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Abstract

The class of all locally quasi-convex (Iqc) abelian groupstains all locally convex vector spaces (Ics) considesspolog-
ical groups. Therefore it is natural to extend classicapprties of locally convex spaces to this larger class ofiabebpological
groups. In the present paper we consider the following watkn property of Ics: "A metrizable locally convex spacerisss
its Mackey topology ”. This claim cannot be extended to Igowgs in the natural way, as we have recently proved withrothe
coauthors [[1],[[15] ). We say that an abelian grd@bsatisfies theVaropoulos paradign{VP) if any metrizable locally quasi-
convex topology ol is the Mackey topology. Surprisingly VP - which is a topoloaiproperty of the group - is characterizes an
algebraic feature, namely being of finite exponent. .
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1 Introduction.

1.1 Historical background and some facts on the Mackey topogy.

Locally convex topologies on linear spaces are a topic whahboosted a wide research in Functional Analysis. It wageal

by G. Mackey [22] that the family of compatible locally comvi®pologies on a locally convex space has a top element. That
is, for a (real or complex) locally convex spaEewith dual spacee’, there exists a locally convex topology= u(E, E’) with
(E,n) = FE’, such that any other locally convex topologyn E the dual of which isE’, satisfies the inequality < u. The
topologyu satisfying these conditions is named tfiackey topologyf E. The following result will be the inspiring source for
our reflections on abelian topological groups.

Theorem 1.1 [21], Corollary 22.3, page 210] Metrizable locally convemdiar topological spaces carry their Mackey topology.

A parallelism between real topological vector spaces amti@btopological groups can be established if the dualipibject
in the framework of abelian topological groups is taken asdiihcle grougr (or equivalently the quotient groigyZ). The role of
linear forms is played now by characters, and the dual gréafapological abelian group is nowG”" := CHon(G, T). Another
group topology on a topological gro@will be called compatible if it gives rise to the same dualgr&”. These basic concepts
permit to study duality in the class of abelian topologicalups.

The notion of quasi-convex subsets of a topological abgjiaap (Vilenkin, [24]) paved the way to formulate the quess
underlying the Mackey theory from topological vector sgat®ethe class of abelian groups. A decade after the intragtuof
locally quasi-convex groups, Varopoulos tried to exterelNtackey theory to abelian groups, seemingly unaware of tirk of
Vilenkin. For this goal he focused on locally precompactigr® a subclass of the class of locally quasi-convex grddegroved
that a metrizable locally precompact topological abeliewug carries the finest compatible locally precompact grtopplogy
[23]. That is, a metrizable locally precompact group is Mackn the class of locally precompact groups {&pc-Mackey, in
terms of Definitio 1.B).

In 1999 in [8] a framework was established to generalize tlaekdy theory for locally convex spaces to the larger class of
locally quasi-convex groups. Although a topological vedpace is locally convex if and only if it is locally quasifeex as a
topological groupll4, 2.4], there are some obstructionsctered the Mackey-Arens theorem to the class of locally goasivex
groups, so the Mackey problem is stated as followslin [8]:

Problem 1.2 [8] Let(G, 7) be a locally quasi-convex topological group. I&G, 7) denote the family of all locally quasi-convex
group topologies which are compatible with
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1. Does there exist a top element in the farGi{@, 7)?

If it exists, we denote it by = u(G, 7). Then(G, i) will be called a Mackey group andthe Mackey topology fdiG, 7).

In the classLqc there always exists a bottom elemenU(G, 7), namely the weak topology d@ induced by G, 7)". So in
case a precompact topology is Mackey (cf. Theorem B (iignth is the unique compatible topolo@y.
This problem is a specialization of a more general one. leiotmformulate it we need the following:

Definition 1.3 Let G be a class of abelian topological groups and®&tr{) be a topological group iy. Let Cg(G, 7) denote the
family of all g-topologiesy on G compatible withr. We say thay € Cg(G, 1) is the G-Mackey topologyor (G, G") (or the
Mackey topology fo(G, 7) in G) if v < ufor all v € Cg(G, 7).

If G is the class of locally quasi-convex groufigc, we will simply say that the topology is Mackey.

Remark 1.4 The Mackey topology exists & if and only if the supremum of two compatible topologiegirs again compatibIB.

Problem 1.5 LetG be a class of topological abelian groups. Does there exisipaelement in the familgg(G, 7), i.e., does the
G-Mackey topology exist ?

