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Pion production in nonequilibrium chiral perturbation theory
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We apply the formalism of chiral perturbation theory out of thermal equilibrium to describe explosive
production of pions via the parametric resonance mechanism. To lowest order the Lagrangian is that of the
nonlinear sigma model where the pion decay constant becomes a time-dependent function. This model allows
for a consistent nonequilibrium formulation within the framework of the closed time path method, where
one-loop effects can be systematically accounted for and renormalized. We work in the narrow resonance
regime where there is only one resonant band. The pion distribution function is peaked around the resonant
band where the number of pions grow exponentially in time. The present approach is limited to remain below
the back-reaction time, although it accounts for nearly all the pion production during the typical plasma
lifetime. Our results agree with the analysis performed in@{d) model. The space and time components
f2'(t) are also analyzed. To one lodf# f unlike the equilibrium case and their final central values are
lower than the initial ones. This effect can be interpreted in terms of a reheating of the plasma.
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[. INTRODUCTION direction in isospin space from that where the vacuum ex-
pectation value of the pion field vanishes. Ideally, one would
Nonequilibrium quantum field theory has attracted con-have misaligned regions of observable size, with only neutral
siderable attention over the past decade, partially motivatetbr only charged pions. If such regions were formed, one
by the experiments on relativistic heavy ion collisions. Thewould observe large clusters of pions emitted coherently
ultimate goal of such experiments is to describe the properfrom the plasma as the pion field relaxes to the normal
ties of the QCD phase diagram and the quark-gluon plasmeacuum[6]. This kind of behavior is indeed observed in
(QGP from the observation of the final hadronic spectra.Centauro events in cosmic ray experimems A clear sig-
The Relativistic Heavy lon Collide(RHIC) at BNL, which ~ nal for DCC formation has not yet been observed in RHIC
is already running, will reach energy densities high enougtexperimentg8]. However, it seems that one has to measure
to confirm the very promising results obtained at the CERNhigher order pion correlation functions in order to identify a
Super Proton SynchrotrofSPS during the last few years, pure DCC signal which is not masked by other eff¢&td0]
indicating the existence of the QGR]. For a recent update so that the search will continue at BNL. Other observable
of both theoretical and experimental results in this area seeonsequences of DCC-like configurations would be an en-
[2]. A lot of theoretical effort has been put into trying to hancement of dilepton and photon productfdd,12 and a
understand the various properties of the QCD phase diagramodification of the effectiver®— yy vertex [13]. In any
in different ranges of temperatures and densities in thermatase, pion production within the energy scales of the chiral
equilibrium. In addition, there are many aspects of the nonsymmetry provides a natural framework for hadronization
equilibrium behavior of the plasma which are not fully un- [14].
derstood. In the standard picture of the collisid4] the Thus, one should be able to describe nonequilibrium phe-
plasma formed in the central rapidity region cools down verynomena such as large pion production, from the microscopic
rapidly, reaching approximate local thermal equilibrium.theory governing the relevant degrees of freedom. At the
During the subsequent expansion, the temperature scales @fiergy scales where the chiral symmetry plays a predomi-
chiral phase transition and deconfinement are crossed amdnt role(below 1 GeVf QCD is nonperturbative and one
hadrons are produced. In this regime, observables depers to use an effective Lagrangian which describes satisfac-
only on proper time approximately, in the central region. Thetorily the microscopic meson dynamics. Such a theory must
expansion goes on until the final freeze-out of hadrons. Thécorporate the QCD symmetries and the chiral spontaneous
typical plasma lifetime during which nonequilibrium effects symmetry breakingSSB) pattern. In this picture the Nambu-
are important and most of the final hadrons are produced i§oldstone boson€\NGB) are the lightest mesonsr( K, %)
about 10 fmé¢. and the masses of the light quarks are meant to be treated
A possible scenario to explain the observed final hadromperturbatively. One possible choice is simply tkgN)
distributions is that where strong fluctuations of the pionmodel where the fundamental fields &fe-1 pions and the
field are formed during the chiral phase transition, giving rises, and the potential has the typical SSB shape. However, one
to the so called disoriented chiral condensaf@€C) [5]. should bear in mind that this model becomes nonperturbative
These were suggested originally as misaligned vacuum ren the coupling constant at low energies so that it is impera-
gions where the chiral field is pointing out in a different tive to perform alternative expansions such as laxgeOn
the other hand, th®(N) model shares the QCD chiral sym-
metry breaking pattern only foX=4, so that it is not able to
*Email address: gomez@eucmax.sim.ucm.es incorporate kaons and etas.
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An alternative approach is an effective theory built as an The purpose of this work is to explore pion production in
infinite sum of terms with increasing number of derivatives,parametric resonance within the ChPT framework, as a
only in terms of the NGB fields. The nonlinear sigma modelcomplementary analysis to tt@(4) model. We will show
(NLSM) is the lowest order action one can write down in thisthat within this formalism one can also describe regions
expansion. Higher order corrections come both from NGBwhere the number of pions and the pion correlator grow ex-
loops and higher order Lagrangians and can be renormalizggbnentially. The main advantages of the ChPT approach are
order by order in energies, yielding finite predictions for thethat one can follow a consistent perturbative treatment which
meson observables. The unknown coefficients, which encode renormalizable order by order and that it can be extended
all the information on the underlying theory, absorb the loopto three flavors. Besides, one is dealing only with NGB
infinities and their finite part can be fitted to experiment. Thisfields, although we will show how the pion production can
framework constitutes the so called chiral perturbationbe understood in terms of the field evolution in theO(4)
theory (ChPT) [15,16 which provides a well-defined pertur- model. This method is best suited for the stage of the plasma
bative expansion in terms gff A, wherep stands generi- expan§ion where the system is yvell into the.broken phase of
cally for any meson energy scale of the the¢masses, ex- the chiral symmetry. This is precisely the regime where para-
ternal momenta, temperature and so and the chiral scale Metric resonance takes place.

A,~1.2 GeV (see[17,18 for a review. One of the many We will build on a previous worK 28], where we _h_av_e

; ; ; alyzed the extension of ChPT out of thermal equilibrium.
advantages of this scheme is that it can be extended from t y i qurl
SU(2) chiral symmetryonly  fields) to SU(3) with K and n that work it has been shown that the power counting and

. S enormalization program can be consistently implemented
7. The ChPT formalism has also been applied in therma<[:1Iso at nonequilibrium. In turn, the present analysis will pro-

equilibrium to analyze various properties of the low tempera; ;o 5 particular example where it will be shown explicitly
ture meson gagl9-21].

_ ) ) how the chiral power counting and renormalization program
In the context of nonequilibrium chiral dynamics, two \ o vielding predictions for physical observables. The key
possible scenarios for pion production and DCC formationge, is to make use of the derivative expansion consistently
have been proposed: the first one takes place in the early,plemented in ChPT in order to study the system not far
stages of the plasma evolution. Roughly speaking, after gom equilibrium. For that purpose, the nonequilibrium dy-
very rapid cooling the chiral field is at the top of the classicalnamics is encoded effectively in the parameters of the model.
potential in the chirally broken phase. As the field rolls To leading order and assuming a spatially homogeneous sys-
down, long wavelength modes grow exponentiaipinodal  tem, we let the pion decay constant be time dependent. This
instabilities and this behavior is responsible for the enhancefunction acts as an external force on the pion degrees of
ment of DCC’s. There have been several approaches in thfeeedom. It is important to bear in mind that a self-consistent
literature to implement this idea in th&®(4) model treatment should amount to incorporate the full hydrodynam-
[6,22,23. Typically, the pion distribution function is peaked ics of both the fluid and pion modd29]. In the present
at low momenta, being different from a thermal distribution approach we will concentrate only on the influence of the
[23] whereas the pion densities and DCC sizes predicted arexpansion on the meson dynamics. This is a similar situation
aroundn,=0.2 fm~ % and 1.5-2 fm respectively. The second as considering a quantum field thedFT) in the presence
suggestion is based on the parametric resonance mechanigfan external curved background space-tif86]. In that
[14] and inherits the idea from inflationary reheatifs]. case, it makes sense under certain conditions to ignore the
The analysis in the spinodal regime shows that the time iback-reaction effect of the matter fields in the metric. Simi-
takes for the field to roll down to the bottom is very shortlarly, we will see that for the time scales relevant for pion
compared with the total plasma lifetime. Thus, in the paraproduction it is reasonable to ignore those effects and treat
metric resonance approach, tbefield is oscillating around  the influence of the expanding plasma as external.
the minimum of the potential in a later stage of the plasma The paper is organized as follows: In Sec. Il we will
evolution. Those oscillations transfer energy to the piorreview the nonequilibrium ChPT and its relationship to
modes, giving rise to pion solutions exponentially growing incurved space-time QFT, which will be crucial in what fol-
time via parametric resonance. Typically, the unstable model®ws. The parametric resonance approach in its simpler ver-
develop in bands in momentum space and the more imposion will be discussed in Sec. Ill, while Secs. IV and V will
tant resonance band is centeredcatm, /2 [9,25]. The DCC  be devoted to analyze the effects of parametric resonance in
sizes in this approach can be as large as $%6) and recent two different observables: the pion decay functions and the
calculations show that strong charge-neutral correlations ipion number respectively. The latter is the most relevant ob-
parametric resonance can be used to identify a pure DC&ervable as far as pion production is concerned whereas the
signal[9]. Furthermore, the reheating process yields predicformer will allow us to estimate the time scale when the
tions for the final hadronization temperature compatible withback-reaction effects become important as well as the final
the observation§l14]. One must stress that both approachesemperature by that time. In both cases we will calculate up
are complementary and in fact the initial conditions neededo one-loop in ChPT, paying particular attention to renormal-
for the parametric resonance correspond to the final stage @fation. In addition, in Sec. V the definition of particle num-
the rolling down solution. A very detailed analysis of both ber we will use and its relationship with the energy-
regimes in the context of th®(N) model can be found in momentum tensor are discussed. Our conclusions are
[27]. summarized in Sec. VI. We have included two appendices
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cluding anyexplicit symmetry-breaking term in the action.
Note that the actiofl) is chiral invarian{ U—LUR" where
t; C ty L,R are constanSU(2) matrice$ by construction, which
1 will play an important role in what follows. As it is custom-
Cy ary, U(x) is parametrized in terms of the pion fieldé‘()Z,t)
as
t; —i06; - 1 >
U(x,t)= —{[fA(t) — 72(X,1) YA +i rym?(x,t
FIG. 1. The contouc in complex timet. The linesC, andC, (x.t) f(t){[ ()= (x0)] mam (XD}
run betweern;+ie andt;+ie andt;—ie andt;—ie respectively,
with e—07. wherel is the 2x 2 identity matrix,r, are the Pauli matrices,

m?=mmr, and wi(t;—iB;))=m(t) is the equilibrium

collecting some useful results about the Mathieu equatiofKubo-Martin-SchwingefKMS)] boundary condition, with
and curved space-time QFT respectively. t;<<0. As we will show below, the physics does not depend
on the choice of; .

It is useful to recall that the NLSM can be viewed
lowest orderas anO(4) model subject to the constrainf
+ 72=12. The same applies to the nonequilibrium case and
A. The NLSM out of thermal equilibrium therefore we can think df(t) as the lowest order expectation

The chiral Lagrangian to lowest order is the nonlinearvalué of theo field in the O(4) model, which has not

sigma modelNLSM), which contains two derivatives of the réached its equilibrium value yet.
fields. In the chiral limit, where the mass of the light quarks, With the NLSM one can predict the very low energy be-

is set to zero, the NLSM only contains one energy parameté?a"io_r of pion observable_s such as the pion de_cay constant or
f . To lowest orderf is nothing but the pion decay constant the pion scattering amplitude, which agree with the current
f=f_=~93 MeV (f#f_ to higher orders Consistently, our algebra predictions. However, to go beyond the lowest order,
nonequilibrium model will be the NLSM wherfeis replaced "€ has to consider pion loops. Thanks to Weinberg power

by a time-dependent functiof(t). This function acts as an counting theoreni15] we know that the loop diagrams are of

external field encoding the time evolution of the system asth€ Same order as Lagrangians with more derivatives of the

for instance, the expansion of the plasma formed after £10N fields. In fact, it can be shown explicitly that thende-
RHIC in proper time. As for the initial conditions we will termined coefficients of such Lagrangians absorb all pos-

assume that the system is in thermal equilibrium before somg@ib!é UV divergences coming from the loops and hence one
initial time (t=0 for convenienceat the temperaturd,  96tS finite and scale-independent predictions for the pion ob-

=,8i‘1. This is an important simplification from the point of servables. . .

view of the nonequilibrium path-integral formulation. In fact, In the present case, we n_eed an extra ingredient to the
one can formulate the generating functional for the real-tim ower cour)tlng, hamely, the time derivatives of the function
Green functions by extending the time arguments to the con—(t)' We will take

tour C in the complex plane shown in Fig. 1. This is an . . . 5

extension of the closed time path technidi@#&] for nonequi- f(_t):o f(_t) [f(V)] ~0(p?) )
librium field theory, where the inclusion of the imaginary- f(t) R (COR 103
time leg is a consequence of the choice of equilibrium initial

conditions[32]. Thus,f(t<0)=f, and the functiorf(t) rep- and so on. In this sense, one remains close to equilibrium.
resents an external force switched ort-a0 and driving the  The rest of the power counting is the usual one, i.e., every
system out of equilibrium. Note that we choose that deparderivative of the pion field isO(p) and every pion loop
ture to be instantaneous and thigt) cannot be analytical at introduces an extr&(p?). Other than being subject to the
t=0. Nevertheless, it is natural to expect that these restriceonditions(2), we will let f(t) be arbitrary. However, in this
tions on the initial conditions do not influence very much thework we shall discuss how(t) can be chosen consistently
physical results for longer times, especially if the system iswith physical results such as pion production.

