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1 Introduction

Since the pioneering works [I]-[2] the Toda hierarchy has become one of the paradigmatic examples
of the relevance of integrable systems in the theory of random matrix models. As a consequence
of the activity in this field a rich theory of the different facets of the Toda hierarchy has been
developed.

The present work is motivated by the applications of the Toda hierarchy theory to the Hermitian
matrix model. In this model the first integrable structure which emerges is the 1-Toda hierarchy
3]

oL

at, [(L7)4, L]

on semi-infinite tridiagonal matrices
L=A+u, +v, A", n>o.

Here A is the standard shift matrix and A, denotes the upper part (above the main diagonal) of
semi-infinite matrices A. This relationship may be conveniently described by considering infinite-
dimensional deformations of monic orthogonal polynomials on the real line

Py(z,t)=2"+---, t:=(t1,t2,...), n=>0,

with respect to an exponential weight:

/ P (z,t) Pu(z,t) eV ®D dz = by, (t)6pm, V(z,t) := Z(tk + ) 2F,
— k>1

where ¢ := (c1,¢2,...) is a given set of complex constants. It turns out (see for instance [3]) that
the functions

Un(z,t) := Pp(z,t) exp(z Ft), n>0,
k>1

satisfy the linear system of the semi-infinite 1-Toda hierarchy

M

= (Lk)-i- wm L"[/}n = Zwm k 2 17 n 2 07
oty

and have a 7-function representation

T, —[z71
dn(zt) = P E D o (3 2k,

Tn(t) k>1

provided by the partition function of the Hermitian matrix model

N
r(t) = Zu(®)i= [ T (dane”e0) @, an) P, (1)

N
RY =1

where A(z1,- -+, zp) = [ [ (@i — z)).



Many exciting properties of the Hermitian model emerge in the analysis of its large N-limit
[4]-[8]. One of the main tools supplied by the theory of the Toda hierarchy for such analysis [I] is
the use of a pair of constraints called string equations

L=A+u,+v, AT, M= k(ty+c) (L), (2)
k>1

which are satisfied by the canonically conjugated operators

On,
0z
The present paper deals with the analysis of the large N-limit of the partition function

L¢n221/1m :Mwn-

ZN(Nt) = /

R

N
N H (dwk eNV(xk’t))) (A(‘Tlv"' 7mN))2' (3)
k=1

Here a small parameter € := 1/N and rescaled variables t := ¢t and constants ¢ := e ¢ have been
introduced. Since € plays the role of the Planck constant A, expansions in powers of € are referred
to as semiclassical expansions. The same slow variables t = et together with a continuous variable
x := en are introduced to pass from the Toda hierarchy to its dispersionful formulation [10], which
provides an interpolated continuous version of the Toda hierarchy. In this way, and due to the fact
that 7,,(t) = Z,(t) is a 7-function of the semi-infinite 1-Toda hierachy, it is natural to expect that
a T-function 7(e, x,t) of the dispersionful 1-Toda hierarchy verifying

T(e,en,t) = Z, (N t), (4)

should describe the large N-limit of the Hermitian model. In this paper we are concerned with the
characterization of this solution of the dispersionful 1-Toda hierarchy.

The main result of our work is a scheme for obtaining solutions of the dispersionful 2-Toda
hierarchy satisfying the system of string equations

L=L, M+F(EL)=M+FQL), (5)

where (£, M) and (£, M) denote two pairs of Lax-Orlov operators and (F, F') are two arbitrary
functions. The first string equation represents the 1-Toda reduction condition and is satisfied by
Lax operators of the form

L=L=A+u+vA"
where now A := exp (e d,), and (u,v) are characterized by semiclassical expansions

u= Z Fuk) oy = Z €2k (2k) (6)

k>0 k>0

The point is that for z = 1 and F' = 0 the constraints (5] interpolate (2)), so that the corresponding
solution of the dispersionful 1-Toda hierarchy is a candidate to the solution underlying the large
N-limit of the Hermitian model. That it is the only possible candidate can be argued as follows:

1. Recent research [12]-[14] proved that the solutions of an extended version of the dispersionful
1-Toda hierarchy are determined by the leading order terms (u(o),v(o)). In fact, the coeffi-
cients (u®), v(®k)) are rational functions of (u(?),v(®)) and their z-derivatives (quasi-triviality
property).



2. As it is shown in this paper, the terms (u(o),v(o)) of the solution of () coincide with those
characterizing the leading order in the large N-expansion (planar limit) of the Hermitian
model.