B

The problem whether the Mackey topology exists, in thersgiif Lqc-groups, is so far open. Under some constrains on the
starting topological group it does. For instance, in théfeing classes of topological groups, the Mackey topolaggts and it
is precisely the original orfé:

Theorem 1.6 [B] Let (G, 7) be a locally quasi-convex topological group satisfying ohthe following conditions:
1. G is Baire and separable.
2. G isCech-complete (in particular, if G is metrizable and cong)e
3. G is pseudocompact.

Thenr is the Mackey topology fdiG, 7).

The fact that every metrizable and complete locally quasivex group is Mackey, points out an analogy between topcdbg
groups and linear topological spaces where the countesptuis result is available (see Theorem]1.1).

There are metrizable locally quasi-convex groups whichatéviackey. Thus completeness seems to be an essentialeequi
ment.

Example 1.7 The following groups admit a metrizable non-discrete Iycaliasi-convex topology which is not Mackey. Since
they are countable they cannot be complete, for otherwisthéBaire Category Theorem they would be discrete:

(8) The group of the integeFsendowed with any non-discrete linear topology is metrieatid locally quasi-convex but fails
to be Mackey ([1]).

(b) The Priufer groupg(p>) endowed with the topology inherited frothare metrizable locally-quasi-convex groups which
are not Mackey [([6]).

(c) The group of rational® endowed with the topology inherited from the real line is@ precompacinetrizable locally
quasi-convex group which is not Mackey|([6, 12]).

Example 1.8 The following groups are metrizable locally quasi-conves Mackey:
Letm > 2 be a natural number and consider the direct sum of courtaduhy copies o, G, := EBw Zm endowed with the
topology inherited from the produ€i, Zm. ThenG, is a metrizable, locally quasi-conveon-completéackey group ([7]).

One can also find examples with a stronger flavor from FunatiAnalysis, namely connected, metrizable topologicaligeo
which are not Mackey. Indeed, the group of all the null-seqpes orT, endowed with the topology inherited from the product
T is a metrizable connected precompact locally quasi-coguaxp topology which is not Mackey( ([15]).

1This statement was contained in the former Corollary B 2.

2Do we need a proof here?
Who is asking this ? As far as | remember, this is provediinrf@8ybe not exactly in this form (dd)
L: I do not think that we have to give a proof.

3L: We could add the following Remark: According to Barr anceisli, the Mackey topology exists in the class of all nuclgesups. The latter class was
introduced by Banaszczyk inl[4] and contains all locally gawt abelian groups and all nuclear vector spaces.

4L | think the last sentence is somehow misleading, since vasvkaimost nothing about the existence of the Mackey topolagdyQC; | suggest to write:
Although almost nothing is known about the existence of tteckéy topology in£qc, some particular topological properties ardhisient for a topology to be
the Mackey topology.



1.2 Main results.

Metrizability alone does not ensure that a locally quasivex topology on a group is Mackey, unless it is accomparoedg-
placed) by an additional topological property (completsnetc., see TheorémIlL.6). This motivates to investigaighvetdditional
properties oflgebraicnature, that when imposed along with metrizability guagastthat a locally quasi-convex topology group
is Mackey.

Definition 1.9 We say that an abelian gro@satisfies th&/aropoulos Paradigmf every metrizable locally quasi-convex topol-
ogy onG must be a Mackey topology. We briefly denote thisthy VP.

According to the main theorem of this paper, the groupsfyatigthe Varopoulos Paradigm are exactly the bounded ones:

Theorem A: Let G be an abelian group. Then, the following assertionseapaivalent:

(i) G e VP, i.e., every metrizable locally quasi-convex group togglon G is Mackey.

(i) G isbounded.

For the proof of Theorem A, we will consider separately theesaof bounded and unbounded groups. In each case we will
get one of the implications of Theorem A. In fact, Theorem B istronger version of the implicatioii)(= (i) in Theorem A,
while Theorem C is simply the implication) (= (ii).

The main result in the case of bounded groups is:

Theorem B: Let G be a bounded abelian group and locally quasi-convex topology on G.
(i) If T is metrizable, then it is the Mackey topology for G.
(i) If|(G,7)"| < c thent is precompact and the Mackey topology for G.
Then(G, ) is Mackey.
Remark 1.10 In [[7,, Example 4] a weaker version of Theorem B (ii) was shomamely: Every bounded precompact topological

group G, 7) with (G, 7)"| < ¢ is Mackey.
In [11, Prop.8.57] Theorem B (ii) was proved by other methods

Immediately from Theorem B (ii) we get:

Corollary 1.11 Let(G, 7) be a locally quasi-convex group topology on a bounded grduiplwnis not precompact. Thd;(G, T)A| >
<

Examples 1.12The following examples shall show that none of the hypothe$&heorem B can be omitted:

(a) Thep-adic topology orZ is locally quasi—convex (even linear), metrizable, anctpnagpact, but it is not Mackeyi([1]). Its
dual group has cardinality

(b) Consider ab-sequencd = (by) satisfying'ot")—:1 — oo as in [1]. Letr, be the topology ofZ of uniform convergence on
the set{b—ln + Z} c T. As proved in[[1],7p, is metrizable and locally quasi-convex and satisk(ésr@ﬂ < ¢ but it is not
precompact.