II. NONEQUILIBRIUM CHIRAL PERTURBATION
THEORY

not far from equilibrium. Let us now expand the NLSM action to lowest order in
Thus, our starting point will be the following nonequilib- the pion fields. Using the boundary conditions, we can inte-
rium NLSM action: grate by parts and write, to second order in the pion fields,
4 fz(t) -1— - > 1 - -
S[U]= Cd x—,— W, U (X, 0)a*U(x,t) oy sz[w]=—§f d*x73(x,t)[ O+ m?(t) ] 7(X,t) + - - -
C
()

wheref d*x= [ cdtfd3x. We will restrict here to the case of )

two light quark flavorg(i.e, the NGB are only the piongnd ~ wherem?(t)= — f(t)/f(t). That is, the model accommodates
henceU(x) e SU(2). In addition, we will be interested only a time-dependent pion mass temvithoutbreaking explicitly

in the chiral limit i.e., massless pions. Thus, we are not inthe chiral symmetryunlike a physical pion mass tejnThis
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is an important feature of this model, since it suggests awill see below. Sincan?(t<0)=0, two independent equi-
interesting connection with a QFT in the presence of an exlibrium solutions are given fot<0 by

ternal curved space-time background. We will discuss this

point in detail in Sec. Il C. Before that, let us analyze the i , 1 .

main properties of the leading order two-point functigine hi%(t,k)= \/——kef'kt; h3%(t,k) = \/——ke'kt, 9
propagator arising from the above NLSM action. Z 2

which we have normalized so th&*9(t,k)=1. It is not
difficult to see that continuity and differentiability &0
The two-pion correlation function isiG2"(x,x’) imply thatW(t,k) =1 also fort>0. On the other hand, since
—(Tem®(X,1) (X' ,1')), whereT¢ indicates time ordering mf(t) is real, it hy(t) is a solution to Eq(7), so it ishy(t)
along the contou€. Note that, from isospin invariance, we =ih1 (t), whereW(t)=1 if it matches the equilibrium solu-
can write justG®"(x,x")=6%"G(x,x’). Besides, by spatial tion att=0. _ _ . _ _
translation invariance the two-point function depends only ~We shall be dealing here with real time evolution for posi-
onx—x'. This is not true for the time coordinates due to the!V® IMe cc_)ordlnates _antl'jltherefore, unless otherw_lse stated,
nonequilibrium time dependence in the Lagrangian. we will be |“nte'r,ested G : only. In_ tha_t case, we will Sup-.
There are four different types of propagator depending orP'ess the "11 superscript fqr S|mpI|C|ty: Nonetheless, it
the relative position of andt’, namely,GL, G2 and so on shou[d bg borne in mind that in the loop integrals there are
[4]. Instead of writing all the combinations explicitly, we contributions from_ all the ltir_anc_hes of the cont¢B].
shall keep the condensed notation of time ordering Wigh Thus, the solution foGg" is given by[33]
defining the natural extensios., 5c and so on. Thus, from
Eq. (3), the leading ordef5,(x,x’) is a solution of the dif-

B. The leading order propagator

iGo(t,t’,k)=hy(t,k)h7(t" k) o(t—t")

ferential equation +h*(t,k)hy(t k) 8(t" —t) +ng(k)
{07+ K2+ m2()}Go(t,t' k)= — Sc(t—t") (4) X[hy(t, k)N (t',K)+h* (t,k)hy (' ,K)]
whereGy(t,t’,k) is the Fourier transform in the space coor- (10

dinates only andk?=|k|2.

As for the boundary conditions, thermal equilibrium for wheret andt’ are both positive and the boundary conditions

t<0 means that we have to impose KMS boundary condi-att:0 imply
tions at the imaginary-time leg in Fig.[4]. That is, defining i \/—
—Nt - . ¥ —Nt — _
G(t,t" k) =G~ (t,t' k) Oc(t—t")+G=(t,t',K) O(t' —1), hy(t=0".k) J2k’ hy(t=07.k) 2 (12)
© where the dot meand/dt. The dependence with the initial
the KMS boundary conditions read temperature appears through the Bose-Einstein distribution
function
Go (ti—iBi,t',k)=Gg (t;,t' k). (6)

The general solution to the differential equati@n with the na(k) = eBik_ 1’ (12)

boundary conditions(6) can be constructed for all the
branches of the contour in terms of two particular solutions | gifferent parts of this work we will need the two-point

h; «t,k) to the homogeneous equatif@s]: function evaluated at the same space-time points:
{aZ+K>+mA()}hi(t,k)=0, =12, ) Go(t)=Gy(x,X)
such that their Wronskian dd-1k
:f—Go(t,t,k)
L . (27T)d_1
W(t,k)=hy(t,k)hy(t,k)—hy(tk)hy(t,k)#0.  (8)

It is important to remark that the general solution = 2 fmdkkd‘zGo(t,t,k)
Gy(t,t’,k) must be continuous and differentiable in the time r d-1 (47)(d-1)12 0
coordinates so that it is uniquely defined. Thus, in our case 2

we demand thah;(t,k) for t>0 and their first derivative
match the equilibrium solutions &= 0. Note that, since Eq.

(7) does not contaitn terms, one can have solutiohgt,k)  where the equal-time correlator in momentum space reads,
which are continuous and differentiabletat0 even though from Eq. (10):

the functionm?(t) may be not continuous, as long @g(t)

and the solutions exidft. This will be the case here, as we iGo(t,t,k)=[1+2ng(k)]|hy(t,k)|%. (14

(13
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Because of the loss of time translation invariar@g(t) is a Therefore, we have a systematic way to construct the non-
time-dependent quantity. Besides, it may be UV divergenequilibrium Lagrangian to any order. We just have to include
and, therefore, we will use dimensional regularizat{bir) all possible terms consistent with the chiral symmetry, con-
with d the space-time dimension, which is a suitable regulartracting indices covariantly with the metrg,,,(x). In par-
ization scheme as far as chiral Lagrangians are concerneitular, to O(p*) it reads[34]

[16-18.

54[U,9,R]=fcd“xv—g[&t[U,g]
C. Renormalization and curved space-time ;
_ v Mmv
Once we have defined our nonequilibrium power count- (LuRg*+ L R¥)r, U9, U (16)

ing, we can apply ChPT to calculate the time evolution of theyhere £,/ U,g] stands for the standartequilibrium) La-

observab_les._ In doing so, we must pay special attention t@rangian[lG] with indices raised and lowered with tig”
renormalization. The fact that there is a time-dependent masfetric and the rest are ne@(p?) invariant couplings with

term indicates that there can be new time-dependent infiniR(X) andR,,(x) in the chiral limit. These are the new terms
124 :

ties in the chiral loops. For instance, in standard ChPT with, o haeq wheré ,; andL,, are the new coupling constants.

a nonzero pion mass, the tadpoles renormalizing the piogye are following the notation 4], where this Lagrangian

propagator to lowest order yield the usual infinities propory,s first considered to study the energy-momentum tensor of

tional tom? in dimensional reductiokDR). These infinities QCD at low energied.The same Lagrangian has been used
are absorbed by two counterterms proportionainfpin the  in the context of pion hard exclusive producticge]. In [34]
fourth order Lagrangiai16]. We expect similar divergent it has been shown that in order to cancel the one-loop infini-
contributions here proportional tm?(t). However, we are ties, L,, has to be renormalized as

working in the chiral limit and therefore we are not allowed

to introduce the above mentioned counterterms. Otherwise 1974 1 1

we would break explicitly the chiral symmetry. Hence, we ~ Ly=Li(p)+=—— a4~ 5 (logdm—y+1)

should be able to construct the most general fourth order a
action, which in particular has to include new tertiasd (17)

hence new low-energy constants cancel those extra diver- with d the space-time dimension, the Euler constant and

ger_:_ches, p_reserving elxactly thef.crgjirarl]gm?qetry. . the renormalization scal&.f(u) is finite and depends on
ere is a natural way to find thi®(p”) Lagrangian, so that the combination in the right-hand sigRHS) of Eq.

using a very fruitful analogy: t_he actigqi) can be written as 17) remains scale-independent. On the other hdng,is
a NLSM on a curved space-time background CorreSpondInénite. Their numerical values can be obtained from the ex-

:O ? spa:iaﬂy; fla/tngbet[thsotn-WalkélR}:\/_) metric, with spalttat perimental information on the QCD energy-momentum form
actora(t) =f(t)/f. For that purpose it is more convenient to factors. They yield ;= —2.7x 102 and Ly(u=1 GeV)

work in terms of rescaled jieldé}a(x,t): m(x0/alt).  ~1.4x102 We will use these same values here since their
He_nce,U=[(f2—772)1/2| +iT,m?®]/f and we can write the possible nonequilibrium corrections are of higher order in
action(1) as our analysis.

Thus in our case we have to replace in ELp) the RW

2
Sz[U]:f d“xf—\/—_ggf”tr& UT()'(’ t)d U(>Z t) (15 metric. After expanding in ther? fields and partial integra-
c 4 ’ v tion we have

1
- _ = 4 aj 2_ 2 2 a
where the metrigg*” is nothing but the spatially flat RW Sl 0] ZLd xm 1D = Fa(DVE+my (1) ]

metric with line elements?=a?(t)[dt?—dx?] in conformal
time t [30] andg=deig= —a%(t).

With our chiral power counting, it is straightforward to ith
assign the chiral order of the covariant tensors constructe\g
from the metric. For instance, the Ricci tenyy, is O(p?)
and so is the Ricci scald®R=g“"R,,,, and so on. Explicit fo(t)= —12[(2L11+ L1y
expressions for these tensors and other useful results for this
metric are collected in Appendix B. An important point in
this formulation is that we are considering the so called mini-
mal coupling of the matter fields with the metric. Thatis, we 1rhe terms withL,, andL,, in Eq. (16) differ in a global sign
are discarding possible couplings between the pion fields angom those in[34]. The reason is that we are following here the
R(x) to O(p?), such astR(x)tr(U+U"). The reason is that  convention in[35] for the Riemann tensor, namef; ;=05
we want to preserve chiral invariance, which would be bro-—. .., whereT'§, are the Christoffel symbolésee Appendix B
ken by those termfg4]. Thus, in this languagen®(t) in Eq.  whereas irf34] the convention foRj, ; is reversed in sign. For the
(3) represents the minimal coupling with the RW metric pre-same reason, every term proportionaltg or L, here has its sign
serving chiral invariance. changed with respect to those[i28].

+O(7%) (18)

fy [P
B 7 A
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f(t) f(1)]?
fa(t)=—4 (6|—11+|—12)f3((t) 12[]”(1(3 1
f.OfO)+F(OFt) 1.
me(t) = — 1(DT( 1(01( )f( )+§f1(t) _ 19

The above Lagrangian should take care of the nonequilib
rium infinities we might find in the pion two-point function.
As far as this work is concerned, these are the only infinitie
we will have to renormalize.

In the following sections we will concentrate on a particu-
lar case forf(t) (or the scale factor if we use the curved
space time terminologywhich is of physical relevance as
the simplest approximation producing a large number of cor
related pions. In addition, this example will allow us to test
explicitly the cancellation of thénew) nonequilibrium in-
finities appearing in the observables considered.

IIl. PARAMETRIC RESONANCE
AND PION PRODUCTION

A. The parametric resonance approach

PHYSICAL REVIEW D 64 016011

small g approach is called the narrow resonance limit for
reasons to become clear below.