Our strategy is inspired by previous results [I5]-[I8] on solution methods for dispersionless
string equations. We also develop some useful standard technology of the theory of Lax equations
[19]-[21] in the context of the dispersionful 1-Toda hierarchy. Thus we introduce two generating
functions R and T related to the resolvent of the Lax operator which play a crucial role in our
analysis.

The paper is organized as follows:

In the next section the basic theory of the dispersionful 2-Toda hierarchy and the method of
string equations are discussed. In Section 3 we deal with the dispersionful 1-Toda hierarchy and
its relationship with the Hermitian matrix model from the point of view of the continuous string
equations (B)). The generating functions R and T are introduced and are characterized by two
important identities. Our main results are derived in Section 4 where a scheme for solving the
string equations (B]) in terms of semiclassical expansions is provided. In particular we prove that
the leading terms of these expansions characterize the planar limit of the Hermitian matrix model.
In Section 5 it is showed how the double scaling limit method can be naturally implemented in our
scheme.

Applications of our method to normal matrix models which are also related to string equations
of the Toda hierarchy [22]-[29] will be considered elsewhere.

2 String equations in the dispersionful 2-Toda hierar-
chy

2.1 The dispersionful 2-Toda hierarchy
The formulation of the dispersionful 2-Toda hierarchy [10] uses operators of the form
A= ajle,z,t, ) A, A:=exp(edy), (7)
JEZ
where z is a complex variable and the coefficients are in turn series in the small parameter €
jle,z,t,t) = Ze ak z,t,t).
keZ

Here t = (t1,t2,...) and t = (¢1,%2,...) denote two infinite sets of complex variables. The order in
€ of A is defined by

ord.(A) := max{—k| agk) (x,t,t) # 0}.

For example ordc(¢) = —1 and ord¢(A) = 0. In particular, zero-order operators are those with
regular coefficents a; as € — 0. As usual the A parts of A will denote the truncations of A-series
in the positive and strictly negative power terms, respectively. Given a function w depending on
x, the following notation convention will be henceforth used

wyy = ANw=w(r+re), el
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The dispersionful 2-Toda hierarchy can be formulated in terms of a pair of formal wave functions
of the form

1 — . 1
W:exp<2S>, S:th23+$10g2—2ﬁ5j+1,

=1 i>1

_ 1 o> _ 1 _
-1 - — ] )
U =z""exp (e S), S = ;:1 tjz? —x logz — So E T i1,

j>1

where

—_ k _
S;=> sV, t,8), 5= 5"t
k>0 k>0

These functions ¥ = ¥, ¥ are assumed to satisfy the linear system

8\1’ 8\1’

Gr = (L) G = (D) ©)

where the Lax operators £ and £ are determined by the equations

LY =20, LU=2:2V, (10)

and are assumed [10] to be of zero order in e. We will also use the Orlov operators M and M
characterized by

[A\ [ — ov
M\I/—ea, M\P—e—az, (11)
which satisfy

L, M] = [L,M] =e.
Using (8)) and (I0)-(II]) one sees that the following expansions follow

L=A4u+u A+, M= th£’1+x£ +) S
j=1 j>1
(12)
Z:ﬂ_lA_l—Fﬂo—F’L_LlA-i—"', M:ijjgj_l—(JE-FE)Z_l—l- §j+12_j‘1.
j=1 j>1
Furthermore, (@) can be rewritten in Lax form as
aK ; 0K .
J K - = J — K 1
8t [(‘C )-‘rv ]7 € E?tj [(‘C ) s ]7 ( 3)

where K = £, M, L, M.



There is also a 7-function representation of the wave functions [10]

T(Ev z, t—e [Z_l],f)
7(e, 7, t) ’

1 =,
U = exp <E (Z tjz) 4+ x log z))
j=1

= 1 - (e, z +et,t —e[z71))
e (— E tiz) —xl ) : Y
z o exp |- (j 1 ;20— x log 2) (. 2.6.%) ,

where [z71] == (1/2, 1/22%, 1/323,...) and 7 is of the form.
1
T:exp( ), F = ZekF (z,t,t). (15)

k>0

The dispersionful 2-Toda hierachy arises as a continuum limit of the standard 2-Toda hierachy
[9] in which the standard discrete variable n is substituted by a continuous variable x and two sets
of fast continuous variables t := e~ 't, t := e~ 't are introduced. Thus, the main dynamical objects
(T-functions, wave functions, Lax and Orlov operators) of both hierarchies are related by

T(e,en et et) = 1,(t,t) (16)
and
U(z,e,en,et,et) = ,(z,t,1), U(z,€,en,et,et) = (2, t,1),
L( L(z,n,t,t), L(z,en,et,et) = L(z,n,t,t), (17)

z,6,em, et et) =
M(z,e,en et et) = e M(z,n,t,t), M(z,e,en,et,et) =eM(z,n,t,t).

