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Circular strings, wormholes, and minimum size
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The quantization of circular strings in an anti—de Sitter background spacetime is performed, obtaining a
discrete spectrum for the string mass. A comparison with a four-dimensional homogeneous and isotropic
spacetime coupled to a conformal scalar field shows that the string radius and the scale factor have the same
classical solutions and that the quantum theories of these two models are formally equivalent. However, the
physically relevant observables of these two systems have different spectra, although they are related to each
other by a specific one-to-one transformation. We finally obtain a discrete spectrum for the spacetime size of
both systems, which presents a nonvanishing lower boi8@556-282(97)02412-(

PACS numbes): 11.25.Db, 04.60.Ds, 04.60.Kz

I. INTRODUCTION Il. CLASSICAL SOLUTIONS FOR CIRCULAR STRINGS

. : . We will start with the string actiogsee, for instance, Ref.
Circular strings in curved backgrounds have been systenl—8]) 9 s
atically studied[1-4], showing interesting deviations from
their behavior in flat spacetimes. Exact classical solutions

1
were found in Ref[1], a canonical analysis was performed S=— ﬁj dza\/ﬁh“ﬁgwﬁaxf‘aﬁX”, (2.1
in Ref.[2], and a semiclassical quantization was carried out T
in Ref. [3].

a_ : . ) .
One can realize that circular strings in an anti—de SitteeNhereU (7,0) are the coordinated,; is the two-metric

; . in the world sheetX* (u=1,...,4) are theoordinates on
form 25 he scale factor of a our-dimensional homogeneoulle backaround target spacetings, i s four-dimensiona
g ﬁ1etric, anda’ is the inverse string tension.

and isotropic spacetime conformally coupled to a massless \y.. ,ow reduce our model by imposing anti—de Sitter

scalar field in the presence of a negative cosmological Cons'ymmetry in target spacetime and considering circular
stant[5]. In the Lorentzian regime, they both expand from girings on the equatorial plane. More explicitly, we will con-
zero to a maximum radius and then recollapse, following th&jger hackground spacetimes of the form

same geometrical pattern. In the Euclidean regime, two as-

ymptotically large regions of the string world sheet are con- 1

nected by a throat just as happens in the wormhole minisu- ds’=s&(r)dt?+ mdfzﬂzdﬂz, (2.2

perspace model of R€f5]. One of the aims of this work is to

find out to what extent this equivalence between circula

strings and wormholes survives quantum mechanically.
We perform a proper quantization of circular strings in an

anti—de Sitter background spacetime following the algebraic E(r)=1+nr?, 2.3

guantization prograrh6]. The same procedure was used for

the study of quantum wormholes in anti—de Sitter spacetimg {gkes the values 1 depending on whether the Euclidean
in Ref. [5], so that the comparison between these two quancs=+ 1) or Lorentzian §= — 1) regime is being considered,
tized models can be easily carried out. We will see thatihe cosmological constant is3\, and
although the quantum physics in these two systems is not
identical, an equivalence can be nevertheless recovered by -
means of a unitary transformation. Xt=t(7), X%=r(7), X3=0= > X=0.

In addition, as a result of the quantization process, we will (2.4)
obtain the mass spectrum of circular strings, whose semiclas- '
sical limit had already been found in Ref&,3]. : -

Finally, we will discuss another related analogy betweenWe will work in the gauge

'Where the radial coordinate must be positived(3 is the
unit metric on the two-sphere, the functigfr) has the form

circular strings and wormholes: the existence of a minimum 0

L ; X sN° 0
length. That a minimum length may appear in string theory h .= _ (2.5
and quantum gravity has been suggested from various points “p 0 1

of view (see, e.g., Ref.7]). Most of them involve semiclas-

sical reasonings. In the models discussed here, the throat siZéde conformal gauge is achieved when the lapse function
for both strings and wormholes can actually be quantizedN is set equal to 1.