The approach described in the previous paragraph is the
crudest one can follow in this context, although it reproduces
the main features of parametric resonance. One can refine it
in several ways. First, neglecting the pion correlations but
keeping the NLO terms in the amplitude leads to a Lame
equation instead of the Mathieu equati@v,26. As it is
emphasized if27], the difference is not only quantitative,
but the resonance structure is also different. As for the im-

Sportance of pion correlations, one must bear in mind that this

is a matter of time scales. Such correlations grow exponen-
tially in time until eventually they reach the same order of
magnitude as the term. As it is customary, we will refer to
that time scale as the back-reaction time, so that, typically

{m?)(tgr) ~ f2. The name is again inherited from Cosmology

where the back-reaction describes the modifications of the

metric or the inflaton field due to quantum fluctuations of the
matter fields[24,30. It is clear that fort=tgzg, pion corre-
lations must be included self-consistently in the dynamics of
the o field. In O(N) models this usually requires numerical
simulations. For instance, in the largé limit it has been
shown that, when the back-reaction is properly accounted

for, pion correlations are responsible for tti@mpingof the
It is clear that our approach will be useful in a stage of the,

o field from tgg onwards and, more importantly, this dissi-
plasma evolution when the departure from equilibrium is of

pation stops the exponential growth in the pion number

the same order as the meson energies. Hence, as far as p[@7,37. A different story though is that one can interpret that
production is concerned, we are in the parametric resonangstocess as thermalization, or in other words, that the final

regime. Let us briefly review some of the ideas behind para
metric resonance in th®(4) model[14,27,9. In the last
stage of the field evolution, the field is oscillating near the
true vacuum and those oscillations have relatively small am
plitude [23]. Following a semiclassical approach, one can

split theo field asa(x,t) = oo(t) + So(x,t) wherea(t) is a

particle spectrum is thermal. In fact, that is not the case when
pion amplification occur$23]. Thus, in practice, all the in-

teresting physics associated with pion production in paramet-

rFic resonance takes place before the back-reaction time. Fi-
nally, a word must be said about the quantum corrections of

the o field, which can be treated semiclassicdl®y. In the

time-dependerftomogeneous classical background, solutionharrow resonance approach, the evolution of the pion fluc-
of the equations of motion to leading order in the amplitude tuations is influenced only by terms linear ry(t) and the
whereasdo includes next to leading order corrections anddynamics of ther fluctuations is not important for pion pro-
quantum fluctuations. One can proceed perturbatively arounduction, since the width of the resonance band for ¢his

the classical solutiomry(t). In a first approximation, quan-

negligible with respect to that of the pions. Thus, the essence

tum fluctuations of both ther and the pions can be ne- of the exponential growing of pion fluctuations is not
glected. Thus, if ther field is oscillating around the potential changed qualitatively by including quantum corrections in

minimum o=f and the amplitude of the oscillatiorgs is

0.

small, one can solve the equations of motion perturbatively At this point, let us establish the connection with our

in g. To leading order the equations of motion for iheand

present ChPT approach. Our philosophy will be to work out

the pions decouple from each other and one simply getgonsistently the simplest choice fbft) yielding parametric

oo(t)/f=1—(q/2)[ sin(m,t+¢)—sing] wherem, is the o

resonance. For that purpose, it is useful to compare with the

mass,¢ is an arbitrary phase and we have chosen the initiaO(4) model. In the oscillatory regimewith small oscilla-
conditions so that the field is at the bottom of the potentialions) one starts by keeping only the leading order

for t=0, consistently with our choice of the initial equilib- ~

oo(t). In that limit and for small oscillations the NLSM is

rium state. Neglecting the pion correlations is equivalent tonothing but theO(4) model subject tor®+ azzo-é(t). In
state that 7?)<f2. If the first order solution is inserted into other words, we should take simply
the equations of motion to next to leading order, the pions

satisfy a Mathieu equation. The importance of this equation

is that it has solutions exponentially growing in time for

f(t)=f 1—gsith (t>0) (20)

certain bands in momentum space. This is the essence of the

parametric resonance mechanism, which even in this simpl
classical picture is consistent with hadronizatid4]. The
parametric resonance idea is directly imported from reheat
ing and preheating in inflationary cosmolo@4], where the

W

ehere we have chosep=0 so that

m2(t)=—(qM?/2)sinMt+ O(g?).
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Note that with this choice, not onlf(0*)=f but also
m2(0%)=0, i.e, bothf(t) andm?(t) match their equilibrium
values at=0. This will play an important role in the analy-
sis in Sec. Il B.

Thus, we would use the NLSM modé) with f(t) in Eq.
(20) if we were interested in describing pions out of equilib-
rium classically, for times where the back reaction is not
important and the plasma is in the broken phase. Then, we
can calculate pion observables using ChPT, where the pion
fluctuations can be treated quantum mechanically in a con-
sistent fashion. As a matter of fact, there is no need to invoke
the O(4) model in the first place, since the NLSM is the
lowest order action compatible with all the symmetries,
driven out of equilibrium through the time dependence in
f(t). For that reason, we have replaced the mass of the sig
by M, an arbitrary mass parameter. However, we will see
below that in order to obtain numerical results compatible

with the_ expec_ted valu_es for the plasma lifetime and_plonthe expansion, so that it makes sense to treat the amplitude of
productionM will be typically around the phenomenological o ogillationsq as a small parameténarrow resonance

values ofm, used in theO(4) model. The advantage of our ,noximation. That means we will only retain the leading
present_ aPproaCh is that we dq n02t have to worry about thSrder ing and thus ignoré(q?) corrections. This is consis-
uncertainties related to the particle: tent with ChPT to one-loop ifjM?= O(p?). We will see that

Let us be more precise now about the smallnesg of g simplification amounts, among other things, to consider
our approach. According to our previous discussion abou{he Mathieu equation for the pion modes.

the nonequilibrium chiral power counting, we should de- i) \ye shall restrict to one loop in ChPT, in the chiral
mand at least thagM==0O(p") and so on. In this way, all *imjt and for the SU(2) chiral symmetry. As commented
the O(p) corrections will remain under control, as we will pogore the nature of the ChPT approach allows to extend our

see below. Note that, according to the discussion in the presy ey jations including quark masses and three flavors.
vious paragraph, if we think oM ~m,, our chiral power

counting is equivalent taq=(9(p2/A)2(). It is important to
remark that in this work we shall restrict to one loop in
ChPT, where we will see that the above power counting is According to the previous discussion, the differential
consistent for the typical values bf considered here. Going equation(7) becomes to leading order ig, the Mathieu
beyond that could imply additional restrictions on the valueequation:
of M and the power counting. Before carrying on, we would
like to summarize the assumptions and the limitations of the d?hy(z,k)
present approach: d2
(i) We are neglecting the possible back-reaction correc-
tions tof(t) in Eq. (20). This is valid for times belowgr,  where z=Mt/2— w/4, a(k)=4k?/M? and, without loss of
when the pion correlations are of the same order as the |ea@enerality, we will takeg>0.
ing order, that is{m?)(tgr) ~ 2. However, we will see in The solutions of the Mathieu equation are known and
Sec. IV that within our approach one castimate gr by  tabulated. We have collected in Appendix A some useful
calculating the loop corrections fo,(t). Fortunately, as we results about this equation. For our purposes, the most rel-
said before, nearly all the relevant nonequilibrium pion pro-evant feature is that it admits unstable solutions exponen-
duction physics happens before that time. This limitationtially growing in time for certain values of the parameger
comes from the fact that we are treatifift) asexternal  This is the simplest version of the parametric resonance
similarly to quantum field theory in an external curved mechanism. The instabilities arise in bandjrcentered at
space-time, as we have seen in Sec. Il C. A self-consisted ~nM/2, of width Ak,= O(q") (see Appendix A There-
approach, analogous to treat also the metric quantunfore, in the narrow resonance approximation we will just
mechanically in a perturbative low-energy fashion would beneglect the width of all the bands but the first one. A typical
very interesting but is out of the scope of this work. unstable solution for the equal-time correlation function
Gy(t,t,k) has been plotted in Fig. 2 around the first band for
a particular choice of the parameters. The solutions typically
2The o mass is not very well determined. It ranges between 400-0cillate with an exponentially growing amplitude inside the
1200 MeV according to the latest Particle Data Gr¢BPG) data ~ unstable region. These will be the field configurations re-
[38]. It is not even clear that one can describe it as a particle. Fosponsible for explosive pion production.
instance, it shows up in pion-pion scattering in ChPT as a rather Our next step will be to analyze the equal-time correlator
broad resonance in tHe=J=0 channe[39]. Go(t) in parametric resonance, separating its UV divergent

FIG. 2. Profile ofiMG(t,t,k) for T;=M/100 andq=0.1. The
'%stability band for this case lies roughly between
A <k<0.52M.

(i) We are assuming that the system is the late stage of

B. Dimensional regularization of the LO propagator

+[a(k)—2qcos Z]h;(z,k)=0 (21
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A. GOMEZ NICOLA

part in DR. Therefore, we need to know the behavior of
Gy(t,t,k) in Eq. (14) for largek. Since we are considering

only one resonant band in momentum space Bg(t,t,k)
is in the stable region for large enough For smallqg, the
analytic solution in the stable zone is given in E46). Let

us definek, such that folk>ky(>M/2) one can simply take

q=g/[2(a—1)] in Eq.(A7). As explained in Appendix A, it
is not difficult to estimate numerically the value lof for a

given g. We have found thak,=M satisfies the above re-

quirement within our approximation range fo=1. Never-

theless, we have checked that our results do not depend &

the choice ok, as long ak,=M.

Thus, replacing the approximate solutidA6) in Eq.
(AB), solving for the coefficient&\(k) andB(k) and replac-
ing the result in Eq(14) we find, to leading order iqj,

iGo(t,t,k)= %[14— 2ng(k)]

qMm? . M
Tm sinMt—=-sin 2kt

o y

|

(22

for k=k,. First, let us split thek integral in Eq.(13) as

o kO )
Jo=L L
0 0 ko

The first piece is finite so that we can talle=4 and use

(23

PHYSICAL REVIEW D 64 016011

T dek 1 W 25
G052l M1 T 12 29
and the integral
I(t)—Mjwdk sin 2Kt 26
ke k?—M?2?/4

is finite for t=0. It is important to point out that if we had
chosen a different phase in f(t), as for instancef(t)
=f[1-(g/2)(cosMt—1)], we would have found a singular
behavior neat=0. In fact, instead of(t) above, we would
have an integral which is finite far>0 andd—4 but loga-
rithmic divergent in theé— 0™ limit. In this senset acts as a
natural regulator. This would not have been a limitation to
our approach, since we are meant to observe the system for
times such that the=0 effects are unimportant. In fact, we
have checked numerically that the influence of those terms is
irrelevant forMt=1. The behavior at=0 is just a conse-
quence of our non-analytic approach, where the nonequilib-
rium effects appear instantaneously and is a well-known
problem in nonequilibrium field theory. In fact, [40] it has
been pointed out that it can be cured by a suitable choice of
the initial state, which for a time-dependent mass term
amounts to taken?(0") equal to the initial mass. This is
exactly what we have done with our choice of phase in Eq.
(20), sincem?(0")=0 in the chiral limit. Our results con-
firm the analysis iM40] from a completely different view-
point, namely working in path integral within the ChPT

either the asymptotic or numerical solutions for the Mathieusramework in the DR scheme.
equation. In the second, which is UV divergent, we replace Tne divergent part in Eq24) is given by

the solution(22). It is clear that the piece proportional to the
Bose-Einstein function is UV finite, sinceg(k) decreases
exponentially for largek. In addition, the integral of any

power ofk is identically zero in DR, so thajffodkkd*?’:

—fgodkkd‘3 and we can absorb that contribution into the

first piece in Eq(23).2 Therefore, let us write fot>0:

. T qMm? i
IGO(t):l—Z—Ql(t)'FIGO (t)

1 ko ) 1
+2_772 fo dki? IGO(t,t,k)—ﬂ[lﬂ-ZnB(k)]

inMt M 2kt
sin o Sin

qMm? =
+—f dkkng(K) (24)
4 )i,

k2—M?/4

where we have separated explicitly the equilibrium contribu-

tion which is just

3The above result can be understood formally in DR by taking

lim oS k(K2 +mP) = — kd72/(d—2).

sinMt kd-3

iGdiU(t):
° F(d_l)(477)(d1)/2

qM? (=
[a
4 J K2—M%4
2
(27)
We will proceed now to regularize this expression. We
have[41]

f dk
ko

kd73 kd—4

d d M2
1,2--:3

0 .
—a2h 27 2412

K—M%4 4

(ké_ M2/4)(d74)/2

= o +0O(d—4), (28)

which replaced in Eq(27) yields

2

. M
GE =", z(2<kS—M2/4>“"‘”’ZSth
ar
1 1
Xl 9=~ zlogm—y+2) +O(d_4)’-
(29
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As we will see in detail in Sec. IV, we will be able to a) O b) c) O

renormalize this divergence in the low-energy constant ®
so that the answer for the observables is finite and scale
independent. This means that the regularization of the above fiG. 3. The different diagrams contributing to the pion decay
UV divergence is consistent. functions to NLO in ChPT.

