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MOTIVIC MILNOR FIBER OF A QUASI-ORDINARY HYPERSURFACE

PEDRO D. GONZALEZ PEREZ AND MANUEL GONZALEZ VILLA

ABSTRACT. Let f: (C%1,0) — (C,0) be a germ of complex analytic function such that its
zero level defines an irreducible germ of quasi-ordinary hypersurface (S,0) C (Ct+1 0). We
describe the motivic Igusa zeta function, the motivic Milnor fibre and the Hodge-Steenbrink
spectrum of f at 0 in terms of topological invariants of (S,0) C (C%*1,0).

INTRODUCTION

An equidimensional germ (.5, 0) of complex analytic variety of dimension d is quasi-ordinary
(q.0.) if there exists a finite map 7 : (S,0) — (C%,0) which is unramified outside a normal
crossing divisor of (C?,0). Q.o. surface singularities originated in the classical Jung’s method
to parametrize and resolve surface singularities (see [22]) and are related to the classification
of singularities by Zariski’s dimensionality type (see [27]). In addition to the applications to
equisingularity problems, the class of q.o. singularities is also of interest to test and study vari-
ous open questions and conjectures for singularities in general, particularly in the hypersurface
case. In many cases the results use the fractional power series parametrizations of q.o. singu-
larities. The parametrizations allow explicit computations combining analytic, topological and
combinatorial arguments (see for instance [26] 15, [33] 28] [3]).

It is natural to investigate new invariants of singularities arising in the development of motivic
integration, such as the motivic Igusa zeta functions for the class of q.o. singularities with the
hope to extend the methods or results to wider classes (for instance using Jung’s approach).

Denef and Loeser have introduced several (topological, naive motivic Igusa and motivic Igusa)
zeta functions associated to a germ f : (Ct1 x) — (C,0) of complex analytic function. All
these zeta functions are inspired by the Igusa zeta function in the p-adic setting and admit
an expression in terms of an embedded resolution of singularities (or log-resolution) of f. The
monodromy conjecture predicts a relation between the poles of these zeta functions and the
eigenvalues of the local monodromy of f at points of f(z1,...,z411) = 0 (see [5 [6], [§]).

Let us consider, for instance, the motivic Igusa zeta function Z(f,T), of f. It is known to be
a rational function with respect to the indeterminate T with coefficients in certain Grothendieck
ring of varieties. Furthermore, it determines some classical invariants of the Milnor fiber of f
at x (see [9, [0, [8 21]). Its definition can be given in terms of certain jet spaces.

The set £,(C%H1), (resp. L£(C91),) of n-jets of arcs (resp. of arcs) in C?*! consists of
@ € (C[t]/(t" 1)+ (resp. ¢ € C[[t]]) such that p(0) = z. If n > 1 the set

Xop: ={p€Ly(CH), | fop=1t" mod "™},

enjoys a natural action of the group p, of n-th roots of unity. This set defines a class in the
monodromic Grothendieck ring Kl(Varc) (see its definition in Section [l). The motivic Igusa
zeta function Z(f,T), is the generating series

Z(f,T)e =Y [y L DT,
n>0
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where L denotes the class of the affine line Ay with the trivial p,,-action. The motivic Milnor
fiber of f at x is defined as a certain limit

Spa=—lim Z(f,T): € K5 (Varg)[L™Y.

Denef and Loeser have proven that S¢ , and F}, have the same Hodge characteristic. Hence S¢
determines the Hodge-Steenbrink spectrum of f at x (see [6] and Section [II).

In this paper we give formulas for these invariants when f = 0 defines an irreducible germ
(S,0) of quasi-ordinary hypersurface singularity at 0 € C?*!. The germ (S,0) is parametrized
by a q.0. branch, a fractional power series C(x}/", s :1:;/"), for some integer n. The q.o. branch
has a finite set of characteristic monomials, generalizing the notion of characteristic pairs of
plane branches (see [Tl 26]). These monomials classify the embedded topology of the germ
(S,0) C (C¥*1,0) (see [26, [15]). The semiroots of f are auxiliary functions f; : (C?+1,0) —
(C,0),i=0,...,g such that the hypersurface germ with equation f; = 0, is a q.o. hypersurface
parametrized by a suitable truncation of ¢ (see [I8,[33]). Embedded resolutions of (S, 0) are built
in [17], as a composition of local toric modifications in terms of the characteristic monomials.
The functions z1,...,2q, fo,..., fg—1, f¢ = f define suitable local coordinates at intermediate
points in these resolutions. See Sections 2] and [

We begin by studying the order of contact of an arc ¢ in C**! with ¢(0) = 0, with the
(d+ g + 1)-tuple of functions F' := (x1,..., x4, fo,..., fq), 1.e., we study the values of

ord,(F o) := (ordi(x1 0 @),...,ord (x4 0 ), ordi(fo o @), ...,ordi(fy 0 p)).
If the arc ¢ does not factor through the hypersurface V' of equation 1 ...24fo... f; = 0 then
ord(F o ¢) belongs to Zi’ggﬂ. We characterize these orders as certain integral points in the
support of a fan O, consisting of cones in R4+9+! of dimension < d+1 (see Theorem [6.1T]). This
fan is determined explicitely in terms of the characteristic monomials. It coincides essentially
with the one given in [I7] Section 5.4 in connection with the combinatorial description of the
toric embedded resolution. The fan © can be seen as the tropical set associated to the embedding
of (C4t1 0) in (C4+971 0) defined by this sequence of functions.
The second key step is to determine the motivic measure pu(Hy 1) of the set

Hyq = {pc L(CH)y |ordi(Fop) =k, fop=tliratt mod kaygi1}

We reach this goal by applying the change of variables formula for motivic integrals to a toric

embedded resolution of (S,0). Since Hy 1 has a natural action of the group of kg4 g41-th roots

of unity, this measure is an element of the monodromic Grothendieck ring Kg (Varg)[L™1.
Taking into account that the set &, ; is a disjoint union of sets of the form Hj, ; we get that:

Z(f,T)o =Y _ n(Hpa)THerot:

(see Proposition [R]). The main result provides formulas for the motivic Igusa zeta function,
the motivic naive Igusa zeta function, the topological zeta function and the motivic Milnor fiber
of a q.o. germ f : (C%t10) — (C,0) in terms of the characteristic monomials (see Theorem
B7). As an application we obtain a formula for the Hodge-Steenbrink spectrum of f at 0 (see
Corollary BI1)) and also formulas for a finite set of candidate poles of the topological zeta
function Z(f, s)o (see Corollary BIT). We deduce that these invariants are determined by the
embedded topological type of the q.o. hypersurface (5,0). Our results generalize those obtained
when d = 1 by Guibert [20], Schrauwen, Steenbrink and Stevens [38] Saito [36], and Artal et
al. [3].

The naive motivic zeta function of a germ of complex analytic function defining a q.o. hy-
persurface, not necessarily irreducible, was studied by Artal Bartolo, Cassou-Nogués, Luengo
and Melle-Hernéndez in [3] to prove the monodromy conjecture for this class of singularities.
In Section @ we compare the method of Newton maps used in [3] and the toric resolutions of
[T7], with the help of quotients of C4*! by finite abelian groups. We point out in Example [0.1]
the phenomenon of false reducibility, discovered in [I9], which may appear when using Newton
maps. This phenomenon, in the case d > 2, leads to inaccurate formulas for the zeta functions
in [3]. However, we check that the set of candidate poles which arise by our method coincides
with the one given in [3]. See Remarks B0 and
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An application to the description of the log-canonical threshold for this class of singularities
will be given elsewhere. In the case d = 1, see for instance [4].
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Anatoly Libgober, Ignacio Luengo, Laurentiu Maxim, Lee McEwan and to the Alfred Renyi In-
stitute of Mathematics (Hungary) and the Department of Mathematics, Statistics and Computer
Sciences of the University of Illinois at Chicago (USA).

1. INVARIANTS OF SINGULARITIES AND MOTIVIC INTEGRATION

In this section we recall the definitions of the invariants we study in this paper.

The arc space of an algebraic variety. Let us denote by Varc the category of complex
algebraic varieties, i.e., reduced and separated schemes of finite type over the complex field C.
If 0 # ¢ € CJ[t]] we denote by ord;(yp) (resp. ac(p) the order (resp. angular coefficient) of
the series 0 # ¢ € C[[t]], that is, if ¢ = t"u, where u is a unit in C[[¢]], then ord;(p) = n and
ac(p) = u(0) € C*.

If n > 0 the space £, (X) of arcs modulo t"™* on a complex algebraic variety X has also the
structure of algebraic variety over C. The canonical morphisms 7/ : L,/ (X) = L,(X), n’ > n
induced by truncation define a projective system. The arc space £(X) of X is the projective
limit of £,,(X). We consider the spaces £,,(X) and £(X) with their reduced structures. The
arc space L£(X) is a separated scheme over C but it is not of finite type in general. If X is
an affine variety given by the equations f;(z1,...,24) = 0, ¢ € I then the C-rational points of
L,(X) (resp. of L(X)) are d-tuplas ¢ = (¢1, 92, .- .,¢a4) € (C[t]/"1))4 (resp. ¢ € (C[[t])?))
such that f; 0o =0 mod "1, (resp. fiop =0), for alli € I.

Truncating arcs mod #"*! defines a morphism of schemes 7, : £(X) — £,,(X). Note that
mo(L(X)) = X. For any z € X we denote (75) ! (z) by L,(X), and (7o)~ (z) by £(X),. If the
variety X is smooth the maps 7, are surjective and the maps wﬁl are locally trivial fibrations
with fibre ALY~ dm X

Grothendieck rings of algebraic varieties over C. The Grothendieck group of algebraic
varieties over C, is the abelian group Ky(Varc) generated by symbols [X], where X is a complex
algebraic variety, with the relations [X] = [Y] if X and Y are isomorphic, and [X] = [Y]+[X\Y]
where Y is a Zariski closed subset of X. Setting [X][X’] := [X x¢ X'] defines a ring structure
on Ky(Varg) in such a way that 1 is equal to the class of a closed point. We denote by L the
class of A} in Ko(Varc) and by Mc the ring Ko(Varc)[L™1].

We denote by p, the algebraic group of n-roots of unity, i.e., u, = Spec(C[z]/(2™ — 1)) for
n > 1. The groups p,, n > 1, together with the morphisms g — p, given by x + x¢ form a
projective system. We denote by /i its projective limit. A good p,-action on a complex algebraic
variety X is a group action p, x X — X such that it is a morphism of algebraic varieties over
C and each orbit is contained in an open affine subvariety of X. A good fi-action is a group
action &t x X — X which factors through a good p.,-action for some n.

The monodromic Grothendieck ring Kg (Varc) of algebraic varieties over C is the abelian
group on the symbols [X,/i] where X an algebraic variety with a good ji-action, with the
relations [X, fi] = [V, ji] if X and Y are isomorphic as varieties with good fi-actions and [ X, i] =
[Y, 4]+ [X\Y, 1] , where Y is a Zariski closed subset of X, considered with the ji-action induced
by the one on X. We denote by L the affine line A§ with the trivial j-action. The product
is defined as in Ko(Varc), by adding the relation [X x V, 1] = [X]L%, for V any d-dimensional
affine space over C equipped by any linear ji-action. We denote by [u,] € K{;‘ (Varc) the class
of puy, equipped with the p, action; notice that [u,] = n € Ko(Varg) but [u,] #n € Kg (Varc)
if n > 1. Another example is the following:

Example 1.1. Let f € C[:vlil, ...,xr1] be a quasi-homogeneous Laurent polynomial, i.e., there
exists integers D and wy, . . . , wy, such that f(t“1aq, ..., tYmx,,) =tP f(x1,...,2,). Then f =1
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defines a quasi-homogeneous hypersurface V' in the torus (C*)™, which is endowed with the pp-
action given by - (x1,...,&m) — (@¥'x1,...,a%zy) for a € up.

Motivic integration. Let X be a complex algebraic variety of pure dimension. A subset
A C L(X) is cylinder if A= m,1(C) for some n and some constructible subset C' C £,,(X). A
subset A C L(X) is stable if for some m € N the set m,,(A) is constructible, A = 7,1, (A)
and the morphism 7,11(A) — m,(A) is a piecewise locally trivial fibration with fibre AZ™X
for n > m. If X is smooth any cylinder is stable (see [7]).

We denote by Mc the completion of Mg with respect to the filtration F™ M, with m €
Z, where F™ Mg is the subgroup of M generated by elements [S]L~¢ with S € Varc and
i —dimS > m.

Denef and Loeser have introduced a class of measurable subsets of £(X), containing the
stable subsets, together with a measure px(A) € Mg, for any measurable set A C £(X), see
[10, Appendix]. This motivic measure have the following properties:

Proposition 1.2.
(i) If A C L(X) is stable at level n, then px(A) = [m,(A)|L—dimX,
(i) If A C L(X) is contained in L(S) with S a reduced closed subscheme of X with dim S <
dim X, then px(A) = 0.
(i) Let A; withi € N be a family of mutually disjoint measurable subsets of L(X). Assume
that A := UijenA; is a measurable set. Then Y, p(A;) converges to p(A) in Mec.

If AC L(X) is a measurable set, and o : A — Z U {oo} is a function, then L™ is integrable
on A if the fibres of a are measurable, a~!(co) has measure zero and the motivic integral
SaL %dpx =, cqux(ANa~(n))L™" converges in Mc.

Theorem 1.3. (Change variables formula [7, Lemma 3.3]) Let 7 : Y — X be a proper modifica-
tion between two smooth complex algebraic varieties of pure dimension. Let A be a measurable
subset of L(X). Assume that 7 induces a bijection between B C L(Y) and A. Then, for any
function ac: A — Z U {oo} such that L% is integrable on A, we have

/L_O‘dMX:/ Looemorde T Wy,
A B

where ordy J(y), for any y € L(Y), denotes the order of the Jacobian of w at y.

Remark 1.4. If the sets of arcs considered in Proposition and Theorem are equipped
with a good ji-action then these results hold replacing Mc¢ (resp. Mc) by ./\/l‘é (resp. by ./\;l‘é),
where MY = Kl'(Varc)[L~'] and MY, is the completion of M/ with respect to the filtration
introduced above.