We will see that the corresponding spectra are discrete and Then, denoting the derivative with respect toby an
possess a nonvanishing lower bound. overdot, the action takes the canonical form
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. ) As shown in Ref[1], inserting this classical solution in
S=f dr(pit+p,r —NH), (2.6 the metric element2.2) for anti—de Sitter spacetime, we
obtain the world sheet metric
where the Hamiltonian constraikt, which is the only sur-
viving constraint(coming from the fact that the world sheet ds’=r(7)%(sdr*+dg?). (2.14
metric h,z is nondynamica| is
In the Lorentzian regimesE= —1), r(7) is described by

1f a" . 2 r? an oscillating Jacobian elliptic function whose period is
H=3 %pﬂLSa &npr——7 /. 2.7
T=2\1-2mK(m), (2.15
p; and p, being the momenta canonically conjugate to the
variablest andr, respectively. whereK(m) is the complete elliptic integral of the first kind
Let us briefly summarize the classical propagation of thig9]. The metric(2.14 describes a circular string that starts
system[1]. The variablet is cyclic and therefore expanding from zero radiugt 7= —T/2) until it reaches a
) maximum radius(at 7=0) and then recollapses agaiat
p;=0, (2.8 7=+T/2). The same dynamics has been found in R&F.

for the scale factor of a homogeneous and isotropic space-
so thatp, is a constant of motion. Introducing this result in time conformally coupled to a massless scalar field in the
the Hamiltonian constraint, together with the expression opresence of a negative cosmological constant. In the Euclid-
p, in terms ofr, we obtain the equatiofin the conformal ean regime, the classical solution describes a world sheet that
gaugeN=1) is just the two-dimensional analogue of the anti—de Sitter
wormhole solutions also obtained in RES].
r?+sla’?p?—r2&(r)]=0, (2.9 For vanishing cosmological constant, the classical equa-
tions of motion have the solution
which can be solved in terms of Jacobian elliptic functions

[9] r(r)y=rpjcosy—s7|, t(r)=a'p,. (2.16
f(=r|cn VoSt (2.10 Here,r2=a'?p?. Again, we see that this classical behavior
m J1=-2m’ ' ' is the same as that of the scale factor of the minisuperspace
model mentioned abovdor A =0) [5].
The parametersn andr,, are functions of the constant of
motion p. : IIl. QUANTIZATION OF CIRCULAR STRINGS
1( 1 ) 1 m Starting from the anti—de Sitter case, we now proceed to
Mm=5|l-————|, 'm=\T ) quantize circular strings. The formalism for vanishing cos-
/ 12y 2 m _
2 1+4a’"Ap; A 1-2m mological constant can be attained by taking the limit
(213 A—0.

In the Lorentzian regime, the classical variablgr) is
eriodic with periodT given in Eq.(2.19, and it then fol-
ows from EQq.(2.13 that the variabldg(r) satisfies

I being the turning point of the potential in E.9). The
absolute value has been taken in order to account for th
physical restrictiom >0. Notice then that Eq2.10 is just a
formal solution at the singularity=0.

The equation of motion for the variabte(again in the Hr+ T =t(n)+1T), 3.1
conformal gaugdN=1) is
where
: , Pt
t=a &(r (2.12 e 4m 1—-2m m L, 32
(T =\~ T 1=y =T(a'p), (3.2
and its solution is
d the functionII(n,m) being the complete elliptic integral of
t(r)=a'p, T 7 the third kind[9]. From this property, we can easily check
0ol+Ar(n) that the classical solution(t) is periodic int with period
7. Consequently, 2t/7 can be regarded as an angular vari-
_ 2 m(1—2m)H arccos— T m able defined orS'. Besides, the classical solution does not
_\/X 1-m ry’1—-m’ )’ depend on the sign of it. Then, time reversal symmetry al-

lows us to restrictp; to be positive. We can perform a ca-
(213 nonical change of variables front,p;) to (B,j) defined by

wherell(¢,n,m) is the elliptic integral of the third kingl9] ’ 1
and it is understood that the function arccos is defined B= it L=
modulo 7 because of the absolute value in E2.10). T(py) 2ma’

fo“""dzzmze(p?), (3.3
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where, in terms of the modulus defined in Eq(2.11), the 2-\2a'h 1 (% Pa'z R
function G has the form o= W—a’v‘g‘, h= _fh dzuzg<_,),
7—( lzarh) 2 0 V2a'z (4%
(62 1 1 | H( m ) (3.10
p;)=—F- ——=— mll| =——,m
Y ma’\ 1-2m 1-m where the functionG(x) is given in Eq.(3.4). As corre-
sponds to action-angle variabless St andhe R™. In terms
+[(1—m)K(m)— E(m)]] , (3.4  of the angle-action variableg(j) and (6,h), the Lorentzian
Hamiltonian acquires the expression
E(m) being the complete elliptic integral of the second kind a' . _1
[9]. One can check that H= 26(r) [G(J))-G (], (3.1
G(x)~ } , h AX—0 3.5 wherer is to be understood as a function éfandh.
(%) g @ X when Ax—=0, ' We now introduce anihilation and creation variables for
both pairs of angle-action variables
1 . .
G(X)~ —=yXx when AX— +. (3.6 Ar=vhe ', Al=\he"’,
2N | |
A=\je B, Al=\je'?, (3.12
Moreover, the functiorG(x) is continuous, strictly increas-
ing, and its image is the whole positive real axis, i.e.which, as usual, verify{A,,All=—i and A_z:Al for