(c) The Prfer grougz(p>) endowed with the topology fror is a prcompact, metrizable torsion group with countabld dua
group which is not Mackey according td [6]. This shows thatoaanot replace "bounded” by "torsion groups”.

(d) The direct sum of-many copies of, endowed with the topology inherited from the prodagtis precompact (and linear)
and bounded, but its dual group has cardinalffyThis shows that the first implication of Theorem B (ii) canbetinverted.

(e) The grougs = & Z4 endowed with the discrete topology is bounded, locally foesvex with|GA| = ¢, but it is not
precompact.

(f) Let G be an infinite (bounded) group. L&t denote the Bohr topology d8, i.e. the weak topology o6 induced by all
homomorphism& — T. Then G, ") is (bounded,) precompadt, 5*)| = 2I° > ¢ and it is not Mackey, as the discrete
topology is Mackey topology foiQ, (G, 6*)").

From Theorem B (and some extra results froin [2]), we comphgeardinality of the family>(G, ) for a metrizable bounded
group, as expressed next:

Corollary B1: Let (G, ) be a metrizable, locally quasi-convex and bounded grobpnT

5In the previous versio was assumed to be metrizable, what is not necessary.
6L: Do we know whether this group is Mackey? If so, it would beddo give an argument here.



1. |C(G,7)| = 1 if and only if 7 is precompact. In this casé;(r) is precompact and Mackey.
2. OtherwiséC(G, 7)| > 2°. In this caser is the only metrizable topology i@(G, 7).

Corollary B1 solves Conjecture 7.6 in [2] for bounded graups

LetGbe a countabl@group. Under Martin Axiom, there exist precompact topologies of weighbn G. Indeed, there exist
228 = precompact -pairwise flerent- topologies ofs. We compute the cardinality of precompact topologies widighit< .
Consider a cardinBk < ¢. Since every precompact topology of weighs determined exactly by a subgroup®@f of cardinality
K, there existG*|“ precompact topologies of weight Now, |G*| = ¢, hencdG*|“ = ¢ = (2¢)* = 2~ MA . Consequently, there
exist 2 precompact topologies of weighonG.

The following question arises:

Question 1.13Let G be a countable group. How many of the precompact topolodiegight c on G are Mackey? How many
of them fail to be Mackey?

Although we don’t know the answer to this question, we giveftillowing partial answer:

Corollary B 2: LetG be a bounded countably infinite group. Then, there exisecompact topologies of weighwhich are not
Mackey.

Proof. SinceG is bounded and countably infinite, there exists a naturalbernin such thaiG = EBM) Zm,, wherem, < L for
all n € N. Hence, we can writ& = G; x G, where bothG; andG; are infinite. Sincd3; is infinite, there exists a family of
precompact topologi€si} on G; whose weight is< «¢. [ consider the discrete topologlin G, and inG the product topology,
namely7; = 7; x d. The topology7; is metrizable (hence, by Theorem B, Mackey) but not precamfiar eachi). In addition,
|(G,‘Ti)A| = ¢. Hence the topologies* are precompact of weightand not Mackey. QED

Question 1.14 Does there exist a precompact bounded group of weiglhich is Mackey@

In §2, we prove Theorem B and Corollary B1.

Remark 1.15 We shall show in another paper that in the class of lineapglmgized groups the Mackey topology exists and that
every metrizable linear topology is the Mackey topologyhis tlass.

For unbounded groups, the picture is completeljedent. In fact, on any unbounded topological group we caidlaui
metrizable locally quasi-convex group topology which is Mackey. This is Theorem C, which is the main result in thigdiion:

Theorem C: If G is an unbounded group, then&VP, i.e., there exists a metrizable locally quasi-convex logpon G which is
not Mackey.

The proof of Theorem C, given i§83, is based in the following facts:
e Z,7Z(p*) andQ have a metrizable locally quasi-convex non-Mackey toppl@ge Example1l7).

e Every unbounded group has a subgroup of the fori Z(p™), Q or @‘:’:1 Zm,, Wherep is a prime andrfy,) is a sequence
with lim m, = oo [19].

e Open subgroups of Mackey groups are Mackey (Lefnma 3.2).

e For any sequencerg) with my, — oo the product topology of the grOL@:’:l Zm, is metrizable and non-Mackey (Proposi-
tion[3.5), witnessingD ., Zn, ¢ VP.

