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1 Introduction

The school choice problem studies the mechanisms employed by many school districts to
assign students to public schools (see [Balinski and Sonmez, |1999; |Abdulkadiroglu and
Sonmez,, [2003)). It considers a set of students, a set of schools, and the schools’ quotas,
which represent the capacity of each school. Each student submits a list of preferences to a
central placement authority such as a school district, and each school has a priority ranking
that determines who receives a seat in the event that a school is over demanded. The
school district decides which students attend each school using an algorithm that selects
a matching of students to schools considering the students’ reported preferences and the
schools’ priorities. A major concern regarding the design of school choice programs has
been the ability to fairly match students to schools. A matching is fair if all students who
obtain a seat at a given school have a higher priority at that school than the students who
preferred that school rather than the one they are matched to, and therefore no student
has justified envy. In recent years, a vast majority of school districts have implemented
school choice algorithms based on Gale and Shapley’s deferred acceptance algorithm (DA)
(see |Gale and Shapley| |1962; Abdulkadiroglu and Sonmez, 2003} |Abdulkadiroglu et al.,
2005; Pathak, 2016)). The application of the student-proposing DA to prospective students
always results in a stable matching, that is, a fair, individually rational, and nonwasteful
matchingE] However, the matching can be Pareto dominated by another matching that
does not respect school priorities.

In this paper, we add structure to the definition of school priorities. In the canonical
school choice problem, priorities are a primitive aspect of the model, but school districts
use several criteria to determine priority orders for schools, such as different characteristics
of potential students or tie-breaker lotteries (see Abdulkadiroglu et al.,|2005). Our model
relies on student characteristics as primitives. Students are endowed with characteristics
specific to individual schoolsE] Each school ranks students according to priorities defined
over individual characteristics of each student and the specific transferable characteristic
of the student at that school. Students can exchange the characteristics of different schools
and thus affect their positions in the priority rankings of those schools. In this context,
a matching that Pareto improves the initial matching but may not respect fairness may
become fair after an exchange of the relevant characteristics among students. We explore
the efficiency gains with respect to arbitrary initial assignments of students to schools
that can be justified under schools’ priority rankings after the exchanges of characteristics

LA matching is individually rational if no student is assigned to a school that she would rather not
attend. A matching is nonwasteful if every school that a student prefers to the school she is assigned to
has filled all its available seats.

2A similar formulation was independently proposed by [Duddy | (2019) that discusses the informational
shortcomings of the current priority-based model and proposes a formulation based on a “priority matrix”.



among the students involved in the exchange of seats (fair Pareto improvements).

We propose a class of school choice algorithms, namely, the student exchange with
transferable characteristics (SETC) algorithms. Each algorithm in this class proposes a
sequence of fair Pareto improvements of an initial extended matching, that is, a matching
and an allocation of transferable characteristics. If the initial extended matching is indi-
vidually rational and nonwasteful, then each algorithm in the class stops at an extended
matching such that no further Pareto improvement can be obtained without generating
some instance of justified envy (Theorem . If the initial matching is stable, then every
SETC algorithm obtains a constrained efficient extended matching. Under a neutrality
condition on the structure of school priorities, for every extended matching that can be
obtained as a sequence of fair Pareto improvements of an initially stable extended match-
ing, there is an instance of an SETC that selects essentially the same extended matching
at some step of the application of the algorithm (Theorem .

We can think of several situations where the transferability of student characteristics
can improve an allocation by solving a market design problem. For example, the lottery
number can be a natural transferable characteristic when schools use different tie-breaking
lotteries| In fact, this issue was at the heart of the reform of the high school assignment
procedure in Amsterdam in 2014. Under this reform, a system based on immediate accep-
tance with multiple tie-breaking and the possibility of trading assignments was replaced
with a system based on DA with multiple tie-breaking without the possibility of trading
assignments. In 2015, the new allocation procedure was unsuccessfully challenged in court
by families who wished to exchange school seats. Our framework allows us to design a
procedure with the lottery number as the unique exchangeable characteristic. This allows
Pareto improvements respecting all but the priorities based on the tie-breaking lottery/[f]

Additionally, our model can be useful in situations of walk zone redistricting (see |[Dur
et al., [2018; |Casalmiglia et al., 2020)). For example, in Madrid where the walk zone priority
was abolished, generating winners and losers, we could design an allocation procedure that
respects the walk zone priority but allows the exchange of the walk zone characteristic
generating only Pareto improvements (see Gortazar et al., 2020).

In general, our approach can be useful for improving efficiency in situations where we
can differentiate between allocative criteria (such as tie-breaking lotteries) and fairness
constraints (such as the need for siblings to attend the same school) in the formation of

3The use of multiple tie-breaking criteria can be justified, since it reduces the chances that over
demanded schools will systematically reject a student who has a bad lottery draw (see |Arnosti, [2016).

4For further reference, see |Ashlagi et al| (2019); |[Ruijs and Oosterbeek | (2019), and
https: //www.nemokennislink.nl/publicaties/schoolstrijd-in-amsterdam/(Schoolstrijd  in ~ Amsterdam)
(Arnout Jaspers, Kennislink, July 1, 2015, accessed July 31, 2022).
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priorities. An example could be the integration of transplantation programsE] Different
programs might have different priorities or different criteria on the uses of desensitization
or resorting to cadaveric donation. Therefore, a patient might receive a different treatment
in different programs depending on her characteristics. The interaction between different
programs might mean that a member will lose in favor of an outsider. A within-program
assignment followed by an exchange of characteristics where the transplantation program
is the only transferable characteristic allows for Pareto-improving reassignment of patients
seeking treatment.

Finally, the algorithms in the SETC class allow Pareto-improving exchanges in any
extended matching that is individually rational and nonwasteful. As the initial allocation
does not have to be stable, a SETC algorithm can be used as post-allocation scramble
reducing instances of justified envy.

1.1 Related Literature

The school choice problem was first presented by [Balinski and Sonmez| (1999). This pa-
per introduces the idea of fairness into the context of allocating school seats to students.
Abdulkadiroglu and Sonmez (2003) analyzes this problem from a mechanism design per-
spective. These authors show that a student-proposing DA algorithm always selects a
stable matches and is strategy-proof[f] They also study an adaptation of Gale’s trop trad-
ing cycle mechanism (TTCM) by Shapley and Scarf (1974)) and show that it always selects
Pareto efficient matchings and is strategy-proof. Unfortunately, stable matchings are not
efficient and can have severe levels of inefficiency (see Abdulkadiroglu et al.| [2009; Kesten,
2010; Dur and Morrill, [2017)).

There have been attempts to alleviate the tradeoff between stability and efficiency by
weakening the notion of fairness. Kestenl (2010 proposes the efficiency adjusted deferred
acceptance algorithm (EADA) that finds a constrained efficient matching by incorporating
the possibility that students may consent to renounce their priorities in relation to schools
where they cannot obtain a seat according to the student-proposing DA algorithm[7] [Al-
calde and Romero-Medina, (2017) proposes an alternative weakening of fairness dubbed
a-equitability. |Ehlers and Morrill (2020) relaxes the fairness constraint and proposes a
stable set of legal matchings that are not dominated in terms of fairness by any other
legal matching. In the same spirit, |Alva and Manjunath (2019) presents the concept of
stable domination, [Troyan et al. (2020) proposes the concept of essentially stable, and
Tang and Zhang| (2021) considers the concept of weak stability.

®See [Van der Spiegel et al.[(2020) for details on the integration of national transplant programs in the
European Union.

6 A mechanism is strategy-proof if students have incentives to report their true preferences.

"See also [Tang and Yu| (2014).



A different approach is comparing the instances of justified envy generated by differ-
ent mechanisms. In that sense Hakimov and Kesten| (2018)) proposes a Pareto efficient
and strategy-proof mechanism that eliminates justified envy due to pairwise exchanges.
Abdulkadiroglu et al.| (2020)) shows that TTC minimizes justified envy among all Pareto
efficient and strategy-proof mechanisms in one-to-one matching. Dogan and Ehlers (2021)
investigates efficient and minimally unstable Pareto improvements over the DA mecha-
nism. Finally, Dogan and Ehlers| (2022) formulates methods to compare assignments in
terms of their stability in the context of priority-based allocation of objects.

With the same objective of alleviating the tradeoff between stability and efficiency,
other papers explore the interaction between agents’ characteristics and the solution con-
cept of the allocation problem. For example, Klaus and Klijn | (2021)) presents a classical
school choice problem with access rights. In general, the minimal-access rights as (siblings
walk zone, etc.) are incorporated into priorities giving the students with minimal access
higher priority over non-minimal-access students. |Klaus and Klijn | (2021)) weakens sta-
bility to minimal-access stability, a concept that guarantees access to at most one school
that guarantees the student minimal-access right. Additionally, Combe|(2022) studies the
idea of matching with ownership in situations where ownership of an object restricts the
objections of agents who are not owners. In this setting, |Combe| (2022) defines a notion
of stability with two different ownership structures and shows that stable matchings exist
in both cases.

The closest paper to ours is Dur et al.[(2019), which proposes an alternative weakening
of stability called partial stability. Under partial stability, certain priorities of certain
students at certain schools are ignored. Then, the welfare gains can be captured by
applying the improvement cycles approach proposed by |[Erdil and Ergin (2008) for school
choice problems with weak priorities and arbitrary tie-breakers. |[Kitahara and Okumura
(2021)) uses a modification of the stable improvement cycles algorithm introduced by [Erdil
and Ergin (2008)) and considers a school choice problem where the student priorities for
schools are represented by partial orders.

Similar to Dur et al| (2019)) our paper uses improvement cycles. However, beyond
this point, the two papers have considerable differences. First, the primitives in our
model are not school priorities but the individual student characteristics on which those
priorities are based. Second, in our case, the resulting extended matching is an allocation
of both school seats and student characteristics. Third, the possible welfare gains that
we capture are derived from exchanges of characteristics. That is, the resulting extended
matching of our model is justified by the final allocation of transferable characteristics.
Fourth, the SETC algorithms consider exchanges of characteristics, and contrary to the
stable improvement cycle algorithm in [Erdil and Erginl (2008)), some of the students who



participate in these cycles only exchange characteristics and facilitate other exchanges,
and they are weakly better off. Finally, there is a technical difference. Our framework
does not require additional conditions on the set of priorities that may be ignored as in
Dur et al. (2019).ﬁ Our results only require that school priorities are complete and neutral
(monotonic) in terms of student characteristics.

The remainder of the paper is organized as follows. In Section [2] we introduce the
model and notation utilized. In Section [3| we present our main results. In Section [ we
consider incentive issues and relate our framework of transferable characteristics to that
of school choice with consent proposed by |[Kesten (2010). In Section , we conclude this
paper. In Section [0, we provide the proofs of our work.

2 Notation and Definitions

We present the elements of the canonical school choice problem and introduce a school
choice problem with school priorities depending on transferable characteristics.

Let I be a finite set of students and S be a finite set of schools to which the students
must be allocated. Each student i has a strict preference P; over S U {@}, where a strict
preference is a complete, transitive, and antisymmetric binary relation, and {@} refers
to the option of being unassigned. We use R; to signify the weak preference relation
associated with P;, which is defined in the standard way. Each school s has a quota ¢, of
available seats (¢s € IN).

A matching is a function p: I — S U {@} such that
i) for each i € I, u(i) € SU{@}.
ii) for each s € S, #{i € I : (i) = s} < q,f)

Abusing notation, for each s € S, we write u~'(s) = {i € I : u(i) = s} and represent
arbitrary matchings by the list of student-school pairs:

w = [(Za M(i)]z‘el'

A matching 1/ Pareto dominates the matching p if for each i € I, p/(i) R; p(i); and for
some j € I, p'(j) P; pu(j). The matching i/ weakly Pareto dominates the matching
w if for each i € I, p/(i) R; pu(7)

8See Assumption 1 in |[Dur et al.| (2019).
9For any set A, #A stands for the cardinality of the set A.



The last component of the canonical school choice problem is a profile of school pri-
orities. Each school ranks its prospective students according to a priority ranking. Our
contribution is to explore the structures of such priority rankings. We consider that school
priorities may depend on different student characteristics. Some of these characteristics
are intrinsic to individual students, but others can be exchanged among students. The
relevant priorities for schools depend on the allocation of such characteristics.

For each student i, let w(i) = (w*(7)),cq be the initial endowment vector of the trans-
ferable characteristics that influence the position of student ¢ at each school s. For each
school s, let Q° = U;e;w?®(7). A permutation of the transferable characteristics for school
s, A* I — Q°, is a bijection from I to Q*[[% and A*(4) is the transferable characteristic
of i at school s. We call A = (\*),_¢ an allocation of transferable characteristics.
For each student i and each allocation A, A(i) = (A*(7)),.q- We denote by w the initial
allocation of transferable characteristics. Finally, for each allocation of transferable char-
acteristics A and each set of students N C I, A |y is the restriction of A to the students
in V.

When characteristics are transferable, their allocation is relevant to define school pri-
orities. An extended matching is a pair (u, \) where p is a matching and A is an al-
location of transferable characteristics. We say that the extended matching (u, A) Pareto
dominates the extended matching (u', \') if u Pareto dominates /'

In a school choice problem with transferable characteristics, school priorities rank com-
binations of students and transferable characteristics that students present to the school
choice process. Hence, school s’s priority is a complete, transitive, and antisymmetric
binary relation >, over I x Q°. We use the notation -, to refer to the weak priority
relation associated with >, defined in the usual way.

Neutral Priorities For eachi,j € I , s € S, and each [,I' € Q% (i,1) =5 (i,I') if and
only if (5,1) =, (4, 1)

Under neutral priorities, for each s, the set {2° is naturally ordered; for each L C Q°,
we can define

max{L} ={l € L: foreachie€ I, foreachl' € L, (i,1) 75 (i,1")}.

