CALDERON-ZYGMUND OPERATORS AND COMMUTATORS
ON WEIGHTED LORENTZ SPACES

MARTfA J. CARRO*, HONGLIANG LI, JAVIER SORIA*, AND QINXIU SUN¥

ABSTRACT. We find necessary conditions (which are also sufficient, for some par-
ticular cases) for a pair of weights v and w such that a Calderén-Zygmund operator
T, or its commutator [b, T|, with b € BMO, is bounded on the weighted Lorentz
spaces AP (w), for 1 < p < oco. This result completes the study already known
for the Hardy-Littlewood maximal operator and the Hilbert transform, and hence
unifies the weighted theories for the A, and B, classes.

Dedicated to our mentor, tutor and, above all, dear friend
Guido Weiss, thanks to whom we are a little “weisser”.

1. INTRODUCTION

The main goal of this work is to complete the unification of classical results about
the boundedness of Calderén-Zygmund operators T on different weighted settings,
like the Lebesgue spaces LP(u) or the Lorentz spaces AP(w), into a general framework
involving both theories. This is done by considering the so-called weighted Lorentz
spaces AP (w) defined as the set of measurable functions f : R™ — R for which (see
Section 2 for the rigorous definition and the meaning of the different notations):

00 1/p
|rquz<w>=(/O fJ(t)pw(t)dt) <.

Recall that, if w = 1, then A?(w) = L”(u) and if u = 1, then AP(w) = AP(w).
It is well-known [7] that, for this kind of singular operators, the boundedness of
T : LP(u) — LP(u) holds if u is in the A, class of weights, 1 < p < oo:

1 1 e
ue A, = sup <—/ u(z) d:z:) (—/ u™ VP () dx) < 0.
{Q:Q is a cube} |Q| Q |Q| Q

For the case p = oo, we define A, = Up>14,. The A, class was introduced by
Muckenhoupt [14] and characterized as follows: for every p > 1,

M : LP(u) — LP(u) <= u€A,

where M is the Hardy-Littlewood maximal operator
1
M f(x) = sup {@/ |f(y)|dy : Q is a cube in R” and x € Q} .
Q
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Moreover, in the case T" = H, the Hilbert transform,

p V./ Ma’y = lim / ) dy,
0 T — Y =0t Jig—yl>e T —Y

it was proved in [11] that
(1) H:ILP(u) — LP(u) <= u€cA,

If we now consider the case of the weighted Lorentz spaces AP(w), Neugebauer
proved in [15] that

(2) H : A’(w) — AP(w) if and only if w € B} N B,

for all 1 < p < oo, where the Arino-Muckenhoupt B, class is characterized [3] by
the condition

o) t
(3) rp/ #dt < C’/ w(s)ds, for all r > 0,
r 0

and the B class is defined as

t W t
/ ﬁds < CW(t), with W(t)= / w(s)ds.
o S 0
It is well-known that there are many different characterizations of the B, class (see,
e.g., [3, 5, 17]). In particular, (3) is equivalent to the boundedness of
A L (w) = D(w),
where A is the Hardy operator defined by

1 X
= —/ f&)dt, x >0,
T Jo
and L%

hec(w) is the cone of all non-increasing functions in LP(w) [3]. Hence, since
the decreasing rearrangement (see Section 2 for the definition) of M satisfies that

[4, Theorem I11.3.8]
1 t
~ —/ f*(s)ds
tJo
it immediately holds that
weB, <<= M:AN(w)— AP(w).

A simple remark that we will need later on is that the primitive of a B,-weight
satisfies the Ay-condition; namely, if w € B, then

W(2t) < CW(t), for everyt > 0.

On the other hand, the condition w € BZ is equivalent [15] to the boundedness
of
A LR

dec

(w) = LP(w),
with A* the adjoint Hardy operator

:/Oof(t)@, x> 0.

Hence, condition (2) follows from the inequality [4, Theorem II1.4.8]

/f d8+/f ds
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as well as the converse inequality [4, Proposition I11.4.10]. Taking into considerations
the equivalences (1) and (2), it is a natural question to characterize the weights u
and w so that

(4) M, H,T : A?(w) — A (w)

are bounded operators. The complete answer for the operator M (see Section 2 for
the definitions involved) was given in [5, Theorem 3.3.5]: for every p > 1,

(5) M : AP (w) — AP(w) <= w e By(u),
where w € B,(u) if there exists ¢ € (0, p) such that, for every finite family of cubes
(Q;)7—, and every family of measurable sets (E;)7_,, with E; C Q;, for every j, we
have that
W ()5 |\ 9
(U0 g (121"
WU, E) = g
Finally, the solution for the Hilbert transform H can be found in [1]: for every
p>1,

H:AN(w) — A(w) <= uweA,,we B, and w e By(u).

