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PRELUDE

There are four known fundamental interactions in nature: gravitational, electromagnetic, weak and
strong interactions. The former one is well described by the General Relativity theory. The other three are
combined into the Standard Model (SM), a relativistic quantum field theory built with the guidance of gauge
invariance and renormalizability. It is given in terms of a Lagrangian of quantized fields that describe the
elementary degrees of freedom, quarks and leptons, and the carriers of the interactions, the bosons. The SM

is divided in two sectors: the electroweak sector, which unifies the electromagnetic and weak interactions,
and the strong sector, described by Quantum Chromodynamics (QCD).

Understanding QCD has been pursued over for almost four decades from different perspectives: pertur-
bative QCD, lattice QCD, effective field theories (chiral perturbation theory, heavy-quark effective theory,
soft-collinear effective theory, etc), and other frameworks as well. Despite many efforts, the question of how
the observed properties of hadrons are generated by the dynamics of their constituents, namely quarks and
gluons, is yet to be resolved. A research venue that would be of much help, and which is being actively pur-
sued both theoretically and experimentally, is to try to explore the three-dimensional structure of nucleons,
both in momentum and configuration space. The role of quarks and gluons in generating the nucleon’s spin
or the partonic angular momentum is being investigated in experimental facilities such as JLab and DESY
and by HERMES, COMPASS or Belle collaborations, among others. The LHC, the most powerful hadron
collider we have nowadays, can also be of very much help in understanding the role of gluons inside the
protons. As mentioned before the ultimate goal is to try to understand how the dynamics of QCD generates
the observed features of hadrons in general and of nucleons in particular.

Among the different physical observables we can deal with, the ones with non-vanishing (or un-
integrated) transverse-momentum dependence are specially important at hadron colliders, and can be very
useful to understand the inner structure of hadrons. Moreover, those observables are relevant for the Higgs
boson searches and also for proper interpretation of signals of physics “beyond the Standard Model”. The
interest in such observables goes back to the first decade immediately after establishing QCD as the funda-
mental theory of strong interactions [1-5]. Recently, however, there has been a much renewed interest in
qr-differential cross sections where hadrons are involved either in the initial states or in the final ones or in
both (see e.g. [6-13]). The main issues of interest range from obtaining an appropriate factorization theorem
for a given process and resumming large logarithmic corrections to performing phenomenological analyses
and predictions.

In order to study the spin and momentum distributions of partons inside the nucleons, it has been
realized that one needs to identify an “irreducible” number of functions (or hadronic matrix elements). In
the collinear limit there are (at leading twist) three parton distribution functions (PDFs), depending on the
polarization of the partons: the momentum distribution [4,5], the helicity distribution and the transversity
distribution [14]. When the intrinsic partons’ transverse momentum is also considered then one obtains, at
leading twist, eight transverse momentum dependent PDFs (TMDPDFs) ! that characterize the nucleon’s
internal structure [15,16]. To be of any use, those matrix elements have to be properly defined at the operator
level (in terms of QCD degrees of freedom) and then their properties (such as evolution or universality) should
be carefully examined. Among that group of functions, the unpolarized TMDPDF has a special role. It
has no spin dependence, and thus it is considered as a “simple” generalization of the standard (integrated)
Feynman PDF. However since the introduction of this quantity by Collins and Soper thirty years ago and
despite many efforts [4-6, 10,17-20], there has not been any agreed-upon definition of it. This fact clearly
has its bearings over the other, and more complicated, hadronic matrix elements as well, and it affects the
whole field of spin physics.

The integrated or collinear PDF is defined as

1 +

dr= 1. p+,.- — =
Fupl@) = 5 [ et (RS B0° D)W 071 0 0) 1PS)

IThroughout this thesis we indistinctly use “TMD?” for “transverse-momentum dependent” or “transverse-momentum distri-
bution” (which refers both to transverse-momentum dependent parton distribution functions and transverse-momentum
dependent fragmentation functions)
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where the gauge link W[r—; 07| connects the two points along the light-cone direction and preserves gauge
invariance (in chapters 1 and 2 it will be more clear the particular form of gauge links). From a probabilistic
point of view, this correlation function gives the number of partons (quarks) inside the nucleon that carry
a fraction x of the collinear momentum P7 of the parent nucleon. This matrix element is a fundamental
block of many factorization theorems. For instance, it appears in the factorization of the structure functions
of DIS [21]. The factorization theorems express a given observable in terms of perturbatively calculable
coefficients and non-perturbative hadronic matrix elements. The formers contain the information of short-
distance physics and do not contain any divergence. The hadronic matrix elements characterize the long-
distance physics of QCD and do have divergences when are calculated perturbatively.

Deriving a factorization theorem for a given hard process is in general a complicated task, and even
more harder it is to prove that it holds to all orders in perturbation theory. As already mentioned, a factor-
ization theorem is the mathematical statement that we can separate the perturbative and non-perturbative
contributions for a given observable, say a cross-section. And in order to be able to formulate it, one needs
to identify first which are the relevant scales and modes that contribute to a given process, and then assign
different matrix elements to them. Moreover, it is easy to imagine that one will find large logarithms of the
ratios of the scales in the perturbative calculations, and thus resummation will play a crucial role in order
to get any sensible results from the established factorization theorems.

In order to understand the meaning of a factorization theorem, let us consider the inclusive Drell-Yan
lepton pair production, ha(P)+hp(P) — l1(k1)+12(k2)+X (Px), where h 4(p) are the two incoming hadrons,
l1(2) the outgoing leptons and X stands for unobserved hadrons in the final state. In this process we measure

P

the invariant mass of the outgoing lepton pair, M? = ¢ = (k1 + k2)?, and its rapidity, y = %hlq.—ﬁ. The

factorization theorem for this process reads [22]

do 1 ! M? x4 zp
a2dy Z dxn | den H 2w fisha(@ns 1) fisng (@n; ),
i, rA rB oo

where x4 = e¥y/M2/s, xp = e ¥y/M?/s and s = (P + P)? is the center of mass energy squared. This
theorem is correct up to power corrections suppressed by a power of M2. On one hand we have the hard part
H, which depends on M? and does not have any divergence. On the other hand we have the two integrated
PDFs corresponding to the incoming hadrons.

If we perform a perturbative calculation of the PDF, it will contain an ultraviolet (UV) and an infra-red
(IR) divergence (see e.g. [21]). The UV one is removed by standard renormalization procedure, and it gives
us the evolution properties of the PDF (DGLAP splitting kernels). On the other hand, the IR divergence
is a direct manifestation of the non-perturbative character of the PDF, and is washed out by confinement
when plugged into a given factorization theorem. In particular, using pure dimensional regularization the

PDF at O(as) is

1 1
=6(1— — — — | Pyeyq >
fogp(a) =80 =) + (o = o) Pacy
where Py, is the one-loop splitting kernel of a quark into a quark (see eq. (3.34)). This result is the
prototype of a perturbative calculation of a well-defined hadronic matrix element, where the UV and IR
divergencies are separated, i.e., which can be properly renormalized.

The hard part in the factorization theorem is calculated order by order in perturbation theory by
the “subtraction” method, i.e., by subtracting the combination of the two PDFs on the right hand side
to the cross-section do on the left hand side. Thus, it is a must that the hadronic matrix elements on
the right reproduce the IR contribution of the observable on the left, so that the subtraction gives us a
perturbative coefficient free from any divergence. From a practical point of view, we clearly need to perform
the perturbative calculation of do and the two PDFs in a consistent way, using the same IR regulator (pure
dimensional regularization, masses, offshellnesses, etc).

Regarding the hadronic matrix elements, their perturbative calculation could seem meaningless, in the
sense that it contains IR divergences. However it allows us to extract the perturbative hard part of the
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factorization theorem by the subtraction method. The IR divergences have a clear non-perturbative origin
and are washed out by confinement. In a phenomenological application of the factorization theorem, the
PDFs (and any hadronic matrix element in general) are replaced by numerical functions extracted from the
experiment. Thus, the predictive power of pQCD lies on the universality of the relevant hadronic matrix
elements, which can be extracted from one hard reaction and used to make predictions for another reaction.

With the introduction of Soft-Collinear effective theory (SCET) [23-34] the derivation of factorization
theorems and the resummation of large logarithms has been largely simplified. From the effective theory point
of view one can understand a factorization theorem as a multistep matching procedure. Once the relevant
scales are identified, one needs to perform at each scale a matching between two effective theories, which have
to share the same IR physics. From each matching one will get a perturbative (Wilson) coefficient. At the
end, one will end up with different perturbative coefficients and non-perturbative hadronic matrix elements.
The resummation of large logarithms is done by running the coefficients and/or the matrix elements between
the relevant scales, using the Renormalization Group (RG) equations.

The success of SCET, though, is based on the fact that the relevant modes that reproduce the IR
physics of full QCD are collinear and soft. This is not true in general, and has to be proven (or at least
shown perturbatively and justified to all orders in perturbation theory) for any given process. It lies outside
of the scope of this thesis to analyze the issue related to the appearance of other modes, such as Glauber
modes, and the breakdown of SCET (see e.g. [59]). For the processes we deal with, it is generally believed
that collinear and soft modes do reproduce the IR of QCD, and thus the use of SCET is justified [20,21,35].
Moreover, we have checked this fact explicitly by performing O(«;) calculations.

Focusing back our attention to the transverse momentum of partons, we could think of generalizing
the factorization theorem given previously to the case where we not only measure the invariant mass of the
lepton pair, but also its transverse momentum. In this case, we could schematically write

do /1 /1 / 2 2 2
— = den | dan | dPknid?ks 6P (gL — knt — ki
dMquidy ; » - L (gL L 1)

M? x4 zp
XH<?757E E/hA(xnvknl;M)Fj/hB(xﬁvkﬁJ_;,u)7
where the transverse-momentum dependent PDFs (TMDPDEFs) would be the generalization of the collinear
PDFs,
— 12 N
F 1/dT dTLg%imP*rffikL'FL

o0 k) =5 | o

+
x (Psm(otr—,mW[r-;o—]Wm;m]%w(o) |PS) .

Notice that we have added a gauge link to connect the points also in the transverse direction. However, if we

perform a perturbative calculation of this quantity we will get rapidity divergences (RDs) and mixed UV/IR

divergences. Thus, this matrix element cannot be renormalized by any means, and it cannot be considered

as a valid hadronic matrix element.

In this thesis, by considering a process which is sensitive to the transverse-momentum of partons inside
the hadrons, and using the effective field theory machinery, we provide a proper definition of TMD hadronic
matrix elements. From their definition and based on the relevant factorization theorem, we obtain their
properties, mainly their evolution, which is of much importance for phenomenological applications and the
whole topic of spin-physics. Thus, three decades after the introduction of the collinear PDF, we complete
the puzzle by providing a proper theoretical definition of the functions that encode the 3-dimensional inner
structure of hadrons: TMDs.
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Outline of the Thesis

The goal of this thesis is to provide a proper definition for TMDs and analyze their properties, mainly
their evolution. By “proper” it is meant basically that these hadronic matrix elements, as measurable
physical quantities, should be free from any rapidity and mixed UV/IR divergences. In order to achieve this
goal we focus on the most simple TMD: the unpolarized TMDPDF.

To start with, in chapter 1 we introduce the effective theory we have used to deal with TMDs: soft-
collinear effective theory. Instead of taking the more standard point of view of perturbative QCD (pQCD), we
choose to benefit from the machinery of SCET, which has proven to be very useful in deriving factorization
theorem, performing perturbative calculations and resumming large logarithms for different observables.
Notice that the use of SCET does not reduce the scope of validity of the results in this thesis. On the
contrary, it is just a different “language” to deal with QCD in the high-energy limit, where the relevant
modes that reproduce the long-distance physics of QCD are soft and collinear. In some sense, we could
say that SCET is the “modern” tool to understand this scenario, which has the advantages of a solid and
well-structured effective field theory.

One of the features of TMDs is that they involve correlators that have a separation not only in the
light-cone direction, but also in the transverse, posing a challenge for their gauge invariance. For this kind
of matrix elements we need collinear and transverse gauge links as well, that preserve the gauge invariance
between, for instance, Feynman and light-cone gauges. As will be explained, the existing formulation of SCET
was done only for covariant gauges, thus failing in singular gauges and not being suitable for obtaining a
gauge invariant definition of TMDs in particular, and for any correlator with separation in the transverse
direction in general. In chapter 2 we explain the origin of a new transverse gauge links (Wilson lines) within
the formalism of SCET, thus extending this theory in order to properly define this kind of correlators.

Once we have modified SCET to make it suitable to deal with processes where the transverse momentum
plays an important role, we focus our attention in chapter 3 on the gr-spectrum of Drell-Yan heavy-lepton
pair production. In this process, the relevant TMDs are the unpolarized TMDPDFs corresponding to the
colliding hadrons, and represent the most simple TMD we can study. By deriving a factorization theorem
for this process using SCET, we are able to identify the problematic issues around TMDs and obtain a
well-defined TMDPDF, free from rapidity and mixed UV/IR divergences. This fact is shown explicitly by
performing a one-loop calculation. Moreover, we analyze the collinear expansion of the TMDPDF in terms of
the standard Feynman PDF. In other words, and from the effective theory point of view, by doing an operator
product expansion of the TMDPDF onto the collinear PDF we integrate out the transverse-momentum in
terms of a Wilson coefficient. And finally, in chapter 3 we also obtain the ingredients necessary to evolve
the TMDPDF at NNLL accuracy.

In chapter 4 we focus on the evolution of TMDPDFs. By combining the anomalous dimension and
the Q%-exponentiation of the TMDPDF obtained in the previous chapter, we build an evolution kernel valid
for all leading-twist TMDPDFs, as the unpolarized distribution, Sivers function or Boer-Mulders function.
This evolution kernel allows us to evolve the TMDPDFs at the highest possible accuracy, NNLL, given the
available perturbative ingredients we have at our disposal nowadays. Under certain kinematical conditions,
we show that the evolution of TMDs can be performed in a perturbative way, without needing to introduce
any ad-hoc model. This presents a major step towards the phenomenological study of TMDPDFs, since
the model-dependence is restricted to the low-energy TMDPDFs themselves, and not their evolution. We
compare our method with the more standard Collins-Soper-Sterman one, finding a complete agreement in
the perturbative region.

Finally, in chapter 5 we consider semi-inclusive deep inelastic scattering, obtain its factorization theorem
by using SCET machinery and properly define the TMDFF, following the previous steps on Drell-Yan. We
calculate the TMDFF at O(as), its matching coefficient onto the collinear FF and discuss its evolution
properties. It turns out that the evolution kernel for TMDFFs is the same as for TMDPDFs, and thus all
the results in chapter 4 can be straightforwardly applied to the evolution TMDFFs.



INTRODUCTION TO SOFT-COLLINEAR
EFFECTIVE THEORY

Soft-Collinear Effective Theory (SCET) is an effective field theory that describes the interactions be-
tween soft and collinear particles. It was first devised to study B-meson decays, however it has proven to be

very useful in describing other processes, such as jet physics, inclusive/exclusive hard reactions, event shapes,
charmonium production, etc. The machinery of factorization and resummation, widely used in perturbative
QCD (pQCD), is greatly simplified from the effective field theory point of view, and in particular, by using
SCET when appropriate.

Motivation

In processes where the relevant particles are light and energetic, i.e., some component of their mo-
mentum p* is large while p? ~ 0, the separation of short-distance (perturbative) and long-distance (non-
perturbative) effects is tricky. For instance, jet physics or B meson decays are examples of processes driven
by energetic light particles. In fact, SCET was devised to handle the latter, and although nowadays it is
more used for jet physics and other hard processes, we illustrate the kinematics of the theory by considering
a couple of processes involving B mesons.

Let us start by considering the decay B — X,vy. If we choose the reference frame where the meson is
at rest and the +z direction for the jet X, then the momenta of the particles are

p#X = (MB - E»Y,O,O,E»Y),
pi = (E'Ya 07 05 7E’Y) . (11)

Experimentally one needs to impose some cuts to detect the energy of the photon. If we consider the end-
point region where E, =~ Mp/2, then Mp —2E, = O(Aqcp). This gives us a large energy Ex ~ Mp/2 and
a small invariant mass M% = Mp(Mp — 2E,) = O(MpAqcp) for the jet.

If we consider now the process B — 7, then the momenta of the two pions in the rest frame of the
meson are

pu:(Eﬂ'7OaO7 \/E72r_m3r)a
]5# = (Eﬂ'70507_\/ E72r _mgr)5 (12)

2

with E, = Mp/2 and the two pions onshell: p? = p? = m2.

In these two processes we have different scales corresponding not only to the masses of the particles,
but also to their momenta. In the B — X process we have Mp ~ E, >> Mf( ~ MpAqcp >> Aqep, and
for B — mm, Mp ~ E; >> m,; ~ Aqcp. The goal of SCET is to systematically factorize at the Lagrangian
level the relevant kinematical modes. This was done in [23-34].

The expansion parameter that is used in SCET is either n ~ Aqcp/Q (SCET-II) either A ~ /Aqcp/Q
(SCET-I), where Q is the typical large scale of the process being considered, usually the energy of collinear
particles. Since we are dealing with particles that move in light-cone directions, it is useful to decompose

the 4-vectors by using the so-called light-cone coordinates. Let us then take two light-like vectors, n and n,
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with n?2 =72 = 0 and n-n = 2. If we choose our reference frame in such a way that collinear particles are
along the z axis, then n* = (1,0,0,1) and n* = (1,0,0,—1). Any vector p* can be decomposed as

— n_“+n T_L_lu‘+ K
pm=np 5 p 9 py
nt _nt
=p o +p 5 +pl. (1.3)
2 2
The product of two vectors will be
11
ab=—-a"b" +-a"b" +a, b,
2 2
1 4 1 _ + N
=50 b +§a bt —diby (1.4)

Let us turn back our attention to the two processes we were considering, which will help us identify
the relevant modes we need to build SCET-I and SCET-II. In the B — X,y process the relevant momenta
can be decomposed as

nt nH
ply = MB? + (Mp — 2E.Y)?,
nk
pﬁ = 2E77 . (1.5)

The final jet X, has n-Px = Mp and n-Px = Mp —2E, ~ Aqcp. For B — 7, on the other hand, we will
have
Mp 4m2 \ n* Msp 4m2 \ n
n="Blrp 1| =+ =L (11— | —
P= < * M%) 2 T2 M| 2
Mp

4m2 \ n* Mg 4m2 \ n*
=L (1o 1o ) B By o ) 1.6
P 2< M§>2+2<+ Mg>2’ (16)

with 7-p = n-p & Mp and n-p = n-p ~ m2/Mp ~ Agcp/Mp. Thus, identifying Mp as the large scale
and calling it @), and using the light-cone coordinates, the relevant modes for B — X process that can be
derived from eq. (1.5) are

S
ES

3

kn ~ Q(1,A%,N),
Eus ~ QA2 02 02), (1.7)

with A = y/Aqcp/Q, which will be described by SCET-I. We have allowed the collinear modes to have a
small transverse component, and also considered the contribution of homogeneous soft modes that scale as
Aqep (called “ultrasoft” in the context of SCET-I). On the other hand, the relevant modes for B — 77 that
can be derived from eq. (1.6) are

kn ~ Q(1a772777) 5
ks ~ Q(Uﬂ?;ﬂ)v (18>

with 7 = Aqcp/Q, being SCET-II the proper theory. Notice that the invariant mass of collinear and
soft particles is the same, Q*n* ~ Adp, thus their relative rapidity is the only way to distinguish them.
Furthermore, it is also worth noticing that soft and ultrasoft modes are the same (n ~ M\?), being the
collinears different in SCET-I and SCET-II.

In the following sections we build the SCET Lagrangians for collinear and (u)soft particles, starting
from the full QCD Lagrangian and considering the proper kinematical regimes. Whenever we write the
scaling of any momentum and do not specify the scale, it should be understood implicitly. For example, if
we write that p ~ (1,22, \), then we mean p ~ Q(1, A%, \), where X and Q are related to the relevant scales
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in the considered process.

SCET-I Lagrangian

To find the effective theory Lagrangian we will start from full QCD Lagrangian, which contains all
kinds of modes, and express it in terms of collinear and ultrasoft degrees of freedom. Applying the proper
power counting we will obtain the leading order terms,

£O = £O 4 £O 1 £0) (1.9)

us

where E;(;)(ng) corresponds to the n-collinear quark (gluon) Lagrangian and cS? to the ultrasoft Lagrangian.

Below we usually omit the scale when referring to power counting of fields or momenta. The proper
dimension is recovered by introducing the correct power of the relevant high scale. Thus, for example, the
scaling of a collinear momentum will be written as p ~ (1, A2 X), which refers to p ~ Q(1, A%, \).

1.2.1| Collinear Quark Lagrangian

Let us start from the full QCD Lagrangian for massless quarks,

L=1piDy, (1.10)

where D, = 0, +igt®Aj,. We split the field ¢ of a fermion moving in the n direction in two parts, one with
the two large components (&,,) and the other one with the small components (7,,), which can be obtained by
using the projectors,

Wi, i

b= Ut Y=t (1.11)
These fields satisfy
Wi, _ _
I n — €n; %671 - 0;
=i, =0, (1.12)

In terms of these fields, and expanding the covariant derivative as well, the Lagrangian in eq. (1.10) can be
written as

L= gn% (ZnD)gn + ﬁng (iﬁ'D)nn + gn (UDJ_)UH + 7n (UZ)J_)fn . (1'13)

In order to get this result, notice that

Enilp & = Em’%@ n = En”iﬁfiilmén =0, (1.14)
and similarly 7,017, = 0. In the collinear limit, the components 7, are subleading, and thus can be

eliminated from the Lagrangian by using their equation of motion,

i

oL 1
- - DL€ 1.1
0 — 1 = —=iPi 5 (1.15)

M
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Using this result, the Lagrangian in eq.(1.13) is simplified as

L=¢& (mD +ily mllDUh) %fn : (1.16)

This is the Lagrangian for the n-collinear quarks. However not all terms are equally relevant. Below we invoke
power counting arguments and multipole expand this Lagrangian to get the leading order contribution.

| 1.2.1.1 | Label Operator

In order to separate the scales, we split the momentum of a collinear particle p ~ Q(1, A2, \) in large
(“label”) and small (“residual”) components,

- n
pP=pitpr, pL=npyEpL. (1.17)

The label momentum scales as p; ~ Q(1,0, \) and the residual as p, ~ Q(A2.0\%, \?). With this splitting the
quark field can be expanded as

n() = Z eiipl.xfn,pz (), (1.18)

p1#0

where &, ;, only carries residual momentum, and thus we know that the derivative acting on it gives 10,&n,p, ~
Q* N

We can now define the “label operator” P* such that
PHenpi = P np - (1.19)
Acting on fields ¢y, and ¢, it gives
Pr(h, - 0h, O p, ) = W+ Aph—at == ah) (6l 0L Gy 0y, ) (1.20)

The label operator extracts the label momentum of fields, and thus can be written as P* = 75% + P!, where
P~ Q and P, ~ Q\. With this operator we can express the action of the derivative as

0"y eIy (x) = Y e (PR 401 G (). (1.21)

p1#0 p17#0

Notice that the label extracts the large components and that the derivative acts only on residual momenta.

| 1.2.1.2 | Power Counting of Fields

Before we obtain the collinear Lagrangian, we need to assign a power counting to the collinear and
usoft fields.
The propagator for a massless collinear quark of momentum p ~ (1, A%, \) can be expanded as

ip inp i i
p2+i02p2+i0§+"'_m§+“-. (1.22)
p ﬁ.p

This propagator comes from the kinetic term in the action at leading order,

g0 _ /d4z£(°) — /d4z§_ng [in-0+--]&n. (1.23)
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The scaling of the the content in the brackets is of O(A?), and d*z = fdaTdz~d?z . ~ (A72)(AO)(A71)? ~
A~4, since p-x ~ A°. Now, taking the standard choice of fixing the power counting of the kinetic term in the
action as S(© ~ A%, then

€0~ A (1.24)

Now we turn our attention to the propagator for a collinear gluon, A¥(z), in covariant gauge,

/d%e“” (0] TA*(z) A% (0) |0) = ;—j <k29‘“’ - ék“k) , (1.25)

where « is the gauge fixing parameter. Since the collinear momentum k ~ (1,2, \), then one can deduce
the power counting of the collinear gluon field,

Al (1,02)0). (1.26)

Applying the same logic one can obtain the scalings for usoft quarks 1, and gluons A% . Since the
usoft momentum ks ~ (A2, A2, A\?), then the measure d*k ~ A\~%, and thus

Ally ~ (W2 0707), Pus ~ A (1.27)

| 1.2.1.3 | Separation of Collinear and Usoft Gluons and Final Result

Since p2 > k2, the ultrasoft gluon fields encode a much longer wavelength fluctuations, so from
the point of view of collinear gluon fields, they can be thought of as background fields. Hence, we can
write A¥ = AR+ AR+ ... where we neglect terms that become important only when considering power
corrections, and do not play any role for the leading order Lagrangian that we want to obtain. Thus, the
covariant derivative can be decomposed as

iDF = io" + gAL 4 gAl, . (1.28)
Using the label operator defined before, we have

in-D =in-0+ gn-A, + gn-Aus ~ A2,
in-D = (P + in-0) + gii-An + gn-Aus ~ P + gn-A, + O(N),
iDL = (i@ +PL) + ghnt + ghusi ~ PL+ ghnt + O(N?), (1.29)

from which we can define
iD= P +gAL . (1.30)

Using the power counting for the fields and derivatives discussed above, we can finally obtain from eq. (1.16)
the leading order Lagrangian for collinear quarks,

_ ) ) 1 )
‘ngl) = €n7pl (’L?’LD + 'LﬂnL Z.T_L.D_'LﬂnL) gg'mpl ; (131)

where the summation over labels in understood implicitly. Notice that while D¥ contains collinear gluons,
we have usoft gluons also in in-D. As we show below, one can redefine the collinear quark fields in such a way
that the interactions with usoft gluons disappear from the leading order Lagrangian, i.e., we can completely
decouple collinear and soft modes at the level of the Lagrangian.
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: —

fala)

(a) (b)

Figure 1.1: Two collinear gluons attached to a heavy quark that decays into a light quark (for example b — uer).
The two offshell propagators are integrated out to give the Collinear Wilson line, represented by an effective vertex
on the right.

1.2.2 Wilson Lines

In the denominator of the second term in eq. (1.31) we find the large component of the collinear gluon,
n-A, ~ A2 Given its scaling, it means that this Lagrangian contains at leading order in )\ the interaction
between a collinear quark and an arbitrary number of collinear gluons. We will see below that this bunch of
interactions can be arranged in terms of a collinear Wilson line.

In order to explain the physical meaning of the Wilson line, let us consider the decay of a heavy b
quark onto a light collinear u quark, b — uev. The current in QCD can be matched at tree level onto the
effective current,

JQCD = @’w“(l — 75)() — Jeff = énvﬂ(l — 75)]11} , (1.32)

where the heavy quark is represented by the Heavy Quark Effective Theory (HQET) field h,.

We consider now, as shown in fig. 1.1, the attachment of two collinear gluons to the heavy quark of
momentum p* = mv* + p, with p the residual momentum, m the mass and v its velocity (v = 1). In fig. 1.1,
the quark propagating between the two gluon attachments has a momentum of

o
Pt + kY~ mot + ﬁ-kl% : (1.33)

and the quark propagating after the second gluon attachment,

nt

Pt + kY + kY~ mot + e (ky + k2) 5 (1.34)

These two momenta are off-shell due to the interaction with collinear gluons, and will be integrated out by
building the collinear Wilson line.

For diagram 1.1 we have

3 iP+Ei+ktm) . i+ tm) X
ny (1= t ty | ho ARt A%
7 ( 2 [(er ki + k2)2 — m2lg Tu (p+ k1)2 — mQZg K nky* ke
=. Aa =. Ab 2
= 9 n'An,kln'An,kg b.a 75 +1 77£
~&ng” | == [ T (= — | ho, 1.35
g n-kin- (k1 + ko) 7L =) nwv 2 (1.35)
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which can be simplified by using

[’” %} By = ——(f — i + 200,

nv 2 T 2nw
= hy, (1.36)

where we have used that ph, = h,. Thus, diagram 1.1 gives

Ay A
ﬁ'k/’lﬁ'(lﬁ + kg)

&ng? Pty (1 — v5) Iy © (1.37)

Similarly, crossing the attachments of the gluons in diagram 1.1, we get

—~. Ab =.Aa
2 n.AnﬁklnlAn,kz
éng

L L N hy
ﬁ'kgﬁ-(k/’l +k2) v ( 75)

- — Ab
_E g n-AaJﬁn-A
- n

n n,ka

— M MRz | (ybya y pabegeyap(] A, 1.38

Now, generalizing these results to an infinite number of gluons, we obtain the collinear Wilson line,

0 A%, - .ﬁ.Aij_
W, = (mg— R g
A
= Y exp [gn § } : (1.39)
, P
perms
where A, = A%t*. In position space, the corresponding Wilson line is
0
W (z) = Pexp [zg/ dsn-Ap(x + sn)| . (1.40)

P stands for the path ordering operator, required for non-abelian fields, which puts the fields with larger
arguments to the left. With this Wilson line, the QCD current is matched as

Joop = ' (1 —y5)b — Jepp = EWay* (1 — v5)he - (1.41)

| 1.2.2.1 | Wilson Line Identities

The collinear Wilson line W,, fulfills some identities, which will be useful to express any function of
n-A,, as a function of W,,. To start with, the equation of motion of the Wilson line is

in-Dp Wy (z) = (P + gi-An) Wy (x) = 0. (1.42)
From it, one can derive the following identity for an arbitrary operator O,

it Dy (W O) = [(P + gi-An)Wh] calO + W, PO
=W, PO, (1.43)
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from which we obtain the operator identities
in-D,W, = W, P,
in-Dy, = W, PW
P =Wlin-D,W, ,
1 1
T - WJTWn )
L
W (1.44)

1
==Wy—
P mn-D, "

Thus, any function f(P + gi-A,) = f(in-D,,), which has an expansion Y a,(i-D,,)™, can be expressed

as
FP+gnAn) = am(W,PWH™
= Waf(P)W;. (1.45)
With the relations above, the collinear quark Lagrangian in eq. (1.31) can be written as
£O =& (in-D+ Dy Wi L Wi L 1.46
ng — Enpu | D+ ilDn n% i1 §€n,pz . (1.46)
1.2.3| Collinear Gluon Lagrangian
(1.47)

Let us start from the QCD gluon Lagrangian,
1 v 1 0 AM)2 19 i DM
L= —Etr {FFFu,} + atr {(i0,A")*} + 2tr {¢id,iD"c} |

where F'* = %[D“, D¥]. Expanding the covariant derivative and keeping the leading order terms,
=

_ 12
(1.48)

=iD",
and hence we will have usoft gluons in the collinear gluon Lagrangian as well. The gauge fixing and ghost

terms should fix the gauge for collinear gluons only, and not for usoft gluons. Hence, we need them to be
©. in the Lagrangian, where

(1.49)

covariant with respect to A,s, and this forces us to replace i0* by iD
1z

_nt nt
iD= ’PE + P+ in@? + gn-Ays 5

Notice that we have used only the component n-A,s, since it is the one that appears in the Lagrangian at
(1.50)

leading order. The resulting collinear gluon Lagrangian is

1 1
tr {[iD*,iD,)* } + —tr { (iDL, Anu)®} + 2tr {&,[iD,, [iD,i, ca]]}
[0

0) _
£ = g
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l"ll’ai HZ!aQ un’a‘|
Q Q Q
§k1 akz . akn + perms.
p = = =

Figure 1.2: An arbitrary number of usoft gluons coupled to a collinear quark, giving rise to the usoft Wilson line
Y.

1.2.4| Ultrasoft Lagrangian

The leading order Lagrangian for ultrasoft quarks and gluons can be obtained directly from the QCD
Lagrangian where all fields are ultrasoft. Thus,

1
= PusiPustus — —tr {FrrFest + —tr {(i0, Al)?} + 2tr {€ysi0uiDlfocus} (1.51)
aus

where i Dt = i0" + gA¥,. Notice that all terms in this Lagrangian scale as A®, consistently with the measure
for ultrasoft fields, which scales as d* ~ A~8. Thus, the leading order action scales as \°, as required
by the standard choice that we also adopt. The gauge fixing parameter a,s is independent from the one
that appears in the collinear gluon Lagrangian, since there are independent collinear and ultrasoft gauge
transformations.

1.2.5| Usoft Interactions with Collinear Quarks and Gluons

In this section we will see that usoft gluons and collinear particles can be decoupled by using two new
Wilson lines, in such a way that their interactions explicitly disappear from the collinear Lagrangians at
leading order in A. At higher orders different interactions appear in the Lagrangian and they cannot be
integrated out.

In fig. 1.2 we can see the coupling of an arbitrary number of usoft gluons to a collinear quark. Following
the same steps as for the collinear Wilson lines, the matching with all these couplings gives us

& =Y, 80, (1.52)

where the usoft Wilson line is

Y, _1+ZZ 9’ "'”'j‘m $95 .. g0 (1.53)

j=1 perms nkl n( zlk)

Doing the Fourier transform we obtain

Y, (z) = Pexp (ig/o dsn-A°,(z + ns)t ) . (1.54)

— 00

In eq. (1.52) 57(10) does not interact with usoft gluons, since these couplings are contained in the usoft Wilson
line Y,,.

In a similar way we can calculate the contribution from the coupling of an arbitrary number of usoft
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Figure 1.3: An arbitrary number of usoft gluons coupled to a collinear gluon, giving rise to the usoft Wilson line

Yn.

gluon to a collinear gluon, fig. 1.3. We obtain the following,

A= Y AP, (1.55)
with
o N~ (g AR AR ,
yzb —_ 5ab + ’ us - fa]acJA . f(l2C2C1 falcl ) 156
j:le;ns _7' n.k/’l n( ) kz) ( )

As in the previous case, A%O) does not couple to usoft gluons. Doing again the Fourier transform, which is
related to the one of Y,,(z) but in the adjoint representation,

Veb(z) = [P exp <i92 /0 dsn-AS (x + ns)Te> rb, (1.57)

with (7€) = —jfeab,

The adjoint representation is related to the fundamental one by Y,t*Y,l = Y**¢® and this allows us to
relate A% with AP* and ¢, with c%o),
Al = Abb = AQen yhath — ADory, oyl = v, AD# YT
en =2t = Db yabga — y Oyt (1.58)

On the other hand, it can be shown as well that W,, = YanP)YnT .

Now we can prove what was introduced at the beginning of this section, i.e., the usoft particles can be
decoupled from collinear ones at the level of the Lagrangian at leading order, both for collinear quark and

gluon Lagrangians. With the previous redefinitions of fields, we can write E%Oq) as

i

o , 1
L9 =¢,, (m-D + lenLWJEWnUDnL) 55n.m

n,p—l"n

) 1
— 0y {m-D + g¥un- AV + (P, + Yag V) vaw Oy ] 5

O (7 +vgdv]) e, )

_ ¢(0 : 0
= 7(1,1)31 {YJ’LTL'DYH + gn-A©

1
+(Pu oA W L w0 (7, +042) |2 €0,. (1.59)

where we have used that Y;, commutes with 77, . Using now that n-DY,, = 0, we can see that Y,!n-DY,, = n-0,
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and thus the Lagrangian for collinear quarks becomes

_ ) 1 ﬂ
£y = Qa{wwa+gnA$>+(PL+94$DIM$>;wﬁm(ﬁl+gaﬁn}§eﬁa, (1.60)

which is completely independent of usoft gluons.

Following similar steps we can decouple usoft gluons from collinear gluons. Using iD* + gA¥ =

Yn(inLO) + gA%O)“)YJ we can write

1 . o A0 1 . 2
£y =3 {{’% + g A" iDfg) + g ALY ]} T {[’Dﬁo) ’A%OWH

+ 2tr{ ) {mﬁ”, {mﬁ)) + g AOn ’C%O)H } , (1.61)

where inLO) = ’p”; + Pl + m@%

Symmetries in SCET-I

In this section we introduce the gauge symmetry and the reparameterization invariance. We will see
that gauge symmetry in SCET is similar to the one in full QCD, but splitting the gauge field in two fields,
collinear and ultrasoft. The reparameterization invariance comes from Lorentz invariance, which is broken
when we choose the light-cone coordinates, and thus will be applied in the two collinear sectors independently.
These symmetries restrict the operators we can consider in SCET [36].

1.3.1 Gauge Symmetry in SCET

Let us consider a general gauge transformation in full QCD,

U(x) = explia®t?], (1.62)
which acts on a field as
Y(z) — Uz)y(x), (1.63)
or equivalently as
3) — [ A0y - (o). (1.64)

In SCET we need the gauge transformation to be consistent with power counting, and thus only two sets of
transformation are allowed, collinear and ultrasoft:

Up(z) : i0"Uyn(2) ~ Q(1, N2, Uy (z),
Uys(2) 10" Ups(x) ~ QN2 N2, A2 Us () . (1.65)
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Then, the set of collinear gauge transformations are

At(z) — Un(a) (Azcc) n 5@) Ul(),

Q/JUS (:E) —> Q/JUS (‘T) )
Al (@) — Al (@) (1.66)

And the set of ultrasoft transformations,

Al (x) — Uus(2) Al (2)U] (),
wus(x) — Uus(z>"/)us ($),

AP (2) — Uss() (Ags(x) v éaﬂ) Ul (2). (1.67)

Finally, the collinear Wilson line transforms as W,,(z) — U, (z)W, (x) under collinear gauge transfor-
mations and as W, (z) — Uys ()W, (2)UJ

us

(x) under ultrasoft gauge transformations.

1.3.2 Reparameterization Invariance SCET

The requirements we asked to our light-cone momenta were
n?=n?=0, nin =2, (1.68)

Therefore, there are three sets of allowed transformations we can apply to a given pair of light-cone vectors
and still obey the above equation:

e Type I:

nt — nf el

nt — n* (1.69)
e Type II:

nt — nt

nt— nt el (1.70)
e Type III:

nt — e*nt

it (1.71)

nt —s e @

Type I and II transformations are infinitesimal, and type III can be made infinitesimal by expanding in «.
Since these sets of transformations must leave a collinear particle as collinear, we can derive the scaling of the
parameters by considering the transformation of a collinear particle of momentum p ~ (1, A2, \). Considering

type I,

(ﬁ-p’ ”'Papi) ~ (15 )‘Qa )‘) — (ﬁpa n-p + GnL'plapL) ~ (15 )‘25 )‘) ) (172)
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from which we can see that €,; ~ A, so it is constrained by power counting. Considering now type II
transformation we have,

(ﬁ'pvn'papL) ~ (15 )‘25 )‘) — (ﬁp + Eﬁl'van'pvpL) ~ (15 )‘27 )‘) ) (173)

which does not impose any scaling over €5 , which can be as large as we want. Finally, type III transforma-
tions do not impose any restriction over «, which again can be as large as we want.