OFor each i € I and s € S, there is j € I with \*(i) = w*(4j), and for each j,j' € I such that j # 5/,
A*(7) # X (5").



Throughout this paper, we assume that for each school s the set €2° is an ordered set
and transferable characteristics affect all students in a neutral way. This assumption seems
natural in most applications, for instance, if we assume that the transferable characteristic
corresponds to tie-breaker lotteries.

A school choice problem with transferable characteristics is a 6-tuple defined by the
set of students, the set of schools, the number of seats available at each school, student
preferences over schools, the initial allocation of transferable characteristics, and school
priorities:

(L S? (qs)8657 (Ri)iela w, (>'s)sES) .

We now present a stability notion for extended matchings. This notion reflects the
idea that stable extended matchings should not generate rightful complaints according to
school priorities from students who would like to change the school they are assigned to.

Given an extended matching (u, \), student ¢ has justified envy of student j if
(i) P p(@) and (i, VO (i) =) (7, 9 (5))-

An extended matching (u, A) is (ex-post) stable if it is
i) fair: no student has justified envy of any other student,
ii) individually rational: for each i € I, u(i) R; {@},

iii) nonwasteful: fornoi € Norse€ S, s P, u(i) and #{i € I : p(i) =s}=p"(s) <
ds-

If an extended matching is fair, no student has more rights (according to school priori-
ties) to attend a specific school that she prefers to the school she is assigned to than some
other student assigned to that specific school. If an extended matching is individually
rational, no student has incentives to leave the enrollment system since she prefers the
remaining unassigned option. Finally, if an extended matching is nonwasteful, no student
prefers to be reassigned to a school that has not fulfilled its quota of available seats.

We analyze the possibility of finding improvements of an initial extended matching
both in terms of Pareto efficiency and ex-post stability. Starting from an arbitrary initial
extended matching, (u,w), we seek new extended matchings that Pareto dominate the
initial extended matching and that solve and do not generate new instances of justified
envy by exchanging transferable characteristics among the students assigned to a new
school under the new extended matching.

The extended matching (;/, \) is a fair Pareto improvement of (yu,)) if

8



i) y' Pareto dominates p,

ii) for each i such that (p/(i), A(i)) # (1(3), A(7)) there is no j with justified envy of i at
(', N),

iii) for each i € I and for each s & {u(i), 1/'(i)}, X*(i) = \*().

By items i) and ii), we require a fair Pareto improvement to generate a new matching
that all students consider at least as good as the initial matching (with some strict pref-
erence) such that all the changes in the matching and/or the allocation of transferable
characteristics do not generate instances of justified envy. By item iii), we consider new
extended matchings such that the reallocation of transferable characteristics is restricted
to students and schools involved in the new assignment of students to schools. Specifically,
we exclude the possibility of a student abandoning her transferable characteristic at some
school she is not assigned to foster the priority of another student at that school.

In the following definition, we sequentially apply the notion of fair Pareto improve-
ment and consider the possibility of obtaining extended matchings resulting from a finite
sequence of fair Pareto improvements.

The extended matching (1, \') is a justifiable Pareto improvement of (u, ) if
there is a sequence of extended matchings { (o, Ao), (g1, A1) - -+ (fn, An) } with (po, Ao) =
(e, A)y (pons An) = (1, N'), such that for each t € {1,...,n}, (u, Ae) is a fair Pareto
improvement of (11, \;_1).

When the initial transferable characteristics cannot be reallocated, the student-proposing
DA algorithm selects a matching that together with the initial allocation of transferable
characteristics is (ex-post) stable. For each allocation of transferable characteristics A, we
define p7© as the matching obtained by the student-proposing DA algorithm for A\. We
call (159, w) the student optimal stable extended matching (SOSEM). |Gale and
Shapley| (1962)) proves that the matching selected by the student-proposing DA Pareto
dominates all other fair, individually rational, and nonwasteful matchings under the ini-
tial allocation of transferable characteristics w. However, it is possible to find alternative
matchings that Pareto dominate the SOSEM by generating instances of justified envy.

Our main interest is to explore the possibility of exhausting the generation of fair
Pareto improvements. That is, given an initial extended matching, we seek extended
matching that improve upon the initial extended matching both in terms of efficiency
and stability and are justified by bidirectional exchanges of positions and transferable
characteristics and such that further Pareto improvements necessarily generate justified



envy. We focus on finding fair Pareto improvements of individually rational and non-
wasteful extended matchings and specifically for (ex-post) stable extended matchings and
the SOSEM, that is, (ex-post) stable extended matchings that are not Pareto dominated
by other (ex-post) stable extended matchings, and therefore any Pareto improvements
will imply a violation of fairness. This notion is captured with the following definition.

An extended matching (u, A) is constrained efficient if it is (ex-post) stable and
there is no fair Pareto improvement (u/, \') of (u, A).

2.1 Examples

We start the analysis by providing some examples that show the possibility of finding fair
Pareto improvements for the solutions to the classical school choice problem.

Example|l|provides an instance of a fair Pareto improvement above the SOSEM (and a
constrained efficient extended matching) by the direct swap of transferable characteristics
at different schools between two students.

Example 1. Let I = {iy,is,i3}, S = {s1, 59,83}, and q;, = 1 for x = 1,2,3. Student
preferences over schools are:

P, P, B
S2 S1 S1
S1 59 592

53 53

{9} {2} {@

School priorities regard nontransferable characteristics intrinsic to each student and
students’ tie-breaker lotteries as transferable characteristics. Schools’ s1 and sy priorities
are completely determined by the tie-breaking lottery. Student v, has the highest priority
for s1, student iy has the highest priority for so, while student i3 has the second-highest
priority in both schools. Hence, the initial allocation of transferable characteristics and
the relevant school priorities arel]

s/ . . . > s1 > 5o > s5
w (2) ‘ 11 12 13 ‘ (217 231> (ig, 232) (’ig, )
51 2707 17 251 i 982
052 9252 1%2 (227 ) (Zh )
52 151 o, 152
s 0% 15 2% (237 ) (7’37 )
’ (12,0%)  (i1,0%)

11We do not present the complete school priority orders over students and transferable characteristics
pairs but only the relevant comparisons.

10



Note that ;13© is defined by

uio = [(41, 51), (42, 52), (i3, 83)] -

The extended matching (3¢, w) is (ex-post) stable but p>° is Pareto dominated by the
matching (' such that:

' = [(41, s2), (12, 51), (i3, 3)] -

However, since (i3, 1°1) =g (ia,0%), i3 has justified envy of i1, and (i, w) is not a fair
extended matching.

When students i1 and io swap their transferable characteristics at schools s1 and $o,
we obtain an allocation of transferable characteristics N\ such that : X*'(i1) = w*'(iz),
A51 (ZQ) = w (’il), A\52 (Zl) = wSQ(Zé), A52 (’Lg) = w*? (il), and \% = w.

X(i) | i iy
sp |07 20 1%
sy |22 0% 1%
sy | 0% 13 288

Note that ' = p3°. The extended matching (i, \) is (ex-post) stable and a fair Pareto
improvement for the SOSEM (139, w). Since u3© Pareto dominates 39, (u39,w) is not
constrained efficient. Since there is no matching " that Pareto dominates ', and (p', \)
is (ex-post) stable, (', ) is constrained efficient.

Example 2 presents the constraint that our focus on fair Pareto improvements intro-
duces into our framework.

Example 2. Let I = {iy,is,13,14}, S = {s1,82,83,54}, and q;, = 1 for x = 1,2,3 4.
Student preferences over schools that are at least as good as the remaining unassigned

option are:
P, hB, Py D
S9 S1 S1 S4
S1 S9 S92 {@}

53 53

{9} {2} {@

The relevant initial allocation of transferable characteristics for schools w and the
relevant school priorities are:

11



o - e s e

SO B 0T .07 () ()
s |17 0% 29 3 (?47 3°1)  (i4,3%)
S5 (2.2> 351) (Zb 352)
. (027) (02
(127 181) (Zh 182)

This school choice problem modifies the problem in Example[]] by adding a student who
has the highest lottery tickets for schools sy and so, and school priorities in such a way
that ©1 and 15 initially have the highest priorities at schools ss and sy respectively, but they
do not have valuable lottery tickets to exchange.

The matching 13° is defined by

MEO = [(i17 S1, )7 <i27 32)7 (i37 53)7 (7:47 54)] .

Note that ;139 is Pareto dominated by

' = [(i1, 52), (12, 51) (i3, 83), (ia, 54)] -

Consider the allocation of transferable characteristics X such that \* = w® for s € {s3, 54}
and
NG | i i iy i
s |00 30 2% 1
s |32 0% 22 1o
S3

S4

According to the allocation \ students i, and iy obtain is’s transferable characteris-
tics at schools s, and sy respectively, although student iy 1s assigned to a position in Sy.
Hence, (¢//, ) is not a fair Pareto improvement of (uC,w). It turns out that (u>°,w) is
constrained efficient.

Example [3| shows the possibility of different (incompatible) fair Pareto improvements
over an initial extended matching, as well as the possibility of Pareto improvements where
students willing to exchange positions need the transferable characteristic of a third stu-
dent.

Example 3. Let I = {i17i27i37i47i57i6}7 S = {81782783754785}7 fOT all s € S \ {52}7
gs = 1, and qs, = 2. Student preferences over schools that are at least as good as the
remaining unassigned option are:

12



k, B, P, P, Fy P
52 S1 S1 S1 S5 S5
S4 52 52 S4 S2 52
S1 83 sg {o} {o} {o

S3 {@} S3

{2} {2}

The relevant initial allocation of transferable characteristics and the relevant school

priorities are”

>_51 >—52 >_53 >_54 ~S5
ws(i) il ig i3 i4 i5 iﬁ (21, 581) (Z'5, 052) (ig, ) (’i4, 384) (i5, )
s | B 3% 4% 291 15 0% | | (i, 5%)  (ig, 5%2) (i1,5%)  (ig, ")
sp | 2% 3% 42 1% 0% 5% | | (ig,5%) (ig,3%) (i3, 4°)
S3 (23,481> (Z2,352) (i1,384)
so | 5% 2 4% 3 1% 0% | | (i, 3%)  (i1,5%)
S5 (ig,2°1) (i3,4%)
(7’17 382)

The SOSEM is defined by the matching:

pio = [(il, 81), ((’iz, 82), (i37 53)7 (i4, 54)7 (’i5, 35): (i6v 52)] )

and the extended matching (3¢, w) is (ex-post) stable. The matching p3° is Pareto
dominated by two alternative matchings p' and p”:

w' = [(i1, 82), (i2, 51), (i3, 83), (14, 84), (i5, 55), (i6, 52)] ,

,LL// = [(ih S4>; (7:2) 82)7 <i37 83)7 (i47 Sl>7 (7:57 85)7 (iﬁa 82)] .

However, the extended matchings (y',w) and (u”,w) are not (ex-post) stable. Note that
at (1, w), iz has justified envy of iy at school so. At (u",w), 19 has justified envy of iy at
school s;.

12Tt is worth to note that school priorities in Example [3| are consistent with the interpretation of
priorities based on weak orders over students and transferable characteristics as tie-breaking lotteries.
Actually, we can interpret that student i; always has the highest priority at school s, and the s; ranking of
students is, i3, and 74 depends on the respective transferable characteristics (with an irrelevant arbitrary
criterion to define complete and strict priorities over all pairs of students and transferable characteristics).
Similarly, student i5 always has the highest priority at school s, student ig always has the second-highest
priority, and is the third-highest priority at school s, and the transferable characteristic determines the
priority of students ¢; and i3 at school ss.
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Considering the matching p'; every fair Pareto improvement involving a swap of trans-
ferable characteristics involving only students iy and iy does not generate an (ex-post) sta-
ble extended matching because w*(is) = 2% and (i3, 4%) =, (i1,2%). However, if student
g participates in the swap of transferable characteristics, we can define the allocation of
transferable characteristics A such that for each s € {s3, $4, 85} A* = w® and the allocation
of transferable characteristics at schools s, and s is:

A(7) | iy io 13 4 15 g
sy | 3% 5% 4% 2% 151 Q%
So | B2 2% 4% 1% (%2 32
83

Sq
S5

The extended matching (p', N) is (ex-post) stable, and (i, \) is a fair Pareto improvement
over (fi,w).

On the other hand, for the matching y”, under the initial allocation of transferable
characteristics, student 11 cannot obtain a position at school sy because iy has a higher
priority at that school (despite that iy’s transferable characteristic at sy is higher than
i4’s). In this case, student iy needs i1’s transferable characteristic at school s; to avoid
generating justified envy by io but i1 does not need i4’s at s4. Hence, we can define the
allocation of transferable characteristics A such that for each s € {s3, 83, 54,55}, \* = w*,
and the allocation of transferable characteristics at schools s; and sy is:

M) | iy dg i3 iy ds g
s | 2°0 3% 4% KHo 15 (%

59

Sy 5%t 2% 4% 3% 1% (0%
S5

The extended matching (p", \) is (ex-post) stable, and (1", \) is a fair Pareto improvement
over (u,w). In fact both (1/, \) and (u", \) are constrained efficient extended matchings.

We conclude this section with a variation of Example [3]

Example 4. Consider a variation of the school choice problem defined in Example[3 with
an alternative profile of student preferences. Let P' such that for each i # is, P, = P/,
and sy P, ss P;. {@}. The matching associated with SOSEM for the problem with the
new profile of preferences is:

~

fi = [(i1, 51), (i2, 52), (43, 83), (14, 54), (i5, 52), (46, 85)] ,
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that together with the initial allocation of transferable characteristics forms an (ex-post)
stable extended matching (fi,w). Consider the matching i’ :

:&/ = [(ilv 52)7 (i27 51)’ (i37 33)7 (i4’ 54)7 (i5v 52)’ (i67 S5>] :

Note that i’ Pareto dominates [i, but there is no allocation of transferable characteristics
A such that (fi,\) is a fair Pareto improvement for (fi,w) because

(i3,w*(i3)) =, (i1, max{w(i1),w*?(iz),w"(i5)}).