G(R*)=R". Therefore, the functiol5(x) is invertible in ;| t-je the se{A,, AT, A, Allis closed under Pois-

R*, and so is the change of variables fromp() to (8.i).  son brackets and complex conjugation. With them, we can
Note thatBeS', je R", and their Poisson brackets are .onstruct the step variables

{B.,j}=1, as should happen for action-angle variables.

Then, the first term of the Hamiltonia2.7), which con- 1 1
tains all the dependence orandp,, can be written as J+=EAIAI, J,zﬁArAt, (3.13
2a(r) pfzz 0 G X)), (3.7 which, together withj (or, equivalently,h), form an over-
§ & complete set of classical observables. Indeed, if we take into

account that the only solution to the Hamiltonian constraint

. 71 . .
with G~ being the inverse ob. . (3.11) is j=h, it is easy to check that they weakly commute
Let us now concentrate on the remaining part of thewith the Hamiltonian constraint. Again, the set

Hamiltonian constraint. We can employ the following ca-{j J., J_}is closed under complex conjugation
nonical variables to describe the radial phase space: P T '

1 .2 i=jeR", J,=3_, (3.19
n__ ’ 2,
h= 2§(r)(a g(r)pr+a,) 38 as well as under Poisson brackets, since, on the constraint
surface, they generate the Lie algebra ol 30:
and
{‘]+1‘]7}:ij1 {‘]+1j}:i‘]+v {‘]*!j}:_i‘]*'
o dz (3.19
i- |
'm&(z)V2a' h—Z2E(2) In order to quantize the system, we need to promote the
2o classical observables to quantum operators that act on a vec-
_(1-2m) ro.m tor space. If we introduce the variables
= ——— 1| arccos—,——,m/|, (3.9
1-m rml—m
~ 1 ~ 1
_ + _ t
where the parameten is given in Eq.(2.11) with p? re- t= E(At"'At)' r= E(Ar"'Ar) (3.1

placed by h/a’' and, as before, it is understood that the

function arccos is defined modute. Note thath is always ~and their canonically conjugate momenta, we can choose as
positive. Also.r ('5,"h') can be shown to be periodicﬁwith representation space the vector space of complex functions

— — on R? spanned by the basis
period 7(V2a'h)/y2a'h and one can see that this period P Y

lies within the interval (Og) for positiveh. bom(T D =0n(Dey(t), T, TeR, (3.1
Another canonical transformation provides us with the
angle-action variables for the radial part wheren,m are non-negative integers agg(x) are the nor-

malized harmonic oscillator wave functions. The classical
anihilation and creation variables, and AI are now pro-
This function coincides with the functiow(k) found in Ref.[3] moted to linear operators on this space, with action on the
up to a factor 4. basisy,, given by
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we can identifyp, with the string mas$/. Indeed, a detailed
calculation, using the embedding of the four-dimensional
anti—de Sitter spacetime in a flat five-dimensional one,
shows that the Casimir of the anti—de Sitter group is given
by C=a’pt2. Since we are considering homogeneous and
isotropic configurations, the Casimir will directly give the
dimensionless string mass, i.eG=a'M?, and, conse-
quently,

At¢nm: \/E‘ﬁn(m—l): A;r(ﬂnm: \/m+1¢n(m+1)v

Arwnm: \/ﬁ‘p(n—l)ma Ajwnm: \/n+1¢(n+1)m-( 8
3.1

We also promote the classical observaljlet, andJ.. to
quantum operatorg, h, andJ. defined as

~_ 1 ATA A AT c 1 ATA A AT
J=5AA+AAD, h=Z(ATA +AA), M=p,. 4.