As a by-product, the construction in Proposition] 3.5 (of anpatible locally quasi-convex topology finer than the pretdu
topology) can be used to providenany pairwise non-isomorphic metrizable locally precontfiaear group topologies on the

groupQ/Z and all its subgroups of infinite rank (compare with Exanip#d), where the single topology with similar properties
is not linear).

“petter: countably infinite

8L: Shouldn’t we assumeto be infinite?

9L: Don't we need= w in order to obtain thatG:, 7;) is metrizable?

10Here again my question: @& Zm with the topology induced b¥] Zy, Mackey?



1.3 Notation and terminology.

The symbolsN, Z, Q, C, Z(p™), T will stand for the natural numbers, the integer numbers,réti®nal numbers, the complex
numbers, the Priifer groups and the unit circle of the corpl@ne respectively. Using the structure@fin particular, the real
part functionRgz) for ze C, we letT, = Tn {ze C : R42) > 0} (although we frequently identif§ with the quotient grouk/Z,
if the additive notation is more convenient). The gragpdenotes the cyclic group of elements. For an abelian gro®) we
denote byGy the group endowed with its discrete topology @id= G} = Hom(G, T). For a cardinak we denote byG® the
direct sumdp G of « copies ofG.

For a topological groupQ, 7) its dual group is the group of continuous homomorphisms G T), and will be denoted
by (G, 7)" or G" if the topology is clear. For an abelian groGpwe say that andv are compatible ifG, 7)" = (G, »)". For a
topological group@, 1), we denote by>(G, 7) the family of all locally quasi-convex topologies @which are compatible with
7. A subgroupH < G of a topological group is dually closed if for amyg H, there existg € G" satisfying thatp(H) = 0 and
#(x) # 0.

For an abelian grouf® and a subgroupl < Hom(G, T) we shall denote by(G, H) the weak topology o induced by the
elements oH. When the initial group is a topological group, thén < Hom(G, T) is a subgroup and we write" instead of
o(G,G"). The topologyr* is usually called the Bohr topology o&( 7). Obviously,H is dually closed if it ist*-closed. IfG
carries the discrete topology, the corresponding Bohrlagpohas remarkable properties (see for exaniple [17]).

A groupG is said to be bounded if there existse N satisfying thaimG = 0. In this case, we will call the exponent Gf
to the minimum positive integer satisfying this conditidtar a prime numbep, we say that a grou@ is a p-group if for every
x € G there exists a natural numbesatisfying thafp"x = 0.

Definition 1.16 Let (G, ) be a topological group. We say thais linear if it has a neighborhood basis consisting in subgroups.
In this case, we say thaB(7) is linearly topologized

Definition 1.17 Let (G, 7) be a topological group. We say that a subddet G is quasi-conve¥ for every x € G\ M, there exists
¢ € G” satisfying thatp(M) c T, and¢(x) ¢ T.. If 7 has a neighborhood basis consisting in quasi-convex setsawthat is
locally quasi-convex

Further, we setforasubsst c G M ={y e G": y(M) C T,}and forasubsdll cG" N*'={xeG: x(X) € T, ¥y €
N}.
For the reader’s convenience, we include a proof of theviétig result, which can be found also [n [3, Proposition 2.1].

Proposition 1.18 Let (G, 7) be a locally quasi-convex bounded group. Thes linear.

Proof. Suppose thatnG = 0. LetU be a quasi-convex neighborhood of 0Gn It is well known thatU” is an equicontinuous
subset ofG". Hence there exists a neighborhdétof 0 in G such thajy (W) <] - n% %[JFZ for all y € U”. Sincemy = 0, we

obtainy (W) € x(G) ¢ {% + Z, k € Z}. Combined with the above inclusion, this yield@V) = {0} for everyy € U”. This means
W C (U%)*. In particular, the subgroupt)* € (U”)* = U is open.
QED
Corollary 1.19 The notionsfin-Mackey and Mackey are equivalent for bounded groups.
We will consider the following notation for some classesagfdlogical groups:
e [in (resp.,Lin-Mackey) — for the class of linearly topologized Haudgigroups.
e [pc(resp.,.Lpc-Mackey) — for the class of locally precompact groups.

e [qc(resp.,.Lgc-Mackey) — for the class of locally quasi convex Haugtigroups.