We have seen that the possibility of constructing fair Pareto improvements involving
some students at different schools may depend on the remaining set of students assigned to
those schools. Specifically, the transferable characteristics of the students assigned to each
school determine the possibility of finding fair Pareto improvements. This characteristic
of our framework contrasts with the notion of partial fairness proposed by [Dur et al.
(2019). In Dur et al| (2019), there is an initial set of priority violations (instances of
justified envy) that can be admitted. In their framework, the possibility of a swap of
positions between students that generates admissible instances of justified envy does not
depend on the sets of students with their transferable characteristics assigned to the same
school.

3 Improvement Cycles for Extended Matchings

In this section, we present a systematic method to obtain fair Pareto improvements start-
ing from individually rational and nonwasteful extended matchings. We study the possi-
ble improvements in terms of efficiency and fairness by allowing exchanges of transferable
characteristics. If the initial extended matching is (ex-post) stable, then the objective is
to obtain constrained efficient extended matchings. Our approach follows Erdil and Ergin
(2008) and Dur et al| (2019), who propose a method for finding fair Pareto-improving
matchings through exchange cycles based on the outcome of the student-proposing DA
algorithm for priorities with indifferences and arbitrary tie-breaker; and partially unen-
forceable priorities, respectively. The logic behind fair Pareto improvement cycles in both
papers is related to the idea of vacancy chains introduced by Blum et al.| (1997). Given
an initial matching, if a student quits the position she has been assigned to, then the
seat and the transferable characteristics of this student may be used by another student.
To obtain a Pareto improvement over the initial matching, the candidates to fill the free
position are the students who either are assigned to the same school or the students who
prefer the school with the free position to the school to which they are assigned in the
initial matching. To obtain a final (ex-post) stable extended matching, the seat could be
assigned to a candidate that has a higher priority at this specific school than the remain-
ing students who prefer this school to their initial match. This higher priority can be the
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product of either using the transferable characteristic of the leaving candidate, or keep-
ing her own characteristics at that specific school. In this paper, instead of introducing
vacancy chains that are generated by the exogenous creation of new available seats, the
vacancy chains may be endogenously generated by the construction of cycles of students
exchanging seats at schools and their respective transferable characteristics.

The following concepts extend the graph-theoretical approach presented by Dur et al.
(2019) to the school choice with transferable characteristics framework. Unlike Dur et al.
(2019), in our model, students may be willing to move to a position at a desirable school
but, as in Examples [3] and {4 an instance of justified envy may appear depending on
the student who exchanges the transferable characteristics. Moreover, fair Pareto im-
provements involving two students may require the participation of additional students
who exchange transferable characteristics but do not change the school to which they are
assigned.

We introduce notation with respect to the students who may be interested in occupying
another student position and the students who may finally be assigned to a position
without generating justified envy.

Given an individually rational and nonwasteful extended matching (u, A), for each
student j € I, let the set D, x)(j) consist of the students who consider p(j) at least as
good as their own matches. Formally,

Dy () = {i € IN{7} : p(G) Ri p(i)},

Next, the set D (u,))(J) contains all the students who strictly prefer the match of student
7 over their own matches. That is,

Dy () = {i € I = p(4) B p(i)}.
Clearly, ZND(W\) (7) € D¢y (j). The students in D, »)(j) are willing to occupy a seat at
1(j)-

The set Y{,)(j) contains every student ¢ assigned to x(j) such that no student in

D5 (j) would have justified envy of 7 if 4 stays at the same school but with the trans-
ferable characteristic of j at p(j).

Yo () = {i € D)\ D) for each k € D), (6 MO () Ky (ks O (8) }

Analogously, the set wa »(j) contains all the students who would enjoy an improvement
by bemg by assigned to p(j) and that would have the highest priority among the students
in Dy, (j) either with her own or with j’s transferable characteristic at u(j) .

Viun () = {i € D)+ for each k € D) \ {i, (G masx{ V0 (0), MO () }) Ty Ok XD (k)
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Finally, the set X, ) (j) consists of all the students who would be willing to occupy j’s
position at p(j) without generating any additional instance of justified envy because after
a possible exchange of the transferable characteristic at p(j), they have higher priority
than the remaining students in D(u, » () for j’s position.

X () = Y (3) U Y (5)-

Let G = (V; E) be a directed application graph with the set of vertices V' and the
set of directed edges F, which is a set of ordered pairs of elements of V. We consider
graphs with V' = I and directed edges consisting of ordered pairs of distinct students
1j € I x I with ¢ # j. With slight abuse of notation, since the set of edges completely
defines the graph, we write ij € G when edge ij belongs to the set of edges of GG. For any
directed application graph G, a set of edges {i1is, 913, ..., inin11} is a path if the related
edges i119, 1203, - - . , Inlyyq are distinct, and it is a cycle if the edges 1119, 1913, . . . , ini, 1 are
distinct and i1 = 4,,.1. We generically denote an arbitrary cycle in a graph by ¢. Student
i is involved in the cycle ¢ if there is a student j such that ij € ¢. For each cycle ¢, N(¢)
denotes the set of students involved in ¢.

For each extended matching (i, A), G(u, \) is the directed application graph as-
sociated with (u, A) where I is the set of vertices, and the set of directed edges is defined
by ij € G(u, A) if and only i € X, 1 (7).

For an arbitrary (i, A), let ¢ be an arbitrary cycle of G(u, A), N(¢) C I be the students
involved in the cycle ¢, and A be an arbitrary allocation of transferable characteristics.
A pair formed by a cycle ¢ of G(u, A) and an allocation of transferable characteristics for
the students involved in the cycle A |ng), 7 = (0, A [n(g)), Is an improvement cycle for
G(p, A) if:

i) for some ij € ¢, u(i) # u(y), and

ii) for each i involved in a link ij € ¢,
- for each s ¢ {u(i), u(j)}, °(5) = M°(0),
- if (i) = pu(j), then M@ (i) = MU (j),
- 3f u(i) # p(j) then:

NG (i) € {L e (XD @), D)}« for each k € D ()\{i}, (0,0) Zugy (kMO (K))}

An improvement cycle v = (qb,;\ |n,) is solved when for each ij € ¢, student i is
assigned to ju(j) reassigning transferable characteristics according to A |n(4) to obtain a
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new extended matching. Formally, we denote the solution of a cycle by the operator o,
that is, (v, A) = v o (i, A) if and only if for each i € N(¢) and ij € ¢, v(i) = u(j) and

A7) = (i), and for each i’ & N(¢), v(i') = p(i') and \(i') = (7).

Note that for each cycle ¢ of G(u, \) that involves students initially assigned to dif-
ferent schools it is possible to define at least one improvement cycle of G(u,\). If a
cycle of G(u, \) generates different improvement cycles, solving any of those improvement
cycles leads to extended matchings with the same matchings but different allocations of
transferable characteristics.

The following algorithm is built on an extended matching and is defined by solving
improvement cycles and proposing new allocations of transferable characteristics itera-
tively. We focus our analysis on individually rational and nonwasteful extended matching
as starting points of the algorithm. Note that it would be trivial to solve for individually
rational and nonwasteful Pareto improvements just by assigning students to their outside
option, and assigning empty seats to the students willing to join a school according to the
priority.

Student Exchange with Transferable Characteristics (SETC) Algorithm:
Step 0: Let (o, \o) be an individually rational and nonwasteful extended matching,.

Step t > 1: Given the extended matching (p;—1, \i—1),

- if there is an improvement cycle in G(p;_1, A1), solve any one of such cycles, for
example, v, and let (u, \y) = 7 © (e—1, \i—1). Next, move to Step ¢ + 1.

- if there is no improvement cycle in G(jy_1, A;—1), then the algorithm stops and (1, \i—1)
is the obtained extended matching.

Note that the definition of the SETC algorithm entails a class of algorithms, as there
may be several incompatible improvement cycles and the order in which improvement
cycles are solved may lead to different final outcomes.

Regarding the computational efficiency of SETC algorithms, since the sets of schools
and students are finite, the algorithm stops after a finite number of steps. Using the same
arguments as Frdil and Ergin (2008) to compute the running time for finding stable Pareto
improvements, the running time to find a fair Pareto improvement cycle is O(#I#5),
and at most, there are %#I (#I — 1) possible Pareto improvements. Thus, the running
time to solve this problem entirely is O (%#S#I 3). Hence, the SETC algorithms are
computationally efficient.
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Next, we return to Example |3| to illustrate the workings of the algorithm. Example
shows the relevance of constructing improvement cycles for students who do not strictly
benefit from exchanging their transferable characteristics.

Example 5. (Example @ continued). Consider the school choice problem with trans-
ferable characteristics introduced in Erample @ and the corresponding SOSEM (u5°, w)
and the extended matchings (', \) and (1", \) defined there to clarify the workings of the
SETC. Let us construct the direct application graph associated with (uS°,w). In Figure
(@, we represent the possibilities of improvement for the different students. Each student
points to all the students that occupy a position at a school at least as good as the school
prescribed to them by p3°.

In Figure (@, we represent the associated graph G(uS° w). We observe that there
are two cycles, ¢ = {iyig,igia, 0201} and ¢ = {iyiyg,isi1}, that generate two associated
improvement cycles, ¥ = (¢, X |(1.2,61) and v = (¢, X |(1,4y). Student iy is involved in both
cycles and only one of the associated improvement cycles can be solved.

The extended matching (1, \) is the outcome of solving improvement cycle v, (i, \) =
vo (u39,w). In Figure[l){d), we present the graph G(u',\). We observe that no student
points to the students assigned to schools s3 and sy, and the students in so are only
pointed to by the student in s3, whereas the students in s; and s5 do not point to any
student. Hence, the graph G(u/',\) has no cycle. In fact, (¢', \) is constrained efficient.
Analogously, (1", \) =+ o (u3°,w). In Figure (@, we present the graph for G(u", \)
that does not present any additional cycle.

Example [5] illustrates how the algorithms in the SETC class obtain fair Pareto im-
provements by seeking cycles in the directed application graph associated with an initial
individually rational and nonwasteful extended matching. Our first result shows that by
iteratively applying the same logic, the final outcome of the algorithm is a justifiable
Pareto improvement of the initial extended matching. Moreover, the algorithms in the
SETC class exhaust the possibilities of finding additional fair Pareto improvements.

Theorem 1. Let (pu,w) be an individually rational and nonwasteful extended matching
and (i', X) be the outcome obtained by an algorithm in the SETC class starting with (u,w).
Then, the extended matching (i, X) is a justifiable Pareto improvement of (p,w) and does
not admit any fair Pareto improvement.

The proof of Theorem [T]relies on showing that if an individually rational and nonwaste-
ful extended matching admits a fair Pareto improvement, then the directed application
graph has (at least) one improvement cycle. The arguments in the proof are similar to
Dur et al| (2019, Theorem 1) but we need to keep track of important details that are
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S1

S5 S5

(a) Start. Student i, points to student i, if (b) G(u,w). Student i, points to student i, if
iz € D(,)(iy). Dashed lines: i, points to i, if i, € X(,.)(iy). Two improvement cycles with
iy € E(%w) (iy) Dotted Lines: i, points to i, if cycles ¢ = {i1ig, 1502, 0201 and ¢ = {i1i4, 7401}

iy € D(,u,w) (Zy) and :U’(Zx) = N(Zy)

——————— S3

53 S1 @ ====X_=—S===f==g=======
\ Il ] 27

S5

(c) G(i', \) with (i/,\) = 7o (u,w). Student (d) G(u",\) with (u”,\) =+ o (u,w). Student
i points to student iy if i, € X, 5)(iy). i points to student iy if iy € X, 5)(ty).

Figure 1: Example Construction of G(u,w) and the application of the SETC algo-

rithms.
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absent in Dur et al. (2019))’s framework. Specifically, transferable characteristics differ
between students, and only exchanges involving specific students at a school may be mu-
tually viable. Moreover, improvement cycles may need to involve students who do not
strictly benefit from these exchanges but are needed to facilitate reassignment through
transferable characteristic trades. We would like to highlight that our assumption on
neutral priorities is not crucial to obtain the result. For non-neutral priorities, we can
construct the direct application graph G(u, A) and run the SETC algorithms, once we
account for the fact that the transferable characteristics that imply a higher priority at
each school may be different for different students.E

Next, we focus on analyzing the extended matchings that can be obtained by the
application of the SETC starting at (ex-post) stable extended matchings. Since the ap-
plication of the SETC obtains a fair Pareto improvement at each step of the algorithm,
the final outcome of the algorithm is a justifiable Pareto improvement of the initial ex-
tended matching. If the initial extended matching is (ex-post) stable, then any outcome
of the SETC algorithm is also (ex-post) stable. From Theorem [1} we obtain interesting
implications. When we start with an (ex-post) stable extended matching, any extended
matching that can be the result of the SETC algorithm is constrained efficient. Moreover,
the resulting extended matching is the SOSEM associated with the final allocation of
transferable characteristics. We formalize both implications in the following Corollaries
and 2

Corollary 1. Let (p,w) be an (ex-post) stable extended matching and (', \) be the out-
come obtained by an algorithm in the SETC class starting with (u,w). Then, the extended
matching (p', X) is constrained efficient.

Corollary 2. For each problem, each (ex-post) stable matching (po,w), and each SETC
algorithm, if the extended matching (p, \) is an outcome of an SETC algorithm then

(1, A) = (139, ).

In light of Corollary [1} a natural question to consider is whether the algorithms in
the SETC class are able to obtain all the constrained efficient extended matching that
Pareto dominate an initial (ex-post) stable extended matching, such as the SOSEM. Note
that any SETC algorithm is restricted to select justifiable Pareto improvements from an
initial extended matching. Hence, there are school choice problems with a constrained
efficient extended matching that Pareto dominates the initial extended matching (u,w)
that cannot be obtained by applying an instance of a SETC algorithm (see Example .