Our subsequent analysis uses an important result proved by Takasaki and Takebe (Proposition
2.7.11. in [1I0])

Theorem 1. Suppose that

Ple,z AT A) = pele, AT AR, Qe AT A) =) gr(e,z AT AP
kEZ kEZ

Plea AT A) =D prlez ATH)AY, Qle,z AT A) =D (e, a A7) AF
kEZ keZ

are operators of zero order in € verifying
[P7 Q] = [f,@] =€

If (L, M) and (L, M) are operators of zero order in € of the form ([I2)) which satisfy the pair of
constraints

Ple, M, L) =P(e, M, L), Q(e, M, L) = Q(e, M, L), (18)

and

[£7M] = [Z7ﬂ] =€ (19)
then (L, M) and (L, M) are solutions of the Laz equations (I3)) of the 2-Toda hierarchy.
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Constraints of the form (8] are called string equations. In this work we are interested in the
particular example given by
L=L,
. (20)
M+F(L)=M+F(L),

where F(L£) and F(L) are arbitrary functions of the form

F(L):= chj L7 F(L) = Zj e LT,

j>1 Jj=1

3 The dispersionful 1-Toda hierarchy and the Hermi-
tian model

The first string equation in (20) represents the so called tridiagonal (1-Toda) reduction of the
dispersionful 2-Toda hierarchy and implies the following form of the Lax operators

L=L=A+u+vA"" (21)

Thus, as a consequence of the Lax equations, u and v depend on (t,t) through the combination
t —t. Moreover (21I]) implies

A+ut+vA ™ NT =20, A+ut+vA T =27, (22)
so that B B
U = 6_1 (52[1} - 52), logv = 6_1 (SO[_H - SO) (23)

In order to solve the string equations (20)) it is required to characterize the action of the
operators (£7), and (£7)_ on the wave functions ¥ and W. This calculation is also needed to
determine the integrable systems of the dispersionful 1-Toda hierarchy. We start by introducing
the two series in 2

p(z):z—u—FO(%), ﬁ(z)z%—i—@(z—g), z — 00, (24)

satisfying
AU =p(z) W, AT =p()7, (25)

which according to (22]) are determined by

p(s) +ut v, (26)

where p = p, p. By using ([22)) it is clear that there are functions aj,ﬂj,dj,ﬁj, which depend
polynomially in z, such that

ov ;
o = (L2 ¥ =a; W+ 3 AW = (a; + 3 p) ¥,
J
(27)
0w _ 5 7
e o7 = (L)W =a; ¥+ 3; AW = (a; + §;p) ¥,
J



and

a; = 2 Q;, Bj = —ﬁj. (28)
Hence, we have
) 1 _ _ 1

o+ Bp=0S(x) =2 +0(3), ay+8;5=0,8()=-0,5%+0(5),  (29)

so that _

1/ . - 27

R — (8. > _

a5 =5(2 =05 - B ) B=(-=)., (30)

where ()¢ and ( )g stand for the projections of z-series on the subspaces generated by the positive
and strictly negative powers , respectively.
At this point it is useful to introduce the generating functions

5 T
P o IC LN NI R o IC N (31)
P=r = “ P=r 1= “

By substituting p and p by their expressions in terms of R and T in the identities

PP[-1) — PP[- p— _
=z+ M, v = _pipp[_l}p[_l}’ (32)
P-1] = P[-1] Pl-1] = P[]
we obtain the following relations
2
T[l] + T+ ;(UM —2) Rm =0,
(33)

4
T2 - ; ’Um RRU] = 1,

which allow us to compute recursively the coefficients of the series ([BII) as polynomials in u, v and
their z-translations up,) and vj,). Indeed, the system B3)) implies