Since locally quasi-convex groups generalize locally exspaces, the most natural clgsso study Mackey topologies is
the class of locally quasi-convex groups. Hence, we writgpli Mackey for£gc-Mackey.

2 The bounded case: proofs of Theorem B and Corollary B1

Proposition 2.1 Let G be an abelian group. i 7’ are compatible topologies on G, they share the same dualed subgroups.

Proof. The assertion trivially follows from these two facts:
(a) both topologies have the same weak topole($, G*);

(b) asubgroupd of G is dually closed (with respect to any of these two topologiescisely when it igr(G, G*)-closed.



QED

Next, we want to show that a metrizable locally quasi-corivexnded group is Mackey. For the proof we need the following
Proposition which is interesting on its own:

Proposition 2.2 Let (G, ) be a torsion, metrizable non-discrete abelian group. There exists a homomorphism: G —» T
which is not continuous.

Proof. SinceG is metrizable and is not the discrete topology, we can choose a null-sequeiie which satisfies, # an
whenevemn # manda, # O for all n € N. Since every finitely generated torsion group is finite we mdgfitionally assume that
an;1 does not belong to the subgroup generatedsby. ., a, for everyn € N.

We are constructing inductively a homomorphi§m (a, ..., a,) — Tin the following way:

Let f; : (a;) — T be a homomorphism which satisfiéga;) ¢ T,. This is possible, sinca; # 0.

Suppose that, : (ay,...,ay) — T is a homomorphism, which satisfiégay) ¢ T, forall 1 <k < n.
If (ans1yN{as, ..., an) = {0}, we can define a homomorphidm; : (as,...,an1) — T which extendd, and satisfie$n.1(an+1) ¢
T,.
If (ane1)N{ay, . .., an) # {0}, we choose the minimal natural numier N such thaka,.1 = kja;+. . .+knan for suitableky, . .., k, €
Z. By assumption, .S k< Ord(an+1)- We deﬁnefn+l(an+1) such thatfn+l(an+l) ¢ T+ and fn+2|.(ka"|+il.) = fn(klail. +...+ kna-n) and
obtain a homomorphisrf,1 : (@, ..., am1) — T which extendsy.

In this way, we obtain a homomorphisit {{a, : n € N}) - T which can be extended to a homomorphismG — T. By
constructionf satisfies:

YneN f(a,) ¢ T,.

So f is not continuous. QED

Remark 2.3 (a) Using that no non-trivial sequence can converge in the BipologyPs of the discrete group db ([18]) one
can obtain a proof of a stronger version of the above proipositith “torsion” omitted. (Just take any non-trivial nséquence
(an) as in the above proof and note that it cannot converg@sinhence there exists a charagtenf G witnessing that, i.e., such
thaty(a,) / 0inT; theny cannot ber-continuous, ag, — 0in (G, 7).)

(b) If we reinforce the hypothesis of the above propositepiacing “torsion” by “bounded”, the proof can be simplifiadhe
following way. Passing to a subsequencea) pne can achieve to haya,.1) N{as, ..., an) = {0} to avoid the more complicated
second cas€#n.1) N (&, ..., an) # {0}) in the above proof.

Proof of Theorem B: Lett be a locally quasi-convex topology on a bounded grGufVe have to prove tha@, 7) is a Mackey
group provided that: (i} is metrizable; or (ii)(G, 7)"| < «.

(i) Suppose that is metrizable. Let’ be another locally quasi-convex group topology®nompatible withr. According to
[L.18,7 andr’ are linear topologies. We have to show that 7. So fix ar’-open subgroupl of G and denote by : G — G/H the
canonical projection. ABl is openin G, 7’), itis also dually closed inG, ') and according tb 211 also its(7). Letf : G/H —» T
be an arbitrary homomorphism. Thér q € (G, 7')" = (G, 7)". Let7 denote the Hausdfirquotient topology or5/H induced
by r. Of course, G/H, 7) is a metrizable bounded group. Since every homomorpliistiG/H, 7) — T is continuous, we obtain
thatG/H is discrete by the above Proposition. This implies tHas r-open. Hencer’ C 7.

(i) Now, suppose thal'(G, T)Al < ¢. By Propositio 17187 is linear. Suppose thatis not precompact. Then there exists an
open subgroup) < G satisfying thalG/U| > w. SinceU is open, the quotier®/U is discrete. Henced/U)" is compact and
infinite, thereford(G/U)"| > ¢. Since|G"| > |(G/U)"| the inequality|(G, 7)"| > « follows. This contradiction shows thatis
precompact.