13Specifically, we should define a student-specific operator max to order the transferable characteristics
at each school to provide a consistent definition of the set Y, x)(j)-
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Even if we restrict our attention to constrained efficient justifiable Pareto improvements
over the initial extended matching, there is an additional issue to address. At each step of
the application of any instance of a SETC algorithm, the algorithm proposes an extended
matching with a specific allocation of transferable characteristics among the students in-
volved in the selected cycle. However, an extended matching with the same matching and
a different allocation of transferable characteristics could also be a fair Pareto improve-
ment over the extended matching proposed in the previous step. This situation can occur
when the students who initially may have justified envy of other students occupying a po-
sition at a given school no longer desire that position after being involved in cycles solved
in several steps in an application of the SETC algorithm. In that case, the transferable
characteristic of the student at that position becomes irrelevant. This fact implies that
at some points in the application of an SETC algorithm, the matching proposed by the
SETC could be fair under an alternative allocation of transferable characteristics. We
define a characteristic-wise extended matching to compare different extended matchings
in terms of the fairness binding constraints.

Let (u, A) and (p, \) be extended matching such that (i, A) is (ex-post) stable. The

extended matching (u, A) is characteristic-wise equivalent to (u, \) if for each i € N,
for each s € S such that s R; pu(¢), if there is a j € I with s R; u(j) (4, A°(J)) Zs (¢, A°(4))
implies (7, A*(7)) Zs (4, A*(2))-

Remark 1. Let (y, \) be an (ex-post) stable extended matching, if X is such that for each
i€ I, NWO®) > XO(4), and for each s € S with s P; (i), A(i) = N*(3), then (u.)) is
charateristic-wise equivalent to (u, \).

Example[6]illustrates the concept of characteristic-wise equivalent extended matchings.

Example 6. Let I = {iy,ia,13,14,05}, S = {s1,52,53,84,55}, and qs, = 1 for x =
1,2,3,4,5. The relevant student preferences are as follows:

kP, B, P P

So S3 S1 S2 Sy
S1 S5 S3 S3 S5
{gt s {g} s {o}
52 S4

{9} {9}

The relevant initial allocation of transferable characteristics w and the relevant school
priorities are:

22



ws(i) ’il 7:2 ’ig Z‘4 ’i5 >'51 >-52 >‘53 >'54 >‘55
sy | 0% 4s 3so2s 15| [ (4,0%)  (ip,4%2) (i5,4%) (ig,0%) (i5,0%)
sp | 2% 4% 1% 3% 0% | | (i, 4%) (i, 4%) (i, 4%)  (i5,4%%)  (iz, 4%)
sy | 1% 2% 4% 3% 0% | | (33,3%) (i, 3%)  (ig,4%) (i, 3%)
Sg | 1% 2% 38 gs Qs (i1,2%2)  (ig, 3%9)
ss | 1% 4% 2% 3% 0% (ia, 2°9)

Note that for each j € {1,

o5}, wi9(i;) = sj. That is,

,UEO = [(ilv 81)7 (in 32)7 (i3> 53)7 <i47 84)7 (i57 S5>] :

Consider now the extended matching (y/', \) with

and X\ such that:

The extended matching (', \) is a fair Pareto improvement of (u°° w), and it is
a constrained efficient extended matching. However, (', \) cannot be obtained by the
application of the SETC algorithm. Note that in the first stage of the SETC there is only
one improvement cycle {iyis, ioi,} with allocation of transferable characteristics A such

' = [(i1, 52), (i2, 53), (i3, 51), (14, 55), (15, 54)] -

NG | iy iy iy i s
sp | 3% 4% 0% 2% 1%
Sg | 472 2% 1% 3% (%2
S3 153 453 253 383 053
sy | 1% 2% 3 Qo 4
s5 | 1% 4% 2% 3% 0%

that \*1(iy) = w* (ip) = 4% and N*2(i1) = w*(iy) = 4% After two additional stages of the
SETC, the SETC ends up in the constrained efficient extended matching (p', \) with A

defined by:

Note that according to extended matching (1',X), D\ (i3) = @. Hence, once all
the students are assigned to a school according to ', the allocation of the transferable

NG) | iy iy iy g i
sp | 0% 35 4% 291 1%
Sy | 4% 22 1% 32 Q%
s3 | 1% 4% 2% 3s g
S¢ | 1% 2% 3m Qs 4o
s5 | 155 4% 2% 3% Q%

characteristic to i3 at s; s irrelevant, since no student may have justified envy of is.
Hence, we can obtain a fair Pareto improvement of the initial extended matching (u3°, w)
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that cannot be obtained by the SETC. This fact notwithstanding, the SETC obtains an
extended matching that is characteristic-wise equivalent to (p', \) E

Example [6] shows that it is not possible to characterize the set of constrained effi-
cient extended matching that are justifiable Pareto improvements of an initial extended
matching as the set of outcomes of the SETC starting at that initial extended matching.
However, Theorem [2| shows that for every extended matching that can be obtained by a
sequence of fair Pareto improvements from an initial (ex-post) stable extended matching,
an instance of the SETC obtains an extended matching that (weakly) Pareto dominates
the initial extended matching.

Theorem 2. Let (uu,w) be an (ex-post) stable extended matching if (1', \) is a justifiable
Pareto improvement of (i, w); then there is an extended matching (v, \) obtained with an
algorithm of the SETC class starting at (u,w) such that for each i € I, v(i) R; (/' (4).

Theorem follows from an intermediate key result that we prove in Section (Propo-
sition [4]). If an extended matching (4/,\) is a justifiable Pareto improvement of (y,w),
then the outcome of an application of the SETC after ¢ steps yields an extended matching
(¢, A¢) such that p; = ¢/ and (uy, A¢) is characteristic-wise equivalent to (y/, A). To prove
this result, we have to check that the matching involved in any fair Pareto improvement
of an (ex-post) stable extended matching can be obtained by the SETC after a finite
number of steps (Lemma E[), but an allocation of transferable characteristics such that
improving students may obtain higher transferable characteristics at the school to which
they are assigned than that prescribed by (x/,\). Thus, it may be the case that (u’, \)
is constrained efficient, but (u, A;) is not constrained efficient and admits further fair
Pareto improvement, and the final outcome of the SETC may (strictly) Pareto dominate

(W, )]

Note that Theorem [2{ applies to an (ex-post) stable extended matching and not to any
initial nonwasteful extended matching as in Theorem [} In this case, the restriction to
fair Pareto improvements implies that no student may generate justified envy. This is an
unnecessarily strong requirement. It is possible to define a weaker notion of fair Pareto
improvement such as requiring that the set of students who have justified envy of the

MThere is another constrained efficient extended matching obtained by selecting an alternative im-
provement cycle in the second stage of the SETC with the cycle {iqis,isiq,isi3,73i2} for the graph
G(p1, A1)

15To obtain an example of a constrained efficient extended matching that is Pareto dominated by the
outcome of the SETC, it suffices to consider a school choice problem with two independent replicas of
the school choice problem in Example [6] and an additional student, where the students in the role of i3
would like to exchange their positions at the replicas of s; but the additional student may have higher
priority and generate justified envy unless they exchange the relevant characteristic 4°*.
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student occupying a specific position at a school be included in the initial set of students
who have justified envy of her. With this alternative notion of fair Pareto improvements
in mind, we can define an alternative class of algorithms that will be analogous to those in
the SETC class and would uncover more justifiable Pareto improvements than the SETC
algorithm. Finally, our assumption of neutral priorities plays an implicitly relevant role
in the proof of Theorem [2 Under neutral priorities, we can construct the allocations of
transferable characteristics that allow every fair Pareto improvement to be generated as
a sequence of solved improvement cycles by an algorithm in the SETC class.

4 Discussion

In this section, we focus on issues related to the possibility of finding a justifiable Pareto
improvement for the SOSEM. Specifically, we consider the incentives of the students to
reveal their true preferences to a centralized planner and a particular class of school
priorities that allows us to precisely compare our framework with previous works.

4.1 Incentives and Student Transferable Characteristics

We first analyze the incentives of students to reveal their true preferences when an allo-
cation of school seats is determined by an SETC algorithm. For that purpose, we need
to introduce further notation.

Let P denote the complete set of student preference profiles and M be a set of all the
extended matchings. A mechanism is a mapping ¥ : P — M.

The application of an SETC algorithm starting with the SOSEM that corresponds to
each preference profile defines a mechanism that always selects an (ex-post) stable and
constrained efficient extended matching. We call this class of mechanisms the student
optimal transferable characteristics (SOTC) class of mechanisms.

Strategy-proofness A mechanism V satisfies strategy-proofness if for each i € IV,
each P, P" € P, such that for each j # i, P; = P}, (P) = (u, \) and U(FP') = (¢, \'),
(i) Ry p'(i).

Strategy-proofness implies that no student has the capacity and the incentives to ma-
nipulate the outcome of a mechanism by misreporting her preferences regarding schools.
It is well-known that the mechanism that selects the SOSEM for each student preference
profile satisfies strategy-proofness, but it may select a Pareto dominated extended match-
ing. According to the results in the work of |Abdulkadiroglu et al.| (2009); Kesten! (2010));
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Alva and Manjunathl (2019); |[Kesten and Kurino| (2019), since the matching selected by
any SETC algorithm that starts with the SOSEM Pareto dominates the SOSEM for the
initial allocation of characteristics w and is not Pareto dominated by any other extended
matching, each mechanism in the SOTC class is manipulable for some profile of student
preferences.

Proposition 1. There is no mechanism in the SOTC class that satisfies strategy-proofness.

4.2 Fully Transferable Priorities

In the previous sections, we analyzed a new setting where tradeoffs between stability and
efficiency can be attenuated. In a school choice problem with transferable characteristics,
some violations of initial priorities can be justified after exchanges of transferable char-
acteristics. This new component of the canonical school choice problem does not allow
us to make an immediate comparison to previous works that consider dropping stability
constraints when some students do not benefit from exercising their priority rights.

In particular, the concepts of a-stability in |Alcalde and Romero-Medina| (2017) and
of students consenting to drop their initial priorities in Kesten (2010) imply that the
proposed matchings are met with no objections, although the initial priorities of some
students are not respected by these matchings. In both cases, the exertion of some
priorities by some students at some schools that block the assignment of seats to other
students may not ultimately lead to a placement improvement for the blocking student.
Therefore, students are either not allowed to exert their priority rights as in |Alcalde and
Romero-Medina/ (2017)), or encouraged not to claim a seat if doing so would be ineffective
as in Kesten| (2010)).

The proposals of |Alcalde and Romero-Medina (2017)) and Kesten| (2010) are presented
in terms of the canonical school choice problem. This prevents an immediate comparison
with our results. However, there is an extreme class of school priorities that allows us
to view both proposals as particular cases of extended matchings obtained by SETC
algorithms. This is the case in the domain of fully transferable extended priorities, where
we can address both concepts of priority renouncement.

Fully Transferable Priorities. For each .7, j,j’' € I, s € S, and for each \*, \* € L?,
(i, \*) = (', \*) if and only if (5, \*) =4 (5, A*).

In cases where transferable characteristics entirely determine school priorities, if a
student participates in an improvement cycle and receives the transferable characteristic
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that initially secured her seat, then the initial priority that another student may have had
for that seat is no longer relevant.

In the context of fully transferable priorities, the analysis of the SETC algorithms is
simpler. This is because any student who desires the position of another student can
obtain it with an exchange of transferable characteristics.

Lemma 1. Let school priorities be fully transferable, let (u, \) be an (ex-post) stable
extended matching and let G(u, \) be the directed application graph associated with (u, \).

If u(3) P p(i), thenij € G(u, A).

Lemma [If implies that under fully transferable priorities, students who exchange their
characteristics but remain assigned to the same school do not need to participate in im-
provement cycles. Moreover, the possibility of justifying an exchange of position that
involves a violation of school priorities under the initial allocation of transferable charac-
teristics does not depend on the students (and their transferable characteristics) initially
assigned to each school. Hence, the framework under fully transferable characteristics is
equivalent to the framework of [Dur et al. (2019)) when all potential exchange cycles are
admitted under partial stabilitym In this context, since any fair Pareto improvement of
a matching can be achieved by forming disjoint cycles among students and because such
cycles correspond to an improvement cycle in directed application graph G(u3°,w), we
immediately derive the following result.

Proposition 2. Let school priorities be fully transferable. If p is a matching that Pareto
dominates 115° and p is not Pareto dominated by any matching v, then there is an allo-
cation of transferable characteristics A such that (u, \) is the result of the application of
an SETC algorithm that starts with the SOSEM.

Alcalde and Romero-Medinal (2017, Theorem 1) proves that the set of Pareto efficient
matchings that are Pareto improvements over the initial optimal student matching coin-
cides with an ideal set of matchings such that under the initial priorities, no student can
pose an admissible objection. That is, whenever a student proposes (objects) an alterna-
tive matching where she would obtain a preferred seat for which she has a priority right,
another student could rightfully object to that alternative matching (a-fair matching).
Hence, the set of matchings produced by an SETC algorithm coincides with the set of
a-fair matchings produced under the assumption of fully transferable priorities.

16Tn the terms of Dur et al.| (2019) this corresponds to the case where the correspondence that defines the
admitted priority violations satisfies the all-or-nothing property, specifically, item ) of the all-or-nothing
property for all schools.
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Corollary 3. Let school priorities be fully transferable. A matching p is an a-fair match-
g if and only if there is an allocation of transferable characteristics A\ such that the
extended matching (p, \) is the result of the application of an SETC algorithm that starts
with the SOSEM

Kesten (2010) occupies a central position in the analysis of Pareto efficient matching
in the context of school choice and introduces the idea of consent. Students can consent
to withdraw their claims to seats that they will not accept. This idea leads to a modifica-
tion of the student-proposing DA algorithm that yields a Pareto efficient matching with
“minimal” violations of initial priorities, the efficiency adjusted deferred acceptance
algorithm (EADA). Tang and Yu (2014) presents a simpler algorithm with the same
outcome['’] Under fully transferable priority, the matching obtained by the EADA can be
obtained by a specific algorithm in the SETC class.

