THE DP-RANK OF ABELIAN GROUPS
YATIR HALEVI AND DANIEL PALACIN

ABSTRACT. An equation to compute the dp-rank of any abelian group is given.
It is also shown that its dp-rank, or more generally of any one-based group,
agrees with its Vapnik—Chervonenkis density. Furthermore, strong abelian
groups are characterised to be precisely those abelian groups A such that the
subgroup pA has infinite index for only finitely many primes.

Finally, it is shown that an infinite stable field of finite dp-rank is alge-
braically closed.

1. INTRODUCTION

A complete classification of abelian groups up to elementarily equivalence was
provided by Szmielew [19], who determined a list of group-theoretic invariants that
characterise the first-order theory of abelian groups. The purpose of this paper is,
using the classification given by Szmielew, to compute the dp-rank of any abelian
group. Furthermore, we show that it is uniquely determined by a suitable semilat-
tice of its subgroups.

The dp-rank is a model-theoretic rank for dependent theories, originating from
Shelah’s work on strongly dependent theories [17], which bounds the diversity be-
tween realizations of a type. Originally, it was introduced as an analogue of weight
in stable theories and it was then used to obtain a notion of minimality inside de-
pendent theories. Since then, the dp-rank has been proven to play an important
role, not only in the understanding of dependent theories but also in strengthen-
ing the connections between dependent theories and combinatorics. Of particular
interest, is the relation between the dp-rank and the Vapnik—Chervonenkis density
(ve-density). The ve-density has been studied for quite some time in combinatorics,
computational geometry, statistics and machine learning. In model theory it relates
to the classical problem of counting types and was furthermore studied extensively
in many specific cases in [3, 2].

Concerning abelian groups, it was proven in [2] that the ve-density is the least
integer d, if it exists, such that the intersection of n > d many definable subgroups
has finite index in a sub-intersection of d many. In other words, the vc-density
agrees with the breadth of the semilattice of commensurable classes of definable
subgroups, see Section 2. Our first result is to show that this holds for any one-
based group, a larger family of groups which includes abelian-by-finite groups as
well as left modules over a unital ring. Furthermore, these two notions coincide
with the dp-rank. This is Theorem 3.7. As a consequence, we deduce that the ve-
density of the theory of an abelian group has linear growth, answering a question
from [2], see Corollary 3.8.

We use this characterisation of the dp-rank to give an equation for the dp-rank
of abelian groups. For this, we recall the definition of the Szmielew invariants for
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an abelian group A, written additively. For a prime p and a positive integer n, set

U(p,n; A) = |p" Alpl/p" T Alp]|,
D(p,n; A) = [p"Alp]| ,

Tf(p,n; A) = [p"A/p"t' A
Exp(p,n; A) = [p" Al

)

The notation U stands for Ulm, who introduced this invariant, while D, Tf and
Exp stand for divisible, torsion-free and exponent respectively. It is clear that
these invariants are in fact invariants of the theory of A. To better visualize these
invariants, recall that every abelian group is elementary equivalent to a direct sum
of abelian groups of the sort

Z(p"™), Ly, Z(p™) and Q,

where p is a prime and n is a natural number. A direct sum of these groups is
called a Szmielew group, see Section 2.3. For our purposes, we shall consider some
other closely related family of invariants of the theory. Following Eklof and Fischer
[9], define

D(p; A) = lim D(p,n; A),
n—oo
which determines the number of copies of the Priifer group Z(p*°) in A and
Tf(p; A) = lim Tf(p,n; A),
n—roo

which determines the number of copies of the torsion-free group Z,) in A.

Due to the infinitary behavour of the dp-rank, we are mainly interested in control-
ling when these groups appear infinitely many times. Thus, we denote by D>y, (A4)
the set of primes p such that D(p; A) is infinite and similarly Tf>y,(A) denotes the
set of primes p that Tf(p; A) is infinite. Concerning the number of copies of the
groups Z(p™) in A, which are encoded by the Ulm invariant, using the notation from
[2] we write Usy, (p; A) for the set of n such that U(p, n; A) is infinite. Furthermore,
we denote by Usy,(A) the set of primes p such that U(p,n; A) > 1 for infinitely
many 7, i.e. the set of primes p such that Usy, (p; A) is infinite. In other words, the
set Usy,(A) is precisely the set of primes p such that A has unbounded p-length,
i.e. there is no finite upper bound on the order of the elements of order p which
are not divisible by p. It is clear that the sets D>x,(A), Tf>r, (A), Usy,(p; A) and
Usy, (A) are also invariants of the theory of A.

As announced above, the main result of the paper is the following theorem in
which we compute the dp-rank of any abelian group. For ease of presentation,
we break the equation into cases. The finite exponent group case was essentially
computed in [2, Theorem 5.1]. Following their notation, for a set I of positive
integers, we denote by d(I) the size of the maximal subset Iy of I such that for
every two distinct elements 4, j of Iy we have |7 —i| > 2.

Theorem 1.1. Let A be an abelian group of finite dp-rank. The one of the following
holds:

(1) A is torsion-free and
dp(A4) = max {1, |Tf>x,(A)[}.
(2) A is of finite exponent and

dp(4) =Y d(Usy,(p; A)).
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(8) A has unbounded exponent, torsion but has finite p-length for every prime
p and

dp(A) = " d(Usy,(p; A)) + max {1, Ty, (A)], Dy (A)]} .

(4) A has unbounded p-length for every prime p and
dp(A) = > d (Usy, (p; A)) + |[Usn, (A)] + max {| Tfx, (A)], Dz, (A)]} -
P

Of course, one can reformulate the statement above to get a single equation. For
those that prefer to be concise, we write it bellow. Before proceeding we introduce
some further notation.

Set ey equal to 0 if the set Usy,(A) is empty and 1 otherwise, and epyp, equals
to 0 if A has finite exponent and 1 otherwise. Furthermore, define eT¢ to be 0 if
for every prime p we have that Tf(p; A) = 0 and 1 in other case. Finally, define
ep likewise. Therefore, putting all together, for any abelian group A we obtain the
following equation:

dp(A) = > d(Usy,(p; A)) + [Usn, (A)] + (1 — max{ey, ers, en}) - €msp

+ HIaX{ETf7 ED} . max{l — €U, ‘TfZNo (A)|, |DZN0(A)|} .

The proof of the main theorem in preceded, in Section 4, by a study of the
different components building a Szmielew group: we give equations for their dp-
rank and characterize the inp-patterns needed to witness that dp-rank. In Section
5 we characterize strong abelian groups and abelian groups of finite dp-rank. The
latter was already obtained in [2, Theorem 5.23]. As for the former, we show that
an abelian group is strong if and only if there is only a finite number of primes p
such that the factor A/pA is infinite. Finally, Section 6 is devoted to prove the
main theorem.

In Section 7, the last section of the paper, we point out that the behaviour of the
dp-rank is completely different whenever the given group carries some additional
structure. In particular, we give an example of a divisible torsion-free abelian group
with additional structure whose theory is w-stable but does not have finite dp-rank.
Furthermore, and in the spirit of abelian groups with additional structure, we end
the paper by showing that infinite stable fields of finite dp-rank are algebraically
closed.

Before concluding the introduction, we would like to remark that Proposition 3.3
was used by the first author and Assaf Hasson to describe the dp-rank of ordered
abelian groups [11]. We thank him for going over a first version of the proof of that
proposition.

2. PRELIMINARIES ON THE THEORY OF ABELIAN GROUPS

In this section we recall the basics of the first-order theory of abelian groups
needed for the paper. For a detailed exposition we refer to [12, Appendix A.2],
which we also use as a main reference.