Hodge characteristic and spectrum. A Hodge structure is a finite dimensional vector space
over Q, equipped with a bigrading H ® C = @), qezH"? such that HP7 is the complex conjugate
of H?P and each weight m summand @piq—, H?? is defined over Q. Let HS (resp. HS™")
be the abelian category of Hodge structures (resp. equipped in addition with a quasi-unipotent
endomorphism). The elements of the Grothendieck ring Ko(HS) (resp. Ko(HS™")) are formal
differences of isomorphic classes of Hodge structures (resp. equipped with a quasi-unipotent
endomorphism). The product is induced by the tensor product of representatives.

A mixed Hodge structucture is a finite dimensional vector space V' with a finite increasing
filtration W, V', such that the associated graded vector space Grl V underlies a Hodge structure
with Gr!V'V as weight m summand.

The canonical class [V] := 3,[Gr}"] € Ko(HS) is associated to the mixed Hodge structure
V. If X is a complex algebraic variety the simplicial cohomology groups H:(X, Q) of X, with
compact support, have a mixed Hodge structure.

The Hodge characteristic of a complex algebraic variety X is x,(X) = >, (1) [HA(X,Q)] €
Ko(HS). Since xp(L) is invertible in Ko(HS) we get by additivity that x; extends to a ring
homomorphism yp, : Mc — Ko(HS). If in addition X is equipped with a good p,-action then
Xn(X) can be seen as an element of Ky(HS™") and we get in this way a ring homomorphism

XR" s MG — Ko(HS™™),
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called the monodromic Hodge characteristic. We refer to [32] [34] for more on Hodge structures.
We denote by Z[t'/%] the ring Ups1 Z[tY/™ t=1/7]. The Hodge spectrum is a linear map

hsp : Ko(HS™") — Z[tY/%)
given by
hsp((H]) = Y %( > hRI(H)P),
aeQN[0,1] p,q€EZ
for H a Hodge structure with a quasi-unipotent endomorphism, where h29 denotes the dimension
of the eigenspace HZY corresponding to the eigenvector €2™*“. The composition
Sp = hspox;": Mé — Z[tY%

is a group homomorphism.

In the following Lemmas we recall some elementary properties of the map Sp. See [40, 41]
for more properties and applications of this map.
Let Q- (t) denote the polynomial % il_/t;l_/f € Z[tw]. We expand the polynomial @, ,(t) =
> q Cat® and define the polynomials Q55 ,.(t) := D5 1 cat® and Q5 (1) == >_ o1 cat™.
Lemma 1.5. We have the following properties:

(i) If X is a complex algebraic variety, endowed with a good [i-action, then the equality
Sp([X]LY) = Sp([X])t? holds for any d € Zxy.

(i) Sp((ur]) = =57

Yn_g gt/r_

(iii) If ged(n,r) =1 then we have Sp([{(z,y) € AL |y" —a" =1}]) =t — ﬁi_t—l/f

(iv) If ged(n,r) =1 and e > 1 the following equality holds

n e 1-1 e el e

Sp[{(w.y) € AG | (" = ") = 1}]) = 770 (£ = () =t Qp (879)).

Proof. Claim (i) can be seen as a consequence of (2.1.2) in [35]. For (ii), (iii) and (iv) we
refer to Lemma 3.4.2 and Lemma 3.4.3 of [20]. O
Notation 1.6. We denote the polynomial Sp([u,]) by P, (see Lemma [LL0]). We set also
Poy = Sp([{(w,y) € (C)? | y" —a" = 1}]) and P := Sp([{(z,y) € (C*)* | (" —a")* = 1}]).
Corollary 1.7. We have the following identities:

P, = t— tm g g P, — P,

1—¢1/n 1—¢1/r
P

P7(17€72 = F (t - s,r(tl/e) —t el Qir(tl/e)) — Phe — Pre

T

Proof. Let n,r,e € Z-o%. The polynomial f = y" —
Wy = n,wy = r and degree D = nr. The identity
{(z,9) € C* | (y" —2")* = 1] = [pne] + [1re] + [{(2,9) € (C)? | (4" —a")* = 1}]
holds in Kg(Varc) and follows from the partition of {(z,y) € C? | (y™ — 2")¢ = 1} into three
disjoint subsets: {(z,y) € C? | y™* = 0,27 = 1}, {(z,y) € C?> | y"© = 1,2" = 0} and
{(z,y) € (C*)? | (y" —2")¢ = 1}. The pp-action introduced in Example [Tlis compatible with
this partition. Then the identities hold by Lemma [[.5 O

The Milnor fiber and the Hodge-Steenbrink spectrum. Let f : C?*! — C be a non
constant morphism. Suppose that f(z) = 0. Take 0 < 6 << ¢ < 1 and denote by B(x,¢) the
open ball of radius € centered at 0 € C4t!, by Ds the open disk of radius § centered at x € C
and Dj := Ds \ {0}. If € and ¢ are small enough

f:f YD*)N B(z,e) = Dj.
is a locally trivial fibration. The fibre F, := f~1(2) N B(x,¢€) for z € D}, which is defined up to
isotopy, is called the Milnor fibre of f at the point x. See [29].
The Milnor fibre is equipped with the monodromy operator My, : H (Fy, Q) — H (F,, Q)

on the cohomology ring. By the Monodromy Theorem the operator My , is quasi-unipotent,
that is, there exist A, B € Z>¢ such that (M;lm — I)P =0 (see [25]). The cohomology groups

is quasi-homogeneuos with weights
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HY(F,,Q) carry a natural mixed Hodge structure which is compatible with the monodromy
operator My, (see 0] for isolated singularities and [30] for the general case). The Hodge
characteristic of the Milnor fiber is defined as

XROMNFL) =Y (=1)'[H(F,, Q)] € Ko(HS™).
Following [35] [6, [§] we introduce the Hodge-Steenbrink spectrum Sp’(f,x) of f at = as:
Definition 1.8. We set

Sp'(f,2) = (=1)hsp(Xi**" (Fz) = 1) and  Sp(f,x) := t*"u(Sp'(f, x)),
where ¢ : Z[t'/%] — Z[t'/?] is the isomorphism such that ¢ s ¢t~
Remark 1.9. There are several normalizations for the Hodge-Steenbrink spectrum in the lit-
erature. We have followed those of Saito [35]. In [6] Sp'(f,z) (resp. Sp(f,z)) is denoted
by HSp'(f,z) (resp. HSp(f,x)), while in [8] and [20] the polynomial Sp’(f,z) is denoted by
hsp(f, ). In the paper [40] the Hodge-Steenbrink spectrum of f at z is defined to be the poly-

nomial Sp(f,x), while in [41] 32 42] the Hodge-Steenbrink spectrum of f at x differs of the
polynomial Sp(f,z) by multiplication by ¢ (see [24]). If f has an isolated singular point at 2 we

have that Sp/'(f,z) = Sp(f,x) (see [4I]).

Motivic Igusa zeta function of a function at a point. Let f : C¥! — C be a non
constant morphism such that f(z) = 0. For each natural n, we set

X, = {p € L,(CT), |ord,fop =n}.
The set &, is a locally closed subvariety of £,(C%*1),. We also consider the morphism
ac(f) : X, = C*, o~ ac(fop).

There is a natural action of C* on X, given by a-¢(t) = ¢(at). Since ac(f)(a-p) = a™ac(f)(p),
the morphism ac(f) is a locally trivial fibration. We denote by X,, 1 the fibre ac(f)~1(1). The
previous C*-action on &), restricts to a p,-action on A&, ;.
Definition 1.10. [6]

(i) The naive motivic Iqusa zeta function of f at x is

2 (f, 1),y 1= [X LT € Mc[[T]).
n>1
(ii) The motivic Igusa zeta function of f at x is

Z(f.T)p =Y [Xua] LTI € ME[T]).

n>1

If Ais Mc or ./\/l‘é we denote by A[[T]]s; the A-submodule of A[[T]] generated by 1 and by
finite products of terms L¢T*(1 — L¢T%)~! with e € Z and i € Z~o.

Denef and Loeser gave formulas for Z"V¢(f, T), and Z(f,T), in terms data associated to an
embedded resolution of singularities of f (see [9) Theorem 2.4, [6] Theorem 2.2.1). In particular
they proved that

zraive(f. 1), € Mc[[T)le  and  Z(f,T) € ME[[T]]s-

The topological zeta function of f at x is a rational function Ziop(f,s) € Q(s) defined by
Denef and Loeser in [5] in terms of an embedded resolution of f. The motivic zeta function
Zmaive( f T, determines Ziop(f, s) € Q(s).

Proposition 1.11. [8, 6] We have that Ziop(f,s) = Xtop(Z™*V(f,L™*)), where Xiop denotes
the topological Fuler characteristic.

Lemma 1.12. [0l Lemma 4.1.1] There exists a unique ring homomorphism M‘é[[T]]Sr — Mé,
Y — limp_, o0tp, such that limp_, o LT (1 — LT~ = —1.

Lemma 1.13. If % € ML[[T)s and degyp(T) < degrq(T) then we get limT_,OO% =0.
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Proof. Tt follows easily from Lemma O
Definition 1.14. [9[6] The motivic Milnor fiber of f at the point z is defined as
St = —limr oo Z(f, T), € ML,

The motivic Milnor fiber S¢ , can be seen as a motivic incarnation of the classic Milnor fibre
F, of f at z. For instance S¢, and F have the same Hodge characteristic.

Theorem 1.15 (Denef and Loeser [9] [6]). The following equality holds in Ko(HS™"):
X (Fe) = X3 (Sra)-
Corollary 1.16. We have the equality Sp'(f,z) = (—1)%hsp(xn(Sfz) — 1).
Remark 1.17. The definitions and results of this section extend to the case when f: (C4! x) —

(C,0) is a germ of complex analytic function.

2. QUASI—ORDINARY HYPERSURFACE SINGULARITIES

A germ (5,0) of complex analytic variety equidimensional of dimension d is quasi-ordinary
(q.0.) if there exists a finite projection 7 : (S,0) — (C%,0) which is a local isomorphism outside
a normal crossing divisor. If (S,0) is a hypersurface there is an embedding (S,0) C (C4*+1,0),
defined by an equation f = 0, where f € C{z1,...,24}[y] is a ¢.0. polynomial, that is, a
Weierstrass polynomial in y with discriminant A, f of the form A, f = 2°u for a unit u in the

ring C{z} of convergent power series in the variables x = (z1,...,24) and § € Z%,. In this
coordinates the q.o. projection 7 is the restriction of the projection
(1) Clé+1—>céa (xlv"'axdvy)’_)(xla"'axd)'

We abuse of notation denoting the projection () also by 7. The Jung-Abhyankar theorem
guarantees that the roots of a q.o. polynomial f, called g.o0. branches, are fractional power series
in the ring C{z/™}, for some integer m > 1 (see [1]).

In this paper we suppose that the germ (S, 0) is analytically irreducible, that is, the polynomial
f is irreducible in C{x1,...,z4}[y]

Notation 2.1. If a, 3 € Q? we consider the preorder relation given by a < B if B € o + Q%O.
We set also v < f if o« < § and a # 3. The notation o £ 3 means that the relation v < 8 does
not hold. In Q% LI {oc} we set that o < oo.

Lemma 2.2. [I5 Proposition 1.3] Let f € C{z1,...,zq4}[y] be an irreducible g.o. polynomial.
Let ¢ be a root of f with expansion:

(2) ¢= Zc,\x’\.

There exist unique vectors A\i,...,A\g € Q‘io such that Ay < --- < Ay and the three conditions
below hold. We set the notations A\g = 0, A\gy1 = 00, and introduce the lattices My = vAS
M= M;_1+Z)\;, forj=1,...,g.
(i) We have that cx; #0 for j=1,...,9.
(i) If cx # 0 then the vector X belongs to the lattice M;, where j is the unique integer such
that /\j < A and /\j+1 ﬁ A
(i) Forj=1,...,g, the vector \; does not belong to M;_1.

If ¢ € C{z'/™) is a fractional power series satisfying the three conditions above then C is a
g.o. branch.

Remark 2.3. Let us denote by K the field of fractions of C{z1, ..., z4}. If 7 € C{z}/™, ..., x;/m}
is a q.0. branch then the minimal polynomial F' € K[y] of 7 over K has coeflicients in the ring
C{x1,...,24}. Then the equation F = 0 defines the q.o. hypersurface parametrized by .

Definition 2.4. The exponents Aq,..., A, in Lemma (resp. the monomials ™ML :E)‘g)
are called characteristic of the q.o. branch ¢. The integers n; := [M;_1 : M;], j =1,...,g, are
strictly greater than 0 by Lemma[22] We set also ng =1, g =n1---ng and e; 1= ep/(n1...1;)
for j =1,...,g9. By convenience we denote by M the lattice M, and by IV its dual lattice.
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Notation 2.5. We denote by (Aj1,...,A;q) the coordinates of the characteristic exponent \;
with respect to the canonical basis of Q? and by >Jex the lexicographic order.

Definition 2.6. The q.o. branch ( is normalized if

(AL A1) Zlex 7" Zlex (ALds -+ -5 Agd),
and if Ay is not of the form (A11,0,...,0) with A;; < 1.
Lipman proved that if the q.o. branch ( is not normalized then there is a normalized q.o.
branch ¢’ parametrizing the same germ and gave inversion formulas relating the characteristic
monomials of ¢ and ¢’ (see [15], Appendix). Lipman and Gau studied q.o. singularities from

a topological point of view. They proved that the characteristic exponents of a normalized
q.0. branch ¢ parametrizing (5,0), classify the embedded topological type of the hypersurface

germ (5,0) C (C¥+1,0) (see [I5] 26).
Lemma 2.7. If ¢ is a g.o. branch of the form (3) then the series (j—1 = Z)\zAj exx is a
g.o. branch with characteristic exponents A1, ..., \j—1 for j=0,...,9.