SCET-II

In SCET-II the relevant degrees of freedom are soft and collinear, which scale as

Pn ~ Q(17772777)
DPs ~ Q(Uﬂ?; 7’)7 (174)

with n = Aqop/Q. Notice that soft momenta scale as the ultrasoft momenta in SCET-I, given that pys ~
QAN A%,\?) with A = \/Aqcp/Q. However collinear momenta scale different from SCET-I. It is also worth
noticing that while one can have interactions between collinear and ultrasoft modes, the soft modes cannot
couple to collinear particles, because they would be driven off-shell:

pn+ps = QL% n) +Qn,n,n) =Q(1,n.n). (1.75)

This crucial difference with SCET-I makes the Lagrangian of SCET-II much simpler to derive, because we
have right from the start a clear separation of collinear and soft modes, which cannot interact with each
other. Thus, the Lagrangian for SCET-II is

0
Lelmr-1 = LE) + L5+ LY, (1.76)

where the collinear Lagrangians are the same as for SCET-I and the soft Lagrangian is analogous to the
ultrasoft one for SCET-I where we replace ultrasoft modes by soft modes.

For a given process, the identification of the relevant soft and (anti)collinear modes depends on the
chosen frame. Given that soft and collinear modes have the same invariant mass, @Q?n2, they can be dis-
tinguished just by their relative rapidities. Thus, one can perform a boost and transform soft modes into
(anti)collinear modes, and vice versa. However, the physical process being described is exactly the same.
This does not happen in SCET-I, where the mass of collinear particles is Q?)\2, while for ultrasoft particles
it is Q%)%

Since the soft modes in SCET-II are basically the same as ultrasoft modes in SCET-I, the matching
between these two theories is done by replacing ultrasoft Wilson lines by soft Wilson lines, Y,y — Snn)-
Notice that the functional form of soft Wilson lines is exactly the same as ultrasoft Wilson lines.

Factorization of the Quark Form Factor

Once the SCET machinery has been introduced, let us illustrate its application by factorizing the
simplest quantity, the electromagnetic Quark Form Factor, to first order in as. We show how the hard
matching coefficient (Wilson coefficient) is obtained by performing an explicit perturbative calculation, for
which the effective theory has to reproduce the full QCD infrared divergences. Furthermore, this calculation
will serve to clarify some relevant issues, as the double counting and the role of the zero-bin to deal with it,
the necessity to regulate consistently the divergences in full QCD and the effective theory and the difference
between ultraviolet (UV), infrared (IR) and rapidity divergences.
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p
(a) (b) (©)

Figure 1.4: Electromagnetic Quark Form Factor at 1-loop in full QCD for DIS kinematics. (a) is the vertex correction
and (b)-(c) the Wave Function Renormalizations for the incoming and outgoing fermions.

We are going to use the A-regulator [37], similar to the one introduced in [38]. This regulator, on one
hand, will serve to regulate IR divergences in full QCD, and on the other hand, IR and rapidity divergences
in the effective theory. We write the poles of the fermion propagators with a real and positive parameters
Ai

G+l iGrh i) (22 W

(p+ k)2 +10 (p+k)2+iA- (p+ k)2 +10 (p+ k)2 +iAT

and for collinear and soft Wilson lines one has

1 1 1 1
- 1i0 ki~ ktLxi0  Er Lt

(1.78)

Given the fact that the soft and collinear matrix elements should reproduce the soft and collinear limits
of full QCD, thenc they need to be regulated consistently, so 6% are related with A* through the large
components of the collinear fields,

_ AT _ A

5t ==,
P~ pt

(1.79)
We will simplify the calculation by taking A™ = A~ = A and choosing the fram where p* = p~ = Q.
This leads also to 6% = §. For the UV divergences we will use dimensional regularization with MS-scheme
(12 = p2er® ) (4).

Moreover, we will consider both deep-inelastic scattering (DIS) and Drell-Yan (DY) kinematics, showing
that the hard matching coefficient in both cases is different. While in DIS the virtuality of the photon is
space-like, g%, 1g <0, in DY it is time-like, q%y > 0. Thus, as we will see in the calculation below, one can
go from DIS to DY by analytically continuing the space-like QFF to the time-like one by replacing

Q? -Q? Q?

2 n 2 = 1nF + i (1.80)

1.5.1 DIS Kinematics

Let us start with the calculation of the vertex, diagram 1.4a (remember that we have taken AT = A),

bis_ oy [ MG B 6= E,
VOIS = i Cer [ o R e AL sy
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where d%k = %dk+dk_dd_2ﬁ 1 . Notice that we are calculating the corrections to the electromagnetic current,
which can be written as

un(p) O un(p) = : (1.82)

where O/ corresponds to the particular Dirac structure relevant for a given diagram. Since the projectors
force the inner O to be perpendicular to n# and n#, we can use them to simplify the Dirac structure. Thus,
the final relevant combination of terms we get after simplifying the numerator is:

2Q% +2(p— k)? +2(p — k)® — 2(1 + e)k?| v — 4(1 — )k L kT, (1.83)
and we can write the contribution of the vertex as

VPIS = [2Q° 1 + 2Ly (p) + 21(p) — 2(1 + ) 5] 7§ — 4(1 — o). (1.84)

The necessary integrals in the Q? — oo limit are (notice that p? = p?> = 0 and pp = Q?/2):

I _ 71 2C 26/ ddk 1
PR ] end [(p— k)2 +iA][(p — k)2 + iA][R2 + i0]
= —ig’C / dx d / ddk 2y
v ! — 2k(zyp + (1 — z)yp) + yiA]’
a CF 11
= Sn®—5 1.
21 Q22 Q2 ’ (1.85)

which we have multiplied and divided by Q? to expand it around Q2 — oo.

The integral I5 is

L 20 / 'k 1
=—
gCric 2m)d [(p — k)2 + iAJ[k2 + 0]
ddk 1
= —ig’Crp** / dz/
¢ (k2 = 2kap + wiA)?
OéSCF 1 1 —’LA
- S tm2) 1.
2 (2€UV * 2 2 [L2 ) ( 86)

The calculation of I3 gives us

B L 9 ddk/’ 1
fs == Crn / (2m)4 [(p = k)? +iA][(p = k)* +3A)]
o dok 1
= i Cru / Ik (2m)? (k2 - 2k(ap + (1 - a)p) +iD)”
CaCp [ 1 1 Q?
_ 20 <2€UV 15111?)7 (1.87)

which does not have IR divergences.
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Finally, we have

I = —; 20 26/ ddk k/’lk/’i _
T TR | e ((p— k)2 +iA][(p— k)2 + AR + 0]
ddk 2 k<
771920}7# / dydl‘/ ykJ_ 1 - —
— 2k(zyp + (1 — 2)yp) + yil]
(We take only the contribution o v¢ and define [ = k — zyp — (1 — z)yp)
ddl 2
_ —ngCF / dydm/ AR —
Y2 (1 — 2)Q? + yiA]
OASCF 1 1 Q2
= - —+3—-—In— 1.88
2 8 (EUV + n,LL ’ ( )

which again does not have any IR divergence.

Combining the results above, the final result for the vertex is:

yDIs _ [2Q211 + 20 (p) + 2L(p) — 2(1 + €)I3] 7§ — 4(1 — €) I3

s 1 i A A 3. Q2
a CF'yJO‘_ S N e ) P —|——an— 2
2T 2€UV Q ,LL 2

(1.89)

For the WFR, diagrams 1.4b and 1.4c, we have to compute the following integral:

_ 2 2¢ dk ’Y“(is - k)’m
Lo ==9"Cru / 2m) [(p— k)2 + iA][k2 +40] (1.90)

where the numerator can be simplified as

VB = ) =—(d=2)(p—F). (1.91)

Then we have

o e [ AR —(d-2)(p— B
tu =~g"Cru / (2m)¢ [(p — k)? + iA][k? + 40]

aSCF< 1 1 1 iA)

= ip (1.92)

e
2w 2€UV 4 2 . /LQ

which contributes to the QFF with —31,,(p)/(ip).

Thus, the final result for the Quark Form Factor calculated in QCD, with the A-regulator and for DIS
kinematics, is

— Tl DIS DIS 1 I ( ) a ( )
ol Jgep Ip) "7 =V 5 173 p
=7 {1+ O‘;iF ( In* éA - §1{ZA } (1.93)

Our aim now is to match the full QCD electromagnetic current onto the SCET one,

Thep = 07" — Jhepr = GWa Vi Y Wie, (1.94)
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(a) (b) (c)

Figure 1.5: Relevant diagrams for the QFF in SCET. Diagrams (a) and (b) show the contribution of the collinear
Wilson lines for J, and Jn respectively. Collinear gluons are denoted by curly propagators with a line inside. Dia-
gram (c) contributes to the soft function S. Wave Function Renormalization diagrams for the incoming and outgoing
fermions are not shown, since they are equal to full QCD.

where the relevant Wilson lines, consistent with DIS kinematics, are:

gz

(z) = Pexp {—ig /OOO ds - Ap(x + ns)] ,

Wa(z) = Pexp {zg/ dsn-Ag(x + ns)] ,
0

Y, (z) = Pexp {ig /_OOO dsn-Ag(z + Sn)} ,
Ya(x) = Pexp {ig /OOO dsn-As(z + ﬁs)] : (1.95)

The fact that these Wilson lines should reproduce the soft and collinear limits of full QCD fixes unambiguously
their form. Thus, taking the contribution of the vertex in full QCD, diagram 1.4a, one can easily check that
they give exactly its collinear and soft limits, which will be calculated below.

Using eq. (1.94), the QFF factorizes as

Bl e Ip) = C(Q/H2) (3] T )
= C(Q* 1) S (1.96)

where C(Q?/pu?) is the hard matching coefficient that cannot depend on any IR regulator, and the jet and
soft functions are defined as

Jo = 01 Wi&alp) . Ja=(pl&Wal0), S=(0]V]Y,0). (1.97)

These collinear matrix elements, J,,(5), are supposed to contain pure collinear contributions, i.e., without
any contamination from the soft region. However, depending on the particular choice of IR regulator,
when performing the partonic calculation of these matrix elements one can include this contamination and
introduce a double counting of the soft region. Thus care must be taken in order to properly subtract these
regions, the so-called zero-bin [34]. Below we denote jn(ﬁ) to the naively calculated collinear matrix elements
that include soft contamination.

The hard matching coefficient C(Q?/u?) is obtained by subtracting the QFF calculation done in SCET
to the one done in full QCD. The basis of the matching procedure, or the operator product expansion (OPE),
is that the two theories being matched must have the same IR physics. In other words, we need to regulate
the IR physics consistently in both sides of the OPE so that the Wilson coefficient is free from IR regulators.

The contribution from diagram 1.5a, which is exactly the collinear limit of the vertex diagram in full
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QCD when k ~ (1,A2,)), is

~(1.5q) . 9 % dk pT+k
= -9 F . 1.9
It W Crn / (2m) [k+ 4id][(p + k)% + iA][k2 + i0] (1.98)

The poles in k™ are

_ —k? —iA _ =K% —i0
kl = W, k2 = ? (199)
When kT > 0, both poles lie in the lower complex half-plane and we can close the contour through the
upper half-plane, giving zero for the integral. When k™ < —p™, both poles lie in the upper half-plane and
we can close the contour through the lower half-plane, giving again zero for the integral. However, when
—pT < ktT < 0, we choose to close the contour through the upper half-plane, thus picking the pole k3 .

Setting kT = zp* we get

d?=2k, pt +2pT
J(E50) = 90, C / d / . 1.100
aCrp’ =P 2m)4=2 (zpt +i0)(—ptk? +izptA) ( )

Doing the k| integral we get

~(1.54 a,C - A N—g ! 1—2)z°
J-a = — o (Amp) T (e) (i) /O dz(zzw' (1.101)

In this result, the k; — oo is regulated by € and the limit k; — 0 is regulated by A. Finally, performing
the integral over z we get

9 .
i(1.5a) _ _COF ) over o av—e [ g &7 0 e o—id
Jy = Amrp”)°T(e)(—iA) "¢ | -1 —e+ 5 In p + 21D o
, 1 1 . —iA 21 ,—iA —iA
:a‘SCF — + —1In ! —|—1—7T———hr12 e P
2 |levv  euv @2 6 2 Q2 2
—iA . —iA

where we have set §/pt = A/Q?, consistently with eq. (1.79).

The soft function at O(a;) is given by diagram 1.5¢, again corresponds to the soft limit of the vertex
in full QCD when k ~ (A2, A2, \?),

(1.5¢) . 2 2e ddk 1
=2
51 W9 Cri / @n)d [&F + o)k + i8] (k2 1 i0]
~ a,Cp e O (kTi)E
~ o (M”)F(E)/,mdk k—+id
= a;CF (4 p?)°T () (i6i0) " mesc(me)
™
asCr 1 1 (=iA)(—iA) 1. 5 (=iA)(—iA) =2
= e — I 2 o2 SR D 1.1
27 [ edy stn Q22 2 Q22 4 (1.103)

The contribution to J; from diagram 1.5b is analogous to eq. (1.102),

~1.5n  aCp | 1 1 . —iA 72 1 ,—iA —iA
Je - ST, | 1———Z=1 -1
" 27 L‘Uv - cov Q2 - 6 20 QF
—iA —iA

given the fact that we have set AT = A,
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In order to get the contribution of the pure collinear matrix elements .J,,, we should subtract to eq. (1.98)
its contamination from the soft region. Taking k ~ Q(\2, A2, A?) in the integrand, we can see that the integral
is equal to the soft function. The same applies to Js and Js. Thus all we need to do is subtract the soft
function from the factorization formula instead of adding it,

(Bl Joep Ip) = C(Q /)7 [fnfﬁS‘l] . (1.105)
Then, combing the previous results, the vertex in the effective theory at O(«y) is

VDIS o |:j7(ll5a) + jf(zl5b) _ 5(156):|

SCET = VL
C 1 2 1 2 —iA A 3. Q?
— 42 F[Q_ e S )t +—1Q—2—2
27 EUV Euv Euv M Q ,LL 2 12

Q 3 Q2 7T2:|

12—7—1— 4 — 1.1
+3 e u+ D (1.106)

The WFR diagrams are the same in full QCD as in the effective theory, so the QFF in SCET is

_ QSCF 1 3 1 Q2
n o 1 S
(ol Jscpr IP) =71 o [E%V 2euv  euv " u?

L—iA 3 —iA 9
' G~ g
1. ,Q% 3. Q2 w2
S A ) N I L 1.1
5 5 2nu2+ 12 (1.107)

Comparing this result with the QFF in full QCD calculated before, we can see that the IR poles (second
line) are the same. This is a must in any OPE, where by construction the theories above and below the
matching scale (@ in our case) have to contain the same IR physics. Of course, in order to see this fact at
the level of the partonic calculation it is necessary to regulate consistently the IR in the two theories.

Finally, ignoring the UV poles which do not have to be considered while performing an OPE, we obtain
the matching coefficient,

2 2 2
asCr | L, QQ— n §1nQ— —44+ 2, (1.108)

2 2\ _
C@/1) =1+ —— TR 2 15

which coincides with the one derived for the first time in [39].

1.5.2 DY Kinematics

The vertex for Drell-Yan kinematics in fig. 1.6a is:

DY _ ;.2 2¢ d’k @+ EVP — B
V7 =g Cru / @m) [(p + k)2 +iA][(p — k)® + Ak + 0] (1.109)

This integral can be obtained from the analogous one in DIS kinematics just by replacing p — —p.

The simplification of the numerator gives
[(—2Q* +2(p + k)? +2(p — k) — 2(1 + )k?] ¢ —4(1 — )} L kT . (1.110)
Then, we can write the contribution of the vertex as

VY = [22QI7Y + 2177 (p) + 2137 (p) — 2(1 + )19 ] 4§ — 4(1 — €)If, (1.111)
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(a) (b) (c)

Figure 1.6: Electromagnetic Quark Form Factor at 1-loop in full QCD for DY kinematics. (a) is the vertex correction
and (b)-(c) the Wave Function Renormalizations for the two incoming fermions.

where the necessary integrals in the Q2 — oo limit are (notice that p? = p? = 0 and pp = Q%/2):
dik 1
2m)* (P + k)? +iA][(p — k)? + iA][k? 4 i0]

1
. d 2y
2 2e
= —ig"Cpp / dxdy/ —
(2m)® [k2 — 2k(zyp — (1 — 2)yp) + yiA]®
OésCF 1 11 2’LA

IlDY = —’L'g2CF/J/2€/ (

1.112
or Q22 Q2 ( )
which we have multiplied and divided by Q? to expand it around Q% — oo.
The integral I2Y is analogous to I in the case of DIS kinematics.
The calculation of IPY gives us
dk 1
DY — _i2C 26/ =
2T ) e+ kP Al — k7 + 4]
ddk 1
——ngFu/dx/ — — =
—2k(—zp+ (1 — z)p) + iA)
OASCF 1 7Q2
= 1-— —1 1.11
2w <2€UV + 2 . /LQ ( 3)
Finally, the calculation of IPY is
dk Ko kS
Ia,Dij- 20 26/ 1
' I @m (e — k7 iATIp + k) + ATk + )
ddk 2 k¢
= —ig?Cpp* / dydas/ yhikT — —
— 2k(zyp — (1 — 2)yp) + yiA]
We take only the contribution ’YL and define | = k — zyp+ (1 — z)yp
y13
=—1 d dx/
g°C d / Y 2m)4 12 4+ 292 (1 — 2)Q2 + yiA]®

N2
- O‘;CF% ( —In % ) (1.114)
m 1
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Combining all the pieces, the final result for the vertex is:

VY = [<2Q7IPY + 21 (p) + 215 () — 201+ 9 IP¥ ] 9 — 41 - 1P
asCp 1 o —iA —iA 3 —Q?
_ o | _9 21 -2 111
5 L (25UV n 0 n 2 + 5ln 2 ( 5)

Since the contribution of the WFR, I,,, is the same as in DIS, the final result for the Quark Form Factor
calculated in QCD, with the A-regulator and for DY kinematics is:

_ 1I,(p) 11,(p)
o DY __ DYy _ ~ a = (6
(plv* P~ =V 5 Ly M
C —iA 3. —iA 9
= fyi |:1 + —O[27TF <1H2 _222 — 5111_#(22 — Z):| + c.t. (1116)

Now we match the full QCD electromagnetic current onto the SCET one,
Jhep = 07" — Jhepr = EaWa Vi 'Y Wig, | (1.117)

where the relevant Wilson lines, consistent with DY kinematics, are:

0

W (z) = Pexp [ig/_oo

0

dsn-A,(x + ns)] )

Wi(z) = Pexp [zg/

— 00

dsn-Az(x + ns)] )

Y, (z) = Pexp [ig /OOO dsn-Ag(x + Sn)] ,
Yi(z) = Pexp [ig /OOO ds ﬁ~A5(:c+ﬁs)] . (1.118)

As in DIS case, the form of the Wilson lines is unambiguously fixed by the fact that they should reproduce the

soft and collinear limits of full QCD. Thus, taking the contribution of the vertex in full QCD, diagram 1.6a,

one can easily check that they give exactly its collinear and soft limits, which are calculated below.
Following eq. (1.117), the QFF factorizes as

(bl Joop Ip) = C(Q% /1) (Bl Tscr Ip)
= C(Q /i [TnaS) (1.119)
where C(Q?/1?) is the hard matching coefficient and the jet and soft functions are defined as
Jo = I Wi&alp) . Ja=(pl&Wal0), S=(0]Y]Y,|0). (1.120)
The contribution from diagram 1.7a is

dik pt+ kT
(2m)d [k —i8][(p + k)2 + iA][k2 +i0]

JTa) _ 722'9201:#25/ (1.121)

Notice the difference in the sign of i with respect to DIS kinematics of the previous section. The poles in
k™ are

i _ —k1 —iA I  —k1 —i0
Lo gt 4 pt 2 - Lt

(1.122)

When k% > 0, both poles lie in the lower complex half-plane and we can close the contour through the
upper half-plane, giving zero for the integral. When k™ < —p*, both poles lie in the upper half-plane and
we can close the contour through the lower half-plane, giving again zero for the integral. However, when
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(a) (b) (c)

Figure 1.7: Relevant diagrams for the QFF in SCET for DY kinematics. Diagrams (a) and (b) show the contribution
of the collinear Wilson lines for J, and Jy respectively. Collinear gluons are denoted by curly propagators with a
line inside. Diagram (c) contributes to the soft function S. Wave Function Renormalization diagrams for the two
incoming fermions are not shown, since they are equal to full QCD.

—pT < kT < 0, we choose to close the contour through the upper half-plane, thus picking the pole k, .
Setting k™ = 2p™ we get

dd 2]“_ er +Zp+
JdTa) — 90,0 / d / . 1.123
asCrp” =P 2m)4=2 (zpt —i0)(—ptk? +izptA) ( )

Doing the k| integral we get

5170 aC . A N—e ! 1—2)z7°
T = — = (4mp T (e) (i) / d# (1.124)

In this result, the k; — oo is regulated by € and the limit k; — 0 is regulated by A. Finally, performing
the integral over z we get

2 .
#(1.7a) _ ~aCp iAy—e B em” —1id f 9 —10
WAS o — == (4mp®)°T(e)(—iA) ¢ | =1 — e + 5 In o 2111 o
asCr [ 1 1 . —iA 72 1, ,—iA —iA
= — w41 =
21 |:5UV + Euv n7Q2 + 6 2 n —Q? . 2
—iA, —iA
. 111_222} , (1.125)

where we have set §/p™ = A/Q?, consistently with eq. (1.79). Notice that this result is equivalent to the
one obtained for DIS kinematics, where we replace Q% — —Q?2.

The soft function at O(as) is given by diagram 1.7c,

(17c) — _9; 2 28/ ddk 1
51 O™ | Gy T = ol T 0]k 0]
_ a,Cp o e O (=kTid)E
= g ) F(E)/_Oo R
- a;ﬂ(47Tu2)EF(E)(fi&(S)*Eﬁcsc(ﬂs)
™

e — = o2 2 D (1.126)

Calr [ 11 (SiA)(A) 1, (<iA)(=id) 7
edy  euv —-Q%p? 2 —Q?p? 4
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The contribution to .J; from diagram 1.7b is analogous to eq. (1.125),

. 1 1 —iA 21 ,—iA —iA
jam _asCrp 1 L, S8, T L pmia ) TiA
2 |evv  euv —Q? 6 2 —Q? 2
A —iA
M lleQ:| : (1.127)

given the fact that we have set AT = A.
As already explained for DIS kinematics, we need to consider the contribution of the zero-bin, and this
leads us to write the factorization of the QFF as

Bl Top ) = CQ* /1)t [ Judas™] . (1.128)

The WFR diagrams are the same in full QCD as in the effective theory, so the QFF in SCET is

_ a Xs CF 1 3 Q2
It [
(ol SCET Ip) = ¢ o E% v 2e0v EUV M

—A 3. —iA 9
—In2 — _1 _Z
n —Q? —Q? 4
1 _Q2 Q2 7.‘_2
~In? _3 4 - — 1.129
+5n 2 50 2 + 13 ( )

Comparing this result with the QFF in full QCD calculated before, we can see that the IR poles (second
line) are the same, as they should. Finally, ignoring the UV poles which do not have to be considered while
performing an OPE, we obtain the matching coefficient for DY kinematics,

C —Q? -Q? 7T2
DY (02/,2) =14 25F |2 _1 -4+ —
CTQYW) =1+ == | g g i
2 2 2 2
:1+a;iF [__1 222 +§1 Q _4+7_+m (-hfl%Jrg)]- (1.130)

As already anticipated, this matching coefficient can be obtained from the one in DIS by replacing Q? — —Q?>.
In conclusion, we have shown in detail how SCET can be used to factorize the QFF, both in DIS and
DY kinematics. From this exercise we can learn two important points:

e The factorization of a quantity can be understood as a matching procedure from the effective theory
point of view, where we match different effective theories at the relevant scales by performing OPEs.
Since the theories above and below each matching scale must have the same IR physics, in order to
extract the Wilson coefficients from the partonic calculation we have to regularize consistently the
divergencies in both theories. Thus, once we fix the regulator in full QCD, and given that soft and
collinear contributions are the soft and collinear limits of full QCD, this fixes the regulator also in the
effective theory.

e The contribution of the zero-bin has to be taken into account in order to properly establish the
factorization theorem. The zero-bin is calculated in a diagram-by-diagram basis, being necessary to
subtract the soft limit from each naively calculated collinear contribution, and thus it depends on the
particular regulator being used.






SOFT-COLLINEAR EFFECTIVE THEORY IN
LIiIGHT-CONE GAUGE

Soft-Collinear Effective Theory (SCET) has been formulated since a decade now in covariant gauges. In
this chapter we derive a modified SCET Lagrangian applicable in both classes of gauges, regular and singular
ones (as the light-cone gauge), thus extending the range of applicability of SCET. The new Lagrangian must

be used to obtain factorization theorems in cases where the transverse momenta of the particles are not
integrated over, such as the gp-spectrums of semi-inclusive deep inelastic scattering, Drell-Yan lepton-pair
production or Higgs boson production. In this cases, the relevant non-perturbative matrix elements appearing
in the factorized cross-sections will contain a separation in the transverse direction, thus being necessary to
use this extended SCET Lagrangian in order to recover the full gauge invariance.

2.1 Introduction

In recent years Soft-Collinear Effective Theory (SCET) [24,25] has emerged as an important tool to
describe jet-like events ranging from heavy quark hadronic decays to Large Hadron Collider (LHC) physics.
The advantage of this effective theory of QCD is that it incorporates, at the Lagrangian level, all the kinematic
symmetries of a particular jet-like event. The fields in SCET are either collinear, anti-collinear or soft (low
energetic) depending on whether they carry most of their energy along a light-like vector (n,n? = 0), an
anti-light-like vector (7,72 = 0,n -7 = 2) or if the energy is soft and radiated isotropically. The current
formulation of SCET is rather limited to a class of regular gauges. In this class of gauges the gauge boson
fields vanish at infinity in coordinate space, thus no gauge transformation can be performed at that point.
This limitation has a rather important implications as we discuss below. Moreover, using a singular gauge
like the light-cone gauge (LCG), it is possible to improve the symmetry of the effective Lagrangian(s) because
the gauge fixing conditions also respect the symmetry of the jet-like event.

In a previous work [40] it was argued that by extending the formulation of SCET to the class of
singular gauges, where the gluon fields do not vanish at the boundary surface and where gauge invariance
is not completely obtained, a new Wilson line, the T-Wilson line, has to be invoked within the basic SCET
building blocks. The T-Wilson line discussed in [40] —which is exactly 1 in covariant gauge— is built using light-
cone gauge ghost field A, (z7, 007,z ). This transverse Wilson line allows for a complete gauge invariant
definitions of the non-perturbative matrix elements of collinear particles to be obtained from first principles,
it allows to properly factorize high-energy processes with explicit transverse-momentum dependence and it
reads !,

T, = Pexp [zg/ drly - Any (007,20 — 17|, (2.1)
0

where P stands for anti-path ordering. The relevance of the T-Wilson line to insure gauge invariance in
SCET is also shown in [41]. Below we discuss also the transverse Wilson lines built from soft gluons, which
allows for a gauge invariant definitions of soft matrix elements with transverse space separation.

In this chapter we show how to implement the T-Wilson line at the level of the soft and collinear

1'We have adapted our convention for Wilson lines to the one of [24]. This is consistent with the results of [40].
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Lagrangians. The results obtained (see below) are Lagrangians applicable in covariant gauges as well as
in light-cone gauge, both in SCET-I and in SCET-II. This in turn will enable us to explicitly invoke the
transverse-momentum dependence to the collinear quark and gluon jets, as well as the relevant soft functions.
Those latter quantities form the fundamental blocks for the non-perturbative matrix elements like transverse-
momentum dependent parton distribution functions (TMDPDFs), beam-functions (BFs) [42] and the like [6,
8].

We start the discussion with the light-cone gauge condition: -4 = AT = 0,72 = 0. QCD can be
canonically quantized in this gauge [43] and the quantization fixes the Feynman rules for the gauge bosons
with the Mandelstam-Leibbrandt (ML) prescription [44]. However, in order to go from QCD to SCET,
new subtle issues arise. For instance, while in QCD one needs to specify just one gauge fixing condition,
in the effective theory every light-cone (LC) direction defines a collinear gauge sector and it is not clear,
beforehand, how the gauge fixing conditions respect the power counting of the different collinear sectors.
In the following we show how light-cone gauge can be implemented both in collinear and soft sectors of
SCET. In particular, we study in which cases the light-cone gauge is compatible with the power counting
and “multipole expansion” in SCET-I and SCET-II.

The T-Wilson lines

In this section we want to write the SCET matter Lagrangian in LCG outlining the role of ghost fields.
First we recall some of the features of the gluon fields in QCD in LCG from [43]. To fix matters, we work
in QCD with the gauge fixing condition 72+ A = 0. The canonical quantization of the gluon field proceeds by
inserting in the Lagrangian the gauge fixing term

Lgs =A"(n-A%), (2.2)

The A® is a field whose value on the Hilbert space of physical states is equal to zero. It is possible to write
the most general solution of the equation of motion of the boson field Aj, via decomposing it into

5(7;2' k) A(n-k kL) + ﬁé(ﬁ-k)Ua(nk,/ﬁ), (2.3)
1

A3 (k) = TER)S(R) + 7 -

where the field T}} is such that 7T (k) = 0 and k*T}}(k) = 0. Fourier transforming this expression we
see that in general the field Af(z) has non-vanishing “—” and “L1” (respectively n-A%(x) and A7*(z))
components when £~ — £o0o. We now define

A (g 2)) = Azt 007, 21),
Azt z™ ) = Azt z™ o)) — A (a2t ), (2.4)
which leads to the following relation:
. . . y oo) def .7 00
iDL =iy +ghs =ifL+gd, + gAY E iy +9A). (2:5)

Given the fact that in LCG the “complete” gluon field A(z) is decomposed into a field that does vanish at
infinity and the ghost, in order to obtain the SCET matter Lagrangian we will need to prove the equation
below:

ip, =Tip, TT, (2.6)

where

Tt = Pexp [—ig/ drl -AS_OO)(.T-i_,J]L —1,7) (2.7)
0
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and we use that in eq. (2.6) the fields A; and AS_OO) are evaluated at space-like separated points. The proof
of this equation will lead us automatically to the inclusion of the T-Wilson line in the Lagrangian. We can
simplify the equation we want to verify using a general operator O:

DO = THp TO
( gL +gd, + QA(OO)) = 77 (iéh + g%) TO

(00 + 94, +947) 0 = THOLT|O+TIT (9 O] + TTgd, TO
gAT" = Thioh)T
—igT A" — i, (2.8)

Then, the last equation above can be proven by using an arbitrary vector lﬁb_,
Z.lJ_~(9J_TT*’L'TTlJ_ 8J_ |:’Lg/ dTlJ_~A(fO)(:L'+,:L'J_7TlJ_)
=gT" / dT/ (2w TGl ki)l A(fo)(k)@ik(z_l*ﬂ
=gT", - A( )(x+ xL) (2.9)

which proves eq. (2.6). Moreover 1/n0 and T commute because the T-Wilson line does not depend on z~.
Under gauge transformation 6AL°E) = D, w, one has

T(zT,2.) — U(Z'JF,SCJ_)T(:CJF,:CL)UT(:CJF,:CL —lyo0)=U(zT, 2 )T (xt,21), (2.10)

since Al(;lo)(x*‘, oo, ) = 0. Notice also that the T-Wilson lines are independent of the particular value of [ .

Now we split the fermion field into large and small components using the usual projectors s /4 and
it /4, and eliminate the small components using the equations of motion [24]. The result of this is

L=¢, (m.DﬂmelD,pL) %gn_ (2.11)

In QCD in LCG with the gauge condition nA = 0,

L=¢, (m D +Tilp) —— zsz )%gn (2.12)

In order to get the SCET Lagrangian we must implement multipole expansion and power counting on the
fields that appear in eq. (2.11). In SCET we have also the freedom to choose a different gauge in the
different sectors of the theory. We distinguish the cases of SCET-I and SCET-II. The two formulations differ
essentially in the scaling of the soft sector of the theory. In SCET-I, collinear fields describe particles whose
momentum k scales like (n-k,n-k, k1) ~ Q(1,A2,\) where A < 1 and Q is a hard energy scale. Also the
components of the collinear gluons, A, in SCET-I (7 A,,n- Ay, A,L) scale like ~ (1, A2, \). The scaling
of ultra-soft (u-soft) momenta in SCET-I is ~ Q(A\2, A2, A\?) and u-soft gluon fields (7 A5, nAus, Ausit) scale
as ~ (A2, A2, \?). In SCET-II we have for collinear field: (7i-k,n-k, k1)~ Q(1,1%,n) where n < 1. For soft
momentum: (7-k,n-k, ki)~ Q(n,n,n) and collinear (soft) gluons field components scale accordingly. The
main difference is that in SCET-I all the components of the soft momentum scale like the small component
of the collinear fields, while in SCET-II the soft modes scale like the transverse component of the collinear
fields.
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2.2.1| SCET-I Lagrangian in LCG

Let us consider first the case of SCET-I where the u-soft sector is treated in covariant gauge, while the
LCG is imposed on the collinear gauge fields. If the gauge condition is - A,, = 0, and with the multipole
expansion [24] of eq. (2.11), we get

?gn, (2.13)

EI:En<in~Dn+gn~Aus( N+ T, Z!D UZ)NLTT)
where iDV = i0" + gA!, the u-soft field depends on z* (transverse and collinear variations of the u-soft
field are power suppressed) and the T-Wilson line is given in eq. (2.1). The presence of the T-Wilson line
is essential to have gauge invariance, as was shown in. [40]. Let us decide now to impose LCG also on
the u-soft sector of the theory, n-A,s = 0. The corresponding T-Wilson line that would arise, following
eq. (2.11), disappears due to multipole expansion and power counting. In fact, u-soft fields cannot depend
on transverse coordinates in the leading order Lagrangian of SCET-I. In other words, the T-Wilson line for
u-soft fields breaks the power counting of SCET-I and thus the u-soft part of SCET-I cannot be written in
LCG. The other possible choice 7+ A,s = 0 has no impact on the leading order SCET Lagrangian. Thus,
the most general formula for the SCET-I Lagrangian is (W1 = T,,W,,)

L1 =§, (m Dy 4 gn- Ays(z™) + upmw WTTupM) ﬁ (2.14)

n-0

2.2.2 [ SCET-II Lagrangian in LCG

The analysis of the collinear sector in SCET-II is the same as for SCET-I. In the soft sector however,
one has new features. In regular gauges, soft particles do not interact with collinear particles because the
interactions knock the collinear fields off-shell. This is also true in LCG except when one makes the choice
n-As; = 0 (take here a covariant gauge for collinear fields for fixing ideas). It is easy to be convinced that
interactions like

H¢>z % (z7, ), (2.15)

where here “0o0” refers to the + direction and ¢¢,(x) are generic collinear fields, do preserve the on-shellness
of the collinear particles. Using multipole expansion, this vertex becomes

[[4@a5.07). (2.16)

because for collinear fields 2~ ~ 1 and for the soft field 2~ ~ 1/7. In this gauge the covariant derivative for
collinear particles becomes then

iD= id" + g A (x) + gACIH (07 z,) . (2.17)
The gauge ghost Agj_o) however can be decoupled from collinear gluons defining a “soft free” collinear gluon

AR (@) = Tun(@1) AL (2T, (21) (2.18)

n

where

Ty, = Pexp [zg/ drl | -ASS_OO) (07,2, —117)]| . (2.19)
0
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Defining D\ = i9" + gA'V" | one can show that
ilyD) = Ton(x1)il, DOVTT (21, (2.20)
with which we get the following Lagrangian,

Log = §<°>(mD 0>+zﬁ0>WT<0 W Tt ﬁm) (2.21)

where 57(10) = Tsn(z1 )& (2) and WT(O) TéO)W(O) are made out of soft free gluons. Thus, thanks to T,
Wilson lines, the soft particles are completely decoupled from collinear particles.

Applications

The above derived Lagrangians extend the formulation of SCET valid in covariant gauges to singular
gauges as well. As it is the case in SCET in covariant gauges, the most important application of these
Lagrangians is establishing factorization theorems for high-energy processes. This is especially true for
differential cross-sections with pr dependence where one expects that the non-perturbative matrix elements
entering those factorization theorems to be un-integrated with respect to the transverse momentum. In
such cases those matrix elements need a gauge link in the transverse space so as to obtain complete gauge
invariance. This is implemented naturally with the T-Wilson lines that should be invoked at the level of the
basic building blocks of SCET. The above discussion allows us to obtain gauge invariant expressions for any
non-perturbative matrix elements involving quantum fields separated in the transverse direction. The gauge
invariant quark jet was given first in [40] and is obtained by simply replacing W,, with W = T,,W,,, and
thus it is

xn(z) = Wi, (2). (2.22)
Similarly the gluon jet [36] reads
9B, = Wy tiDy, W], (2.23)

where the derivative operator acts only within the square brackets. These jets enter the different beam
functions introduced in, e.g., [6,8]. In both of these works, low transverse-momentum dependent cross-
sections are considered respectively for Higgs boson production [6] and Drell-Yan production [8], and the
factorization theorems are obtained within the SCET formalism. However the non-perturbative matrix
elements, the so-called “beam functions”, entering those factorization theorems (see eq. (9) in [8] and eqgs. (32)
and (33) in [6]) are gauge invariant only in the class of regular gauges. As shown in [40] for the collinear
jet, the introduction of the T-Wilson line at the level of the SCET Lagrangian and the quark and gluon jets
allows us to obtain, from first principles of the SCET, a well-defined and gauge invariant physical quantities
that are relevant for such important LHC processes and cross-sections.