2.1. Quantifier elimination. We write abelian groups additively and construe
them as structures in the language of abelian groups or interchangeably in the
language of Z-modules, since both languages are definitionally equivalent. Thus,
we can use the Baur-Monk quantifier elimination given in [4, 16] for left modules
over unital rings to describe definable sets in abelian groups, see [12, Corollary
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A.1.2). Namely, any formula is equivalent to a boolean combination of positive
primitive formulas; recall that a formula ¢(x1,..., %, ) is positive primitive, p.p.
for short, if it is equivalent to a formula of the form

m n
Elylyn/\ Z)\lwz+2p3yj:ak
k =1 j=1

for some k and A;, u; € Z. Given an abelian group A, it is easy to see that this
formula defines a coset of an (-definable subgroup of A™; this coset is a subgroup
if and only if ay = 0 for every k. Furthermore, we have an explicit description of
p.p--definable subgroups of an abelian group, see for instance [12, Lemma A.2.1].

Fact 2.1 (Priifer). Every p.p.-definable proper subgroup of an abelian group is given
by a finite conjunction of formulas of the form mxz = 0 with 0 < m and p"™|[p™x
with 0 < m < n.

Using the Baur-Monk quantifier elimination it is easy to see that any abelian
group A has a stable theory, i.e. for every formula ¢(Z;y), in the language of

groups, there is some k such that there is no sequence (a;,b;)i<x in A for which
o(ai; Ej) holds iff + < j. In fact, other related notions can be also explained via the
structure of the lattice of its p.p.-definable subgroups. Namely, an abelian group
is superstable if and only if there is no infinite descending chain of p.p.-definable
subgroups each of infinite index in its predecessor, and it is w-stable if and only if

it satisfies the minimal chain condition on p.p.-definable subgroups.

Finally we will use the following easy observation, implicitly, throughout the
paper:

Fact 2.2. Let ¢(x) define a p.p.-definable subgroup of an abelian group A. If
A=B®C then p(A) = p(B) ® »(C).

2.2. Commensurability and p.p.-definable subgroups. Given a group G, we
say that a subgroup H of G is contained up to finite index in another subgroup
N of G if HN N has finite index in H. Then H and N are commensurable, if H
and N are contained up to finite index in N and H respectively. Equivalently, if
H N N has finite index in both H and N. It is clear that containment up to finite
index is a transitive relation among subgroups of GG, and that commensurability is
an equivalence relation.

In the case of an abelian group A, these notions induce a natural join-semilattice
structure on the set of commensurability classes of the p.p.-definable subgroups
of A. Following the notation from [2, Section 4.6] we denote this semilattice by
f’\l/D(A), also see [2] for more information.

Definition 2.3. The breadth of a join-semilattice L is the smallest integer d, if
it exists, such that for all x1,...,x, in L with n > d there are positive integers
1 <4 <...<iq <nsuch that x4 A---Axp =2y A+ Azy,. We denote by
breadth(L) the integer d, if it exists.

If L and L’ are two distinct join-semilattice, we easily have

breadth(L x L") < breadth(L) + breadth(L’),

with equality if both L and L’ have a greatest and a smallest element. In our
situation, note that the semilattice PP(A) of an abelian group A has a greatest and
smallest element. Moreover, it has breadth d if and only if any finite intersection
of subgroups of A has finite index in some sub-intersection of d many subgroups.
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Now, given two abelian groups A; and Ao, each p.p.-definable subgroup H of
Ay ® As can obviously be written as (H N Ay) @ (H N As). Thus, we obtain a
natural embedding of semilattices from PP(A; & A,) into PP(A;) x PP(Aj), which
is a surjection when each A; is p.p.-definable in A; @ As. Therefore, we get the
following fact, which corresponds to [2, Lemma 4.18].

Fact 2.4. If Ay and Ay are two abelian groups, then

max {breadth (f’f’(AJ)} < breadth (ﬁ’(Al ® Ag)) < i:zj;z breadth (ﬁf’(Az)) ,

with equality in the second inequation if both A1 and As are p.p.-definable in A1 B As.

In Section 3, we shall prove that the breadth of any abelian group, or more
generally any one-based group, is precisely its dp-rank and consequently, obtain
these properties for the dp-rank of abelian groups.

2.3. Szmielew groups. Recall that we write any abelian group additively. If A
is an abelian group A, then we put A, for the primary p-component of the torsion
subgroup of A. Thus, the torsion subgroup is the direct sum of all the 4, for p
prime. Moreover, the subgroup of elements of order n is denoted by A[n], which is
of course defined by the formula nz = 0. We denote by A(®) the direct sum of a
copies of A.

An abelian group has finite exponent if there exists some positive integer n such
that nA = {0}; otherwise A has unbounded exponent. For a prime p, we say that
A has finite p-length if there is a finite upper bound on the order of the elements
of A, which are not divisible by p. Otherwise, we say that A has unbounded p-
length. Notice that A has unbounded p-length if and only if so does any elementary
equivalent group.

Definition 2.5. A Szmielew group is a countable abelian group of the form

A=PD (@ Z(p™) @) @ (Zp)) ) @ Z(p“)”“) Q¥
p

n>0

where each «, 1, 85,7, and ¢ are finite or countably infinite, Z(p™) is the cyclic group
of order p", Z,) is the additive group of all rational numbers with denominator not
divisible by p, and Z(p) is the Priifer p-group. Such a Szmielew group is called
strict if the following holds:

e §is 0 or w;

o if 8, # 0 or 7, # 0 for some p or «, , # 0 for infinitely many pairs (p,n),
then § = 0; and

o for each prime p, if o, # 0 for infinite many n, then 5, =, = 0.

If A is a Szmielew group, we have that A has unbounded p-length if and only if
ap.n # 0 for infinitely many n. Using the notation from the introduction we then
have that:

Tt(p; A) = Bp, D(p; A) =7 and U(p,n; A) = ap .

Consequently, the sets Tf>y,(A4) and D>y, (A) denote the collection of primes p
such that 8, = w and 7, = w respectively, and similarly Usy,(p; A) is the set of all
n such that o, , = w. Furthermore, observe that Usy,(A) corresponds to the set of
primes p such that «y,,, # 0 for infinitely many n. That is, the set Usy,(A) is the
collection of primes p such that A has unbounded p-length. Since all these sets are
invariant under elementarily equivalence, the following seminal result of Szmielew
[19] allows us to restrict our attention to strict Szmielew groups for our purposes;
we refer the reader to [12, Appendix A.2] for a proof.
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Fact 2.6. Any abelian group is elementarily equivalent to a unique strict Szmielew
group, up to isomorphism.

We finish this section with an easy observation.

Lemma 2.7. If A is an abelian group of unbounded exponent, then any p.p.-formula
of the form N\, ng|mrz with 0 < my, < ny, defines an infinite subgroup of unbounded
exponent.

Proof. Let A be an infinite abelian group, which we may assume to be a strict
Szmielew group. By strictness, it suffices to see that the given p.p-formula ¢(x)
defines a non-trivial subgroup in €, Z(p™)(@n) with a, # 0 for infinitely many
n, in Zy, in Z(p™) and also in Q. The last three cases are clear. For the first
case, note that this formula is equivalent, in €, ., Z(p")("), to A, (p™[p**z) with
0 < s < 1. Setting n = max;{r; — s;}, one can easily see that ¢(x) defines the
subgroup p"Z(p"*1t) of Z(p"*!) and hence, the result follows. O

3. DP-RANK AND VC-DENSITY

In this section, we prove that for an abelian group A the breadth of ﬁf’(A)
coincides with the dp-rank and the vc-density of the theory of A; the equivalence
between breadth and ve-density was proved in [2, Corollary 4.13]. In fact, we shall
prove this for a larger class of groups called one-based groups, generalizing the
aforementioned result, as well as some other results from [2, Section 4.5].