IV. THE PION DECAY FUNCTIONS f_(t) TO ONE LOOP ertheless, to one loop in ChPT one hasffpIm fL. =0 and
f>=f,=f.(T) in Eq. (30. Beyond one loop, the)(T*)

The pion decay constant acquires one-loop corrections i k . .
Jglocity corrections are nonzero and have been calculated in

ChPT. Those corrections are finite and scale-independe h h 4 : | in th
once the contribution from th®(p*) Lagrangian is taken ChPT [44,49. The O(T*) corrections also appear in the

into accouny 16]. The same will happen in our nonequilib- O(4) r_nodel to one loop43]. As for the imaginary part, it is_
rium model, where the pion decay constant becomes a timéS© different from zero beyond one loop. The corresponding
dependent functiofi,(t), which to tree level is just(t). For pion da!’“p'”g rate has alsc_) peen ca]culatetﬂh‘s], In agree-

us, the importance of the calculation 6f(t) is twofold: ~ Ment with previous analysis in the literatl[#6,47). As we

first, it will provide an explicit check of consistency of our &€ 90ing to see, in the present model we will get a small but

. s _ t _ . g .
renormalization scheme. Second, it will help us to underonzero differencez—f to one-loop, unlike equilibrium,

stand the time scales. In particular, the size of the loop cor/hich could be interpreted as a small nonequilibrium devia-

rection will define the back-reaction time, when it equals theion for the pion velocity. The pion velocity plays also an
tree level contribution. For times well below that scale, ourMmpPortantrole in the hydrodynamics of the chiral phase tran-

approach remains perfectly valid and yields predictions forSition [29].
observables such ds.(t) and the pion number. As a matter
of fact, the same philosophy is followed at finite temperature A. Nonequilibrium pion decay functions

in equilibrium, where in the chiral limif19]: All the above considerations fdr, can be extended to

5 nonequilibrium. We refer to our earlier wo[R8] for further
T . -
[ffT(T)]=f2( 1- 2) (30) details. The axial current from Eql) reads

61, f2(t

4

A2(x,t)=i )tr[Ta(uTaMu—uaﬂuT)]. (31)
with f_=93 MeV. Cljgrly, this result is valid only for tem-
peratures beloW* =/6f =228 MeV. In fact, even though . I .
f,(T) is not a good order parameter for the chiral phaséS ™ equilibrium, there are two independefif(t) and
transition[21], it should decrease asapproaches the critical | «(t). Their definitions are given 28] consistently with
temperatureT,. Therefore, the one-loop resu0) already the Ward |dent|t|e§ of ch|ral_ symmetry. To Ieadmg order in
reproduces the correct qualitative behavior and indeed it prdehPT[tree level with the actiofil)] one has to consider only
vides a reasonable estimalé for the critical temperature. () contributions when expanding thefields in the axial
The T2 term in Eq.(30) is nothing but the thermal pion Current(31) which yields, as it shouldi (t) = f;(t) =f(t) at
correlator(7r2(0)) in the chiral limit in Eq.(25) and at tem-  tré€ level.

peratures neaf* pion correlations are of the same sizefas To next-to-leading ordefNLO) there are three different
[~(o?) in the O(4) model so that higher order corrections Ccontributions tof ;- the first one comes from the NLO cor-
become equally important. rections to the propagator. Such corrections are of two types:

We should bear in mind that the definition tf is subtle ~ One loop diagrams from th&, action and tree level ones
even in thermal equilibrium. In fact, it is more convenient to from S, [diagrams(a) and (b) in Fig. 3 respectivel) It is
define it as the residue of the axial-axial thermal spectralMportant to bear in mind that in the calculation of diagram
function (Tc[A2(x) Ab(y)]> [21,42, where A%(x) is the (a) one has to integrate over all the branches of the cor@our

: PRI o 3 in Fi d th It is independenttpf Second, there i
axial current = 1,2,3), instead of using the PCAC theorem N Fig. 1 and the result is independenttpf Second, there is
[17]. In this way, one avoids dealing with the reduction for- @hother one-loop diagram involving the product of three pion
mula and asymptotic states at finite temperature. In additior]i€!dS at the same space-time pojdtagram(c)] in Fig. 3
it is important to bear in mind that, due to the loss of Lorenz/TOM the next order in the expansion of the axial current.
covariance in the thermal bath, one can define two differenfinally, at the same order we have to take into account that
pion decay constant§. andf corresponding, respectively, the axial current in _Eq(31) is itself modified by the fourth
to the space and time components of the axial cufégt ~ ©rder Lagrangian in Eq(16) as [1+f,(t)]A, and [1

In fact, the chiral symmetry imposes relations between them+f2(t)]AJ' With fa(t) andfz.(t) !n Eq. (19). .
Once the different contributions have been taken into ac-

and the in-medium pion dispersion law. If the chiral symme- . 4
try is exact(as it is in our casepions remain massless but count. the final result t(p”) reads| 28]
their velocityv . can be less than the speed of light and their

thermal width can be different from zero. The relation with [F(D12=T2O[1+2f5(1) — f1(D]-2iGo(t) (32
f>'is given byv ,=Ref?/Ref! , while the thermal width is o _
proportional to the imaginary parts 6f andf', [43]. Nev- [FR(D] =F(O[1+f(1)]—2iG(t) (33
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for t>0, with Gy(t) the equal-time correlation function de- where we have taken thte—4 limit. The above contribution
fined in Eq.(13). The results(32),(33) reproduce the equi- is finite and scale independdlihe explicit dependence with
librium result in Eq.(30) when the time derivatives df(t) wu is compensated by that in’,(x) as explained befote
are switched off an@s§? is replaced by Eq(25). which is a very important consistency check of our approach.
As in standard ChPT, the loop corrections ftp come  Notice that it is crucial that the divergent contribution in Eq.
directly from the equal time pion correlator, which is time- (29) has exactly the same time dependencd @y f(t) in
dependent now. In addition, there af¥p*) tree level cor- Eq. (19).
rections given by the terms proportional ftg(t) and f,(t). Therefore, collecting the various pieces above, we can
In the chiral limit in equilibrium there are n@(p”) tree  write the final result forf*(t) andfL(t) in parametric reso-

level corrections becausg’ is finite. However, at nonequi- nance(to leading order irg and to one loop in ChPTas
librium Gy(t) is UV divergent as we have seen in Sec. lll
and the counterterms proportional f@(t) are precisely f3(1) q . qu[ I(t)
those needed to arrive to a finite answer. The above result for——-=1— 5 sinMt+ —-—
f e +(Ti) 2 f2

(1) should be such that the total answer is finite and scale m
independent becaude is an observable. Thus, we should be
able to absorb the UV infinities and the scale dependénce X
DR) in the new low-energy constamt;;, as discussed in
Sec. Il C. In addition, from Eqg32),(33) and (19) we see
that the differencd 3 (t)]12—[f' (t)]? remainsfinite (it de- B
pends only orlq,) so that the same renormalization is valid 3272
for £5(t) and ' (t), which is another consistency check. In
fact, the above result yields, (t) # f' (t) to one loop, unlike
the equilibrium case. Therefore, the plasma expansion in- ¢

__£S o
duces modifications in the pion velocity larger than in equi- B (O=12(0(L1z=~ L) (36)

librium. However, note that we are following the equilibrium for t>0, with f_(T) in Eq. (30), I(t) in Eq. (26) and
arguments given if43] in order to relate a nonzero value for ' ’T ' ' '

+sinMt

77_2

|—12_6|-r11(M)

(1+Iog—'u2 gty | - RunstV
4Kk2—M?2 ® £2

w

(35

S —f! with the in-medium pion velocity. Thus, our conclu- M

sions in this respect must be taken with care. In Sec. IV C we 1 = sinMt— ﬂsin 2kt

will come back to this point and give some numerical esti- A (t)= _f dkkng(k) (37)
mates. 872 )k, k?—M?/4

B. f3(t) and f' (t) in parametric resonance Aunsl(t)zifkodkkz[iGo(t,t,k)—i[1+2nB(k)] .

Let us concentrate now in the parametric resonance ap- 27%Jo 2k
proach, withf(t) given in Eq.(20) and where we keep only (39
the leading order in the amplitude of the oscillatiapsThe
loop contribution is given by,(t), which we have analyzed Note that the only unstabl@xponentially growinycon-
in detail in Sec. Ill. It will grow exponentially in time due to tribution in Eq.(35) is given byA ,s(t) in Eq.(38). The rest
explosive pion production, once the infinities have been suitis bounded in time. Therefore, according to our previous
ably subtracted, whereas the tree level correctignét) re-  discussion, we can estimate the back-reaction time as
main bounded in time. Aunst(tBR):ff,. Thus, we have an approximate idea of the

The first step is to show how the infinities cancel in thetime scale during which our one-loop approach can be
final answer forf .(t). For that purpose, we replace in Egs. trusted. From that time onwards, the back-reaction correc-
(32),(33) the functionsf, ,(t) in Eq. (19) to leading order in  tions to f(t) coming from the coupling to the pion fields
g. On the other hand, in Sec. Ill we have regularized thecannot be ignored.
equal-time two-point function in DR. Its divergent divergent

part ford—4 is given in Eq(29). According to our previous C. Numerical results
discussion, we should be able to absorb the divergent partin o I
L,;. In fact, collecting the piece proportional kg, in both Since the result is independent of the scale, we will fix

pu=1 GeV and use the numerical values lof; and L4,

!(t) (remember that they only differ in terms proportional
= (1) ( y ony ¢ ! proport determined phenomenologically {184] and given in Sec.

toLqy) pIu_s the divergent contribution in E(R9) and using IIC. We have also taketk,=M (see our previous com-
Eq. (17) yields mentg

[f. (1)%]?=—qM?sinMt _ There a_re_s_till three parameters we have_to fix correspond-
ing to the initial conditions: the initial amplitude of the os-
cillations g, the initial frequencyM and the initial tempera-
ture T; . According to our previous commentsl should be
around the value of the mass in theéD(4) model, although

(39 in the present approach it is not necessary to assume the

X | 12L3(p) +

,U~2
(1+Iog—

1672 4k3—M?2
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FIG. 4. The solid line i\ ,,s(t)/fZ . The dashed line is the tree FIG. 5. fS(t)/f (T;) for the same cases as in Fig. 4.

level contribution -q/2 sinMt. T;=50 MeV for all cases. The
values of the back-reaction time are approximately given(dy
tgr=300 fm/c, (b) tgr=28 fm/c, (c) tzgr=11 fm/c and (d) tzzx =~ gime and it lies between 5-10 fm/[9,26]. As explained
=10 fm/c. before, this is the same time scale as that when dissipation
makes pion production stop. In the four cases we have con-
existence of ar particle. We have considered three differentsidered, it is clear that our approach remains valid for the
casesM=0.1, 0.6 and 1 GeV. The second value is the onaime relevant to pion production. For definiteness, we will
more often used in the literature and also the closest one t@strict from now on to the choice of parametéisin Fig. 4
the recent determinations af, [39]. As for the initial tem-  giving tgg=10 fm/c, which is of the order of the plasma
perature, we have fixed for definitenebs=50 MeV. The lifetime. In turn, note that for case&) and (d) we have
standard approach is to assume an initially superco@e qMZ/AizOO? andq MZ/A)Z(:()_05 respectively, so that our
temperaturg state when ther field starts its rolling down chpT approach t@(q) is perfectly valid.
from the top of the potential. In this process the initial po- |n Fig. 5 we have depicted the total result for
tential energy is converted into thermal energy of the pionfi(t)/fﬂ_('ri) in Eq. (35) for the same cases as in Fig. 4. In
gas(reheating [14]. Hence, it is reasonable to assume in ourinis curve, the upper limit in time corresponds roughly to the
case a nonzero but small initial temperature. Even thougBnset of the back reaction. Its effect is to make the amplitude
our model does not have a direct interpretation in terms of ags the oscillations grow, whereas fortgg the amplitude
effective potential, it corresponds in the language of theemains approximately constant. As a matter of fact, one
O(4) model to an initial condition where the has already  ¢oyld wonder whether the oscillations of the unstable part
reached_ the bottom of the potenuql and it is oscillatingoy1d cancel those of the tree level in E80) so thatf (t)
around it. Nonetheless we must point out that the resultjemains roughly constant at long times, which would be in-
depend very weakly off; . The reason is that in the right terpreted as a dissipation effect. Clearly, thisii the case
hand side of Eq(35) the dependence with; enters through a5 it can be seen in Figs. 4 and 5. The oscillations coming
the integralg(37),(38) which are dominated by contributions from A, (t) have indeed the same frequency as the tree
neark=M and are therefore strongly damped by the Bosejeye| ones but their phase is different as it can be seen in Fig.
Einstein distributionng for temperatures;<M. We have 4 n fact, in that figure one observes that for long times the
checked that taking different values for in the range 10— phase ofA ., is shifted almostr/2 with respect to the tree
100 MeV the curves showed below remain almost unqeye| and therefore the contribution with ds dominates.
changed. Finally, we have considerget 0.1 andq=0.2 10 | other words, the effect of the pion correlations itself is not
illustrate the dependence of our results with the initial am-gnoyugh to make the system equilibrate. This is consistent

plitude. The initial values we are considering here are similafyith the analysis if27,37 where it is shown that such dis-
to those used in the literatuf®,14,24.