We remark that the dependence of the soft function on transverse fields and transverse coordinates is
sensible only in the framework of SCET-II. The proper definition of the TMDPDF that will be introduced
in the next chapter includes a (square root of) soft function to cancel rapidity divergences. The inclusion of
the soft function has long been argued by Collins and Hautmann [45,46] and more recently, e.g., in [17,47].
This soft function has to include a transverse gauge links so as to obtain gauge invariance. In order to get
that, the effective theory formalism has to include quantities like transverse “soft” Wilson lines to properly
account the gauge invariance of the soft function and the RG properties of TMDPDFs and beam functions
alike. In SCET-II the typical regular gauge matrix element of soft jets

(0] S,u()SL (x)S7(0) S} (0) |0) (2.24)



34 2. Soft-Collinear Effective Theory in Light-Cone Gauge

should be replaced by
(01 S (2) S5 (x) S (0)SA1(0) 0) (2.25)

where S’n(n)( ) = Spm)(z
gauge fixing n-4, = 0(n-4 0) and are 1 otherwise. For instance, fixing n-A; = 0 one gets
(0] Tan (1) SF () S (0) T, (0 )|0>-

As a final example regarding the relevance of the transverse Wilson line, let us consider the analysis

x) Sn(sn)(acl). Ton(sny(x1) are the soft Wilson lines that arise with the

in [48] of the jet quenching parameter §. This parameter is a genuine physical quantity specifying the
broadening of a jet (per unit length) as it goes through a medium. In [48] the analysis was performed by
deriving an effective Lagrangian describing the interaction of a light quark (the “jet”) with Glauber gluons
emanating from the surrounding medium. The role of Glauber gluons and the Lagrangian itself were derived
first in [49] (see also [41] for very recent derivation of the same Lagrangian). Here we will only concentrate
on the final result of § as obtained in [48] (for more information we refer the reader to the latter reference).
The definition of § is given by

0= [ Gkt P). (2.26)

where P(k,) is the probability distribution. We emphasize here that the analysis of [48] —as the authors
acknowledge— was performed only in Feynman gauge. In this gauge, P(k,) is given as a two-dimensional
Fourier transform of Wg (2 ) where the latter is a product of two collinear Wilson lines calculated at two
different points in the transverse direction (see eq. (5.39) in [48])

We(z1) = Nim W}(O,zl)Wp(0,0)b. (2.27)
(&3

Clearly the derived result of P(k ) and consequently of ¢ is not valid in the class of singular gauges. Consider
the light-cone gauge where Wg becomes unity. It is simple to see then that § is zero since P(k)) becomes
simply a delta function (2 (k1). In order to get the right result of § one needs to derive again the expression
of P(k,) in light-cone gauge by considering the effective Lagrangian of Glauber gluons with collinear jet
in that gauge, and then invoke eq. (2.6) to obtain the transverse Wilson line at the level of the Glauber
Lagrangian. By doing so one obtains a product of two transverse Wilson lines in Wp instead of two collinear
Wilson lines. The final result of Wy valid in Feynman gauge, as well as in LCG, is obtained by replacing
Wg with TWp in the expression of Wr derived in [48].

Concluding, the inclusion of the T-Wilson lines, either collinear or soft, is a must in order to properly
define gauge invariant quantities within SCET formalism when there is transverse separation.

Factorization of the Quark Form Factor in LCG

In the context of the above discussion the quark form factor (in the Breit frame) represents an interesting
quantity since it involves two light-cone directions (given by the vectors n and 7). In the following we take
the soft and collinear limits of QCD amplitude of the quark form factor calculated at one-loop. The purpose
of this exercise is to see how the ghost boson appears in QCD and in SCET when those limits are taken.
We choose to work in the gauge condition n-A = 0. In order to keep our notation simple, the denominator
of all propagators are assumed to contain the +ic terms (say 1/k%* = 1/(k? + ic)) except the denominator
of the axial part of the gluon propagator, which is indicated by [f-k]. In the ML prescription [44], which is
the one we use below since it leads to consistent quantization of QCD in LCG, one has:

1 1 (k™) 0(—k™) k~

= = = . 2.28
[n-k]  n-k+ieSgn(n-k) kT +ie i kt —ie  ktk— +4ie (2:28)
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The amplitude of the one loop vertex diagram in QCD in LCG is

R e e O (2.29)

It is instructive to see the form of the integrand in the regions where k || p ~ (1, A2, \), k || p ~ (A2, 1, \)
and k ~ (A%, A%, )\?) is soft. In this way we can recover the corresponding SCET matrix elements that
contribute to the final matching between SCET and QCD. In the limit k || p we get

2ﬂﬁ(ﬁ)7iun(p)/ d'k % (% - ﬁ) : (2.30)

SCET in covariant gauge would generate just the term proportional to 1/n-k in the integrand of eq. (2.30)
through the W-Wilson line,

Wp(z) = P exp {z’g /O " dsi Al + sﬁ)] . (2.31)

In LCG with n-A = 0, this W,,-Wilson line is exactly 1, so obviously we cannot generate the LCG integrands
of QCD with the usual devices of SCET in covariant gauge. The difference of the two terms 1/n-k — 1/[n-k]
in the integrand is in fact the contribution of the T-Wilson line in LCG. We note that the integrand is
completely independent from the vector [, which appears in the definition of the T-Wilson line, eq. (2.1).
This is a general characteristic valid at arbitrary orders in perturbation theory which involve the T-Wilson
line. The cancellation of the I dependence can be understood writing again eq. (2.30) as

T_L'p+T_L'l€ lJ_'k/J_< 1 1 )

R+ k)2l k. \nk [k (2.32)

205(7)7Tua(p) [
In other words, we expect a cancellation of the [; dependence in all integrations involving the T

Even more interesting it is the integrand of eq. (2.29) in the limit & || p. In this case eq. (2.29) becomes

B+ ne 1
np+nk ) (2.33)

2aﬁ(ﬁ)7iun(p)/ d'k (kz(];Jrk)Zn.k - k2n-k[a-k]

In this formula one sees clearly the contribution of the W-Wilson line in the first integrand. The second
integrand is null in the ML prescription because all poles lie in one semi-circle of the complex k-plane. So
the final result is the same as in covariant gauge.

Finally we can examine eq. (2.29) in the limit in which k is soft. The result is

2is P un(p) [ ' (- ) (2.34)

As the second integrand is null in the ML prescription (still all poles lie in one semi-circle of the complex

k-plane) we conclude that the result is the same as in covariant gauge.

The picture that appears in this exercise is that the choice of one gauge condition in QCD, n-A = 0,
affects only the sector of the fields which are collinear with the gauge vector n. In other words, the ghost
boson in QCD should appear only in the anti-collinear sector of the effective theory. Thus if we want that
all fields of QCD in LCG be represented in the effective theory we are forced to choose at least two different
choices of gauges for the three types of fields in the effective theory. In particular, if we have a collinear and
an anti-collinear matrix elements, as they are separately gauge independent, we can make the gauge choice
n-An = 0 for anti-collinear gluons and 7n-A4,, = 0 for collinear gluons. Thus the T},(5)-Wilson lines will be
different for the collinear and anticollinear fields.
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2.4.1| Quark Form Factor in QCD in LCG

Following the steps in section 1.5, below we calculate the QFF for DIS kinematics in full QCD and
in light-cone gauge, with gauge condition n-A = 0, to illustrate the gauge invariance. Instead of using the
A-regulator, we regulate the IR singularities with offshellnesses: p = (p™,07,p,) and p = (07,p~,p.) with
pL =Py, so then p? = p? # 0.

Let us start with the calculation of the vertex,

o o [ AR A= (B — B ki + ki,
V = —ig®Cpp / S (g,w - ) , (2.35)

The final relevant combination of terms we get after massaging the Feynman part of the numerator is
2Q% +2(p—k)*+2(p — k)* —2(1+ e)k*| 7§ —4(1 — ) LkS . (2.36)
For the axial part we get
2[n-(p— k)] (B — k)*t (2.37)
Thus, we can write the Feynman and axial contributions to the vertex in terms of master integrals as

vEenr = [2Q%1 + 21(p) + 21(p) — 2(1 + €)I3] ¢ — 4(1 — €)I{
verial — [2p.pI5 — 215] 7§ (2.38)

Regarding the WFR, we need to distinguish the contributions to the incoming and outgoing quarks,
since the axial part of the gluon propagator is not symmetric with respect to them. For the incoming quark
with momentum p we have to compute the following integral:

o 2e [ A% AP — Ky ki, + ki,
1) =~ e [ e (e = ).

where the Feynman part of the numerator can be simplified in

—(d=2)(p-§), (2.40)

(2.39)

and the axial part in

2(p — k)*i — p(p — )it — R (6 — )P (2.41)
Thus, we can write I,,(p) in terms of master integrals as

Lo(p) = IS (p) + 157! (p)
159 (p) = I

It (p) = 2Lz — (Pyuit + Fvup)I§ - (2.42)
On the other hand, for the outgoing quark with momentum p we have to compute the following integral:

_ o oe [ AU (P — )Y ki, + ki,
Ly(p) = —g"Crp / on)? 7@({ k)%),; <“VT+-k]>’ (2.43)

where the Feynman part of the numerator can be simplified in

—(d=2)P—-§), (2.44)
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and the axial part in
205 — k)*i — BB — K)t — (P — K)P - (2.45)
Thus, we can write I,,(p) in terms of master integrals as

Lu(p) = L, (p) + L™ (p)
Ly () = Is
Ly (p) = 2qd7 — Pyt + yu) 1§ - (2.46)

Below we present all the necessary integrals to obtain the QFF at one loop. First, I,

dk 1
I — 2 2e
1= g Crp / @) (5 — k)20 — k)2k

ddk 2
= —ig>Cpu* / dxdy/ — Y 3
= 2k(zyp + (1 — z)yp) + yp?]
asCrp 1 (72 2—p
- _ i _1 L 2.4
s Q2 ( 6 + 2 n ,LLQ ’ ( 7)

where we have multiplied and divided by Q? in order to expand the result around Q% — cc.

The calculation of Iy gives us

dk 1
2
L= i Cru* [ Gt

ddkz 1
= —ig?Cppu* / dx/ 5
— 2kap + xp?)
OéSCF
= 1-— —1 . 2.48
2 (25UV + 2 n=a M ) ( )

I3 integral is

) dk 1
Iy = —ig"Cru* / @2m)d (5 — k)2(p — k)2

dk 1
= —ig?Cpu? / dm/ —
" (2m)7 (k2 = 2k(ap + (1 — 2)p) + p)°
asCr 1 1. Q2
= 1—=-Iln— 2.4
27 (25UV + 2 ﬂQ) ’ ( 9)

which does not have any IR divergence.

For I, we get

dik Wk
I = —ig? 25/ L
1= TR | o G R - B
d «
= —ig’Cru*® / dyd:r/ d k ?ykl'kl 3
— 2k(xyp + (1 — x)yp) + yp?]

We take only the contribution x ¢ and define I = k — zyp — (1 — z)yp

« 1 2
o~ V1 2 yl
= —ig°Cr—p / dydx/
270 Jo (M) [12 4 (y — y? + 22y% — 2(wy)?) p? — (1 — 2)7y?Q?)°

asCry¢ (1 Q?
= = —+3—In— 2.50
27 8 (EUV + M ( )
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The calculation of I5 gives us

d
Is = —ig2CFu2€/ d’k ! =0. (2.51)
(2m)¢ (p — k)?k2[k+]

For I we obtain

o [ A% (=2 P)
=o' [ G Gt

L, aCp 1 1 1, —p?
= - —1 — . 2.52
i 2m (26UV * 2 12 (2.52)
For I; we have
dok 1
_ 2 2¢ _
I7; = —g CF,LL / (27T)d k2[k+] =0. (2.53)

For I} we get

wo_ 2 %€ dk (p - k)#
Iy =~g°Cru / @2m)2 (p — k)2k2[k]

Ak -kt
_ 2 2¢ 2
=l / (2m)? (p — k)R [k ]

_ ,%“(4)12, (2.54)

given that the position of the poles forces the numerator to be proportional to kT in order to cancel the
same factor in the denominator and have a nonzero result.

And finally for I}’ we have

nwo_ 2 2e ddk (ﬁ - k)ﬂ
fo=gCrn / (@m)7 (p — k)*k2[k"]

ddk? ,kJrﬁ
_ 2 2e 2
=9 Cru / @m? (5 — k)2k2[k]

- " Cn, (2:55)

given again the position of the poles.

Using the master integrals above we can obtain the vertex at one loop,

V = VFeyn + Vamial ,

C 1 1 —p? - 2
yrem _ GCF A oy P S
27 2€UV 2 [L2 Q2 Q2 3
: OéSCF —p 2
Va:mal _ a(_9 1— _1 - . 2.56
2 11(=2) (25UV - 2" I ) (2:36)

The WFR for the incoming quark is
Lo(p) = I, (p) + L7 (p)
a,Cp | 1 1 1, —p?
IFeyn — )
L) = 25 (o g )
OéSCF

L (—aip) ( +1- %m%) . (2.57)

2eyv

Igjwial (p) —
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And the WFR for the outgoing quark is

Ly(p) = L™ (p) + I (p) ,
. asCr . 1 1 1. —p?
IFeyn — - Zln—/—/—
£ = 25 (o y )
Ievial(py = 0. (2.58)

Combining the vertex and the WFRs for the incoming and outgoing quarks, we get the Quark Form
Factor calculated in QCD and in light-cone gauge,

11() oz_ll’w(ﬁ) a

p| JH p) =V — =
asCr 1 2 I —p? —p? 1 72
=~7 |1 —=In— —In —721— —1—7—7— . 2.
"YJ_|: + o ( 211#2 Q2 Q2 + ,LL2 B 3 ( 59)

We can see that the results in Feynman gauge and in light-cone gauge are the same, i.e., the QFF is gauge
invariant, because the axial contributions of the vertex and the WFR cancel with each other.

2.4.2 | Quark Form Factor in SCET in LCG

Once we have shown that the QFF in full QCD is gauge invariant, let us consider its factorization in
SCET in LCG. Our aim is to show the gauge invariance of the collinear and soft contributions, taking into
account the transverse gauge links. This will be done by considering the relevant integrands, without being
necessary to calculate them and extract the hard matching coefficient. This coefficient, although we use
offshellnesses to regulate the IR physics instead of the A-regulator, is the same as in the previous chapter.

The contribution to the collinear jet in Feynman gauge is provided by the W,, Wilson line and it is

dk pt kT
2m)d [kt +i0][(p + k)2 + 0] [k2 + 0] °

JEn = —2ig*Cpp® / ( (2.60)

In light-cone gauge with gauge condition 7i-A,, = 0 this result is reproduced when combining the axial part
of the WFR,

. dk pr okt (k™) . 6(=k)
IA% = 4ig? 25/ 2.61
= AHTCRT | T T k)2 + 0 0] |k 1 i0 | kT —i0] (2.61)

which contributes to the jet with —1/2, and the contribution of the T Wilson line,

. ik pt ot kT 1 1
T _ _9;,2 25/ O(—k— — . 2.62
R B (P ) o el e R (262

It is then clear that

7Feyn _ 3T _ I7Iz4$
Jem = T - 2 (2.63)

Notice that we have written the axial part of the WFR in a convenient way, in order to combine it easily
with the contribution of the 7" Wilson line.

Let us consider now the soft function and choose the gauge fixing condition n-As = 0. The virtual part
in Feynman gauge is

dok 1
21 [+ + i0)[k~ + 0] [k2 + 0] "

Sfeyn _ *2'L‘g2CFM2E/ ( (264)
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In light-cone gauge the contribution of the T" Wilson line is

ST = —QngCF,uQE/

A% [0(=k~)  O(—k™) 1
(27)d [kﬁ +i0 kT — io}

Notice that we can add to S¥ the quantity ® = 0, which is defined as

(b +0][k2 + i0]

Ak [ 0(k™)  O(—k) 1
@T = _9 2 26/
Crr” | Gy | a0 k=0

(k= + 0]k +40] -

(2.65)

(2.66)

The quantity ®7 is exactly zero because when integrating in k1 all poles, again, lie on the same side of the

complex plane. Now it is easy to verify that, at the level of integrands,

Syt = ST 4+ o

(2.67)

In other words, the 7" Wilson lines in the soft sector insure the gauge invariance of the soft matrix element

irrespective of any infrared regulator.

Concluding, we have shown that the collinear jet and soft functions are gauge invariant, and thus the
factorization of the QFF using SCET in light-cone gauge can be done, once the transverse gauge links are

invoked.



DRELIL-YAN TMD FACTORIZATION

I this chapter we derive a factorization theorem for the gp-spectrum of Drell-Yan heavy-lepton pair

production using effective field theory methods. In this process there are three relevant scales: the mass
of the lepton pair (M), its transverse momentum (gr) and Aqcp. From the effective theory point of view,
the factorization of long- and short-distance physics can be understood as a multi-step matching procedure
between different effective theories at the relevant scales. Along the way we will define the transverse-
momentum-dependent parton distribution functions (TMDPDFs), which will be the main hadronic pieces
of the factorization theorem when M > gr ~ Aqcp. We will show explicitly that these functions are free
from rapidity divergencies and discuss their properties. In a second step, when M > gr > Aqcp, we will
refactorize these TMDPDFs in terms of the collinear PDFs. The factorization theorem is validated to first
order in o and also the gauge invariance between Feynman and light-cone gauges.

3.1 Introduction

Below we re-examine the derivation of the factorization theorem for Drell-Yan (DY) heavy lepton
pair production at small transverse momentum g7 and the proper definition of the non-perturbative matrix
elements that arise in such factorization theorems. The region of interest is Aqcp < g7 < M, where M is the
heavy lepton pair invariant mass. This topic was considered long time ago by Collins, Soper and Sterman [50]
where the two notions of factorization and resummation of large logarithms (of the form a”In™(¢3/M?))
were systematically investigated. Those efforts yielded the well-known “CSS formalism”. Here however
we implement the techniques of soft-collinear effective theory (SCET) [24,25,27,30] to formally derive the
factorization theorem for the gp-differential cross section. Within the framework of effective field theory,
other efforts for gr-dependent observables were also considered in [6-9, 51].

Formal manipulations in SCET give us a factorized cross section for Drell-Yan at low ¢r which, picto-
rially speaking, looks as follows !

do = H(Q*/ ) Jn(pr) ® Ja(ur) ® S(ur) (3.1)

where Q2 = M? and up is a factorization scale. Here H, Jn(n) and S stand respectively for the hard part,
the collinear matrix elements for the two collinear (n and n) directions of the incoming hadrons and the
soft function. The above result might look familiar and in fact it resembles the one obtained by Ji, Ma and
Yuan [17] for semi-inclusive deep-inelastic scattering (SIDIS) (with the relevant adjustments that need to
be made when considering DY instead of SIDIS or vice versa). In eq. (3.1) power corrections of the form
(¢2/Q?)™ have been omitted.

Explicit operator definitions for the various quantities in eq. (3.1) will be given in the next sections.
However it is worthwhile at this stage to emphasize the important features implied in the derived factorization
theorem, eq. (3.1). The soft function S(qr/Q) encodes the effects of emission of soft gluons into the final
states with momenta that scale as Q(A, A\, A) where X is a small parameter of order gr/Q. Those final state
gluons (which hadronize with probability 1) are needed to kinematically balance the transverse momentum
of the produced lepton pair. As we argue below, this function depends only on the transverse coordinates x|
and the renormalization scale p (which is implicitly assumed). This feature of the soft function is consistent

IThe leptonic contribution is well-known and it is not shown in this section to simplify the notation.
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with the definition of the soft functions of Ji. et al. and Collins [17,52]. The importance of such soft
gluons was also acknowledged in [8], however due to the use of a special regulator, the “analytic regulator”,
their contribution vanishes in perturbation theory due to scaleless integrals. It is worth mentioning that
in different regulators this is not the case and the soft contribution has to be included —explicitly— in the
factorization theorem thus one obtains a regulator-independent theorem as it should be.

In the effective theory approach, soft and collinear partons (with scalings of Q(1,A?, \) for n-collinear
or Q(A2,1,\) for ni-collinear) are not allowed to interact simply because the collinear partons would be
driven far off-shell. This is in contrast to ultra-soft and collinear interactions, where ultra-soft gluons scale
as Q(\%, A%, \?). However ultra-soft gluons are not relevant to the kinematical region of interest [6,8] and
will not be discussed further. The relevant framework to describe soft gluons (with A ~ ¢r/Q) interacting
with collinear partons (with off-shellness @*A* > AZcp) was named “SCET-¢r” in [6] and here we will
adopt the same terminology. In SCET-¢r the virtuality of the particles is of order g%, so it is different from
SCET-II [31,34], where the virtuality is of order A(QQCD. SCET-II is needed in order to perform an operator
product expansion (OPE) at the intermediate scale gr which would result in the appearance of the fully
integrated PDFs. In both of these theories soft partons are decoupled from the collinear ones and their mere
effect is manifested through the appearance of soft Wilson lines at the level of the matrix elements or Green
functions of the theory.

Due to the fact that the soft function has a non-vanishing contribution in eq. (3.1), then one needs
immediately to consider the issue of double counting arising from the overlapping regions of soft and collinear
modes (when perturbative calculations are performed for the partonic versions of the hadronic matrix el-
ements.) It turns out that this issue will dramatically affect the proper definition of the collinear matrix
element(s), namely the TMDPDFs. In the traditional perturbative QCD framework the issue of double
counting was treated through the notion of “soft subtraction” [45,46]. In SCET, the analogous treatment
was handled through “zero-bin subtractions” [34]. For sufficiently inclusive observables (and at partonic
threshold) an equivalence of the two notions was considered in [53-55]. Also in [6,38] such equivalence was
demonstrated up to O(as). In our case, we show in section 3.4 that for certain IR regulators and in the
kinematic region of interest, the equivalence of soft and zero-bin can also be established explicitly to first
order in asg.

Given the above and in order to cancel the overlapping contributions, the factorization theorem now
reads
do=H(Q*/i)Jp @S ez ]as. (3.2)

The hatted symbols refer to the perturbative calculation of the collinear matrix elements that still include
the contamination from the soft momentum region. Variations of the last result appeared in [17,56] and also
very recently in [20,52] (see also [11,57]). In SCET one could also consult [6,38,54,58,59].

Interestingly enough, the last version of the factorization theorem, eq. (3.2), is still problematic. Indi-
vidually, the partonic collinear matrix elements and the soft function are plagued with un-regularized and
un-canceled divergences which render them ill-defined. Those divergences show up perturbatively through

L
/ drk (3.3)
O t

which are manifestations of the so-called “light-cone singularities”. Those divergences appear, for certain IR

integrals of the form

regulators, also in the (standard) integrated PDFs, however they cancel when combining real and virtual
contributions. This is not the case though for collinear and soft matrix elements in eq. (3.2). Those light-
cone divergences are a result of the fact that the Wilson lines (both soft and collinear) are defined along
light-like trajectories, thus allowing for gluons with infinite rapidities to be interacted with. To avoid such
singularities, an old idea, due to Collins and Soper, is to tilt the Wilson lines thereby going off-the-light-cone.
This trick was pursued in [17,56]. More recently, Collins [20] argued that such regulator is necessary to
separate ultraviolet (UV) and IR modes thus establishing two purposes: obtaining well-defined objects (free
from un-regularized divergences) and a complete factorization of momentum modes. In the light of the above
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arguments, one needs to define a new set of collinear matrix elements as follows

o _ Iniie)
nt(nt)_ \/S_t I

where the subscript ¢ stands for “tilted” Wilson lines which are no longer light-like. This is true for collinear
and soft ones as well. With this, the factorization theorem takes the form

(3.4)

do = H(Q*/p?)F,, ® Fr, . (3.5)

However, below we take a different path. We show that all IR divergences, namely the soft and
collinear ones appearing in a massless gauge theory, as well as the light-cone singularities, can still be
regularized while keeping all the Wilson lines defined on-the-light-cone. When going off-the-light-cone one
introduces the (-parameter, ¢ = (Pn;)?/(n;)?, where P stands for the incoming hadron momentum. This
parameter complicates the phenomenological studies since, among other things, it will affect the evolution
of the hadronic matrix elements because { — co. However when staying on-the-light-cone, the evolution of
the TMDPDEF will be governed only by the factorization scale . Second —and on the technical side— the
non-vanishing small components of n; and 7n; introduce small contributions (in powers of effective theory
parameter \) that violate the power-counting of that theory unless some ad-hoc relations are imposed between
the small and large components of the tilted vectors. It is also not so clear how one can relate the TMDPDF
with the integrated PDF when going off-the-light-cone. Moreover, staying on the light-cone is much more
compelling when one considers computing, say, the TMDPDF and its anomalous dimension in light-cone
gauge. When choosing this gauge, then going off-the-light-cone is completely awkward. Those considerations
motivate us to stay on-the-light-cone. When doing so one gets

do = H(Q*/p*)F, ® Fy . (3.6)

The above result, which works in the regime where @ > ¢r ~ Aqcp, is still an intermediate step
towards getting the final factorization theorem. However we will define our TMDPDFs, F,, ), based on it.
An extended discussion of the “on-the-light-cone TMDPDF” and its properties will be given in the sections
below.

Given that the TMDPDFs, F,, (), include soft contribution, then they become dependent on the per-
turbative intermediate scale g¢r, thus a further step of factorization is needed when ¢r > Aqcp. This
is achieved by performing an operator product expansion (OPE) in impact parameter space in the region
bk Aéé p» Where the TMDPDFs are matched onto the integrated PDFs f,,(7). Once performing the OPE
in impact parameter space, we get 2

do = H(Q*/1®) [Crla;b, Q, 1) ® fu(x;p)] [Calz:0,Q, 1) @ frlzp)] - (3.7)

Notice that C‘n(ﬁ) still have an explicit Q?>-dependence. This dependence is harmless in the sense of factor-
ization of Lorentz invariant scales, since H and C),(5) are both perturbative while f, ) are non-perturbative.
However this dependence asks for resummation of logarithms of Q2/u? once p is chosen to be much smaller
that ). The extraction of the Q2-dependence of C’n(ﬁ) and its resummation thereof is discussed in section 3.7.1
and the final result for the cross section is

de—27E C,?(:c; by, p)® fr(z;p)

Qb2 —D(b,p) 0 >
* l(4e—2w> Cn(z;bL7M)®fn(z;ﬂ)] : (3.8)

This result allows the resummation also for large logarithms of Aqcpd to be performed by simple running

do = H(Q?/11?) l( Qv >‘D(b’“’ o ]

2Notice that the convolution in eq. (3.6) is in momentum space with respect to EnL and EﬁL while the convolution in eq. (3.7)
is in the Bjorken variables z and z.
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between different scales.

Another novel feature of our derived factorization theorem is gauge invariance. Recently it was
shown [40,60] that SCET, as was traditionally formulated, has to be adjusted by the inclusion of transverse
Wilson lines, T7s, so as to render the basic building blocks and the Lagrangian of SCET gauge invariant under
regular and singular gauges. This has the powerful result that all the derived physical quantities (appearing
for example in the factorization theorem eq. (3.1) or the likes) are gauge invariant and no transverse gauge
links need to be invoked by hand in the aftermath. This derivation allows one to consider, for example, the
subtracted TMDPDF in covariant gauge, say Feynman gauge, and in singular gauge, say light-cone gauge.
We have carried out such computations and found, as expected, full agreement to hold at first order in the
strong coupling as.

Factorization of Drell-Yan at Small g7

Let the momenta of the two incoming partons initiating the hard reaction be p and p. We denote
vp = |01 | for a general vector , in particular gr = |¢L|. The momentum scalings of the n-collinear and
n-collinear were given in the previous section. Together these modes give the momentum scaling of the
outgoing photon: ¢ =p+p~ Q(1,1,A).

The initial form of the cross section is

AT d4q 1
drye~ Y
= 3¢2s (21)1 4 > / ve

01,02

X (=guw) (N1 (P, 01)No (P, 03)|J* (y)J* (0)|N1 (P, 01)No(P, 03)),
Th=D g, (3.9)

q

where J# is the electromagnetic current and e, is the quark electric charge. P and P correspond to the
hadrons momenta and s = (P 4 P)?. Note that the scaling of the position variable y in eq. (3.9) is
y~1/Q(1,1,1/)A) and we will make use of this below.

The full QCD current is then matched onto the SCET-gr one,

T =C(Q* 1) eqXaSa St xn (3.10)

q

where in SCET the n-collinear and n2-collinear (or anticollinear) fields are described by x,(r) = WnT(;)En(ﬁ).
For DY kinematics we have

n

W () = Pexp [zg/

— 00

T
W) = Tnmy Wan)
0
dsn-Ap(x+ sn)} ,

0
Tn(x):PeXp [zg/ drily - Api (2,007, %1 +lﬂ')} ,

0

Tin(z) = Pexp [ig/

— 00

driy - Ani (0ot 2™, %, +ll7')} . (3.11)

Wi can be obtained from W,, by n ¢ f and P < P, where P(P) stands for path (anti-path) ordering.
The transverse Wilson lines are essential to insure gauge invariance of x, ) among regular and singular
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gauges [60]. The soft Wilson lines and their associated transverse Wilson lines are given by

T
Sn@) = Tsn(sn)Sn(n) »

Sp(z) = Pexp [ig/o dsn~A5(x+sn)] ,

— 00

0
Tsn(z) = Pexp {zg/ dTlL'ESL(m+,O_,fL+lLT):| ,
- B )
Tsn(x) = Pexp [zg/ drily - A1 (07,007, 7, +lﬂ')} ) (3.12)

where T, (sn) appears for the gauge choice n- Ay = 0 (n- Ay = 0) and S5 can be obtained from S,, by n <> n
and P < P. In the SCET literature there are different ways for obtaining the appropriate soft and collinear
Wilson lines. However, one can also start from the full QCD vertex diagram and then take the soft or the
collinear limit of the virtual gluon loop momentum. The resulting vertices obtained can unambiguously
determine the soft and collinear Wilson lines in the effective theory. The above definitions of the Wilson
lines are compatible with the QCD soft and collinear limits for time-like (DY) virtualities. In section 3.4
we present the Wilson lines relevant for space-like (DIS) kinematics and their derivation follows the same
argument of taking the soft and collinear limits of QCD.

Using Fierz transformations and averaging over nucleon spins, the hadronic matrix element in eq. (3.9)
can be casted in the form

—(N1(P,01)Na(P, 02)|J“T( )Ju(0)|N1(P, 1) No(P,02)) —
@ L P NalP. ) (10560 (550

X Tr [T(Sl@)sﬁ<y>>T<s,2<o>sn<o>>} IN1(P, 1) N3 (P, 02)). (3.13)

Since the n-collinear, n-collinear and soft fields act on different Hilbert subspaces, one can disentangle
the Hilbert space itself into a direct product of three distinct Hilbert subspaces [24,53]. The collinear, anti-
collinear and soft fields obey different Lagrangians which are opportunely multipole expanded [24], however
the multipole expansion of these Lagrangians does not affect the “y”-dependence of the fields in eq. (3.13)
(because there are no interactions among soft and collinear ﬁelds). Due to these arguments, one can then
write the cross section as

4a?  diq TR 9 o )
= 3N.g%s 2n) /d H(Q*/1?) Y eq In(w) Ja(y) S(v), (3.14)

q

where H(Q?/p?) = |C(Q?/12)[? and

Jaly) = 5 Z (No(P, o) Xw(0) 5 xwly) |N2(P,03))

S(y) = <0|Tr T[ST1ST) (y)T[SETST](0) |0) . (3.15)

Notice that the collinear matrix elements J, 5y defined above are meant to be pure collinear, i.e., they do
not contain any contamination from the soft region. In section 3.4 we show the relation between these pure
collinear matrix elements and the naively calculated ones.

We now Taylor expand eq. (3.14) in the physical limit that we are interested in. The photon is hard
with momentum ¢ ~ Q(1, 1, \), so that in exponent e ~%4¥ in eq. (3.14) one has y ~ %(1, 1,1/)), as mentioned
before. On the other hand, the scaling of the derivatives of the n-collinear, anticollinear and soft terms are
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clearly the same as their respective momentum scalings:

By oyt
(85 s ayiJr 7 ay%a]ﬁ) ~ ()\271;)\)7
<ayi_s,ayi+s,%s) ~ (AN (3.16)
and thus
<y_ayi_<]n,y+%i+zfmy¢%%efn> ~ (1A% 1),
<yayi_Jn,y+%i+Jn,y¢&%Jn> ~ (A%, 1,1),
<ya;i_5,y+%i+5,m&%s> ~ (A1), (3.17)

Then, the leading term (O(1)) of the cross section reads

dma® d4q 4, —ig- 2/ 2 2
dUZW(QW)4/d ye UV H(Q/p?) Y en

q

X Jn(0+ayivgl_) Jﬁ(y+7077g‘l_) S(0+507537J_) =+ O()\) .

It should be immediately noted that if one had considered ultra-soft scaling Q(\?, A2, \2) instead of the soft
one in the soft function S, then after the Taylor expansion S would be exactly 1 to all orders in perturbation
theory. This is the case that was considered in [8]. The fact that the soft function S depends only on the
transverse coordinates is of crucial importance.

In the following we will consider the leading order contribution to the partonic version of the cross
section eq. (3.18), but in an abuse of notation we will denote the partonic versions of the matrix elements
as their hadronic counterparts,

dro? dxdzd?q)
do — H(O% /12 2
o 3N 2(20)° (Q°/17) ;eq

— — —

X /d2]_f’nLd2Eﬁld2ESL 5(2)((jl — EnL — kﬁL — I;;sl) Jn(l’; k/’nl) Jﬁ(z§ kﬁl) S(Esl) ) (3-18)
with

L AT g
Jn(l’;k/’nl):—/ﬁe—z(%’r Zp*’—’rL knL)Jn(Oﬁ-,r_’FL)’

L AR ey e
nteika) = 5 [ Sggee R B 07 ),

- d*FL e R .
S(kSL)/(Q;;em el (0,07, 7). (3.19)

Collinear and Soft Matrix Elements at O(a)

In this section we calculate the collinear and soft matrix elements in eq. (3.18) to first order in as. We
use dimensional regularization (DR) to regulate UV divergences with MS-scheme (u? — p2e7® /(4r)), and
the A-regulator introduced in section 1.5 for IR and rapidity divergences.
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Figure 3.1: Virtual corrections for the collinear matriz element jn(ﬁ). The black blobs represent the collinear
Wilson lines Wy, in Feynman gauge or the T,, Wilson lines in light-cone gauge. Curly propagators with a line stand
for collinear gluons. “h.c.” stands for Hermitian conjugate.

(b)

|
() (d)

Figure 3.2: Real gluon contributions for jn(ﬁ).

The naive collinear matrix elements to be calculated will contain a contamination from the soft region,
and thus will be denoted by jn(ﬁ), to distinguish them from the pure collinear ones J,,(5). In section 3.4 we
show that using the A-regulator the subtraction of the zero-bin contribution is equivalent to the subtraction
of the soft function.

3.3.1 Collinear Matrix Element J, )

The naive collinear matrix element at tree level is

WIE(E.0%.60) B ea0) 1) = 47yt (3.20)

so that

A

Jno =61 — 2)0® Ky ), (3.21)

where the numerical subscript denotes the order in the ay expansion.
The diagrams in fig. (3.1) give virtual contributions to Jy. The Wave Function Renormalization (WFR)
diagram (3.1a) gives

dk —(@d-2)p-§)
(2m)d [(p — k)2 + iA~][k2 + i0]

B9 (p) = —g2Crs(1 — 2)5? </%‘M>u2€/

. asCF g 1 1 ‘LLQ 1
— 51 — )6 (k, 21 - .22
560 =) (Fo) | g+ g+ (3:22)
Combined with the Hermitian conjugate diagram we get
N .C - 1 w1
D(p) = 2B1o+@ 1oy () = XZF 509 5@ () | — + Int 4 = 3.23
(p) (p) = =500 =2)0 0 kn1) | = +In= + 5| (3.23)

which contributes to the collinear matrix element with —3%(p).
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The W,, Wilson line tadpole diagram (3.1b) is identically 0, since n? = 0. Diagram (3.1c) and its
Hermitian conjugate give

2(3.1e)+(3.1¢)*

A ~2ig”Cpo(1 — )0 (kp 1 >
/ 4k pt o+ ket
X - - — + h.c.
(2m)d [kt —idF][(p + k)% + iA~][k? + i0]
asCr -
= =501 —2)6¥ (k,
OF 50— )0 ()
2 5+ 2 25+A7 Ai 2A7 77T2
S PN S o el SN I 24
X [Elenp+ +5UV n P 2ln— +1In 2 +2 13 (3.24)

The relevant diagrams for the real part of .J,, are shown in fig. (3.2). Diagram (3.2a) gives

+(3.2a) 2 Ak o 2(1 — &)k |?
J= — org?C +/—6k o(k*
e e L P e S PRy
x & ((1—a)pt — k) 6P (kL +Eny)
sC Fn |
= a2 QF (1 - E)(l - :E) . | L| P (325)
4 |1Fnsl? = iA=(1 —2)
The sum of diagram (3.2b) and its Hermitian conjugate (3.2c) is
d + +
FB.20+(3.20) _ _,y 2 +/ d’k E2)0(k+ pT—k
Int mCrP” | Gy ) e - e A
x 8 ((1—x)p* — k) 6@ (kL + kni) + hec.
i | |
- + hee., 3.26
22 | (1 —x) JrzéJf/pJr |I<;nl|2—zA (1-2) (320)
Diagram (3.2d) is zero, since it is proportional to 72 = 0.
The virtual contribution to the collinear matrix element in impact parameter space is
Y 23.10)+(3.10)* 1-
nl = J7(11 JHERT 52(17)
= aCrsg gy
27
2 ot 3 ,0tAT 3. AT AT T T
—In— —1 — =-In— +1In - — 27
. Euv np+ * 2euv ! ptp? 2 ! p? " M2 " 4 12 (3.27)
The Fourier transform of diagrams given in Eqs. (3.25) and (3.26) are
5 3.2(1) CYSCVF 46_2VE
J( =—1—-2)lh—F—— 3.28
nl It ( l’) nA,(l 7£L')b2 ( )

and

X c C Qe—2VE
3.2043.2¢) _ asCr x } e the.