2Tjy1 = — Z T; Tj + 42}[1] Z R; Rj[l]v
itj=k+1;i,5>1 itj=k—1
(34)
1
Rii1 =u Ry + §[Tk+1 + Tpaq [_1}],
For example, the first few coefficients are:
T1=0, Ri=u, 1Tp= 2’[)[1}, Ry = u? + v+ v,
T3 = 2vpy(u +upy), Rz= ud + 2uvp) + 2uv + upyup) + U,
T4 = 21}[1] (U[zl} + ’UJ’UJ[H + U2 + U[Q] + ’U[l} + ’U).
In this way, by taking into account the second equation of (34]), one finds
. 1 _ z i1 z i1
atj S(Z) :Oé]‘i‘ﬁjp:Z] —58%.50—@( J R)@‘i‘ <ﬁ']r(z] R)@)e
(35)

i1+ O(%»

1 _ 1
=2 = 50,5+ R;) — 5 -

z



so that ]
9,80 = —R;, 0,5 = §Tj+1[—l]

and then from (23] we get that the flows of the dispersionful 1-Toda hierarchy can be expressed as

1
5 (L1 = Tipa-1)s  €9yv =0 (R; — Rjj_1)). (36)

eatju = 9

Furthermore, our calculation implies the following useful relations

z

: 1
O w= (e

(' Re - (75T 'R ) ¥,

(37)

A 1
(L) = (5B + 3=

(" 'R)s + (ﬁ T (2 ]Ri)@)e> T,

for j > 1. In particular, by taking the second equation of (B4]) into account one finds that as
z— 0

(L)-0 = (2—2 Tjap-1 + O(%)) v,
(L), T = (Rj + % Tjir + o(%))@

We observe that since Ry = 1, 71 = 0 these last equations hold for j > 0.
By following the analysis of [2I] it can be seen that R and T are closely related to the resolvent
of the Lax operator £

R:==(z—L)"".

Thus, from Lemmas 3.5 and 3.18 of [21] one proves that
2R R
<Z—mA)R+—R, ReSR+—;,

where Res(3" ¢ AF) := ¢

T-function representation

It follows from (I4)) and(22]) that the functions v and v can be written in terms of the 7-function

as
u:eilog T(6,$+6,t), U:T(e,x—i-e,t)T(e,x—e,t)’ (39)
Oty T(€,z,t) 72(e, 2, t)

where we have set t —t — t. On the other hand, it can be proved [13]-[14] that the e-expansion of
the 7-functions of the dispersionful 1-Toda hierarchy is of the form

1
T = exp <€—2IE‘>, F:Z€2kF(2k). (40)
k>0



As a consequence u and v can be expanded as

u= Z Fuk) oy = Z 2k (2R) (41)

k>0 k>0

Let us introduce the reduced S and M functions

1 oS,
Sr = - E —j G+15 Mr = .
— J <
j=1

From (I4]) we see that
Fle,z,t —e[z71]) — F(e, z,t) = €S,(¢, 2, 2, t), (42)

and by differentiating this equation with respect to z we obtain

1 0 _
Z;ﬁa—tj}F(E,x,t):Mr(67z7x7t+6[2 1]) (43)

V-

This identity can be rewritten in in a more convenient form. Indeed (42]) implies
Se(€e,z,x,t) —Sp(e, z, .t —e[2/7Y]) = S, (e, 2/, 2, t) — Sp(e, 2/, .t — e [271]),

and by differentiating with respect to z and then taking the limit 2’ — 2 one finds

_ 195, _
M, (€, z,2,t —e[z71]) = M, (e, z,z,t) + € E ﬁg(e,z,m,t —ez71)).
i1 /
Thus (43) becomes
1 OF 1 oS
Y g =M ey gt (44)

15, 1 9t
- 2+ 0t = 2t ot

3.1 The Hermitian matrix model

Let us write the partition function of the Hermitian matrix model in terms of slow variables t := €,
where e = 1/N

Zn(Nt) = / I1 (dwk eNV(wm))(A(xl,... )P Vint) = (b ten) b (45)
k=1

k>1

The large N-limit of the model is determined by the asymptotic expansion of Z,(N t) for n = N
as N — o0

ZN(Nt) :/ ﬂ <dazk NVE)) (Afwy, - an)? (46)

RN 25

It is well-known [3] that Z,(t) is a 7-function of the semi-infinite 1-Toda hierachy , then in view
of ([I6) we may look for a 7-function 7 (€, x,t) of the dispersionful 1-Toda hierarchy verifying

T(e,en,t) = Z, (N t), (47)
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and consequently
7(e,1,t) = Zn(N t). (48)

The point is that for
=1, Ej:Ej:O, 7 >1, (49)

the system (20)) of continuous string equations interpolates the discrete system (2]). Hence the
solution of the dispersionful 1-Toda hierarchy provided by (20) can be expected to correspond
to the 7-function verifying ([@7) and, as a consequence, to describe the the large N-limit of the
Hermitian matrix model.