The results forAunsl(t)/ffT are plotted in Fig. 4. The val-
ues of the estimatethy are also given in that figure. One
clearly observes that increasing eitligeor M makes the un-
stable modes grow faster and overcome earlier the tree Iev? . . . !
value. In fact, the upper envelope of the long-time oscilla- lonal to_ the leading long-time exponentials exlv2) in
. . - 2 2 . Gy(t,t,k). The first one is proportional to sMt and changes sign,
tions is proportional o qM /(4_7Tf7f) ]exp(th{Z) Smc?’ to leading order ing, under a reflection with respect to the band
f_rom Egs.(A8) a”‘?'(l“)’ th? dominant gxpongntlal contribu- center. The other two are, respectively, time-independent and pro-
tion to the two point function at long times is exp(@, the  portional to codvit and they are symmetric under such reflection.
maximum of the Floquet exponept in Eq. (A9) beingu  Therefore, by integration ik, the sinMt term is suppressed by at
=(Q/2 at the center of the unstable band, which has wifth |east one power of] with respect to the other two. The time-

The time it takes for the pion correlations to overcome theindependent term increases the central value of the oscillations, as
tree level has been estimated in B¢4) model in this re-  seen in Fig. 4.

“Working out the expressions for the unstable band given in Ap-
Fndix A it can be seen that there are three different terms propor-
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sipation appears only when the back-reaction is selfimposed, such as adiabaticity. However, and following our
consistently included, which we have not done, as explainegrevious argument, by the final time where the equilibrium
before. This issue will be confirmed by the analysis in theexpressions are meant to be approximately valid, an estimate
next section, where it is shown that the pion number growf the maximum variation of ,, would be given by taking
exponentially in time even when the loop corrections arethe time average of the above quantity. Thus we yef
included. If the back-reaction was considered, the pion num=0.003 for Mt;=30, for the same parameters as before.
ber should reach a maximum value and then stop growinglote that this correction is even smaller than what is ex-
[27]. Our f(t) is an external force whose shape is notpected from ChPT beyond one loop, namelyv .
changed during the time evolution, which is consistent only=0.14—0.18 forT =100 MeV [44,45.

belowtgr. Furthermore, not only the phase of the long-time

oscillations is different, but, as it can be seen from Fig. 5, the

central value also decreases with tiiiecreases in Fig. 4 V. THE PION NUMBER

This is due to the constant term proportional to epg{2) e ) e

commented before. We interpret this effect as a reheating of A The nonequilibrium particle number. Definitions

the systenj14]. The fact thaff ;. decreases with temperature ~ One should bear in mind that the concept of particle num-
gives support to this idea. Also, assuming that when the sysser out of equilibrium is rather subtle. The nature of the
tem reaches the back-reaction time scale we can use approyroblem is well illustrated once more in curved space-time
mately the equilibrium expressions then, according to EqQQFT [30]. The particle number depends on the reference

(30), an estimate of the final temperature is given by frame and thus the initial vacuum state may contain particles
) 2 = during its subsequent time evolution. In other words, the
Ti=6(f7—f2(t)°) (39  state which is regarded as the vacuum at tini different

from that att=0. However, the particle number can be given
a physical meaning in some particular cases. For instance, if
- 1 [t the metric is conformally Minkowskiates the RW spatially
F(ty)= —f dt'F(t'). (400  flat metric we are considering herer it is Minkowskian on
trJo the space-time boundary. Another interesting regime is when
. - . the expansion rate is small compared to the typical frequen-
For the above estimate df; it is not important whether jeq jnyolved, which is the so-called adiabatic limit. Simi-
we choosef . or f-.. Thus, for the parameters in cab in |31y in nonequilibrium field theory one has to specify the
Figs. 4 and 5 we obtain, foMt;=25-30, Ty=125-140  state with respect to which particles are defined. One possi-
MeV which is not far from experimental determinations of jjty is to choose the initial Fock space, which is simpler if
the freeze-out temperatufd8]. Recall that this value is al- he jnitial state is the equilibrium onéhe analog of the
most independent of the initial temperatilieand it is there-  jinkowski limit). In that case, one considers the time evo-
fore compatible with a supercooled initial state. Althoughjytion of the initial creation and annihilation operators with
our estimate is based on assumptions about the final state, W time-dependent density matfi27,37. Physically, this
are usingf , and not the pion distribution function. The rea- corresponds to the number afitial particles. In our case
son is thatf; always remains close to its equilibrium value, these are massless pions. Since our model preserves the chi-
according to our previous discussion, unlike the distributionyg) symmetry at all times, pions remain masslesstfen.
function which is not thermal, as it will be shown in the next Given the difficulties related to the definition of the nonequi-
section. We remark that the correctionsftp must remain  jiprium dispersion law(see comments belowwe will re-
perturbatively small, consistently with the chiral power strict here to the number of massless pions. Another possi-
counting we have discussed in Sec. lll and as long as thgjjity, when dealing with time-dependent mass terms like the
back reaction effects can be ignored. one in Eq.(3) is to define the adiabatic number, where the
Next we will come baqk tq the issue of the pion velocity. dispersion law is assumed to be simmbﬁ(t)= K2+ m?(t).
To the order we are considering, we have, from E8Sand T particle number is then defined in terms of the creation
(36), and annihilation operators that diagonalize the instantaneous
s 5 Hamiltonian via a Bogoliubov transformatid23]. We re-
fa(t) ~142L aM” mark that the adiabatic limit is consistent for a slowly vary-
T 12— SiNMt. 4y . 9 | . .
(1) f2 ing m“(t) and in fact it can be defined only for real(t). In
our case this approximation would be valid only fkf
It is unclear whether one can extrapolate from the analysis>qM?/2. For smallq this would capture anyway the reso-
in [43] and thus identify the above with the pion velocity nance band and hence the parametric amplification. How-
v,. In fact, note thatL,,<O and thenv _,>1 whenever ever, as we will see below, it is not even clear whether the
sinMt<<0. This is a similar problem as trying to identify dispersion law can be assumed to be adiabatic for all times.
m?(t) with a pion mass which, as we have emphasized, i8oth definitions of particle number coincide tat 0.
not correct since the chiral symmetry is exactly preserved The nature of our approach makes it more suitable to
and the pions remain massless. The problem, as it is diglefine the particle number in terms of correlation functions,
cussed below, is trying to define a time-dependent dispersiorather than in the canonical formalism. To illustrate the way
law, which is meaningless unless additional restrictions areve will proceed, let us consider first a free scalar figlaf

where the bar denotes time average:
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massm in thermal equilibrium, so that(k) is just given by a sum over all internal indices but we will see below that to
the Bose-Einstein distribution functiofl2). The time- the order we are considering, all our expressions remain di-

independent Hamiltonian of the system is agonal in isospin space. Thus, the pion density for a given
pion type is
H=f&ﬁ{&+w¢ﬂﬂﬂ¢q (42)
2 (n(t)) dd-1k
= J n(k,b) (45)
The thermal averaged energy of the system per unit vol- v (2m)

ume is related to the particle numbefk) simply as

((H) [ d%
Vv _J(zw)

where we have kept the space-time dimengldn order to
regulate the UV behavigsee below. Several remarks are in
order here: As explained before, both the particle number
and dispersion law may depend on time. In particular, loops
can introduce corrections to the tree level dispersion law.
Furthermore, whenever the time dependence appears through
the interaction with amxternalsource(as it is the case here
the energyE(t) is not conservedit is time dependentas it
d d __ happens in curved space-time when the back-reaction effects
d, d_t2G° (t1,t2,K)[¢,=t, on the metric are ignored. Note th&(t) is the contribution
to the energy from the pions only and the oscillation$ (@j
transfer energy to the pions making the pion numb
+ wz(k)Gg(tlztzak)} grow with tim?a)./ P ’ P &
In fact, and following once more the curved space-time
o 87 (0K) + 02K G (0K analogy we have previously discussed, we will calculate the
- 2w(k)[ 0 (0K)+ @*(k)Gq (0K)] expectation value of the total energy through

1
n(k)+ E

3a)(k)

wherek=|k| and w?(k) =k?+m? is the free dispersion law.
Thus, from EQq.(42) and the definitions of the two-point
functions in Sec. Il B,

1
N0+ 5= 20

whereGy is the free propagator, the dot denotes time deriva- 3= 0,

tive and we have used time translation invariattermal <E(t)>:f d3x\/— g(To(x,1)) (46)
equilibrium) so thatGg (ty,t,,k)=G; (t;—t,,k), meaning

that the particle number is time-independent in equilibrium.WhereTW is the energy-momentum tensor defined in terms
Note also thatG, above actually stands foBg*'(x,x’)  of the Lagrangian aE35]

=((x)p(x")) since we are taking all time arguments in the

C, branch in Fig. 1. Usind #*+k?+m?]G; (t,k)=0 (the 2 s(J=gL)
equation of motiohwe have Tp="—"— (47)
=T
, 1
n(k)=iw(k)Gg (0k)— 77 Pl In Appendix B we have reviewed some useful results re-

garding the calculation of the classical energy-momentum

where we have used the solution for the free propagator itENSOr for the case of interest héspatially flat RW metrig

equilibrium which can be read off from E6LO) with h,(t,k) e remark that, by CODSUUC“OWW is symmetric and clas-
in Eq. (9), i.e., sically conserved, i.eT ., =0 where ; denotes the covariant

derivative. However, this doewt imply necessarily that the
energy (46) is time-independent. The reason is tHaj,

= Jd*x\—gT? is not a covariant four-vectdB5]. Note also
, ) that in Eq.(46) we are assuming that the expectation value of
+ng(k)e -1y, (43) T, has perfect fluid form, which will be the case hésee
Our next step will be to extend the above definitions tobel-?x\be'refore, we will proceed by computing the energy-
the nonequilibrium case. Thus, following the same steps, W&, mentum tensor to a given order and then calculate the
will define the nonequilibrium particle numben(k,t) number of particles through Eg&t4) and (46). This means
through to deal with expectation values of products of fields at the
3 same space-time point and therefore divergent. We will fol-
(E()) _ NJ d°k w(k,t) (44) low the approach of point-splitting the fields so that the re-
\% (2m)3 ' sults are written in terms of Green functions. It is important
to stress that, as it will be seen below, as long as we use
wherew(k,t) is (formally) the dispersion lawkE(t)) is the  dimensional regularization the final expressions for the par-
total energy of the system arid is the number of particle ticle number are automatically finite, without any need for
flavors. In our cas&= 3, the number of different pions. In extra renormalizations of the energy-momentum tensor
fact, we should consider a more general definition involving[30,49,5Q.