(3. 2¢) _ |
It 22 |:(1$)+Z'5+/p+ "TAA—o)?

a,Cr [ 4e=27E 2x AT 2
= 1 —26(1 — 2)n=s ) + Z5(1 -
5 [n AT ((1 s §(1 — z)ln o2 ) + —=d(1—x)

—25(1 — ) (1 g—z — —1 222 )] : (3.29)
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In the above we have used the following identities in d = 2 — 2¢:

/ dE e P f(|RL)) = [bu|d(2m)? / dyy?Js_,(y) f <i> ,
0

b1
d7, ik, ‘b 7 72 To—d a [% 4 Y y?
JatRie® B wiE P = B0 [ty e (25 et @0
0 bil) 1oy
with
/ L TR S . ot
e kL2 —iA? T

~ ik n RL)? de=2P
/ddICJ_GZkL bLJ;l :71'1116272 (331)
|k |*+ A4 A®b

when A — 0. We have also used the following relations when §%/p™ < 1,

x x 2x ot
= ~25(1 — 2)ln >
S R e s o el s e P s
2ln(l — x) 2ln(l — x) 72 1, 56"
—o5(1—a)(1- = - “m2o
A=) tiotjpr T (=) —iotjpr ~ 200 —2) 24 2" pF )0
i a —ird(1—x). (3.32)

(1—z)+iot/pt (1—=)—idt/pt

Finally, combining virtual and real contributions, the naive collinear matrix element at O(cy) in impact
parameter space is

P asCr 2 AT 3 1 3 AT
n=0(1— o(1 — —hnh—+-——--+=-L 2L In—
J, (1—2x)+ o {( x)|:€UVnQ2+2€UV 7 talet J_HQQ

A-
—(1-2)n(l —z) — quqln? - LLPqeq} , (3.33)

where Py 4 is the one-loop quark splitting function of a quark in a quark,

_ (LAt _ 14 3o 2 B
Pq&q_(1$)+_(1x)++26(1 ) (1,z)++(1 )+25(1 ) (3.34)

As it will be explained below, the A~ dependence that accompanies the splitting function is a manifestation
of the pure long-distance physics, which is washed out by confinement. However, the AT dependent terms
in the first line correspond to rapidity divergences, which cannot be cancelled nor by renormalization nor
by confinement. In fact, they prevent this matrix element for being a well-defined hadronic matrix element,
where one can cleanly separate UV and IR contributions. As we will see, the TMDPDF will be a combination
of this matrix element with the (square root of the) soft function, achieving a complete cancellation of rapidity
divergences.
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(a) (b) (c)

Figure 3.3: Virtual corrections for the soft function. Double lines represent the soft Wilson lines, Symy. “h.c.”
stands for Hermitian conjugate.
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Figure 3.4: Real gluon contributions for the soft function.

3.3.2 Soft Function S

The contribution of diagrams (3.3a) and (3.3b) is zero, since (3.3a) is proportional to n? = 0 and (3.3b)
to 2 = 0. Diagram (3.3c) and its Hermitian conjugate give

3.30+(3.30° _ o 2 <2)(7 25/ d’k 1
S! = —2ig2Cré@ (K, h.c.
1 i Cro = k)i | BN o Tt 1o iE 1 0] T
a,Cr - 2 2 6t ots— x?
— _F SOk, [_ S +1n? +— . 3.35
o (Fs) ey euv pP u? 2 (3:35)

For the real emission of soft gluons, diagrams (3.4a) and (3.4d) are zero, since they are proportional to
n? = 0 and 7?2 = 0 respectively. Diagram (3.4b) and its Hermitian conjugate (3.4c) give

(3.4b)+(3.4e) _ drg? / d'k 5(2)(7_ﬁ + Esl)é(k2)9(k+)
£ R e T T o e
. 70450F 1 §té~

= = . 3.36
T [l P —0t0— Jher]? (3:30)
Using
oW 1 A2 1. ,4e 278 2
ddk ik, by _ 1 - — —— 2= 0 3.37
/ 1€ |]{;L|2 A2 n|]{;L|2 ™ 9 n A2p2 3 ( )

when A — 0, and combining the virtual and real contributions, the soft function in impact parameter space
is

(3.38)

~ asCp 2 2 AAT 9 A-AT 72
S=1+ [—+—ln—+L + 2L In——>% + —

2m ey euv pPQ? + Q> 6
This soft function, appropriately combined with the collinear matrix element, will allow us to define the
TMDPDEF.
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Equivalence of Soft and Zero-Bin Subtractions

Let us start this discussion by considering eq. (3.26), which gives the non-trivial real gluon emission
to the naive collinear contribution to the TMDPDF. When taking the gluon momentum k to the soft limit:
k ~ Q(\ A, A\), one needs then to distinguish between generic values 1 — 2z where it scales as 1, on one hand,
and the threshold region where 1 — x scales as X on the other. In the former case, taking the soft or zero-bin
limit amounts to dropping the k™ from the 6((1 —z)p™ — k™), thus getting a trivial (1 — ) contribution. In
this case the equivalence of soft and zero-bin subtractions can be easily verified, as we show below. However
at the threshold region and in the soft limit the term 6((1 — z)p*t — k™) remains intact. This will give a
non-trivial z-dependence, manifested not only by 6(1 — z) but also with the appearance of 1/(1 — z)4 in the
zero-bin contribution at O(a;) and with more involved “+” distributions at higher orders. Given that our
soft function is independent of x, then the equivalence of soft and zero-bin subtractions breaks down. This
is in complete contrast to the case of partonic observables at threshold. In the latter, the soft function has
to have an explicit z-dependence —which arises from separation of the soft Wilson lines in the soft function
along one light-cone direction— and this dependence is fundamental to establish the equivalence of soft and
zero-bin subtractions [54].

Moreover, when certain IR regulators are implemented different results for the soft and zero-bin contri-
butions are obtained. In [10] the zero-bin is zero beyond tree-level, while the soft function has non-vanishing
contributions to all orders in perturbation theory. Below we establish the equivalence of the zero-bin and
the soft function subtractions at order a;s while staying on-the-light-cone and using the A-regulator. The
key point to notice is the relation between the regulators in both collinear sectors, eq. (1.79).

The pure collinear matrix element J, is calculated by first integrating over all momentum space and
then subtracting the soft limit. Clearly this is done on a diagram-by-diagram basis and perturbatively,

Jn = Jno + (jnl — jnl,zb) +0(a?). (3.39)

We show below to O(as) that this can be achieved by dividing the naive collinear matrix element by the
soft function,
Jo )
Jp = ? = Jno + (Jnl —Jno Sl) + (’)(as). (340)
For J; analogous analysis trivially applies. The zero-bin of the WFR, in diagram (3.1a) is zero, and also the

one for diagram (3.1b). The zero-bin of diagram (3.1c) is obtained by setting the loop momentum to be soft,
ko~ (A A N),

jB1a+@.1o _ —6(1 — 2)6@ (k1 )2ig?Cpp®

nl,zb
d +
< / d7k , Pr_ _ L he.
@m)a [+ — i+ [pTh— + iA-][k2 + i0]
= §(1 — 2)§B:3+ B3 (3.41)

It is clear that with the relations in eq. (1.79), the subtraction of this zero-bin is equivalent to dividing by
the soft function in eq. (3.35), proving the equivalence at order «y for the virtual contributions.

Let us now consider the real diagrams in fig. (3.2). The zero-bin of the diagram (3.2a) is zero. Di-
agram (3.2d) and its zero-bin are zero due to 72 = 0. The zero-bin of diagram (3.2b) and its Hermitian
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conjugate (3.2¢) is

5(3.26)+(3.2¢) _ 2 d*k pTo(k?)0(kT)0P (kL — kny)
Tt = —img"Cro(l - x)/ @rf [kt ot pth- £ia-] T

—5(1 - x)S£3.4b)+(3.4c) ’

(3.42)
which is equivalent to divide by the soft function diagram (3.4b) and its Hermitian conjugate (3.4c), given
in eq. (3.36), thanks again to the relation in eq. (1.79).

In conclusion, we have proved to first order in ay that, using the A-regulator, subtracting the zero-bin
is equivalent to divide the naive collinear matrix element by the soft function, which leads us to the following
relation between the pure collinear J,,() and naive collinear jn(ﬁ) matrix elements,

jn(0+ar_;FL) jﬁ(r+70_aFL)

Jn 0+7 —,—* = ) J’ﬁ +70—,—* = ) 3.43
O ) =00 U = S0 0 ) 349
where
jn(0+7 T_aFJ-) = <p| [Ent} (O+a y_v gl_) g [Wngn} (0) |p>|Zb included »
jﬁ(r+a 07) FJ_) = <ﬁ| [gﬁWFT} (0) g [Wngﬁ} (y+a 07) gJ_) |ﬁ>|Zb included - (344)
Thus, using the results in the previous section, the pure collinear matrix element at O(«y) is
= asCp 2 2 A™ 3 1 272 5 3
nl = o(1 — - — —In—- ————-1L -L
J ! 2 { ( 1') |:€%V EUV . /LQ + 25UV 4 12 + + 2 +
A~ A~
—QLLIHF — (1 — ZC)h’l(l — l') - Pqeqln? — LLP(N_q . (345)

Extraction of the Hard Coefficient H at O(«y)

Once we have calculated the collinear and soft matrix elements, let us now establish the factorization
theorem given in eq. (3.18) by calculating the hard matching coefficient H(Q?/u?) to first order in ay. The
hard part for the gp-dependent DY cross section is the same as the one for inclusive DY. As mentioned
before, this matching coefficient at the higher scale @ is obtained by matching the virtual contribution of
the full QCD cross section onto the virtual one of the imaginary part of the product of two effective theory
currents. This echoes the “subtraction method” in perturbative QCD.

We start by rewriting eq. (3.18) as

B dmo? dedzd*qL
~ 3N.q% 2(2m)4

M(w,21,Q) = HQ/u) [6(1 —2)5(1 - 2)0? (1)
+ (001 = 2) T (@31, Q) + 8(1 = @) T (241, Q. )

15(1— 2)o(1 — z)sl@))} +0(a?), (3.46)

do Y eaM(x,241,Q),
q

where M is the so-called hadronic tensor, which can be also written in terms of the naive collinear matrix
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elements,

M(r,20,Q) = HQ /) [6(1 - 2)(1 - 2)0® (1)

(000 = 2) Jan (0531, Qo) + 81 = ) Jan (2.1, Q. )

(1 — 2)8(1 — z)sl((ﬁ))} +0(a?). (3.47)

In QCD, the virtual part of M with A-regulator is

asCp 9 A A 9 x2

[—211& @—311&@—54—7 .
The above result can be simply obtained by considering the one-loop correction to the vertex diagram for
qq — v*, with the inclusion of the WFR diagram while using the fermion propagators in eq. (1.77) with
A* = A. The explicit calculation can be found in section 1.5.2.

M3ep =0(1—)5(1 — 2)63 (qL) {1 + (3.48)

™

Collecting the results in section 3.3, we can write the virtual part of the naive collinear and soft matrix
elements with A* = A,

CYSCF

Jv, = — 01~ 2)6® (K1)
X'21A+3 5 A2 3A+12A+7 772
—n—= —1n — —ln— n“—-4+ - — —
Lleuv Q% 2euv Q?u2 27 p? 24 12|
S (0% CF -
v S 51— 2)6P (ka
m =01 =2)8 (knL)
[ 2 A 3 A? 3. A A 7 Tr?
—In—; —1In? —ln— 4+ In*= - — —
. L Euv nQ2 * 2euy Q%2 2 n/ﬂ et T ]
asCp - 2 2 A? A? 2
SY = —=—=6F (k1) | -5 + —1 —In® - = 3.49
1 27T ( J—) E%V + cuv HQ2’U2 n Q2’u2 5 ( )

Thus, inserting the results above in eq. (3.47), the total virtual part of the hadronic tensor M in the effective
theory is

R a,C 2
Msepr = H(@ /)31 51 - 20 {1+ 55" | -
1 W 2 A A p op? 7 27
+5UV <3+21nQ2) — 2In 0 —Z’)lnc22 +31HQ2 +1In > + i , (3.50)

where the UV divergences are canceled by the standard renormalization process. We notice that the IR
contributions in Egs. (3.48, 3.50) are the same, thus the matching coefficient between QCD and the effective
theory at scale @ is:

2 2 2

1 2 [ i
The above result was first derived in [61,62]. We can also obtain the AD of the hard matching coefficient at
O(a),

H(Q?/p?) = 1+

asCr
2T

dinH a,Cp w2
= =— 6+4ln—| . 3.52
TH dlnp 2 { + DQ2 (3:52)

So we conclude that the factorization theorem in eq. (3.18) is satisfied to first order in ag. The IR

divergences of full QCD are recovered in the effective theory calculation, eq. (3.50). Notice that the rapidity
divergences are cancelled in the combination of the collinear and soft matrix elements, as they should since

we do not have rapidity divergences in full QCD, and thus can be easily identified. And finally, the matching
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coefficient at the higher scale depends only on the hard scale @2, as it should be.

Preliminary Definition of the TMDPDF

The problem with the factorization formula in eq. (3.18) is that in the O(c) calculation of .J,(z) and
S there are still rapidity divergences, which complicate both the renormalization procedure and the non-
perturbative interpretation of such quantities. As we have shown in the previous section, these divergences
cancel in the combination of the collinear and soft matrix elements, as they should, because in full QCD there
are no rapidity divergences. In other words, while using the A-regulator, the only A dependence that remains
after combining collinear and soft matrix elements is pure IR, a manifestation in the partonic calculation of
the long-distance physics that is washed out by confinement. In conclusion, each matrix element individually
is ill-defined and cannot be considered as a physical quantity.

However, when considering the following combinations
- 1 dT_d27:]_ —i(ly— 2 +_,,? E ) + _ — S
Fn(z,km_)i/we (3 p + + Jn(() , T ,TJ_)\/S(O+,O ,TJ_),
- 1 [ drtd?7 , I
Faleikas) = 3 [ Tgmyee AT B et 07,7 VSO0 ) (3.53)

it turns out that those quantities are free from such rapidity divergences. This is shown explicitly to hold
to O(as) in the next section. In the next chapter we will see that this preliminary definition of TMDPDF
is based on some assumption over the IR regulator, and thus needs to be generalized. For the moment, we
will show that it fulfills our requirements for a well-defined quantity, i.e., it is free from rapidity divergences.

Given the equivalence of the zero-bin and soft subtraction with the implementation of the A-regulator,
we can write the TMDPDFs in the following way as well,

Fu(wifu) =5 [ dr L ity Ry (07T
2 (27r)3 S(OJF,O*’FJ_)

Fa(ifar) = | AT iy ) Ja0T07 ) 550
2S e S0T0- )

where the square root of the soft function is subtracted from the naive collinear matrix element. Notice that
this particular definition of the TMDPDEF only applies when the subtraction of the zero-bin and the soft
function are equivalent.

Thus it is compelling to re-cast the factorization theorem in eq. (3.18) in the following form,

dro? daxdzd?q)
do = H 2 2 2
7N 2en O )ijeq

— — —

x / BPhpy Akt 6(FL — kny — knt ) Fo(a; kny, ) Fr (2 kns, ) - (3.55)

The TMDPDFs F,, (7 are defined in general in eq. (3.53), but in the following we take the result in eq. (3.54),
which applies for our particular kinematical regime (perturbative gr and away from threshold) and for the
set of IR regulators implemented below (A-regulator).

Expanding eq. (3.53) to first order in « one finds

- 1 [dEd®E0 1o ot E R 1
Fn(z;knL;Qvﬂ) = 5/%61(é6 Ip+ & knL) |:Jn0+ (Jn1+§JnOS1>:|

+0(a?), (3.56)
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where the numerical subscripts denote the order in the a, expansion. Using the tree-level result for Jy, in
section 3.3, the expansion of F}, up to order ay is

Fn(x; Enlv Qa /L) = 6(1 - $)6(2) (Eﬂi)

. B/d{f@ﬁ;ﬂ i€ ap =€) g %5(1 _x)/ (d;gé ei&.msll 7 (3.57)
which in IPS reads
Foa:Fos, Qup) = JuV'S
= (1= ) + Jor + %5(1 —2)8 + 0(a?). (3.58)

Collecting the results in section 3.3, the TMDPDF in IPS at O(as) is

. C 1 3 1 2
om0 fi [l 21,8
2 gy 26uv Euv M
1 3 Q*
*iLi + §LJ_ — LJ_th — E:| + (1 - ZL') - LJ_Pq(fq
A1
- q%qlnﬁ - 16(1 —z)—(1—2)1+In(1 —2)]; . (3.59)
where we have set AT = A~ = A. As mentioned earlier, individual contributions to Fn(ﬁ) contain rapidity

divergences, however Fn(ﬁ) itself is free from them, and the only A dependence that appears in the equation
above encodes pure IR physics.

Finally, we calculate the anomalous dimension of the TMDPDF to O(as), for which one needs to
consider only its virtual contributions since, as we have seen in section 3.3, all real contributions are UV-
finite. From eq. (3.59) the counterterm for the n-collinear TMDPDF is

a,Cr [ 1 1 (3 w2 )]
Z,=1-— — +— | =+Inh= ]|, 3.60
21 E%V Euv 2 Q2 ( )

and the corresponding anomalous dimension is

_dlnZ, 1 07 1 0Z Oas 1 02, 1 02,

n — = = —— = — - -2 R o) 2
7 dlnp Z Olnp * Z 0o, Olnp 2, Olnp + Z da. (—2ea;s + O(ey))
asCF ,U/2
- 2ag ) - 61
Tnl o |:3 + nQ2:| (3 6 )

For the n-collinear sector we have, analogously, Z5, from which we get

dinZ; a,Cp 12
= 2ln— | .
dlnp 2m {3 + HQ2

In section 3.7.1.1 we give the AD of the TMDPDF at second and third orders in as.

Va1l = (3.62)

3.6.1 | Anomalous Dimension in Dimensional Regularization

It is possible to calculate the anomalous dimension of the TMDPDF using pure DR as in [54]. At one-
loop, we need only to consider the virtual contributions given in diagrams (3.1a), (3.1c¢) and (3.3c). All the
rest vanish identically due to light-like Wilson lines. For diagram (3.1a) (without its Hermitian conjugate)
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we have

2(3.1a) a,Cr Q) (r 1 1
J _ BERs—)6@) [— — — ) 3.63
G0 2 0050 ysef) (- L (3.69)

and for diagram (3.1c),

j(3lc) _ a,Cr

nl

eIt 2)6@ (kny)

L I C e

Notice that in this regularization scheme the energy scale inside the logs is fixed noting that p™ is the only
relevant scale in the virtual part of the TMDPDF. Thus the scale inside the logs is equal to —x(p*)? where
k= Q?/(p*)? and it is required to remove the dimensional ambiguity in integrals of the form: fooo dt t—1-e.
The soft function, diagram (3.3c), gives
€ 2
3.3¢) a,Cp @) (r M2 1 1
§0) = _ZE s, ) ——— ) 2| — - —]| . 3.65
' 2m (i) —K(p*)? €uv  EIR ( )

Taking into account the Hermitian conjugate diagrams, the total virtual contribution to the TMDPDF is

o . 2 (—'“(P*)Z) ~3 ;2 (—'“(P*)Z) —3

asCfp = n? w2

Y — 5(1 —2)6@ (k, _ Y - 4~ 7 3.66
nl o (1= 2)0 (kn1) edy 2euv efn + 2e1R (3.66)

From the result for FV

., one can easily identify the counter-term Z,, needed to cancel the UV divergences

and one gets

asCr u? asCr u?
nl = 21 = 2ln—| , .
Vn1 o {3 + n-— } o 3+ HQ2 (3.67)

which agrees with eq. (3.61).

In eq. (3.66) we again notice that there are no mixed UV and IR divergences. It should be noted that
if one had subtracted the complete soft function from the collinear part (and not the square root of it) then
there would be mixed UV and IR poles and those mixed poles would not cancel even after including the
contribution from real gluon emission. This would definitely prevent such quantity from being an acceptable
definition of TMDPDF.

Refactorization: from TMDPDF to PDF

When gr > Aqcp, the factorization theorem in eq. (3.18) is not the final form yet and the TMDPDFs
still have to be refactorized. In the effective theory approach this corresponds to a second step matching of
SCET-gr, that describes the physics at the intermediate scale ¢r > Agcp, onto SCET-II, that captures
the non-perturbative physics at the hadronic scale Aqcp.

The refactorization of the TMDPDF is essential since the collinear and soft contribution that enter
in the definition of F,,(5) live at the intermediate scale gr, consistent with their construction in SCET-gr.
Since gr is perturbative, its conjugate coordinate, the impact parameter b, is small enough to perform an
OPE in the impact parameter space. Moreover in this space the IR structure becomes manifest with the
appearance of IR poles in dimensional regularization. Obviously, the first term in the OPE would be just the
standard Feynman PDF, and the Wilson coefficient would be the term that sums all the large logs between
Aqep and gr (see refs. [4,5,50] and more recently using SCET refs. [6,8,10,42]). Then, given the following
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OPE (and the analogous for n),

zmaamzlﬁgaxgaw)Mﬁm+w%%w» (3.68)

where
Fo(x;by,p) :/d Ft €0t P F (0 B ) (3.69)

and
fulai) = 3 [ L 0%y ) DO 07, 0 ot eea s (370)

the factorization theorem takes the form

4o’ dzdzd2(jj_ d? bJ_ da'
d _l‘ZL by
7T 3NE 22 Z / /

H(Q?/u?) Cy, (;;bL,Q,u) Cr (;;bJ_,Qvﬂ) fula's p) fa(2's ) - (3.711)

In this effort and for simplicity of presentation we will not consider the contribution coming from a
gluon splitting into two quarks. This contribution is certainly vital for the final result of the DY cross-section.
Here however we are mainly interested in studying the TMDPDF of a quark in a quark. Henceforth we will
refer to this quantity simply as the “TMDPDF” and it can be easily checked that all the results below are
not affected by this omission.

The above result is one of the main results of this chapter and it holds to all orders in perturbation
theory. It is worthy to notice the separation of scales: the hard matching coefficient lives at scale @, the
matching coefficients at the intermediate scale live at 1/b ~ ¢r, and finally the PDFs live at the hadronic
scale Agcep.

As we show below in section 3.7.1, C‘n(ﬁ) have a subtle Q2-dependence which at first sight might spoil
the scale factorization, however this dependence can be extracted and exponentiated, thus putting it under
control.

The complete TMDPDF to first order in s was given in eq. (3.59), and its renormalized result is

~ OASCF 1 3 Q2 7T2
Fn1:6(1—$)+ {5(1—$)|:—§L2L+§LL—LLIHF—E +(1—£E)
A1
—L Pyeq— quqlnﬁ — 15(1 —z)—(1—2)[1+In(1 - x)]} . (3.72)

We will match this result onto the integrated PDF, which we cal calculate below. The virtual diagrams for
the PDF are the same as for the collinear matrix element that enters into the definition of the TMDPDF,
fig. (3.1). From egs. (3.22) and (3.24) we get

. \ , 1 2
(p) = S () — S50 s (F) |+ k=4 5 (373)

which contributes to the PDF with —2%(p), and

. + AT At AT
3.1e)+3.1e)" _ asCF(5 1— 2 1 A i —In?=— —_91 In
Ja o o) S T @ e

(3.74)
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The real diagrams are the same as in fig. (3.2), from which we get

f(32a) _ 27Tg2ch+/ dk 2(1 — €)|EJ_|25(1€2)9(]{3+)5 ((1 — :C)pJF — kJr)

(2m) [(p = k)* +iA7][(p — k)* —iA~]
2
— Oé;iF (1—x) LULV + ln% —1-In(1—2a)] , (3.75)
and
(3.26)+(3.2¢) _ _ . [ d% pt —kt
Ei dmg*Crp* u? / (27)4 amyad B8k )[k+ T ioH[(p— k)2 +iA]

x6((1—a)pt —k%) + he

_ a,Cr 1 u? 2z AT
o 2n KEUV +lnA) ((1$)+ 20(1 = @)in Q?

—25(1 — ) (1 - 2—2 - 51 22;) + 7T25(1 - z)] , (3.76)

where we have used MS-scheme (u? — p?e7# /(47)) and the following relations when 6+ /pt < 1,

- + - T s —am
(1—z)+idt/pt  (1—ax)—idt/pT  (1—a)4 pt’
z(l—x)* p(l-w) z 5
A=) 1ot /pr (U —a)—ior/pr [(1 —2); o1 - ””)lnp+

—e6(1 — ) <1 Q—z—il 2;)] +0(?),

(1 —xz)+iot/pt  (1—x)—idot/pT —imd(1 —z). (3.77)

Combining the virtual and real contributions we get the PDF to first order in as,

fa(@yp) =0(1 —2) + a:Cr [rpm—q (L - 1n£)

27 Euv I

_35(1 —z)—(1—2z)[1+In(1— x)]} . (3.78)

Finally, setting A* = A, we can extract the matching coefficient of the TMDPDF given in eq. (3.72)
onto the PDF given in the equation above, obtaining

~ sC
G =01 —a) + 25 F [ = LrPyeq + (1= 2)

2 2
5(1x)<%L2T 3LT+LT111Q 7{2)} (3.79)

At this stage it is worth noticing the appearance of In(Q?/u?) at the matching coefficient. From the
above result, we can see that by a proper choice of the scale u = py = (2e77% /b), we eliminate this logarithm
since Ly (ur) = 0. However at this order in perturbation theory this cancelation is accidental and it does
not persist at higher orders. In the following section we discuss the appearance of In(Q?/u?) at an arbitrary
order in perturbation theory and how to handle them.
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3.7.1 Q*-Dependence and Resummation

The matching coefficient C,, is expected to live at the intermediate scale gp ~ 1 /b. However the
appearance of In(Q2?/u?) in Cp1, and higher powers of it in higher orders in perturbation theory, might
indicate otherwise. Notice, for example, that the logarithms in eq. (3.79) cannot be combined into a simple
logarithm, unlike the case of threshold region in inclusive Drell-Yan or DIS [39,61]. In the threshold region the
matching coefficient at the intermediate scale iy is a function of only one logarithm, In(u?/u?). Nonetheless,
from general arguments concerning the A-regulator we can extract and exponentiate this Q?-dependence in
the TMDPDF itself, thus putting it under control to all orders in perturbation theory.

Working in pure DR and setting all scaleless integrals to zero, only real diagrams contribute to Fj,.
Then, we can express the logarithm of the TMDPDF in impact parameter space as

~ X 1 ~
InF, = InJ, — §lnS, (3.80)
where

x ot A
ann = Rn (.’L', g, LT,h’lF = ln@) 5

= até~ A2
InS = Rs (Oés,LT,h’IT = an2—‘u2) 5

(3.81)
and we have set A* = A. The need for A-regulator to regulate rapidity divergences in individual Feynman
diagrams of J, and S introduces the logarithmic dependencies shown in eq. (3.84). Due to dimensional
arguments and Lorentz invariance, those are the only possible combinations that can appear.

Since the PDF is zero in pure DR and the matching coefficient between the TMDPDF and the PDF
does not depend on the IR regulator, we have

d -
T InF =0, (3.82)

which implies that R,, and Rs must be linear in their last arguments. Thus we can write
- - Q2
InF, = nF® - D(as, Ly) <1n—2 + LT) , (3.83)
7

where we have introduced Lt just to cancel the p?-dependence in the coefficient of D which simplifies the
RG equations of the TMDPDEF. The function lnﬁ}? is independent of Q2 and all the Q?-dependence appears
explicitly only in the In(Q?/u?). Hence, we can extract all the Q?-dependence from the TMDPDF and
exponentiate it, putting it under control.

We believe that the linearity in In(Q?/u?) can be extracted without relying on a particular scheme of
regularization, but based on general arguments concerning the rapidity divergences. As we have shown in
section 3.6 to first order in o, the TMDPDF is free from rapidity divergences, since all the A-dependence
that remains exactly matches the IR contribution of full QCD. Then, although our A-regulator does not
differentiate the origin of the divergences that it regulates, i.e., it encodes both the IR (soft and collinear)
and rapidity divergences, actually one could use another regulator that makes this distinction manifest. For
instance the v-regulator introduced in [10].

Now, if we denote by v the parameter that regulates only the rapidity divergences (and using a different

ones for the IR), then we believe that, based on the O(as) calculation, the functional dependence of InJ,
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and InS on v should be to all orders

1/2

1njn — ln@ ,
~ 2 2 2
InS —s m% — mé e

R (3.84)

where we have taken p™ = p~ = Q. Since we know that the TMDPDF is free from rapidity divergences, one
can then write

d .

regardless on how the IR divergences were regulated. And this equation again implies that R, and R,
must be linear in the logs of v, which automatically leads to eq. (3.83) and the exponentiation of the Q2
dependence to all orders in perturbation theory.

Using eq. (3.68) the TMDPDF can be written as

~ . Q2p? —D(as,Lr) .
Fo (361, Qo) = < 46_27,5) CRwbu, 1) ® falwi ) (3:86)
where
CR(wsbe, ) = 6(1 - 2) + 22 [Py gL + (1 - 2)
—6(1 —x) <%L2T - gLT + 7{—2)} : (3.87)

The important thing to notice is that all the Q?-dependence in the TMDPDF is exponentiated to all orders
in perturbation theory, where the exponent D is perturbatively calculable and C’f is Q2-independent. Notice
also that eq. (3.86) refers to one single TMDPDF, and not to the product of both as in [8].

Given the renormalization group invariance of the hadronic tensor M in impact parameter space,
M: H(QQ/M2) Fn(zagJ_anl’L) ~’71(Z75J_7Qa:u‘)7 (388)

we can establish the following relation between the AD of the hard matching coefficient, vy, and the one of
the TMDPDEFS, v,,(5),

YH =~V — Vi = —2%n, (3.89)
where v, = v and
dinH dinF, )
= = 3.90
YH le/L ) ’Yn(n) dhl,LL ( )

The AD of the hard matching coefficient is linear in In(Q?/u?) to all orders in perturbation theory [39,63],

2
v = Aas) ln% + B(as), (3.91)

where A(as) and B(as) are perturbatively calculable and are known up to third order in «;. Thus we get
L st~ L) (3.92)
n=—-Alas) In— — -B(ay) . .
7 2 22

Applying RG invariance to the cross section, and the fact that A(as) = 2 cusp(cvs) to all orders in perturba-
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Figure 3.5: Structure of Drell-Yan factorization theorem. QCD is first matched onto SCET-qr at the scale p ~ Q
through H, followed by the RG running down to scale p ~ qr, resumming part of the logarithms of qr/Q. Then
the TMDPDF's F, () are matched onto the standard PDFs fnny at the scale p ~ qr, in the impact parameter space,
through C’n(m. The rest of the logarithms of qr/Q are resummed by the exponentiation of the Q*-dependence in

Ch(n)- Finally, the PDFs are evolved from pu~ Agcp up to p~ qr via DGLAP equations, resumming logarithms of
Aqen/qr.

tion theory, we get

dD(CYS, LT)
dlnu = FCuSp(as) . (393)
The perturbative expansion of D is
0o a\"
D(as,Lr) = Y du(Lr) (E) : (3.94)
n=1

where dy (L) can be straightforwardly extracted from eq. (5.57) and it is: di(Lr) = 2CpLy. da(L7) can
be read off from the result in [8] by taking half of their result for di(Lr). The factor of half results from the
fact that we are considering only one collinear sector rather than a combination of two. Thus

Lofo

do(L7) = 1

1 404 112
L3+ §F1LT +CrCa (? - 14C3) - (?) CrTrny, (3.95)

where we have used the following expansions of the cusp AD and the beta function (o) = dag/dlng,

T = 30Tt (22)" Blan) = 20,3 A (22)" (3.96)
n=1 n=1

| 3.7.1.1 | Resummation

In the kinematic region where Aqcp < gr < @ the logarithms of the scales ratios need to be resummed
to all orders in perturbation theory. For phenomenological applications one also needs to consider the DGLAP
evolution of the PDF from a factorization scale up to some intermediate scale u; as illustrated in fig. 3.5. The
DGLAP evolution is well-understood and will not be discussed any further below. In impact parameter space
where the factorization theorem becomes a simple product one might be tempted, following the effective field
theory methodology, to resum large logarithms of (¢%/Q?) by evolving the relevant anomalous dimension(s)
of the effective theory operator(s). This would be true in the case of threshold resummation, however this
pattern is not sufficient to resum all logarithms for low-gr observables. As was pointed out in [8] and as we
mentioned in the previous section, the appearance of the logarithmic Q2-dependent terms in the OPE Wilson
coefficients —order by order in perturbation theory— of the TMDPDF onto the integrated PDF complicates
the standard EFT resummation procedure since, on one hand, those logarithms do not cancel by any choice
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of the intermediate scale and, on the other hand, they cannot be resummed by standard RGE equations.
They are resummed once they exponentiate.

The origin of such logarithms is attributed, in our case, to the non-vanishing contribution of the soft
function to the TMDPDF. However the resummation of the large logarithms can still be preformed in the
same way as is done in [8]. In both cases the hard matching coefficient is identical and also the final form
of the factorization theorem (after the OPE is performed). It is clear then that the resummation procedure
for the hadronic tensor can proceed along the same lines. The major difference though, is that in our case it
is possible to discuss the resummation of large logarithms contributing to individual TMDPDFs rather than
to the complete hadronic tensor. This fact is important phenomenologically. One can obtain a resummed
TMDPDF in one high-energy process and implement it in a different one due to the universal features of
this quantity. More discussion about this is given in section 5.2.

The resummed hadronic tensor is

- d2bl _iql 'EL
M(va;QLaQ) = (271')2
1334 d / _ . ~ o
X exp [/Q %WH} H(Q? p® = Q%) Fo(x;b1,Q, pur) Fr(z; b1, Q, ur) (3.97)

where the resummed TMDPDF in impact parameter space is

. mdp ..
Fo(x;01,Q, 1) = exp V " %} Fo(x;01,Q, pur)
n

I

= exp " I Tn do—27E

x CR (x;gLaMI) ® folw;pr) - (3.98)

All the large logarithms in eq. (3.97) are contained in the first exponential, the Q2-dependent factor and
the evolution of the PDF (in eq. (3.98)). When matching QCD onto SCET-¢gr we extract the coefficient
H, and by running it from @ down to p; we resum part of the logs of gr/Q. The rest is resummed by
the exponentiation of the Q2-dependent factor, which comes from the OPE of the TMDPDF in SCET-¢r
onto the PDF in SCET-II. Finally, since we need the PDFs at scale uy, they are evolved by the standard
DGLAP from a lower scale Aqcp up to pr, resumming all logs of Aqep/gr. Notice that, due to eq. (3.89),
the running of the hard matching coefficient H from @ down to u; with g, is actually equivalent to the
evolution of the two TMDPDFs from g; up to @ with v, and 5. 3

The AD of the TMDPDF at first order in a; was already given in eq. (3.61). Based on eq. (3.89), we
can extract it from [51] at second order in as:

1 1 (a2 [[[67 =2 5 Q°
7n2*7§’7H2*7§2 <?) {[(%E) CA1_8Nf} CFlnF

13 961 11, w2 65
i (Z§(3) 16 x 27 48" )CACF+ <ﬂ+ 8><27) NiCr

(-2 -wm)orh (3.99)

The last result and the AD at third order in ay, 7,3, which can be extracted in the same manner as ;2
from [64] (see also [65,66]), are essential ingredients to perform phenomenological predictions with higher

3Notice that Tn(n) refers to Fz) and not to fr(z7)-
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Figure 3.6: Relevant kinematical regions for the factorization of DY qr-spectrum. Regions A and C represent the
pure collinear modes in the n and n directions, respectively, and region B represents the soft modes. nnn) stand for
generic rapidity regulators (and not explicit rapidity cutoffs) necessary to separate the soft and collinear modes, and
at the same time, serve for regulating rapidity divergences. When nn ;) — 0 we have y, — 400 and yn — —oo. The
line k¥ =k~ corresponds to rapidity y = 0.

logarithmic accuracies. We can write the resummed TMDPDF in momentum space as well,

F .E _ d2bJ_ _iEnL'EL
n(xa nJ_anlJ’) - (271_)26
B du! 2p2 —D(as,Lr=0) .
X exp [/ i/%] <4Q_27E) 5% (x;bj_,uj) ® fol:pig) . (3.100)
pr M €

Notice that the expression above suffers from the well-known Landau pole when integrating over large values
of b, since the integrand depends on as(p7). In the literature this issue is generally overcomed by setting
a cutoff in b and adding a non-perturbative model function for the contribution from long-distance physics.
However, when the resummation is done in momentum space, following the procedure explained in [8], one
would expect to sidestep this issue for individual TMDPDEF. See chapter 4 for more details regarding the
evolution of the TMDPDF.

The Proper Definition of TMDPDF

As already anticipated in section 3.6, the preliminary definition given in eq. 3.53 was based on some
assumption over the IR regulator, in the sense that the two collinear sectors were treated symmetrically. In
this section we generalize that definition.

Let us revisit the kinematics of the gpr-spectrum of Drell-Yan heavy lepton pair production. If the
incoming partons that initiate the hard reaction have momenta p = (Q,0,0,) and p = (0,Q,0.), where Q
is the virtual photon mass, the relevant modes that contribute to the process are: collinear (k ~ Q(1, A2, ))),
anti-collinear (k ~ Q(A\%,1,))) and soft (k ~ Q(X, A\, \)), where A\ ~ gr/Q is small. These modes have the
same invariant mass, but differ in their relative rapidities, and soft modes can become n, n-collinear under
boosts and vice versa. However one can still define an n, n-collinear and soft contributions which are boost
invariant, as we show below. But definitely there is a need to introduce rapidity cuts, which also serve as
regulators for rapidity divergences occurring when y = 1ln|k*/k~| — %oo.



64 3. Drell-Yan TMD Factorization

In fig. 3.6 7, (n) are generic rapidity regulators that separate soft modes from the n,n-collinear ones.
They also serve as regulators for the rapidity divergences that appear in the collinear and soft matrix elements.
Those regulators should disappear when one combines all matrix elements within the factorization theorem,
since in full QCD there are no rapidity divergences.