Recall that a group G is one-based if any definable subset of G™ is a finite
boolean combination of cosets of acl®())-definable subgroups of G™. Thus, by the
Baur-Monk quantifier elimination, left modules over a unital ring are one-based
groups and in fact any one-based group is central-by-finite by the proof of [13,
Theorem 3.2]. On the other hand, a one-based group can have additional structure
other than the one coming from the group (or module) language. For instance, the
class of one-based groups contains abelian structures, i.e. an abelian group A with
some predicates for subgroups of powers of A is one-based, see [20, Theorem 4.2.8].
Similarly as in the abelian case, using the description of definable sets one can see
that any one-based group has a stable theory.

3.1. Dp-rank. For convenience, we fix a complete theory with infinite models in
a given language. We shall be working inside a sufficiently saturated model of the
theory. Thus, tuples and sets are assumed to be taken in this ambient model. We
begin by recalling the following combinatorial pattern:

Definition 3.1. Let k be a cardinal. An inp-pattern of depth r for a partial
type m(x) is a sequence (@“(z,y*))a<x of formulas together with a sequence of
natural numbers (k%)q<, such that there is an array of tuples b¢ for o« < k and
i < w for which each ‘row’ {©*(z,b%)}icw is k%-inconsistent, but every ‘path’

(@) U{p™(x, b} ,)) a<r for a function n: £ — w is consistent.

Remark 3.1. In the definition of inp-pattern, the sequences (b$);<., with o < &
can be taken to be mutually indiscernible, i.e. each (b%);<, is indiscernible over
{biB}KUJ,B#a, see [1, Proposition 6] or [18, Lemma 4.2].

We omit to give here the general definition of dp-rank, since we only require its
characterization for stable theories which we recall now. We refer to [1] for basic
facts about the dp-rank and related notions, in particular:
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Fact 3.2. In a stable theory, the dp-rank of a partial type m equals the supremum of
the cardinalities k of all possible inp-patterns for m and moreover, it is the supremum
of the weights of all complete types extending .

We say that a stable theory is dp-minimal if it only admits inp-patterns of depth
1, and strong if there is no infinite inp-pattern or equivalently if every type has
finite weight. In fact, the dp-rank of a stable countable theory is at most Ng.

The following result illustrates the relation between inp-patterns and the semi-
lattice of commensurability classes of definable subgroups.

Proposition 3.3. A one-based group admits an inp-pattern of depth k if and only
if there exist acl®d(0)-definable subgroups (Hgy)a<x Such that for any iy < k the
index

ﬂ H,: mHa = 00.

aFig «
Furthermore, in the latter, these subgroups H, witness an inp-pattern of depth k,
i.e. there exist an indiscernible array (b§)a<w,i<w, such that {x € bfHy} a<r, icw
forms an inp-pattern of depth k.

Remark 3.2. In the above description, we use the convention that the empty inter-
section of subgroups is the whole group. Thus an inp-pattern of depth 1 will be
witnessed by any acl®d((})-definable infinite index subgroup.

Proof. Let G be a one-based group and suppose that it admits an inp-pattern
(¢*(z,y*))a<r witnessed by natural numbers (k%*),<, and an array of tuples
(b )i<w,a<w, where each b = (b, ..., b3, ).

i Y YN

We start with some reductions. By one-basedness, we may assume that each for-
mula ¢*(z, b%") is indeed a finite boolean combination of cosets of acl®l(())-definable
subgroups and in addition, by the previous remark, we may take the sequences
(b%);<w to be mutually indiscernible. Thus, as the sequence (b%);<, is acl®d(()-
indiscernible, the definable subgroups determining the cosets appearing in *(z, b%)
are the same as the ones giving the cosets appearing in ¢*(z,b3).

Furthermore, by mutually indiscernibility and the consistency of paths we reduce
to the case where all the ¢*(z, b) are without disjunctions. Therefore, for every o
the formula ¢*(z,b%) may be assumed to be of the form

meb;fOHg/\m¢b;{1Hf/\~-~/\x¢b3naH3a7
where H§, ..., HY

o are acl®d()-definable subgroups.

Claim. For each «, the cosets bi'y Hy' are all distinct.

Proof. Otherwise, by indiscernibility all are the same and so, possibly after multi-
plying on the left by ( fﬁo)_l, we may suppose that b’y = 1 for every i. Let a be
an element of G satisfying the formula ¢®(x,bg), i.e.

Na

ac Hy\ by, H.

j=1
Since the set {¢*(x,b3)},_,, is k*-inconsistent, we can clearly find infinitely many
indices ¢ such that a belongs to U;ﬁl bi';Hs*. By the pigeonhole principle, in fact,
there is some index k such that a belongs to b3, Hy' for infinitely many indices i.
Thus, all these cosets b7, H}' are equal and hence bf ;H7* = b7, HY* by indiscerni-
bility, contradicting the choice of the element a. O (claim)
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It then follows by the Claim that the set of formulas = € by Hf' for i < w and
«a < K yield an inp-pattern of depth k, as desired. We may, therefore, drop the
index 0 and simply write b and H® instead of b, and H' respectively.

It remains to show that the the intersection of all subgroups H“ has unbounded
index in the intersection of all except one. If k = 1, there is nothing to show.
Otherwise, fix some 8 < k. By assumption, for each ¢ the ‘path’

{0 (@,b§)Yazs U {0z, b))}
is consistent and so, for every i we can find an element a; in (1,5 b§ H* N b’iBHB.
Note that a; H* = b§ H* for every i < w and « # [3; thus, every aalai belongs to

the intersection ﬂa#g H*®. Since the cosets a; H® = b?HB are all distinct for ¢ < w
by the Claim, the cosets

agta; ﬂ H*NHP | = ﬂ H® Nag‘a;H?
B a#B
are also distinct. Hence, by compactness the subgroup (1., H* has unbounded
index in ﬂaiﬂ H<, yielding the result.

For the other direction, suppose that G is one-based and that there are acl®(0)-
definable subgroups H, for @ < k such that the intersection of all of them have
unbounded index in any proper sub-intersection. Since G is central-by-finite and
for each o we have

Ho/(Ho N Z(G)) = HoaZ(G)/Z(G),

the subgroup H, N Z(G) has finite index in H,. Replacing each H, by this central
finite index subgroup, we may assume that every subgroup H, is central. Hence,
the same proof as in [7, Proposition 4.5] gives an inp-pattern of depth k. (]

Remark 3.3. An inspection of the proof yields that if any definable set is a boolean
combination of cosets of definable subgroups from a family §, then an inp-pattern
can be witnessed by groups from §. In particular, for abelian groups we can take
§ to be the family of p.p.-definable subgroups.

Combining the previous proposition and remark with the results from Section
2.2 we obtain:

Corollary 3.4. Let G be a one-based group. The dp-rank of G is finite if and only
if the breadth of the semilattice of commensurability classes of the acl®d(D)-definable
subgroups of G exists. Furthermore, if this happens then they are equal.

Proof. Observe first that, by definition, given two acl®d(())-definable subgroups H
and N of G, with commensurable classes = and y respectively, we have that
[H:HNN]<w & z=zAy.

Furthermore, if d = dp(G), then applying several times Proposition 3.3, given
finitely many acl®®((})-definable subgroups Hy, ..., H, of G with n > d, we can find
0<i <...<1g <n such that

ﬂHij r}f[z < w.
i i

Hence, if the dp(G) is finite, then the breadth is at most dp(G) by the minimality.
To show the other direction, assume that the breadth of the semilattice of com-
mensurability classes exists and is equal to m. Aiming for a contradiction assume
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that m < dp(G). We may thus find definable subgroups {H;};<m+1 witnessing an
inp-pattern of depth m + 1. However, by the definition of the breadth

ﬂ H; ﬂ H;| < oo

iio i<m+1
for some ig < m + 1, a contradiction. Therefore, the group G has finite dp-rank
bounded above by m. O

Corollary 3.5. Let A and B are two abelian groups. If both are strong, then so is
A @ B. Moreover, we have:

max{dp(4),dp(B)} < dp(A® B) < dp(A) +dp(B),
with equality in the second inequation if both A and B are p.p.-definable in A ® B.