1 ) ,
1G5 e Y(t—t k)= o[ 1+ng(k)Je 1)

K 1
n( ,t)+ E
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The simplest example of such point-splitting is providedcontour orderindl c becomes the ordinary time-orderiig.
by our previous derivation of the equilibrium particle num- Note that the field derivatives, when present, are pulled out
ber for a scalar theory, where we have replaced for instancef the T-ordering[49,50.
Note that in the second step we are choosing a particular
o d d o way to take the limit. If such limit exists, the answer should
{P2(x, )= lim — —iG~(x—x't—t’). be the same regardless of the order. In this respect it is im-
1y — o At dt portant to bear in mind that expectation values of products of
(48 fields[like G™(x,x') and its derivativehave always a well-
defined equal-time limit, unlikel-ordered products where
We will proceed in the same way for the nonequilibrium one has to be careful with ill-defined expressions such as
case. However, as we will see in the next section, sometime§(0), §'(0) and so on, when taking time derivatives. For
we will have to deal with a field structure in the classitg} instance, suppose that we wanted to use the above prescrip-
which is not symmetric under field exchange, liges. In  tion with (é;sqs) to relate it with G(Xq,X5)

these cases we will symmetrize first the classical expressios (T ¢(X;) ¢(X,)). Then,
and then point-split the fields0], i.e.,

. 1. .
(AL(X)AL(X) . . . Ap(X)) (B (1) = 5() (1) + (1) (1))
1
= M [(As (X ALXp) - Ag(Xy) _ %Iim*(&t+ﬁ{)G>(t,t’)
5T t'—t
+(Ax(X2)Ax(Xq) .. )+ -] (49 1 , ’
=§I|m (0, +9{)G(t,t") (51

t'—t

where thex; are space-time points, th&; is a shorthand
notation to denote either the field or an arbitrary number of . . .
its derivatives and the dots denote all possible permutationd/here for simplicity we have omitted spatial arguments,
Note that we are dealing only with boson fields, which areVhich do not pllay any role here, and firmeans taking the
symmetric under field exchange at different points. As it will imit S0 thatt>t" and then the last step in the above equation
become clear below, symmetrizing the fields in this wayhelds. Had we taken the limit keeping>t, th,e answer
yields consistent results for the particle number. would have been the same by continuity®f (t,t') and its
Another problem in connection with the point-splitting is d/e_rlvatlvgs. In fact, note that this is equivalent to talend
the Te-ordering of the fields. For instance, we will find four- ' in Cz in Fig. 1 which gives the same answer far as
field contributions to the energy-momentum tensor and wdaking them inC, in the t'—t limit [33]. Of course, we
need to relate them witfic-ordered four-point Green func- could_ h.ave written the resul_t directly in terms@®f without .
tions, so that we can use Wick’s theorem to write the resulgPecifying the order of the time arguments and the answer is
only in terms of two-point functions. We did not have this the same either way. In other words, Wick's theorem is
problem in our previous derivation of the equilibrium par- tr|V|aI for two-point fl'mcltlons. However, for four-point func-
ticle number, since we were only dealing with products oftions the above continuity arguments apply as well and hence
two fields. Thus, we need to specify how the time argumentéh's prescription will allow us to use Wick'’s theorem in the

of the fields are ordered when taking the-t limit. We will ~ Standard way foff c-ordered productf4].
use the following prescriptiop49,50
First we will symmetrize over all possible ways of order- B. The number of pions in parametric resonance

ing the classical fields, as it is shown in E¢9).

Next, for a given ordering of the classical fields with an 1. Leading order

arbitrary number of field derivatives, we will replace Let us start with the lowest order in ChPT. As explained
before, to lowest order it is enough to consider the Lagrang-
<321¢(X)(9;2¢(X)¢(X) ) ian in Eq.(15) with the R~W metrlc.. Furthermore tg leading
order we only need thé(7?) terms in that Lagrangian. That
= lim *(9211(9:"2. A D(X) D(X2) D(Xg) . . .) is, the “free” Lagrangian given in Eq(3) for the m(x,t)
XX fields. The reason why we can neglét=*) terms to lead-
— i % X1 X2 ing order when calculatingE) can be understood in terms of
fim (9”‘1(9”‘2. ATEx) () $(X) - ) Feynman diagrams. What we are doing is starting from dia-

e grams with a given number of vertices of different types and
(50) closing them in all possible ways. For instance, at the tree

level there is only one point and hence one vertex. Thus, the
where “mt,-ax means to take the;—x limit keeping the  contribution from thed(72") is an-loop closed diagram and
time arguments ordered from left to right, i.,>t,>- - - hence according to Weinberg power counting theof&s it
(all't; are in theC, branch of the contour in Fig. 1 so that the contributes a®)(p?") in the chiral power counting.
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Therefore, using the fornil) for the S, action in the  _(3/a)272]. Therefore in that case the “mass” term would
parametrization of ther®(x,t) fields, we have be proportional to- (a/a)? rather than to-a/a. In this case
5 1 L _ A%=(a/a)m?. As we have said before, none of these expres-
S)[7]= f d4x§\/—gg“”ﬁﬂwa&vwa+ O(m*. sions for the energy density is time-independent.
C

Nevertheless, there is a way to check the consistency of
the above result which in fact gives us a hint of how to
include the back-reaction effects. If we Bt) [or f(t)] be a
classical field(independent ok for simplicity) in the La-
grangian, then, by considering also its equation of motion, it
can be checked thatE(>?)(t))=0. Moreover,H(t) coin-
cides with Eq.(52) when the extra term coming frorm
where we have used E¢B4) and the superscripti(m) in  _,7/+ a(4£)(da) is considered. From this point of view, in
T,, means a contribution coming from ti$ action withm  the present approach we are just considering that the dield
pion fields. The above result is the standard kinetic term iyoes not receive quantum corrections and its equation of
curved space-time. Using the equations of motion to thisnotion is dominated by the kinetic term, which depends only
order (g“”&,,fra);MZO it is straightforward to check that on g,» but not on the pion fields. That term is nothing but
Tff) is covariantly conserved. Besides, from the particulaithe counterpart of the Einstein-Hilbert action, yielding the
form of Tff) above it is not difficult to see that its expecta- Einstein equation fog,, when no matter fields are present
tion value has perfect fluiddiagona) form, that is,(T;;) ~ [35].

Hence, the energy-momentum ten$r) to lowest order
reads simply
9¥mRa

22)_ . Ta, <
TEW )= 3,79, m— Eg"“’

=0 fori#j and(T;o)=0, just from spatial translation in- At this point let us recall that we are considering only the
variance. leading order inqg consiste.ntly with our power counting.
Now, let us consider the above for the RW metric. TheTherefore we can neglect tiaé term in Eq.(52). Now, let us
total energy defined in Eq46) reads, to this order, apply our point-splitting prescription to the remaining terms
in Eq. (52). We will write the result in terms ofi;(t) in Eq.
(E(Z'Z)(t)>=a2(t)J d3§£<[;}a(i,t)]2+[V?ra(i,t)]z) _(10). Letus considerfirst thg term proportionalatoAccord-
2 ing to our previous discussion,
1f s a’(t) &Kk 1[d
=5 d3X<[wa]2+[V7ra]2+ ——[7? 73(x) (X)) = 3i Iimf =+ —|G(t,t k)
2 a’(t) () m(x)) oo 2mB2ldt gy )0
—2—— merd (52 _ _f el 2

where in the last line we have written the result for the i
Tra(i,t) fields. The first line above simply states that the :EGO(U (53)
energy is conformally equivalent to the Minkowglkiquilib-
rium) result in the7 parametrization. Recall that the spa- Where we have used EqEl0) and (14). The above result
tially flat RW metric is related to the Minkowski one by a deserves some comments: first, we realize that if we had not
conformal transformation. taken the symmetric limit, the answer would have been com-
Note also that the energy densityrist obtained just by ~Plex in general, whereas it is manifestly real when the two
rep|acingm2_> mz(t) for a free scalar theory' as one could contributions are added together. This is a ConSiStency check
have expected from the LagrangidB). That would be ©f our point-splitting prescription. Second, sin¢g(t,k)
equivalent to work in the adiabatic limit and it would have =i exp(=ikt)/\2k+ O(q) (the leading order is the equilib-
been the answer defining the energyHi) = [d3xH(x,t)  rium solution then (77 =0O(q). In other words, for the
with the Hamiltonian density{= m(JL/dm)— L. However, {ime scales we are considerinbelow tgp) Go(t)/f2
these two definitions are not equivalent in the presence of thee O(q). Therefore and sinca=0(q) as well, to leading
external forcea(t). In fact it can be checked that adding to order we just have
the Lagrangian a total derivativg—gL— \—g(L+A%)

with A% a contravariant vectofthe action has to remain a  (E®2(t)) _ §f d°K (14 2n5(K)]

scalaj which is a functional of the field and its derivatives, \ 2) (2m)® B

does not change neither the equations of motion nor the _

energy-momentum tensor defined as E4). However, X[|hy(t,k)|2+k3|h,(t,K)|2]} + O(g?).

may change under such transformation. For instance, consid- (54)
ering the expression for the acti®[ 7] before integrating

by parts to get Eq.(3), ie, S[w]=(12)f[d,md"m Hence, according to E¢44), we find that the number of
+(a/a)?m?—2(ala)ww], one getsH=(1/2) w?+ (Vw)? massless pions of a given type is given to leading order by
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FIG. 6. n(k,t) for M=600 MeV, T;=50 MeV, andq=0.2. _
FIG. 7. The solid line is the averaged pion numbé¢k,t;) for

1 . t;=30M and the dashed line is k{M?)n(k,t;). Here,
n-O(k,t)= ﬂ|h1(t,k)|2+ k?|hy(t,k)[?][1+2ng(kK)]— > T,=50 MeV, g=0.2 andM =600 MeV.
(55 We observe the typical peak of parametric resonance am-
. . o . . . plification atk=300 MeV, which would be seen in the final
This expression coincides with the one giveriad, 24 in ion spectrd 25] although single pion distributions might be

the canonical operator formalism. Note that to this order thg, . enough to disentangle from states which are not DCC-

answer for the adiabatic number of pions would have beerﬂke and one needs to consider higher order pion correlation

. 2 _ . .
':jhte samge,_sm<|:mtét)t—(i(g); NOtE also_tth?]t Olljdr initial con- functions [9,10]. The width of the resonance band Ask
: |gnsf( ) |mp;]y atn( d )_SE&(] ) asi SI ou it' ChPT. f =gM/2=0.1M for this case. Note also that the final shape is
>0 1ar we have considered the general result in ' O\r/ery different from a thermal Bose-Einstein distribution
arbitrary f(t). Le_t us now_part]culanze to the parametric function, although both diverge fok—0, which reflects
E)eesho;v?cr)]rcgfctﬁze :gnEtgi?éilt:Iriit,IEI?@%;d\?vretﬁeaendaiﬁzeesg}ﬁtgx Bose-Einstein condensation for massless particles. The
b 1o the Mathios equation in the stable batatgek). Us-  PpySical pion number density in momentum space is
1 ; 4 ) ) 9ex). k?n(k,t), whose time average we have also plotted in Fig. 7
Ing the approximate solutions to leading ordenifsee Ap- (dashed ling Note that decreasing the value bf would
pendix A one has make the Bose-Einstein contributiony(k) in Eq. (55 be-
come more important for smallin Fig. 7 (solid line) since
sinMt— Msin okt T;/M increases. The resonant behavior arokrdvi/2 does
2 . . . .
he(t k) [2= 1 gqM 2k ) not change withM, although the final time; does, as dis-
[ha(tk)[*= 2k 1+ 4 K2— M2/4 +0(a°) cussed in Sec. IV. Finally, note the strong decreasing of the
pion number for largek in Fig. 7, as expected from our
previous comments about the UV behavior.
Finally, the pion density45) as a function of time is

M
, SinMt— ——sin 2kt I ) .
qM 2k shown in Fig. 8. Our results agree numerically with the pre-

. k
2_ _ 2
ha(t,k)[*= 2 1 4 K2—M?2/4 +0(a7%) dictions of theO(4) model in the spinodal regime3,22.
As we have previously commented, the particle number

for k>k, (see Sec. lll. Thus, we see that the possible loga-
rithmic divergence ird—4 [i.e., that coming from the term
which is not proportional tag(k) in Eg. (55)] cancels ex-
actly to leading order iy and therefore the total number is 0.15
finite. This justifies our approach of point-splitting the fields -

0.2

as long as we remain within the DR scheme. &

The pion number will grow exponentially in time due to ; 0.1
the contribution of the unstable band. By the same argument:3
as those used for the two-point functiar(k,t) will grow in § 005

time typically with expMv2). In Fig. 6 we have plotted
n(k,t) for the choice of paramete(d) in Fig. 4. We observe
that the pion number grows to order one within the reso-
nance band and before the back-reaction time. We have als 2
plotted the time average of the pion distribution function

n(k,t) in Fig. 7, taking Mt;=30 (see our comments in FIG. 8. The pion density forT;=50 MeV, q=0.2 and
Sec. IV Q. M =600 MeV.

