c<>(N) (W(Bﬂ)) = ClSpeco(N) (RW)
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and in addition

Spec® (1) ™ (Rspeco () = Spec® (1) ™ (Clgpeco (v) (Rr))
= Clgpeco () (Spec® (1) 1 (Rx)) = Clgpecoan) (7 (Rr))-
This means that Spec®(M )yeg = Spec® (M) \ Clspeco(ary (71 (Rr)), as required. O
Remarks 5.1 (Ramification index of the spectral map). Let ©# : M — N be a semialgebraic

d-branched covering and let Spec®(w) : Spec®(M) — Spec®(N) be the associated spectral map,
which is by Theorem 1.1 a d-branched covering.

(i) Fix an integer e > 2 and let us check: {bgpeco(r) = €} = Clgpeco(ar)({br > €}). The latter
shows the neat behavior of bgpeco(r) with respect to br, because

{bSpeco(w) = 6} = {bSpeco(w) > 6} \ {bSpeco(w) > e+ 1}
= ClSpeco(M)({bﬂ 2 6}) \ ClSpeco(M)({bﬂ > e+ 1})

Let p € Clgpeco(ar) ({br > €}) and let U be an exceptional neighborhood of p. Then Spec® ()l :
U — V = Spec®(m)(U) is an (bgpece(r)(p))-branched covering. In particular, there exists
x € {br > e} such that m$ € Y. As U N M is an open neighborhood of x € M, there exists by
Remark 2.15(iii) an exceptional neighborhood U of x such that U C &4 N M. By Proposition
3.11 and Remark 2.15(iv) we deduce

e < br(z) = max{#(r ' (y) NU) 1y € 7(U)}
< max{#(Spec®(m) "' (q) NU) : q € Spec® (1) (U)} = bgpeco(x) (P)-

To show the converse inclusion, note that in (5.h) inside the proof of Theorem 1.1 we proved
{bspeCO(ﬂ.) = e} C ClSpeco(M)({bﬂ = 6}), SO {bSPECO(ﬂ.) > 6} C Clspeco(]\/[)({b7r > 6})

(ii) For each x € M we have by (x) = bgpece (r) (M)

Indeed, if we denote e := br(z), then mj € Clgpeco(ary({0r > €}). As {br > e+ 1} is by
Remark 2.15(iv) a closed subset of M, we have Clgpeco(ar)({br > e+1}) N M = {bz > e+ 1}, so
m, € Clspeco(]\/[)({b,r >e})\ ClspeCO(M)({bfr >e+1}) = {bspeco(ﬂ) = e}, as required. O

APPENDIX A. BEZOUTIAN COVERING

Let S,, denote the symmetric group in n symbols. For each v € §,, consider the semialgebraic
homeomorphism
iR = R, zi= (71, .., %) = (Ty1) -+ Ty(n));
and define the following equivalence relation £ in R™:

E:= J{(z,2) eR"xR": z=7(z)},
YESH
which is a closed semialgebraic subset of R" x R™. In addition, 71 : B — R", (z,2) — z is a
proper map because 77 H([—r, 7|") C [~r,7]" x [—r,7]™ for each real number 7 > 0.

According to [Br, Thm. 1.4] there exist a semialgebraic set N, a surjective semialgebraic map
f:R™ — N and a homeomorphism ¢ : R"/E — N such that f = gon, where 7 : R — R"/FE is
the natural projection. We claim: the semialgebraic set N and the maps f and g admit a very
precise description.

Let o, € Z[x1,...,%y,] be the elementary symmetric forms for 1 < k& < n and consider the
polynomial map o : R — R", x — (01(x),...,0n(2z)). Then N := o(R") is a semialgebraic set,
the semialgebraic map (f :=)o : R™ — N is surjective and (g :=)g : R"/E — N, [z] — o(z) is
a well-defined bijection.

If [x] = [2], there exists v € S, such that z = 7(z), so o(x) = o(z) because each component oy,
of o is a symmetric polynomial. To prove that @ is injective pick z, z € R"™ such that o(x) = o(2).
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We have
H t—x;) =t" +Z gk :t"—|—z:(—l)ko'k(z)t"_’C = H(t—zi).
=1 =

Thus, there exists v € Sy, such that z = 7(x), so [z] = [z].
Then, 0~1(0(2)) = {7(2) : v € Sy} for each z € R". We have the commutative diagram:

R® = R"/E

RN

N

Note that & is continuous and let us see: & is a homeomorphism.