This result coincides with the semiclassical expres$&jn

A 1... - 1..
J,=—AIA", J_=—AA,, 3.1
+ \/E thr ﬁAt r ( 9) M= dj:;ss, (42)
and whose action on the basig, is
A where the action of the classical solution is
hpnm=(N+1/2) nm,
2 1
Jbom=(M+ 112 g, Setass™ 7y E[E(m) —(1-mK(m] 4.3
A 1 and7is given in Eq.(3.2). From Eq.(4.1), we can obtain the
‘]””“mzﬁ (n+D)(M+D)dn+1ym+ 1) circular string mass spectrum
1 M2=G Y(n+1/2). (4.4)
— (3.20

J Ynm= \/E\/nml//(n—l)(m—l) .

As we have seen, in the limit of vanishing cosmological

constant,G(x) ~ a'x/4, so that the mass spectrum in this
We can choose as the inner product in our representatiolimit turns out be

space that ofL?(R?), which guarantees that the complex
conjugation relations can be directly translated to adjointness
relations between our operators. Since the functigns are
orthonormal with this inner product, they provide a spectralwhich corresponds to the well-known result for flat space-
resolution of the identity in terms of eigenfunctionsjoind  time, except for the ground state, as the contribution from
h. Recalling that the functiof, and hencés 2, is continu- nonhomogeneous mode§lhave not been considereqglere
ous, the spectral theorefd0] allows us then to define the We can also expanG™*(n+1/2) for large values o

0 PPN and fixed nonvanishing\, obtaining the following
operatorsG™(J) andG~~(h) in the form asymptotic behavior of the mass spectrum:

32Jma’\ 1287
n3/2+
I'(3)?

4a'\+ n
r)*

(4.6

a'M2~4(n+1/2)+O(\*4n\) when\—0, (4.5

G (M) am=G 1 (n+1/2) Py,

a'M2~4a'\n?+
G () ¥nm=G~H(M+1/2) . (3.21)
Hence, the quantum solutions to the Hamiltonian constraint
form the subspac¥, spanned by the wave functionf,, .
The Hilbert space of physical states is then just the Hilber
completionH, of V, with respect to the inner product of

+0(yn),

Yvhose leading term coincides with that obtained in R&¥.

L2(R?).
Finally, from Eg.(3.20), it is easy to see that and h
coincide onH, andj, andJ. leave the spackl,, invariant.

V. MINIMUM SIZE IN STRINGS AND GRAVITY

The classical solution for the radiugr) of a circular
string is entirely equivalent to the classical scale factor of a

Therefore, we conclude thatandJ. are quantum observ- homogeneous and isotropic four-dimensional spacetime con-
ables. Furthermore, under commutators, they generate tfgrmally coupled to a massless scalar field, as we have al-
Lie algebra of S@,1) on the physical space,. Thus,H, ready pointed out. In view of this geometrical coincidence,

carries a linear representation of the algebra of physical opve now address the question of whether an analogous rela-

servables, which, in addition, can be seen to be irreducibletion between both systems still holds quantum mechanically.
Actually, there exists an obvious isomorphism between

the Hilbert spaces and the algebras of observables of both
models that preserve the adjointness relations among the ob-
The momentunp; is a conserved quantity that is associ- servablegsee Ref[5]). In this sense, we can say that these
ated with an isometry of anti—de Sitter spacetime. It genertwo systems are quantum mechanically equivalent. However,
ates translations along the timelike Killing direction. Thus,we will see that observables with direct physical meaning,

IV. MASS SPECTRUM
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such as the maximum radius of the string and that of the We have also seen that homogeneous and isotropic space-
universe, have different spectra. Thus, the physical featureasmes filled with conformal matter are described by the same
reduce, in principle, the above equivalence to a formal leveldynamics as circular strings. Moreover, from the quantiza-
Despite the physical differences between both models, thetjon carried out in Ref[5], we also obtain a discrete spec-

can be nontheless related to each other by a well-defineflum for the observabld, the analogue of the formét but

transformation mediated by the functidh, given in Eq. TP ;
X ) X ith 2p; replaced with the energy operator of the conformal
(3.4). This transformation preserves besides some features 9 Pe Tep dy op

th tem h ns to be th for the existen | P and the string parameter’ with Newton’s constant
ese systems, as happens 1o be the case for the existenc n- This spectrum has the same form as in Eg2) with
a minimum invariant siz¢7].

. ; L : the functionG ~ ! replaced with the identity functiofimes a
Let us see in some detail how this minimum size appears, ... e ):
N .