Proof. This is consequence of Lemma O

Definition 2.8. The q.o. branch (; parametrizes the q.o. hypersurface (S;,0). We denote by
fj € C{z1,...,zq}]y] the q.o. polynomial defining (S;,0), for j =0,...,¢9 — 1. By convenience
we also denote ¢ also by (4, hence f = f, and S = S,.

Definition 2.9. The elements of M defined by:
(3) 71 :/\1 and Y41 — N5y :/\jJrl —)\j, for j = 1,...,g—1,

together with the semigroup I' := Z‘éo + Y140+ -+ 74Z>0 C Q%o are associated with the
q.o. polynomial f. We set vy =0 € M.

Lemma 2.10. [I8 Proposition 3.1] We have that f({j—1) = x° - u;, where u; is a unit in
C{zl/e}, forj=1,...,9.

Definition 2.11. [I8, Definition 4.1] A q.o. hypersurface (S’,0) C (C%1,0) is a (j — 1)-th
semi-root of (S,0) if it is parametrized by a q.o. branch 7 with j — 1 characteristic exponents
and such that fj,—, = 2% - u;, where u; is a unit in C{z'/e}, for j=1,...,9.

By Lemma 210 the germs (S;,0), for j = 0,..., ¢ are semi-roots of (S,0). The semi-roots
play an important role in the definition of the toric embedded resolution of the germ (S,0)
below.

Lemma 2.12. The order of v; + M;_1 in the finite abelian group M;/M;_1 is equal to n;, for
1=1,...,9. We have the inequality

(4) vy < Yj+1, forj=1,...,9.

Definition 2.13. We denote by r; the integral length of the vector n;v; in the lattice M;_q,
forj=1,...,9.

The integer r; is the greatest common divisor of the coordinates of the vector n;v; in terms
of a basis of the lattice M;_;.

Lemma 2.14. We have that ged(rj,n;) =1 forj=1,...,g.
Proof. This follows from the first statement of Lemma O

Lemma 2.15. Set Ao := 0 € M. We have the equality Zgzo ei(Nit1 — Ni) = €41, for
0<j<g-1L
Proof. We proceed by induction in j. For j = 0 we have that eg\; = epy; because A\ = 7.
Suppose that it is true for j. We deduce the result from the equalities:
T il — X)) = Y0 it — A) + i1 (Vg2 — Aj1) =
ej+1 + €1 (N2 — Aj1) = €1 (17541 + (N2 — Aji1)) = €j117j+2-
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Notation 2.16. The canonical basis e1,...,e4 of Qd is also a basis of the lattice My and a
minimal set of generators of the semigroup Zio C My. The dual basis €1, ...,€eq of the dual
lattice Ny spans a regular cone p in Ng r. It follows that RZ ¢, =pY and Z‘io = pY N My, where

p¥ denotes the dual cone of p (see Notations of Section H). We denote by (,) : Ng x Mgr — R
the duality pairing associated to the dual vector spaces Ng and MR.

Notation 2.17. If 1 < j < g we denote by ¢; the number of nonzero coordinates of the
characteristic exponent \;, with respect to the canonical basis €1, ..., &4 of Q% We set £ := 0.

Remark 2.18. We have that 0 = {5 < {1 </l <--- < /.

Notation 2.19. We denote by €1,...,€444+1 the canonical basis of the lattice Z4T9+1. We
consider the cone p embedded as pg := p x {0} C R? x R9*! (see Notation ZI6). The following
cones in RT9*! are d-dimensional and simplicial

pj = {a+ 1 (@, vi)eari + Z:(L]:jl+1 nj-mi—1(a,vj)eari | a € p}, forj=1,...,g

We denote by I/Z-(j ) the primitive integral vector in the edge of the cone p; defined by the vector

ety o _ (€, %)edJrT—i-Zf;l-H nj o ne—1(€:, v earr € QEHIFTL We introduce also the following

cones of dimension d + 1

J;f = pj + Rxo€atj, o ==pj—1+pj;, forj=1,...,9, and og11:=pg+ R>o€atgt1-
We introduce a fan © in R9+! associated to the q.o. polynomial f. This fan appears in

[17, Section 5.4 ], in connexion with the definition of a toric embedded resolution of the q.o.
hypersurface (9,0) C (C+1).

Definition 2.20. We set ©; := {0}",0; ,p;} for j =1,...,g and ©g11 := {0y41}. The set ©

consisting of the faces of the cones in Uq+1®J, is a fan associated to the q.o. polynomial f.

Definition 2.21. The following functions are linear forms on Z4+9+1
d+1 j—1

n(k) = kargr1, E1(k Zk and &;(k Zk +Y (1=nikarithay;, forj=2,... g+1.

1=1 =1

Lemma 2.22. If k = EdJrngl kie; € Z9T9%Y s a primitive integral vector generating an edge
of some cone 0 € O; for some 1 < j < g+ 1 then §;(k) > 0. If in addition k € pj_1 then we
get &i(k) = §j_1(k). If kayg+1 = 0 then we have that §;(k) = 1, morever in this case either
k = €qyjr1 or k = ¢ for some 1 < i < d such that the i-th coordinate of the characteristic
exponent \; is equal to zero.

Proof. Let us check that &;(k) > 0. The claim is obvious for j = 1 because the definition
of &(k). If j > 1 and k € p; then we get that kgrir1 > nikgys for 1 < i < j —1 and
kativ1 = nikayi for j < i < g because of the definition of p; and Lemma 2T2] In this case we
get that &; (k) = ZdH ki+> 11 (kdgyiv1—nikass) > 0. If k € p;—1 we have that kgt j11 = njkat;
hence & (k) = S ki + S0 (karira — nikayi) = &-1(k) > 0. Finally, if k = eqy ;11 and
1<j < g we get that £ (eg4+,+1) = 1.

If k # €qtj+1, kargr1 = 0 and if v := (kq, ..., kq) we get that (v,7;) = 0 (see Notation [Z19)),
that is, the vector v € Ny is orthogonal to ;. Since v defines an edge of p it follows that k& = ¢;
for some 1 < ¢ < d such that the i-th coordinate of ; is equal to zero. Then the conclusion
follows by relations (3). O

3. STATEMENT OF MAIN RESULTS

In this section we introduce the main results of the paper.
We recall first some basic facts on generating functions. The generating function of a set
A C Z™ is the formal power series ) ., 2"

Lemma 3.1. [39] Chapter 4, Theorem 4.6.11] If 6 € RY, is a rational polyhedral cone for the
lattice Z™ the generating function Gy of the set int(0) N Z™ is a rational function of the form
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Go = Pl [, (1 — x%)~L, where v runs through the set of primitive integral vectors in the edges
of the cone 0 and Py is a polynomial with integral coefficients and exponents in 6 NZ™. If in
addition the cone 0 is simplicial, we denote by vy,...,v,. € Z™ the primitive integral vectors in
the edges of 0 and by Dy the set Dy := {v =>"'_, a;v; € int(A) NZ™ | 0 < a; < 1}; then we get
that Py =3 ,cp, 2"

Lemma 3.2. With the hypothesis and notations of Lemma [3 1] we assume in addition that the
cone 0 1s simplicial of dimension r. We consider two Z-linear maps k,t : Z™ — Z such that
for any primitive integral vector in an edge of the cone 6 we have t(v) > 0 and if t(v) = 0
then k(v) = 1. We denote by Gy the image of Gg by the monomial map x* — L=rMT®)
and by ro the number of rays R>ov of 0 such that «(v) = 0. We have that limp_,o Gy =
(_1)T—T‘0(L _ 1)—7"0'

Proof. By Lemma Bl we get that Gy = (X vep, LT )T (1 - LR 7)) =1 The
vector vp := Y, v; belongs to Dy and verifies that ¢(v) < ¢(1p) for all vy # v € Dy. Lemma [[T3
implies that limr_, o Go = limr_, [[}_, L—#@) v (1 — L=#@) 7)) =1 The result follows

from Lemma [LT2] g
Let 6 C R™ be a rational simplicial cone of dimension r. We denote by vy,...,v, € Z™

the primitive vectors generating the edges of the cone 6 and by Z(6 NZ™) the sublattice of Z™
spanned by 6 N Z™. The lattice ®]_,Zv; is a sublattice of finite index mult(0) of Z(6 N Z™).
Notice that mult(f) is equal to the cardinality of the set Dy introduced in Lemma B2

Notation 3.3. If 0 € ©,, for 1 < j < g+ 1, is a simplicial cone we denote by Jo(f,s) the
element of Q(s) given by Jyp(f,s) := mult(9)[],(&;(v) + n(v)s)~, where v runs through the
primitive vectors defining the edges of . If 6 € ©; is not simplicial then 6 = o; and we set

Ja;(f, s)i=(L+n;...ngs) " (Jp,_,(f,s) — Ja;(f, s)), where J,, (f,s) = 1.

Notation 3.4. We use the notations introduced in Lemma[3l Let 6 be a cone in 0, for some
j=1,...,9+ 1. We denote by Py the image of Py by the monomial mapping

(5) Zlzy,. .. Targr1] = ZIL,T], ¥ L-SWn0),
We define the rational function

(6) Sy =Py H(l — L&)y =1,

v
where v run through the primitive integral vectors in the edges of 6.

Remark 3.5. The rational function Sy is well defined. By Lemma 2.22] for any vector v as above
we have that (€;(v),n(v)) # (0,0).

Definition 3.6. If § € ©; for 1 < j < g, we define the elements ¢;(0) € K/ (Varg) (resp.
c(0) € Ko(Varc)) as

[tinje;] (resp. L—1) if 0= cr;f,
() € (CRI™ —27) =1} (resp. (L—1)(L—2)) if 6=p),
[tirje;]  (resp. L—1) if 0=o0;.

If 0 = 0g41 € Ogyq we set ¢1(0) :=1 (resp. ¢(f) :==L —1).

Theorem 3.7. Let f : (CT10) — (C,0) be the complex analytic function defined by an irre-
ducible g.o. polynomial. The zeta functions Z(f,T)o, Z™(f, T)o, Ziop(f,s)o and the motivic
Milnor fibre Sf,0 of the f at O are determined by the embedded topological type of the q.o. hyper-
surface germ (S,0) C (C4H1.0) defined by {f = 0}. We have the following formulas in terms of
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the characteristic exponents of the q.o. branch ¢ parametrizing (S,0):

Zop(f,8)0 = o1 (f5) + Z £.8) = Jo,(£.5) + T, (£,5))
g+1
ZnalvefTO_ZZ d1m0 IS
j=10€0;
g+1
200 =5 S a@)L - yimi-s,
j=10€0;
)
Spo=(1-L)+ ) ((1-L)% eilp)) + (o)) + (1= L) ea(0}))
j=1

Remark 3.8. For d = 1 we recover a reformulation of results of Guibert (see [20], Proposition
3.3.1) and Artal et al. (see [3], Theorem 4.3, 4.9 and 5.3). Notice that Guibert asssumes that
the line {# = 0} is non-tangent to the curve.

Remark 3.9. If g = 1 then f is Newton non-degenerate and the formula above for Ziop(f, $)o
reformulates in this particular case the one given by Denef and Loeser (see Théoréme 5.3 [0]).

Remark 3.10. If d > 2 the phenomenon of false reducibility, discovered in [19], may lead to
inaccurate formulas for the zeta functions of q.o. singularities in [3] (see Example [0.1). In
Section [@ we compare the method of Newton maps used in [3] with the toric methods used in
this paper. We check that the sets of candidate poles we get below (see Corollary BI7) is the
same as the one given in [3].

Corollary 3.11. With the hypothesis of Theorem[3.7 the Hodge-Steenbrink spectrum of f at 0
1s determined by the characteristic exponents. We have the formula:

Sp/( Z Z 71 P,gjeﬂ)r)] + Pn]e]> (1 - t)ljilprjej) + (1 - t)EQ - 1).

J=1

Proof. Tt follows by using the formula for the motivic Milnor fiber in Theorem [B.7] Notation
6 Lemma and Corollary [ 7 O

By Corollary B.11] the Hodge-Steenbrink spectrum of an irreducible q.o. polynomial f is
determined by the embedded topological type of the germ of singularity defined by f = 0.

Remark 3.12. For d = 1 we recover Saito’s Formula ([36] Theorem 1.5 or [20], Corollary 3.4.1).
See Remark [[L9 In this case the Hodge-Steenbrink spectrum of f at 0 classifies the embedded
topological type of the analytically irreducible germ of plane curve (S,0) C (C?,0) defined by
f = 0. However, there are examples of functions f; : (C%,0) — (C,0) defining non-irreducible
germs at the origin such that the Hodge-Steenbrink spectrum of f; at 0 is the same for ¢ = 1,2
meanwhile the germs defined by f; = 0, i = 1,2 have different embedded topology, see [41] [38].

Remark 3.13. If d > 2 the Hodge-Steenbrink spectrum associated to an irreducible q.o. polyno-
mial f € C{x1,...,24}[y] is not a complete invariant of the embedded topological type of the
germ f = 0 at the origin. For instance, the q.o. polynomials f; := y3 — 2122 and fo 1= y3 — 231,
define irreducible germs with different embedded topological types meanwhile Corollary [B.11]
implies their Hodge-Steenbrink spectrums coincide.

Remark 3.14. If d > 3 the Seifert form on the middle homology of the Milnor fiber of an
hypersurface singularity F' : (C9t1,0) — (C,0) defining an isolated singularity at the origin
determines the topological type of the singularity (see [12], Theorem 3.1). However, there are
examples of germs f; : (C?,0) — (C,0) defining non-irreducible germs at the origin such that
they have isomorphic integral Seifert form but the germs defined by f; = 0 and fo = 0 have
different embedded topology and different spectrum (see [I1]). The germs F; : (C*,0) — (C,0)
given by F; = fi(xr1,x2) + 23 + 2%, i = 1,2, have isomorphic Seifert forms (see [37]). It follows
that the germs F; = 0 at 0 € C* have the same embedded topological type, meanwhile the
application of Thom Sebastiani Theorem for the spectrum implies that F; and F, have different
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spectrum at 0 (see [§] Theorem 5.1 or [42]). In this example the topological zeta functions of F;
at 0, ¢ = 1,2, are also different (see [2]).