Proposition 3. Let school priorities be fully transferable. There is an algorithm in the
SETC class that for each school choice with transferable characteristics problem, the out-
come of the algorithm starting in the SOSEM selects an extended matching (p, ) such
that p coincides with the EADA matching.

5 Conclusions

In this paper, we generalize the school choice problem by defining school priorities in
terms of (possibly transferable) student characteristics. We define a class of algorithms,
the student exchange with transferable characteristics (SETC) class of algorithms. Each
algorithm in this class begins with an individually rational and nonwasteful extended
matching and produces an extended matching such that any extended matching that
Pareto dominates it generates additional instances of justified envy. Moreover, for each
constrained efficient extended matching obtained by a sequence of fair Pareto improve-
ments from an initial (ex-post) stable extended matching, an algorithm in the SETC class
obtains an extended matching that either is characteristic-wise equivalent to or weakly
Pareto dominates the constrained efficient extended matching.

We motivate our analysis of the allocation of objects under priorities based on indi-
vidual characteristics in the school choice problem. In this framework, the tie-breaking
lottery is a natural transferable characteristic when schools use multiple tie-breaking lot-
teries. However, the algorithms in the SETC class can be used for improving efficiency in

1"The resulting matching is a unique Pareto efficient matching p* such that there is no other matching
v that can improve the situation of any student whose priority is violated in p unless v violates the
priority of a student whose situation is worsened (see |[Reny, [2022]).
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situations where we can differentiate between allocative criteria and fairness constraints
in the characteristics that define the priorities. For instance, we can avoid welfare losses
in the integration of separate markets (walk zones). We can study changes in the priority
structure due to the redefinition of the characteristics or because of different valuations
of the existing characteristics. Finally, we can use the SETC algorithms to propose an
ex-post assignment scramble in mechanisms that generate instances of justified envy.

Our analysis is based on characteristics that are specific to individual schools. This is
the situation in the case of the multiple tie-breaking lotteries, the priorities for siblings
attending the school, or legacy awarded priorities. However, there are other characteristics
that are not, in general, school specific, such as the walk-zone priority, or all priorities
associated with family circumstances, such as income or the total number of siblings. In
these cases, we could adjust the algorithms in the SETC class to allow characteristics
to be valid in several schools, but this adjustment must be precisely defined, and it will
complicate our results. The general case for nonspecific characteristics is, therefore, left
for further research.

6 Proofs

6.1 Proof of Theorem [

Let (1,5, (qs)ses, (Ri)ier,w, (>s)ses, ) be a school choice problem with transferable char-
acteristics and let (p,w) be an individually rational and nonwasteful extended matching.
Consider an instance of an SETC algorithm with initial extended matching (g, Ao) =
(u,w). Let T be the last step of the SETC algorithm starting by (po, Ao). For each
te{l,....T}, let v = (d, Ae |n(g,)) be the improvement cycle solved at step t of the
algorithm, and let (14, A¢) = v © (p4—1, Ar—1) be the extended matching selected at step t.
Note that, the students involved in the improvement cycle are better off, some of them
are strictly better off, and the students not involved in the cycle are not worse off at the
new extended matching obtained by solving the improvement cycle ;. Thus, for each for
each t € {1,...,T}, uy Pareto dominates pu;_.

Remark 2. Let v = (¢, A |n(,)) e the improvement cycle solved at step t of the
application of SETC algorithm, and let i,7 ¢ N(¢;).

i) D(Mt«\t)(j) - D(Ntfly/\tfl)(j)'
i) If ij € G(pe—1, \—1) then i points to ij € G(pu, \t).

Lemma 2. The extended matching (ur, Ar) is individually rational and nonwasteful.
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Proof. Let t € {0,...,T — 1} and let (p, A¢) be the extended matching obtained at step
t of the algorithm. We prove the result by induction on ¢. The initial extended matching
(10, Ao) is individually rational and nonwasteful.

First, we check that (yr, A7) is an individual rationality extended matching. Since
(10, Ao) is individually rational, and each student is never worse off after each step of the
algorithm, then (7, A7) is individually rational.

We conclude by checking that (ug, Ar) is nonwasteful. The initial match (pg, Ao) is
nonwasteful. At each step, students are assigned to better schools swapping their positions
at schools, hence #p; !(s) remains constant at each step of the algorithm. Therefore, if
school s has an empty slot at step ¢, then school s has an empty slot at step 0. Since pq is
individually rational and nonwasteful, for each student i with p(7) # s, po(i) P; s. Since
for each i, p; (i) R; po(i), we have that uy(i) R; s. Thus, (u, A;) is nonwasteful. O

Our next result, Lemma [3| shows that the outcome of the SETC reduces the instances
of justified envy.

Lemma 3. For each each t € {1,...,T}, if student i does not have justified envy of j at
(fe—1, \i—1), then student i does not have justified envy of j at (pg, A¢).

Proof. Let i,7 € I such that ¢ does not have justified envy of j at (1, \e—1). If p(7) R;
(j), then ¢ has not justified envy of j at (u, Ar). Hence, we assume that p,(j) P; pe(2).
Let ¢ = (¢, M |n(g)) be the improvement cycle of G(f—1, A1) solved at step ¢. Since
(g, Ar) is the result of solving the cycle ;, for each student k, (k) Ry p—1(k), and
we obtain 1(j) P; pr—1(3). Since py(j) P pu—1(i) and pu(j) Bi pu(3), (i) # pe(j) and
pe-1(7) # pe(j) imply that )\ft(j)(i) = /\fﬁ(lj)(z’). We consider two cases. Assume first
that j ¢ N(¢). In this case, (j) = m-1(j) and X9 () = M*U(5). Since i has
not justified envy of j at (pi—1, Me—1), (J, )\fi‘ll(j)(j)) Zpe1(5) (i,)\fi‘ll(j)(i)). Consider the
second case, j € N(¢). Let k be the student such that jk € ¢;. Note that p;(j) = pe—1(k),
5 € Xt yneny(k), and i € D, a1y (k). Since j € X2, (k) and NV (i) = N9 (3),
we have (j, N9 (7)) =0y (6 M9 (1)) = (i, M9 (i), Since the two cases are exhaustive
and imply that (j, A ) (7)) Zuwe) (4 )\?t(j)(i)), we conclude that ¢ has not justified envy

of j at (g, A¢)- O

From Lemma [3| and noting that students may only improve at each step of the algo-
rithm, we immediately obtain Corollaries [4 and [5]

Corollary 4. For each i€ I:

i) If for some each t € {1,...,T}, i € N(¢¢); then no student has justified envy of i at
(MTa )‘T)
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i) If i is not involved in any improvement cycle solved to obtain (ur, Ar) and there is a
student j with justified envy of i at (ur, M), then j has justified envy of i at (po, Ao)-

Corollary 5. Foreacht € {1,...,T}, (ut, At) is a fair Pareto improvement of (fte—1, Adt—1).

Lemma 4. For each individually rational and nonwasteful extended matching (p, \) and
j € I, X(%)\)(j) N D(M/\)(j) =g Zf and only Z'fD('u,)\)(j) = .

Proof. If Dy, (j) = @, then D, (j) = {i € I : p@t) = p(j)}. Since X0 (j) C
D0 (), the result is immediate. If D, 5 (j) # @, then by completeness and transitivity
of school priorities, there is i € Dy, )(j) such that for each i’ € Dy, 1) (4), (4, N9 (i) 20
(¢, AU (i")). Finally, since priorities are neutral, (¢, max{\*") (i), \*9)(5)}) =) (i, "9 (7).

Therefore, i € X, (7). O
From Lemma |4 and the definition of the set Dy, (j) we obtain Remark .

Remark 3. For each individually rational and nonwasteful extended matching (u, ) and
J€ I, if Dy (j) =9, then for each j' € I with p(j) = pu(j’"), D (J') = 2.

Lemma 5. Let (i1, A) and (v, N') be individually rational and nonwasteful extended match-
ings such that (v, \') Pareto dominates (u,\). For each s € S, #u~1(s) = #v71(s).

Proof. Let N ={i e I: v(i) P, u(i)}. Since (v, ') Pareto dominates (u, A) and student
preferences are strict, for each j € I \ N, u(j) = v(j). Consider an arbitrary school
s € S and assume to the contrary that #(N Nv~1(s)) > #(N N u~'(s)). This implies
that #u7(s) < ¢s. For each i € (N Nv~1(s)), v(i) = s B; p(i), which contradicts that
(i, A) is nonwasteful. Hence, #(N Nv~1(s)) < #(N N p~Y(s)). Finally, assume to the
contrary there is s such that the strict inequality holds. Summing up the inequalities
across schools, the number of students in N who are assigned to some school in matching
1 is larger than the number of students in N that are assigned to some school in matching
v. Thus, there is a student ¢ € N such that u(i) € S, and v(i) = {@}. Since u is an
individually rational matching, we have that u(i) P; v(7), which contradicts the definition
of N. ]

Lemma 6. Let (i, ) be an individually rational and nonwasteful extended matching, if
(v, X') Pareto dominates (u, \) then (v, \') is individually rational and nonwasteful.

Proof. Since (p, A) is individually rational and for each i € I, v(i) R; u(i), we know that
(v, N') is an individually rational extended matching. Let ¢ € I such that v(i) P; u(i).
Since (u, A) is nonwasteful, there is j € I such that v(j) # u(j) = v(i). Since (v, \)
Pareto dominates (u,A) and v(j) # w(j), we have v(j) P; p(j). By Lemma [5 there
is k € I such that v(k) # u(k) = v(j). As S is finite, for each i with v(i) P; (i)
there is a finite sequence of students iy, is, 13, . . ., i, such that u(i;) = v(i;11) and i; = i,.

31



Since (i, A) is nonwasteful, for each i € I for each s € S such that s P, u(i), we have
#p7(s) = #v71(s) = ¢,. Finally, as s P; v(i) implies s P; u(7), and for each s such that
s P; (i), #4171 (s) = qs, we have that for each s such that s P; v(i), #v~!(s) = ¢4, which
suffices to prove that (v, \’) is nonwasteful. O

Lemma [7] provides the final step in the proof of Theorem [I]

Lemma 7. The extended matching (pur, \r) does not admit any additional fair Pareto
improvement.

Proof. Let (u,A) = (ur,A\r) and assume to the contrary, that (v,)’) is a fair Pareto
improvement of (x4, A). By Lemmal6] (v, \') is individually rational and nonwasteful. By
the definition of the SETC algorithms, there is no improvement cycle in the graph G(p, \).
There are two cases:

Case 1. For eacht € I, D(u«\)(i) = . Then, by Lemma |4| and Remark for each i € I,
X () C{i" €I p(i) = p(')}. This implies that each student is assigned to her
best school at p, there is no improvement cycle and v does not Pareto dominate pu.

Case 2. There are paths in G(u,\) involving students who would like to change her
assigned school, but there is no improvement cycle. This implies that there are
students who are only pointed to by students assigned to the same school.

Assume we are in Case 2. Since there is no improvement cycle, there is a set of students
who are not pointed to by any other student in G(u, A). Let Iy = {i € I : f)(w\)(i) =g}
Let i1 € I; and s; = pu(iy). By Remark , for each j with u(j) = s, D(#,,\)(j) = @ and
j € I. Since v Pareto dominates p, there does not exist any j’ € I, such that u(j’) # s;
and v(j') = s1. Thus v~ 1(s;) C p~(s1). By Lemmal5] #v71(s1) = #u " (s1) and we get
v1(s1) = p~*(s1). Since i; was arbitrary, this holds for each s such that p~!(s)N I, # @.

Next, since there is no improvement cycle in G(u, \), there is at least a student in
I'\ I; such that she is only pointed by students in ;. Otherwise, there would be an
improvement cycle or no path (Case 1). Let [o ={i € I : f)(“’,\)(i) Ch}\IL Letiy €1,
and sy = u(iz). We first show that there is no j with p(j) # so and v(j) = se. Assume
to the contrary and since v Pareto dominates p, so P; pu(j) and thus, j € [)(W\) (ia).
Nevertheless, by definition 5 is only pointed by students in ;. By the arguments in the
previous paragraph, for each j € Iy, u(j) = v(j). Hence, v!(sy) C u~'(sz). By Lemma
Bl #u(s2) = #1771 (s2), and therefore p(s2) = v (s2).

We can apply the same argument iteratively to conclude that all students in any path
in G(u,\) have the same assignment under g and v. The students who are not in a
path in G(u, A), are contained in /; and have the same assignment in both x4 and v. We
conclude that p = v and v does not Pareto dominate . [
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To conclude the proof of of Theorem [1] by Corollary B {(0, Ao), (g1, A1), - - -, (e, Ar)}
is a sequence of extended matching such that (g, A;) is a fair Pareto improvements of
(te—1, Ae—1). Therefore, (ur, A1) is a justifiable Pareto improvement of (u,w). By Lemma
[l (ur, Ar) does not admit any further fair Pareto improvement.

6.2 Proof of Theorem [2.

Theorem [2 is an immediate consequence of the following intermediate result. For every
justifiable Pareto improvement of an initial (ex-post) stable extended matching, there is
an application of the SETC that obtains an extended matching with the same matching
after a finite number of steps.

Proposition 4. Let (u, \) be an (ex-post) stable extended matching and (', \') a justifi-
able Pareto improvement of (u, X). There exist t € N and an extended matching (g, \t)
such that (g, At) is the outcome obtained at step t of an application of an SETC algorithm,
e = ', and (pg, A¢) is characteristic-wise equivalent to (', \').