3.2. Vapnik—Chervonenkis density. For the sake of completeness, before stat-
ing the main result of the section we briefly recall the definition of vc-density. We
refer the reader to [3] for a detailed exposition.

Let X be a set and let S be a class of subsets of X. A subset A of X is shattered
by S if for any subset Ag of A there is a subset C' in S such that Ag = ANC. The
shatter function s : N — N is defined as

ws(n) =max{|{CNA:C eS8} :|A <n}.

Note that ms(n) < 2" and we say that S has VC-dimension at most n if mg(n) <
2", A fundamental fact (independently due to Perles, Sauer, Shelah and Vapnik-
Chervonenkis) yields that if S has VC-dimension at most d, then 7ws(n) is bounded
above by a polynomial in n of degree d, i.e. ms(n) = O(n?). Hence, it makes
sense to define the ve-density ve(S) of S as the infimmum 7 > 0 for which we have
ws(n) = O(n"). Thus, we have that

ve(S) = limsup log(ms (1)) .
n—o00 log n
Model-theoretically, one can interpret these notions as follows. Let M be an enough
saturated model of a first-order theory T and let A be a finite set of formulas ¢ (z;y)
in the tuple of object variables x and tuple of parameter variables y. Denote by

Sa = {p(M;b) : p(z;y) € A and b e MY/}

the family of subsets of MI*l defined by formulas o(z;9) € A using parameters b
ranging over MIY|. We simply write S, when A = {¢(z;y)}. It can be shown that
the shatter function of Sa and its ve-density do not depend on the choice of the
model, see [3, Lemma 3.2].

Definition 3.6. The vc-density of a theory T is the function ve? : N — RZ0U{oo}
defined as
ot

ve' (n) = sup{ve(S,) : ¢(z;y) is a formula of T with |y| = n}

We say that a theory T has ve-density at most d if ve? (1) < d.

In fact, the ve-density of the theory is closely related with the number of A-
types over finite sets. Recall that a complete A-type over a set A is a maximal
consistent set of formulas of the form ¢(z;a) or —¢(x;a) with a € AlYl. As usual
denote by Sa(A) the space of complete A-types over A. The dual of the partitioned
formula ¢(z;y) is the formula *(y;x) = ¢(z;y), where the role of the object and
parameters variables are interchanged. Set A* the set of dual formulas of formulas
from A. If A is a subset of M, then we can associate to each complete A-type over
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A its sets of realizations in M, getting a bijection between Sa(A4) and Sa+. Hence,
one can check that

Ts,. (n) = max{|Sa(A)| : AC M and |A| = n}.
In addition, we also have
vel (n) = sup{ve(Sy) : p(x;y) is a formula of T with |z| = n}.

Regarding one-based groups, we have the following result which generalizes
Proposition 4.10 and Corollary 4.13 from [2]:

Theorem 3.7. Let G be a one-based group. Then for any positive integer m:
dp(G™) = v ™) (m).

Furthermore, if both are finite, then they agree with the breadth of the semilattice
of commensurability classes of the acl®d(()-definable subgroups of G™.

Proof. By [10, Proposition 8.2], we already know that dp(G™) is bounded above
by ve™(@)(m). To show the other inequality, suppose that ve™™ ) (m) > d for
some positive integer d. Then, [2, Proposition 4.10] yields that the semilattice of
commensurability classes of acl®d())-definable subgroups of G™ has breadth at least
d and so dp(G™) > d by Corollary 3.4. O

Since in a stable theory the weight and hence the dp-rank is sub-additive, see
for instance [5, Proposition 5.6.5], we easily obtain:

Corollary 3.8. The vc-density of the theory of a one-based group has linear growth,
provided that the group has finite dp-rank. Namely, if G has finite dp-rank, then

ve ™D (m) < m - ve T (1),

4. ABELIAN GROUPS: STUDY BY CASES

In the light of Corollary 3.5 and Szmielew’s classification, to describe the dp-
rank (or equivalently the vc-density) of an abelian group we first should analyse
the distinct families of infinite abelian groups appearing in a strict Szmielew group.

We first prove some basic lemmas. We begin with the following fact on strong
groups proved in [7, Corollary 4.6]. Since the proof is short and easy, for the sake
of completeness we offer a proof.

Fact 4.1. If A is a strong abelian group, then there is only a finite number of
primes p such that A/pA is infinite. If in addition A has dp-rank k, then there are
at most k many of these primes.

Proof. Let P be the set of primes p such that A/pA is infinite, and suppose towards
a contradiction that this set is infinite. Since A is elementarily equivalent to a strict
Szmielew group, we may assume by Corollary 3.5 that A is indeed the group

D (EB Z(pm)rm) @ (Z<p>)(ﬂp)>

peEP \n>0

with for each prime p in P either 5, # 0 or «,, , # 0 for infinitely many n. Then,
the family {pA},cp witnesses that A has an inp-pattern of depth |P|. O
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Lemma 4.2. Let A ® B be a strong abelian group of unbounded exponent such
that every p.p.-definable subgroup of B either has finite index if it has unbounded
exponent or is finite. Then

dp(A) 4+ 1 if A has finite exponent,

dp(A® B) =
p(4® B) {dp(A) otherwise.

Moreover, in the latter case, a family of p.p.-definable subgroups witnesses an inp-
pattern in A ® B if and only if it witnesses an inp-pattern in A.

Proof. Suppose first that A has unbounded exponent. By Corollary 3.5 we know
that dp(A) < dp(A @ B). To prove the other inequality, it suffices to consider
an inp-pattern of finite depth s in A @& B, which is witnessed by a family of p.p.-
definable subgroups {N; };<, by Remark 3.3. Each N; is defined by a formula ¢, (x)
of the form

/\(ni7j|mi7jx) N (mzx = 0)

J
with 0 <m; ; < n;; and 0 < m;. Thus, we have N; = ¢,(A) & ¢;(B) where ¢,;(B)
is finite if m; > 0 and it has finite index in B otherwise.

We see that the family {¢;(A)};<« yields an inp-pattern of depth x in A. Oth-

erwise, by Proposition 3.3 there exists some index iy < x such that

() wi(4) s (Vei4)| < oo.
| i7i0 i

Necessarily, this implies, together with the assumption on {N;};<,, that

ﬂ wi(B): mgoi(B) = 00.

iig

Thus, the subgroup (1, 4;, ¢:(B) is infinite, so each ¢;(B) has finite index in B for
i # 1o and hence m; = 0 for i # ig. By assumption, the subgroup ¢;,(B) must be
finite and so m;, > 0. Therefore, as A has unbounded exponent, the p.p.-definable
subgroup [, Zio ©i(A) has unbounded exponent by Lemma 2.7, a contradiction
since a finite exponent group cannot have finite exponent in a group of unbounded
exponent.