In terms of these generic rapidity regulators 7,(5), the hadronic tensor for the gr-dependent DY spec-
trum can be split in impact parameter space as

M = H(Q?) Jn(1n) S, 15) Ja(ns) , (3.101)

where we show explicitly just the rapidity regulator dependence. As already explained in section 3.2, S is
the relevant soft function and jn(ﬁ) stand for pure (anti-)collinear contributions, which are calculated first by
integrating over all momentum space and then subtracting the “zero-bin” contribution, i.e., the soft limit of
the collinear integrands [34] (see also [38]). Generally speaking, this should be done on a diagram-by-diagram
basis. At operator level one can identify those soft contaminations with the soft function itself [53-55],

4. Thus at the level of the factorization

however this equivalence might get spoiled for certain regulators
theorem itself, one should refrain from subtracting the soft function (since this would be based on a regulator-
dependent arguments) and formulate the relevant theorem in terms of pure collinear matrix elements and

soft functions as in eq. (3.101).

Previously we have implemented the A-regulator to regulate IR and rapidity divergences, and as shown
in eq. (1.78), the consistency between full QCD and its collinear and soft limits leads to a relation between
6% and A* through the large components of the parton momenta. In particular, the soft function which,
at operator level, does not know about &’s (or A’s), will have a dependence on p* and p~ because in
perturbation theory those regulators will be invoked. By considering the denominators of the propagators in
eq. (1.77), it is clear that one should treat the A* as boost invariant quantities, i.e., they transform as the
product pTp~, while §* transforms as k™ or p™ (or 1/p~) and 6~ transforms as k= or p~ (or 1/p™). Those
observations will be used below.

Using the A-regulator one can relate 1, with A~ and n; with AT only in the terms where the A’s
regularize rapidity divergences, but not in the terms with IR divergences (which are also regularized by A*).
When all matrix elements are combined in eq. (3.101) there will remain a A-dependence which is exactly
the genuine IR divergences of perturbative QCD. This remaining A-dependence is not worrisome since,
hadronically, it disappears by confinement, i.e., due to non-perturbative QCD contributions in exactly the
same manner as the collinear divergence of the partonic integrated PDF signals the onset of non-perturbative
(long distance) contribution. The distinction between rapidity divergences and the IR ones will become more
clear in the following section, where we show explicit results for the collinear and soft matrix elements and
comment on them.

In eq. (3.53) the soft function appearing in eq. (3.101) was split identically between the two collinear
sectors and the TMDPDFs were defined as

- - - - +

Fre = JO(a7), 5 (A—+, %—) ,
R AN

~ ~ ~ - +

F,,—I;re _ Jy‘(lO) (AJr) S (A__’_’ A__> , (3102)
L RN

where “pre” stands for “preliminary” and the A-regulator was used to regularize all the IR and the rapidity

4Explicit examples can be found in eq. (64) of [34], and also in [10] where the zero-bin contributions vanish beyond tree-level
while the soft function does not.
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divergences. The O(as) result for the TMDPDF, before renormalization, was

. 1 1 2N~
F° = a‘;OF {6(1 — ) {— 43 me

N . A
2
™ Euv 2€Uv Euv M2A+

1., 3 Q*A~ 72
—iLJ— —+ §LJ_ — LJ_lHMQT — E + (1 — ZL'n) — LJ_Pqeq
A1
,’Pqeqln? - 15(1 —p) — (1 —azp)[1 +In(1 — )] p - (3.103)

where AT = A~ as indicated in eq. (3.102). The new definition given below will be a generalization of this
one in the sense that no assumption will be made on the values of A*, although it reduces to the one in
eq. (3.102) for AT = A~

It is important to emphasize that in principle two disentangled collinear sectors should be treated
independently, thus it is crucial to examine what happens when we relax the condition AT = A~ and
consider the most general case where AT # A~.

The first line in eq. (3.103) contains a rapidity divergence (mixed UV-IR term). The second line is
what would be the matching (or Wilson) coefficient of the TMDPDF onto the integrated PDF after an OPE
is carried out (see section 3.7), but it also contains an unacceptable dependence on the A-regulator, i.e., an
un-cancelled RD. As is well-known, Wilson coefficients should be free from any non-ultraviolet regulators,
either IR or RD. The last line is simply the integrated PDF (see section 3.7). In the next section we comment
on the origin of the Q2-dependence appearing above.

If we combine eq. (3.103) with the analogous result for F,—f{e (where we just interchange AT <> A~ and
T, ¢+ x5) the rapidity divergences cancel and the hard part H in M = H FP* EP™ depends just on Q2/u?,
as it should. However it is clear that only with the choice AT = A~ the rapidity divergences cancel in each
TMDPDF independently, both the mixed UV-IR divergence in the first line and the rapidity divergence in
the Wilson coefficient in the second line. It is important to notice that the limit

A~
AT =0

has to be taken in order to get a well-defined physical quantity. Apart from the A~-dependence in the last
line of eq. (3.103), which is the manifestation of the genuine long-distance QCD effects and is washed out by
confinement, all the remaining 1n(2—;) in the first two lines should cancel in that limit. But clearly this is not
the case. The independent behavior of AT and A~, which is part of the implementation of the A-regulator
(reminiscent from taking the full QCD propagators with AT into the soft and collinear limits) renders that
limit as ill-defined since it could either be finite or +00. From the above it is thus clear that in order to avoid
any ad-hoc prescription for the regulators (A* = A7) a new definition of the TMDPDF should be adopted.
The new definition should nonetheless reduce to the one discussed previously when AT = A~. Finally we
point out that the discussion of the equivalence between JCC and EIS approaches in [67] is valid only when
the limit in eq. (3.104) is finite. In this section we generalize the arguments in [67] to the general case where
there is no relation between A" and A~ and lim,+_, [In(A™/A™)| = oc.

Although our presentation so far was done in terms of the A-regulator, the results to be presented
below can be immediately generalized to other regulators as well. If one had used off-shellnesses [68], or the
v-regulator as in [10], then our proposed TMDPDF would have the same features as with the A-regulator.
This has been checked explicitly. We will show next that by splitting the soft function in two “pieces” (and
not taking naively its square root), which will turn out to be a fundamental property of it that holds to all
orders in perturbation theory, and by combining them with the collinear matrix elements, we will be able to
properly define the TMDPDF and cancel rapidity divergences. But first, let us examine the nature of the
divergences in the soft function.
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() (b)

Figure 3.7: One-loop diagrams for the soft function. Hermitian conjugate of diagrams (a) and (b) are not shown.
Double lines stand for soft Wilson lines.

3.8.1 Divergences in the Soft Function

Below we show explicitly at O(as) that the divergences in the soft function are rapidity divergences
and not IR, and thus should be completely cancelled when combining with the collinear matrix elements in
the factorization theorem. To do so, we repeat the calculation of the soft function done in section 3.3.2 with
a different regulator: on top of the A-regulator used for the soft Wilson lines we add a mass to the gluon
propagator.

Diagram (5.2a) and its Hermitian conjugate give the virtual contribution to the soft function,

- dk 1
v 2120 (R 26/ 1

The poles in k* are ki = i6T and ki = (—k? + X2 —40)/k~. When k= < 0 both poles lie in the upper
half-plane, so we close the contour through the lower half-plane and the integral is zero. When £~ > 0 we
choose to close the contour through the upper half-plane, picking the pole k], and obtaining (notice that
dik = ;dlﬁdk di2k,)

di—2 1
v = 20,Cpd? (k / dk/ L h.c. . 1
5 asCr 27m)4=2 (k= 46~ )(k:—i5++k:f_—)\2)+ ¢ (3.106)

Doing now the k, integral we get

Qs C’F

- & A2 — ki) ¢
SV = — 5(2>(ksL)(4ﬁu2)€F(5)/ dk*( i07) + h.c.. (3.107)
0

27 (k= +1i07)

Finally, performing the integral over k=~ and using the MS scheme (u? — p2e72 /(4r)),

Sy =

\ L [-2 2 §ts \2 §to-  w?
asOF 57, ) [2— +——In + s — 21n 1 n-+ | (3.108)
27 gy Euv p? u? 1% 6

To get this result we have taken the limits 6* — 0 before A2 — 0.

The real gluon emission contribution is given by diagram (5.2b) and its Hermitian conjugate,

A% 6@ (kL + ka1 )0(k2 — A2)O(kT)
i

T o__ 2 2e
S{ = —4ng,;Cru / (2m)d  (k+ 4 i6+)(—k— = +h.c.. (3.109)
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Performing the integral over £~ and &k, we get

aSCF 1

ST =- dk™ h.c.
1 o /0 T 10Tk, Nt k) ¢
sC 1 5té~
. n— . (3.110)
2T kot |2+ A2 |ksy |24 N2
Using the results above, in impact parameter space we have for the virtual contribution
~ s -2 2 6T A2 A2 6t 2
ij - a CF |:2— + —111 3 +1H2—2 — 21I1—21I1—2 ﬂ-—:| y (3111)
2t |egy  Euv M % 1% 1% 6
while for the real it is
~ asCr | o 56~ A2 6t 9 A2
= L 20,1 2lIn—Iln—— —In"— | . 112
ST o {J_jL J-HMQ + n'u2n’u2 HMQ (3.112)
To perform the Fourier transforms, we have used eq. (3.30) and
T 1 4e=27E
/ddkLesz lu_’i — T‘-IHT ,
Fifxe N
/ g I (FL ) b?
dk et 0t ——— 2 = 7 Ky(bA\) In————, (3.113)
(|/ﬂ|2 +)\2) 4e—27m )\2

that can be obtained by setting d = 2 right from the start because there are no UV divergences, and the IR
ones are regulated by A\2. We have also used the following expansion for the Bessel function

1, de 28

Finally, combining virtual and real contributions in IPS, we obtain the soft function at O(«y),

- asCr [ =2 2 6T 5 0t~ w2
= —_—+ —1 L 2L In—— + —
1 or E%erngn 2 + L7 +20,In 2 + 6

(3.115)

Thus we see that all the dependence on A2 cancels and there is just the 6= which regularizes only rapidity
divergences, inherent to the introduction of (soft) Wilson lines in the soft function. As mentioned before,
those rapidity divergences will cancel the ones in the pure collinear matrix elements and the only remaining
divergence in each TMDPDF will be just the collinear IR divergence.

3.8.2 | Splitting the Soft Function

In the kinematical region where @) > ¢r > Aqcp one can perform an operator product expansion
(OPE) of the result in eq. (3.101) onto the integrated PDFs where the hadronic tensor can be expressed as °

M = H(Q*/1i?) C@n, wn; L1, Q%/4®) fu(wn; A /1i?) falwn; AT /1) (3.116)

The functions H and C are the two perturbatively calculable matching coefficients obtained after a two-step
matching at the scales @ and gr, respectively. Those coefficients are independent of any non-ultraviolet
regulators. In particular, using the A-regulator, they are independent of the A*.

- i } —2D (s (p), L, ()
5C(xn,zn; L1 ,Q%/u?) = Cf(m";Ll)Cg(xﬁ;LL) (Q_j)

" , consistent with eq. (3.86) and its analogous for
the anti-collinear TMDPDF.
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Since the integrated PDFs, f, ), contain just the n, n-IR collinear divergences then each one of them
can be written in general as

A
Inf, = Rp1(xn, as) + Rya(zn, ozs)ln—'u2 ,
AT
Infn = Ry1(zn, as) + Rya(wa, as)ln—-, (3.117)
1

where Ry and Ry are some functions of o (u) and (). The fact that Inf, has only a single 1n% (or
single IR pole in pure dimensional regularization) to all orders in perturbation theory is a well-known fact.
It has been shown [63] (see also [39]) that the anomalous dimension of the PDF in Mellin moment space has
a single logarithm In/V to all orders in perturbation theory. This single logarithm results from a single UV
pole in Inf,. For a massless matrix element such as the PDF, the single UV pole will always be accompanied
by a single IR pole in dimensional regularization, or a single ln% if one uses the A-regulator for the IR
divergences.

On the other hand we can express the hadronic tensor M in terms of matrix elements, as in eq. (3.101).
To separate the modes in rapidity we notice that each one of the pure collinear matrix elements does not have
any information about the other collinear sector. This is exactly due to the fact that the soft contamination
in the naively calculated collinear contribution has been subtracted out. By its definition, it is clear that
the soft function depends on both sectors, which is manifested through the dependence on both A’s. Given
this, and using boost invariance and dimensional analysis we can write

- A~
anflO) =R, (wn,as,LL,ln—z) ,
1

- AT
anéO) =TRa (xﬁ,as,LL,ln—z) ,
1

InS = R, <a5, LL,lnAQQ—ﬁ;) , (3.118)
where R(,,,5,5) stand for generic functions.

Now, given that all the IR divergences of QCD are absorbed into two PDFs, as shown in eq. (3.116),
given the single logarithmic structure of the PDFs given eq. (3.117) and that the pure collinear matrix
elements .J depend just on one of the regulators (the relevant for each sector), as shown in eq. (3.118),
combined with the symmetry between n and 7 in the soft function, we immediately deduce that eq. (3.118)
can be rewritten as

. A
hlJn = Rnl(zna Qg LJ_) + Rn2(xn7 O, LJ_) hl? 9

- AT
InJs = Ra1(xa, s, L) + Raz(zn, s, L) mF ,
A-AT
Q42

Before we continue our discussion of the splitting of the soft function based on eq. (3.119), let us
comment, as promised before, on the Q%-dependence in that function. The arguments that led to eq. (3.119)
do not specify this dependence by themselves and an additional input is needed. Actually and just by
looking at the product of the two regulators in the soft function, A™/p~ and A~ /p™, one would deduce
that S is function of 8 = (p + p)> = pTp~ rather than Q2. The partonic invariant mass 5 is related to Q2
by the relation z,x; = Q%/8 where 1, = \/Q%/3¢Y, x; = \/Q?/5e™¥ and y is the rapidity of the produced
virtual photon or, equivalently, of the heavy lepton pair. These relations for z,, and x5 are valid in the small
qr-limit and they have corrections ¢ of order gr/Q which are of order ) in the effective theory and thus can
be neglected. By simple kinematics one can show that the inequality between § and Q? resulting from soft

lng - Rsl(asa LL) + RsQ (as; LL) In (3119)

SFor arbitrary gz one has xn = 1/(Q2 + ¢2.)/3¢e¥ and zn = 1/(Q2? + q2.)/3e7V.



3.8. The Proper Definition of TMDPDF 69

gluon radiation is of order \, or in other words, § = Q2 + O(Q?)). To leading order in A we can thus safely
write: § = ptp~ = @Q? in any contribution of the soft function and to all orders in perturbation theory.

Two immediate conclusions arise from the above analysis. First is that the soft function can be
considered, at leading order in A, as function only of @2, as claimed in eq. (3.119). And second is that
its contribution to the hadronic tensor M in momentum space will always be accompanied by the product
0(1 —2,)d(1 — z5) (for an explicit O(as) calculation see, e.g., eq. (19) in [51]).

Since the Q?-dependence of the soft function has been established, we can go back to eq. (3.119) and

AQ;ﬁ; =1l O‘(E?AQ;Z) i iln O(gzz; and thus we are led to write the following

make the following splitting: In

two quantities:

a(A™)?
= 7—\),51(0[57 LJ_) + RSQ(QS, LJ_) th (3120)
and
_ + A+ _ /AT +
InS (lA_,%_) = 1nS (A_7l%_)
apt’ pT pt apT
Rat(0va 1) + Rep(ovs, L) In ) (3.121)
= . n—m—— .
s1\Qsy Li | s2(Qs, Li | QQ2M27

which means that to all orders in perturbation theory the complete soft function S can be split according to

=~ (AT AT 1. ~ (AT A~ 1. ~/1AT AT
InS{—,— | ==InS | —,a— —InS|{—,— ). 3.122
n (p‘F’ﬁ) 2n (p+7aﬁ)+2n (O[p+7p) ( )

Notice that the above equation holds in the limits AT — 0, which are uncorrelated. Also take into ac-
count that the arbitrariness in the splitting of the single logarithm of the soft function in eq. (3.119) man-
ifests itself as the parameter «, which is a boost invariant real number and it is always finite (even when
lima+ 0 |InA™/AT| = c0). Since the soft function can indeed be separated into two “pieces”, we define the
TMDPDFs as

5 By A A
Fo(@n, 0;3/Gos ) = IO (A7) S(p—+704—_>7

b
. B _ /1 A+ A+
Fr(xzs, b; 7 = jo AT _ 12
(2,05 VG ) = JO(AY) s(ap+,p_), (3.123)

where ¢, = Q?/a and ¢; = aQ?, and thus (,(; = Q*. This parameter Cn(n) is equivalent to the one that
appears in JCC formalism [20]. The soft function was given in eq. (3.38) at O(ay),

- (A~ AT a;Cr 2 2 ATAT A~AT 2
S (2 2 cat i PR S B il N 5 I ) Ml N R
1(1’*’17) 27 { 5%v+€Uvnu2Q2+ - LHMQQQJrﬁ]

1~ (AT A~ ~ 1 AT AT
=3 {Sl <p—+704p—_) + 51 <ap—+, p—_)] , (3.124)

thus establishing eq. (3.122) at O(as).

We next consider the O(a;) results for the TMDPDF, defined in eq. (3.123), given the splitting of the
soft function.
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The naive collinear matrix element was given in eq. (3.33),

X asCr 2 AT 3 1 3 AT
Jn1 = 0l —xp,) | —In— ——+=L 2L In—
! 27 { ( * )[EUVHQ2 +2€UV 4+2 L+ LnQ2
A-
—(1—zp)In(1 —z,) — quqlnF - LJ_Pqu} , (3.125)

where the A~ that appears in combination with the splitting function Pyq is pure IR, while the other
AT serve as rapidity regulators and can be identified with the generic rapidity regulator n; mentioned
before. This AT dependence comes from the regularization of the collinear Wilson line W,,, as in eq. (1.78).
One would expect that the n-collinear matrix element depends on the rapidity regulator that belongs to
that sector, i.e., A~ (or 7, in general). However, due to the fact that the naive collinear contains soft
contamination, it also depends on AT. By subtracting the zero-bin, which was shown in section 3.4 to be
equivalent to subtract the soft function, this dependence is switched back to the proper parameter, A~, and
the pure collinear matrix element was given in eq. (3.45),

- a,Cr 2 2 A” 3 1 272 5 3
Jp1 = ol —z,) | 5— — —In— -2 _r °L
! 27 { ( * ) |:€%V EUV . ,U2 + QEUV 4 12 + + 2 +
A~ A~
2L In—| = (1 = 2,)In(1 — ) — Pyegn—5 — L1Pyiy (3.126)
K 1%

which, as explained before, depends only on A™. Again we emphasize that the A~ accompanying the
splitting function Py, is pure IR, while the other A™-dependent terms include RDs.

Combining the pure collinear J,;(A~) with S;(A~/pT,aA~/p~) that can be extracted from
eq. (3.124), the newly defined TMDPDF given in eq. (3.123) is

~ asCr 1 1. ¢ 3
Fn nzb; n = o(1 - n — — —In>
(@ G ) = 5 { (1= n) [E%V cov i "o
1 3 G w2
AT 1
ququnF — 15(1 —2p)— (1 —zp)[l +1In(1 —2,)] ¢ - (3.127)

As the above equation shows, there are no more rapidity divergences, as promised, thus it is straightforward
to renormalize the TMDPDF. The anomalous dimension of the TMDPDF acquires an explicit Q2-dependence
(through ¢, = Q?/a), contrary to the integrated PDF. Our perturbative calculation for the TMDPDF for
the general case where AT # A~ indicates explicitly that the TMDPDF is boost invariant. Moreover,
it is worthwhile mentioning the disappearance of the A-dependence from the matching coefficient of the
TMDPDF onto the integrated PDF (the second line in the previous equation).

At this stage it is worth mentioning that although the TMDPDF definition, eq. (3.123), is given with the
A-regulator, it can be straightforwardly expressed when other commonly used regulators are implemented
to regularize divergences (other than the UV ones). This can be established by considering the regulators
for the two independent collinear sectors, their mass dimensions and their transformation properties under
boosts.

With the above definitions of TMDPDFs, the hadronic tensor for the gr-dependent spectrum of DY
heavy lepton-pair production at gr < @) can be expressed in terms of a hard part and two TMDPDFs and
without a soft function,



3.9. Equivalence of EIS and JCC Definitions 71

Figure 3.8: Rapidity regions for JCC definition of TMDPDF in eq. (3.129). B, + B regions represent the complete

soft function :?’(yn7 yn). The naive collinear Jn (yn) is represented by regions A+ By + Br. Analogously, Jn by regions
B, + Bn +C.

Equivalence of EIS and JCC Definitions

In this section we establish the equivalence between Collins’ definition of TMDPDF [20] and ours given
in eq. (3.123). In [67] Collins and Rogers have already discussed this equivalence, however they considered
the definition given in eq. (3.102) assuming that lim,+_,,In(A~/A™) was finite. In the following, by using
the splitting of the soft function given in eq. (3.122), we show that this equivalence also holds in the most
general case where the two regulators are completely independent. In this case, lima+ . [In(A~/A™)| can
be also co.

The definition of the TMDPDF given in [20] is

3 ; 7 S(yn Ye)
F% @, b /Gy p) = lim Ty (ya) \/ - . : (3.129)

where ¢, = (pF)%2e~2% and the soft functions depend on the boost invariant rapidity difference of their
respective arguments, i.e., S(y1,42) = S(y1 — y2). In this definition it is assumed that the subtraction of the
zero-bin contribution is equivalent to divide the naive collinear matrix element by the soft function. In the
work of Collins this is justified [20] since no regulators are implemented other than rapidity cuts. However,
as already mentioned before, this is not the general case.

Looking at fig. 3.8 we can easily understand the origin of each factor in the above definition. The naive
collinear matrix element .J,, (yn) is represented pictorially by regions A+ B,, + By, which contain modes with

rapidities between +oo and yz. S(yn,y.) is represented by region B, and contains modes with rapidities

between y,, and y.. Similarly, S(y., yn) is represented by region By, and finally the complete soft function
S (Yn, yn) is the combination of regions B, + Bj containing modes with rapidities between y,, and y5. Joining
all the “pieces” together we see that, basically, the TMDPDF F;{CC is defined as the quantity which contains
the modes with rapidities between +oo and ¥, i.e., regions A + B,,. Therefore, the other TMDPDF £JCC

will contain modes with rapidities between y. and —oo.
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Thus, based on the discussion above, one could naively think of defining the TMDPDF directly as

FgCC(naive)(xmb; Gop) = lim Jn(yﬁ)_

- (3.130)
yn == S(ye, Yn)

However, although this quantity contains modes with rapidities between 400 and y. (regions A + B,,), it
suffers from un-cancelled self-energies at finite y.. In fact, the only purpose of the cumbersome combination
of the 3 soft functions in eq. (3.129) is to cancel the self-energy at y., but apart from this issue, the goal
of the whole square root factor is simply to subtract S (Ye, yn) from the naive collinear, i.e., region Bj in
fig. 3.8. Notice that when one insists on keeping all Wilson lines on-the-light-cone the issue of self-energies
becomes irrelevant since all self-energies cancel due to n? = 72 = 0. Definitely, however, one needs then
to introduce a set of regulators to regularize all the non-ultraviolet divergences, i.e., IR and RD. Actually,
the introduction of such regulators in perturbative calculations is a must, at least in order to carry out
perturbative calculations beyond O(«y), where relying on cancellation of rapidity divergences between the
naive collinear and a soft function just by combining integrands (see p. 389 in [20]) becomes almost an
impossible task. Moreover it also simplifies the soft factor needed to properly define a TMDPDF, as it is
clear from eq. (3.123). The aim of the combination of collinear and soft matrix elements in eq. (3.129) is
the cancellation of the rapidity divergence when yz; — —o0, as eq. (3.130) suggests, and the introduction of
more soft factors in the definition does not introduce a rapidity divergence when ¥, — +00, since this is
cancelled under the square root.

It was argued in [67] the equivalence between JCC and EIS definitions of the TMDPDF by considering
the definition given in eq. (3.102). That equation can be written in terms of the naive collinear matrix
element, making more clear the comparison with JCC definition,

(— _

Notice that we have written explicitly the dependence of J,, on its rapidity regulator AT, but as shown in

Fo = (3.131)

‘§\|[> ‘-’

eq. (3.125), it also contains a pure IR dependence on A~ . Although a different regularization method is used,
i.e., the A-regulator, the naive collinear matrix element Jn (AT) again is represented by regions A+ B, + B
in fig. 3.8, containing the modes with rapidities between +o0o and yz. From the result in eq. (3.124) for
the soft function and the fact that it is boost invariant, we deduce that it depends on the boost invariant
rapidity difference

M2Q2

Yn — Yn = lnA*AJF , (3.132)
where the rapidity cutoffs are
pp™t A*
Yn = In—— yn =In . 3.133
A~ pp~ ( )

When taking the limits AT — 0 the two rapidities y,, and y5 take also their proper limits, y, — 400 and
yn — —o0. In terms of these cutoffs, eq. (3.131) can be rewritten as

Fgld — M (3.134)

)

g (ynvyﬁ)

which can be more easily compared to JCC definition in eq. (3.129). The authors in [67] showed that this
two definitions are equivalent if the limits of y,, and yz are coordinated in such a way that y. = (yn + ys)/2
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Figure 3.9: The splitting of the soft function at rapidity y., which is unambiguously defined by using the auziliary
lines y,, and k.

is finite. In terms of the A-regulator this translates into the coordination of the limits of A* and A, i.e.,

1 1 + At
Y= lm =(yo +yz) = lim —(1 BP0 _):
2 ©p

Yn—r+00 2 A——0 A
Yn—r—00 AtT—-0
1. At p+
lim —Iln—=—. 3.135
A—02 AT pT ( )

However, in the general case where there is no relation between the collinear sectors, the ratio AT /A~
is ill-defined, and one has to resort to the splitting of the soft function shown before to properly define the
TMDPDFs without making any assumption over the regulators. In this way, we generalize the equivalence
between JCC and EIS definitions shown in [67]. The splitting of the soft function given in eq. (3.122) can

be rewritten as
A~ AT AT AT 1 AT AT
hlS( +,__>——IS< —+> —IS< __,__), (3.136)
b p pt b vp p

where in this case v = a(p™/p~) is a finite and dimensionless parameter which transforms as (p*)? under
boosts, contrary to the already defined a, which is a boost invariant real number. Defining

’ vA~ vpup~

_ r_
Yy, =1n ek yr =1n AT (3.137)
and using y,, and y5 given in eq. (3.133), we can now rewrite
li 1( + ) li 1( 4 yn) L) (3.138)
= 1m = 1m = n) = —Inv .
Ye v oo B Yn yn Yo 2 Yn T Yn B s
Yp—r—00 Ya—>—00

which is a well-defined and finite rapidity in the limit A* — 0, without imposing any relation between AT
and A~. Thus, ¢, = (p7)?e %< and (; = (p~)%e?¥¢, as they appear in JCC approach. As it is shown
pictorially in fig. 3.9, the limits of y,, and y/, on one hand, and y» and y% on the other, are coordinated and
thus one can calculate their mean y.. In terms of the A-regulator, v, (yz) and y,, (y5) both involve the
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I % + 1 + 1 + h.c.

(a) (b) ()

Figure 3.10: The soft function at one-loop in light-cone gauge.

same parameter A~ (A1), and then their limits are not independent.

To conclude, we have shown that the JCC and EIS definitions of the TMDPDF lead to a properly
(and equivalent) defined TMDPDF. The fundamental fact, shared in both approaches, is the need to include
a soft function contribution to the naive collinear matrix elements while taking into account the issue of
double counting among soft and collinear modes through “soft subtraction”. Although Collins approach is
conceptually accurate, it is extremely difficult to be implemented in perturbation theory beyond one-loop
due to the lack of introduction of regulators in the collinear and soft sectors. As explained above, when
such regulators are introduced, then one needs to split the complete soft function in a subtle way in order to
achieve the RDs cancellation. This is basically the main difference between the two approaches. Although
we have implemented the A-regulator in all the results presented so far, however if we have used, for example,
the regularization scheme of [68] or the one in [10] then eq. (3.123), with those regulators, would also give
us a well-defined TMDPDF.

TMDPDEF in Light-Cone Gauge

In this section we show that the TMDPDFs, F, ), are actually the same in light-cone gauge and
Feynman gauge, once the contribution from the transverse Wilson lines is taken into account. In [40], the
authors showed that the naive collinear contribution to the TMDPDF (the numerator in F,5)) is actually
gauge invariant with a one-loop calculation. In that article the authors used a particular IR regulator for
light-cone divergences, however the results obtained in covariant gauge and in light-cone gauge are the same
and independent of that regulator once the zero-bin corrections are included. That was shown explicitly in
the Appendix of that work.

In light-cone gauge we use the ML prescription [44], which is the only one consistent with the canonical
quantization of QCD in this gauge [43]. Moreover in the n and 7 collinear sectors the only gauge fixings
compatible with the power counting of the collinear particles are respectively nA,, = 0 and nAz = 0, which
correspond to “killing” the highly oscillating component of the gluon field in each sector. We now compare
the integrals that we have evaluated in Feynman gauge with the corresponding ones in light-cone gauge.

The interesting contribution to the collinear part of the TMDPDF in Feynman gauge is provided by
the W,, Wilson line and it is (cfr. eq. (3.24))

JBLe Fevm) _ 51— 1)6@)(E, 1 )2ig?Cp?

/ dk 1 pt + kTt
(2m)d (k2 4i0)(kt —i0) (p+ k)2 +i0

(3.139)



3.10. TMDPDF in Light-Cone Gauge 75

In light-cone-gauge, this result is reproduced when combining the axial part of the WFR,

JEAD A9 _ 51— )52 (R, 1 )4ig>Copi™

/ dok 1 pt + kT 0(k™) 0(—k™) (3.140)
(2m)d (k2 +1i0) (p+ k)2 +i0 Lkt +i0 ~ kT —40)~ '
and the contribution of the 7" Wilson line,
jﬁ?lC) (T) — 75(1 o 1,)5(2) (EnJ_)2ig2CF,Uf2€
/ i : A (k7) . ! } (3.141)
(2m)4 (k%2 4-i0) (p + k)2 +140 kt—i0 kT 40l '

It is evident that jr(g'lc) (Feyn) jr(g'lc) ™ _ jﬁ"la) (47) /9. The tadpole diagram is null also in light cone
gauge since the gluon field does not propagate at infinity [40].

In [60] it was shown that we need the T Wilson lines also in the soft sector. We show this explicitly by
considering the virtual corrections to the soft function using the gauge fixing nAs; = 0. The only one-loop
virtual correction in Feynman gauge comes from fig. (3.3c)

dek 1 1 1
(2m)d k= 440 k+ —i0 k2 +40

§339) 5@ )2ig?Cpp? / (3.142)
In light-cone gauge we have two types of contributions: one from the tadpole diagram in fig. (3.10) and the
other one from the 7" Wilson line. The tadpole contribution in fig. (3.10b) is zero because the transverse
gluon fields do not propagate at infinity as mentioned earlier. Explicitly, the tadpole contribution from

fig. (3.10a) is
dik 1 1 k- 1
(2m)? [k arr k= +190 k= — 40 k2 + 40

S§3.1Oa) _ —6(2)(EnL)2i920F“2€/

= —6(2)(15’”L)2ig20pu25
d% ¢ 0(k™) | O(—=k~ 1 k~ 1
X / ( ( ) + ( )) — -
(2m)d\kt +i0  kt —i0/ k= +i0 k= —i0 k% +40
~0, (3.143)

because when integrating over k™ all poles lie on the same side of the complex plane. Finally, the contribution
of the T" Wilson line in fig. (3.10c) is

3.100) _ <@ (7 \os.2 28/ d'k ¢ 0(k™) 0(k™) 1 1
S = 63 (k,.)2ig*C - . 3.144
1 (kn1)2ig"Crnt (27r)d(k+fi0 k++i0)k*+z‘0 k2 + 0 (8.144)
Notice that we can add to ¢§3.10c) the quantity I7 = 0 which is defined as
- Ak s 0(k™)  0(—k7) 1 1
IT = 6@ (k, 1 )2ig*C 25/ . 3.145
(k1 )2ig"Crp (27r)d(k:+ + 0 k:+—i0)k:—+i0k:2+i0 (8.145)

The quantity I” is exactly zero because when integrating in k* all poles, again, lie on the same side of the

complex plane. Now it is easy to verify that S£3'3C) = S£3'106) +17 at the level of integrands. In other words,
the T" Wilson lines in the soft sector insure the gauge invariance of the soft matrix element irrespective of

any infrared regulator. Similar considerations hold for Feynman diagrams with real gluon contributions.






EvoLuTioN oF TMDPDEFS

In this chapter we discuss the evolution of the eight leading twist transverse momentum dependent par-

ton distribution functions, which turns out to be universal and spin independent. By using the highest order
perturbatively calculable ingredients at our disposal, we perform the resummation of the large logarithms
that appear in the evolution kernel of transverse momentum distributions up to next-to-next-to-leading log-
arithms (NNLL), thus obtaining an expression for the kernel with highly reduced model dependence. Our
results can also be obtained using the standard CSS approach when a particular choice of the b* prescription
is used. In this sense, and while restricted to the perturbative domain of applicability, we consider our results
as a “prediction” of the correct value of byax which is very close to 1.5 GeV . We explore under which
kinematical conditions the effects of the non-perturbative region are negligible, and hence the evolution of
transverse momentum distributions can be applied in a model independent way. The application of the
kernel is illustrated by considering the unpolarized transverse momentum dependent parton distribution
function and the Sivers function.

4.1 Introduction

Transverse momentum distributions (TMDs) are needed for all processes for which intrinsic transverse
parton momenta are relevant, which form a large group. For example spin-dependent transverse momentum
asymmetries provide unique clues to clarify the internal spin, angular momentum and 3-dimensional structure
of hadrons. While operating at different energies, experiments and facilities such as HERMES, COMPASS,
JLab, Belle and BNL are pursuing intensive research programs to explore TMDs. On the theoretical side,
Sivers [69] and Collins [70] asymmetries have been intensely studied (see [71] for a review of TMDs in spin-
physics), and have attracted much attention recently [11-13,57, 72-74]. Basically, some of the observed
spin-asymmetries are linked to the presence of gauge links in non-local correlators needed to maintain gauge
invariance.

Based on the approach to TMDPDFs developed in [75], which is a generalization of the one given
in [37,76], and the one of Collins [20] (see also [67]), in this paper we focus on the evolution kernel for
TMDPDFs. Using the recently extracted anomalous dimension of the unpolarized quark-TMDPDF up to
O(a?) [37,75], and motivated by effective field theory methodology, below we offer a method to resum the
large logarithms that appear in this kernel up to NNLL. Being this kernel the same for all eight leading twist
TMDPDFs, we discuss under which conditions it can be applied in a model independent way to extract them
from data.

The study of the unpolarized TMDs was pioneered by Collins and Soper [4,5]. Collins’ new approach
to TMDs [20] is based on defining those quantities in a way consistent with a generic factorization theorem,
extracting their anomalous dimensions and their evolution properties. This approach relies mainly on taking
some of the Wilson lines in the soft factor off-the-light-cone. When doing so, one introduces an auxiliary
parameter ¢, which specifies the measure of “off-the-light-coness”. A differential equation with respect to (,
the Collins-Soper evolution equation, is then derived and solved to resum large logarithms and determines
the evolution of the non-perturbative TMDs with energy. The resummation of the Collins-Soper kernel is
done following the Collins-Soper-Sterman (CSS) method [50], which is based on using an effective strong
coupling. This in turn leads to the emergence of the divergent coupling constant when hitting the Landau
pole, an issue which is then avoided by the introduction of an smooth cutoff through the by,.x prescription
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and a non-perturbative model. The value of by.x and the parameters of the model can only be extracted
through fitting a resummed cross section to experimental data.

Although CSS approach is capable of giving a faithful expression for the evolution kernel in the whole
impact parameter space, the introduction of the by« prescription leads to an overlap between the pertur-
bative and non-perturbative regions. Our aim is thus to use the highest order calculations available at the
moment to perform the resummation of large logarithms at NNLL and obtain an accurate expression for the
kernel within the perturbative domain, or in other words, a parameter free result. With this, working in the
kinematical setup where the effects of the non-perturbative region are negligible, we can achieve a model
independent kernel for all practical purposes.

The new resummation technique that we propose is based on the formalism developed in [37,75,76] and,
as we show, can also be obtained at any desired order. We find that the coherent perturbative expansion
of the running strong coupling within the resummation scheme is fundamental to get a proper evolution
kernel. In this way, being the kernel a function of the impact parameter, we characterize its perturbative
domain and study under which conditions this is the dominant one, or in other words, when the effect of
the non-perturbative large b region is negligible. Consequently, and within this setup, one can evolve the
TMDPDFs without adding any model to the evolution kernel itself. Since the final goal is to model and
extract the TMDs from data, being able to evolve them in a model independent manner allows for cleaner
parameterizations of TMDs, restricting all the model dependence to the input low energy functions. This is,
phenomenologically, the major point of our work.

Finally, comparing with the standard CSS approach and the already existing fits of the non-perturbative
Brock-Landry-Nadolsky-Yuan (BLNY) model, we find that the phenomenologically preferred value byax =
1.5 GeV ™! [77] is more consistent with our results in the perturbative domain.

Definition of Quark-TMDPDF

Extending the work done in [37,75], we define in impact parameter space a quark-TMDPDF of a
polarized hadron, collinear in the +z direction with momentum P and spin S as

Frap =09 (A)1/S(A,A), (4.1)

(0)
n,af3
for a purely collinear matrix element, i.e., a matrix element which has no overlap with the soft region [34],

and it is given by the bilocal correlator

where we have used the A-regulator as a particular choice to regulate the rapidity divergencies. ® stands

ol . = (PS| [EaaWT] (0F,y~,70) [WTTeus] (0)|PS), (4.2)

n,af T

and the soft function S, which encodes soft-gluon emission, is given by

S = (0| Tr [STTST](0%,07,71) [SETST] (0 10) . (4.3)
We should mention that Fmoﬁ is free from all rapidity divergences, which cancel in the combination of the
collinear and soft matrix elements in eq. (4.1), and thus the only A-dependence that it contains is pure
infrared [75].

To obtain the eight leading-twist quark-TMDPDFs [15,16], represented generically by F, below, one can
simply take the trace of Fmoﬁ with the Dirac structures Z ﬁ—;‘“ and @ for unpolarized, longitudinally
polarized and transversely polarized quarks, respectively, inside a polarized hadron. The superscript T
indicates transverse gauge-links T}, (), necessary to render the matrix elements gauge-invariant [40,60]. The
definitions of collinear (W, (z)), soft (S, (n)) and transverse (T},(5)) Wilson lines for DY and DIS kinematics
can be found in [37].