Definition 3.15. (see Notations[ZI9and 2H) The vector Vi(j) € pj is special if for any 1 < ¢’ < d
the following equalities

)\j/ﬂ'/ =0forl< jl < j, and )\j,i’ = 1/nj,
are verified iff i = 4 , and in addition we have that \j11,; > \;; if j < g.

Example 3.16. If {z; = 0} NS is the unique coordinate hyperplane section of (S,0) which is

not contained in the singular locus of (S, 0) but it is contained in the critical locus of the quasi-

ordinary projection 7, then Vl-(J )isa special vector. This is a consequence of the characterization

of the singular locus of a q.o. hypersurface (see [26, Therorem 7.3]).

Corollary 3.17. (compare with [3, Definition 5.5 and Proposition 5.7]) With the hypothesis of
Theorem [377 and the Notation [2.19 there exists a polynomial Q € Z[s] such that

Z(f,0=Q0+) ' [ I (&) +nw?)s)~L

J=1 vi(j) non—special

There exists R € Z[L*Y[T] such that

g i=1,...,d . .
Znaive(f7 T)O — R(l _ L_lT)_l H H (1 _ L_gj(l’fj))TW(”fJ)))—ll
J=1 Vi(j)non—special

Notice that if ui(j ) = €; then it does not contribute to a pole of these zeta functions.

Remark 3.18. We prove Corollary B.17 in Section[@ We can use Corollary B.17 Remark
and the arguments from [3, Chapter 6] to complete the proof of the monodromy conjecture in
this case. The argument consists of showing that the candidate poles are related with mon-
odromy eigenvalues associated to the restriction of f to suitable plane sections of C*t! in a
neighbourhood of 0.

In order to prove these results we use an embedded resolution II': Z' — C*! of (S,0) C
(C9*+1.0). This resolution is a composition of toric modifications which we recall in Section
following [17]. We remark a relation between the denominators of the zeta functions in Corollary
BI7 and certain exceptional divisors of the modification IT'.

Remark 3.19. For any 1 < i < dand 1 < j < g there exists an irreducible divisor El-(j) C Z' such

that the order of vanishing of the jacobian of I’ (resp. of f o II') along an irreducible divisor
EZ-(j) C Z' is equal to &; (I/i(j)) — 1 (resp. n(yi(j)). Notice that EZ-(j) is contained in the critical
locus of I, that is El-(j ) is exceptional divisor for IT', if and only if & (ui(j )) > 1. These facts are
consequence of Remarks [.4] and below.

4. SOME NOTIONS ON TORIC GEOMETRY AND NEWTON POLYHEDRA

In this section we introduce the notations and basic results of toric geometry which we use
in this paper (see [14], 13} 23] 31]).

If N = Z% is a lattice we denote by Ngr the vector space spanned by N over the field R.
In what follows a cone mean a rational convex polyhedral cone: the set of non negative linear
combinations of vectors vy,...,v, € N. The cone 7 is strictly convez if it contains no lines, in
such case we denote by 0 the 0-dimensional face of 7. The dimension of 7 is the dimension the
linear span of 7 in Nr. The relation § < 7 (resp. 6 < 7) denotes that 6 is a face of T (resp. 6 # 7
is a face of 7). The cone 7 is simplicial the number of edges of 7 is equal to the dimension of 7.
The cone 7 is regular if it is generated by a sequence of vectors vy, ..., v, which is contained in
a basis of the lattice N.

We denote by M the dual lattice, i.e., M = Hom(N, Z) and by (,) : N x M — Z the duality
pairing between the lattices N and M. The dual cone 7V (resp. orthogonal cone 7+) of T is the
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set {w € Mg | (u,w) >0, (resp. (u,w) =0) Yu € 7}. We denote the relative interior of the

cone 7 by 7 (or also by int(7) when it is more convenient for typographical reasons).

A fan ¥ is a family of strictly convex cones in Ngr such that for any o,0' € ¥ we have
oNo’ € ¥ andif 7 <o then 7 € ¥. The support of the fan X is the set [E| := J, .5, 7 C Nr.
We say that a fan ¥’ is a subdivision of the fan X if both fans have the same support and if every
cone of Y/ is contained in a cone of ¥. The fan ' is a reqular subdivision of X if all the cones in
Y are regular and 6 € ¥’ for any regular cone 6 € ¥. Every fan admits a regular subdivision.

Let o be an strictly convex cone rational for the lattice N. By Gordan’s Lemma the semigroup
oVNM is finitely generated. We denote by CloVNM] := {> s 1. cs7° | cs € C,6 € oVNM} the
semigroup algebra of o' N M with complex coefficients. The toric variety Z, := SpecClo¥ NM],
denoted also by Z, n or ZUVQM, is normal. The torus Ty := ZM is an open dense subset of
Z,, which acts on Z, and the action extends the action of the torus on itself by multiplication.
There is a one to one correspondence between the faces 7 of o and the orbits orb, of the torus
action on Z,, which reverses the inclusions of their closures.

The affine varieties Z, corresponding to cones in a fan ¥ glue up to define a toric variety
Zyx.. A subdivision Y’ of the fan X defines a toric modification ¢ : Zs, — Zx. If ¥/ is a regular
subdivision of ¥ then the modification ¢ is a resolution of singularities of Zs,.

If 0 is d-dimensional strictly convex cone then its orbit orby is reduced to a closed point called
the origin 0 of the toric variety Zy. We denote by C[[8¥ NM]] the ring of formal power series with
exponents in 7V N M. This ring is the completion with respect to the maximal ideal of the ring
C{0VNM} C C[[6Y N M]| of germs of holomorphic functions at 0 € Z.. The Newton polyhedron
N (1) of a nonzero series 1) = > csa® € C[[#V N M]] is the convex hull of the Minkowski sum
{6 ] ¢s #£ 0} + 6. The support function of the polyhedron A/ (1)) is the piecewise linear function

h:0 =R, ve—inf{(r,w)|weN)}.
A vector v € 0 defines the face F, := {w € N(¢) | (v,w) = h(v)} of the polyhedron N (). All
faces of N'(1)) are of this form, in particular, the compact faces are defined by vectors v 65. The

set consisting of the cones o(F) :={v € 0 | (v,w) = h(v), Yw € F}, for F running through the
faces of N'(¢) is a fan subdividing the cone 6. If v € § we denote by v, the symbolic restriction

Y = Zéeﬂ csx? of the series v to the face F,, of its Newton polyhedron. If v 65 then v, is
a polynomial, i.e., ¥, € C[0Y N M].

5. TORIC EMBEDDED RESOLUTIONS OF Q.0. HYPERSURFACES

In this section we give an outline of the construction of a toric embedded resolution of a q.o.
hypersurface following [17].

Notation 5.1. Recall that we denote by p the cone R%O C Nr (see Notation 216). We denote
by N the lattice N; x Z, and by M its dual lattice M; x Z, for j = 0,...,g. The cone
p' = p x Rp is rational for the lattice N.

We keep notations of Section 2] that is, ¢ is a q.0. branch with characteristic exponents
A, ..., Ag. The q.o. branch ¢ parametrizes a q.o. hypersurface (5, 0) defined by a q.o. polynomial
f e C{xy,...,z4}[y]. We assume, making a change of coordinates, that the coordinate y is equal
to fo (see Definition [Z8]).

With this assumptions the Newton polyhedron N (f) C Mf has only one compact edge &
with vertices (0,eg) and (egA1,0). It defines a subdivision ¥; of the cone p/, with only two
(d + 1)-dimensional cones &, and &; which intersect along the d-dimensional face p;. The
support function of the Newton polyhedron N (f) is defined for (v,7) € p’ by:

(1) _ [ ealvymady) if (v,r) €y,
h(v,r) {elnlr it (r) € o

that is, the cone &, (resp. ;) corresponds to the vertex (0, eq) (resp. (egA1,0)) of N'(f). The
polynomial f is of the form,

(™ f =" = e
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where ¢; € C* and the terms which are not written lie above the edge &;.

Remark 5.2. We choose the notation 4,7, &; and p; for the cones in ¥ since these cones are
related with the cones o7, 07 and p; in O (see Definition 2220 and the proof of Theorem [G.1T]).

We describe the transformation of the hypersurface (S5,0) under the toric modification
I, : 7, — ZO = CdJrl

defined by the subdivision ¥;. Notice that Z; is not a smooth variety. First we need an
elementary lemma to describe the chart Z5, n; C Z; associated to the cone p; and the lattice
Nj.
Lemma 5.3. Let us consider the lattice homomorphism
(bliMé—}Ml, (A,a)>—>)\+a)\1.

We have the following properties:

(i) The homomorphism o1 1s surjective.

(ii) ker(qﬁl) NnM| = p1 N M) = (—ni1A1,n1)Z.

(ii)) ¢7 ' (oY N M) = pY N M.

(iv) We have an isomorphism of semigroups py N M, — (p¥ N M) x Z.
(iv) The dual homomorphism ¢7 : N1 — N{ is injective and verifies that ¢5(v) = (v, (v, \1)).
(v) ¢3(Ny) is the lattice generated by p1 N N{.
(vi) ¢i(p 1 N1) = 1 N NG,

Proof. Recall that by definition we have the equality Nv = {v € Ny | (v, \1) € Z}. The
details of the proof are left to the reader (see [I7] Lemma 17). O
By Lemma [5.3] the term

N1 —Nn1A1

wy =y

is a holomorphic function on the chart Z, n;.

Lemma 5.4. We have the following properties:

(i) The orbit orb(p1) is a one-dimensional torus embedded as a closed subset in the chart
Zﬁl’N(,) .
) The coordinate ring of orb(py) is equal to Clwi].
(iii) The hypersurface {w1 = c} C Z5, ny is isomorphic to Z, n, for any c € C*.
(iv) The chart Zs, ny is isomorphic to Z, n, x C*.

(v) If o € orb(py) the germ (Zs, ny,0) is isomorphic to (Z, n, x C,(0,0)).

Pmof The first assertion is well-known. The statement (ii) is consequence of (ii) in Lemma

The assertion (iv) is consequence of the isomorphism of semigroups in Lemma 53 (iv). The

statement (iil) is consequence of (iv) and (ii). The assertion (v) is deduced from (iv). O

The modification II; is an isomorphism over the torus T, = (C*)L C Z,. The strict
transform S of the hypersurface S by II; is the closure of IT; (SN (C*)4*+1) in Z;. Tt is shown
in [I7] that S™ intersects the exceptional fiber TI;*(0) only at one point o; which belongs to
the orbit orb(p1) of Z1. Hence, in the chart Z;, = Z; n; we can factorize

(8) (fOH1)|Z;31 :Ielnl)q ((wl _01)61 _|_),

where the terms which are not written vanish on orb(p;). The strict transform of (.S, 0) by II; is
a hypersurface germ (S, 0;) C (Z5,,ny,01) defined by the vanishing of (z=emM. fo )z,
The intersection S™) Norb(p; ), defined by the equation (w; —¢1) = 0, consists of the point oy

counted with multiplicity e;. We get that the strict transform S%l) of the semi-root S intersects
the orbit orb(py) at the point o; with multiplicity one. It follows that the function

Yy 1= x_’ﬂd)\l . (fl o 1_[1)‘21317
can be taken as a local coordinate at o1, replacing wy — ¢;. By Lemma [5.4] (iii) the strict

transform Sfl) is analytically isomorphic to the germ of toric variety Z, n, at the origin. Taking
into account the isomorphism of Lemma 5.4 (iv) we get.
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Proposition 5.5. [I7, Proposition 19] Let us consider the projection
T - Zp7N1 x C* — ZP;NI'

The restriction of mysa) : (SM 01) = (Z,n,,0) defines an unramified finite covering of the
torus Ty, C Z, N, -

Remark 5.6. Proposition 5.5 means that the strict transform (S’(l), 01) is a germ of toric quasi-
ordinary (t.q.0.) hypersurface relative to the base Z, n, (see [I7], Definition 5 and [16]). If
the cone p is regular for the lattice N7 then (S(l),ol) is a q.o. hypersurface in the classical
sense. The notions and results in Section [2] generalize to the case of t.q.o. singularities in
the relative hypersurface case. This applies in particular for the definition of characteristic
exponents, semigroup, semi-roots, etc. It is convenient to consider the characteristic exponents of
a (classical) q.o. branch ¢ not only as d-tuples of rational numbers, but as rational vectors inside
a reference cone pY, which is regular for a reference lattice My. Then, if we drop the regularity
condition, the statement of Lemma characterizes the t.q.o. branches, which parametrize
the t.q.o. singularities in the relative hypersurface case. See [I7]. The arguments above apply

similarly to the semiroots Sj(l).
Proposition 5.7. [I7, Proposition 19] The following statements hold for j =2,...,g.
(i) The strict transform (SJ(-l), o1) of the semi-root (S;,0) is parametrized by a t.q.o. branch

CJ(-I) which has characteristic exponents Ao — Ai,...,X\; — A1 and characteristic integers
na,...,Nng, with respect to the reference cone p¥ and reference lattice M.

(ii) The germ (S’J(-l),ol) is a (j — 1)-th semi-root of (S, 01).

If ¢ > 1 it follows from Propositions and [5.7] that the germ (S J(l), 01) is defined by the
vanishing of

9) f;l) = (7™M o )z, -

The germ (S](l), 01) is parametrized by setting y; = Cj(l), for j =2,...,g9. We can expand f;l) as

an element of C{(p')¥ N M|} in such a way that its Newton polyhedron N'(fV)) c (M;)r x R
has a unique compact edge & with vertices (e1(A2 — A1), 0) and (0,e;). This expansion of f(!)
is of the form,

(10) FO = (yh2 — pgraGa=dayjes 4

where co € C* and the terms which are not written lie above the edge &. The polyhedron
N(f (1)) defines a subdivision Y2 of p’ with only two cones of dimension d + 1. These cones are
o4 (resp. &, ), which corresponds to the vertex (e1(A2 — A1), 0) (resp. (0,e7)) of the polyhedron
N(f(l)). With respect to these new coordinates we consider the toric modification Iy : Z3 — Zo,
induced by the subdivision 5. We set wy := y{’zx_"zo‘?_’\l). In the chart Z5, = Z;, Ny C Z3

one can factorize
(11) (f(l) o H2)|Zﬁz _ Iel()\2—)\1) ((w2 _ 02)63 4. ) :

where the terms which are not written vanish on orb(pz). The strict transform S, defined
then by the vanishing of z—¢1(A2=A1) . (f(l) oIly), is a germ at the point 0y € orb(pz) given by
W — C2 = 0.