It is worth mentioning that, contrary to the case of the Hilbert transform, the
boundedness of M on AP(w) does not imply that u € A, (there are examples for
which u may not even satisfy the doubling condition [5, Theorem 3.3.10]).

The main result of this paper is to prove that these conditions also extend to
Calderén-Zygmund operators T'. Since they are also necessary for the case T'= H,
we see that they cannot be improved, for a general T', and hence we fully characterize
(4) in this setting.

Theorem 1.1 (Main result). Let 1 < p < oo and let T be a Calderdn-Zygmund
operator. Then, if u € A, w € BX, and w € B,(u), we have that

T AP (w) — A2 (w).

We will also obtain the analogous result for the corresponding BM O commutator:

Theorem 1.2. Let b € BMO(R™) and let T be a Calderdn-Zygmund operator.
Then, if u € Ao, w € B, and w € By(u), we have that

e o)

116, TTH g ) < Cliblzaroll fllagw)-

Remark 1.3. If w =1 and p > 1, it holds that w € B,(u) is equivalent to u € A,,
and if w = 1, then B,(1) = B,. Thus, Theorem 1.1 recovers the previous results
on LP(u) and AP(w) spaces [11, 1] and unifies the classical theories on A, and B,
weights.

The paper is organized as follows: In Section 2 we will present all the definitions
we need and some technical lemmas, and Section 3 is devoted to the proofs of the
main results.

As usual the symbol A < B will be used to indicate that there exists a positive
constants C' independent of all parameters involved so that A < CB; similarly,
A~ B means that A < B and B < A.
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2. PREVIOUS DEFINITIONS AND TECHNICAL LEMMAS

Functions v : R® — R, and w : Ry — R, are called weights whenever they are
Lebesgue measurable functions, positive, not identically zero, and locally integrable.
If w is a weight on R, , we denote by W(t) = f(f w(s) ds its primitive, and observe
that W (t) < oo, for all t > 0.

Given a weight u in R” and a measurable function f, its decreasing rearrangement
[ is defined as [4]

fa(t) = inf{s: Ni(s) < t}, t >0,
where
Ni(s) =u({z € X :[f(x)] > s}), s >0
is the distribution function of f with respect to the measure u(z)dz. In particular,
we write fi = f* and A} = A\f, if u = 1.

Definition 2.1 ([6, 5]). Let u be a weight in R™ and w a weight in R,. For every
p > 1, the weighted Lorentz space AP(w) is the class of all measurable functions f
such that

00 1/p
|rquz<w>=(/O fJ(t)pw(t)dt) <.

As we have already observed, with u = 1, AJ(w) = AP(w) is the weighted Lorentz
space [13]; if u = 1 and w(t) = tP/971 then we recover the classical Lorentz spaces
LoP [18, Chapter V§3], and with w = 1,

00 1/p 0o 1/p
Il = ([ sztora) = (o [T o)

1/p
_ ( [ ) dx) — 1 llzrcor

Definition 2.2. [10, Definition 4.1.2] A function K(z,y) on R" x R"\{(z,z) : z €
R™} is called a standard kernel if there exists d, A > 0 satisfying the size condition

(6) |K (2, y)

and the regularity condition

< 0
< 2 —y[*’

Alx —2'|°
(lz =yl + 2" —y)"

when |z — 2'| < 3 max(|z — yl, |2’ — y|) and

K (z,y) — K(2', )| <

Aly —v')°
(Jo —y| + |z —y/[)r*o’
1

when |y — ¢/| < smax(|z — yl|,|r —¢'|). The class of all standard kernels with

constants § and A is denoted by SK(d, A).

Definition 2.3. [10, Definition 4.1.8] Let 0 < §, A < oo and K € SK(0,A). T is
called a Calderon-Zygmund operator associated with the standard kernel K if T is
defined on the class of Schwartz functions S(R"), admits a bounded extension on

L2(R")

|K(z,y) — K(z,y)] <

T fllzz < Bl fllz2, for all f € L*(R™),
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and

Tf(x)= | K(x,y)f(y)dy,

R

for all f € C§°(R™) and x ¢ supp (f) .

We recall that the first example of a Calderén-Zygmund operator is the Hilbert
transform. Also, for a locally integrable function b, the commutator of 7" and b is
defined as

[b, T1(f) = bT'(f) = T(bf).