In section 3.7.1.1 the anomalous dimension of the unpolarized TMDPDF was given up to 3-loop order



4.3. Evolution Kernel 79

based on a factorization theorem for gr-dependent observables in a Drell-Yan process. Such factorization
theorem for the hadronic tensor can be written in impact parameter space, using the definition of the
TMDPDF given in eq. (4.1), as

N = H(Q? /1) Fulwn,b: Qu 1) Faln b Q) + 0 (0Q) ™) (4.4)

where H is the hard coefficient encoding the physics at the probing scale Q and which is a polynomial of
only In(Q?/u?). This quantity is built, to all orders in perturbation theory, by considering virtual Feynman
diagrams only, and no no real gluon emission has to be considered (even in diagrams with mixed real and
gluon contributions). Moreover, the quantity H has to be free from infrared physics, no matter how the latter
is regularized. This is a general principle and it should work whether one works on or off-the-light-cone.

Since the factorization theorem given above holds, at leading-twist, also for spin-dependent observables,
one can apply the same arguments as for the unpolarized case, based on renormalization group invariance,
to get a relation between the anomalous dimensions of F' and H. Since the anomalous dimensions of the
two TMDPDFs in eq. (4.4) are identical [75], then we have

1 1 Q> v
YF = —§'YH = —5 21—‘Cusp h’lﬁ + 2’}/ y (45)
where vz is known at 3-loop level [64,65, 78] (see appendix A for more details). I'cysp stands for the well-
known cusp anomalous dimension in the fundamental representation. This crucial result can be automatically
extended to the eight leading-twist quark-TMDPDFs defined in eq. (4.1), since the anomalous dimension is
independent of spin structure.

Evolution Kernel

For spin-dependent TMDPDFs the OPE in terms of collinear PDFs fails. For instance, Sivers function
at large g7 is matched onto a twist-3 collinear operator [12]. Since nowadays the phenomenological extraction
of this hadronic matrix element is not as good as for the integrated PDFs, one possibility is to resort to
non-perturbative models for the TMDPDFs themselves, fitted at low energies to experimental data in order
to make predictions for higher energy experimental probes using their evolution. Obviously, knowing this
evolution to the highest possible accuracy is very beneficial.

Starting from eq. (4.1) the evolution of a generic quark-TMDPDF is given by !

where the evolution kernel R is [37,75]

i i g 9 2\ —D5pi)
" %

i

As explained in [75], this evolution kernel is identical to the one that can be extracted from Collins’ approach
to TMDs [20] when one identifies v/(; = Q; and \/? = @Qf. Moreover, below we will choose y; = Q; and
py = Qy to illustrate the application of the kernel.

The D term can be obtained by noticing that the renormalized F has to be well-defined when its
partonic version is calculated pertubatively. This means that all divergences, other than genuine long-
distance ones, have to cancel. This fundamental statement, that rapidity divergences cancel when the
collinear and soft matrix elements are combined according to eq. (4.1), allows one to extract all the Q-
dependence from the TMDPDFs and exponentiate it with the D term (see sec. 5 in [37]), thereby summing

1Since the evolution kernel is the same for F}, and Fjy, we have dropped out the n, 7 labels.
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large logarithms In(Q?/ q%) Applying renormalization group invariance to the hadronic tensor M in eq. (4.4)
we get the following relation,

dD

— =Tcusp» 4.
dlnu p ( 8)

where the cusp anomalous dimension I'cysp is known at three-loops [78].

The evolution of TMDPDFs, given by the evolution kernel in eq. (4.7), is done in impact parameter
space, thus we need to Fourier transform back to momentum space and large logarithms L = In(u?b%e?7# /4)
will appear then in the D(b; u;) term when b is either large or small. These logarithms need to be resummed
in order to get sensible predictions.

The resummation that we present in the next section is valid only within the perturbative domain of
the impact parameter, b < O(1/Aqcp), and outside this region we need a non-perturbative model for the
D(b; ;) term. However our aim is to characterize the perturbative region and isolate it as accurately as
possible using all the existing information on I'cysp and fixed order calculations of the D term. Under certain
circumstances, as we will show, we find that knowing the evolution kernel only in its perturbative domain is
enough to evolve the TMDPDFs in a model independent way. As a result, all the model dependence will be
restricted to the functional form of the low energy TMDPDFs to be extracted from fitting to data.

Below we provide the resummation of large L logarithms based on the spirit of effective field theories,
i.e., leaving fixed the scale within the strong coupling constant. Instead of solving directly the renormalization
group evolution in eq. (4.8) as it is done within the standard CSS approach, we derive a recursive relation
for the coefficients of the perturbative expansion of the D term and solve it to resum the large logarithms
to all orders.

4.3.1 Derivation of D

Matching the perturbative expansions of the D term,

- as (i) \" L pgh?
D(b; p) = Z < - ) . L=t (4.9)

the cusp anomalous dimension I'cys, and the QCD S-function (see appendix A), one gets the following
recursive differential equation

1
d{n(LJ-) = §Fn71 + Z mﬂnflfmdm(LJ_) 3 (410)

where d], = dd,,/dL, . Solving this equation one can get the structure of the first three d,, coefficients

di(Ly) = ;—;O (BoL1) + d1(0),
d(L1) = % (oL + (g + 10)) (BoL) + a0).
dy(L1) = 660 O (BoL.)* + 2 (% + %Fggl +2d1(0)> (BoL1)?
+3 (4d2(0) %le( ) + EE) (BoL 1)+ d3(0). (411)
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From known perturbative calculations of the Drell-Yan cross section we can fix the first two finite coefficients,
as is explained in [8] %:

d1(0) =0,

404 112
dy(0) = CpCy (2—7 - 1443) - ( T ) CrTeny . (4.12)

Now, based on the generalization of eq. (4.11) for any value of n and after some tedious algebra, we can
derive the general form of the d,, (L) coefficients, being

2, (L) = (L) (503 ) + (o) (F8% (<1 ) a4 hloos

Bon R
R e O e o
ngot In>s + ﬁ;ﬁl;o( 3)In>4> +o (4.13)
where
= (0~ DHY, + 5(5 - 3n),
tn = % (L=mHZ, + (0 +1) + (n = )(@(n) + 75 — 2)(@(n) +75)| - (4.14)

H = o _om” is the r-th order Harmonic Number function of n and ¢(n) = I''(n)/I'(n) is the digamma
function of n. Setting a = as(u;)/(4m), X = afpL 1 and using the previous result we write the D term as

DR (b; ;) = Z dn(L1)a™ =

1 n Iy e TS (1) Iy
52{){ (Bon) +aX"1 ( ﬂo_( 1+ HY,) |n>3+ﬂ_|n>2)
+a?X"? ((n —1)2d2(0)|n>2 + (n — 1)2F_ﬂ20|n23 + ﬁ;l—‘1sn|n>4 + 515 B0y, ln>5
0 0
I
+ﬂ22ﬁ§0 (n— 3)|n>4) + } , (4.15)

where the label R stands for “resummed”. Once we have the series of the D term organized as above, each
order in a can be summed for |X| < 1, giving

DR (b i) = 72F—ﬁ001n(1 ~ X) +% (1 _‘IX) [ﬂ;go(XHn(l x4 glx
L a Bl

+§<1_X> {2@(0) QFﬁO(X@ X))+ 27 (X(X —2)—2In(1 — X))

BaTo o | Bilo ;o 2
+ﬁX + %(hl (1 7X) - X ):| +..., (416)

As is clear from eq. (4.16) this result for D¥ can be analytically continued through Borel-summation
and its validity can thus be extended to X — —oo, which corresponds to b — 0 (see eq. (4.9)). The maximum
value of X where each coefficient of a™ in eq. (4.16) is valid is X = 1, which corresponds to

2e7E 2T
bx (ui) = ” exp {5004 (M)] . (4.17)

2Tn the notation of [8], our dy(0) corresponds to their d /2.
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Figure 4.1: Resummed D at Q; = v/2.4 GeV with ny =4 (a) and Q; =5 GeV with ny =5 (b).

For completeness in appendix D we provide as well the expression of D® at NNNLL, which can be used in
the future when a higher order of the cusp anomalous dimension and the ds(0) term are calculated.

4.3.2| Range of Validity of D and the Landau Pole

Although each order in a in eq. (4.16) is valid for 0 < b < by, the convergence of the series is given in
a smaller range. The fact that each term diverges at bx makes the series itself more and more divergent as
we approach this point. In fig. 4.1 we show the D® for two different scales, from which it is clear that the
convergence between leading logarithm (LL), next-to leading logarithm (NLL) and next-to-next-to leading
logarithm (NNLL) is extremely good for small values of b and gets spoiled as we approach bx. From the
same fig. 4.1 it is also evident how the range of convergence changes as we vary the initial scale yu;, since bx
depends on this scale. It is interesting then to study the behavior of the D® analytically when the impact
parameter approaches bx, which is the kinematic region where the analysis becomes more subtle.

The fact that the convergence of D' gets spoiled around by is because the divergence of the resummed
DE at X =1 (b = by) is related to the Landau pole. Although the scale in the strong coupling is fixed,
as (i), the effects of non-perturbative physics are “shifted” to the coefficients of the perturbative expansion
of the D® term, which grow and ultimately lead to the breakdown of the perturbative series. Thus, in
our approach the issue of the Landau pole reemerges as the divergence at X = 1. In fact, using the usual
expansion of Aqcp = Q exp [G(tg)], where tg = —27/(Boas(Q)) and

b1 BE—Bof2l B3 —2BoB1B2+ BEBs 1
= —In(—t) — - — — +... 4.1
G(t) t+2ﬂ§ n(—t) TR 3 TEREEE (4.18)
we have
2e VE
bx = A(:u’l) bAQCD ) A(Mi) = eXp(—tM + G(tm))v bAQCD = A— ) (419)
QCD

from which it is clear that bx is closely related to ba ., , up to the p; proportionality factor A(u;) (numerically,
one finds 1 < A(u;) < 2 for 1 GeV< u; < 1 TeV). We conclude then that the divergence of D¥ at X =1 is
a manifestation of the Landau pole, as claimed before.

One can calculate the numerical value of Aqcp, which for ny = 5 and as(Mz) = 0.117 is Aqep =
157 MeV, and correspondingly b, = 7 GeV™!. At this point we are clearly within the non-perturbative
region, which cannot be accessed by perturbative calculations and has to be modeled and extracted from
data.

In section 4.4 and appendix D we show how to derive an expression for D at any desired perturbative
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order. Using egs. (4.16) and (D.4) we get the asymptotic expression of DF when X ~ 1 at NNNLL,

R a \f a 2&(_1@ _ >
D o = 601( )1+<1—X>50+<1—X> G \To ~ gt =)
a B BT | 2 i B Ty B
+(1X) ﬂo(gﬂol ( X)—(Foﬂo-f—%)ln(l—)()—f—r—o‘i‘%
61) } 4
@)t (4.20)

from which one can obtain approximately the values of b where the convergence is lost, which can be deduced
as well from fig. 4.1. Thus we can trust the D% up to b, ~ 4 GeV ™! for y1; = v/2.4 GeV and b, ~ 6 GeV ! for
ti =5 GeV. Notice that we have used different number of active flavors depending on the scale p;, ny = 4
for p; = V2.4 GeV and ny = 5 for u; = 5 GeV, since we have set the threshold of the bottom mass at
mp = 4.2 GeV. Then, the larger the initial scale u;, the broader the interval of the impact parameter where
the convergence of D is acceptable, being b Aqep the maximum achievable value. The two cases shown in
fig. 4.1 should represent two extreme phenomenological cases, between which one should choose the initial
scale at which fix the low energy models for TMDPDFs.

A last comment worth mentioning concerns the convergence of D in the small b region. As discussed
above, the convergence of the resummed D is only spoiled in the region around the Landau pole, i.e., for b
close to baqep- In the small b region D% is completely resummable (see fig. 4.1) and this agrees with other
studies on the perturbative series in this region [8].

Summarizing, the resummation method explained above allows us to implement the evolution kernel
just in a finite range of the impact parameter, being necessary to use non-perturbative models for larger
values of b. Then, we can write

- mr i 2
R(b; Qi i Q, piy) = exp{/_f %w (as( ), m%)}

< Q2 ) —[D(b;115)0(be—b)+DN  (b3125)0(b—b.)]
i

o , (4.21)

DNP

where stands for the non-perturbative piece of the D term and b, < by, depends on the scale ; as

explained before.

4.3.3 Applicability of the Evolution Kernel

As explained in the previous section, we can obtain perturbatively the evolution kernel only in a finite
range of the impact parameter. For larger values of b we need a treatment for the non-perturbative region.
Being our aim to reduce as much as possible the need to introduce models for the evolution kernel itself,
leaving them to the input low-energy TMDPDFs, we need to find under which conditions the effects of the
large b region are suppressed when evolving the TMDPDEFs. Choosing p; = @; and pif = Q to simplify the
discussion, our goal is to be able to apply the following expression for the evolution kernel,

~ Qf ;- o\ —DT(5:Q4)
R(b; Qi,Qf) = exp {/Qf %LL'YF (Oés( ), anf>} <32> 6(b. —b). (4.22)

In order to fix the region where it can be applied, one needs to consider both the range in which D converges,
as shown in fig. 4.1, and the final scale Q¢ up to which we are evolving the TMDPDF5, as shown in fig. 4.2.

To start with, we already showed that the range of convergence of D® depends on the initial scale Q;.
But on top of that, we need the final scale Q; to be large enough so that the kernel itself vanishes inside
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Figure 4.2: Evolution kernel from Q; = V2.4 GeV up to Qy = {V3,5,10,91.19} GeV.

that region. In fact, the evolution kernel in eq. (4.22) is actually the exponential of —DFIn(Q%/Q7), which
guarantees that when b — by (X — 17), one has R — 0 for Q¢ > Q;, due to the sign of the exponent. For
the leading order term in eq. (4.16) we have

lim D& = lim [F—ﬁomu - X)] — 400, (4.23)

b—by b—by 0

and this limit is not spoiled by higher order corrections, as we show in figs. 4.1 and 4.2. Thus, the larger the
Q¢ is compared to @);, the faster the kernel goes to zero, as it is clear from fig. 4.2. The fact that we have
at our disposal several perturbative orders is essential to test the convergence of the evolution kernel and of
the evolved TMDPDFs, and gives us confidence about the method that we propose.

In fig. 4.2a we show the evolution kernel of eq. (4.22) for a final scale Q¢ quite close to the initial one
@;, where we have not set the kernel to zero for large values of . In this case we would expect the kernel
to be nearly 1 and fall down smoothly for large values of b, since the TMDPDF is not supposed to change
dramatically its shape. However, we see that the convergence of the kernel fails around b, ~ 4 GeV ™!, which
is consistent with fig. 4.1. As already explained, we can only trust the perturbative implementation of the
kernel up to b., where the D starts to diverge, and clearly if Q ¢ is not large enough, eq. (4.22) does not
give us a proper approximation to the kernel.

On the other hand, we can see in figs. 4.2b, 4.2c and 4.2d that the larger the Q) is, the faster the kernel
falls down. And although we cannot access the kernel in the non-perturbative region, in this particular
case where Q; = v/2.4 GeV, for Q; > 5 GeV it is negligible for b > b.. This allows us to implement safely
eq. (4.22), giving us a very good approximation and achieving a model independent evolution kernel for all
practical purposes. Using this kernel within the already explained kinematical setup, i.e., as long as Q¢ is
large enough compared to @;, we can evolve low energy models for TMDPDFs and extract them by fitting
to data. The advantage in this case is that all the model dependence is restricted to the functional form of
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Figure 4.3: Resummed D(b;Q; = v/2.4) at LL of egs. (4.25), (a), and (4.26), (b), with the running of the strong
coupling at various orders and decoupling coefficients included.

TMDPDFs, while the evolution is implemented perturbatively.

An Alternative Extraction of D%

The obtention of D in eq. (4.16) was done by solving a recursive differential equation that came from
the RG-evolution of the D in eq. (4.8). In the following we show that one can derive the same result as well
by solving that differential equation as it is done within the standard CSS approach, i.e.,

Qi dii

Hy

where pp = 2e777 /b to cancel the L, logarithms. For this it will be necessary to consider the running of
the strong coupling coherently with the resummation scheme.
First, we integrate eq. (4.24), getting at lowest order in perturbation theory,

. N _E as(Qi)
D(b;Q;) = 2501n (i)

(4.25)

Re-expressing a,(up) in terms of as(Q;) at the correct perturbative order, as(uy) = as(Q)/(1 — X), one
finds

D(b;Q;) = —&ln(l -X), (4.26)

260
which coincides with the first term of the r.h.s of eq. (4.16). Repeating the same steps with higher orders
one gets that the resummed D within CSS approach given in eq. (4.24) and our case, given in eq. (4.16), are
exactly the same order by order. In appendix D we report a derivation of the same result at NLL, NNLL
and NNNLL. The expansion of the D as in eq. (4.25) at NLL, NNLL and NNNLL is in eq. (D.1). Thus,
we conclude that D can be obtained as well within CSS approach when all terms are resummed up to its
appropriate order.

The way the evolution is usually implemented within CSS approach in the literature is described in
appendix B, and comparing fig. 4.2b and fig. B.1a one sees a difference in the two approaches. This difference
is apparent also in a numerical comparison of eq. (4.25) with respect to eq. (4.26), as shown in fig. (4.3).
The crucial point is that going from eq. (4.25) to eq. (4.26) requires that no higher order contributions from
the running of «a, are included and that the number of flavors included in the running of «,(Q) and as(up)
is the same. In fact, even at one loop and taking as(Myz) as the reference for the running of the strong



86 4. Evolution of TMDPDZFs

coupling, one has (n;[Q] is the number of active flavors at the scale Q)

S R | I VIO b i 04 20 .
260(ns[Q)) s} [y cioop  200(ns[Q]) 1 — 22lM2) g Q) Inx

and
Gfs(Mz) M;
I‘O FQ 1- AT ﬂO(nf[Qlen P2
s Aann(l-X = - 1 b 4.98
2B0(ns1Q:)) ol : 1-loop 260(ns|Qil) nl - —O‘S%—Z)ﬂo(”f[Qi])lngzz‘ 2

The difference can be appreciated in the solid red curves in figs. 4.3a and 4.3b. In order to clarify this
problem we plot in fig. (4.3) the D as in eq. (4.25) and also as in eq. (4.26), with several orders for the
running of as, starting from the usual value of as(Mz = 91.187 GeV) = 0.117. Tt is straightforward to check
that the solution provided by the D' is stable, while the direct use of eq. (4.25) leads to undesired divergent
behavior for relatively low values of the impact parameter.

In our calculation we have implemented all decoupling corrections for ay as given in [79-84] and we
have set the mass thresholds at m, = 1.2 GeV and my, = 4.2 GeV. In other words, the implementation of D?
takes into account the running of the coupling constant at the correct perturbative order and the decoupling
of thresholds automatically. The explicit formulas equivalent to egs. (4.25) and (4.26) at NLL and NNLL
are given respectively in egs. (D.1) and (4.16).

We conclude from this analysis that the use of D is by construction consistent with the considered
perturbative order within the resummation scheme. As a result, a direct implementation of eq. (4.25)
with a running coupling at higher orders introduces higher order terms which spoil the convergence of the
resummation for too low values of b. The same problem appears if instead of eq. (4.25) one considers its
equivalent at NLL and NNLL, eq.(D.1). Within the standard CSS approach this issue is hidden behind
the implementation of non-perturbative models, since the by.x prescription washes it out. The correct
perturbative expansion performed with our D allows us to separate more clearly the perturbative and
non-perturbative regions of the evolution kernel. The same conclusion can be established if one compares
the direct use of eq. (4.24) with a full running for the coupling constant with the correctly perturbatively
ordered D given in eq. (4.16).

Comparison with CSS Approach

In this section we consider our approximate expression for the evolution kernel given in eq. (4.22) and
compare it with the one within CSS approach (which for completeness is outlined in appendix B) given in
eq. (B.2). Notice that the main difference between both lies in the distinction between the perturbative and
non-perturbative regions. While in our case we clearly separate both regimes, achieving a completely pertur-
bative expression for the kernel in the small b region with no any parameters, within the CSS approach the
two contributions are mixed. In other words, the byax prescription implements an smooth cutoff between the
perturbative and non-perturbative domains. Using the results in the previous section, within our approach
we have

D(b, Qz) = DR(b; Qz)e(bc - b) + DNP(b; Qz)e(b - bc) ) (429)
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Figure 4.4: Evolution kernel from Q; = v2.4 GeV up to Q5 = {\/g, 5,10,91.19} GeV using our and CSS approaches,
both at NNLL.

while for CSS (with BLNY model) we have

Qi di 1
D) = DWsgi) + [ P Ty + 000

Hp*

1
= Db Qi) + ZngQ' (4.30)

Definitely within the CSS approach the non-perturbative model has some effect over the small b region, and
at the same time, the perturbative contribution is not completely parameter-free since it is cut of by the
implementation of the byax prescription and depends on its value.

In order to perform the resummation of large logarithms consistently up to N'LL order (or N“~1LO
in RG-improved perturbation theory) one needs the input shown in Tables 4.1-B.1. In our approach one
takes the resummed series in eq. (4.16) up to the corresponding order i. In [12,57,73] the cusp anomalous
dimension I'cysp wWas not implemented at 2-loop order, as it should be to get a complete NLL result. In

figs. 4.4 and 4.6 we have implemented yr, I'cysp and D consistently within the CSS approach to achieve the
N'’LL accuracy.

Order | Accuracy ~ o LF | vV Teusp Dn
NLL [n+1-i<k<2n (i) | ol of! (ay/(1- X))

S

Table 4.1: Approximation schemes for the evolution of the TMDPDFs with D, where L = ln(Q?/Qf) and of
indicates the order of the perturbative expansion.

In fig. 4.4 we compare our approach to the evolution kernel with CSS, both at NNLL. On one hand,
as already mentioned, it is clear that our approach can be applied only when the contribution of the non-
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Figure 4.5: a) Input unpolarized up-quark TMDPDF for Q; = {1,v/2.4} GeV [85, 86]. b) Input Sivers function
following Bochum [87] and Torino [88] fits.

perturbative large b region is negligible, as it is the case for large enough ). On the other hand, since our
expression for the evolution kernel gives it accurately up to b, ~ 4 GeV ™!, from all plots one can deduce
that byax = 1.5 GeV 1 gives better results in that region. In fact, this is the value that was found in [77]
by fitting experimental data. Previous fits did not consider by,,x as a free parameter, but rather set it to
0.5 GeV ™! right from the start, fitting just the rest of the parameters of the non-perturbative model.

It is worth emphasizing that we are not able to infer any information about the non-perturbative
region. However, the fact that both contributions overlap within CSS approach allows us to clearly state
that bpax = 1.5 GeV ! is more consistent, since it is closer to the correct treatment of the perturbative
region, which is given by our results.

In order to illustrate the application of the evolution kernel with our and CSS approaches, we consider
some input functions for the unpolarized TMDPDF [85,86] and the Sivers function [87,88], shown in fig. 4.5.
The unpolarized quark-TMDPDF at low energy is modeled as a Gaussian,

Fup/P(xab;Qi) = fup/P(x;Qi) eXp[_Ub’%] ) (431)

with o = 0.25/4GeV” for Q; = 1 GeV [85] and o = 0.38/4 GeV? for Q; = v/2.4 GeV [86], and f,,/p the
up-quark integrated PDF, which has been taken from the MSTW data set [89]. The Sivers function at low
energy is modeled following what are called the “Bochum” [87] and “Torino” [88] fits in [12]. The evolved
TMDPDFs using our and CSS approaches at NNLL are shown in fig. 4.6. The slight difference between our
kernel and the one of CSS with byax = 1.5 GeV ™! in fig. 4.4c is washed out in the case of the unpolarized
TMDPDF, since the input function is narrower. For the Sivers function, which is wider at the initial scale,
we see more difference. In any case, given the fact that in this kinematical setup our approximate expression
for the evolution kernel in eq. (4.22) can be accurately applied, as it is clear from fig.4.2¢, solid blue curves
should be considered as the most accurate ones.

Finally, the definition of quark-TMDPDFs given in eq. (4.1) and the new approach to determine the
evolution kernel can be extended to gluon-TMDPDFs [90] and quark/gluon TMD Fragmentation Functions
(TMDFFs). This approach can be applied as well to the evolution kernel of the complete hadronic tensor
M (built with two TMDs). One relevant application in the future would be to use the low energy TMDs
as input hadronic matrix elements for large energy colliders, where the evolution could be implemented in a
model independent way, leaving all the non-perturbative information to the TMDs themselves.
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Figure 4.6: Up quark unpolarized TMDPDF and Sivers function (Bochum and Torino fits) evolved from Q; =
V2.4 GeV up to Qy = 10 GeV with different approaches to the evolution kernel. Black line stands for the input
gaussian model and the rest for the evolved TMDPDFs either with CSS or our approaches.






SEMI-INCLUSIVE DEEP-INELASTIC
SCATTERING TMD FACTORIZATION

In this chapter we derive the factorization theorem for transverse-momentum dependent semi-inclusive
deep inelastic scattering (SIDIS). One of the main ingredients is the transverse-momentum dependent frag-
mentation function (TMDFF) of the measured outgoing hadron, which will be properly defined, based on

the analogous discussions done previously for the TMDPDEF. Then, after performing a complete one-loop
calculation of this quantity, we will analyze its main properties, as its OPE in terms of the collinear FF and
its evolution.

Factorization of SIDIS at Small gr

As we did in chapter 3 for the case of Drell-Yan lepton pair production, below we sketch the main
steps that give us the factorization of SIDIS cross-section by using SCET technology. In SIDIS we have the
following process: I(k) + N(P) — I'(k") + h(P) + X (Px), where [(I') is the incoming (outgoing) lepton, N
is the nucleon and & is the detected hadron, for which we measure its transverse momentum. The photon

carries momentum ¢ = k — k’, with ¢> = —Q?. In terms of the commonly used invariants,
Q2 Py P.P
— S = 5.1

the differential cross-section for SIDIS under one photon exchange is given by [17,91]

do o
L= ey W 5.2
drdydzd?B,,  2(2m)*Q*" " (5:2)

where the leptonic tensor L, is
o / / no__ Q2 y2 v
Ly =2 (kuk,, + koK, — gu k- k') = " l-y+5 (=2¢"") + ..., (5.3)
and WH" is given by

o~ L5 [ v (o1 110) | XP) (0P 700 ). (54

We choose to work in the Breit frame, where the incoming hadron is traveling along the +z-direction, with
n-collinear momentum P, and the photon is n-collinear, traveling along the —z-direction. The outgoing
hadron has a momentum P mainly along the —z-direction, with a fraction z of the photon momentum in
the same direction.

The full QCD electromagnetic current,

J&ep = Z eqDY Y (5.5)
q
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is matched onto the SCET-gr one,

Topr = C(Q* /1) Y eqfaWi 53" STWT¢n, (5.6)

q

where the relevant Wilson lines, essential to insure gauge invariance among regular and singular gauges [60],

are:
Wi = Tuimy Waiw) »
W, (z) = Pexp {zg h dsn-Ap(x + ﬁs)] )
0
Tn(z) = Pexp {zg/oo dr _l_ A’m_(er, 0o, + llT)] ,
0
Tr(x) = Pexp [—zg/ooo dri, A‘ﬁL(OO+,$_,fL + 117)] , (5.7)
and
SE = Tan(sm)Sn ST = Ty(sn)Sa

Si(z) = Pexp [ig/o dsn-As(x—i—sn)} ,

- 0
Ten(z) = Pexp ig/ dTlL-AsL(OO-’_,O_,fL—I—lLT)] ,
- 0 o )
Ten(xz) = Pexp ig/ dTlL-AsL(O-i_,OO_,fL—I—lLT)] ,
S;(z) = Pexp [—ig/ dsn-As(x—i—ns)] ,
0

~ —

Ten(z) = Pexp —ig/O dTlL-A‘SL(OO-’_,O_,fL—I—l_LT)] ,

—

Tsﬁ(:c) = Pexp ig/o dr ]_~ASJ_(O+,oo,fJ_+l]_T)] . (5.8)

T (sn) appears for the gauge choice n- A, = 0 (- As = 0), and the rest of the Wilson lines can be obtained
by exchanging n ++ n and P < P.

Performing standard manipulations in SCET, where the key ingredient is the decoupling of the Hilbert
space into three subspaces corresponding to collinear, anti-collinear and soft modes, we get

— %Z/d‘%ei‘” (P|J*(r) | X P) (X P|J,(0)|P) —
X

C@Q ) ey [ atreis™r (P &) ()] [WTe,] (0)|P)

< LS o W] ) |XP) (xP| (€] 0 0
X
x 5 O1T [T () [ 37 ©0) o) (5.9)

As in Drell-Yan process, in the frame where the incoming and outgoing quarks are collinear and anti-collinear,
respectively, the photon has a hard momentum ¢ ~ Q(1,1, ), i.e., 7 ~ (1/Q)(1,1,1/X). Thus, we need to
Taylor expand the previous result and consider the leading order contribution.

Taking into account the mentioned considerations and performing simple manipulations analogous to
Drell-Yan case, the factorization theorem for the hadronic tensor M (in impact parameter space) for SIDIS
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consists of the quark-TMDPDF Fy,p, quark-TMDFF Dp,; and the hard part H,

M = ZH(Q2/M2) FN‘n(:Ea b7 gFa IU/2) Dﬁ(z7 b7 CD7M2) ’ (510)
!

where the TMDPDF is defined as

- ~ ~ (A= A~
F,=J90A) /8 (—, — ) , 5.11
a5 (5 A (.1)

and the TMDEFF as

Dy = J A1), /S (%, %) . (5.12)
At the operator level, the collinear matrix element is given by
T (@, Fn 1) = %/%ei(%ykzm'gﬂ)
< o] [GT] 0%y 70) & [WT16,] (0) ). (513)
where k7 = xPT and the spin-average is taken. The relevant soft function is
S()) = / d%i . Ron R L (0] Tr [STT8T] (0F,07,7.) {STTST} (0) [0) (5.14)
5L 2n)? N, n On y0,91) |95 Oy . .
And finally, the anti-collinear matrix element is given by
3 ol W] (0770 [P ) (P X| (W] ) 0) (5.15)
X

where k = P, /z, kn. = P /z and the spin average is taken.

Universality of the TMDPDF

The predictive power of perturbative QCD relies on the universality of the non-perturbative matrix
elements that enter the factorization theorems relevant for different high energy processes. Those quantities
can be extracted from a limited set of hard reactions and then applied to make predictions for other processes.
In the following we examine the universality of the TMDPDF, eq. (5.11), by considering it in two different
kinematical settings: one is for DIS and the other is for DY. We will show to first order in «s and by using
the A-regulator that the TMDPDF is the same in those two setups.

The difference between DIS and DY settings appears already at the level of the operator definitions of
the collinear and soft matrix elements of the TMDPDF due to the existence of different Wilson lines between
the two settings. Moreover, and since the soft function connects two collinear sectors, which are obviously
different between DIS and DY, it is not immediately clear how the universality of the TMDPDF is realized.
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The WFR diagram (3.1a) gives

— d — — —
ip2 31D (p) = g2 Cra(1 — 2)8) (1 ) / (ZW')Z = ,f)i jﬁ’f][,ﬁl 0
- iﬁ%ﬂl — 2)5 (k1) {251\, + %ln_i_ + ﬂ . (5.16)

Combined with the Hermitian conjugate diagram we get
* CF g 1 ,LL2 1
N _ Z(3.1a)+(3.1a) _ QS—(S 1— 6(2) kn - In—— - 1
(p) () = =50 =)0 kn1) | —— FIn o) (5.17)

which contributes to the collinear matrix element with —1%(p). The W Wilson line tadpole diagram, (3.1b),
is identically 0, since 72 = 0. Diagram (3.1c) and its Hermitian conjugate give

JRISCAITEIN _ 9ig2Cp5(1 — )5 (B i

/ 4ok pt okt
X - - — + h.c.
(2m)d [k* +i0F][(p + k)2 + iA][k2 +i0]
asC -
- 27TF5(1 —2)6@ (k)
2 5t 9 AT AT A" 5
X | —In— 4+ — —In*—— — 21n—+1n—+2+— 5.18
LUV pt  euv ptp? u? G 12 (5.18)

The contribution of diagrams (3.3a) and (3.3b) is zero, since (3.3a) is proportional to n? = 0 and (3.3b) to
n? = 0. The diagram (3.3c) and its Hermitian conjugate give

. - dik 1
SD[S,(3.3¢)+(3.3(:) — 92 Cms® k. 28/ h.c.
L i Crd (ke )i | Smi T T o 0] T
C 2 2 0t 56~ 2
_ LT SO (E, ) {2— S P N E L (5.19)
2m Gy Euv W o 2
Thus, the results for the virtual contribution to the naive collinear and soft matrix elements are
e z c 1 z a
JZiDzs _ Jﬁfs,(&l ) 2J515 ,(3.1a)
o CF
= =501 — 2)6@ (ky
=L 51— )0 ()
L2 At 31 S ATA~ 314 A‘+12A_+7+5772
n— +-——1In — =Iln—- — -+ —
Euv Q2 2 EUuV Q2M2 2 ;L 4 12
Sf,DJS _ 511)15,(3.3c)+(3.3c)*
asCr - 2 2 ATA- ATA— 72
= =25k, -4+ —In—— —1In? — 5.20
o 0 kst [~ ot o T G t g (520)
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The equivalent results for DY kinematics were calculated in chapter 3, and we report them below:

T fad c 1. a
J::,lDY _ JDY,(3.1 ) _JDY,(?).I )

asCr -

= O s 5O,
2O 51 - )61

" 2 ! A++3 1 12A+A7 31 A7+1 SAT 7T Tx?
—h—4+-—-Ih"—— —-In—+In"— + - — —
euv Q% 2euv Q% 2 p? p o4 12 )7

Sﬂf,DY _ SlDY,(?)?)c)Jr(?)?)c)*

asCp ~ 2 2 A? A g2

= BF 5Ok, T | — In2 - 5.21
27‘[’ ( J~) E%V + EUV DQ2M2 n Q2M2 2 Y ( )

Comparing the results between DY and DIS kinematics we get that
jupts — juy | @O s s )2, (5.22)

and
sC 7

SPPIE = spPY 4 LD () (5.23)

We show below that the real part of the naive collinear and soft matrix elements are also different,
and that this difference exactly compensates the one in the virtual parts. We remind the reader that all the
results below are valid for infinitesimally small A* with respect to all other scales. Diagram (3.2a) is the
same for DY and DIS,

z a 3 a SC En 2
Jﬁy,(?)z ) _ JTl?lIS.,(?).Q ) _ O; 2F(1 o)1 —2) |k |
T [1Fnsl? = iA=(1 - 2)

‘2 . (5.24)

The contribution of diagrams (3.2b)+(3.2c) for DY kinematics was given in chapter 3 and it can be expressed
as

. . sC 1
v 32329 _ 0Cr [ x ] [ +hee.

272 [(1 =)+t /pT ] | Ky |2 —iA- (1 —2)

_ aCF 1 . N

Fimd ([ [2)(— imd(1 — z))} , (5.25)

while for DIS it is

FDIS,(3.26)+(3.20) _ 4 o +/ dek 2\t pt — Kkt
I T Crp” | oma ) e T T v A

N ((1 —x)pt — k+) 6(2)(l_ﬁ + EHL) + h.c.

_ aCp { x ] 1
272 (L) =it /pt | | ko |2 —iA—(1 — )

_ oaCFp 1 . N

i d (| [?) (Himd(1 — x))} . (5.26)

+ h.c.

Thus, the real parts of the naive collinear matrix elements in DY and DIS kinematics are related by the
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following:

. . .C -

TP = I = SR8 = 0)3(Ka s [P)2n”
s

a;Cr

= Jin = =01 = )8 (ks ) 7% (5.27)

where we have used: §(|kn |2) = (7/2)0® (k). Combining the last result with eq. (5.22) we conclude that
the naive collinear matrix element is universal to O(as).

The soft contribution in diagrams (3.4b)+(3.4c) for DY was given in eq. (3.36),

GDY.(3-4b)+(3.4e) _ ~asCp 1 5té~
1

= = n— , 5.28
T2 ki |2 — 0+0—  |key|? (>:25)
while for DIS we have
@ +k 2y9(kt+
D18,3A0)+BAe) _ o / d §@ (ki + ks )5(K2)0(kT) L
51 TCF | Gmd e itk fae]
, 1 +5-
o 5+s (5.29)

TN TN
sl sl

Since we are interested in expressing our results in terms of distributions in momentum space, it turns out
to be easier to consider the difference between the real contribution of the soft function for DY and DIS
kinematics. In order to achieve this let us write the following:

py,(3.40)+3.4c) _  asCr py, by, o 1 Int
51 =39 (ast), g (a,t)——am,
CF 1 Int
SDIS,(3.4b)+(3.4c) _ % DIS(,.¢ DIS(4.4) — = 5.30
1 7T2 g (a7 ) ) g (ay ) at ¥ 1 ) ( )

where ¢ = |ksy |2/(6707) and @ = §76~. One can easily see that

9" 5 (ast) — gPY (ast) = A6P (kL) (5.31)

and integrating over ks we get the coefficient A,

A:/koSL (9775 (a;t) — P (a; )] aﬂ/ooo dt [gP"% (ast) — gPY (ast)] =

& Int 3
=2 dt—— = —. 5.32
7T/O 21 2 (5:32)

DIS 4re UV-divergent when integrated over Es . However when we take the

The functions ¢”¥ and g
difference, we get a UV-finite contribution and IR-regularized with the a parameter. This is due to the fact
that the difference between DY and DIS integrals is just the position of the pole of the collinear Wilson line,
which is related to the IR (collinear) divergence. Thus, the real contributions to the soft functions for DY

and DIS kinematics are related according to

Qs C’F

r,DIS _ ar
51 =51 2

6@ (kyy)m?. (5.33)

Combining this result with eq. (5.23) we conclude that the soft function is universal to O(as).