Let 7’ be another locally quasi-convex group topology®nwhich is compatible withr. According to1.IB; is linear.
As (G, )" = (G,7)" is countable, the above argument applied'tghows thatr’ is precompact as well. Sinegeandr’ are
compatible, they must coincide. Therefores Mackey.

Proof of Corollary B1: We have to prove that i@, 7) is a metrizable, locally quasi-convex and bounded grduwgmt
1. |C(G,7)| = 1 if and only if 7 is precompact.
2. otherwiséC(G, 7)| > 2% in this caser is the only metrizable topology i@(G, 7).

If IC(G, 7)| = litis clear thatr is precompact (for any dual pai&(G") there exists one precompact topology). Conversely, if
7 is precompact, Theorem B implies thais Mackey. Hence it is clear th&(G, 7)| = 1.

The proof of 2. relies on the fact thatis linear (Propositioi 1.18). Assume th&, () is not precompact. Then, there exists
art-open subgroup) such thatG/U is infinite. SinceU is openG/U is discrete. By Theorem 3.10 inl[2], the fam@}{(G/U)q)
can be embedded (G, 7). We denote byFilg,u the set of all filters or6/U and we recall thaltFilu| = 22°*'. By Theorem
4.5in [2], we have thaC((G/U)q)| = |Fileu|, sinceG/U has infinite rank (being an infinite bounded group). So

IC(G,7)| = IC((G/U)q)| = 227" > 22" = 2¢

holds. It is also clear from Theorem B, thais the only metrizable topology i@(G, 7).



3 The unbounded case: proof of Theorem C

In order to prove that unbounded groups do not fit into Vardég®paradigm, we need first to prove that the Mackey topolegy i
"hereditary” for open subgroups. In other words, an opergsalp of a Mackey group is also a Mackey group in the induced
topology. To this end we recall next an standard extensi@topology from a subgroup to the whole group.

Definition 3.1 Let G be an abelian group artd a subgroup. Consider di a group topologyr. We define the extensianof r
as the topology ot which has as a basis of neighborhoods at zero the neighbadstoddH, 7).

If the topologyr onH is metrizable, the topologyon G is metrizable. Analogously, if is locally quasi-convex, thenis also
locally quasi-convex (indeed, a subset which is quasi-ernvH is quasi-convex iz, due to the fact thatl is an open subgroup
in 7).

Lemma 3.2 Let H be an open subgroup of the topological gr¢Gpr). If 7 is the Mackey topology, then the induced topolagy
is also Mackey. As a consequence, i a metrizable, locally quasi-convaon-Mackeygroup topology on H, then there exists a
metrizable locally quasi-convex-group topology on G whigchot Mackey, namely.

Proof: In order to prove thatH, r4) is also a Mackey group take a locally quasi-convex topolegy H such that d, )" =
(H,7n)". Lety be the extension ofto G.

Let us prove that®, v)" = (G, 7)". Takeg¢ € (G, v)". Thengy is v-continuous, and, sinoeandry are compatibleg is also
a character ofHl, 7yy). SinceH is r-open,¢ is r-continuous. Thus@, v)" < (G, )". The same argument can be used to prove the
converse inequality, taking into account tivats an open subgroup i Sov andr are compatible topologies.

Since G, 1) is Mackey, we obtain that < r and this inequality also holds for their restrictionsHov < 7. Hence H, 1)
is Mackey.

Let v be a metrizable locally quasi-convex group topologytbmvhich is not Mackey andgt its extension tdas. Clearly,H
is v-open, and’ is a metrizable locally quasi-convex topology @n If v were Mackey, by our previous argumentshould be
Mackey as well, a contradiction. QED

We do not know if the converse of Leminal3.2 holds in general:

Question 3.3 Let (G, 7) be a topological group and < G an open subgroup. fyy is the Mackey topology, is the Mackey
topology forG?

We prove it for the class of bounded groups.

Proposition 3.4 Let (G, ) be a bounded topological abelian group andHG an open subgroup. [H, 7n) is Mackey, then
(G, 1) is Mackey.

Proof. Let 7’ be a locally quasi-convex group topology @rwhich is compatible withr. Note first thatr, 7/, 7 andr"H are linear
topologies (Propositidn 1.1.8). We are going to prove ’tmaandrl'H are compatible.

Lety : (H,7) — T be a continuous character. Sindeis an open subgroup ofX 7), there exists a continuous character
X € (G, 7)" extendingy. Sincer’ is compatible withr, we obtainy € (G, 7')" and hencg|y € (H,7'|n)".