Then, we iterate this procedure, obtaining for 2 < j < g a sequence of local toric modifications
Il;_y : Z; — Z;_1, which are described by replacing the index 1 by j — 1 and the index 2 by
j above. The toric modification II;_; is defined in terms of the fan ¥, _; which subdivides the
cone p’, with respect to the lattice NJ’»_1 = N;_1 X Z, into cones 6;-', 6;-" and p; for j=1,...,9.
We denote by X441 the fan of faces of the cone p’, with lattice N,.

Lemma 5.8. We have the following equalities for 1 < j < g,
(12) (fjolljo---0 HJ')IZﬁj =a2"%y; and (folljo---o HJ')IZﬁj _ xejfl'}’jf(j)'

Proof. This is consecuence of the decompositions (), @) and ([II) at levels 2, ..., 7, together
with Lemma 2,15 O
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x1 2
FIGURE 1.

Remark 5.9. The strict transform (S9), 0g4) of (S, 0) by the composition IT; o- - -oIl, is isomorphic
to the germ of toric variety (Z, n,0), with N = N,. This germ is the normalization of (S,0)

(see [I7]).

Remark 5.10. We define the lattice homomorphism ¢;: M} | — M;, (A, a) = A+a(Xj — Aj—1).
By Lemma [5.3] and induction we get that the restriction of the dual homomorphism ¢+ Nj —
N’ _, defines an isomorphism of semigroups

j—1
(13) (b;\pﬂNj: pmNJ —>pjﬂN‘]/-717
for j = 1,...,9. This isomorphism induces a glueing of the cones p; € ¥; and p;_1 € 3;_1,

which preserves the lattice points. As a consequence of this isomorphism we deduce that the
germ (Z;,0;) is analytically isomorphic to the germ of normal toric variety (Z, NJ{,O).

Remark 5.11. Glueing the fans ¥;, j = 1,..., g+ 1 along the identifications (I3)), defines a conic
polyhedral complex with integral structure © associated to the q.o. hypersurface (S,0) (see [I7]).

The theory of toroidal embeddings, introduced by Kempf et al. in [23] Chapter II, is a
generalization of the theory of toric varieties. A toroidal embedding is a pair (V,U), where V
is a normal variety and U is an open smooth subvariety. In addition, the local algebra of V' at
any point v € V is formally analytically isomorphic to the local algebra of an affine toric variety
7 with torus T, in such a way that the ideal of V' \ U corresponds to the ideal of Z \ T. The
toroidal embedding is called without self-intersection if the irreducible components of V' — U
are normal. In that case the toroidal embedding can be attached to a conic polyhedral complex
with integral structure, a collection = of abstract rational polyhedral cones with certain glueing
conditions. Their cells are in one to one correspondence with the strata of the stratification of
V associated to (V,U). A finite rational polyhedral subdivision &’ of = induces a modification
V' — V. This modification defines an isomorphism U’ — U over U, for some open subset
U’ C V', in such a way that the pair (V',U’) is also a toroidal embedding. In particular, if =’
is a regular subdivision of = then the map V' — V is a resolution of singularities of V.

In the case studied here, the pair (Z,,U) consisting of the normal variety Z; and the com-
plement U C Z, of the strict transform of the hypersurface {1+ z4fo - f, = 0} C C4*1 by
the modification II; o - -- o I, defines a toroidal embedding without self-intersection. Its conic
polyhedral complex is © and this complex is isomorphic, by an isomorphism which preserves
the integral structure, to the fan © of Definition (see [1I7]). Figure[d represents the projec-
tivization of the conic polyhedral complex © associated to a q.o. surface with two characteristic
monomials. The letters f; (resp. x;) label the vertices associated to the strict transforms of
fi =0 (resp. z; = 0) by the modification II; o II5.

Theorem 5.12. ([I7], Theorem 1) The proper morphism II := Iy o --- o II, is an embedded
normalization of (S,0) C (C?1,0). An embedded resolution of (S,0),

Ir': 72/ — (C¥)0)

is obtained by composition of 11 with the modification associated to a regular subdivision O of
the conic polyhedral complex ©.
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6. CONTACT OF THE ARCS WITH THE SEQUENCE OF SEMI-ROOTS
We consider the irreducible q.o. polynomial f € C{z1,...,z4}[y] together with its semi-roots
fo,.- . fg=1F.
Notation 6.1. We set
F:=(x1,...,24, fo,.--, fqg)

We denote by (V,0) C (C?*1,0) the hypersurface germ defined by @1 ---x4fo - f, = 0. We
denote by H the set of arcs H := L(C¥T 1)y \ L(V)o. If ¢ € H then the vector

Ordt(Fo <P) = (Ordt(xl o w)a s aordt(xd © 90)70rdt(f0 o <P)5 s 70rdt(fg © 90))7

belongs to ZiJggH.

In this section we deal with the problem of determining which are the vectors k € Z4+9+1
such that k = ord:(F o ¢), for some ¢ € H. For this purpose it is useful to pass by a coordinate
free approach to deal with arcs in toric varieties.

Description of arcs in toric varieties. Let N be a lattice of rank d and & C Ngr be a
d-dimensional rational strictly convex cone. We denote by O the origin of the toric variety Zy.
An arc ¢ € L(Ty) defines a group homomorphism

(14) M — CJ[t]]", m— z™ o,

where C[[t]]* denotes the group of units of C|[[t]]. Conversely, any group homomorphism (4]
defines an arc in the torus Ty.

The arc ¢ € L(Zp) has generic point in the torus Ty if and only if 2™ o ¢ # 0, for any
meM=N".

Definition 6.2. The functions
ord(p): M = Z, m— ordi(z™ o), and ac(p) : M — C*, m — ac(az™ o)
are group homomorphisms.

Remark 6.3. If ¢ € L(Zy) has generic point in the torus then we have:

(i) The vector ord(y) belongs to N and ac(y) defines a closed point in the torus T.
(ii) The condition ¢(0) = O holds if and only if ord;(z™ o ) > 0, Vm € ¥ N M \ {0}, that
is, if and only if ord(y) €6 NN.
(iii) The map
u(e): M = C[[H]]*, m s ¢ (@ o )

is a group homomorphism, i.e., an arc in the torus Ty.
(iv) The homomorphisms ord;(¢) and u(y) determine the arc .

Lemma 6.4. Let X be a fan subdividing the cone 8. We denote by ms; : Zx, — Zg the toric
modification defined by X. If ¢ € L(Zy)o is an arc with generic point in the torus, there is a
unique arc ¢’ € L(Zx) such that s o ¢’ = . The origin ¢’'(0) of the lifted arc ¢’ belongs to
the orbit orb(7) of the unique cone T € ¥ such that ord(p) €7. Moreover we have that

(15) ord(p) = ord(¢’) and ac(p) = ac(¢’).

Proof. By the valuative criterion of properness there is a unique arc ¢’ € £(Zy) lifting .
The map 7y, is a proper modification which is the identity on the torus, hence equality (I3
holds. The statement on the origin of the arc follows analogously as Remark [6.3] (ii). O
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The order of contact of arcs in H with the sequence F. Now we apply the above notions
to the case of an arc ¢ € H.

As in Section Bl we assume that y = fy. If = denotes the projection (@) we get that 7oy is an
arc in £(C%)y with generic point in the torus T, of C? = Z, y,. Setting v := ord(7 o ¢) € Ny
we deduce that

(16) ord(p) = (v,ord(y o )) € No x Z = N§j and ac(p): M — C*,

correspond to the group homomorphisms introduced in Definition The coordinates of v
with respect to the basis €1, ..., eq of Ny are (ord¢(z10¢p),...,ord:(z40)) (see Notation 216).

The toric map II; of C*! induced by ¥; (see Section []) is a proper modification, which is
the identity over the torus T';. Since ¢ has generic point in Ti;, by the valuative criterion of
properness there is a unique lifting o) € £(Z;) of ¢, i.e., there exists a unique 1) € £(Z;)
such that ¢ = II; o M), The vector ord(y) belongs to 5+ (resp. ) if and only if

(v, A\1) < (resp. > ) ord(y o).
Proposition [B.5 characterizes the case when (M) (0) = o;.

Proposition 6.5. The following conditions are equivalent:
(i) ¢1(0) = o1,
(ii) orde(y1 o M) >0,
(iii) ord(y) € int(p1) and (f1)jora,(ac(p)) = 0.

Proof. We show first the equivalence (i) < (ii). If (1) (0) = 0y then we get ord,(y; 0p™) > 0,
since y1 belongs to a system of generators of the maximal ideal defining the point o at Z;. The
other generators are monomials of the form ™ for m € p¥ N M7 and m # 0. For those vectors
m we have that ord;(z™ o ¢) = ord;(z™ o (1)) > 0 by ([T and Remark 6.3}

Now we deal with the equivalence (ii) < (iii). The condition ord(y) € int(p1) is equivalent
to 1) (0) € orb(py). If ord(p) € int(p1) then we get that (f1)ora(s) = Y™ — o, Since
y1 = (7™M f oTly) 4, we deduce that the constant term of the series y; o 0 is equal to

ac(z™™M 0 ) ((f1)jora(e) (ac(p)) -

This ends the proof of the equivalence between (ii) and (iii). O

If ¢ € H then the series y; 0 1) is nonzero. Hence (1) can be seen as an arc with generic
point in the torus Ty;, associated to the toric structure of the germ (Z1,01) (see Lemma [5.4).
By the valuative criterion of properness there is a unique lifting ¢?) € £(Z5) of ¢ such
that II, o o2 = (). Notice also that o o ¢ # 0 by () and the definition of H. By
iterating this argument, using that ¢ € H, there exists a unique lifting of () € L(Z;) such that
Hlo---OHjocp(i) =p, fori=1,...,9.

We get different notions of orders of the lifted arcs which depend on the various toric structures
appearing at toric resolution.

Notation 6.6. We denote by ord® (p®): M! — Z and ac®(o®): M/ — C*, the group
homomorphisms introduced in Definition [6.2] with respect to the toric structure of the germ
(Z;,0;) (see Remark [510). By convenience, we denote also ¢ by ¢(©) and ord(y), ac(p) in (I8)
by ord(o)(gp(o)), ac(® (o) respectively. Sometimes yo also denotes fo.

Proposition 6.7. Suppose that ¢V (0) = o; fori=1,...,j — 1. The following conditions are
equivalent:
(i) ¢19(0) =o;,
(i) orde(y; o p\?) >0,
(iii) ordV ™Y (=) €p; and (f](-]_l))\ord(jfl)(ga(jfl))(ac(w(jil))) =0.
Proof. The proof follows by induction using the same arguments as in Proposition[6.5 O

Notice that if ord;(y; o ¢\9)) > 0 then the inequalities ord(y; o »(¥) > 0 hold for 0 < i < j.
We introduce the depth of an arc ¢ € H, with respect to the modification IT of Theorem 5121
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Definition 6.8. If ord;(y, o ¢9)) > 0 we define depth(p) := g + 1. Otherwise, there exists a
unique 1 < j < g such that ord(y; o ¢\9)) = 0 and ord,(y;—1 0 9¥~Y) > 0, and then we set
depth(p) = j.

If ¢ € H is an arc of depth j then ¥ € £(Z;) is an arc with origin at o;, fori = 0,...,j— 1.
Proposition 6.9. If o € H is an arc of depth j > 1 and if v = ord(w o ) then we have

ordi(yo o @) = (1, A1) and  ordy(yi o o) = (W, Aig1 — N}, fori=2,...,5—1.

Proof. This is consequence of Proposition [6.7] and the definitions. 0

Lemma 6.10. If ¢ € H is an arc of depth j > 1 with v = ord(rw o @), then, we have that
ord® (™) = (v, ordy(y; 0 ©)) fori=0,...,5—1.
Proof The assertion follows by Proposition and induction. We get v € N; using that

Ny C --- C Np. O
Theorem 6.11. We have the following equalities:

g+1 o
(17) {ordi(Fop)|oeH}=]|] || onz*tot!

j=06cO,

and if 1 <j<g+1,
(18) {ordy(F o) | € H and depth(p) = j} = | | o nzeott,
0€0;

Proof. Tt is enough to prove the equality (I8). We assume first that j < g+ 1. If ¢ € H and

depth(p) = j < g+ 1 then there is a unique cone 6 € {p,, 5;?, o; } C X such that
ord" (U1 € int(6) N N/_,.

We prove first that ord,(F o ¢) belongs to the the cone 6 € {p;, U;F, o; } = ©;. Suppose that
= p;. By Proposition B3 we have that ord¥=" (00=1) = (v,7) with 7 = (1, \; — A\;_1). By
Formula (I2) we get,

fiop=(fiollio---olly)z, o Pl = (@™ 0 ) - (yi 0 oY),

fori=1,...,j5 — 1, hence, taking orders we obtain:

(19) orde(fi o @) = (v,nivi) + (Vs i1 — Ai) = (¥, 7it1)-
For 7 = j we get

(20) orde(fj 0 @) = (v, n;75),

since ord(y; o cp(j)) = 0 by hypothesis. For g > ¢ > j we deduce the equality (f; oIly o--- 0o
Hj)|Z5i = M. fi(J) from Proposition [6.91 By construction, if ord:(y; o ) = 0 then it
follows that ord, (£ o () = 0 and then

ordi(fi 0 ) = n; - - njp1 (v, njv;).

We have shown that ord,(F o) is an integral point in the relative interior of the cone p; € ©;.