The key step in the proof of Proposition [4] is checking that the matching of any fair
Pareto improvement from an arbitrary (ex-post) stable extended matching (i, A) can be
obtained as well as a series of fair Pareto improvements generated after a series of steps
of the application of an algorithm in the SETC class. Lemma |8 analyzes the structure of
fair Pareto improvements and is a crucial first step for the construction of improvement
cycles of G(u, A).

Lemma 8. Let (i1, \) be an (ex-post) stable extended matching and (v, \) a fair Pareto im-
provement of (u, \). There exists a finite set of disjoint cycles of students ® = {¢1, ..., 0om}
such that for each i ¢ Upea N (), v(i) = u(i), and for each j € UpeaN(¢), there are j'
and m’' < m with jj' € ¢py and v(j) = p(j’).

Proof. Let N C I be the set of students who either strictly prefer their assignment under
v to the assignment under p or such that A(i) # A(i). Let us partition the set N in three
disjointed sets Ny, Ny, N3 defined by:

Ny ={i € N: (i) = (i) & MO@) £ X0 (i)},
N ={i € N : () # (i) & MO(0) £ X (i)},
Ny ={ie N: p(i)#v(i) & WO3) = WO (i)},

Let n = #N and index the students in N in such that for each z, ', 2" € {1,...,n}, if
iz € Ny, iy € No, izn € N3 then x < 2/ < 2”. Moreover, for each x,y € IN such that
iv,iy € N3 and v(i,) = v(iy), if £ <y then (iy, X0 (i,)) =) (iy, A0 (3,)).

Let G[(11,\), (v, N] be a directed graph with vertices ¢ € I and such that its edges are
constructed sequentially in the following way. For each z € {1,...,n}:
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i) If i, € Ny, 4, points to student j if and only if i # j and \*(=)(i,) = A\¥(=)(5).
ii) If i, € Ny, i, points to student j if and only if i # j and A0 (4,) = A0 (5).

iii) If i, € N3, i, points to the student 7 € N such that u(j) = v(i,), and j has not been
pointed by any 7, with y < . E

Students that do not belong to N do not point to any other student. Note that for each
1 € N, i always points to a student in N.

In the graph é[(p, A), (v, \)], each student is pointed to by a unique student and
points to a unique student in N. Since N is finite, there is at least a cycle in the graph
G[(11, \), (v, \)]. Moreover, each student in N is in a cycle and no two cycles intersect.
By construction, the matching v is obtained by assigning each student to the school to
which the student she points to is initially assigned. O

Note that the cycles defined in Lemma [§ need not to define improvement cycles of
G(i,A). In Lemma [9] we show that if (v, ) is a fair improvement cycle of (i, \), then
the graph G(u, ) indeed has at least one improvement cycle involving students that
participate in the fair Pareto improvement (v,)). Without loss of generality, we can
assume that none of those cycles exclusively involves students assigned to the same school
according to the matching NE

Lemma 9. Let (1, \) be an (ex-post) stable extended matching. If (v,)) is a fair Pareto
improvement of (11, A), then there exist a finite sequence of improvement cycles {1, ..., v}
and an allocation of transferable characteristics A such that:

- 1s an improvement cycle of G(u, A).

- For each t € {2,...,t"}, v is an improvement cycle of G(vi—10...079 0 (i, A)).

- (A)=qpo0...o...oy0(p,N).
- (v, A) is characteristic-wise equivalent to (v, \).

Proof. Let ® = {¢1,..., ¢} be the set of cycles of students defined in Lemma |8 Since
(v, A) is a fair Pareto improvement of (u, \), we can construct a set of pairs consisting
of disjoint cycles and allocations of transferable characteristics restricted to the students

18Note that since (v, \) is a fair Pareto improvement of (u, \) such a student j exists for each i, € Ns.

19Tt may be the case that some of the cycles defined in the proof of Lemma involve students assigned
to the same school according to the initial extended matching (i, A). Such a cycle would never be solved
at any stage of an algorithm in the SETC class. However, we could construct a extended matching (v, \')
that is characteristic-wise equivalent to (v, A) by setting A (i) = A(i) for each student involved in the
non-improving cycle.
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involved in the cycle, II = {(¢1, A |n(@1)s-- -+ (@ar, A [N(ony) }- The result is trivial in
the case when all the pairs in II are improvement cycles of the graph G(u,\), but it
is possible that no pair in the set II is an improvement cycle of G(u,A). We proceed
through a series of steps. Let N = UseaN(¢) be the set of students involved in cycles
in ®. First, we prove that there is at least an improvement cycle v, in G(u, A) involving
only students in N. Next, we prove that solving any of such improvement cycles leads to
an extended matching, (y1, A1) = 1 o (1, A), such that (v, \) (weakly) Pareto dominates
(1, A1). Finally, we check that for each such extended matching (u7, A1), there is an
extended matching (v, A) such that (v, \) is characteristic-wise equivalent to (v, ) and a
fair Pareto improvement of (i1, A1), which allows to repeat the argument iteratively as
many times as necessary.

Step 1. There is an improvement cycle in G(u, A) that only involves students in N.

The result is trivial in the case where some element of II is an improvement cycle of
G(p, ). To prove the alternative case, we assume that none of the elements of II appears

in G(u, \).

To show the existence of an improvement cycle in G(u, A) first we prove that for any
¢ € ® and any ij € ¢, there exists some k € I such that kj € G(u,\) and K’k € ¢’ for
some k' € I and ¢’ € ®. Consider an arbitrary ¢ € ® and ij € ¢. We consider two cases:

Case 1. If i € X, \(j), then ij € G(u, A) by construction. Moreover, ¢ is involved in
cycle ¢, which implies there exists k' € I with ki € ¢’ € ®.

Case 2. If i ¢ X(, 1 (J), there exists a student i’ such that i’ € 13(;“) (7) and
(i, M) =y (i max{ VO (i), MO (5)}) Zugy (0 N9 (7).

Let k € D, (j) be such that for each i’ € D, »(j),
(k, max{ NV (k), NP (j)}) Z) (7, max{ XD (i), MO (5)}).

Note that this student £ exists because school priorities are complete and transitive.
Note also that k € X, (), and therefore kj € G(u, A). Finally, we check that & is
in a cycle in ®. That is, there is ¢’ € ® such that k'k € ¢ for some k' € I. Assume
to the contrary that u(k) = v(k), A® (k) = ME(E), and u(j) Pe p(k) = v(k).
Note that since ij € ¢, by Lemma [§] v(i) = p(j) and M) (i) € {0 (i), WD (5)1.
Since k € X(,0)(j), @ & X(un) (), then (k, A*O)(K)) = ;) (i, max{\*0) (i), \*9)(5)}),
which is a contradiction, since (v,)) is a fair Pareto improvement of (u,\), and
(v, A) is (ex-post) stable. Thus, v(k) Py p(k), which implies that & is in a cycle in
D.
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Thus, for each student j who is in an cycle ¢ € ®, there exists another student k& such
that kj € G(u, ) and k is in an cycle ¢/ € ®. Since the set of students in a cycle is finite
and each student is pointed to at least by another student in N, there exists at least a
cycle in G(u1, A). Note that if for each ij € ¢, i € X(,1)(j), then ¢ is a cycle of G(u, M),
and since ¢ € @, there is i'j’ € ¢ such that p(i') # p(j’). If there is ij € ¢, i ¢ X0 (),
then there is k € X, 1 (J) with pu(k) # u(j). Therefore, each cycle of G(u, A) involving
student j is an improvement cycle of G(u, A), which suffices to prove Step 1.

In Step 1 we have shown the existence of an improvement cycle in G(u, ) involving
only students in N. In the remaining steps we focus on cycles with specific characteristics.
Construct the graph G(u, ) in the following way. Let j € N. There is only one edge
ij € G(u, ) and it is selected in the following way:

i) If ij € G(u, A) and for each i' € N N Dy p(j) we have (i, A"0(0)) Z) (I, WO(i)),
then ij € G(u, \).

If either ij p,A) or ij € G(u,A) and there is ¢ € N N Dy, (j) such that
(1:2)
(&', N () =) ( ,)\” @(4)), then let i* € Nﬁf)(u)\ (7) be the student such that for
each i’ € NN D, (), (%, (i) o (6, \VO(i)), and i*5 € G (i, \).

That is, the graph G(u, \) is constructed in such a way that, for each student j if the link
ij € ¢ also belongs to G(u, \), then ij € G(u, \); otherwise, j is pointed to by the student
in X(, (j) with the highest transferable characteristic at x(j). Note that ij € G(, \)
implies ij € G(p, \). By the argument in the proof of Step 1, G(i1, \) has at least one cycle
that by construction defines an improvement cycle of Gy, A). Let v1 = (¢*, A1 |n(g+)) be
a specific improvement cycle in G(u, ) where Ay |n(4+) is defined in such a way that for
each i € N(¢*) :

i) if ij € ¢ for some (¢, A |n(g)), then ;9 (i) = M) (7).

ii) otherwise:
- if for each j' € Dy, (7), (i, MO(5)) Ty (7 MO(5)), then M (0) = X0)(j);
- if for some j' € Dun(5), (', AD(5)) =iy (6, AD(5)), then NP (5) = M0 ().

By focusing on the improvement cycle v;, we consider cycles that coincide as much as
possible to the cycles obtained in Lemmal[8], and we avoid the exchange of seats among stu-
dents without a simultaneous exchange of transferable characteristics whenever possible.

Let (p1,\1) = 710 (g, A). Since (u1, A1) is the outcome of solving an improvement
cycle of G(u, \), by Corollary |5, (u1, A1) Pareto dominates (u, A). Hence, we focus on
proving that (v, \) (weakly) Pareto dominates (j1, A1).
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Step 2. Foreachie I, v(i) R; ui(i) R; pu(i).

Let 71 = (¢*, M1 |n(s+))- Note that if i ¢ N(¢*), p1(i) = p(i) and since (v, ) Pareto
dominates (p, A), we have that v(i) R; ui(i) R; u(i). Hence, assume i € N(¢*) and let
J € N(¢*) be such that ij € ¢*. Note that p(i) = (). We consider two cases

Case 1. If ij € ¢’ for some ¢’ € ®, then v(i) = p1(7) = p(j).

Case 2. If ij ¢ ¢ for any ¢' € @, we claim that v(i) R; p(j). Suppose that u(j) P; v(i).
That is, i € ZN)(Z,,;\) (). Note that since (u, \) is (ex-post) stable, and (v, A) is a fair
Pareto improvement of (p, A), we have that (v, \) is (ex-post) stable. Consider the
student k € I such that kj € ¢’ for some ¢’ € ®, so v(k) = u(j). By the definition
of 71, since ij € ¢*, ij € G(u, \) and kj & G(u, A), we have that (i, \*U) (7)) =,
(k, \*0)(k)), which is a contradiction because (v, ) is (ex-post) stable.

Thus, each student j involved in 7, weakly prefers v(j) to u1(j) to pu(j). Each remain-
ing student is assigned to the same school to which she is assigned under p which implies
that the matching (i1, A1) Pareto dominates (u, A) and it is (weakly) Pareto dominated
by (v, A).

Step 3. There is an extended matching (v, \) such that (v, \) is a fair Pareto improve-
ment of (y1, A1) and (v, \) is a characteristic-wise equivalent to (v, A).

The result is immediate if 7; € II. Hence assume that v, ¢ II. Let v = (6", A1 [n(e))
Construct an allocation of transferable characteristics A such that for each i ¢ N(¢*),
A(i) = (i), and for each j € N(¢"), for each s € S with p1(j) R; s, M (i) = A3 (i), and for
cach s’ € S with s’ P; ju1(s), \*(i) = A*(4). Note that for each j ¢ N(¢*), 1(j) = p(j) and
A1(J) = A(j), while for each i € N(¢*) and each s with s P; u1(i), Aj(i) = A*(¢). Hence,
) is properly defined as an allocation of transferable characteristics. By the definition of
the improvement cycle ~, if there is j and s such that for some i, s = v(i) = u(j) and
M3(i) = A*(4), but there is no j/ € N with \3(j') = A*(j), there is k € N with kj € ¢ and
A*(k) > A*(j). Thus, (v, A) is characteristic-wise equivalent to (v, \).