Assume that A has finite exponent, say m. Since B must have unbounded
exponent, it follows immediately from the assumption that B is dp-minimal and
so we only need to show that dp(A) + 1 < dp(A @ B), by Corollary 3.5. For this,
let {@i(x)}i<i be a family of p.p. formulas defining subgroups that witness an
inp-pattern of depth dp(A4) = k in A. Consider the following subgroups

0i(A) @ (pi(B) + mB) for i <k and A® B[m)|,

which are p.p.-definable since m(A @ B) = {0} @ mB and (A @ B)im] = A @
B[m]. Now, using the fact that (mB)[m] has infinite index in mB by our initial
assumptions and using Proposition 3.3, it is easy to see that the family formed by
all these subgroups yields an inp-pattern of depth x + 1. O

4.1. Torsion-free groups. A torsion-free abelian group A is elementarily equiva-
lent to one of the following strict Szmielew groups:

Q) or P(Z) P,

p
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Note that the former group is divisible and so dp-minimal, as well as is each sum-
mand in the second group. Indeed, their lattice of commensurability classes of p.p.-
definable subgroups is a chain. Also, note that in a torsion-free abelian group, every
non-trivial p.p.-definable subgroup is given by a formula of the form A ; (g 5lmi jx).
Moreover, in the second group the p.p. formula p|z yields an infinite index sub-
group if and only if 8, = w. That is, the set Tf>x,(A) consists of all primes p such
that pA has infinite index in A.

Proposition 4.3. Let A be a torsion-free abelian strict Szmielew group. Then A
is strong if and only if Tf>n,(A) is finite, and then the dp-rank is given by

dp(A) = max{1, |Tf>x, (A4)[}.

Furthermore, an inp-pattern of mazimal depth is given by the formula © = y if
By < w for every p and by the family of formulas p'|x for p with B, = w and any
integer | > 1, otherwise.

Remark 4.1. By Section 2.3, the equation for the dp-rank holds for any torsion-free
abelian group.

Proof. By the discussion above it is enough to consider the case when A is

@(Z(p))(ﬂp)

P

If A is strong then Tf>y,(A) is finite by Fact 4.1. For the other direction, put
A = B & C, where B is the direct sum of all (Z,)%») for which 8, = w and C is
direct sum of all of those groups for which /3, is finite. Since B is a finite direct
sum of dp-minimal groups (indeed, their p.p.-definable subgroups form a chain),
by using Corollary 3.5 it remains to show that C' is strong. The abelian group C
has no non-trivial p.p.-definable subgroups of infinite index, hence the lattice of
p-p--definable subgroups is again a chain so C' is strong.

We assume A is strong. By Lemma 4.2, we may further assume that 5, = w for
every p. Hence, we immediately obtain that dp(A4) = |Tf>x,(A)| by Corollary 3.5
and again Fact 4.1. O

Corollary 4.4. If A is a strong torsion-free abelian group, then it has finite dp-rank
which is bounded above by the weight of its generic type.

Proof. Together with Fact 4.1, the equation from the previous proposition yields
that a strong torsion-free abelian group A has finite dp-rank. In particular, some
(any) generic type of A has finite weight, say k, and therefore, there are only k
many primes p such that A/pA is infinite by [15, Proposition 2.1]. Consequently,
the dp-rank of A is at most k£ by the previous result. O

4.2. Divisible torsion groups. A divisible torsion abelian group A is elementarily
equivalent to a group of the form:

@Z(poo)(wp)'

It is easy to see that every p.p.-definable subgroup of a divisible torsion group
is given by a formula of the form mz = 0 for some integer m > 0. Using the
description of p.p-definable groups, it is easy to see that the group Z(p™) is dp-
minimal since each p.p.-definable proper subgroup is finite. Furthermore, recall
that a prime p belongs to D>y, (A4) if and only if v, = w.
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Proposition 4.5. If A is a divisible torsion abelian strict Szmielew group, then it
is w-stable, hence strong, and

dp(A4) = max{1, D>y, (A)[}.

Furthermore, an inp-pattern of depth n is witnessed by the family of p.p.-definable
subgroups

Pz

q#p pEP

for any fized positive integer v and P a subset of D>y, (A) of size n.

Remark 4.2. By Section 2.3, this is true for any strong divisible torsion abelian
group.

Proof. Let A be the group

@ Z (’Yp

Using the description of p.p. formulas, any p.p.-definable proper subgroup of A
must be given by a formula equivalent to mz = 0 with m > 0. Consequently, it
can be easily seen that A satisfies the minimal chain condition on p.p.-definable
subgroups and so the theory of A is w-stable. Furthermore, this also yields that
dp(A) = 1 whenever 7, < w for every prime p.

Assume now that there are some primes p with v, = w, i.e. D>y,(A) is non-
empty. We show that dp(A4) = [D>y,(A4)|. We emphasize here that dp(A) might
be Ny even though A is strong. Fix an integer r and consider a finite subset P
of D>y, (A). Note that, since Z(q>®)“)[q"] is infinite, the family of p.p.-definable
subgroups

Pz ,

a€P\{q'} qeP

defined by the formulas (HqGP\{q’} q’“) x = 0, witnesses an inp-pattern of depth

|P| in A. Hence, we get that dp(A) > |D>x,(A)|. For the other inequality, note
that each p.p.-definable subgroup of

@ Z(p>) )
P; Yp<w
is the whole group if it has unbounded exponent and is finite otherwise. Hence,

we then have that dp(A) < |[Dsy,(A)| by Lemma 4.2 and Corollary 3.5, since each
Z(p>)“) is dp-minimal. O

4.3. Finite exponent groups. Abelian groups of finite exponent are elementarily
equivalent to a group of the form

D Pz
p n>0

with «, , # 0 only for finitely many pairs (p,n). Their breadth has been charac-
terized in [2, Theorem 5.1] in terms of the Ulm invariants. Recall that the Ulm
invariants of an abelian group A are defined for each prime p and natural number
n as

U(p,n; A) = [p" Alp] /p" " Alp]| -
For each prime p, we set

U(p; A)={n>0:U(p,n; A) > 1}
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and note that the set U(p; A) is finite if and only if A has finite p-length, and that
A has finite exponent if and only if A is torsion and the set U(p; A) is finite with
U(p; A) = 0 for all but finitely many p.

Recall that, given a finite nonempty set I, we defined d(I) as the size of a
maximal subset Iy of I such that j —i > 2 for any two integers i < j from Io'.

Fact 4.6. [2, Theorem 5.1] Suppose that A has finite exponent, and set
d="Y " d(U(p; A)).
P
Then, the lattice of the p.p.-definable subgroups of A has breadth d.

For each prime p recall that
Usy, (p; A) = {n > 0:U(p,n; A) is infinite}.

Proposition 4.7. If A is an infinite abelian group of finite exponent then its dp-
rank is finite and equals to

> d(Usy, (p; 4)).
p
Proof. Assume that A has finite exponent, and since there is not harm in assuming

that
A= @B mor

p n>0
we can write A as B @ C, where C is a finite group and B is such that U(p; B) =
Usy, (p; A) for every prime p.

Since B*) = B, by [2, Section 4.6] the breadth of the lattice of p.p.-definable
subgroups of B is equal to that of the lattice of commensurability classes. It then
follows by the previous fact that the lattice of commensurability classes of p.p.-
definable subgroups of B has breadth »_ d(Uxsy,(p; A)) and so we obtain the result
by Corollary 3.4, since C' is finite. O

4.4. Torsion of unbounded length. A torsion abelian group whose primary p-
components A, have unbounded p-length is elementary equivalent to a group of the

form
DDzeme

p n>0
with @, , = 0 only for finitely many n for each prime p. Of course, the number
of coefficients a,, that are non-zero or infinite determines the structure of the
semilattice of commensurable classes of the p.p.-definable subgroups. In fact, we
see that this family of groups contains non-strong groups, strong groups of infinite
dp-rank and also finite dp-rank groups. We first analyse when these groups are
strong.