To conclude this section, we have shown that the naive collinear and soft matrix elements are universal
between DY and DIS kinematics, from which the pure collinear and the TMDPDF are clearly universal. In
appendix A we calculate the TMDPDF in impact parameter space for DIS kinematics, and then match it
onto the PDF, where all those quantitates are calculated with the A-regulator. By doing so, we show that
the PDF is universal, as it should be, and that the matching coefficient at the intermediate scale is the same
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4

(a) (b) (c) (d) (e)

Figure 5.1: One-loop diagrams for the collinear matriz element Jn that enters in the definition of the TMDFF.
Those diagrams correspond to the collinear FF at one-loop as well. Hermitian conjugates of diagrams (a), (b) and

(d) are not shown. Double lines stand for collinear Wilson line.

for DY and DIS kinematics and independent of the IR regulator.

TMDEFF at O(a,)

In this section we calculate the quark-TMDFF defined in eq. (5.12) at one-loop. We use the A-
regulator to regulate IR and rapidity divergencies, while UV divergencies will be regulated by dimensional

regularization in the MS-scheme (u? — p2e¥® /(47)).

The collinear matrix element at tree level is

% L [ dy ™ PG ayth—g, T, N e e s
no = 57 Bk " T n 3 ) n
Jro 22:/ @) ¢ v {01&(y™, 07, 41) [p) (Pl €a(0)0)

=6(1—2)6® (kay)

The WFR diagram 5.1a gives

N d — — —
ipn 1) (p) = —g?Cro(1 — )8 (1 )™ / (;T'fd = ,ffi iﬁ][,{& 0]
= iﬁ—a;iFé(l —2)6P (k) {252\, + %m_fAﬁ- + i] .

Combined with the Hermitian conjugate diagram we get

5(p) = SOL+ G105 = CE 5 _ 257, ) [L T+l 1] ,

™

which contributes to the TMDFF matrix element with —3X(p).

(5.34)

(5.35)

(5.36)

The W5 Wilson line tadpole diagrams are identically 0, since n? = 0. Diagram 5.1b and its Hermitian

conjugate give

JEAPFOINT = 9i2Cr5(1 — 2)5) (B

nl
d — _
X/dk - _p k - — + h.c.
(2m) [k~ +1i6-][(p + k)2 + iAF][k2 + 40]
OésCF

=501~ 2)0®) (Kr L)

§-AT AT AT 572
— n°—; —21n—2—|—hr12—2—|—2—l—i
Euv P Euv pp H K

12 |

(5.37)
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Diagram 5.1c gives

20.1e) 2 _l/ﬁ 2 _
J21 7 =2mg*Crpp . (27‘_)45(16 Y0(k™)

y 2(1— )|k 20 (1= 1)p — k™) 6@ (kL +kn)
(P — k)2 +iAT][(p — k)% — iAT]

asCrll—z |kn |2

= 2 5 2 (538)
2r° 2z 2 ‘|km|2 A1 - 1/,2)‘
where we have used (%1)2 / ‘Zz;l‘ = 1;ZZ, with z € [0, 1].
The sum of diagram 5.1d and its Hermitian conjugate is
;B Ad)y+(Bdd 9 1 d*k o
7% ——ang*Cri ¢ [ s d()6()
- — k)0 (1 — 1) — k) 0@ (k1 + ks
L o (1= 2)p ) SO (kL +kar)
[k= —i0][(p— k)? + iAT]
OéSCF 1 |: 1 :| -1
- - — - T he., 5.39
272 22 [(L=1/2) =i0=/p~ | | |kpo |2 —iA+(1 —1/2) (5.39)

where we have used (21) / ’%1’ = —1, with z € [0, 1].

Now we perform the Fourier transform of the previous results to get the TMDFF in impact parameter
space. Thus, we have

mo =0(1—2). (5.40)
- . a,Cp 1 w1
by = 0(1 — —+In—+ -1 . 5.41
(8) = T30 —2) |+ gy 45 (5.41)
5(5.160)+(5.16)" _ OzsC’F5 1
‘]nl 17t ( Z)
2 6 2 0~ 0=, AT At 2
X |—In— + — —In’— — 2In—In— — 2In— + 2+ i (5.42)
Euv P €uv P P B W 12

35.1e)  asCpll—z 428
J; = - 1 :
nl or 2z L A* =zp2

(5.43)
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z . Cp 1 1 de~2E
Jg.ld)ﬂald) __asCr } e e

— 1
o 22 {(1—1/,2)—@'5—/17— ViATI==p

_ aCr 1/22 1/22 n4e’27E
= o {[(11/2)1-5/;3*(11/2)“5/13}1 ATE

[1—1/z —a (1_1/2,)“5-/]3-}
i

) [(1—1/i/iw s (1—1/;/12'6—/19—”

B a,Cr 4e=2E 6z 0~
= {ln A2 <(1_Z)++<921np—_> 5(12))
2

2/z 207 . _71'_2 .
+m + (2+1n = 1 ) 5(1 ) 5 5(1 ):| . (5.44)

We have used the identities in egs. (3.30) and (3.31) to perform the Fourier transforms. Take into
account that in those identities A% > 0, and this forces to take the modulus of (1 — 1/z) sometimes, which

is equivalent to write instead (1/z — 1), since z € [0,1]. We have also used the following relations for
distributions,

{ 1/22 n 1/22 } _ (1/2)2(z—1)
(1—-1/2)—i6~/p— (A —1/2)+1id/p~ (z—=1)2+ (20— /p)?

_ 7(1:6;+ - (9 - QInf_)—) 5(1—2)
{ Z%lnl_TZ N Z%lnlz—z } B i 22(z — 1)111%
(1—1/2)—i6—/p~ (1 —1/2)+i0~/p~] 22(2—1)2+ (20-/p~)2

TR LA P
(1—z)++<2+1 = 4)5(1 )
1/2? - 1/22 _ /=20 /o) e
{(1 —1/2)—i6=/p~  (1-1/2)+ is—/;;—} N S 6(1—2) (5.45)

Collecting all the previous partial results and the relations above, the naive collinear matrix element
in impact parameter space is then

7 asC A~ 3
I =02+ 25 fo0 -9 | o + 5
1—=2 6z A~ 1—2 1-=z 2/z
—L 1— 2L In—6(1 —z) — 1
L( 2 +(1fz)++95( z))+ Lané( Z) =~ In— +(1iz)+

_mi—: ((167’1” +96(1 — 2) — ;5(1 _ )+ 1;22) + (1745 _ %2) 501 —z)} . (5.46)

Let us calculate now the soft function at one-loop. The soft Wilson line tadpole diagrams are identically
zero since they are proportional to either n2 = 0 or 72 = 0. Diagram 5.2a and its Hermitian conjugate give

(5.2a)+(5.2a)* _ - @) 25/ dk 1
=-2 0 (ks h.c.
51 197 Cr0 = (ke )i @) e 10|k 1otk +a0]
a,Cp - 2 2 6t~ 5té— w2
=253 ks [— — —1In +1n? - — 5.47
27 (k) ey euv  p? 12 2 (5:47)
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() (b)

Figure 5.2: One-loop diagrams for the soft function. Hermitian conjugate of diagrams (a) and (b) are not shown.
Double lines stand for soft Wilson lines.

Diagram 5.2b and its Hermitian conjugate give

(B.20+5.20° _ _, / d'k 5 (kL + k.1 )0(K)0(k")
% TP | o e ik 1]
Jr —
_olr 10T (5.48)

T2 ke 2+ 610 |ksL|?

Performing the Fourier transform, the previous diagrams in impact parameter space are:

. o __asCp [ 2 2 5teT 56~ 2
Uv uv jz K
and
&(5.20)+(5.20) _ asCF 1 g de” e _ 7T_2
51 ~ o M 3 ) (5:50)

where we have used the following identity:

e - 1 A2 1. ,4e 272 g2
ddk iky by - 1 = — — | 2 — . 5.51
/ 1€ |kJ_|2 A Il|ku_|2 ™ 5 n A2p2 + 6 ( )

Thus, the complete soft function in impact parameter space at O(«s) is

S=1+

2 2 ATA ATA~ 2
asCr [ In= I } . (5.52)

+-——- +l? + 2L In——n + —
2 edy 12Q2 12Q2 6
Notice that this soft function is the same as for DY kinematics, eq. (3.38), consistent with previous section
where it was shown that the soft function is universal between DY and DIS kinematics.

Combining the naive collinear matrix elements and the soft function as in eq. (5.12), we finally get the
TMDFF in IPS at O(ay),

Da(2,55/Goo 1) = 51— 2) + [fm%auz)gl (QA_ A_ﬂ _

O[SCF 1 1 n 3
—5(1— 1o | 2 5
(1= )+ 2 {6( ) L_%V Ly ]
G,

1 1
_§Li(§(1 z) — LL( 5 Pge—q + 6(1_Z)+1DH_ (1—z))+ =

1 At 15 1— 1— 2 2
—;’Pw—qln? + Ié(l - Z) - ZQZ |:1 +1D 2 Z:| + ( /Z - W_é(l - Z)} ’ (553)
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where we have used the relations below:

2/z 6z
= 1—
-2, (o 00
1 6z 3 1—2
;'Pqeq = m + 95(1 — Z) — 55(1 — Z) + 2
2 1 1 3
:m+;+;7§5(172). (5.54)

Extraction of the Hard Coefficient

As we did in section 3.5 for DY process, let us obtain the hard coefficient for SIDIS factorization. As
explained in that section, the hard matching coefficient is calculated by subtracting the effective theory
contribution to the hadronic tensor from the one in QCD. This hadronic tensor at O(as) in IPS can be
written in terms of the naive collinear and soft matrix elements as

M(z,2,b;Q) = H(Q*/u®) [6(1 — 2)5(1 - 2)
(801 = 2) Fur,5Qu 1) + 81 = @) Jaa (2,1, Q, 1)
(1 — 2)8(1 — 2)Gy (b; Q))] +0(a?). (5.55)
In QCD, the virtual part of M with A-regulator can be extracted from the calculation of the QFF for

DIS kinematics in section 1.5. Taking the result from eq. (1.93) and adding to it the Hermitian conjugate
we get,

T a,Cr 2 A A 9 2
MQCDé(lz)é(lz){lJr o [21 @731 02 §+? . (5.56)
Collecting the results in sections 5.2 and 5.3, we can write the virtual part of the naive collinear and
soft matrix elements with AT = A

)

A a;Cr
vo=—0(1-
nl 17t ( :E)
X_i1£+ 3 _ 2A2 f§1é+1 A+Z+ﬁ_
L Euv nQ2 2e0y Q?*p? 2nu2 . p? 4 12|
S CYSCF
Vo= 6(1 —
nl o7 ( Z)
[ 2 A 3 , A2 3 A oA T 572
X | —In— —1 “In— +1In"— =
LEuv an +25UV " Q2 2 2 + +4+ 12 |
a;Cp 2 2 A? 5 A? 7r2
51 = ot 1 —1 = - 5.57
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Thus, inserting the results above in eq. (5.55), the total virtual part of the hadronic tensor M in the
effective theory is

y asCr [ 2
M§CETH(Q2/u2)5(1w)5(1z){1+ 2 - { 7
™ EUV
1 2 A 7 7T2
L (3o} oS s ol Pl 5.58
+€UV< + nQQ) QQ Q2+ nQ2+DQ2+ + 3:|}7 ( )

where the UV divergences are canceled by the standard renormalization process. Notice that the IR contri-
butions in egs. (5.56 and 5.58) are the same, as they should. Thus the matching coefficient between QCD
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and the effective theory at scale @ is

7T2

asCr u? o 112
—3ln— —In"— — — . .
- 3nc22 n o 8+ 5 (5.59)

H(Q3 /1) =1+

The above result was first derived in [39]. This result, as expected, is twice the hard part obtained in the
factorization of the QFF for DIS kinematics in section 1.5.

Refactorization: from TMDFF to FF

In this section we perform the OPE of the quark-TMDFF onto the integrated quark-FF and calculate
the matching coefficient at O(a;). The OPE of the renormalized TMDFF onto the renormalized collinear
FF is

_ Ldz . gz A
Dii(z,b; v/ Gy 1) = ﬁcﬁ (Evb;Cﬁ,H) dn(2; 1), (5.60)

where the FF is defined as [5]

-3 +
z /diei%yﬂﬁ’/z

dn (25 1) = 5 o

IS ) Wi (07,00 Ps,X) (Ps X ] @0y . (561)

One can then see that the matching coeflicient at one loop is

% ~ dn1

71 = Dn1 — pomel (5.62)

The TMDFF at one-loop was given in eq. (5.53), for which we used dimensional regularization in
d = 4 — 2¢ dimensions and MS-scheme (u? — p2e¥®/(4r)) to regulate all the UV divergences, and the
A-regulator for IR and rapidity divergencies. Thus, in order to properly obtain the matching coefficient,
below we calculate the collinear FF at O(a;) consistently with the regulators used for the TMDFF.

Notice that given the fact that we have a factor of 272 in the definition of the FF in eq. (5.61), it will
cancel in eq. (5.62). Thus, we will omit it in the explicit one-loop calculation performed below, both in the
collinear FF and in the extraction of the matching coefficient through eq. (5.62).

The FF at tree level is

oz dy™ il?ﬁﬁf/zl 7 4 oae RN gl E
o= [ e S 0160 50 ) (1010

=0(1-2) (5.63)
The WFR diagram (5.1a) gives

. a) (= 2 2¢ 'k -2

_ asCp 1 1 u2 1
=ip 5 0(1—2) |:25UV + 21n—iA+ + 1l (5.64)

Combined with the conjugate diagram we get

2

1 W 1

OéSCF

E(ﬁ) _ 2(5.111)-5—(5.1:1)*(13) _ :
s
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which contributes to the FF matrix element with —23(p).
The W Wilson line tadpole diagram is identically 0 since it is proportional to 72 = 0.

Diagram (5.1b) and its Hermitian conjugate give

d%51.1b)+(5.1b)* = —2ig?Cpd(1 — 2)

y / dok Pk h
C.

(2m)d [k~ + @07 ][(p + k)% + iAF][k2 + zO]
o QSCF
== 0(1—2)

- - - + +

X [iln5—+i1 25—721115—111A—72111A +2+5i : (5.66)
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The contribution of diagram 5.1c is

©9 Zaneg s [ Loy 200019 — 1
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=2l LUVHHN -] (5.67)
where we have used that (%1)2 / }Zz;l} = 1=

Diagram 5.1d and its Hermitian conjugate give
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where we have used the following relations when 6~ /p~ < 1,

(=1+1/2)"¢z (=1+1/2)°2  (=1+1/2)7%22(2—1)
(z—1)—izo~/p~  (z—1)+iz6~/p~ (2—1)2+ (26" /p~)?
= ﬁ—f—%( )ng——s{ﬁ—l—(2—%+1n22—)6(1—z)}—|—(’)(52),

(14_1/26128_(14_1/25125_“1- . .
(z—1)—iz6—/p~ (2= 1)+iz6-/p~ 5(1=2)+O(e). (5.69)

Combining the virtual and real contributions we get the collinear FF to first order in as,

QSCF 1 AJF
dn(z;p) =0(1 — 2) + or {quq (5 IHF)

2z 2

T T =2, (5.70)

Jr%(S(l—:r)f(l—z) [1+1n12’1 o

where the DGLAP kernel Py, is the same (just at one-loop) as for the collinear PDF,

1+ 22 1422 3 2z 3
quq<1_z)+ (1_Z)++§5(1—z)f7+(lfz)+§5(1fz). (5.71)
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Taking the one-loop result for the FF and renormalizing it, we get

dﬁl OéSCF 1 AJF
ERT [‘z—zpwlnﬁ
15 (1-2) 1-=2 2/z 2
51—z - 214 ~Tsa - 72
+45( ) e [—f—n . }+(lz)+ 65( 2)|, (5.72)

which combined with the TMDFF at one loop, given in eq. (5.53), as it appears in eq. (5.62), then we get
the matching coefficient at O(«),

asC 1 1 3
%F {ELiau —2)— L, <;PH + 55(1 - z))

fun%au RS S B o z)} . (5.73)

22 4

Notice that this coefficient, as the one for the OPE of the TMDPDF onto the collinear PDF, derived
in section 3.7, depends explicitly on Q? (through (7). This dependence can be exponentiated by following
the same steps as in the case of the TMDPDF, section 3.7.1. Thus, the TMDFF can be written as

B C_b2 —D(b;p) -0
DotetiGum = (1 ) O @ daian), (5.74)
where
~ asCr 1 1—=z
C,—?(z, byp)=96(1—2)+ [—;’P(N_qLT + >
1.5 3 2
—6(1 —2) <§LT + §LT + Z)} , (5.75)
and the D function is related to the cusp anomalous dimension,
dD
m = Tcusp - (5.76)

Finally, having refactorized the TMDFF in terms of the collinear FF, we can combine this result with
the refactorization of the TMDPDF in terms of the PDF in section 3.7 to express the hadronic tensor as

N C b2 —D(b;u) B §*b2 —D(b;p) 2
=@t (2) Ot (125 ) O b fulas a0
Q2b2 —2D(bip) ~
@) () O O i) ). 6.77)

This result can be understood in the following way. First, when ¢r < @, we match the QCD current onto
the SCET one, integrating out the hard scale (). In this first step we extract the hard matching coefficient
H and the two TMDs (either two TMDPDFs in DY or TMDPDF and TMDFF in SIDIS) are the remaining
hadronic matrix elements that give us the long-distance physics. In a second step, when Aqcp < ¢r < @,
we can refactorize the two TMDs by performing an OPE onto their collinear counterparts. In this second
matching step, we integrate out the large scale g7 in terms of C’n(ﬁ) Wilson coefficients, and the long-distance
physics is given by the collinear functions.
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Evolution of TMDFFs

Applying the renormalization group equation to the factorization theorem of the hadronic tensor,

M = H(Q?/1?) Fu(2,b; Co, ) Di(2, b5 Gy ) (5.78)

we get the following relation between the anomalous dimensions of the hard coefficient, the TMDPDEF and

the TMDFF,
2
VH <as(u),1n%> =—F <as(u),ln%> =D (a (1), 111/6—”) : (5.79)

The anomalous dimension of the hard part is known up to three-loop order [64,65,78] and it is linear in
In(Q?*/n?)
QQ
i = Ao (p ))lnu— + Blas(p) - (5.80)

Since @2 = v/(,Cn, then the anomalous dimensions of the TMDPDF and the TMDFF are linear as well in
In(¢, /p?) and In(Cr /p?), respectively. Thus,

e (0% ) = =S ~ S B(au).

12 1
10 (0,105 ) = =A% - Bla. (o). (5.81)

knowing both anomalous dimensions at three-loops. Notice that the anomalous dimension of the TMDPDF
derived in this case, i.e., SIDIS process, is the same as for DY process derived in section 3.7.1, consistent
with its universality shown in section 5.2.

Now we can evolve the TMDFF between p; and pf as

~ ~ Hrodi 5

i

On the other hand, the Q% exponentiation done in eq. (5.74) allows us to evolve the TMDFF also between
two different values of (5,

D(e (). L1 ()
Snf > . (5.83)

Combining the two ingredients above, we can finally write the complete evolution of the TMDFF in
impact parameter space in terms of an evolution kernel R,

Dii(2,b; Cag,s pip) = Dila,b; Gy i) R(0; Cais iy Gifs 117) 5 (5.84)
where R is given by
) 1y dji ) Cn Ch —D(as(pi), L1 (pi))
R(b; Cais iy Cag, ftf) = €xp {/ ﬁVF (Oés(u),ln f)} (C f ) (5.85)

This evolution kernel can be applied not only to the unpolarized TMDFF, but also to polarized TMDFFs, as
Collins function [70], since the factorization of the hadronic tensor and the evolution properties derived from
it do not depend on the spin. All TMDFFs, unpolarized or polarized, have the same anomalous dimensions
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YD, known up to three-loops, and the same evolution kernel.

Finally, notice that this kernel is exactly the same as for the TMDPDFs,; discussed in chapter 4. On
one hand, the anomalous dimensions of the TMDPDF, v, and the one of the TMDFF, vp, are equal. On
the other hand, regarding the D term that allows the QQ?-exponentiation, the argument is more tricky. First
of all, the differential equation fulfilled by the D is the same for both TMDs, i.e., dD/dlnp = T'cysp. On top
of this, one has also to prove that the finite terms of the D term, that can be extracted from a perturbative
calculation of the TMDPDF or the TMDFF, are equal as well in both cases. Now, given the fact that all the
Q?-dependence in the TMDs comes solely from the presence of the soft factor in their definition, since the
pure collinear matrix elements do not depend on Q? (see eq. (3.119) in section 3.8 and the results therein),
and considering that the soft function is universal (see discussion in section 5.2), the equality of the D term
for the TMDPDF and the TMDFF follows. Thus, all conclusions derived in chapter 4 apply as well to the
evolution of TMDFFs.



CONCLUSIONS

Soft-Collinear effective theory was formulated in covariant gauges, and it has proven to be a very

useful tool to derive factorization theorems for different processes and perform the resummation of large
logarithms in a cleaner and efficient way. However, for processes where the relevant matrix elements contain
a separation in the transverse direction, as the ones that the TMDs involve, SCET fails to provide a gauge
invariant definition for them. In chapter 2 we have explained the origin of transverse gauge links 7" within
SCET and studied which light-cone conditions are compatible with the power counting of the effective theory,
in such a way that the extended theory incorporates them right from the start, and all quantities built with
this theory are, for the first time, gauge invariant by definition [60]. The relevance of the T-Wilson lines in
SCET has been shown explicitly with the calculation at O(a;) of the Quark Form Factor and the TMDPDF
in Feynman and light-cone gauges.

In chapter 3 we have studied the Drell-Yan lepton pair production at small transverse momentum qr.
The analysis was carried out through the framework of the effective field theory via a two-step matching
procedure: QCD — SCET-qr — SCET-II. We established an all-order factorization theorem which allows
for a phenomenological study of DY gr spectrum to be analyzed at energies much larger than Aqcp. When
considering the double-counting issue of the soft and the naive collinear regions properly, the obtained
factorization theorem serves as a guideline towards how the TMDPDF should be defined and what would be
its fundamental properties. In our calculations we have used Wilson lines defined on-the-light-cone and light-
cone singularities appearing in individual Feynman diagrams have been regularized with the A-regulator.
The fact that all Wilson lines are defined on-the-light-cone only facilitates this computation.

The two step factorization is necessary to perform the resummation of logs of ¢r/Q and Aqcp/qr
respectively and we have discussed the resummation procedure in impact parameter space. In the first step
of the factorization one gets the usual structure of the cross section given in eq. (3.1). However the matrix
elements so defined are not good objects for the second factorization, because of the presence of mixed
UV/IR and rapidity divergences. All these divergences however disappear in the TMDPDF as we have
defined it. The second factorization is built up by matching the TMDPDF onto the PDF for large qr. We
have studied the Wilson coefficients that appear in the second matching which contain, in impact parameters
space, In(Q?/u?). We have shown that this kind of logs can be exponentiated, and thus resummed.

We have provided a definition of TMDPDFs which is gauge invariant and free from all rapidity diver-
gences including the mixed terms that spoil the renormalization of such quantities. The factorization theorem
for DY ¢r dependent spectrum, which is the basis leading towards defining a “TMDPDF”, is strongly be-
lieved to hold to all orders in perturbation theory and that the Glauber region is harmless. Since full QCD
quantities (like DY hadronic tensor) are free from RDs, then given the analysis presented in this work, one
can easily conclude that the RDs cancellation in the TMDPDF holds to all orders in perturbation theory.
This is important for phenomenological applications of TMDs (quarks in the case of DY or SIDIS or gluon
TMDPDFs for LHC physics) since the anomalous dimensions and the Q?-resummation kernel D [37], and
thus the evolution of individual TMDs can now be properly determined [92]. Our results can be readily
extended to define polarized and unpolarized quark and gluon TMDPDFs which could be considered as a
generalization of the one introduced in [92], as well as TMDFFs as in chapter 5.

We have also shown, by generalizing the arguments given in [67], how the TMDPDF definition, which
can be referred to as the “modified EIS” definition, is equivalent to the JCC one in the sense that both
definitions manage to cancel rapidity divergences in bi-local quark field operators separated along one light-
cone direction and also in the transverse two-dimensional space. Our definition can be readily used to carry
out perturbative calculations beyond O(«y) (with any convenient regulator, the A-regulator or any other
one) and calculate explicitly, for example, the anomalous dimension of polarized (such as Sivers function)
and unpolarized TMDs.

The inclusion of the square root of the soft function in the definition of the TMDPDF has important
consequences. First of all, the double counting in the factorization theorem is taken into account. Second, it
allows for the separation of UV and IR divergences in the TMDPDF. And third, even with the subtraction
of the square root of the soft function we are able to recover the PDF from the TMDPDF by integrating
over the transverse momentum.
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In chapter 5 we also considered the TMDPDF with DIS kinematics and pointed out the differences
with respect to DY ones. As mentioned earlier, different Wilson lines are needed for the two kinematical
settings. However we established the universality of the TMDPDF in both regimes and argued its validity
to all orders in perturbation theory. In that chapter we followed the same steps as in chapter 3 in order to
obtain the factorization theorem for SIDIS and define the TMDFF, similarly to the TMDPDF. We performed
a complete one-loop calculation and showed the refactorization of this quantity in terms of the collinear FF,
being able to discuss the former’s evolution properties.

We have argued in chapter 4 that the evolution of leading twist TMDPDFs, both for polarized and
unpolarized ones, is driven by the same kernel [92], which can be obtained up to NNLL accuracy by using
the currently known results for the cusp anomalous dimension and the QCD S-function. For completeness,
we have provided as well an expression for the evolution kernel at NNNLL. As shown in chapter 5, this kernel
applies as well to all leading twist TMDFFs.

The evolution kernel, as a function of the impact parameter b, can be obtained in the perturbative
region without introducing any model dependence, and the resummation can be performed up to any desired
logarithmic accuracy. This resummation can be done either by solving a recursive differential equation or
by properly implementing the running of the strong coupling with renormalization scale within the standard
CSS approach. In both cases we obtained identical results. This fact is actually not surprising. The
definition of (unpolarized) TMDPDF, both in the EIS [75] and JCC [20] approaches has been shown to be
equivalent [67,75]. If the resummation of the large logarithms is performed properly and consistently (in
terms of logarithmic accuracy) then the final results for the evolved TMDs should agree as well. We consider
this agreement as one of the major contributions of this work as it unifies a seemingly different approaches
to TMD theory and phenomenology.

As already mentioned, one of the main contributions is to give a parameter free expression for the
evolution kernel by using the highest order perturbatively calculable known ingredients, which is valid only
within the perturbative domain in the impact parameter space. On the other side, within the CSS approach
there is an overlap between the perturbative and non-perturbative contributions to the evolution kernel,
due to the implementation of a smooth cutoff through the b* prescription. Comparing both approaches,
we conclude that by, = 1.5 GeV_l, which is more consistent with our results (see fig. 4.4), gives a better
description of the perturbative region within the CSS approach, as was actually found by phenomenological
fits in [77].

We have studied under which kinematical conditions the non-perturbative contribution to the kernel
is negligible, and hence our approximate expression for the kernel (in Eq. (4.22)) can be applied without
recurring to any model for all practical purposes. Given an initial scale Q; = /2.4 GeV, at which one
would like to extract the low energy models for TMDs, if the final scale is Q¢ > 5 GeV, then the effects of
non-perturbative physics are washed out, as is shown in Fig. 4.2. In this case, all the model dependence is
restricted to the low energy functional form of TMDs to be extracted by fitting to data.

Thus, phenomenologically, the major point of our work is to provide a scheme optimized for the
extraction of TMDs from data. Assuming that low energy models are to be extracted at scale Q; ~ 1—2 GeV,
if data are selected with @y > 5 GeV, then the evolution is in practice parameter free. For instance,
COMPASS, Belle or BaBar facilities can perfectly fulfill these requirements.



TMDPDF oNnTO PDF MATCHING FOR
SIDIS

In this appendix we calculate the matching coeflicient of the TMDPDF onto the PDF for DIS kinematics
at the intermediate scale using the A-regulator, and show that, as expected, it does not depend on the

particular choice of the IR regulator. This matching coefficient is the same as for DY kinematics, thus
establishing its universality to first order in ay, since the PDF is universal.

For DIS kinematics the operator definition of the PDF changes, as we showed in sec. 5.2,
L [dy” ivyapt =
12w = 5 [ e IR, (07 005 07,070 ) S @
™ zb included

where Y = ngn and W); is the collinear Wilson line defined in sec. 5.2. In the following we show to first
order in « that the PDF is universal, as expected, although its operator definition changes for DY and DIS
kinematics.

The virtual contributions to the PDF are
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The real-gluon emission contributions are
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Combining the virtual and real contributions we get the PDF to first order in o
DIS(....N\ — ADY (.. \ _ a,Cr 1 A~
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which is the same as in eq. (3.78) for DY kinematics.
The virtual part of the TMDPDF for DIS kinematics is
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The real diagrams and their Fourier transforms are
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In the above we have used the following identity:
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when A — 0.
Finally, setting A* = A, the total TMDPDF in impact parameter space to first order in o, can be
written as
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(A.15)

1 3 Q? 7r2) }
12 ’

— LTPq/q + (1 — IL') - 5(1 — IL') <§L% - §LT + LTlIlF + —

where fP15 is the PDF given in eq. (A.6) and the remaining part exactly equals the OPE matching coefficient
calculated in DY kinematics, C, (b, Q2, u?).






CSS APPROACH TO THE EVOLUTION OF
TMDs

In various works following Collins’ approach to TMDs [12,20, 73], large L, logarithms in the D term
of the evolution kernel in eq. (4.7) were resummed using the CSS approach [50], which, for the sake of
completeness and comparison, we explain below.

First, the D term is resummed using its RG-evolution in eq. (4.8),

Qi dp

1223
where large L logarithms in the D term on the right hand side are cancelled by choosing u, = 2e=72/b.
Thus, they are resummed by evolving D from pu; to @;. However, since we need to Fourier transform back to
momentum space, at some value of b the effective coupling as(pp) will hit the Landau pole. In fig. B.1(a) we
can see the evolution kernel R(b; Qi = V2.4 GeV, Qs =5 GeV) where we have used eq. (B.1) to resum the
L logarithms in D and the appearance of the Landau pole is manifest. The breakdown of the perturbative
series is driven by the running coupling a; (), when py is sufficiently small.

Order | Accuracy ~ asz | y Powsp D
NLL [n+1-i<k<2n(ail) | al oaif! af

Table B.1: Approximation schemes for the evolution of TMDs with CSS approach, where L = ln(Q?/Q%) and o
indicates the order of the perturbative expansion.

In order to avoid this issue, CSS did not actually introduce a sharp cut-off but a smoothed one defined as
b* =b/+/1 + (b/bmax)?. Obviously b* cannot exceed byax and the effective coupling as (14~ ) does not hit the
Landau pole. As is shown in fig. B.1(b), the kernel saturates and does not present any uncontrolled behavior.
It is also worth noticing that comparing fig. B.1(a) with fig. B.1(b), we see that the implementation of the b*
prescription has some appreciable effect in the perturbative region, which now depends on this parameter.

The lost information due to the cutoff is recovered by adding a non-perturbative model that has to
be extracted from experimental data of a measured cross section. This model not only gives the proper
information in the non-perturbative region, but also restores the correct shape of the kernel within the
perturbative domain, which was affected by the b* prescription. When implementing, for example, the
Brock-Landry-Nadolsky-Yuan (BLNY )model the evolution kernel can be written as

Q; - 2 2
RCSS(b; Qi, Q) =exp {/ ' %u'yp (as(u),ln&>} <&

—[D®":Qi)+49207]
“)}(2) e

i

where D(b*; Q;) is resummed using eq. (B.1). In this model go = 0.68 GeV? for byay = 0.5 GeV ™' [93]
and go = 0.184 GeV? for bmax = 1.5 GeV ™1 [77]. From the theoretical point of view these two choices are
legitimate and they can be used to define the model dependence of the final result. However considering byax
as a fitting parameter the choice of by = 1.5 GeV ™! should be preferred according to ref. [77]. Fig. B.1(c)
shows the complete evolution kernel with the CSS approach, eq. (B.2), while implementing the BLNY model.
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B. CSS Approach to the Evolution of TMDs
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Figure B.1: Evolution kernel from Q; = v/2.4 GeV up to Qy = 5 GeV using RG-evolution in eq. (B.1) to resum

the D term. The resummation accuracy is given in table B.1.

(a) With uy, = 2¢~72 /b the Landau pole appears

clearly. (b) With up» = 2¢~ 78 /b* and bmax = 1.5 GeV™! to avoid hitting the Landau pole. (c) Adding the BLNY

non-perturbative model to recover the information at large b.



EvoLUTION OF THE HARD MATCHING
COEFFICIENT

The evolution of the hard matching coefficient Cy, where H = |Cy/ |2, is given by

(@) = ren (s n L) . ey = Tamp(as) nL 4 () 1)
dlnu v S bl /,LQ ) v cusp S ,[,1,2 S/

where the cusp term is related to the evolution of the Sudakov double logarithms and the remaining term
with the evolution of single logarithms. The exact solution of this equation is

Hfodn

(o2 (ﬂf) dds

= Cy(Q*/1}) exp l/ " m’mv (075)] ; (C.2)

where we have used that d/dlnp = f(as) d/das, where f(as) = das/dinp is the QCD S-function.

Below we give the expressions for the anomalous dimensions and the QCD S-function, in the MS
renormalization scheme. We use the following expansions:

> Qg n > g n > Qg n
Fcusp = § anl (477') ) ,_yV = E 77‘1/ <47T) ) B = 720‘5 g ﬂnfl <47T) . (C’?’>
n=1 n=1 n=1

The coefficients for the cusp anomalous dimension I'cysp, are

Iy =4CF,
Iy =4CF [(%7 - %2) Ca— 29#0 an] )
Iy =4CF [Ci (% - 13;;2 + 1;: + 2—32 C3) + CaTrnyg (—%8 + 4(2)7772 —~ 5—36 gg)
+CpTrng (—53—5 + 16@“3) _ ;Tgnﬂ _ )

The anomalous dimension 7" can be determined up to three-loop order from the partial three-loop expression
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for the on-shell quark form factor in QCD. We have

’y(‘)/ = *GCF,
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27 3 27 3
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151 410m2  4947x* 1688 1672
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+ch,4( T e — o e e G — 240G
139345 716372 837t 7052 8872
2 (- — — — — 272
+CFCA( 1458 243 B Ty BTy G
5906 5272 56mt 1024
C2T — —
+FF"f(27 9 27+9<3)
34636 518872  44n* 3856
T _ _
+CrCa F"f( 720 o3 45 27 43)
19336 8072 64
72,2 . _ o= C.5
+ CrTrny ( 29 271 27 C3> (C-5)
Finally, the coefficients for the QCD S-function are
11 4
= —Cuy—=-T
ﬁO 3 A 3 an7
34 20
ﬁl = ? Ci — ? CATFTZf — 4CFTan,
2857 , 205 1415 44 158 5 5
ﬂ2:—54 CA+<20F?CFCA—27 Ca ) Trng + §CF+2_70A Tpny
149753 1078361 6508 50065 6472 , 1093
_ _ 9903 209 =2 C.6
Ps +3564C < 162 27 @’) ”f+< 162 ' 81 C3> mF g M (C.6)

where for 3 we have used N, = 3 and Tr = %



DERIVATION OF D't AT NNNLL

Below we provide the details of the derivation of D within the CSS formalism, i.e., solving eq. (4.24).
Using the perturbative expansion of Icusp(cvs) and G(as) one can write,

Qi as(Qi) T (a)
d(Inp)T s :/ do =227
[, e = [ da s

B /'O‘S(Qi) o —I'o n Lopr —T1fo L@ (=822 + Bopily + BoBaTo — BiL0)
N 2a.0 8732 327233

Qs (;U'b)

+042 (=B3Ts + B3/l + B3 B2l + B3 8sL0 — Bofilt — 280618200 + BiTo)
1287334

_ Lo, as(@i) N Lof1 =T 5o

2B = as () + [0s(Qi) — s )] 833

(=822 + Bopily + BoBaTo — BiL0)
647263
—B3Ts + 3BTz + B3B2T'1 + B2 B3T0 — BoBiT1 — 280B1B2To + BiT0)
3847335 '

+[02(Qi) — al(m)]

+ [02(@0) o)) (D.1)

Then in the equation above we use the running of the strong coupling to expand a;(up) in terms of a,(Q;),

as () = as(Qi)ﬁ B ai(Qi)%

(=XPoB2 + BH(X —In*(1 = X) +In(1 - X)))
1672(1 — X)332
(B3 (X2 +2In°(1 — X) — 5ln*(1 — X) — 4XIn(1 — X)))
12873(X — 1)433
(+2B0B182((2X + 1)In(1 — X) — (X — 1)X) + (X — 2)X3255)
12873(X — 1)433

—a2(Qy)

- O‘g(Qi)

— o (Qy)

(D.2)

and implement it up to the appropriate order in a4(Q;). In order to finally get D at NNLL one should
consider also the term D(b; up) in eq. (4.24), which at second order does not vanish due to the presence of
the finite d2(0) term,

a2

D@ (b; 1) = d2(0) <M> - dQ(O)m 7

= (D.3)

with a = as(Q;)/4m. Inserting this result in eq. (D.1) and the expansion in eq. (D.2) up to order a2(Q;),
one gets eq. (4.16).
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Finally, for completeness and future reference, we provide also D at NNNLL,

5
DR = ( ~ 203(0) 2 n(1 X)+DR(3)) :
DR — 1152 (97,8, (X (X2 — 3X +3) + 3In(1 — X))
roT g 0
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SUMMARY

Introduction and Goals

There are four known fundamental interactions in nature: gravitational, electromagnetic, weak and
strong interactions. The former one is well described by the General Relativity theory. The other three are
combined into the Standard Model (SM), a relativistic quantum field theory built with the guidance of gauge
invariance and renormalizability. It is given in terms of a Lagrangian of quantized fields that describe the
elementary degrees of freedom, quarks and leptons, and the carriers of the interactions, the bosons. The SM
is divided in two sectors: the electroweak sector, which unifies the electromagnetic and weak interactions,
and the strong sector, described by Quantum Chromodynamics (QCD).