We may express the 1/N-expansions of the main objects of the hermitian matrix model in terms
of objects in the dispersionful 1-Toda hierarchy. For instance, from (@4]) the one-loop correlator

1 1 Olog Zn(N t)
. J
Wi(z) - - N Z:OZ]-H {trM?) = N2 ZZ]-H ot
iz

becomes

1 0S,

1
W():—+M (e,2,1,t) — Zzﬂ"'l@t

e.2,1,t). (50)

Loop correlators of higher order can be obtained from W(z) by application of the loop-insertion
operator d/dV (z) [6]

d oo d
dV(zs) dV(ze)

d 1 0
dV(z) = Z 2+ ot

J=1

W(zl,...,zs) =

4 Semiclassical expansions

We now turn to the solutions of the system of string equations (20]). The first equation is solved
by setting
L=L=A+u+vAl

which is in agreement with the asymptotic form ([I2)) required for £ and L.
Let us consider the second string equation of (20]). We look for solutions M and M verifying
asymptotic expansions of the form (I2]). To this end we first set

M+ F(L) =M+ F(L) = ij (£ +¢5) (L7714 + ii (F+) (@),
=1 P

which, taking into account the first string equation, leads to
M= "G00+ ((fj +¢5) = (t + Cj)) =h-,
j=1 J=1
(51)
M=)t ->" ((fj +¢) — (¢ + Cj)) (LN

j=1 j=1

11



In order to satisfy (I2]) and (I9]) we introduce auxiliary functions of the form

j= j>1
(52)
U = ex l(itzj (x+¢€) logz — S —Zii )
Pe'y 0'j2jj+1,
Jj=1 j>1
and impose
LY =2T, j\/l\I/:ea—\Il7
0z
(53)
LU =27, M\Il—ea—q/
0z

Our aim is to determine u,v, M and M from (53)). Now, with the help of (38)), we have that the
equations (B3)) for the Orlov operators read

g n %Sj = f:j ((t_j +¢) — (¢t +Cj)> (% Tity + 0(2_12))

i>2 j=1

_wje+z% Z (t +¢) — (tj+cj))<R] 1+21 T+O( ))

Matching the coefficients of 2~! in both sides of these two equations provides the same relation.
Another relation is supplied by identifying the coefficients of the constant terms in the second
equation of (54]). Hence we get a system of two equations to determine (u,v)

> <(fj +¢5) — (¢ + Cj))Rj—l =0,
(59)
5 S (6 +a) — 6 +6)) Ty ==

By equating the coefficients of the remaining powers of z in (54]) we characterize the functions S;
and S; for j > 1 in terms of (u,v). Moreover, as it is proved below, the solution (u,v) provided

by (B3] is of the form
u—Zeku(k xtt U—Zekv(k
k>0 k>0

with v(2**1) = 0, Vk > 0. Thus, by solving (B5) we characterize operators (£, M) and (£, M)
which satisfy (20]) and all the requirements of Theorem 1. Therefore, they are solutions of the Lax
equations for the dispersionful 2-Toda hierarchy.

We observe that, as it is noticed by Takasaki and Takebe in [10], solving the system of string
equations (20) does not determine the coefficient Sy in (52) and therefore it does not determine a
wave function W of the dispersionful 1-Toda hierarchy.

12



4.1 An iterative scheme for determining (u,v)

It is convenient to write (55) in the form

dz dz
z R =Y a_ Yz T = -2 9
7{ o U.R(2) =0 74 FUTE) =2 +e) (56)
where U denotes the function
U(z,t,8) =) ((tj o) — (G + Ej)) 7, (57)
j=1

and ~y is a large positively oriented closed path. Now by using the first identity of ([B3) and the
two equations of (B6]) we find

%ﬁUZ(T—FT[_l]):%ﬁ(Z—U)UZR:%d—Z,UZR:—4%—26,
'y o i

21 N T2

so that (B3 reduces to a pair of equations involving R only

7§ dz U.(2)R(z) =0,
Y

21 2
(58)
%d—ZU (2)R(2) = -2z —
. 2mi - “
These equations together with the system (B3]
2
T[l] + T + ;(um — Z) Rm =0,
(59)
T2~ 2y RRy = 1
— 2l (1= 5
give rise an iterative scheme for characterizing (u,v) as Taylor series in e
u= Z Fu(z,t,t), v= Z Fo®) (2,6, 8).
k>0 k>0
The first step of the method is to determine the expansions
R(z) =Y e R® T(z) =) 1®, (60)

k>0 k>0

in terms of (u,v). It can be done by equating the coefficients of powers of € in (B9). Indeed, the
coefficients of ¥ leads to