Conversely, we prove that any point k = (k1,...,kdtg+1) 6;)]‘ NZ4+9+1 is of the form k =
ord,(F o ), for some arc ¢ € H. By definition of p; if v := (k1,...,kq) p NNy we have the
equalities

kavi = (v,vi), fori=1,...7,
and
Eatjtr = njgp1 - njp—1{v,ngy;), forl=1,...9 —j+ 1.

Since the vectors eq,...,eq,v1,...,7; span the lattice M;, the formulas above show that v
belongs to N;. We get also that kqi; —njkarj—1 = (v, A\j —Aj—1) > 0 and (v, kqy; —njkat—1) €
pj M N;_q. Then, any arc ¢ € L(Z;-1)o, , with generic point in the torus Ty;_, and such that

ord" V() = (v, katj — njkasj—1)
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verifies that ¢ :=ITj o --- o II;_; 0 ¢ belongs to H, ¢U~1) =4 and ord,(F o ¢) = k.
Now we consider the case when ord? ™Y (=) = (v,r) belongs to the interior of 6?. By
the previous arguments we get

(21)  ordi(fiop) = (V,yi+1), for i =0,...,5 —2, and ord,(fj—1 0 ¢) = (v, nj_17yj—1) + T,
where r = ord;(y;_1 0 ¥ ~1). We deduce the formula

(22) {(V,nj—wg‘—l) < ordi(fi—109) < (v,75) %f (V7r)€:j_"__7
(v, 7)) < ordi(fj—109) it (vr)ea;.

Notice also that

(23) ordy(fy+1-109) = nj - nyri1 (v, ng_1y-1) +ord(F1 1 0 U 7Y)

where

@) oot = { D e

for 1 <1 <g—j+1. We obtain from the definitions and the formulas Z1I), 22]), 23] and (24)
that ordt(F o ¢) belongs to int(o; ) NZ4T9H (resp. int(o)) N 249 if (v,r) € 5 (resp. if
(v,7) € 3, ). We prove snmlarly that all the points in the sets 1nt(aj ) N Z3+9+L are of this
form.
The proof in the case of j = g + 1 and 6 = 0g+1 is analogous. O
We end this section with some auxiliary results.
Lemma 6.12. The map s;: pN Nj — Z9TL given by

g+1

Vi v+ Z V,%i)€d+i + Z n i1V, Vi) €dtis
i=j+1

defines an isomorphism of semigroups p N N; = p; N VASEARN
Proof. This is consequence of the proof of Theorem [G.T1] O

Lemma 6.13. We fiz an integer 1 < j < g. The linear map Y ; ( )R — R+ given by

Jj—1 g+1
(v,r) = v+ ZW Yi)€dti + (1 + nj—1(v,vj-1))€ar; + Z g1 (7 4 1 (Vs Yj-1))€dtis
i=1 i=j+1

verifies that T ; (6_ N NJ 1) = o; N Z9F and Y;(0,1) = €45 + Efij,l+l nj--ni_1€q4;. The
restriction of Y, to NJ 1 18 an isomorphism onto the lattice spanned by o, N ZA+9tl We set
6 := Y;(0) for 0 C p’ a cone in N;_;. The generating function of the set int(é) N Zt9t+1 s of
the form G; = P [],(1—2") (see Lemmal3d)). We denote by P; the image of the polynomial Py
by the monomial map (3) and by S, the rational function defined by replacing 6 by 6 in Formula
(@). The following equality holds:

(25) S - :S[,/—Sﬁ — S5t
Fi J J
Proof. The assertion about the map T; is consequence of the proof of Theorem The
formula (25) holds because S - = S;- and Gy = G, + G5+ + G5 by additivity of generating
functions of integral points with respect to the partition int(p’) = 1nt (pj) Uint (o} )|_|1nt( 7). O

7. COMPUTATION OF THE MOTIVIC MEASURE OF Hj,
In this section we compute the motivic measure of the set
Hiq1:={peH|ord,(Foyp)=Fkac(fop)=1}.

by using the change of variables formula for motivic integrals (see Theorem [[L3)). We assume
in this section that k is fixed and that Hy is non-empty, hence by Theorem [6.11] there exists a

unique j € {1,...,g+ 1} and a unique cone 6 € ©, such that vector k belongs to ; NZ4to+1,
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FIGURE 2.

We fix a regular subdivision ©’ of the conic polyhedral complex © associated to the toric
resolution of singularities, that is, a sequence X} of regular subdivisions of the fans ¥;, which
are compatible with the glueing of faces mentioned in Remark B.T0l By Proposition the
vector ord " (=1 belongs to p;, for i = 0,...,j — 1 (see Definition B.6). Let 7; € X} be a
d + 1-dimensional regular cone containing the vector ord Y (p(=1)) . We can always chose a
regular subdivision © such that
(26) dimrm;Np;=d—1, fori=1,...,57—1, (see Figure[d).

The cone 7; is generated by a basis agi), .. ,afﬁrl of the lattice N/_; and by the assump-

tion (26) we can guarantee that agi), e ,a&i) € p;. By Lemma [5.3] and Remark the pair
consisting of the cone p; and the lattice generated by p; N N/_; is isomorphic to (p, N;). We
identify these pairs under this isomorphism and we denote by B; the basis of N/ given by
B; = {(agi), 0),..., (a&i), 0),(0,1)} for i =1,...,5 — 1. We set By := {e1,..., €441} the canoni-
cal basis of Zt1,

We denote by ;Egi), . 7955121 the coordinates of Zr N1, = C*1 associated to the dual basis
of agi), ey afgl. The toric morphism 7., is written in this coordinates as:
- NO) 0! N0
ngz DA (Igz))u’l,l (Ig))“zJ ce. (x;j_l)ad+1,l
- o . S e
7 I L0 O D
Yio1 — (xgl))all,d+l (;Cg))a;,dﬂ .. (xglll)adlﬂ,dﬂ,
where (agf)l, .. .,agl)Hl) denote the coordinates of the vector agi), forr = 1,...,d + 1, with
respect to the basis B;_1 of N/_;.
We denote by 1) the vector in M corresponding to the monomial :zzgz) ~-~x§;)yi, for i =
0,....5—1.

Remark 7.1. We abuse of notation and denote by the same letter the lifting (¥ of ¢ by the
maps 7, 0---o7y, and II; o---oll;. This causes no confusion since our analysis depends only on
the group homomorphisms ord® (¢(®) and ac® (o) of Notation .6l These homomorphisms
coincide with those defined after taking the regular subdivisions by Lemma [6.4]

Proposition 7.2. With the previous notations if ¢ € Hy is of depth j then
ord(Jac(my, 0+ om,, ;)0 U1y = (k) — (ordVU = (olU=1)) 16Dy,

Proof. We have that the critical locus of the morphism 77, o---om_ is defined by
(28) Jac(my, 0+ om,,_,) = (Jac(my, ) o, 0 comy )+ (Jac(my, ).
From the expression (27) we get that
(29) Jac(rr,)) = (247 a Vg ) ome )@l ) )
If ¢ € Hy, our hipothesis guarantee that ordt(xgll 0p®) =0, since aS}rl ¢ p;. Composing with
¢ at both sides of (29) and taking orders provides the equality:

(30) ord; (Jac(my, ) 0 o) = (ord "V p(=1 10=Dy _ (6rd@ () 10) 4 ord, (y; 0 ).
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By definition of the lifting by the toric morphisms we get that m, , o---om_, o @~ = &)
for any 0 < i < 7 — 1. We apply this observation when we take orders after composing both
sides of [28) with pU~Y. By using [@0) we get that ord;(Jac(m,, oo, ) oplU~Y) is equal
to

j—1

(31) (ord @ (), 1) — (ord¥ "Vl =D 16D) 13 “ord (y; 0 7).
i=1
By Proposition [6.9] and equality ([T9) we deduce that ord;(y; o <p(i)) = kqgrir1 — nikqy;. The
assertion follows since (ord® (), 1) = ky + -+ + kgy1. See Definition 211 O

Remark 7.3. If ¢ is a regular function on a smooth algebraic variety Z and E is an irreducible
divisor on E then the order of vanishing of ¢ along E coincides with the order of ¢ o o, where
o is a curvette at E, that is, «(0) € E and « is a smooth arc transversal to E.

Remark 7.4. With the notations and hypothesis of Proposition assume in addition that

ord(jfl)(go(j_l)) is one element of the basis agjfl), ceey ag:ll). Then we deduce that
(32) ord;(Jac(mr, 0---omy, )0 U=y = &i(k)—1.
Notice that such a vector, say ord(j_l)(cp(jfl)) = agj_l), corresponds to an irreducible divisor

E, which is defined on the chart Zijquj{,l by :zrgj_l) = 0. By Lemma there is a unique

lifting ) of the arc =1 such that Tr;_y © 0 = U= and ¢U) is a curvette at E. We
abuse of notation and denote also by E the strict transform of the divisor E in Z’, where we
recall that IT': Z/ — C?*! is the toric embedded resolution of (S,0) C (C%*1,0) (see Theorem
[512). The order of vanishing of Jac(II') (resp of II' o f) along the divisor E is equal to &;(k) —1
(resp n(k)). This follows from Formula (32)) and Theorem [6.11] by using that these orders of
vanishing along E coincide with that of Jac(m,, o---om,, ) (vesp. of fom, o---om, ).

Remark 7.5. We apply remark [[.4] when k = Vi(j) for some 1 <7< dand 1< j < g, and then
El-(J ) denotes the divisor E. See Remark B0

Recall the notations introduced in Definitions 2.13] and

Proposition 7.6. If k €f NZd+o+1 for some 0 € ©;, j =1,...9+ 1, we have the following
formula for the motivic measure of the set Hy 1 :

#(Hk,l) = C1(9)(L _ 1)dim071L,§j(k)'

Proof. We deal first with the case when the arcs in Hj, are of depth one. The set Hj  is
stable for [ > max{k1,...,kq+1}, thus the motivic measure of p(Hy 1) is equal to

(33) p(Hyy) = [m(Hy ) L1,

Now we compute the class [m;(Hy1)] € K(Varc). If ¢ € Hy,, we have the expansions

z; 09 = ac(r; 0 p)th + ¢ th T 4o ptt mod £

The coefficients ¢; 1, ..., ¢ 1—k,, fori = 1,...,d+1, are free and contribute to the class [m;(Hg,1)]
with the factor LI(d+D =0 ki

The angular coefficients ac(z; o ¢) determine the point ac(p) € Thn,. Since ¢ € Hy ;1 is of
depth one, the equality ac(f o @) = flora(p)(ac(w)) holds. It follows that the angular coefficients
contribute to the class [m(Hy,1)] with the factor [{ac(y) € Ty | flora(p)(ac(p)) = 1}]. The
result in this case follows by formula (7l) and Definition

Now we assume that the arcs in Hy, are of depth 1 < 7 < g+ 1. We set
HOD o= (0D g e Hi)

We apply the change of variables formula for motivic integrals to the transformation ¥ :=
Try ©---0mr,_, (see Theorem [L3).

(Hyq) = / dp :/ Lo actoe gy,
7 pEH 1 soU*UeH,(C{;“
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By Proposition [[.2] we get that

=& rd—D =1 1G—1) i
(34) W(Hyp) = L6 8 o0 0p0703070) G

Then the set H Igjf Y is stable for
> max{ordt(xgj_l) oU=ly ,ordt(xl(ij_l) 0 U=y, ord(yj_1 o U=},
where the right-hand side of this formula is independent of the choice of ¢ € Hj ;. It follows

that the motivic measure of u(H,Ejl_l)) is equal to

(35) w(HITY) = ()LD,

The non-angular coefficients of the the expansions of the arc U= with respect to the coordi-
nates xgjfl), e ,x&jfl), y;j—1, contribute to the class [m(Hgfl))] with the factor

(36) Ll(d+1)7<ord(j71)tp(j71),1(j71)>'

It remains to compute the contribution of the angular coefficients. }
We assume first that j < g. By ([I2) we get that (foIljo--- on,l)‘ijil = g&-2%-1 fG=1)
where
D = (y;lil — Cz"j(%*%‘—l))ej +---, and f;j_l) = (y;zil — CI"j()\j*Aj—l)) +n
for some ¢ # 0 and where the other terms have exponents outside the compact edge of the
Newton polyhedron. By Proposition the vector ord 71)((,0“‘”) belongs to p; hence we

deduce that (f(jil))\ord(jfl)(gp(]'*l)) = ((f;j_l))\ordufl)(Sa(jfl)))ej and (f](]_l))|ord(j*1)(gp(jfl)) =
y;Lil — cx"j(Aj_kjfl)_

Since ¢ is of depth j we get that y; o ©U) is a series with non zero constant term. By
([2) we have that (folljo---o0 Hj_l)‘z‘;];l = g%-2%-1 fU=1_ By Proposition [6.5 we obtain
the equality ac(f o ¢) = (xef*”f”((f](j_l)hord(ffm<go<jfl)>)ej) (acU=1 (pU=1)). Tt follows that

angular coefficients contribute to the class [m;(H ,Ejf 1))] with the factor defined by the class of

(37) {ac(j—l)((p(j—l)) c TN;,l | :Jcej*”f*(f(j_l))‘Ordufl)(@(j,l))(ac(j‘l)(cp(j‘l))) =1}
In Lemma [Z7] below we prove that this class is equal to ¢; (6)(L — 1)dm¢=1,

If o is of depth g + 1 then we get that ac(f o ¢) = ac((z°~179y,) o ¢(9)). In this case the
contribution of the angular coefficients to the class [m(H]gfl))] is (L — 1)4.