Understanding QCD has been pursued over for almost four decades from different perspectives: pertur-
bative QCD, lattice QCD, effective field theories (chiral perturbation theory, heavy-quark effective theory,
soft-collinear effective theory, etc), and other frameworks as well. Despite many efforts, the question of how
the observed properties of hadrons are generated by the dynamics of their constituents, namely quarks and
gluons, is yet to be resolved. A research venue that would be of much help, and which is being actively pur-
sued both theoretically and experimentally, is to try to explore the three-dimensional structure of nucleons,
both in momentum and configuration space. The role of quarks and gluons in generating the nucleon’s spin
or the partonic angular momentum is being investigated in experimental facilities such as JLab and DESY
and by HERMES, COMPASS or Belle collaborations, among others. The LHC, the most powerful hadron
collider we have nowadays, can also be of very much help in understanding the role of gluons inside the
protons. As mentioned before the ultimate goal is to try to understand how the dynamics of QCD generates
the observed features of hadrons in general and of nucleons in particular.

Among the different physical observables we can deal with, the ones with non-vanishing (or un-
integrated) transverse-momentum dependence are specially important at hadron colliders, and can be very
useful to understand the inner structure of hadrons. Moreover, those observables are relevant for the Higgs
boson searches and also for proper interpretation of signals of physics “beyond the Standard Model”. The
interest in such observables goes back to the first decade immediately after establishing QCD as the funda-
mental theory of strong interactions [1-5]. Recently, however, there has been a much renewed interest in
qr-differential cross sections where hadrons are involved either in the initial states or in the final ones or in
both (see e.g. [6-13]). The main issues of interest range from obtaining an appropriate factorization theorem
for a given process and resumming large logarithmic corrections to performing phenomenological analyses
and predictions.

In order to study the spin and momentum distributions of partons inside the nucleons, it has been
realized that one needs to identify an “irreducible” number of functions (or hadronic matrix elements). In
the collinear limit there are (at leading twist) three parton distribution functions (PDFs), depending on the
polarization of the partons: the momentum distribution [4,5], the helicity distribution and the transversity
distribution [14]. When the intrinsic partons’ transverse momentum is also considered then one obtains, at
leading twist, eight transverse momentum dependent PDFs (TMDPDFs) ! that characterize the nucleon’s
internal structure [15,16]. To be of any use, those matrix elements have to be properly defined at the operator
level (in terms of QCD degrees of freedom) and then their properties (such as evolution or universality) should
be carefully examined. Among that group of functions, the unpolarized TMDPDF has a special role. It
has no spin dependence, and thus it is considered as a “simple” generalization of the standard (integrated)
Feynman PDF. However since the introduction of this quantity by Collins and Soper thirty years ago and
despite many efforts [4-6,10,17-20], there has not been any agreed-upon definition of it. This fact clearly
has its bearings over the other, and more complicated, hadronic matrix elements as well, and it affects the
whole field of spin physics.

IThroughout this thesis we indistinctly use “TMD?” for “transverse-momentum dependent” or “transverse-momentum distri-
bution” (which refers both to transverse-momentum dependent parton distribution functions and transverse-momentum
dependent fragmentation functions)
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The integrated or collinear PDF is defined as

1 [dr™ 1,.p+- — _ = At
Fuple) =5 [ Get T (RSB0 D)W 07 0 0) 1PS)
where the gauge link W{r—;07] connects the two points along the light-cone direction and preserves gauge
invariance (in chapters 1 and 2 it will be more clear the particular form of gauge links). From a probabilistic
point of view, this correlation function gives the number of partons (quarks) inside the nucleon that carry
a fraction x of the collinear momentum P7 of the parent nucleon. This matrix element is a fundamental
block of many factorization theorems. For instance, it appears in the factorization of the structure functions
of DIS [21]. The factorization theorems express a given observable in terms of perturbatively calculable
coefficients and non-perturbative hadronic matrix elements. The formers contain the information of short-
distance physics and do not contain any divergence. The hadronic matrix elements characterize the long-
distance physics of QCD and do have divergences when are calculated perturbatively.

Deriving a factorization theorem for a given hard process is in general a complicated task, and even
more harder it is to prove that it holds to all orders in perturbation theory. As already mentioned, a factor-
ization theorem is the mathematical statement that we can separate the perturbative and non-perturbative
contributions for a given observable, say a cross-section. And in order to be able to formulate it, one needs
to identify first which are the relevant scales and modes that contribute to a given process, and then assign
different matrix elements to them. Moreover, it is easy to imagine that one will find large logarithms of the
ratios of the scales in the perturbative calculations, and thus resummation will play a crucial role in order
to get any sensible results from the established factorization theorems.

In order to understand the meaning of a factorization theorem, let us consider the inclusive Drell-Yan
lepton pair production, ha(P)+hp(P) — l1(k1)+12(k2)+X (Px), where h 4(p) are the two incoming hadrons,
l1(2) the outgoing leptons and X stands for unobserved hadrons in the final state. In this process we measure
the invariant mass of the outgoing lepton pair, M? = ¢ = (k1 + k2)?, and its rapidity, y = %1113:—?. The

factorization theorem for this process reads [22]
_do__$ S [t (A B ) £y i)
= T Ipn y T, 7 Tns ] Tns 9
dMQdy — 24 . MQ Tn Th /ha M ji/hB H
4.

where x4 = e¥y/M2/s, xp = e ¥y/M?/s and s = (P + P)? is the center of mass energy squared. This
theorem is correct up to power corrections suppressed by a power of M2. On one hand we have the hard part
H, which depends on M? and does not have any divergence. On the other hand we have the two integrated
PDFs corresponding to the incoming hadrons.

If we perform a perturbative calculation of the PDF, it will contain an ultraviolet (UV) and an infra-red
(IR) divergence (see e.g. [21]). The UV one is removed by standard renormalization procedure, and it gives
us the evolution properties of the PDF (DGLAP splitting kernels). On the other hand, the IR divergence
is a direct manifestation of the non-perturbative character of the PDF, and is washed out by confinement
when plugged into a given factorization theorem. In particular, using pure dimensional regularization the

PDF at O(as) is

fogr(@) =60 =) + (= ) Pucy,

€UV €IR

where Py, is the one-loop splitting kernel of a quark into a quark (see eq. (3.34)). This result is the
prototype of a perturbative calculation of a well-defined hadronic matrix element, where the UV and IR
divergencies are separated, i.e., which can be properly renormalized.

The hard part in the factorization theorem is calculated order by order in perturbation theory by
the “subtraction” method, i.e., by subtracting the combination of the two PDFs on the right hand side
to the cross-section do on the left hand side. Thus, it is a must that the hadronic matrix elements on
the right reproduce the IR contribution of the observable on the left, so that the subtraction gives us a
perturbative coefficient free from any divergence. From a practical point of view, we clearly need to perform
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the perturbative calculation of do and the two PDFs in a consistent way, using the same IR regulator (pure
dimensional regularization, masses, offshellnesses, etc).

Regarding the hadronic matrix elements, their perturbative calculation could seem meaningless, in the
sense that it contains IR divergences. However it allows us to extract the perturbative hard part of the
factorization theorem by the subtraction method. The IR divergences have a clear non-perturbative origin
and are washed out by confinement. In a phenomenological application of the factorization theorem, the
PDFs (and any hadronic matrix element in general) are replaced by numerical functions extracted from the
experiment. Thus, the predictive power of pQCD lies on the universality of the relevant hadronic matrix
elements, which can be extracted from one hard reaction and used to make predictions for another reaction.

With the introduction of Soft-Collinear effective theory (SCET) [23-34] the derivation of factorization
theorems and the resummation of large logarithms has been largely simplified. From the effective theory point
of view one can understand a factorization theorem as a multistep matching procedure. Once the relevant
scales are identified, one needs to perform at each scale a matching between two effective theories, which have
to share the same IR physics. From each matching one will get a perturbative (Wilson) coefficient. At the
end, one will end up with different perturbative coefficients and non-perturbative hadronic matrix elements.
The resummation of large logarithms is done by running the coefficients and/or the matrix elements between
the relevant scales, using the Renormalization Group (RG) equations.

The success of SCET, though, is based on the fact that the relevant modes that reproduce the IR
physics of full QCD are collinear and soft. This is not true in general, and has to be proven (or at least
shown perturbatively and justified to all orders in perturbation theory) for any given process. It lies outside
of the scope of this thesis to analyze the issue related to the appearance of other modes, such as Glauber
modes, and the breakdown of SCET. For the processes we deal with, it is generally believed that collinear
and soft modes do reproduce the IR of QCD, and thus the use of SCET is justified [20,21,35]. Moreover,
we have checked this fact explicitly by performing O(a;) calculations.

Focusing back our attention on the transverse momentum of partons, we could think of generalizing
the factorization theorem given previously to the case where we not only measure the invariant mass of the
lepton pair, but also its transverse momentum. In this case, we could schematically write

do /1 /1 / 2 2 2
— = den | dan | d?knid?ks 6P (gL — knt — ki
dM2dq’ dy z]: A 107 (as = knt = kaL)

M2 rA ITB
x H (?’x_’x_ Eijha (@, knys 1) Fypng (T, knip)

where the TMDPDFs would be the generalization of the collinear PDFs,

1 dr—d?r, LinPtr— —ik, -7
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Notice that we have added a gauge link to connect the points also in the transverse direction. However, if we
perform a perturbative calculation of this quantity we will get rapidity divergences (RDs) and mixed UV/IR
divergences. Thus, this matrix element cannot be renormalized by any means, and it cannot be considered
as a valid hadronic matrix element.

In this thesis, by considering a process which is sensitive to the transverse-momentum of partons inside
the hadrons, and using the effective field theory machinery, we provide a proper definition of TMD hadronic
matrix elements. From their definition and based on the relevant factorization theorem, we obtain their
properties, mainly their evolution, which is of much importance for phenomenological applications and the
whole topic of spin-physics. Thus, three decades after the introduction of the collinear PDF, we complete
the puzzle by providing a proper theoretical definition of the functions that encode the 3-dimensional inner
structure of hadrons: TMDs.

Results
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Soft-Collinear effective theory was formulated in covariant gauges, and it has proven to be a very
useful tool to derive factorization theorems for different processes and perform the resummation of large
logarithms in a cleaner and efficient way. However, for processes where the relevant matrix elements contain
a separation in the transverse direction, as the ones that the TMDs involve, SCET fails to provide a gauge
invariant definition for them. In chapter 2 we have explained the origin of transverse gauge links T" within
SCET and studied which light-cone conditions are compatible with the power counting of the effective theory,
in such a way that the extended theory incorporates them right from the start, and all quantities built with
this theory are, for the first time, gauge invariant by definition [60]. The relevance of the T-Wilson lines in
SCET has been shown explicitly with the calculation at O(«s) of the Quark Form Factor and the TMDPDF
in Feynman and light-cone gauges.

In chapter 3 we have studied the Drell-Yan lepton pair production at small transverse momentum qr.
The analysis was carried out through the framework of the effective field theory via a two-step matching
procedure: QCD — SCET-qr — SCET-II. We established an all-order factorization theorem which allows
for a phenomenological study of DY g7 spectrum to be analyzed at energies much larger than Aqcp. When
considering the double-counting issue of the soft and the naive collinear regions properly, the obtained
factorization theorem serves as a guideline towards how the TMDPDF should be defined and what would be
its fundamental properties. In our calculations we have used Wilson lines defined on-the-light-cone and light-
cone singularities appearing in individual Feynman diagrams have been regularized with the A-regulator.
The fact that all Wilson lines are defined on-the-light-cone only facilitates this computation.

The two step factorization is necessary to perform the resummation of logs of ¢r/Q and Aqcp/qr
respectively and we have discussed the resummation procedure in impact parameter space. In the first step
of the factorization one gets the usual structure of the cross section given in eq. (3.1). However the matrix
elements so defined are not good objects for the second factorization, because of the presence of mixed
UV/IR and rapidity divergences. All these divergences however disappear in the TMDPDF as we have
defined it. The second factorization is built up by matching the TMDPDF onto the PDF for large qr. We
have studied the Wilson coefficients that appear in the second matching which contain, in impact parameters
space, In(Q?/u?). We have shown that this kind of logs can be exponentiated, and thus resummed.

We have provided a definition of TMDPDFs which is gauge invariant and free from all rapidity diver-
gences including the mixed terms that spoil the renormalization of such quantities. The factorization theorem
for DY ¢r dependent spectrum, which is the basis leading towards defining a “TMDPDEF”| is strongly be-
lieved to hold to all orders in perturbation theory and that the Glauber region is harmless. Since full QCD
quantities (like DY hadronic tensor) are free from RDs, then given the analysis presented in this work, one
can easily conclude that the RDs cancellation in the TMDPDF holds to all orders in perturbation theory.
This is important for phenomenological applications of TMDs (quarks in the case of DY or SIDIS or gluon
TMDPDFs for LHC physics) since the anomalous dimensions and the Q?-resummation kernel D [37], and
thus the evolution of individual TMDs can now be properly determined [92]. Our results can be readily
extended to define polarized and unpolarized quark and gluon TMDPDFs which could be considered as a
generalization of the one introduced in [92], as well as TMDFFs as in chapter 5.

We have also shown, by generalizing the arguments given in [67], how the TMDPDF definition, which
can be referred to as the “modified EIS” definition, is equivalent to the JCC one in the sense that both
definitions manage to cancel rapidity divergences in bi-local quark field operators separated along one light-
cone direction and also in the transverse two-dimensional space. Our definition can be readily used to carry
out perturbative calculations beyond O(«y) (with any convenient regulator, the A-regulator or any other
one) and calculate explicitly, for example, the anomalous dimension of polarized (such as Sivers function)
and unpolarized TMDs.

The inclusion of the square root of the soft function in the definition of the TMDPDF has important
consequences. First of all, the double counting in the factorization theorem is taken into account. Second, it
allows for the separation of UV and IR divergences in the TMDPDF. And third, even with the subtraction
of the square root of the soft function we are able to recover the PDF from the TMDPDF by integrating
over the transverse momentum.

In chapter 5 we also considered the TMDPDF with DIS kinematics and pointed out the differences
with respect to DY ones. As mentioned earlier, different Wilson lines are needed for the two kinematical
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settings. However we established the universality of the TMDPDF in both regimes and argued its validity
to all orders in perturbation theory. In that chapter we followed the same steps as in chapter 3 in order to
obtain the factorization theorem for SIDIS and define the TMDFF, similarly to the TMDPDF. We performed
a complete one-loop calculation and showed the refactorization of this quantity in terms of the collinear FF,
being able to discuss the former’s evolution properties.

We have argued in chapter 4 that the evolution of leading twist TMDPDFs, both for polarized and
unpolarized ones, is driven by the same kernel [92], which can be obtained up to NNLL accuracy by using
the currently known results for the cusp anomalous dimension and the QCD S-function. For completeness,
we have provided as well an expression for the evolution kernel at NNNLL. As shown in chapter 5, this kernel
applies as well to all leading twist TMDFFs.

The evolution kernel, as a function of the impact parameter b, can be obtained in the perturbative
region without introducing any model dependence, and the resummation can be performed up to any desired
logarithmic accuracy. This resummation can be done either by solving a recursive differential equation or
by properly implementing the running of the strong coupling with renormalization scale within the standard
CSS approach. In both cases we obtained identical results. This fact is actually not surprising. The
definition of (unpolarized) TMDPDF, both in the EIS [75] and JCC [20] approaches has been shown to be
equivalent [67,75]. If the resummation of the large logarithms is performed properly and consistently (in
terms of logarithmic accuracy) then the final results for the evolved TMDs should agree as well. We consider
this agreement as one of the major contributions of this work as it unifies a seemingly different approaches
to TMD theory and phenomenology.

As already mentioned, one of the main contributions is to give a parameter free expression for the
evolution kernel by using the highest order perturbatively calculable known ingredients, which is valid only
within the perturbative domain in the impact parameter space. On the other side, within the CSS approach
there is an overlap between the perturbative and non-perturbative contributions to the evolution kernel,
due to the implementation of a smooth cutoff through the b* prescription. Comparing both approaches,
we conclude that bpax = 1.5 GreV*l7 which is more consistent with our results (see fig. 4.4), gives a better
description of the perturbative region within the CSS approach, as was actually found by phenomenological
fits in [77].

We have studied under which kinematical conditions the non-perturbative contribution to the kernel
is negligible, and hence our approximate expression for the kernel (in Eq. (4.22)) can be applied without
recurring to any model for all practical purposes. Given an initial scale Q; = /2.4 GeV, at which one
would like to extract the low energy models for TMDs, if the final scale is @y > 5 GeV, then the effects of
non-perturbative physics are washed out, as is shown in Fig. 4.2. In this case, all the model dependence is
restricted to the low energy functional form of TMDs to be extracted by fitting to data.

Thus, phenomenologically, the major point of our work is to provide a scheme optimized for the
extraction of TMDs from data. Assuming that low energy models are to be extracted at scale Q; ~ 1—2 GeV,
if data are selected with @y > 5 GeV, then the evolution is in practice parameter free. For instance,
COMPASS, Belle or BaBar facilities can perfectly fulfill these requirements.






RESUMEN

Introduccién y Objetivos

Se conocen cuatro fuerzas fundamentales en la Naturaleza: la gravitacional, la electromagnética, la
nuclear débil y la nuclear fuerte. La primera est$ descrita por la Teoria General de la Relatividad. Las
otras tres se combinan en el Modelo Estdndar (SM), una teorfa cudntica de campos relativista construida
siguiendo los principios de la invariancia gauge y la renormalizabilidad. Esta dada en thermanos de un
Lagrangiano de campos cuantizados que describen los grados de libertad elementales, quarks y letones, y los
portadores de las interacciones, los bosones. El SM estéd dividido en dos sectores: el electrodédil, que unifica
las interacciones electromagnética y nuclear dédil, y el sector fuerte, que esté descrito por la Cromodindmica
Cuéntica (QCD).

Durante las ultimas cuatro déchadas se ha intentado entender la teoria de QCD desde diferentes
perspectivas: QCD perturbativa, QCD en el reticulo, teorias efectivas (teorfa quiral perturbativa, teoria
efectiva de quarks pesados, teoria efectiva soft-collinear, etc), y otras. A pesar de los numerosos esfuerzos,
la cuestién de cémo las propiedades observadas de los hadrones se originan a partir de la dinrhica de sus
constituyentes sigue sin estar resuelta. Una posible via de investigacion que podria ser de gran ayuda, y que
estd siendo llevada a cabo muy activamente tanto teéricamente como experimentalmente, es intentar explorar
la estructura tridimensional de los nucleones, tanto en el espacio de momentos como en el de configuracion.
El rol de los quarks y gluones en la generacion del espin de los nucleones o la composicién del momento
angular parténico estd siendo investigado en experimentos y laboratorios como JLab, DESY, HERMES,
COMPASS o Belle, entre otros. El LHC, el colisionador de hadrones mas potente jamas construido, puede
ser también de mucha utilidad para averiguar el rol de los gluones dentro de los protones. Tal y como se
dijo anteriormente, el objetivo final es el comprender cémo la dindmica de QCD genera las propiedades
observadas de los hadrones en general, y de los nucleones en particular.

Entre los diferentes observables que podemos tratar, son especialmente importantes en los colisionadores
de hadrones aquéllos que tienen un momento transverso no nulo. Ademds estos observables son ttiles para
la busqueda de Higgs y para una adecuada interpretacién de senales de nueva fisica mas alla del Modelo
Estandar. El interés por este tipo de observablas se remonta a la primera década después de que QCD se
estableciera como la teoria fundamental de las interacciones fuertes [1-5]. Sin embargo, recientemente ha
aparecido un renovado interés por las secciones eficaces diferenciales en el gr, ya sea con hadrones en el
estado inicial, final o en ambos (ver e.g. [6-13]). Las cuestiones de mayor interés van desde la obtencién de
los teoremas de factorizacion adecuados para los procesos considerados y la resumacién de logaritmos, hasta
la realizacién de andlisis fenomenolégicos.

Para poder estudiar las distribuciones de espin y momento de los partones dentro de los nucleones
es necesario manejar un nrhuero “irreducible” de funciones (o elementos de matriz hadrénicos). En el
limite colineal, al “leading twist”, tenemos tres funciones de distribucién de patrones (PDFs), dependiendo
de la polarizacién de los partones: la distribucién de momento [4, 5], la distribucién de helicidad y la
distribution de transversidad [14]. Cuando consideramos también el momento transverso de los partones,
obtenemos, de nuevo al “leading twist”, ocho distribuciones de partones de momento transverso (TMDPDFs)
que caracterizan la estructura interna de los nucleones [15,16]. Para ser de alguna utilidad, estos elemento
de matriz deben estar correctamente definidos al nivel de operadores (en términos de los grados de libertad
de QCD) y sus propiedades (como la evolucién o la universalidad) adecuadamente examinadas. De estas
ocho distribuciones, la TMDPDF no polarizada tiene un rol especial. No depende del espin, y por tanto la
podemos considerar como una “simple” generalizacién de la PDF estdndar (o integrada) de Feynman. Sin
embargo, a pesar de los miiltiples esfuerzos desde que esta cantidad fue propuesta por Collins y Soper hace
treinta afnos [4-6, 10, 17-20], no se ha obtener una definién consensuada por la comunidad. Ademads, este
hecho se extiende al resto de las funciones, que son mas complicadas, y afecta al campo de la fisica de espin
en general.

La PDF integrada o colineal se define como

dr™ 1. p+.— — =
fup(@) = [ Get T PSI T W07 - 0(0)PS)
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donde el “gauge link” W[r—;07] conecta los dos puntos en la direccién del cono de luz y garantiza la
invariancia gauge (en los capitulos 1 y 2 se aclarara la forma funcional y el rol de estos “gauge links”). Desde
el punto de vista probabilistico, esta funcién de correlacién nos da el nimero de partones (quarks) destro
del nucleén que tiene una franccién x del momento colineal Pt del nucleén. Este elemento de matriz es
una pieza fundamental en muchos teoremas de factorizacién. Por ejemplo, aparece en la factorizacion de las
funciones de estructura de DIS [21]. Los teoremas de factorizacién exoresan un observable dado en funcién de
coeficientes calculables perturbativamente y elementos de matriz no perturbativos. Los primeros contienen
informacién sobre la fisica de cortas distancias y no contienen ninguna divergencia. Los elementos de matriz
hadrénicos caracterizan la fisica de largas distancias de QCD y si contienen divergencias cuando se calculan
perturbativamente.

Derivar el teorema de factorizacion de un proceso dado es en general una ardua tarea, y mas el conseguir
probar que es correcto a todos los 6rdenes en teoria de perturbaciones. Tal y como se dijo antes, un
teorema de factorizacion es la formulacion matematica del hecho de que podemos separar las contribuciones
perturbativa y no perturbativa para un observabe dado, por ejemplo una seccién eficaz. Y para ser capaces
de llegar a formularlo, necesitamos primero identificar las escalas y modos relevantes que contribuyen al ese
proceso, y después asignarles operadores. Ademsds, es facil imaginar que al hacer cdlculos perturbativos nos
encontraremos con grandes logaritmos de los cocientes de las escalas relevantes, y por tanto la resumacion
jugara un papel crucial a la hora de extraer cualquier conclusién a partir de los teoremas de factorizcién
establecidos.

Para entender un poco mejor el significado de un teorema de factorizacién, consideremos la producion
inclusiva de letones de Drell-Yan, ha(P) + hp(P) — li(k1) + la(k2) + X(Px), donde hy(p) son los dos
hadrones que comisionan, /1) los letones producidos y X los hadrones no observados en el estado final. En
este proceso medimos la masa invariante del par de leptones, M? = ¢ = (k; +k2)?, y su rapidity, y = %an:—g.
El teorema de factorizacion para este proceso es [22]

do ! ! M? x4 xp
a2dy Z/ dzn/ dan H (?’x_’x_—) fisha(@ns 1) fipng (@n; ),
i,j v A rB e

donde x4 = e¥\/M?/s, xp = e ¥\/M2/s y s = (P + P)? es la energfa del centro de masa al cuadrado. Es
teorema tiene correcciones suprimidas por potencias de M2. Por un lado tenemos la parte “hard” H, que
depende de M? y no contiene ninguna divergencia. Por otro lado tenemos las dos PDFs, correspondientes a
los ladrones entrantes.

Si hacemos un céculo perturbativo de la PDF, éste tendrd una divergencia ultravioleta (UV) y otra
infra-roja (IR) (ver e.g. [21]). La UV se elimina por el procedimiento estdndar de renormalizacién, y nos
da las propiedades de evolucién de la PDF (funciones de DGLAP). Por otro lado, la divergencia IR es una
manifestacién directa de la naturaleza no perturbative de la PDF, y es absorbida por el confinamiento cuando
la insertamos en un teorema de factorizacion. En particular, utilizando regularizacion dimensional pura, la

PDF al O(ay) es

1 1
fogpa) =61 o)+ (- Lyp,,
€UV €IR
donde Py es el “splitting kernel” a un loop de un quark en un quark (ver eq. (3.34)). Este resultado es el
prototipo de un caculo perturbativo de un elemento de matriz hadrénico bien definido, donde las divergencias
UV e IR estan separadas y por tanto es posible su renormalizacién.

La parte “hard” en el teorema de factorizacién se calcula orden a orden en teoria de perturbaciones
por el método de la substraccién, i.e., substrayendo la combinaciéon de las dos PDFs a a la seccién eficaz
do. Por tanto, es necesario que los elementos de matriz hadrénicos en el miembro de la derecha del teorema
reproduzcan las divergencias IR del observable que factorizamos, de tal forma que al substraerlos obtengamos
un coeficiente perturbativo sin divergencias. Desde un punto de vista mas préctivo, esto requiere que los
calculos perturbativos de las dos PDFs y la seccién eficaz se hagan de manera consistente, es decir, que
utilicemos el mismo regulador para las divergencias IR (regularizacién dimensional, masas, “offshellnesses”,
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ete).

Respecto a los elementos de matriz hadrénicos, su célculo perturbativo podria parecer intutil, ya que
contiene divergencias IR. Sin embargo, nos permite extraer la parte “hard” a partir del teorema de factor-
izacion por el método de la substraccién. Las divergencias IR tienen un origen puramente no perturbativo y
son absorbidas por el confinamiento. En la aplicaciéon fenomenoldgica del teorema de factorizacién, las PDFs
(y cualquier elemento de matriz hadrénico en general) son reemplazados por funciones numé ricas extraidas
previamente de los datos experimentales. Por tanto, el poder predictivo de pQCD se basa en la universalidad
de los elementos de matriz hadrénicos relevantes, que se pueden obtener en un cierto proceso y utilizados
para hacer predicciones para otro proceso diferente.

Con la introduccién de la teoria efectiva “Soft-Collinear” (SCET) [23-34], la derivacién de teoremas de
factorizacin y la esumacion de logaritmos se ha simplificado enormemente. Desde el punto de vista de teorias
efectivas podemos entender un teorema de factorizacién como un proceso de empalmes consecutivos. Una
vez que las escalas relevantes estan identificadas, tenemos que empalmar en cada una de ellas dos teorias
efectivas, una por arriba y otra por abajo, que comparten la misma fisica IR. De cada empalme obtenemos
un coeficiente perturbativo (de Wilson). Al final, tendremos un conjunto de coeficientes, tantos como escalas,
y elementos de matriz no perturbativos que nos daran la contribucién IR. La resumacién de logaritmos se
lleva a cabo tomando los coeficientes y elementos de matriz y evoluciondndolos entre las escalas relevantes,
utilizando las ecuaciones del Grupo de Renormalizacion.

El éxito de SCET, sin embargo, estd basado en la asuncién de que los modos que reproducen la fisica IR
de QCD son los colineales y soft. Esto no es cierto en general, y debe ser probado para cada caso, o al menos
refrendado con célculos perturbativos y argumento a todos los 6rdenes. No entra dentro de los objetivos
de esta tesis el analizar esta cuestién, relacionada con la necesidad de otros modos, como los Glaubers, y
la consecuente limitaciéon de SCET (ver e.g. [59]). Para los procesos que consideramos, estd ampliamente
aceptado que los modos colineales y soft si reproducen la fisica IR de QCD, y por tanto el uso de SCET esta
justificado [20,21,35]. Ademds hemos comprobado este hecho explicitamente para cada caso a O(ay).

Centrandonos de nuevo sobre el momento transverso de los partones, podriamos pensar en generalizar
el teorema de factorizacién dado previamente al caso en el que no sélo medimos la masa invariante del par
de leptones, sino también su momento transverso. En este caso, podriamos escribir esquematicamente

do 1 1
AMZd2 dy — Z/ dx”/ e /dzkmd%ﬁﬁ@) (g1 —Fni —kaL)
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donde las TMDPDFs serian la generalizacion de las PDFs colineales,
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Notar que hemos anadido otro “gauge link” para conectar los puntos también en la direcciéon transversa.
Sin embargo, si hacemos un céaculo perturbativo de esta funcién obtendremos divergencias de rapidity y
divergencias mixtas UV/IR. Por tanto, este elemento de matriz no puede renormalizarse, y en ningtin caso
entonces puede ser considerado como un elemento de matriz hadrénico valido.

En esta tesis, considerando procesos sensibles al momento transverso de los partones, y utilizando
la maquinaria de teords efectivas (en particular SCET), obtenemos la definicén correcta de las TMDs. A
partir de su definicién y basandinos en los teoremas de factorizacion relevantes, analizamos sus propiedades,
principalmente su evolucién, que es de vital importancia para aplicaciones fenomenolédgicas y el campo de la
fisica de espin. En conclusién, tres décadas después de que la PDF colineal fuera propuesta, completamos
el puzle dando una correcta definicién teérica de las funciones que describen la estructura tridimensional
interna de los hadrones: las TMDs.



128 Resumen

Resultados

SCET fue formulada para gauges covariantes, y se ha mostrado una herramienta muy util para derivar
teoremas de factorizacién para diferentes procesos y efectuar la correspondiente resumacién de grandes
logaritmos de una forma eficiente. Sin embargo, para procesos en los que los elementos de matriz relevantes
contienen una separacion en la direccion transversa, como los que forman parte de las TMDs, SCET no es
capaz de dar para ellos una definicién invariante gauge. En el capitulo 2 hemos explicado el origen de las
lindas de Wilson transversas T dentro de SCET, y ademas hemos estudiado qué condiciones del cono de
luz son compatibles con el contaje de potencias de esta teoria. Asi, hemos extendido la teoria de tal forma
que estas lineas aparecen desde el principio y, por primera vez, todas las cantidades definidas con SCET
son invariantes gauge desde el principio [60]. Hemos mostrado explicitamente la relevancia de las lineas
de Wilson T en SCET calculando a O(a,) el Factor de Forma de Quarks y la TMDPDF en los gauges de
Feynman y el cono de luz.

En el captitulo 3 hemos estudiado el espectro de momento transverso gr de produccién Drell-Yan
de un par de leptones. EI andlisis se ha hecho dentro del marco de las teotrias efectivas, realizando un
procedimiento de empalme en dos pasos: QCD — SCET-gr — SCET-II. Hemos establecido el teorema de
factorizacién a todos los 6rdenes, que permite realizar estudios fenomenologicos del espectro de gr de DY a
energias mucho mas altas que Aqcp. Al considerar el problema del doble contaje entre las regiones colineales
y soft, el teorema de factorizaciéon obtenido sirve como guia para poder definir correctamente las TMDPDFs,
asi como para analizar sus propiedades fundamentales. En los cdlculos hemos utilizado las lineas de Wilson
definidas en el cono de luz, y las singularidades de rapidity que aparecen en los diferentes diagramas de
Feynman las hemos regularizado utilizando el regulador A.

La factorizacién en dos pasos es necesaria para realizar la resumacién de logaritmos de g7/Q vy Aqep/qr
respectivamente, que ademés hemos hecho en el espacio del pardmero de impacto. En el primer paso de la
factorizacién obtenemos la estructura habitual de la seccion eficaz dada en la eq. (3.1). Pero los elementos de
matriz que aparecen en esa férmula no estan bien definidos y no sirven para realizar la segunda factorizacién,
ya que contienen divergencias de rapidity. Estas divergencias, por el contrario, desaparecen en la TMDPDF
tal y como la hemos definido. La refactorizacién se realiza empalmando la TMDPDEF con la PDF para gp
grande. Hemos analizado los coeficientes de Wilson que aparecen en la segunda factorizacion, que contienen
logaritmos In(Q?/u?) en el espacio del pardmetro de impacto, y que pueden ser exponenciados y por tanto
rezumados.

Hemos dado una definicién de las TMDPDFs que es invariante gauge y que no posee divergencias de
rapidity que puedan destruir su renormalizabilidad. El teorema de factorizacion del espectro de gr de DY, que
es la base sobre la que nos apoyamos para definir las TMDPDFs, se cree firmemente que es correcto a todos
los 6rdenes en teoria de perturbaciones, y que las regiéon de Glauber es irrelevante. Como cualquier cantidad
en QCD (como el tensor hadrénico) no posee divergencias de rapidity, entonces dada la consistencia del
teorema de factorizacion presentado en este trabajo podemos concluir que la cancelaciéon de las divergencias
de rapidity en las TMDPDFs definidas se da a todos los érdenes en teoria de perturbaciones. Este hecho
es importante para la fenomenologia de TMDs en general, ya que la dimensién anémala y la resumacion
del Q? en la funcién D [37], y por tanto la evolucién de cada TMD individualmente estd adecuadamente
determinada [92]. Los resultados de esta tesis se pueden extender ficilmente a la definicion de TMDPDFs
polarizadas y no polarizadas, tanto de quarks como de gluones, asi como a las TMDFFs tal y como se explica
en el capitulo 5.

Generalizando los argumentos de [67] hemos mostrado cémo la definicién de la TMDPDF dada (“EIS
modificada”) es equivalente a la de JCC, en el sentido de que ambas estan libres de divergencias de rapidity
en operadores bi-locales de quarks con separacién en la direccién del cono de luz y en la transversa. Nuestra
definicién es util para realizar célculos mas alld del O(as) (con cualquier regulador conveniente, ya sea el
regulador A u otro) y obtener explicitamente, por ejemplo, la dimensién anémala de TMDs polarizadas
(como la funcién de Sivers, Boer-Mulders o Collins) y no polarizadas.

La inclusién de la raiz de la funcién soft en la definicién de las TMDPDF tiene importantes consecuen-
cias. Por un lado, se tiene en cuenta el problema del doble contaje en el teorema de factorizacién. Por otro,
permite la separacién de divergencias UV e IR y la cancelaciéon de divergencias de rapidity. Y finalmente,
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incluso con la funcién soft en la defincion de la TMDPDF, somos capaces de recuperar la PDF colineal
integrando la TMDPDF en el momento transverso.

En el captitulo 5 hemos considerado también la TMDPDF con la cinemética de DIS, mostrando las
diferencias con respecto a la de DY. Tal y como se explicé, son necesarias diferentes lindas de Wilson para
estos dos procesos. Sin embargo, hemos establecido explicitamente a O(a;) la universalidad de la TMDPDF
no polarizada en ambos procesos y argumentado su validez a todos los érdenes en teoria de perturbaciones.
En este mismo capitulo hemos seguido los mismo pasos que en capitulo 3 para obtener el teorema de
factorizacién para SIDIS y definir la TMDFF, de manera andloga a la TMDPDEF. Hemos realizado un caculo
completo a O(as) de la TMDFF y mostrado su refactorizacién en funcién de la FF colineal, obteniendo asi
las propiedades de evolucién de la TMDFF.

Hemos argumentado en el captitulo 4 que la evolucién de las TMDPDFs al “leading twist”, tanto la
no polarizada como las polarizadas, estd dada por el mismo evolutor [92], que puede obtenerse al NNLL
utilizando los resultados conocidos actualmente para la dimensién anévala cusp y la funcién g de QCD. Por
completitud hemos proporcionado la expresion del evolutor al NNNLL para referencia futura. Tal y como
se explica en el capitulo 5, este evolutor se aplica también a las TMDFFs al “leading twist”.

El evolutor, como una funcién del paramero de impacto b, se puede obtener en la regién perturbativa
sin necesidad de introducir ningtin modelo, y la resumacion se puede realizar hasta la precision logaritmica
que se desee. Esta resumacién se puede llevar a cabo tanto con la resolucién de una ecuacién diferencial
recursiva como con la evolucién de la constante de acoplo fuerte en funcién de la escala de renormalizacion
(método de CSS). Ambas opciones dan idénticos resultados, tal y como es de esperar. De hecho, la definicién
de la TMDPDF de JCC [20] y EIS [75] es equivalente [67,75], y por tanto si la resumacién de logaritmos
se hace de manera consistente (en términos de precisién logaritmica), debe ofrecer los mismos resultados
para las TMDs evolucionadas. Consideramos esta consistencia como una de las mayores contribuciones de
este trabajo, ya que unifica dos métodos aparentemente diferentes en cuanto a la teoria y fenomenologia de
TMDs.

Tal y como hemos mencionado, uno de los puntos mas importantes de este trabajo en cuanto a la
evolucion de las TMDs es proporcionar una expresion libre de parametros para su evolutor, utilizando
los ingredientes necesarios a la mayor precisién conocida actualmente. En el método de CSS existe un
solapamiento entre las contribuciones perturbativa y no perturbativa al evolutor, debido a que se implementa
un corte suave a través de la prescripciéon de b*. Comparando su método con el nuestro (ver fig. 4.4),
concluimos que bmax = 1.5 GeV ™!, porque ambos concuerdan en la regién perturbativa. Esto fue observado
previamente en [77] realizando un andlisis fenomenoldgico.

Hemos estudiado bajo qué condiciones la contribucién no perturbativa al evolutor es despreciable, y
por tanto es aplicable nuestra expresién aproximada (en la eq. (4.22)) sin necesidad de recurrir a modelos
no perturbativos. Dada una escala inicial Q; = /2.4 GeV a la que uno querria extraer los modelos de
bajas energias para las TMDs, si la escala final es Qy > 5 GeV entonces los efectos no perturbativos no
juegan ningtn papel, tal y como se muestra en la fig. 4.2. En este caso toda la dependencia del modelo esta
restringida a la forma funcional de las TMDs a bajas energias que queremos obtener ajustando los datos
experimentales.

Por tanto, fenomenologicamente, la contribuciéon mas importante de nuestro trabajo es el proporcionar
un método optimizado para la extraccién de las TMDs de los datos experimentales. Asumiendo que los
modelos a bajas energias de las TMDs se quieren extraer a Q; ~ 1 — 2 GeV, si los datos se seleccionan con
QR > 5 GeV entonces la evolucién es totalmente perturbativa y no depende de ningtin modelo. Por ejemplo,
COMPASS, Belle o BaBar pueden perfectamente cumplir con estas condiciones cinemaéticas.
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