Assume conversely, thgte (H, 7'|4)". Sincey is ’-continuous, there exists an open subgrbup 7’ such thaj(H N U) =
{0}. Hence the mapping’ : H+U — T, h+ u~ y(h) (h € H andu € U) is a well defined homomorphism which extends
As y’(U) = {0}, we obtain thaj is ’|y+u is continuous. Sincél + U is an open subgroup ofx '), x’ can be extended to a
continuous homomorphispe (G, 7’)* = (G, 7)". As above, this shows thgty € (H, 7]1)".

Sincery is Mackey, we have thal{H < 7jy. SinceH open inr, it follows that7’ < T’ < T = v whereT andt’ denote the
extensions t&. Sincery locally quasi-convex anH anr-open subgroup, the topologys locally quasi-convex and consequently
the Mackey topology ofs. QED

Proposition 3.5 Let (m,) be a sequence of natural numbers with 8 co and G = € Zr,. Then the metrizable locally quasi-
convex topology on G inherited from the produdf , Zm, is not Mackey.

Proof. The idea of the proof is to fix appropriately a sequeace G = EBw Zy, - If we denote its range again toyand define
7¢ the topology of uniform convergence anr. is non-precompact, and strictly finer thanbut still compatible. Hence;, is not
Mackey.

Observe thaG* = [] Zy, andG" = & Z}, . Clearly,Z}, = Zy,, and for convenience we make the following identifications:

and ‘
. My My
sz{ﬁ.ke(—7,7]02}. (1)



We can assume without loss of generality that the sequemgénon-decreasing, since a rearrangement of the sequagice (
leads to an isomorphic group.

Forx = (X1, %z, ...) e Gandy = (y1.x2,...) € G", we havey(X) = Y71 xn¥Xn + Z.

ForneN,let(e)) =(0,...,0,1,0,...) € G*, with 1 in n-th position and define = {+e, : ne N} U {0} C ¢ Identifying T
with (-1, 1], we letTp = {x e T : x| < &} and

V= {XxeG:eyX) e Tnforallne N} (0= {xe G: Xl < %1 for all neN}. (2)

The family{Vn, : me N} is a neighborhood basis of O for the topolagyof uniform convergence ot
Writing the elements = (x,) of G, with x, = % (asin[1)), one ha¥, = {x €G: |ky < 32 for all n}.
To conclude the proof of the proposition we need the follgtemma:

Lemma 3.6 (G,7)" = D, Zp, .

Proof: The factép  Zp, < (G, ()" is straightforward. Indeed, lgt € €5 Zy, . Then there exists; € N such thaty, = 0 if
n>n;. Letm=m,, hencex; = --- = X,,_1 = 0 for all x € Vin. Theny(Vm) = {Or}.

Lety = (xn) € [1,2Zh, \ D, Zh, - Thenthe seA := {n e N : y, # 0} is infinite. Our aim is to prove that ¢ (G, 7.)". We
argue by contradiction, assuming tha¢ (G, 7¢)". Theny € Vy, :={¢ € (G, 7c)" : ¢(Vm) C T} for somem € N. Hence, we must
find x € Vi with y(x) ¢ T..

2 ©)

To this end, we pick
We describe next ine) some elements &f,,, which will be suitable for our purposes and b) & condition for the components
of y.

nm:min{neN:ﬁz
m

N
NIl ol

Equivalentl i < i if n>n
q yvrnn 10m = 110-

Claim 3.7 (a) If x, =0forn<ngand » € {0,+=} for all n > ng, then x= (X,) € Vnn.

L1
m,

1
(b) % < 2 forallng < n.

.1 1 1 . .
Proof. (a) Indeed, smcen; <—X Tom if n> ng, it follows from (@) thatx € V.

Mh,
: ® . : el 1
(b) By item (a), we have that= (0, ..., - ..) € V. Sincey € V;,, it follows that|y(X)| = ™ < 7 QED
To continue the proof of Lemnia3.6, define, for ech(0, 1,..., 52}, the set
Ak:={neA:L<MskLl}. (4)
My, My My,

Then{Ak :0<k< %} is a finite partition ofA and at least onéy is infinite, asA is infinite. In order to define an element
X € Vim which satisfieg(x) ¢ T, we distinguish the casés> 1 andk = 0.

Case 1k > 1. SinceAy is infinite, one can finthg <N <nmp < --- < Ny, in A¢. Define

1 .
X 1= o Sign(en)

By the definition ofA, we havemnL < xn(Xy) for L <i <my,. Thus,
0

Mhy
ZXni(Xni) >k > 1
i=1

Taking into account that each summand in the above sum saligfix,) < %1 by Claim[3.T(b), we conclude that there exists a
naturalN < my,, such that

N
1 3
- < Xni(xni)<_'

UHere it was stated thatis a compact set without any reference to the topologyGnit is surely not compact, as the character group is discrétel
eliminated "compact”.