For a general Calderén-Zygmund operator 7T, it is well-known that 7" is bounded
on LP(R"™), for all p € (1,00) [10, Theorem 4.2.2]. Coifman and Fefferman [7]
proved that 7" is bounded on the weighted Lebesgue space L”(u), when u € A, and
1 < p < oo. For the commutator, Coifman, Rochberg and Weiss [8] proved that
[b, T] is bounded on LP(R™), 1 < p < oo, if b is a BMO(R™) function. In the sequel,
we always assume b € BMO(R") in the commutator [b, 7.

For 8 > 0, let Mg be the modified Hardy-Littlewood maximal function

M = MV () — 1 sar)
O e W I
and let M g be the sharp maximal function
1/8
g i (L 8 _ 1.8
Vi) =spint (0 [ (170 = 1ePlan)

where () is a cube in R".

The following two lemmas describe some relations among Calderén-Zygmund op-
erators, commutators, the Hardy-Littlewood maximal function and the sharp max-
imal functions.

Lemma 2.4. [2|. Let T' be a Calderon-Zygmund operator and 0 < 5 < 1. Then
MY(T(f))(z) < CM(f)(x)
for all bounded functions f with compact support.

Lemma 2.5. [16]. Let T be a Calderon-Zygmund operator, b € BMO(R™), and
0< pB<e. Then

ME([b, TV() (@) < ClIbllBaro(M(T(f)) () + M?(f)(x)),
for all bounded functions f with compact support, where M?*(f) = M(M(f)).
Lemma 2.6. Let 1 <p<oo, u€ A, w € B, and W € Ay. Then
(7) IM () anwy S IMFC) iz )
if |[M(f)]

Proof. Let us recall the following good-A inequality [9, Lemma 4.2]: if u € A,
there exist C' > 0 and p > 0, such that for all ¢, v > O:

(8) u({z s M(f)(x) > 2t M¥(f)(2) < yt}) < CyPu({z - M(f) > t})

At (w) < OO
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for all locally integrable functions f on R™. By [5, Proposition 2.2.5], we know that
IM ()R ) = / pW (u({z: M(f)(z) > t}))t"~dt
0

=p2P /000 W(u({z : M(f)(x) > 2t}))t*"'dt.
Since W € A,, then
Wis+t) <c(W(s)+W(t)), forall s,t >0,

and hence, using (8), we obtain
1My <02 | Wlalle s M) > 20, MH()) < 2Dt
+p2Pc /OOO W(u({z: M(f)(z) > 2t, M*(f)(z) > vt}))tP~ dt
<pe [T WOl M@ > )
+p2Pe /0 T Wu{o  MA(F) (@) > At

_ v /0 T W(CrPu({z : M(f)(x) > £)dt

+ (2/7)Pc||Mﬁ(f)||ig(w)'

To estimate the last integral, we use the following result, which actually gives a
characterization of B [1, Proposition 2.3 (vi)]: if w € B, then for every ¢ > 0,
there exists an o > 0 such that W(t) < eW(s), provided t < as. Thus, with
e = (2PT1c)7! there exists an a > 0 such that, if Cv* < «, then

W(Cyu({z - M(f)(x) > t})) < (27"e) W(u({z : M(f)(z) > 1}))).
Therefore, taking v < (a/C)"? in (8), we finally obtain

1M ()R §p2pc(2p+lc)—1/0 W(a({z : M(f)(x) > 0})rdt
+ 2/l MEH) R )
=27 M (H)Re ) + @/l MAFIRe o)
Since ||M(f)||az ) < 00, we conclude (7). O

By a homogeneity argument, it is easy to see that (7) also holds for the modified
operators My and Mg

The following result gives a useful estimate we will need to prove our main theo-
rem:

Lemma 2.7. If w € B, there exists € > 0 so that
L)

tite

dt < oo.
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Proof. Using the hypothesis and integration by parts, we have that, for 0 < a < 1,

a 1 t
751+6 dt / WS(S - ig/ wd&—l—a/ ( Wis)ds) t—tat
a a 0
W (s)
< [ [,

Taking € > 0 so that C'e < 1, we obtain that
1 1
W (t) 1 W (s)
dt < ds <
P Cs/o s oS
and letting a — 0, we get the result. U

3. PROOF OF THE MAIN RESULTS

Before we start, let us observe that if w € B, then w ¢ L'(R,). This follows
easily form the fact that [15, p. 143]

/OT log (%)w(m) dz < /Orw(@ dz.