Summarizing this discussion, by (B we obtain that
(38) ()] = e (O)(L — T LD oA,

and by (35) we get, M(Hgfl)) = ¢ (0)(L — 1)dim6—1,—(erd"" V(™). 197Y) “hen the result
follows by (B4)) and ([B3)). O

Lemma 7.7. With hypothesis and notations of Proposition[7.0] and its proof, the class of (37
in K{(Varc) is equal to

{(z,y) € (C*)? | (y™ —a)% = 1}(L-1)"" if kep,

[fn;e;](L —1)% if keo,

[frje,] (L — 1) if keo).
Proof. If k € p; then (1) defines the hypersurface of Tn: , = Tn,_, x C* with equa-
tion, xef*"f*”ffl(y;lil —ca®iimAi-1)e = 1 for some ¢ # 0. We have that e;_o7v,_1 =

ejnj—1n;vj—1, hence by @) we obtain

(39) nj-1ngYi-1 + (A — Aj-1) = n;v;

We make first the change of coordinates in the torus defined by y;—1 = z7"-1%~tugz,. By
BJ) the set D) is defined by the equation (uy}; — cx79)% = 1. By definition of r; there is a
primitive vector 41 € N;_1 such that njy; = ;71 (see Definition [ZI3). We consider a basis of
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the lattice N,;_q of the form 71,...,%,.. Setting u; := 27, for i = 1,...,d, defines coordinates
(u1,...,uq) on the torus Ty, _,. Then we get coordinates (uy,...,uq+1) on the torus TNJ’-,I such
that the set (B7)) becomes

(40) {ue (C)™ | (u)fy — cut’) =1}

This ends the proof in this case.
If k € o; (resp. k € o;-L) then [B7) is the hypersurface of the torus Ty;_, defined by the

equation, ;veifﬂifly;lief =1, (resp. %™% = 1). In the coordinates (u1,...,uq, uq+1) defined
above B7) becomes {u € (C*)* | uylY =1} (resp. {u € (C*)* | u})’” = 1}) and we are
done. O

8. THE PROOFS OF THE MAIN RESULTS

We apply first the results of the previous sections to give a formula for the motivic zeta
function of a q.o. polynomial in terms of the characteristic data. The following Proposition is
crucial (see Definition 222T]).

Proposition 8.1. We have that Z(f,T)o = Z]qii Y oco, 2 p(Hy 1 )T,

kegnzdta+1
Proof. The truncation map 7, : £(C¥1)y — L£,(C%t1)y is a surjection because C4H1 is
smooth. Let us denote by 2,1 C L(C?*!)y the preimage of X, 1 under 7,. The sets Z, 1
are stable at level n and thus pu(Z,1) = [1,(Z,.1)]L~ "D = [&, 1]L~™(@+1) | We deduce that
Z(f.T)0 = X pl(Z00)T™
For any integer n > 0 the sets Z,, 1 and Z,, 1 N "H have the same motivic measure since their
difference is a subset of arcs contained in a hypersurface (see Lemma [[2]). By Theorem [G.T1] we
have the partition
g+1 n(k)=n
zoanH=]] || He
J=10E95 pehrzaton
This partition may be non-finite. The result follows by using the properties of the motivic
measure (see Proposition [[.2)). O

Lemma 8.2. We have that limp_,oo(L — 1)3m0-1G, = (—1)ft YL — 1)% if 0 = oyyq. If
1 <5 < g we get that:

(=14 (L —1)%—1 if0=o,
lim (L - 1) 0715y = & (-D)SL DB i 0=,
(D5 L -5 ifd=0;.

Proof. The functions Sy from Theorem B.7] are rational functions in M‘é[[T]]Sr of degree 0
with respect to 7. If 1 < j < g the number of primitive vectors v € Z4+9%! generating an edge
of p; such that vgyg4+1 = 0 is equal to the number d — ¢; of coordinates of A; which are zero (see
Lemma 2:22). In the case of the cone 0;’ this number is equal to d + 1 — ¢; because we have to
consider the edge spanned by €44 ;. Then we apply Lemma B2

In the case of the cone o; we use Lemma [6.13] It follows by Lemma that limy_ oo (L —
1)dS[,/ e (—l)zj’lJrl(L — 1)23'*1 and lim7_, o (L — l)dSﬁj = —lim7r_, (L — 1)dS5j+, since the last
coordinate of the primitive vector Y;(0,1) € Z4*9+! is nonzero. Then the assertion follows by
equality (23)). O

We use the notations introduced in Section Bl

Proof of Theorem [B.7 We deal first with the formula for the motivic zeta function.
It is enough to compute the sum of the auxiliary series Ry := Zke;ﬁzd+9+1 w(Hy 1)T"®) | for
0 € © and 1 < j < g+ 1 (see Proposition BI). By Proposition we get that Ry =
c1(0)(L — 1)dimo-1 Zke?)mzdﬂﬂ L-&®M7n(k) By Lemma Bl and Notation B4 we deduce that

Ry = c1(0)(L — 1)4m9=18, "and then the conclusion follows.
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The formula for the motivic Milnor fiber appears now as a consequence of the formula for
the motivic zeta function from Lemma and Definition

We prove now the formula for the naive motivic zeta function. We consider the sets Hy :=
{p € H | ord;(Foyp) =k}, for k € ZLL7™". By arguing as in Proposition Bl we get the formula

g+1
Znawc(f’ T) _ Z Z Z M(Hk)Tn(k)
J=10€0; | bnzatgt

If 0 € ©; the class of the set
fact D (g0 D) € Ty 2525 (F070) gm0 s (a0~ (p070)) 2 0)

in Ko(Varc) equals

L-14L-2) if kep,
This allows us to prove that the motivic measure of Hy is u(Hy) = c()(L — 1)3m0-11,~& *)
following the argument of Proposition [Z.6
To prove the formula for the topological zeta function we need Proposition [[LT1]
If1<j<g+1landiff e O, isa (d+ 1)-dimensional simplicial cone, that is, § = aj if
j<g+lorf =044 if j = g+1. By definition, using notations Lemma [BI]and Definition 227}

{ (L —1)d+! it ke U'—",oj_,ag_,_l

if v1,...,v441 € Z4T9T1 are the primitive vectors generating the rays of 6 we get the formula:
d+1
(41) 6(0)(]:1 _ 1)dim9718‘9 — ( Z L*f(v)fsn(v)) H(L _ 1)(1 _ LfE(vi)fsn(vi))fl
ve Dy 1=1

By applying xiop to @I provides the term Jo(f, s) defined in[B3] since [Pg ]! = (L—1)(L* —
1) and X¢op([P&']) = a. We deduce similarly that if § = p; for 1 < j < g then the result of
applying xiop to (@) is equal to —J,,(f,s). The negative sign appears when applying Xiop to
the term (L — 2) of ¢(p;). Finally, we study the case of § = o for 1 < j < g, which may be not
simplicial in general. We use Lemma [6.13] By (28] we have that

(42) c(0)(L = DTG (L) = (L — (S5 (L) = 85, (L77) — S5+ (L79)).

By Lemma we get that mult(p’) = mult(p;j_1), mult(éj) = mult(aj). By Lemma
we have the equalities £;(1;(0,1)) = 1 and n(Y;(0,1)) = n;...n,. Taking into account these
observations we deduce that:

T (f9)

—8 J j71 (f7 S)
Xeop(L = 1)H15, ) (L) = D) = T
J g

C L4nyngs

)

C Xop(L = 118, (L))

where the factor (14n; - --ny4s)~! corresponds to the vector Y;(0,1). Notice also that xtop((L—
1)415; ) = 0. See Notation B3l O

Remark 8.3. We can expand yiop((L — 1)?*1S__) in terms of a simplicial subdivision of the

cone o; . Without loss of generality we assume in addition that the edges of the subdivision are
exactly the edges of the cone 0. Such a subdivision always exists (see [13] Chapter 5, Theorem
1.2). If 64,...,0; are the (d 4+ 1)-dimensional cones in the subdivision we argue as before to
obtain xiop((L — 1)4H18 ) = 3! mult (6;) [T, (& (vi) + sn(vi))~!, where v; € Z99 runs
through the primitive vectors generating the edges of 0;, for i = 1,...,l. Compare also with
Lemma 5.1.1 [5].

9. COMPARISON WITH THE METHOD OF NEWTON MAPS

The method of Newton maps allows to describe the parametrization of a q.o. hypersurface
singularity. It has been used by Artal et al. [3] to study the poles of the motivic zeta function of
a quasi-ordinary hypersurface singularity. We describe this method in geometric terms through
the toric embedded resolution (see [I7]). For simplicity in the exposition we restrict ourselves
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to the case of irreducible germs. We keep notations of the Sections 2l [l and Bl As in Section
we assume that y = fo (see Definition 2.8]).

Recall that we use the following notations: the canonical basis of Z¢ = Ny is €1,. .., €4, the
cone spanned by €1,...,€q4 is p, and €1, ...,e4 denotes the dual basis of the dual lattice Mj.

Definition 9.1. We define for 1 < j < g a sequence of vectors {e 1 defining basis of a

lattice N C No; then we denote by M D My the dual lattice of N equ1pped with the dual

basis {E(J )}d of {ei }gzl. The definition is given in term of the characteristic exponents by

W )
induction on j. We expand A\; = >, %ai where q;—l) is an irreducible fraction fori =1,...,d.
TP p;

Then we set
61(-1) = pgl)ei, fori=1,....,d.
This defines the lattice N 1. With these notations we obtain
(43) e =pMe fori=1,...,d, and Ay = ¢\Vel + ... + ¢V,

hence we get that M; C M1 and N1 C N;. We suppose that 1 < j < g and Mj,l together with

its basis {E(J R }d have being defined by induction. Then we expand the vector A\; — A;_;
&)

J)
in the basis {E(J 2 d ;. We obtain \; — \j_; = Z'j 1 e where q}) are irreducible
P

(J) [

fractions. Then, with these notations we define the basis {e(J )}d 1 of the lattice N by setting:

(44) GEJ)ZpEJ)el(-ﬁI ,fori=1,...,d.
We get that
(45) agjfl) zpl(-j)agj), fori=1,...,d, Xj—X\j_1 —q§J)5(J) (J)sg),

Mj C Mj and Nj C Nj.

By definition the cone p is regular for the lattice Nj. Hence the d-dimensional toric variety
Zp,]\?j is isomorphic to C?. VYe haYe a Z-bilinear pairing N; x M; — Q, (v,7) — (v, *y~> which
extends the duality pairings N; x M; — Z and N; x M; — Z. The inclusion of lattices IV; C IV;
induces a proper equivariant map

(46) Kj 2,5, — Zp.N;»

which is the projection for the quotient of Z 0. with respect to the natural action of the finite
abelian group G; = N;/ Nj. This action is defined on monomials and extended by linearity.
If v + N; € N;/N; and v € M; then the action is given by (v + N;) - 27 := €27 27, The
subset of invariant monomials by this action is {7 | v € M;}. The restriction of the map (gl
to the torus TNj — T, is an unramified covering of degree |G| and the kernel of this map is

isomorphic to G;. See [31, Corollary 1.16].

Lemma 9.2. The primitive integral vectors of the cone p; with respect to the lattice Nj_1 X Z
(and also with respect to the lattice ]\~]j,1 X Z) are (pz(-J)ez(-J_l),qZ(])) fori=1,...,d.

Proof. In Lemma and Remark we introduced for 1 < j < g the lattice homomor-
phisms ¢; : M J’;l — Mj in such a way that we can identify M; with the quotient lattice
M;_, /ker(¢;). The dual lattice homomorphism ¢ : N; — NI_; is injective and by (@3] it
verifies that

(47) ¢r (€)= (DY ¢y i =1, 4,

7 7
are the primitive integral vectors for the lattice N} _, (and also for N] 1 X Z) in the edges of
the cone p; C (le;l)R- O
Remark 9.3. By the arguments in Lemma we can identify IV; with its image Im(¢§) =

(ker(¢;))*, which is equal to the subset of Nj_, in the linear hull of the cone p;. We deduce
that ¢}(p) = p; hence the map ¢; defines an 1som0rphlsm of toric varieties Z, n, — Zp]7¢ (N;)-
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The following maps are defined in terms of the characteristic exponents for j =1,..., g, with
respect to suitable choices of coordinates.

Definition 9.4. The Newton map N : C? x C* — C! is the monomial map
(G-1) (5-1)

(argj),.. :cg),zj)—>(x1 ey Ty Uj—1)
given by:
29 = @D fori=1,....d
(48) ! — DD (@)yg)
Yj—1 = (z;)n (xd )dd z;

We express the Newton map N in terms of the restriction of the map II; to the chart
Zs,, NI, We denote this restriction also by II;. By Lemmal5.3]and Remark [5.10] the coordinate

ring of Zp, ns | is isomorphic to Clp¥ N M;][w Jil] and Z;, i, is equivariantly isomorphic to
ZpN; X C*. Settmg wj = z ’ defines a map

Y Zpn; x C* = Z, N, x CF,
which is an unramified covering of degree n;. This map also appears in [I7] Section 3.2.1.

Proposition 9.5. The Newton map N7 is equal to the composite

x1d II
Z o xc ity o oxer Bz, x o I ottt

P7N1
Proof. By using the formula ([@3]) the relation y = (xgl))qil) oo (x (1))% z1, can be rewritten
as 21 = yz~ . Then apply that wy = 2]"*. Tt follows that then composite map above is defined

by the homomorphism of semigroups Z‘f&l — (p¥ N Ml) X Z which maps i-th canonical basic

vector of Z*! to (p; (1) (1) ,0)if 1 <4 <dorto Zl 1 qz(l)( (1),0) +(0,1) if i = d + 1. Then the

result follows from the deﬁnltlons O

Remark 9.6. In the [3] Definition 3.20] the Newton map is defined by replacing z; in [@S) by
z1 — a for some suitable a; € C*. This translation corresponds in our definition to the choice
of a suitable point o/ in the fiber 1, *(0y).

We deduce some consequences of Proposition [0.5] and the results stated in Section Bl

We know that the strict transform S of S by the modification II; is a germ at the point
o1 € {0} x C* C Z,n, x C*. It follows that the fiber of o; by 1 consists of n; different
points. Let us fix one point o} € 1/11_1(01). The map 17 defines an isomorphism of germs
(Z, N, x C*,0) = (Z,,n, x C*,01). The preimage by k1 x Id of the point 0] has only one
point which we denote by ;. We get that the germ of the strict transform S() of (S,0) by
the Newton map N at the point 6, coincides with the germ at 6, of the preimage of (S™), o)
by the map 11 0 (k1 X Id). The germs defined in this way by picking different points in the
fiber ¢)~1(01) are isomorphic. Proposition I3 also implies that the germ (S(),4,) is invariant
by the action of the group Gy. The germ (S*,01) is a t.q.o0. singularity (see Remark [F.6). We
deduce that (S 6,) is a germ of q.o. hypersurface singularity. If g = 1 then Proposition (.5
implies that (S’ OR 01) is smooth and the partial toric resolution procedure and the Newton map
procedure end after one step.