We start with this easy observation:
Fact 4.8. Every p.p.-formula \;(n;j|lm;z) A max = 0, where 0 < m; < n; and
m >0, is equivalent in
Dgrer
n>0

to pt|z A pFz =0 for suitable t, k.

n [2], the definition of d(I) differs from ours, but both formulations are easily seen to be
equivalent.
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Proof. Denote by t the maximal r — s such that ged(n;/p”, p) = ged(m;/p°,p) = 1,
where we run over the possible j and let k be such that ged(m/p*, p) = 1. O

Lemma 4.9. An abelian group of the form

D Pz er

p n>0

is strong if and only if there is only a finite number of primes p such that either
apn # 0 for infinitely many n or oy n = w for some n.

Proof. Let A be such a group and let P be the set of primes such that «,, # 0
for infinitely many n or a, , = w for some n. Note that for each prime p in P, the
subgroup pA has infinite index and the set P must be finite by Fact 4.1 when A is
strong.

Assume now that P is finite and suppose towards a contradiction that A is not
strong, i.e. there are p.p. formulas ¢;(z) for ¢ < w such that the subgroups ¢;(A)
witness an inp-pattern of depth w. Write A as

BPze ) | e | DPzem e

pEP n>0 pgP n>0

Note that the right summand is dp-minimal by [2, Proposition 5.27], in particular
it is strong. Together with the fact that P is finite, by Corollary 3.5 there is some
prime p such that the primary p-component A, of A is not strong; in particular,
it has unbounded exponent by Proposition 4.7. Without loss of generality, assume
A = A,. We then have that each formula ¢;(z) is of the form (p"|p%z) Am;z =0
with 0 < s; < r; and m; > 0. Clearly, we may further assume that (r; — s;)i<, is
an increasing sequence of positive integers. Now, suppose that there is some index
19 < w such that m,, is non-zero and is the least possible value among the positive
m,. Since the formula p™ |p% x implies p"i|pix when i > j, we then have

eil4) = [V ei(4)

i#]

for any j # ip, which contradicts the fact that the intersection of all of p;(A) has
infinite index in any proper sub-intersection. Hence, we get that m; = 0 for every i
and so each subgroup ¢;(A) has unbounded exponent. However, in that case these
subgroups form an strictly decreasing chain, which yields again a contradiction. [J

Lemma 4.10. Let A be an abelian group of the form

D Pz

pEP n>0

with o, # 0 for infinitely many n for every prime p and « ,, finite for every pair
(p,n), and assume that P is a finite set. Then, the following holds:
(1) Given positive integers r, s, the subgroup A[r] is contained up to finite index
in sA, i.e. the subgroup A[r] N sA has finite index in Alr].
(2) The dp-rank of A equals to |P|. Moreover, for each positive integer r the
families {p" A}pep and {@®,, Ald"]}pep yield inp-patterns of depth |P|.

Proof. Since P is finite, to show (1) it suffices to show that Z(p™)[r] is contained
in sZ(p™) for large enough n. Write r = p™k with p and k coprime, and note then
that

Z(p™)[r] = Z(p")[p"] = p" " Z(p")
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is contained in p'Z(p") = sZ(p"), for s = p'k’ with p and k' coprime, for n > m +t,
as desired.

For (2), since A is a direct sum of |P| many dp-minimal groups by [2, Proposition
5.27], we have that dp(A) < |P| by Corollary 3.5. To obtain an equality for a given
r > 0, as every subgroup p” A has infinite index in A we immediately get that the
groups p" A for p € P form an inp-pattern.

On the other hand, to get an inp-pattern using finite exponent subgroups, note
that for each prime pg in P we have that

N Paldl: () PAl]| = Alpjl,

pEP\{po} a#p PEP q#p

which is infinite. Thus, the family of groups €, Al¢"] for p € P also forms an
inp-pattern of depth |P)|. O

Recall that the set of primes p such that an abelian group A has unbounded
p-length is denoted by Usy,(A). Moreover, when A is a strict Szmielew group,
then this set is precisely the collection of primes p with «, », 7 0 for infinitely many
n. Finally, recall that we denoted by Usy,(p; A) then set of n such that cp,, is
infinite.

Proposition 4.11. If A is a strong abelian strict Szmielew group of unbounded

exponent of the form
e CR)

p n>0
then

dp(A4) = max {1, [Uxx, (A |}+Z (Uzx, (p5 A)) ).

Moreover, the group A has finite dp-rank if cmd only if all sets Usy,(p; A) are
finite. Furthermore, if A has finite dp-rank and Usyx,(A) is non-empty, then an
inp-pattern of maximal depth can be formed by p.p.-definable groups all of finite
exponent groups or all are of unbounded exponent.

Proof. Firstly, observe that there is only a finite number of primes p such that either
oy # 0 for infinitely many n or oy, , = w for some n by Lemma 4.9. In particular,
the set Usy,(A) is finite. Moreover, if there exists some p such that Usy,(p; 4)
is infinite, then we can find an increasingly family {A[p"|}n<w of p.p.-definable
subgroups of finite exponent, which yields, using Proposition 4.7,

dp(A4) = sup{dp(A[p"])} = w.

Thus, we may suppose that Usy, (p; A) is finite for every prime p. Hence, for each
prime p we can set n,, to be the largest integer n such that oy, , = w and set n, =0
if it does not exist.

Now, we can write A as B & C where

B=P P z@pm)'r) and = P zp") ).

P n<nyp p n>n,

Note that B has finite exponent by the first remark of the proof. Thus, by Propo-
sition 4.7 we have dp(B) = > d(Usx,(p; B)). Furthermore, the group C can
be written as C; @ Cy, where C is the direct sum of all infinite primary compo-
nents, and hence a finite sum, whereas Cs is only the direct sum of the finite ones.
Therefore, any p.p.-definable subgroup of C5 has finite index if it has unbounded
exponent or it is finite in other case.
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Whence, if we assume that C is trivial, then since B has finite exponent, ap-
plying Lemma 4.2 we obtain that

dp(A) = 1+dp(B) =1+ Y _d(Usy,(p; B)).

p

This agrees with the equation in the statement because the triviality of C; implies
that Usy,(A4) = 0 and Usy,(p; B) = Usy, (p; A) by the definition of B.

Now, assume that C is non-trivial, i.e. Usy,(A) is non-empty. Again by Lemma
4.2 we get that

dp(4) =dp(B® C) =dp(B & Ch)

and moreover note that dp(C1) = |Usy,(A4)| by Lemma 4.10 and is finite by our
first observation. Also, again by Lemma 4.2, dp(C7 @ C2) = dp(C4) and any set
of p.p.-definable subgroups that witness an inp-pattern in C; @ Cs also witness an
inp-pattern (of the same depth) in Cy, and vice-versa.

By Corollary 3.5, dp(A) < dp(B) + dp(C). To show the other inequality, we
will show that we may lift inp-patterns of B and C to an inp-pattern of A. By the
above discussion, we may assume that C' = Cf.

Let r be the exponent of B, i.e. the product of all n, for p with Usy,(p; A) # 0.
It then follows that

rA={0}®rC and Afr]= B C[r].

Recall that B has finite dp-rank. Let {¢;(2)}i<k, be a family of p.p. formulas
witnessing an inp-pattern of maximal depth in B, and suppose that each ¢;(B)
is a group. Moreover, since B has exponent r, there is no harm in assuming that
the formula ;(z) implies 7z = 0. Now, set ko = |U>y,(A)| and consider a family
{¢i(z)}i<k, of p.p. formulas witnessing an inp-pattern in C. By Lemma 4.10(2),
we may distinguish two cases.

Case 1. Choose each ¢;(x) in a way that v;(C) is subgroup of C' of the form p"C

for p in Usy,(A). We then have that ;(C) is subgroup of #C. Then, consider the
following p.p.-definable subgroups of A = B & C"

wi(B) ® (pi(C) +7C) fori<ky and B® (v;(C)+ Clr]) for i < ko.