We next check that (v, A) is a fair Pareto improvement of (i, A;). By Step 2, (v, \)
Pareto dominates (1, A1). Since (v, \) is (ex-post) stable and (v, A) is characteristic-wise
equivalent to (v, \), (v, ) is (ex-post) stable. Hence, it only remains to check that for
each i € I and s ¢ {u1(i),v(i)}, Mi(i) = \*(i). By Lemma , there is a set of disjoint
cycles @ such that for each cycle ¢ € ® and each student ¢ € I if ij € ¢, v(i) = u(y)
and A0 (i) = \U)(5), and for each s' ¢ {v(i),u(§)}, A*(i) = A*(i). Note that ¢* ¢ ®,
but N(¢*) € N = UgeaN(¢). Let i € I. Assume first that i ¢ N(¢*), () = p(i),
A (i) = A(@), and A(i) = A(i). Next, assume that i € N(¢*). Note first that by the
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definition of A for each school s such that (i) P; s, A5 (i) = A¥(i). Hence, we only have
to check the possible changes in schools that are at least as good as u(i). Let j € N
be such that ij € ¢*. If ij € ¢ for some ¢ € & by the definition of vy, pi(i) = v(i)
and \;(i) = \(i). Next, assume that ij ¢ ¢ for each ¢ € ®. Note that according to the
matching pq, ¢ occupies j position at u(j). Let 7/ € N be such that j'j € ¢ for some ¢ € ®.
Then, v(j') = u(j) = pa(i). By the definitions of A |y(e+), and A, since AV (i) £ A#0)(4)
implies that M) (i) > A*0)(5), we have that M@ (j") € {MU (i), MO (j")}. Finally,
consider j” € N such that ij” € ¢’ for some ¢’ € @, and therefore v(i) = u(5”). Note that
if i ¢ N(¢*), then A(j”) = A(j”). By the definition of X, for each s & {y1(i), u1(5")},
X5(i) = A*(i). To conclude, assume that j” € N(¢*). Let j* be such that j*j” € ¢*.
That is, j* takes the position of j” at school u(j”) and the corresponding transferable
characteristics (unless A*U")(j*) > A#U")(j)). Therefore, by the definition of X, for each

s & {m (@), m(} A (0) = M)

We are now in condition to conclude the proof of Lemma [9] The result is trivial
in the case where all the elements of II appear in G(u, A). In that case, the elements
of IT are independent improvement cycles of G(u, A) involving disjoint sets of students.
Solving the improvement cycle in an arbitrary order obtains (v, \). Hence, assume to the
contrary that no pair in IT is an improvement cycle of G(p, A). This assumption is without
loss of generality because of the following observation. If a pair (¢, A | N(g)) € I is an
improvement cycle of G(u, A), then this improvement cycle is solved first. Since all the
pairs in II involve disjoint sets of students and whenever there are two students forming
a link in G(u, A), and those students are not involved in the cycle ¢ € ®, then the link
also appears in G((¢, A |n() © (4, A)). Following this logic, whenever a subset of cycles
® appear in G(u, A), these cycles are solved first, until the point when no improvement
cycles of G(p, \) remains. In that case, by Step 1, we can find an improvement cycle in
G(p, A) involving only students in N. By Step 2, the extended matching obtained solving
any such improvement cycle is not Pareto dominated by (v, A), and by Step 3, it admits a
fair Pareto improvement by an extended matching that is characteristic-wise equivalent to
(v, A\). We can repeat the argument as many times as necessary solving improvement cycles
until we obtain an extended matching that is characteristic-wise equivalent to (v, \). O

Lemma 10. Let (u,A) be an (ex-post) stable extended matching, and let (p1, A1) and
(,ul,.)\l) be two possible outcomes at the first stage of the SETC. If for eachi € I, )\’1“(1) (1) >
)\ﬁ“(l) (i) and there is a cycle ¢ in G(ui, \1); then the cycle ¢ also appears in G(p, A1).

Proof. Note that for each i € I with M7 () € { X @ (4), v @ ()} for some j with
11(i) = p(j), For each i and each j' such that g (j') Py pi (i), N9 (5) = M2UD(5) If a
student j” € X, 5)(2), then also j” € X, ,)(2), because 3\’1“(2)(2') > A9 (§). Hence, if
there is an improvement cycle involving a cycle ¢ in G(p1, A1), then G(p1, A1) admits an
improvement cycle involving the cycle ¢. ]
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Proof of Proposition[]. Let (v, \) be a justifiable Pareto improvement of (u,w). There is a
sequence of extended matchings, { (14, Ay), (147, A1), - - - (fh4s Al ) } such that improvements
that (uh, Ay) = (u, A), (e, M) = (@', N') and for each t € {1,...,t*}, (i}, \}) is a fair
Pareto Improvement of (y;_;, A;_;). By Lemma @, the application of an SETC algorithm
starting at (p, A) yields after a finite number of steps an extended matching (u}, A}) that
is characteristic-wise equivalent to (i, A}). Applying the argument of Step 3 in Lemma
9] we can construct an extended matching characteristic-wise equivalent to (uf, Ay) such
that is a fair Pareto improvement of (u}, A\}). By Lemma if there is an improvement
cycle in G(uf, A1), then there is an improvement cycle in G(u), A\}) involving the same
cycle of students. We can repeat the argument as many times as necessary to obtain the
result. ]

Proof of Theorem 9. Let (u, A¢) be the extended matching obtained after a series of ¢
steps of the application of a SETC algorithm such that (u, A;) is characteristic-wise
equivalent to (x/, \’). Either the algorithm stops at step ¢ and the (p, A;) is contrained
efficient, or (y, A;) admits a fair Pareto improvement and the final outcome of the SETC
Pareto dominates (p/, \'). O

6.3 Proof of the Remaining Results

Proof of Proposition [l Let A be an algorithm in the SETC, define the SOTC mechanism
U that for each profile of students’ preferences selects the matching obtained through the
application of A at that preference profile. By Theorem 1, for each preference profile the
extended matching selected by ¥ is (ex-post) stable and constrained efficient. For each
P e P, U(P) = (u,\) (weakly) Pareto dominates the SOSEM, and for some P’ € P,
U(P') Pareto dominates the SOSEM. By Abdulkadiroglu et al. (2009), the SOSEM is
in the Pareto frontier of the set of mechanisms that satisfy strategy-proofness. Hence, W
violates strategy-proofness. O]

Proof of Lemma[l. Let s = pu(j). Since i € Dy, (j), we have that s P; u(i). Since (u, \)
is (ex-post) stable, for each j" # i such that s Py pu(3'), (7, A°(j)) > (', A*(j")). Therefore,
since priorities are fully transferable, we have (i, max{\*(i),\*(5)}) =s (j/,A*(j')) and
7 GX(M/\)(j)' ]

Proof of Proposition[3. We start the proof with a description of an algorithm that obtains
the EADA matching in problems without transferable characteristic and the algorithm in
the SETC class that translate it to the extended matching framework.

(Simplified) Efficiency Adjusted Deferred Acceptance Algorithm (EADA).
Tang and Yu (2014):
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Given a matching p, a school s is underdemanded in relation to p if no student
prefers s to the school to which they are assigned by p. The simplified EADA algorithm
works by executing the student-proposing DA algorithm iteratively after sequentially al-
tering the preferences of students assigned to underdemanded schools. Starting with the
SOSEM, as a first step, the student-proposing DA algorithm is executed a second time
with the students previously assigned to underdemanded schools listing those schools as
their top choices. Therefore, in this second stage, students at underdemanded schools
retain their seats, and their potential priorities at schools where they cannot obtain seats
become ineffective. This process is repeated until there are no underdemanded schools.

Next, we propose the EADA-SETC algorithm, a specific SETC algorithm that un-
der transferable priorities selects the matching obtained by the (simplified) EADA algo-
rithm. The successive selection of cycles utilized by this algorithm requires identifying
the students assigned to underdemanded schools, dropping the potential cycles involving
those students, and of the remaining cycles, solving those that would satisfy the school
priorities under the initial allocation of transferable characteristic for the students who
are not assigned to underdemanded schools first. This process is equivalent to running
the student-proposing DA algorithm when students who are assigned to underdemanded
schools report that those underdemanded schools are their most preferred alternative.
Running this process as many times as necessary leads to a constrained efficient extended
matching with the matching process of the EADA algorithm.

EADA-SETC Algorithm:

Step 0. Let (pg, Ao) = (129, w), Ip = I, and let Uy = {s € Sy : for each j € I, uo(j) R; s},
be the set of underdemanded schools at 1.

Step t>1. Given (py_1, \i—1):

Stage t.0. If U/_{, U, = S, the algorithm stops and (y;_1, \;_1) is the final outcome. If

LU, # 8, Tet (5, AD) = (i ), Lo = IV{i € 15 pa(i) € (UA0,) U {2},
and move to stage t.1.

Stage t.t’ (t’>1). For each extended matching (u, \), let the graph Gy(u, A) be such
that for each 4,5 € I, ij € Gy(u, ) if and only if i,j € I, and for each ¢ €
D(u, N)(G) 0 I, (6, X9)(0)) Zugyy (@, X))

- If there is one or more cycles at Gt(uﬁl’l,ki/’l), solve one of the cycles at
Gy(uf =" A1), for example, ; let (uf, Af) = v o (uf ", A\{ ") and move to
Stage t.(t' + 1).
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- If there is no cycle at Gy(pd ~1, A ™Y, Tet (e, M) = (pf =1 A1), and let
Uy={seS\ (U_yU,): foreachie I,_1, u(j) R; s},
and move to step t + 1.

Note that for each step ¢ > 1, U._{U, is the set of underdemanded schools at p;_1,
and [, are the set of students who are not assigned to underdemanded schools at j;_1.

We now check that for each school choice problem with transferable characteristics
and fully transferable priorities the extended matching obtained by the EADA-SETC
algorithm selects the EADA matching.

Note first that by Lemma [1] for each i,j € I, k and ¢, ij € Gy(p, A) implies ij €
G(p, A). Thus, since (ug, Ao) is (ex-post) stable, by Corollary , (', A is also (ex-
post) stable. Since for each ¢, ¢, and j € I, there is at most another student i such
that ij € Gy(ul',\Y). This fact implies that for each ¢,#, all the cycles in Gy(u!, \!')
are disjoint, that is, iff ¢ and ¢’ are cycles in Gy(u!, \'), then ¢ N ¢’ = @. Note also
that since (g, \o) is the SOSEM (1439, w), and (3¢, w) Pareto dominates every other
(ex-post) stable extended matching (p,w), Uy # @, because the existence of a cycle
in Go(p39,w) implies that there is an extended matching that Pareto dominates the
SOSEM that is (ex-post) stable according to the school priorities defined under the initial
allocation of transferable characteristics w. Moreover, if at some t, U'_tU, = S, by
an argument similar to those in the proof of Lemma [7] and since priorities are fully
transferable, then (p;_1,\;_1) does not admit any improvement cycle, and no extended
matching (¢/, ') Pareto dominates (1, \;_1). Hence, the algorithm selects a constrained
efficient extended matching.

If Uy = S, then every student is assigned to her best preferred school, and the algorithm
stops immediately, (15, w) is constrained efficient, and 3¢ coincides with the outcome
of the EADA algorithm. If Uy # &, note that (po, Ag) is (ex-post) stable but it is not
constrained efficient. We prove the result by comparing the graph G (pg.Ao) defined at
step 1 of the EADA-SETC algorithm with the directed application graph associated to
(o, Ag) obtained for an alternative school choice problem for specific student preferences
and school priorities.

Consider the school choice problem with transferable characteristics

(]7 87 (QS)seS, (R;)iela w, <>-S)SGS) )

such that for each i € I, Rf = R; and for each j ¢ I, R; is such that for each
s € S\ {wo(j)}, po(j) P; s. and for each 4,j € I and each allocation of transferable
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characteristics A, (i, A*(7)) =% (j,A*(j)) if and only if (i,w*(z)) % (4,w®(j)). That is,
students assigned to underdemanded schools under pg consider that school as the best
possible alternative, and transferable characteristics are irrelevant for school priorities.
For each extended matching (u,\), let us denote by G*(u, ) the directed application
graph associated with (p, A) for the problem (I, S, (¢s)ses, (R )icr,w, (=s)ses) Note that
G* (40, \o) coincides with Gi(pg, Ao). By Theorem [I] and Corollary [1] starting with an
(ex-post) stable extended matching, the SETC algorithm obtains a constrained efficient
extended matching. Note that under the new student preferences and school priorities,
since the transferable characteristics are irrelevant, the student-proposing DA algorithm
obtains the unique constrained efficient matching (see |Gale and Shapleyl, [1962). This fact
also implies that the order in which the cycles are solved at any stage 1.t is irrelevant and
a unique extended matching (u;, A1) is obtained, and p; coincides with the matching of
the SOSEM for the school choice problem with student preferences (R});c;s.

We can iteratively repeat the argument as many times as necessary for each ¢t > 1,
and G* (14, A¢) coincides with G(uy, \), until for some ¢ > 0, U, = U'_{U, = S, which
completes the proof. O
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Appendix A. Obtaining Individually Rational and Non-
wasteful Extended Matchings. (Not for Publication).

In this appendix we consider the possibility of obtaining fair Pareto improvements over
extended matchings that are neither individually rational nor nonwasteful.

It is immediate to obtain a fair Pareto improvement of an extended matching that is
not individually rational. Simply, let (u,w) be such that for some ¢ € I, {@} =; u(7).
The extended matching (¢/,w) such that for each i € I /(i) = {@} if {@} P, p(i) and
W' (i) = p(i) otherwise is an individually rational extended matching and a fair Pareto
improvement over (u,w).

Next we present an algorithm that for every individually rational extended matching,
obtains a nonwasteful extended matching that is a fair Pareto improvement of the initial
extended matching.

For each extended matching (u, A) let
F(u,N)={s€S: #u'(s) < g and there is i € I with s P; pu(i)} .

That is, F'(1, A) is the set of demanded schools with available positions at the extended
matching (u, \).

Student Fair Refilling Algorithm
Step 0: Let (o, A) be an individually rational extended matching.
Step t > 1: Given the extended matching (p;_1, \),
- If F(ue—1,A) = @, then the algorithm stops and (p¢—1,A) is the obtained ex-

tended matching.

- If F(ui—1,A) # @, then pick an arbitrary school § € F(u—_1,A), let 2 be
the student such that § P, p,—1(i;) and for each j € I with § P; p—1(j),
(i, M*(3¢)) =5 (4, A°(4)), and let let u; be defined by

1) /’Lt(it) - ‘§7 and
ii) for each i € I'\ {%}, ux(i) = pp—1(7),

and move to step t + 1.
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This algorithm fills an empty position at a time but a new vacant may open. Since the
students that obtain a new position strictly improve, the algorithm eventually stops after
a finite number of steps and obtains an individually rational and nonwasteful extended
matching. Note that, since the algorithm does not perform any change in the allocation of
transferable characteristics, at each step the algorithm obtains a fair Pareto improvement

of the initial extended matching.

Remark 4. Let (pu,w) be an individually rational extended matching. Then any outcome
of the student fair refilling algorithm with (po,w) = (1, w) is an individually rational and
nonwasteful extended matching and a fair Pareto improvement over (p, A).