RO — , TO = , (61)

13



and the coefficients of €' (I > 1) yield the following system

RO 1 (=1)7 RO
) (ot 2 j (i) G
T (z —u') 5 Z < 7 TV + 2u . >,

i4j=
i>1

l RN - €) 1 R(k1)
rOT0 Oy S (3 o) (S gk lTT)

itit+k=1 11+i2=1 ki+ke=k
i<l k1 <l

-5 > Tr0),

it+j=1
5,5 2>1

Some comments concerning these formulas are in order
i) The equations (62)) determine each pair (T, R® /z) from (TW), RU) /z) with j = 0,1,...,1—1.

ii) The equations (62)) are linear with respect to T, R®) /2. Moreover, by taking into account
(BT), we see that the determinant of the coefficients of T(") and R"/z in (62) is

[(z — u®)2 — 4903,

Hence it follows that the functions R") /z can be written as linear combinations of

z 1
((z = u®)2 — 46@)*2 (2~ ul0)2 — 40©)" "2

. or=1,2,...,0+1

with coefficients depending on ©9) and v\¥) with j = 0,1,...,1 and their z-derivatives only.
Now let us go back to the system (E8)) and find (u,v). By substituting the € expansion of R in
B8) we get a system of two equations for each R%)

jq{ (RO =0,
Y

21 2
(63)

dz

§ 55 U ROG) = ~2080 ~ b,
~ 2mi

which determine each pair (u(l),v(l)) recursively. Furthermore, we can eliminate the explicit de-

pendence on (x,t,t) in the corresponding expressions since, by differentiating with respect to x

the equations (63]) for [ =0

i,?édz EE - =0,
2mE )y (2 — u(©@)2 — 49l0])2

ij{dz 2Us T — —2z,
2ms Jy ((z — u®)2 — 49(0))2

\
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all the integrals of the form

1 2
j{dz , — j{ dz U -, (65)
2mi (2 — u(o v(o)) 21 ~ ((z _ u(o))2 _ 4U(0))7’+§

can be expressed in terms of (u(?,v(®)) and their z-derivatives. We observe that (B3] are the
variables introduced in [5] to determine the large N-expansion of the hermitian matrix model.

Some important relations among the coefficients of the semiclassical expansions under consider-
ation are found by realizing that given a solution (u(e, x), v(e, x), R(e, z,x), T(e, z,x)) of (E)-([EI),
then

(e, x) == u(—e,x + ¢), v(e,x) == v(—€, ),

R(e, z,x) := R(—€, 2, + €) T(e, z,x) := T(—e¢, 2,2 + 2€),

satisfies (58)-([59) as well. Thus, since the solution of (BS)-(E3) is uniquely determined by (u(®), v(0)

we deduce that
(e, z) = u(e, x), (e, x) = v(e, x),

R(e,z,x) = R(e 2, 2), ']T(e,z,m) = T(e, 2z, x).

Hence we find

. 1%= .
2j—1 y(23—1-k 2j—1
w(2=1) 5 kz_: (2j—1-k) v =
(66)
2j—1 2j—1 k1
_ 18 (- L _ 132 (—1)k+12
(25-1) _ = k p(2j—1—k) (25-1) - krn(25—1—k)
R 5 > R ., T 5 e
k=1 k=1
for j=1,2,....
4.1.1 Examples of calculations
Using (66)) for j = 1, it is immediately found that
—u®) 40 4 9, 0) ,©) 0)) ,,(0)
) _ z <(z ul?) u Vg >7 o) _ 4v@ug” +2 (2 — ul ))3vx 7 (67)
2 ((z — ul®)? —411(0))§ ((z — u®)2 — 40(0)>
and
GO (S (68)
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With the help of Mathematica, one obtains

R® 4(z — u(© ))u(2) + 80 4 u(o) + 21):((22

z 4((z —u©)2 — 49(0)3

2
%v(o)uéo) + %(z — u(o))vg(co)ugco) + (2 u(o))v(o)u(x) + 3?}(0) + 2?}(0)?)9(0(32
((z = u®)2 — )3