4 6 8 10
t [fm/c]
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grows in time without stop. One may wonder whether thewould not change qualitatively the time evolution of the pion
one-loop NLO effects may change this picture, but this is nonumber. In Sec. IV we have already commented on the in-
the case, as we are going to see in the next section. Theedium dispersion law and its relationship with the pion
origin of this behavior, as emphasized before, is that we havdecay constants}'. Remember that in equilibrium the pion

not taken into account the back-reaction propgéy]. As  dispersion law remains unchanged to one-loop in ChPT.
long as we remain below the back-reaction time, our result§vhile a detailed nonequilibrium extension of the results in

for the pion number can be trusted. [43] is out of the scope of this work, qualitatively we expect
a similar one-loop behavior in our case with perhaps a
2. Next to leading order change in the pion velocity of ordéf® (t)/f! (t)| as Eq.(41)
There are three types of NLO contributions to the pionshows. That contribution is proportional kq, and bounded
number: in time. In any case, if we writew=k+X(k,t) with

(1) The one-loop corrections to the two-point function, 2(k,t)=0(q) a bounded function in time, the contribution
which we have already discussed in Sec. IYdlagramsg@  to the pion numbef44) would ben—n—[2(k,t)/k]ng(k).
and(b) in Fig. 3]. This is a bounded correction that does not change the rel-

(2) The contribution of the)(p*) Lagrangian(16) to the  evant features of pion production we are analyzing here.
energy-momentum tensor. According to our previous discus- Let us then start with the NLO corrections of type 1.
sion, only two-field terms contribute to NLO, namég(“v?)) According to our power counting, this correction affects only

in our notation. the terms irE(>?. The NLO correction to the pion two-point
(3) Four-field terms in theO®(p?) Lagrangian, i.e., function has been calculated[ig8] as explained before. Let
(E2Y), us write it asG~ (t,t',k) = Gg (t,t’,k) + A(t,t’ k). Then, ac-

Before proceeding, we should insist that, as commentedording to our arguments in the previous section, the contri-
before, we are considering the number of massless pionbution of this correction to the pion number is givenq)
ignoring possible one-loop modifications of the dispersionby
law. We must stress that the difficulties associated to the
definition of the time-dependent dispersion law are similar to :
those related to the nonequilibrium particle number. Physi- n(k,t)—n(k,t)+=—
cally it makes sense to define it asymptotically at long times 2k dt
but it is not clear whether one can actually define an instan-
taneous dispersion law, unless one follows the adiabatic ap- Now, from the results inf28] [Egs. (15—(17) in that
proximation. Nonetheless, we believe that such correctionpaper] we obtain:

d
A(t ' K) |—p + K2A(1,1,K) |

i[ 00 At K) =y + K2A(L,1,K)]

=—if ) ()K*Gg (t,t) — 'E'fl(t>[at+MGS(Lt')It:v+[2Az(t>—if1(t>]atatrG§(t,t’>|t:v
t
+foduAl(u,k){[(atG(?(t,u))z—(ateg(u,t))zhkz[(GS(t,u»Z—(Gg(u,t))z]}

t
+ fodqu(u){[(auatG(? (t,u))? = (9ud:Gq (U, 1))?]+ K[ (3,Gg (t,u))?—(3,Gq (u,1))?]}. (56)

Here, the k-dependence ofGg(t,t',k) has been lution (43).° This simplifies considerably the above expres-
suppressed for simplicityt;(t) is the function in Eq.(19) sion. In fact, the dependence with(t,k) disappears and
appearing in theO(p* Lagrangian and we have used Eq. (56) reduces to
that oG, (t,t')—Gg(t,t')]=—1. The explicit form of
the functionsA,(t,k) and A,(t) is given in [28]. What
is important for our purposes here is that,= O(q) within
the range of validity of our approximation, i.e., while
Go(t)/f37=(9(q). In fact, A(t) = Go(t)/ (1), while the pre- they are included in thd ;(t,k) function in Eq.(56).
cise form ofA, is unimportant herésee below Hence, to 5This holds also in the unstable band without expanding in

O(q) it is enough to replace in Eq56) the leading order- the leading exponentials exMt where u=0(q) is the Floguet
term inq for G5, which is nothing but the equilibrium so- characteristic exponerisee Appendix A

There are two misprints in EG16) in [28]. The term & (t)/f(t)
multiplying Go(t) should read #(t)/f(t) and the term-2G,(t)
should read— ("30(?). None of them affects the results here, since
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contributions(59),(60) are bothO(q) and therefore they do
— —A (t,t",K)] = + K2A(t,1,k) not contribute to the order we are considering here.

dt Hence, the only correction of this kind is the one given by
Go(t) the term proportional tg,(t) in Eqg.(B9). This term is of the
=—Kk[1+2ng(k)]| f j —° +0(g?). form already analyzed in Sec. V B 1. From our results there,
pl we have that the correction to the particle number from
(57 (E“2)) is then given ta?(q) by
Therefore, the correction to the pion number from this
part is, neglecting’(q°), n(k,H)—n(k,t) +[1+2ng(k)]—3 (61)

ks

1 . Go(1)
n(k,t)—n(k,t)— §[1+ 2nB(k)]{ fa(t)+i—

whereg; (t)=—3(2L;+ L) f (1) + O(g?).
(58 Finally, we shall consider the contribution of four fields
; 3 5 from the O(p?) Lagrangian in Eq(15) to the energy mo-
wherefl(t):_— 12(2L 10+ le)f(t)/fw{r(’)(q )_' mentum tensor. Expanding t8(7*) in that Lagrangian we
Note that in our one-loop calculation 6f in Sec. IVwe g4

have shown that the combination12L ,,f/f—iG(t) is fi-

nite. This is the combination appearing in E(&2),(33) with

fi(t) and fo(t) in Eg. (19. However we have here (2 H_ 2(t

— 241 ,f/f+iGy(t), which diverges. The only possible way
out is then that the remaining NLO correctioftgpes 2 and
3) combine with this one in such a way that the answer for
the pion number is finite. Now we should write the energyt6) to this order for the
Let us then consider type 2 corrections, i.e, those comingr®=72f(t)/f fields, from the above expression. However,
from the energy-momentum tensor to fourth order in deriva-according to our power counting, since this contribution to
tives. By the same argument as before, only two-field termshe energy is)(p?) with respect to the tree level, it must be
contribute to this order. Hence, from the Lagrangian in Eqat leastO(q). This will be confirmed by our subsequent

(16) we can concentrate only in the; andLy, terms. The  cajculation. Therefore, when changing from thefields to
energy-momentum tensor coming from that Lagrazn)glan i$he 7 fields we can simply ignore the terms proportional to
calculated in Appendix B. The final expression fB;? is f(t). Hence, to this order it is enough to replace simplpy
displayed in Eq(B7) for arbitrary metric and the contribu- andf(t) by f in Eq. (62) and therefore

tion to the energy for the RW metric is given in E@®9).

Note that we could have used the equations of motion to

3
bE Tampl Tamp+ (Vi) (Vi) ], (62)

second order to simplify some of the terms in E9), 1 3 . R,
writing for instancerr in terms ofA  and#? and so on. Itis ~ E' 4)_2f f d°x [ z: Ta(X, ) To(X, D[ 7a(X, 1) Tp(X,1)
clear that toO(q) we only need to consider the terms pro-
portional tog,, gs andg- in that expression. We have . .
o +(Vwa(x,t))(Vwb(x,t))]]- (63)
<0”i7Ta(X,t)ai7Ta(X,t)>
_ ﬂ"mj d*k K2 = d G2 (tt' k) We have to calculate now the expectation value of the
2 (2m)3 dt d 0 above quantity. Note that this is the first time where we find
the problem of theT-ordering discussed in Sec. V A, apart
(59 from the issue of the symmetrization of the classical fields.
We will follow the prescription explained in that section for
and the different field structures appearing in E§3). Let us
i 3 consider first the term$m myd,mad,mp) With a#b and
(X, ) TR(X 1)) = 3_“mf d’k d d d a where the Lorenz indew is fixed, i.e., is not summed over.
' ' 2 (2a)3 dt dt dt We have
X Gg (t,t',k 60
0 ( ) ( ) <7Ta(x) Wb(x) O')a’ﬂ'a(x) aawb(x)>
where we have retained only the LO propag#&gr since the 1
two terms above are multiplied tmg(t) andg,(t) which are = —I|mx T2 T ma(Xg) mh(Xo)
already O(q). Now, since Gg (t,t',k)=Gy(t—t’,k)
+0O(q) with G *Y(t—t’,k) in Eq. (43) it is clear that the X T (X3) Tp(Xa) )+ - - - ]
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where the dots stand for all the permutations of the fourFinally, collecting the contributions to the pion number to
fields in the expectation value. Now, using Wick’s theorem,NLO, namely, Eqs(58), (61) and(65) we find an interesting

result: the total NLO correction t@(q) vanishesi.e.,
(T7a(X1) Tp(X2) Ta(X3) Tp(X4))

= —Go(x1,X3) Go(Xz Xa)[ 1+ O(PYAZ)]  for a#b "ok, =n* (k1) + O(q?) (66)

which is the only order we have to retain according to ourwith n*°(k.t) in Eq. (55).

power counting(remember that this contribution to the en-  Note the completely different origin of the three NLO
ergy is already NLO and therefore it is enough to keep thecontributions and remember that each of them was UV di-
LO propagatorand we have taken into account that the low-vergent so that there were only two alternatives: either they
est order action in Eq3) is diagonal in isospin space, so that cancel or they appear in the combinati@®2),(33). Thus, the

to lowest order thd@-product of fields with different indices only NLO correction to the pion number is due to the change
factorizes. Note also that the result to this order is indepenin the dispersion law. Remember that the re¢68) holds
dent of thea, b indices as long aa#b. Collecting the dif- for massless pions. Note that, in turn, we have shown the

ferent permutations we find absence of NLO corrections to the pion number for equilib-
rium ChPT. This is indeed consistent since we know that in
(77 2(X) Tp(X) 0 7T 2(X) 0 (X)) equilibrium in the chiral limit the pion dispersion law is un-
1 2 changed to one loop in ChPT. Therefore, the pion distribu-
__ 5(0§+6’§’)G3(X,X')|x=xr (a#b). tion function has to be the Bose-Einstein one for massless

particles since the system remains in thermal equilibrium.
) ) Thus, the numerical results showed in Figs. 6 and 7 re-
It is clear, following the same arguments as before, thajyain valid to NLO. As commented before, we did not expect
the above quantity isO(q?) since O+ )Gy (x,x") that the NLO corrections make the pion number stop grow-
=(0(q). Thus, we only need to consider the terms with ing since we have not included the back reaction and the
=b in Eq. (63) to O(q). For a givens field and« fixed, energyE(t) to this order is still not conserved. Our results
are valid below the back reaction time and should account
for all the relevant pion production.

1
(T2 0[am(x)]?) = My (T2 + T3+ )

X (Trr(X) m(Xp) 7 (Xg) 7(Xa)) VI. CONCLUSIONS AND OUTLOOK

Chiral perturbation theory can be used to describe non-
equilibrium phenomena. In particular, in this work we have
(T(Xq) m(X0) 7(X3) 7(X4)) _showed that pion production can .be accommodgted in Ch_PT

in the parametric resonance regime. The physical situation
= —[Gp(X1,X2)Gp(X3,Xq) + Go(Xq,X3)Go(X2,Xs) where this analysis is meant to be useful is the late time
expansion of the plasma formed after a relativistic heavy ion
collision. Pion production is important in the context of had-
. . . ronization and production of disoriented chiral condensates
Now, we take the Fourier transform in the spatial compo- "~ . . o
. o during the chiral phase transition.
nents of the above expression. Our prescription for the h h h idered th i
lim*x;—x is equivalent to replace all th&, above byG, ; In the prese_:nt approacn, We have considere the noniinear
J tsin S AThus. t k?’ int 0 N sigma model in the chiral limit, where the pion decay con-
(see our comments in €. }’) - us>,e§1 mg/ N0 ACCOUNt  eant is time-dependent. This is a nonequilibrium effective
once ~ more that Go (t,t ,k)2—60 (t=t",K)+0(q),  model with a well-defined perturbative expansion and power
Go (t,1,k) =Go(t,t,k) andGo(t)/f*=0O(q), we find for the  counting near equilibrium. Besides, using the analogy of this
combination appearing in E¢63), model with curved space-time QFT, we have been able to
construct the fourth order Lagrangian and implement renor-

Thus, Wick’s theorem gives now

+ Go(X1,X4) Go(X2,X3) ]

(O[T D P+ [V r(x,)]%) malization in a consistent fashion. The parametric resonance
44— 1§ regime corresponds to take(t) oscillating around its equi-
=iGO(t)f K[1+2ng(k) ]+ O(q?). librium position. To lowest ordef .(t) corresponds to the
(2m)d-1 vacuum expectation value of thefield in theO(4) model.