Appendix B. On Constrained Efficient Extended Match-
ings and SETC Outcomes. (Not for Publication)

In this appendix, we provide the complete description of the example of a constrained
efficient extended matching that is Pareto dominated by the outcome of the application
of a SETC algorithm (see footnote [L5)).

ey - P
Example 7. Letl = {Zla7/27237247257Z17Z27237247257]}; S = {817527 53, 84, S5, S1, Sg, S3, 8475570}7
and qs =1 for s € S. The relevant student preferences are as follows:

Pi PiQ PZ Pi4 Pi5 P]

/

S92 S3 S S92 S4 S1

$1 S5 $1 S3 S5 s}

{g} = S3 ss {9} o
se {D} sy {2}

{2} {2}

P, by, Py Py Py
s CA 81 sh s
sy S s sy s

The relevant initial allocation of transferable characteristics and relevant school prior-

ities are:
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ws(i) il ’iQ ig i4 i5 ] >-51 >-52 >‘53 >'54 >‘55
S1 0%t 4% 351 251 1%t 5% (il, 051) (22, 452) (23, 453) (i4, 054) (i5, 035)
So 2%2 4% 152 3% 0% ... (ig, 431) (il, 432) (2'2, 483) (i5, 454) (ig, 435)
S3 1% 293 4533 3% 0% ... (ig, 331) (Z4, 352) (24, 433) (i4, 355)
Sy 154 2% 354 4%+ 0% ... (Zg, 351) (il, 252) (24, 353)
S5 155 45 255 35 (S5 ... (]7 551) (22, 283>
s) 1% coe 5% (4, 0%)
N 14 (i, —1°1)
— — — - —
) T L A A A . = S 2L, %
f ) L5 (11,0%)  (i,4%) (if,4%) (i,,0%) (if,0%)
Sy 0% 45 351 2% 1% 551 ./ S ., o .y s ’ s . s
! 25’ s/ s/ s’ s’ (Z2’4 1) (Z1’4 2) (22743) (25744) (Z2ﬂ4 5)
82 2 42 ]_2 32 02 A .y / .y / ./ / -/ /
s, | 1% 2% 4% 3% 0% ... (i5,3%) (13, 3%2) (13, 4%) (i, 3%)
3 . S, ./ s ./ 8/
s, | 1% 2% 3% 4% 0% ... ((Zéﬂss;)) (41,2%) EZ-?’ ;’SZ;
’ / ’ ’ ’ (3 :
s 1% 4% 2% 3% 0% ... A 2
s R <11 (23’01,)
' (i37 _181)

The SOSEM (1159, w) is defined by

Mgo = [(ily 31)7 (7:2; 32)7 (i3a 53>, (i47 34)7 (i5’ 35)7 (lev 8/1)’ (1/27 5/2)7 (ng 3%): (ZZU Si})? (2,57 5/5)’ (j’ J)] :

Consider now the extended matching (i, ) with

Nl = [(2.17 32)7 (i27 53)7 (i3a 31)7 (2.47 85)7 (i57 34)a (Z/17 3/2)7 (Zl2a 53)7 (Zg’n sll)a (Zip 8/5)7 (Z/5a 821)7 (]7 U)] :

and X be such that \(j) = w(j) and:
NG) | i e iy da s
sy | 3% 4% 0% 2% 1%
sy | 4% 2% 1% 3% (%
s3 | 1% 4% 2% 3% (%
sy | 1% 2% 3w Qo g4
s | 1% 4% 2% 3% 0%

I R y L
ORI 3 by %
s; 13 4% 0m 20 1%
sho| 4% 2% 1% 3% 0%
sy | 1% 4% 2% 3% (0%

sy [ 1% 2% 3% 0% 4%
/ ! ! / /

sho[ 1% 4% 2% 3% 0%




The extended matching (', \) is a fair Pareto improvement of (u°° w), and it is
a constrained efficient extended matching. However, (u', ) cannot be obtained by the
application of the SETC algorithm. With the arguments of Example[l, after a series of
steps, an application of the SETC algorithm may obtain the extended matching (i', \) that
is characteristic-wise equivalent to (ii', \), with \ being defined by \(j) = w(j) and
N(i) | iy dy iz dg s
S1 ost 3% 4% 2% 1%t
So 42 2% 1% 3% (%
S3 1% 4% 2% 3% (%
s, | 1% 21 35 Qo 4
ss |15 4% 2% 3% Q%
sh —1%
NG) |y, s il
s; 0% 3% 45 29 1%
sy | 4% 2% 1% 3% 0%
sy | 1% 4% 2% 3% Q%
s, | 1% 2% 3% 0% 4%
sk | 1% 4% 2% 3% 0%
51 —1%

The extended matching (', \) is not constrained efficient because an additional ex-
change between students i3 and i is possible. In fact ,the extended matching (u”, \)

defined by

:u” - [(ih 52)’ (i27 33)? (i37 3/1)7 (i47 85)’ (i57 34)? (lea 3,2)7 (2,27 Sé)? (7//37 31)7 (Zila 3,5)7 (Z,5v Sil)? (]7 J)] )

and N(i) = i) for each i ¢ {is, iy} and N1 (i) = N1(if) = 45 and N (i5) = X (i}) =
4% | is the outcome of an application of the SETC' algorithm starting at the SOSEM. The
extended matching (1", \) Pareto dominates the constrained efficient extended matching

(', A).

Appendix C. On Transferable Characteristics for Mul-
tiple Schools. (Not for Publication).

Example [§] illustrates the difficulties that may arise when characteristics are not school
specific. It can be the case that some students could swap seats at their initially assigned
and transferable characteristics, all the remaining students priorities at those schools
are respected. However, if transferable characteristics are not school specific, the new
allocation of transferable characteristics may trigger a sequence of violations of fairness
in other schools.
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Example 8. Let [ = {iy,ia,13,14,15}, S = {51, 52, 83,584,585}, qs, = 1 for x = 1,...,5.
The students’ relevant preferences are:

P, P, P, P, P,
S4 S1 S1 S4 S5
52 S2 52 S5 S4

S1 S3 S3 {@} {@

{o} {2} {o}

The transferable characteristics for school sy determine the priorities of school | sy.
Hence, the relevant initial allocation of transferable characteristics and the relevant school
priorities are:

ws(i) il /l.Q i3 7:4 i5 >'31 >52 >'33 >'54 >55
s, | 4% 0% 3 251 1% i, 4) (i, 4%2)  (ip,0%) (i5,1%2)  (iy4,0%)
s [0 4% 3= 22 10| | (iy,1% . i1,4%)  (i5,4%)

S4

(i1, 4%)
(i4,1%)
S3 oo 083 483 ... ... (i2,451)
5 ( )

and 3 = [(iy, s1), (i2, 52), (i3, 83), (i4, $4), (i5, S5)].

When students i1 and iy exchange their transferable characteristics, the allocation of
exchangeable characteristics is N

X)) | iy iy iy g iy
s | 00 4 3 2: s
S9 4.92 032 382 252 182

With the exchange of transferable characteristics, students iy and iy could improve by
exchanging their respective seats at s1 and sy. The extended matching (p', \) with

i = (i1, 52), (i2, 51), (i3, 53), (4, S4), (i5, 55)] ,

is a fair Pareto improvement of the SOSEM. However, the extended matching (', \') is
not (ex-post) stable. After obtaining 4%, student i, would have justified envy of iy at
sy. In fact, p3° = [(i1, s1), (i2, 83), (i3, S2), (ia, 85), (i5, 54)]. That is, the initial Pareto
improvement generated by the exchange of transferable characteristics initiates a chain
reaction that leads to an extended matching where the students initiating the exchange are
not better off.

49



References

School Choice with Transferable Student Characteristics

e Abdulkadirogly, A., Y.K. Che, P. Pathak, A.E. Roth, and O. Tercieux (2020)
“Efficiency, Justified Envy, and Incentives in Priority-Based Matching”.
American Economic Review: Insights 2-4, 425-442.

e Abdulkadirogly, A., P. Pathak, and A.E. Roth (2009) “Strategy-proofness versus
Effi- ciency in Matching with Indifferences: Redesigning the NYC High School
Match”. American Economic Review 99-5, 1954-1978.

e Abdulkadiroglu, A., P. Pathak, A.E. Roth, and T. S6nmez (2005) “The Boston
Public School Match”. American Economic Review 95-2, 368-371.

e Abdulkadiroglu, A., and T. Sonmez (2003) “School Choice: A Mechanism Design
Approach”. American Economic Review 93-3, 729-747.

e Alcalde, J., and A. Romero-Medina (2017) “Fair Student Placement”. Theory and
Decision 83, 293-307.

e Alva, S, and V. Manjunath (2019) “Strategy-Proof Pareto Improvements”.
Journal of Economic Theory 181, 121-142.

e Arnosti, N. (2016) “Centralized Clearinghouse Design: A Quantity-Quality
Trade-off”. Working Paper, Columbia Business School.

e Ashlagi, I., A. Nikzad, and A. Romm (2019) “Assigning More Students to Their
Top Choices: A Comparison of Tie-Breaking Rules”. Games and Economic
Behavior 115, 767-187.



Balinski, M., and T. S6nmez (1999) “A Tale of Two Mechanisms: Student
Placement”. Journal of Economic Theory 84, 73-94.

Blum, Y., A.E. Roth, and U. Rothblum (1997) “Vacancy Chains and Equilibration
in Senior-Level Labor Markets”. Journal of Economic Theory 76, 362-411.

Casalmiglia, C., C. Fu, and M. GUell (2020) “Structural Estimation of a Model of
School Choices: the Boston Mechanism vs. Its Alternatives”. Journal of Political
Economy 128-2, 642-680.

Combe, J. (2022) “Matching with Ownership” Journal of Mathematical
Economics 98: Art. 102563.

Dogan, B., and L. Ehlers (2021) "Minimally Unstable Pareto Improvements over
Deferred Acceptance”. Theoretical Economics 16, 1249-1279.

Dogan, B., and L. Ehlers (2022) “"Robust Minimal Instability of the Top Trading
Cycles Mechanism”. American Economic Journal: Microeconmics, forthcoming.

Duddy, C. (2019) “The Structure of Priority in the School Choice Problem”.
Economics and Philosophy 35, 361-381.

Dur, U.M., A. Gitmez, and O. Yilmaz (2019) “School Choice under Partial
Fairness”. Theoretical Economics 14-4, 1309-1346.

Dur, U.M., S.D. Kominers, P.A. Pathak, and T. S onmez (2018) “"Reserve Design:
Unin- tended Consequences and The Demise of Boston’s Walk Zones”. Journal
of Political Economy 126-6, 2457-2479.



Dur, U.M., and T. Morrill (2017) “The Impossibility of Restricting Tradeable
Priorities in School Assignment”. Working Paper, North Carolina State
University.

Ehlers, L., and T. Morrill (2020) “(ll)legal Assignments in School Choice”. Review
of Economic Studies 87, 1837-1875.

Erdil, A., and H. Ergin (2008) "What's the Matter with Tie-Breaking? Improving
Efficiency in School Choice”. American Economic Review 98-3, 669-689.

Gale, D., and L. Shapley (1962) “College Admissions and the Stability of
Marriage”. American Mathematical Monthly 69, 9-15.

Gortazar, L., D. Mayor, and J. Montalban (2020) “School Choice Priorities and
School Segregation: Evidence from Madrid”. Stockholm University - Swedish
Institute for Social Research, Working Paper Series.

Hakimov, R., and O. Kesten (2018) “The Equitable Top Trading Cycles
Mechanism for School Choice”. International Economic Review 59-4, 2219-
2258.

Kesten, O. (2010) "“School Choice with Consent”. Quarterly Journal of
Economics. 125, 1297-1348.

Kesten, O., and M. Kurino (2019) “Strategy-proof Improvements upon Deferred
Ac- ceptance: A Maximal Domain for Possibility”. Games and Economic
Behavior 117, 120-143.

Kitahara, M., and Y. Okumura (2021) “Improving Efficiency in School Choice
under Partial Priorities”. International Journal of Game Theory 50: 971-987.



Klaus, B., and F. Klijn (2021) “"Minimal-Access Rights in School Choice and the
Deferred Acceptance Mechanism”. Barcelona GSE Working Paper Series n.
1264.

Pathak, P. (2016) “What Really Matters in Designing School Choice
Mechanisms”. Ad- vances in Economics and Econometrics, 11 th World
Congress of the Econometric Society.

Reny, P. (2022) “Efficient Matching in the School Choice Problem”. American
Economic Review 112-6, 2025-2043.

Ruijs, N., and H. Oosterbeek (2019) “School Choice in Amsterdam: Which
Schools are Chosen When School Choice is Free?” Education Finance and Policy
14-1, 1-30.

Shapley, L., and H. Scarf (1974) “On Cores and Indivisibility”. Journal of
Mathematical Economics. 1, 23—37.

Tang, Q., and J. Yu, (2014) “A New Perspective on Kesten’s School Choice with
Consent Idea”. Journal of Economic Theory 154, 543-561.

Tang, Q., and Y. Zhang, (2021) “Weak Stability and Pareto Efficiency in School
Choice”. Economic Theory 71, 533-552.

Troyan, P., D. Delacrétaz.,, and A. Kloosterman (2020) “Essentially Stable
Matching”. Games and Economic Behavior 120, 370-390.

Van der Spiegel, S., P. Schroder-Back, and H. Brand (2020), “Organ
transplantation and the European Union, 2009-2015 developments”.
Transplant International, 33, 603-611.



	Portada Working paper 2004
	SchoolCh_TransferCharac-2022-08-03
	Introduction
	Related Literature

	Notation and Definitions
	Examples

	Improvement Cycles for Extended Matchings
	Discussion
	Incentives and Student Transferable Characteristics
	Fully Transferable Priorities

	Conclusions
	Proofs
	Proof of Theorem 1
	Proof of Theorem 2.
	Proof of the Remaining Results


	References-schtransfer-2022