Define

« { = signfn) whenn=n; forsome 1<i<N
n = '

= 0 otherwise
By Claim[B.7(a) X = (X,) € Vm and by constructiog(x’) ¢ T,.

Case 2k = 0.

That is: Ag is infinite. Choosel c Ag with |J| = 2m. Forn € J, define

My .
| sonte
n - —n'h .
First, note that for alh € J one hag,, # 0, as4mIX |2% > 2, where the last inequality is due {d (3). On the other hand,
n
L
. 4m [yn| 1
< = . 5
Ljnl m, 4m|yy| (5)
This gives|jn| < 2, aslynl > 1. Define
.| in whennel
=10 otherwise
Then,x = (xn) € Vi, by equation[(R).
In addition,
™ 4
Mxn| 1 1
Xnl = = - 6
|Xl p— preT (6)
Combining [%) and{6), we get, fare J:
3 1 1 1 1nal | ® ~ 61
>0m_ am_ 10m = am my = am~ m < nl(IXal) = xn(%n) < am’
Applying these inequalities tp(x) = ZX“X” gives
ned
1 3 3 1 1
170" ﬁ,nIJI < ;ann—/\/(x) < mm =5
This implies thaf(x) ¢ T., a contradiction in view ok € V.
In both cases this proves that (G, c)". QED HenceG, 1) = @ Zy, - QED

Proof of Theorem C: We have to prove that for any unbounded abelian gGuthere exists a metrizable locally quasi-convex
group topology which is not Mackey. We divide the proof indlrcases, namely:

(@) Gis non reduced.
(b) Gis non torsion.
(c) Gisreduced and torsion.

(a) If Gis non reduced, writd(G) its maximal divisible subgroup. Thet(G) = P, Q& P,-; Z(p*)# [19, Theorem 21.1].

If @ # 0, then we there existd < G, whereH = Q. Since, there exists a metrizable non-Mackey topolog@di®]), applying
Lemmd3.2G is not Mackey as well.

If @ = 0, then there existp; satisfyingZ(p®) < d(G) < G. Since there exists a metrizable, non-Mackey topologZ@{°)
([6]), there exists (by Lemnia3.2) a metrizable topology@which is not Mackey.

(b) If G is non torsion, there existse G, such thatx) = Z. Equip(Z) with the b-adic topology, which is metrizable but not
Mackey ([1]). Applying Lemma&3]2, we get the result.

(c) We can writeG as the direct sum of its primary components, th&t is @p Gp. Consider two cases:

(c.1)Gp # O for infinitely many prime numberns. Then, for some infinite sét of prime numbers,we hzi\@peH Zp — G. By

Lemmd3.b, there exists a metrizable locally quasi-convexgtopology orGBpE]T Zp which is not Mackey. Hence, by Lemma
[3.2, there exists a metrizable locally quasi-convex grapplogy which is not Mackey 06.



(c.2) Gp # 0 for finitely manyp. Then, one of them is unbounded, $3y. LetB := @‘:’:1 ZE;”) be a basic subgroup @y,
i.e.,Bis pure ands,/B s divisible [19]. Let us recall the fact that purity 8fmeans thap"B = p"G N B for everyn e N.

We aim to prove thaB is unbounded. Assume for contradiction tigats bounded, s@"B = 0 for somen € N. Then
{0} = p"B = p"G N B. One has"G, + B)/B = p"G,/(p"Gp N B) = p"Gp/p"B = p"(G,/B) = G,/B; the last congruence holds,
sinceB is pure inG, and the last equality is a consequence of the divisibilitsgfBL4 This means thap"G, + B = Gp. Since
p"Gp N B = 0, this is equivalent t&, = p"Gp ® B. Thenp"G, = G,/B is a divisible subgroup of the reduced grdap. Hence
p"Gp = Gp/B = 0 andG,, = Bis bounded, a contradiction.

SinceB is unbounded there exists a sequengg € N with @, # 0 such thauEBfil Zy < B < G. By Lemmée3.b, there
exists a metrizable locally quasi-convex group topolog;@ﬁilzpni which is not Mackey. Hence, by LemrhaB.2, there exists a
metrizable locally quasi-convex group topology which it kiackey onG.

Now we can prove the main theorem.
Proof of Theorem A: We have to prove that for an abelian graaphe following assertions are equivalent:
(i) Every metrizable locally quasi-convex group topology®is Mackey.
(i) Gis bounded.

(i) implies (i) is Theorem C.i{) implies () is Theorem B.
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