(64) Thus, the pion equation of motion to lowest order in the
amplitude oscillations becomes a Mathieu equation, which
Therefore, from Eq(63) we find that the contribution of h@s resonance bands in momentum space. The pion cor-
the corrections of type V B 2 to the particle number is given'€lator grows exponentially in time, yielding explosive pion

by production. This approximation is consistent until the time
when the back reaction effects due to the pion correlations
iGo(t) become important. We have estimated this time scale for
n(k,t)—n(k,t)+[1+2ng(K) ] —— (65  different choices of the initial values of the amplitude, fre-
e guency and temperature.
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The two observables we have analyzed here are the pioBpain, projects AEN97-1693 and FPA2000-0956 is acknowl-
decay constants and the pion number up to one loop iedged.
ChPT. Our main results are the following. Fog(t) the
nonequilibrium corrections are basically of oscillatory nature APPENDIX A: SOLUTIONS OF THE MATHIEU
until the back reaction time. However, the central value tends ' EQUATION
to decrease, which can be interpreted in terms of a reheating
of the system. Besides, a small difference betwigeand ', Here we will summarize the main results used in the text
is induced, unlike the equilibrium case where it vanishes atoncerning the solutions of Mathieu differential equation.
one loop. Using the equilibrium result, we have estimated the\|| these results can be found [51,57.

final temperature and the averaged valué’of ' which is According to Floguet's theorem, there is always a solu-
related to the in-medium pion velocity in equilibrium. tion of the Mathieu equatiof21) of the form

As for the particle number, we have first introduced a
suitable definition in terms of the energy-momentum tensor F.(2)=€e"?P(z) (A1)

and Green functions. We have showed that in dimensional

regularization there is no need for extra renormalizations angihere P(z) is a periodic function with periodr and v is

we can use a point-splitting prescription consistently. Thecalled the characteristic exponent, which dependa andq
number of initial particles at tree level coincides basicallyang it plays a crucial role in our analysis, since it gives rise to

with the result in theO(4) model. At one loop we have eynonentially growing solutions whenever it takes complex
found that all the relevant contributions cancel, to leading,|es.

order in the oscillations amplitude. This result holds also in The values of such thafF (2) is periodic inz are called

equilibrium, which is a particular case of this analysis. Thusy, . eigenvalues of the Mathieu equation. They correspond to
our prediction for the particle number is just the tree level.

result, which gives pion exponential growth in time. We Nt€ger values ofv. They are denoted aa(q) if v is a
have given numerical results both for the pion distributionPOSItive Integer, andb,(q) if v= - It can b(_a showifi51]
function n(k,t) and for the pion densityn(t))/V. The final  that fora>0 one hasa,>b,, v is complex in the bands
distribution function which would be observed has the typi-Pr<a<a; and real elsewhere. Moreover, for smellone
cal peak of parametric resonance at the center of the unstadi@sbr—a,=O(q"). Therefore, in the narrow resonance re-
band k=M/2). gime we are considering here, we will takecomplex for
The reason whyf .(t) and (n(t))/V are not damped is b;<a<a; andv real for 0<a<b,; anda=a;. The series
because we have not taken into account the back-reactig@xpansion ing of the eigenvalues is given by
effects which would change the original ansatz for the pion
decay constant. When taken into account, those effects a,=1+q+0(g%; b;=1-g+0(g?). (A2)
should make the particle number stop growing and give en-
ergy conservation. Nevertheless, our approach is perfectllf a#a,,b, thenF (—2) is a solution linearly independent
valid until the time where these dissipation effects are im-0f F,(2). This is no longer true i is an integer, although an
portant and therefore we believe we capture the essentifftdependent solution can also be constructed in that case
behavior concerning explosive pion production. [52]. For v?#r?, it is customary to take as independent so-
We must stress than, apart from being a physically interlutions:
esting case, the example analyzed here has allowed us to
show explicitly the renormalization of our model to one
loop, which is not trivial because of the presence of new
nonequilibrium infinities. In fact, we believe that our meth-
ods could be useful for other nonequilibrium field theoretical 1
models. se(2)= 5 [Fu(2)~F.(~2)]. (A3)
There are many directions in which this work can be ex-
tended. Perhaps the most important would be to be able to For v=r, ce(z) are called the eigenfunctions of the

include the above mentioned back-reaction effects, in Ordel(/lathieu equation and so on for= —r andse (). They are
to understand dissipation properly. Other extensions inCIUdﬁw-periodic and theig-expansion fon?=1 is givén by[52]
to consider nonzero physical pion masses and other relevant

observables such as the correlation length or higher pion cor- q q

relators, which are important to clarify the issue of DCC cel(z)=cosz—§cos(3z); sel(z)zsinz—gsin(3z).
formation and to obtain predictions testable in RHIC. In ad- (A4)
dition, photon production can be studied by gauging the
NLSM, including the Wess-Zumino-Witten term, respon-
sible for the anomalous decay’— yy. Work along these
lines is in progress.

1
ce,(2)=5[F2)+F,(=2)]

Therefore, the solutior;(z,k) of Eqg. (21) is given as a
linear combination ote, andse,:

ACKNOWLEDGMENTS h,(z,k)=A(k)ce,(z,k) +B(k)se,z,k) (A5)

The author wishes to thank A.L. Maroto for useful com- where the coefficientd(k) andB(k) are such that the initial
ments and discussions. Financial support from CICYT conditions(11) are satisfied, i.e.,

016011-20



PION PRODUCTION IN NONEQUILIBRIUM CHIRA. . .. PHYSICAL REVIEW D 64 016011

APPENDIX B: RESULTS IN CURVED SPACE-TIME
A(k)ce,(—mlak)+B(k)se,(—m/ak)= 1. General results

We will collect here some of the results concerning
. . curved space-time needed for our purposes. In this section
A(k)ce,(—ml4k)+B(k)se,(—m/4k) = we will consider an arbitrary metrig,,, and in the next one
we will particularize for the spatially flat RW metric. Most of
the definitions used here can be found in any textbook on the
subject(we are following the notation and conventions of

% 8-

where the dot meand/dz. Remember thate, andse, de-
pend onk througha(k).

Even though the solutions to the Mathieu differential [33). . o .
equation are numerically tabulated, we need their explicit '_I'h_e covariant derivative of a contravariant vecttf(x)
form when dealing with renormalization. Such a explicit satisfies
form of the solutions can be found for small Let us con-

sider first the case wherf#r2 andreal, i.e., the stable zone. V=gVE =4,( \/—gvﬂ):>j d*xy-gVv4 =0 (Bl
Then, using theg-expansions given if51,52, one hasv
=\/a+O(g?) and the solutions are given by which is the generalized Gauss theorem afit{x) is as-
_ sumed to vanish at the space-time boundary.
ce,(z)=cog \/Ez)+q[cos( Jaz)cos The Ricci tensor and scalar of curvature are defined re-

spectively asR,,=R)

/ _ o and R=g#’R,, where the Rie-
mann tensor is

+asin(\az)sin 2z]+ O(q?)

se,(z)=sin(\az)+q[sin(\az)cos RGys= sl iy = 0,0 st T5 5~ T3 ps  (B2)
—Jacogaz)sin 2z]+ O(g?) (A6)  and the Christoffel symbols are given in terms of the metric
where aS 1
i oy L=59"10,90at 98ua=a9,]. (B3
4= mq. (A7) The classical energy-momentum tensor of the thégry(x)

is defined by performing a general coordinate transformation

If ais far enough from the border points of the first band(infinitesima) g#”(x)—g*"(x)+ 6g*”(x), under which the
(placed am=1+q) we can simply takg=q/[2(a—1)] in  action S=J—gL changes a$— S+ 5S where by defini-
Eq. (A6). The value ofa from which this simplification is  tion
valid can be estimated numerically, for a givgnby com- 1
paring to the numericaltabulatedl solutions and imposing 5S= _f \/—_gT L8gHY.
that the difference with the approximate solutioh6) re- 2 a
mains0(q?).

Now, consider the unstable band, ile;<a<a;. In this
case, the solutiofAl) reads, to leading order iq[51],

The energy-momentum tensor thus defined is symmetric
and conservedT(,.,=0) as long as the action is a Lorenz
scalar. Under the above transformation the variation of the

F,(2)=€"[Cicey(2)+ Si5€,(2)] (A8) metric determinant is given by

. . ) 1
where ce;(z) and se;(z) are given asymptotically in Eq. SN—g=— z\/—ggwagf” (B4)
(A4) and thereal characteristic exponent and theC,, S;

coefficients are given by whereas the variation of the Ricci tensor yie[88)]

1 1
n= E v (al_ a)(a_ bl) 5R,uv:§gp)\[(5gp}\);,u;v_ ( 59[)/},);1/;}\
Cy=a_b + i? +(69u1) o= (89,1): un] (B5)
which is known as the Palatini identity.
S,=va;—a—u’. (A9) In the text we need the energy-momentum tensor defined

in Eq. (47), to fourth order, i.e., when the Lagrangian is
Note thatu=(q) and it reaches its maximum value at given by Eq.(16). Since we are interested only in two-point
the band center. The dominant behavior at long times ifunctions, we can ignore the contribution 6f(U,g) and
therefore given by the positive exponentials when &f)  concentrate only in thé; andL 1, pieces. Therefore, using
is replaced in Eqs(A3) and (A5). Eq. (B4),
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, - -2 -2
T¢A(x) = —gW(X)L(“’Z)(X)JrZ% (B6) Roo(t) = % ZZE:; - Rij= :2; * :2—8
with so that the scalar of curvature is
LE2(x)==[L1aROOG*(X) + LR (X)IF ,(X) A(t)
F o =12,U7 (03,0001 RO %0
_ 35 303, 73(X) + O(7) With the above ingredients we can calculate the energy-

momentum tensor in EqB7) for this metric. It is easy to
check thaT(;?) is diagonal for the RW metric above, i.e.,
in the parametrization of the(x) fields. (TE2y=0 and(T*?)=0 if i #], as it happens also with the
To calculate the variation of the Lagrangian in EB6)  lowest order(T(2 )) (see Sec. VB Therefore, we only
we use Eq(B5) and integrate by parts taking into account needT, to calculate the total energy defined in E46) to
Eq. (B1) as well as the properties of the covariant derivative this order. We give the result here in terms of thefields
We find after a straightforward but lengthy calculation: and thef(t) function, retaining only two-field terms:

TéA=—11[(2R,,~0,,RIg*F .5+ 2RF,, .
b 10y af E@2(t)= f d®xa®(t) T2

_Zg,uvg Faﬁzb‘—i_g (FaB;M;V+FaB;V;;L)]
—L1f 2(RSF,,+RSF L) —0,,R¥F .

mora

4 - )
. % d3>{g1 (D[ 7]+ go(1)[V7]*+ga(t)
ST S S R S (B7)
5 : :
The above energy-momentum tensor is symmetric, since X[ 7]+ ga(t) o7+ gs() (V%) - (V 7¥)
du»» R, andF ,, are symmetric. Note that the symmetry of

, . , + Ardt i
F .. is a consequence &f being unitary so that ge(t) T+ gy (1) i} (B9)

tfo,UTo,U]=t{Ua,UTa, UUT=t{s,U"a,U]. Where we have integra_lted by parts neglecting_ total spatial
ok ok re derivatives, the space-time dependence of the fields has been
On the other hand, in Minkowski space-time, wh&g,  suppressed for simplicity and
=0 and the covariant derivatives are ordinary partial deriva-
tives, we recover the result given [B84]. Finally, we have
verified explicitly thatT(“'Z);;L:O, using the equations of 91(t)=—3(2L 11+ L) F(t) = 3(5Lyg+ L 1)
motion for £*?), which to O(7?) read

f(t)?
f(t)

v v e = ’
{[L1IRg*" + L R*"]d,m}.,=0. (B8) 02(t)=(9L 1+ 2L 1) = f( )

2. Results for the RW conformal metric

As explained in the text, the space-time metric we are f(t)4
interested in is the RW spatially flat metric in conformal g3(t)=—3(5L 13+ L) ——
time, where the scale factoragt) =f(t)/f. The line element ()
is ds?=a?(t)[dt?*—dx?] so that the elements of the metric
are f(1) ' f(1)?
g4(t)= 3 (2L + Ly F(t) +2(5L 1+ |—12)

f(t) f(t)

doo(t)=a%(t), g;(t)=—35;a(t), gip=0

and the metric determinant gs=deig= —a®(t). The nonva-

nishing Christoffel symbols for this metric are 9s(t)=—(6L1r+ Ly (1)
' 2
atty , al . , aw f(t)
. 075, t)=—3(2L;+L
Too(t)= aw’ To=am o Ti=am i 96(1)=—3(2Lust Lad 5y

and the nonvanishing elements of the Ricci tensor are given .
by g7(t) =3(2L 13+ L1 f(1). (B10)
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