Note that all of them have unbounded exponent. Since the dp-rank of an abelian
group is the same as the breadth of the semilattice of commensurable classes of
p-p--definable groups, we can replace the groups above by commensurable ones,
possibly not p.p.-definable. Hence, since C[r] is contained up to finite index in rC,
vi(C) C Clr] and ¢;(C) C rC, we can replace the groups above by

wi(B)®rC fori <k, and B®y;(C) fori < ko.

Then, it is easy to see that these yield that the dp-rank of A is at least ky + ko, as
desired.

Case 2. Suppose now that each v;(z) defines a subgroup C[m;] with m; > r;
thus ¥;(B) = B. Let m be the product of all m; and note that (mA)[m] =
{0}@(mC)[m]. Hence, the following subgroups of finite exponent are p.p.-definable:

0i(B) @ (0i(C) + (mC)[m]) fori<k; and B®;(C) for i < ko.

Note that ;(C) = C[m;] is contained up to finite index in (mC)[m] = mC N C[m].
Indeed, Clm;] C C[m] by definition and C[m;] is contained in mC' up to finite index
by Lemma 4.10(1). Now it is easy to see that the family formed by all these groups
yields an inp-pattern of depth ki + ko. This finishes the proof. O
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5. A CHARACTERISATION OF STRONG ABELIAN GROUPS

After the previous section, we can easily characterise all abelian groups whose
theory is strong, as well as of finite dp-rank.

Theorem 5.1. An abelian group A is strong if and only if there is only a finite
number of primes p such that A/pA is infinite.

Furthermore, strong abelian groups are precisely those which are elementarily
equivalent to a group of the form

@ (@Z ) (@p.n) (Z(p))(ﬁ") ® Z(p™) %)) o Q®

p n>0

with B, = w only for finitely many primes p and there is only a finite number of
primes p such that either ap ., # 0 for infinitely many n or oy, = w for some n.

Proof. As being strong is a property of the theory, we may assume that A is a strict
Szmielew group

@ (@ Z(p")(apn) P (Z(p))(ﬁp) s Z(p"o)('Yp)) P Q(é)

P n>0

Thus, to describe when the group A is strong it suffices by Corollary 3.5 to char-
acterise when the following subgroups

EBZ )0, P(Z)) ) ©Q®, and @(@Z <a,m)>

p n>0

are strong. Therefore, applying Proposition 4.5 and 4.3 as well as Lemma 4.9 we
obtain the desired characterization from the second part of the statement. For the
first part, note that one direction is given by Fact 4.1. To show the converse, it is
easy to see that any abelian group A for which that there are only finitely many
primes p with A/pA infinite must be elementarily equivalent to a strict Szmielew
group like in the statement; the details are left to the reader. This yields the
result. (]

Concerning abelian groups of finite dp-rank, its characterisation was already
obtained in [2, Theorem 5.23] modulo the equivalence between finite dp-rank and
finite ve-density. In fact, using the results from the previous section together with
Corollary 3.5, one can easily show the statement.

Fact 5.2. An abelian group has finite dp-rank if and only if there is only a finite
number of primes p for A such that either A/pA or Alp| are infinite, and for all
primes p the set Usy, (p; A) is finite.

Furthermore, abelian groups of finite dp-rank are those which are elementarily
equivalent to a group of the form

@ (@Z (O‘p n) fas) (Z( ))(ﬂp) fas) Z( )(’Yp)) fast Q(‘S)

p n>0

with By, = w or vp = w only for finitely many primes p, for each prime p there are
only finitely many n with o, , = w and there is only a finite number of primes p
such that either oy, # 0 for infinitely many n or oy, = w for some n.
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6. AN EQUATION TO COMPUTE THE DP-RANK

Here we prove our main result which we deduce from the following result. Recall
that ey, e and ep are 0 or 1. More precisely, we set ey equals to 0 if o, , = 0 for
all but finitely many pairs (p,n) and 1 otherwise, et is 0 if for every prime p we
have that 3, = 0 and 1 in other case, and likewise ep is 0 if for every prime p we
have that 7, = 0 and 1 otherwise.

Proposition 6.1. Let A be an infinite strict Szmielew group of finite dp-rank.
Define Py to be the set of primes p such that ap,, # 0 for infinitely n and Po to
be the set of primes p such that oy, , = 0 for all but finitely many with at least one
Qpn = W.

One the following holds:
(1) A is torsion-free and

dp(A) = max ¢ 1,dp @ (Z(p))(’gp)
p
ﬁp:w

(2) A is of finite exponent and

dp(4) = dp | P Pz

pEP2 n>0

(8) A has unbounded exponent, torsion but has finite p-length for every prime
p and

dp(A) = dp | P Pz

pEP2 n>0

+ max < 1,dp @ (Zpy)'P) | ,dp @ Z(p>)O)
)
ﬁp:w Vp=Ww

(4) A has unbounded p-length for every prime p and

dp(A)=dp | P Pz

pEP1UPy n>0

4+ max < dp @ (Z(p))(ﬁp) ,dp @ Z(p"o)(%)
P P
Bp=w Yp=w

Proof. Let A be the strict Szmielew group

@ (@ Z(pn)(ap,n) e (Z(p))(ﬁp) o Z@OO)(%)) ® Q@
p n>0
Since A has finite dp-rank, we have by Fact 5.2 that §, < w and v, < w for all but
finitely many p and there is only a finite number of primes p such that «, ,, # 0 for
infinitely many n and «, , = w only for finitely many pairs (p,n).

We compute the dp-rank of A. To do so, since the dp-rank of a torsion-free
group has already been computed in Proposition 4.3, we may assume that A is not
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torsion-free. Similarly, the finite exponent case was shown in Proposition 4.7. Thus,
we also assume that A has unbounded exponent. Furthermore, in case that § = w,
the summand preceding @& Q) must have finite exponent and so Bp = vp = 0 for
every prime p and «,, , = 0 for all but finitely many pairs (p,n). If this subgroup
of A has exponent m, it is p.p.-definable by the formula mz = 0. In addition,
we then have that mA = Q) which is dp-minimal, and so by Corollary 3.5 and
Proposition 4.7 we obtain

dp(A) = dp <EB <€BZ (%n>>> +dp (QW) .

n>0

At this point, we have already obtained the equations for (1) and (2), as well as
a particular case of (3). Hence, for the rest, we assume that 6 = 0 and show the
remaining cases. To ease notation let

e P to be the set of primes p such that ay,, # 0 for some n,
e X the set of primes p such that 3, # 0, and finally
e ) denote the set of primes p such that v, # 0.

As A is an infinite strict Szmielew group we have that some of these sets of primes
is non-empty. We then have

1= @B 5 P 5 Do)
peP n>0 peX peY
To ease notation, set Ap, Ax and Ay to be
Ap_@@z )(@pon), — @(Z( ))(ﬁp) and Ay—@Z )(w),
pEP n>0 peX peEY

Now we claim the following:

Claim. dp(A4) = max{dp(4p @ Ax),dp(Ap @ Ay)}.