We will first consider the case of circular strings. We have
seen that the observabiﬁ has a discrete spectrum, its ei-

genvalues bein@ ~*(n+1/2). From this observable? (and An:i\/[lJr 8GN\ (n+1/2)]Y%—1. (5.4
using the spectral theorgnwe can construct another observ- Van
able Again, it is bounded from below and discrete. The observ-
. 1 - able A represents the radius of the universe at the time of
R= E\/(“— a'2\pp) -1, (5.)  maximum Lorentzian expansion, i.e., what we can regard as
the spacetime size of the universe. The fact that this observ-
which also has a discrete spectrum ableA has a minimum valué, means that the smallest size
that the universe can have is not zero, Byt As happened
B 1 SE— - in the Astring case, the observable rather than the scale
Rn_ﬁ\/[“ra AG H(n+1/2)]7 -1, (52 factor a, gives the time-reparametrization-inyariant size of
the universe. From the Euclidean point of vieWrepresents
which, forA=0, reduces tdR,,= Ja'(n+1/2). the wormhole throat radius, and the fact tkiaszM}on
We see that the spectrum of the observadbdlis bounded implies that tunneling effects in large spacetimes mediated
from below, its smallest eigenvalue being by wormholes will also have this minimum siz& can thus

be regarded as the smallest wormhole throat radius.
1 Furthermore, this may also have consequences for the low
Ro=——=\[1+a'°AG %(1/2)]*?-1, (5.3 energy effective physics in a backgroufitht or anti—de
\/X Sitten spacetime. In this case, it can be argued that there
N exists a minimum uncertainty in the position. Indeed, the
so that the mean value 6t in any state|y) of the string  quantum fluctuations of spacetime would have a minimum
must be larger than or equal Ry, i.e.,(#|R|#)=R,. From  spacetime volume of Planck’s order. This would amount to

Egs.(2.11) and (5.1), we can interpreR as the observable have an uncertainty in the metric of the same order and,

corresponding to the radius of a circular string at the time offonsequently, in the determination of any spacetime dis-

maximum expansion, which coincides with the turning pointtance. On the other hand, these spacetime fluctuations would
of the potential in Eq(2.9). Since it is bounded from below, have associated with them fluctuations of the matter fields

we reach the conclusion that this quantity has a minimunihat would give rise to a bare vacuum energy. It has been
value. In other words, there are no quantum circular string®roposed that wormholes can effectively drive the cosmo-

with a spacetime size smaller tha&. It could be argued logical constant to zero as seen from the low energy point of

that, rather than using the observaBlewe could have em- view [11] even though, at the more fundamental level, it will

) . .~ _ . be present at least in the form discussed above.

ployed the string coordmatg radms_ W.h'Ch may acquire This scenario is in complete agreement with many other
;maller values. I_-|ovx_/ever, this quantity is not invariant Underanalyses suggesting the existence of a minimum lefigjth
time rgparametnzatlons, as can be easily checked. Thus “Were, we have presented a simple example where, starting
radiusr deRends on the choice of the time parameter. On thﬁom a proper quantum theory, this minimum |ength appears
other handR is indeed time reparametrization invariant; i.e., naturally.
it is a true gauge-independent observable. In this discussion, we have employed a conformal scalar

It is also worth noting that this situation is qualitatively field as representative of the matter content. Nevertheless,
different from what we find in standard quantum mechanicsone could expect that also other fields with a discrete energy
Indeed, the analogue of the minimum length that we havepectrum, e.g., radiation fields, would give rise to a mini-
derived in the case of strings cannot be obtained in standamium length. Moreover, even in the absence of matter, the
guantum mechanics because, in the latter, the position operfieictuations of the gravitational field might also induce a
tor is an observable. This is due to the fact that quantunminimum scale.
mechanics, although can be formulated in a time-
repara_\metrizqtio_n-invariant way, has a preferred time_ param- VI. CONCLUSION
eter givena priori and, consequently, we cannot require that
guantum-mechanical observables commute with the genera- In this work, we have constructed a canonical quantum
tor of time reparametrizations. theory for circular strings in an anti—de Sitter background.
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As a result, we have obtained its mass spectrum which, in theoting the existence of a minimum spacetime size which, in
limit of large quantum numbers, agrees with the result ofboth cases, is a direct consequence of the discrete spectrum

Ref.[3]. of the mass-energy operator.
We have also seen that the classical solutions for the
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