N (69)

n 10(z — u<0))u§°>v(0>v§;°> + 100©) uﬁ,?) + 10?}(0)1)22
(2 — u©)? — 40©)

which leads to

3
W @ n U(O)(7 (0)2 ( ) 4u((;)vg(m) 2u§0) vg(m)m) +vg(go)(u§co) 2u§c)v(0) +2v(0)u§0(2x)

1 24(®” — 0%
2 2 2
N 1@ OL, O | g0 Juld) (u o — 2u0) + 40P wOu0)” + o — w0 ))
2 22
24(1)&0) — (0 uéo) )
e _U(O)zugco)(ugco) +4u;(p) (O)Ug(vw) 421(92( gﬂo) +2v(0)u§m))+4u§co)(v(0)ug2 —I-vg(c?c) )

2 2.2
24(1)&0) — Oy )

2O @®" — 30020 4 2,0 2,© 4O 1 40 1O 4 2, 4O 4 @ _ 0 ,0) )

(% Uxxx Vx ~ VUzzx

D) D)
24(1)&0) —U(O)ugc) )

A further coefficient can be easily computed by taking j = 2 in ([66]). Thus we obtain

1 1
B) = 2@ _ =40 B) —
U 5 s oq Yazar Y 0.

4.2 The classical limit

In the classical limit ¢ — 0 the functions (u,v) reduce to the first terms (u(?), v(9)) of their
semiclassical expansions and verify the equations of the dispersionless 1-Toda hierarchy

1
Op,u = 3 Oz (Trjy1 —urj), Oyv=v0,1y, (70)

where r; are the coefficients of the Laurent expansion of R := RO
z z B ri(u,v)

p—p \/(z—u)2—4v_k>0
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and we have taken into account (see (6I))) that T = T©) = (2 —u) R/z. Here p :=p® and p := 5
are given by

(72)
1 v
D = — — —u)2 — =4 ...
p(z) = 2((2 u) (z —u) 4?}) ; +e
According to (64), (u,v) are determined by
fr v
v 2T /(2 —u)? — 4o ’
(73)
}1{ dz zU,
i — 9z,
52T\ /(2 —u)? — 4o
which can be also expressed as hodograph type equations
> o1 d ((fj +¢5) — (t + Cj)>7‘j—1 =0,
(74)
I
3 2] ((tj +¢) = (t + Cj)) =T
4.3 The planar limit of the Hermitian matrix model
From (B0) the one-point correlator W (z) is given by
1 1 0S,
W():——I—M (e,2,1,t) — sz-q—lat (e,2,1,t),
7>1
so that by using the first equations of (@) and (51]) one finds
(75)

C 35 (A g (T R) )

where
tj = tj + Cj.
We are going to show that the solution of the dispersionless 1-Toda hierarchy determined by ([74])

and ([@9) describes the planar limit of the Hermitian matrix model in the one-cut case where the
density of eigenvalues

p(z) = M(2) V/(z —a)(z - b),
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is supported on a single interval [a,b]. As it is known (see for instance [33]-[34]) these objects are
related to the first term W(® of the large N-expansion of W in the form

WO = —%Vz(z) +imp(z), V(z):=) 2"
k>1

According to (BI)), in the classical limit T = T = (2 — u) R/z and then from (73] it follows
W(O)—li'f-r' _li~g. i1yl _—)ig. 2 p
=9 JtiTri—1 B Jtj & 2pp Jli\? &’
j=1 j=1 j=2

with = 1 in all z-dependent functions. Due to ([@9) the first hodograph equation (74]) implies that
the first term in the last equation vanishes. Therefore the expressions for the density of eigenvalues
and the end-points of its support provided the above solution of the dispersionless 1-Toda hierarchy
are

1 V.
o) =5 ( (Z_a)(z_b))GB G—a)z-0),

(76)
a:=u—2vv, b:=u+2v,

where z = 1 in all z-dependent functions. Moreover, from (73]), they are determined by the

equations
[ —
Vv 2mi(z—a)(z=b)

}1{ dz zV, B

y 2T \/(z — a)(z — b)

They coincide with the equations for the planar limit contribution to the partition function of the
hermitian model [30]-[34].

(77)

5 Ciritical points and the double scaling limit

As we have seen the characterization of (u,v) as semiclassical expansions relies on the determination
of smooth leading terms (u(o), U(O)), which are defined implicitly by the hodograph equations
©4). However, near critical points the functions (u(?), v(®)) are multivalued and have singular
x-derivatives. Thus the semiclassical expansions are not longer valid and a different procedure
must be used. In this subsection we indicate how the so called double scaling limit method (see
for instance [35]) can be formulated in our scheme.