Assume that g > 1. We take a local coordinate ¢, at 61, which defines the germ (S’F)

) 51)5
that is, the strict transform of the semi-root (S1,0). Notice that (5’9), 01) is invariant by the
action of G1. Notice that the germ (Z, 5, x C*,61) is isomorphic to (C4+1.0) with coordinates

argl), . 3:((11), g1. In Section [l we proved also that the germ (Z, n, x C*,01) is isomorphic to

(Zp,n, x C,0) with the coordinates given by y; and 27 for v € p¥ N M;. From Proposition
@5, we deduce that the Newton polyhedron of the series defining the strict transform (S, 5;)
with respect to the coordinates xgl), ceey a:((il),gjl coincides with the Newton polyhedron of the
series f(1) € C{p¥ N M;}{y,} defining the strict transform (S) 0;). Tt follows that both
polyhedra define the same dual subdivision 3. By Lemma the primitive integral vectors

in edges of the cone pa € Yo are the same for the lattices Nl x Z and Ny x Z. The Newton



28 PEDRO D. GONZALEZ PEREZ AND MANUEL GONZALEZ VILLA

map N> is defined in terms of these primitive vectors. We deduce, as in Proposition [I.5] that
Iy 0 by 0 (ko X Id) = (k1 X Id) o Na. If g > 2 we iterate this procedure as in Section Bl We can
extend these notions to the level 1 < j < g. At the level j — 1 we choose one point 6, in the
fiber (v;—1 o (kj—1 x Id))"*(0j—1). Then the Newton map N : Z, 5, xC" = Z, 5, xCcan
be also defined in terms of the Newton polyhedron of the strict transform of f at the point 6;_1,
with respect to the coordinates a:(J Do ,a:((ij_l),gjj,l of Z, 5, , x C, where §j;_1 denotes the
strict transform of the semiroot f;_;.
The interplay between the Newton maps and the toric resolution is summarized by:

Proposition 9.7. With the notations above for 1 < j < g we have that
I opj o (kj x Id) = (kj—1 x Id) o Nj.

The strict transform SU) at the point 0; of the q.o. hypersurface (S,0) by the iteration of the
first j Newton maps is invariant by the action of G;. The image of the germ (S’(j),éj) by the
map (k; x Id) o ; is equal to (S(j),oj) for j =1,...,9. The germ (S'(g),ég) is smooth and
the map (S9),6,) — (89, 0,) is the canonical orbifold map associated to the normalization

(89, 0,) of the germ (S,0).
Remark 9.8. See [33] for a topological description of the canonical orbifold map.

Remark 9.9. The germ (S(M), 01) is irreducible however if d > 2 and |G| > 1 the germ (S™, 6;)
it is not analytically irreducible in general (see Example 0). Tt may happen that (S, 6,)
have irreducible factors which are not invariant by the action of G;. This phenomenon of “false
reducibility” has been analyzed and explained in a combinatorial way in [19].

Comparison of the sets of candidate poles. Artal et al. define in [3, Definition 3.28] a
set of pairs C'P(f,w) where f is a quasi-ordinary polynomial, w is certain differential form and
the coordinates are choosen in a suitable way. We assume here that f € C{zy,...,xq4}[y] is an
irreducible q.o. polynomial as in Section[B, y = fo and w = dxq A -+ Adzg A dy.

Definition 9.10. We define first CP(f,w) as the list of pairs {(ij),bfj))}z;lg u{(1,1)},
where for 1 <: < dand 1 < j < g we set

BY = eoqV, BD = p@BI 4o gD and b® 1= pV 4 ¢, ) = p@pD 4 @),

The number BZ-(j ) (resp. bgj ) _ 1) is equal to the order of vanishing of the pull-back of f
(resp. of w) under the sequence of first j Newton maps along the divisor :El(-j) = 0. These
formulas follow easily by induction using the definition of the Newton maps (see [3]). The terms

LT for (A,a) € CP(f,w) form a set of candidate poles of the zeta function Z»#Ve¢(f, T)
as computed in [3].

In order to compare with our results we consider the cone p embedded in R4+9+! = R4xR9T!
as po = p x {0} (see Notation 2ZT9). By Lemma [6T2if 1 < < d the vector Vi(j) = sj(egj)) is
primitive for the lattice Zt97! and defines an edge of the cone p;.

Lemma 9.11. We have that Bl-(j) = n(ul-(j)) and bl(-j) = {}-(Vi(j)) for1<i<dandl<j<g.

Proof. We prove these equalities by induction on j. If j = 1 they hold by the definitions.
Assume that 7 > 1 and that the result holds for j — 1.

We deal first with the equality for B; @ We argue as in the proof of Theorem[6. 11l The vector

Vi(j) = ord;F oy for some arc ¢ of depth j. By Lemma[@.2and {@4) we get n(v (J)) —1{€; (g ),*yj>
(G-1)
—2(e€

€

(-1

and similarly n(v (J)) €; ,Yj—1). Since e(J) p( 7) (J Y we deduce using (BI) that

nw?) =pPej oV v 1) + e (€ Ny = Ajo1) = pP ) +ejo1q?.

We deal with the equality for bg 7 in a similar way. We have that (v (J)) Zl_1< ) al(o)> +
I = ) (el @ ) —|—< ) 4,). By @) and relations (@) we get

gj(yij) pz 5]- (¥ v 1)) <(J)7%_”J 1-1) = pz fa— (v - 1))+Q§j)'
In both cases the result follows by the induction hypothesis. N
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Proposition 9.12. We have that CP(f,w) = U%_, UL, {(n(w?),& @)} u{(1,1)}.

Proof. The equality of these two lists is consequence of Lemma [0.111 We use also that

€dygr1 € 0gy1 verifies that n(earg11) = 1, {gr1(€dtgrr) = 1. U
We discuss now some properties related with special vectors (see Definition B15).

Remark 9.13. By Definition [B.15] the vector V(j) € pj is special if the conditions 1 < i’ < d,

qz(,jl) =0forj =1,...,7—1and p(J ) = nj,q(,J ) = 1, hold if and only if ¢ = ¢’ and in addition

we have that q(J—Ir ) >0if j<g. If Vi(]) is a special vector then I/(l) =¢ for1 <1 <j—1. By

Lemma [0:2 and Notation [ZT9 we get that §j(ul-(j)) =n;+1 and n(y, (])) =n;---ng. In this case
we have that (&;(v, (J)) 77(1/1-(”)) # (@(VZ(J)),?](VZ(J))) for1<l<dandl#i.

Definition 9.14. The local contribution LC; at level j to the naive motivic zeta function is
LCj = (L=1)™ (S, +8,- +5,- )+ (L-1)L-2)5,,
J J J
where if j = g one must replace o, for og1.
The following result is analogous to [3, Proposition 5.4]:

Proposition 9.15. If Vi(j) is a special vector then there exists a polynomial R; € Z[L*|[T]
such that

AR (") (") Ak () ("
LC; = R, H H (1 — L& )y —1 H (1— L& @)1
r=j—11=1,l#i r=j—1,r#j

Proof. Assume first that j < g. By the proof of Theorem [B.7] there exists a polynomial
R} € ZIL*"] such that LC; = R, [/ [T (1 — L=6¢i™m6a™)) =1,

The vector ’U(J) (nJ L) (J)—i— 7€+ (resp. €;) belongs to o} NZ4T9H! (resp. o; ﬁZd+q+1)
We denote by ©' the mlnlmal subd1v1s10n of the fan © Wthh contains the cones T = p; +

(J)R>0 C 0- and 7,7 :=p; +eR>0 Coj.

Notice that &; (v (J)) =n; and n(8”) = (n; — 1)n, 1 ---n, and also & (e;) = 1 and 5(e;) = 0.

It is easy to see that Uf ) (resp. e;) together with the elements of a basis of the lattice ¢} (IV;)
are part of a basis of Z?t9+! hence we obtain that

(J))

S‘r.+ _ S L §J(U(J))Tn(v ( L (U(J))TU( (]))) and ST,* _ Sijfl(l _ Lfl)fl'
J J

We can decompose then the local contribution as a sum LC; = (L — 1)‘”1(50;+1 +3>.8)+
(L—1)%(L—2)S,,, where 7 # p; runs through the cones of ©" which meet the interior of o; or
of a;-r.

The linear map Y11 : N, — Z99H! was defined in LemmalG.131 One has that Y;;1(0,1) =
€qp1 + Efijlﬂ Nj1 - Ni—1€d4+i. Hence &41(Y;j41(0,1)) = 1 and n(YT;41(0,1)) = njpq1 -+ ng.
By Lemma [6.13] we deduce that Sy, () = Sy, %

By these observations and the equality (25) it is enough to check that

[ d+1 d
Lcl = (L- 1) (St + 5,0 +5,) + (L= (L - 2)8,,
R// njpng—1m; q-ng L-lTmit1 g 1_[ L—¢r (u( ))Tn(u( )) ,
(1 L JT("jfl)"j+1"'"g) (1_L71Tnj+14.4n9) 1=1,l1#1 (l—L Er(V( ))TTI(V( )))

for some polynomial R} € Z[L*Y[T]. The term LC} is equal to
(L —1)4(S,, + (L —1)S,, L HT0 Do (g, 1)5,, —L T (L —2)S,,)

Pijq_y, i —Dnjt1-ng Pj1—L—-1T"i+1 " "g
o . d+1 L*”jT(”j*l)anrl“‘ng L-l7mi+1 g
o (L 1) S ] (1 + L~ D41 ng 1—L*1T"J'+1"'"9)

— d+1 17L7(nj+1)T"j"'"g
_(L 1) S ((1 L~ JT(njfl)nj+1...ng)(liL,lTanrl...ng)).




30 PEDRO D. GONZALEZ PEREZ AND MANUEL GONZALEZ VILLA

Finally, notice that the greatest common divisor of the terms 1 — L=+ n9 and 1 —
LT =Dnisa g (resp. of 1 — L= tDT " and 1 — L=1T™+1""9) is equal to one.
The proof in the case j = g follows by a similar argument. O

Proof of Corollary [3.17 We use the formula for the naive motivic zeta function of Theorem
B7 By definition if 1 < ¢ < d there exists at most one integer 1 < j < ¢ such that ugj) is
special. If 1 <4,1 <d, i # [ and the vectors I/i(J) and ul(r) are special for 1 < j,r < g then j # r.
In this case then the pairs (& (), n(v?)) = (nj + 1,n,---n,) and ({T(Vl(r)),n(ul(r)) = (n, +
1,n,---ny) are linearly independent, hence the greatest common divisor of 1 — L="~ 17" "
and 1—L~™~ 1T is equal to one. These conditions guarantee that we can apply Proposition
any time we have special vectors.

Then the proof for the topological zeta function follows by applying Proposition [LT1} O

Remark 9.16. By the results obtained in this section it is easy to see that the set of strongly
candidate poles for the motivic zeta function introduced in [3] is equal to

SCP(f,w) = U§:1 Ule {(n(ui(j)),ﬁj(ui(j)) | I/i(j) non-special} U {(1,1)}.

The set SCP(f,w) of candidate poles coincides with the one we get from Corollary B.I7 This
implies that the arguments in the proof of the monodromy conjecture in [3] Chapter 6, are not
affected by the inaccuracy of the formulas for the zeta functions in [3] (see Remarks BI0 and

EI9).

10. EXAMPLE

Example 10.1. The q.o0. polynomial f = (22 —xy3)*—2%y!3 is and has characteristic exponents

A1 =(1/2,3/2) and Ay = (1/2,7/4). The generators of the semigroup are v; = (1/2,3/2) and
Y2 = (1,13/4). We have that ny = 2 and ny = 4, {; = {5 = 2 and r, = ro = 1. The conic
integral complex © associated to f is represented by the Figure[38l We have that

ci(oy) =ci(og) = [pal, er(o7))ps], ci(o3) = ci(o3) =1

and also c1(p1) = [{(z,y) € (C*)?|(y* — 2)* = 1}, e1(p2) = [{(2,9) € (C*)?|y* — 2 = 1}. The
multiplicities of the simplicial cones are mult(p;) = mult(o, ) = 2, mult(o]") = mult(oy) = 4,
and mult(pe) = mult(os) = 1.

The motivic Milnor fibre is

Sto=ci1(p1)(1 — L) + [us]L + c1(p2) (1 — L) — [ua]L(1 — L) + (1 — L)*.

The Hodge-Steenbrink spectrum is hsp(f,0) = 1it;f/gt—t —t8+---+t%. According to Theorem
B0 the topological zeta function is

_ 245413 224965 s
Ziop(f,8) = (3+85)(—g+24s) + (5+24s)(3:_85)(11+525) T +9)(3+8s)(11+52s) ©

We compute this example with the method of [3] with respect to the form w = deAdyAdz. The
Newton map followed by a suitable translation N; is given by = = 2%, y = y?, 2 = 2195 (21 — 1).
We get foN; =a2fy?4(2{ —y? + ) and wo N7 = 23yidry Adys Adz.

Theorems 2.7 and 5.3 of [3] imply that Zio,(f,s) = % +Zp(s), where %

is called the Part A in [3, Definition 2.3]. The term Zp(s) is the sum of three contributions corre-
sponding to the three faces of the compact edge of the Newton polyhedron of foN;. The contri-

: : : . _ 22496
bution of the two zero-dimensional faces is equal to J_+ (f,s)+ Jos (f,s)= BT205)(3185) (117525 -
S

The contribution of this edge equals EIE +g§)(11 525) because it has integral lenght two.
The disagreement with our formula appears since the Newton map A/ is not birational and
the strict transform of f by the Newton map is not irreducible (see Remark [0.9]).
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FIGURE 3. Projectivization of the fan © C Z;O of f = (22 —xy?)* + aty's.
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