2 oo
oo = lim [ log <g>w(:r;) dr S / w(x) de.
1 0

r—00

Hence,

Thus, we conclude that the class of all bounded functions with compact support is
dense in the weighted Lorentz spaces AP (w) [5, 12], result that we will use in the
proofs of main results.

Proof of Theorem 1.1. Let 0 < < 1. Since w € B,(u), its primitive satisfies
the doubling condition W € A, [5, Lemma 3.3.1]. Now, using that w € BX, by
Lemma 2.6, Lemma 2.4 and again by condition w € By(u), which is equivalent to
(5), we get that, if || MsT(f)||az(w) < 00, then

TN azewy < IMa(TUNazey S IMET N Nazew S 1M Hllazw S 1 azw)
Since w € B,(u) implies w € Bys(u) [5, Theorem 3.3.5], we have that

IMs(T (D latwy = IMATOP s,y < CUTEI ) = CIT st

So, to obtain
I7(f )HAP < C||f||Aﬁ(w)
we only need to show that ||T°(f)|z ()

Let R > 0 so that suppf C B(0, R) and set B = B(0, R). Then
. 1/p
1Tl azw) < (/ W(u({z € 3B - |T(f)(x)| > t}))t"~ dt)

1/p
([t eresr@) > 0)ea)
= Il —+ [2.
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For I, it is easy to see, by the condition (6) of T" that

T(f) (@) < CM(f)(x),
since if z € (3B)° and y € B, we have that

|z| > 3R, |z —y|>|z|—R>|z|/2, and B C B(0,|z|).

Therefore,
n 1
OIS (o= ol i@l S o [ 1l S M)
B || B(0,|z])
and hence, since w € B,(u),
Iy SIM(F)llaz) S 1 llazw) < oo

To estimate [;, using Lemma 2.7, let us take » > 1 big enough to have that

L)
0 tp/r+1

VES :/ W (/ u(z)dm) Pt
0 (2€3B:|T(f)(z)[>1}

< W(u(3B)) +/ w (/ u(m)da:) tP=1dt.
1 {x€3B:|T(f)(x)|>t}

Since the condition u € A, implies that ©u € A,, we get the classical estimate
T :L"(u) — L™(u). Hence, for every t > 0,

dt < oo.

Then,

f r"‘ u
/ u(z)dz 5/ u(z)dr < | Hi W)
{ze3B:|T(f)()[>1} {zeR™:|T(f)(2)[>t} t

and using that W € A,

/ W</ u(:c)d:c> tp—ldtg/ w (e ) sy
1 (2€3B:|T(f)(z)|>1} 1 tr

o 1 YWt
< W=t tdt = W—()dt<oo.
~ 1 tr 0 tp/T+1
OJ

Proof of Theorem 1.2. First, let b be a bounded function and f be a bounded func-
tion with compact support. Let 0 < § < e < 1. Since T is bounded on A?(w) by
Theorem 1.1, T'f lies in AP (w) and thus bT'(f) lies in AZ(w) as well. Likewise T'(bf)
lies in A% (w). Hence ||[b, T|(f)||az(w) < oo and thus ||[Mg[b, T|(f)|lazw) < oo, by the
assumption w € By(u). Then, Lemma 2.6, Lemma 2.5, the condition w € B,(u),
and Theorem 1.1 lead us to

1. TH gy < IMa00. TI) gy S IMED, TI agan
S Ibllsaro (IMATUN gy + 1) lazin )

< Wllsaro (ITllaz + 17 az) S Wbllssoll fllazen:
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In general, if b is any function in BMO, define

N, if b(x) > N,
by(x) =4¢ b(z), if|b(z)] <N,
—N, ifb(z) < —N.

It is obvious that by — b pointwisely and ||bx || sro < ||bl|Bao ([10, Exercise 3.1.4]).
The Lebesgue dominated convergence theorem gives that by — b in L?(supp(f)).
Hence b, f — bf in L*(R") and T'(b.f) — T(bf) in L*(R™), by the boundedness of
T on L*(R"). Thus, we deduce that there exists a subsequence of integers k;, for
which T'(by, f) — T'(bf), a.e. For this subsequence, we obtain [by,, T'](f) — [b, T|(f)

a.e.

1]

Now, by Fatou’s lemma in the weighted Lorentz spaces AP (w),

106, TTCA Nz < Hmninf |11, T ag )

S hjlgg}f 108, | Baro | fllaz ) S 110Nl Bazo || £ A% ) -
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