To simplify the discussion we set u = 0 and

toj—1=¢;=0, =21, tj=¢=0, j=>1, (78)

so that the Lax operator is of the form



and we are only considering the Toda flows associated with the even times to;. After eliminating
R in (33), one sees that the generating function U := T[_y; satisfies the identity

o(U+ Uy (U+ Uy ) = 2202 - 1), (80)
This leads to expansions of the form

Ua;j 2% rr(k
U:ZZT;., U=> &u®. (81)

>0 k>0

On the other hand, the system (G3]) reduces to

o) ‘ 1
—thnggj:—m%dZVZU:x, (82)
j=1 v

where V=37, to 22k Thus , the solution v is found from (80) and (82)). In particular, the
leading term v(©) is implicitly determined by the hodograph equation

H(tevern U(O)) =, (83)
where . . .
H(tevenyv) = % dz Vz U(O) = —— % dz#l
ami J, ami J, (22 — )2
Given a general m-th order critical point v, := vc(tepen) satisfying

OH o1l O™H

57 == =0 # 0,

ov Ve ovm 1 Ve o™ Ve

the method of the double scaling limit introduces a new small parameter € and a new variable I
given by

_ 2

€:=emt1, x=H(v.)+eNT, (84)
and generates solutions to (80) and (82]) of the form

v=r (14> Eu®), v=Y ET®. (85)

k>1 k>0

To prove it, we first observe that € d, = €'/2 0;, so that (80) can be rewritten as
vy e”(itua?"tu + ) (Gl U tU) = (22 —40v)U% - 22 (86)
(2n)! ~ ° Erpy e ’
n>1 k+1=2n;k,i>1

and by substituting the expansions ([B5]) in this identity and equating é-powers one can express
each coefficient U™ in the form

. - P G
g — E M, 87
— (Z2 . 4/[)0) 27‘2+1 ( )
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where the coefficients G, are differential polynomials in u® 1 <k <n-—r+1 and their i-
derivatives . In particular

Gni1 = Qu(n)7
and the first few U™ are

J ~ 20, zu®)

0o = 2 oo 2t
(22 — 4v,)? (22 — dve)?

7 (2) 2v. zu? 2v.% 2 <3 uM? 4 O%u(l))

U ¢ 7
(22—405)% (22—4%)%

~(3) 20, zul® vt 2 (12 1es) (6 u® 4+ a%u(l)) +12 8§u(2) + 3§u(1)>

U = ¢ + _
=) e

+2 v 2 (10 (w)? + 5 (9;u)? +10u® 2ul) + 9tuD)

(22 — 4?}0)%

Notice that U (v) = U (v).
By substituting (84)-(85]) in ([82)) we get the system

fﬁugﬂﬁzq j=1,...,m—1,
N

v

47

Since v, is a m-th order critical point of (83) we have that

v
fﬁn——iijﬂT:Q j=1,...,m—1.
v (22 —4dv) T2

Hence, in view of (87]), the first m — 1 equations in (88]) are identically satisfied while the remaining
ones become .
vp G zV, -
—Zciwjédz—zwzénmx, n>m. (89)
v (22 —4u) 2
For n = m we get the equation which determines the the leading contribution u™) in the double

scaling limit
m [ dz V.z
m - Ve %T—QW (90)
e (22 _ 4%)72

()
3
2

S

Il

=

&

)

Il

For example
3u®)? + 8§u(1)> = Ky 1;

m =3, 2 (10 (uM)? + 5 (9uM)? + 10uM 2uV) + 8§u(1)> =Ks3x
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For n > m + 1 the equations of the system (89) characterize the coefficients u*) for k > 2.
The differential equations (@0) for u(!) are essentially the stationary KdV equations [36]. Indeed,
from (6] and taking into account (8T) one gets (G; := G, G} := 0;Gi, ...)

0. Y GG - Y GGt Y GG e Y GG =0,
tj=m=1 itj=m itj=m—1 itj=m—1

which, up to trivial rescalings, coincides with the equation verified by the coefficients of the ex-
pansion of the resolvent diagonal R of the Schodinger operator

1 R;
1" 2 2 2 2 __ _ J
RR"—2(z—-u)R —§R +22°=0, R—1+J§>122j.
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