For each u := (uy,...,u,) € R™ consider the polynomial f,(t) := t" + > p_, (—1)Fustk.
Denote (i (u), ...,y (u) the real parts of the (complex) roots of the polynomial f,. Each value
i(u) is repeated according to the multiplicity of the corresponding root. We index such values
in such a way that ¢;(u) < -+ < (,(u). By [GJ, §13.3] the functions (i,...,(, : R — R are
continuous. As N is exactly the set of points a € R™ such that f, has n real roots, the map

s:N =R as (Cia),. .., Cala)) (A.4)

1 = 705 is continuous, so & is a homeomorphism.

is a continuous section of o. In particular, ~
We prove next: (1,...,(, have semialgebraic graph, so s : N — R" is a semialgebraic map.

Let u:= (uy,...,u,) and z be variables, i := y/—1. Consider the non-zero polynomial

n
P(u,z):=2z"+ Zujzn_j € Z[u, z].
j=1

If we write z := x + iy, we have

n
P(u,z) = (x+iy)" + Y _uj(x+iy)" 7 =Pi(u,x,y) + iPs(u,x,y)

j=1
for certain non-zero polynomials P1,Py € Z[u, x,y]. Let (;(u) + in;(u) € C be the roots of f, for
u € R™ (where 1 < j <n). Then

Py (u, Gj(w), nj(w)) + iP2(u, ¢j(u), n;(u)) = P(u, Gj(u) + in;(u)) = fu(G(u) + in;(u)) = 0.
Consequently,
Py (u, Gj(u),mj(w) = 0, Pa(u, (j(u),n;(u)) = 0.

Let R(u,x) € Z[u,x] be the resultant, with respect to y, of the polynomials P;(u,x,y) and
Py(u,x,y). For each u € R™ the real number 7n;(u) is a common root of Pq(u,(j(u),y) and
Pa(u,(j(u),y), so R(u,(j(u)) =0 for u € R™ and 1 < j < n. Thus, (; has semialgebraic graph,
as claimed.

For each p € R” the cardinality of the fiber ¢~!(c(p)) is less than or equal to ord(S,) = n!.
The equality is achieved if the coordinates of x are pairwise distinct. Let us check: ¢ : R® — N
1s a semialgebraic finite quasi-covering. It is enough to show: it is an open and closed map, or
equivalently, 7 : R™ — R"/E is an open and closed map.

Let A be an open (resp. closed) subset of R™. Then the union
r(w(4) = |J 74
YESn
is an open (resp. closed) subset of R"™, so 7m(A) is open (resp. closed) in R"/E.
As o071 (a(2)) = {7(2) : v € 8,} for each z € R", the collapsing set of o is
Co ={(z,...,2) e R": z € R},
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whereas the branching set of o is

B, = U {(z1,...,2,) €R™: xi:l‘j},

1<i<j<n
which is a finite union of hyperplanes of R™ (and it is nowhere dense in R").

The inclusion right to left is clear. Suppose conversely that the coordinates of the point
x := (z1,...,2,) € R" are pairwise distinct. Let I; C R be an open interval that contains z;
and satisfies I; N [; = @ if i # j. The restriction of o to [[;"; I; is a homeomorphism onto its
image. Thus, x & B,.

Observe that o1 (a(B,)) = By, so R%, = R" \ B,.

reg
The restriction map o|rp,, : R, = N\ Ro is an (n!)-unbranched covering. Let us show next:

o is an (n!)-branched covering.

For each v € S,, consider the semialgebraic section s, := 7os: N — R” of o, where the
semialgebraic map s was defined in (A.4). Pick a € N and write

fa(t) :==t" + zn:(—l)kakt’“ = (t —by)F - (v — by
k=1

(where k1+ - -+ky = n). The cardinality of 771(a) is d := k’l'nilkz' and 07 (a) = {sy(a) : v € S, }.
Write m7=1(a) := {p1,...,pq} and let V be a connected open semialgebraic neighborhood of
a in N such that there exist pairwise disjoint connected open semialgebraic neighborhoods
Ui,...,Ug of p1,...,pq satistying o(U;) = V and o= }(V) = |_|§i:1 U; (use Lemma 2.4). Define
Sni={7€8n: 5,(a) =pi}. Thus, $,;NS,,; = @ fori#jand S, = ||| Sni. In addition, if
i # j, there exists v;; € Sy, such that 7;;(p;) = p;. The map Sy, ; — Sy, j, v — 7vij0 is a bijection.
We deduce that the cardinality of each Sy, ; equals r := ki!--- k. In addition, U; = s, (V) for

each v € §,; and each @ = 1,...,d. The reader can check that BU|U1_ = B, NU;, Ro\ui =R,NV
and U reg = Ui N RY,. The restriction map oly, ., : Uireg = Ui N Ry = V'\ RU|Ui =V\R,
is an unbranched semialgebraic covering of r sheets (the ramification index at each point p; is
equal to r). Consequently, V' is a special neighborhood of @ and Uy, ..., Uy are the corresponding
exceptional neighborhoods for py,...,pg.
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