Proof. Let {p;(x)}i<r be a family of p.p. formulas defining subgroups such that
{¢i(A) }i<r witnesses an inp-pattern of depth & in A, and suppose that each formula

pi(x) is

N (nijlmi jz) A (miz = 0)

J
with 0 < m;; < n;; and 0 < m;. Assume that {y;(z)}i<r does not yield an
inp-pattern of depth k in Ap @ Ay. Thus, there exists some index iy < k such that

m‘pl A”P@Ay ﬂ@z AP@AJ}) < w.
i#i0

Hence, the subgroup [; ¢i(Ay) has finite index in (), ,;  ¢i(Ay). Note that m; =0
for all j < k. Indeed, if there is some j # 7o such that m; > 0 then ¢;(Ax) = {0},
yielding that (), ¢;(A) has finite index in ﬂlﬂ i(A), a contradiction. On the
other hand, if m;, > 0 but m; = 0 for all j # ig then, since Ay is divisible, we get

m‘Pz Ay): ﬂ‘Pl (Ay)| = w,

i#ig

a contradiction. Consequently, each group ¢;(Ay) has unbounded exponent and
we thus have that ¢;(Ay) = Ay. Therefore, the family {y;(z)};<) witnesses an
inp-pattern of depth %k in Ap and so in Ap ® Ay, as desired. O (claim)
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To finish the proof, it is left to compute the dp-rank of the two distinct subgroups
given by the claim. For this, it is convenient to partition the set P in three subsets.
Set

e P; to be the set of primes p such that «,, # 0 for infinitely n,

e P, the set of primes p such that oy, = 0 for all but finitely many with at
least one o, , = w, and

e Ps3 the collection of primes p such that «a, , = 0 for all but finitely many n
and all oy, 5, are finite.

Similarly as before, we set Ap, to denote the subgroup
® B
pEP; n>0

Note that P; is Usy,(A), the set of primes for which A has unbounded length,
and so it is finite since A has finite dp-rank. Similarly, the set Ps is also finite
but P3 could be infinite. Furthermore, by Propositions 4.7 and 4.11, to get the
equation from the statement we can clearly now assume that either X or ) are
non-empty. In other words, either the subgroup Ax or the subgroup Ay is infinite.
As a consequence, by Lemma 4.2 we have that

dp(A) = dp(Ap, © Ap, © Ax © Ay),

since any p.p.-definable subgroup of Ap, either has finite index if it has unbounded
exponent or it is finite. Hence, the set Ps is negligible and so we may further assume
that it is empty. Now, we may distinguish two cases.

Case 1. We compute the dp-rank of Ap, & Ap, ® Ax, assuming that X is non-
empty. It is convenient to denote by X>y, the set of primes p in X such that 3, = w
and AXZ&D the subgroup of Ax consisting only of summands with 8, = w.

If the sets P; and Xy, are both empty, then applying Lemma 4.2 we get that
dp(API © Ap, ® AX) = dp(Apz) +1.

Thus, we may suppose that at least one of these sets is non-empty, in which case
again by Lemma 4.2 we obtain

dp(Ap, ® Ap, ® Ax) =dp(4Ap, ® Ap, ® AXENO)'
Under this assumption, we find a suitable inp-pattern witnessing that
dp(Ap, ® Ap, ® Ax,, ) = dp(Ap,) + dp(Ap,) + dp(Ax, ).
Before we proceed to the proof, we note that in particular this yields that

dp(Ap, ® Ap,) = dp(Ap,) + dp(4p,).

We first consider two p.p-definable subgroups. Let r be the exponent of Ap,,
and note that

r(Ap, ® Ap, ® Ax.,) = Ap, @ {0} @ rAx.
and
(Ap, © Ap, @ Ax.,)[r] = {0} © Ap, © {0},
where the former equality holds since P; NPy # () and the latter equality holds
since Ay is torsion-free and Ap, has no r-torsion.

Let {xi(z)}i<k, be a family of p.p. formulas witnessing an inp-pattern in Ap,
with ko = dp(Ap,) and assume, as we may, that each x;(z) defines a subgroup
and implies rz = 0. Consider the family {¢;(x)}i<k, of p.p. formulas witnessing
that dp(Ax.,,) = kx in a way that each ;(z) defines in Ax.,  a subgroup of the
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form p"|x, which is possible by Proposition 4.3. In particular, it then follows that
Yi(Ap,) = Ap, and that 1;(Ax., ) is contained in rAx, .

Finally, let {¢;(x)}i<k, be a family of p.p. formulas witnessing an inp-pattern
in Ap, with k1 = dp(Ap,). As usual, we may assume that each ¢;(x) defines
a subgroup and furthermore, by Proposition 4.11 we can take all these formulas
yielding subgroups of unbounded exponent. Since P; is disjoint from Py U X', we
may assume that the primes appearing in these formulas are co-prime to any prime
in P UAX. Thus Lpi(Ap2) = Ap, and Lpi(AXZNO) = AXENO'

Now, consider the family of p.p.-definable subgroups of Ap, & Ap, & AXZNO
formed by:

pi(A) © Ap, ® Ax,,, fori<ki, Ap, @ xi(Ap,) ®rAx,,, fori <k
and Apl D Ap2 D Q/Ji(AXZNO) for ¢ < kx.
By construction, it then follows that this family yields an inp-pattern of depth
k1 + ko + kx.

Case 2. To calculate the dp-rank of Ap, & Ap, ® Ay assuming that ) is non-
empty, similarly as before, it is convenient to denote by V>x, the set of primes p in
Y such that v, = w and Ay, the subgroup of Ay consisting only of summands
with v, = w.

If the sets P; and )V>y, are both empty, then applying Lemma 4.2 we get that
dp(AP1 S APz @ Ay) = dp(Apz) +1

Thus, we may suppose that at least one of these sets is non-empty, in which case
again by Lemma 4.2 we obtain

dp(Ap, ® Ap, ® Ay) = dp(Ap, © Ap, ® Ay, )-
Under this assumption, we find a suitable inp-pattern witnessing that
dp(AP1 D APQ @ Ay) = dp(AP1) + dp<AP2) + dp(Ay2NO )

To do so, as before, set r to be the exponent of Ap, and note then that this time
we have, since P; NPy = {),

T(Apl D A7’2 D AyZRO) = API ® {0} & Ayzﬂo
and
(Ap, ® Ap, & AyZNO )r] ={0} & Ap, ® AyZRO [r],

since a priori the sets P2 and V>x, may have elements in common. Let {x;(x) }i<k,
be a family of p.p. formulas witnessing an inp-pattern in Ap, with ko = dp(A4p,)
and assume, as we may, that each y;(z) defines a subgroup and implies rz = 0.
Consider the family {¢;(2)}i<k, of p.p. formulas witnessing that dp(Ay., ) = ky
in a way that each ;(z) defines in Ay., @& subgroup of exponent m; > r. More
precisely, by Proposition 4.5 we know that if po,...,pr,—1 are all primes in Vsy,,
then m; can be taken to be the product of all p? for j # i and so

bi(Ay.,,) = P ZE™)“ b}
J#i
In particular, it then follows that v;(Ap,) = {0} and ¢;(Ap,) = Ap,. Finally, let
{@i(x)}ick, be a family of p.p. formulas witnessing an inp-pattern in Ap, with
k1 = dp(Ap,). As usual, we may assume that each ¢;(z) defines a subgroup and
furthermore, by Proposition 4.11 we can take all these formulas yielding subgroups
of finite exponent. Since P; is disjoint from Py U )Y, we may assume that these
exponents are co-prime to any prime in P, UY. Thus ¢;(Ap,) = ¢i(Ay., ) = {0}.
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Now, consider the family of p.p.-definable subgroups of Ap, ® Ap, ® AyzNo formed
by:

0i(A)© Ap, & > hi(Ay.,,) fori<ki, Ap, @ xi(Ap,) ® Ay, fori< ks
1<ki

and Z 0i(Ap,) ® Ap, @ 1#1‘(143}2&0) for i < ky.
i<k

By construction, it then follows that this family yields an inp-pattern of depth
ki + ko + k’y.

Therefore, putting all together we finish the proof. More precisely, combining
these two cases with the previous claim, the equations from (3) and (4) are obtained
by considering the cases when P; is empty or not. This corresponds to, after
assuming that § = 0, the group A having finite p-length for every prime p or not,
respectively. O

To obtain Theorem 1.1 it suffices to apply the results of Section 4. Namely,
given an abelian group A, the sets Tf>y,(A), D>r,(A), Usy, (p; A) and Usy, (A) are
preserved under elementarily equivalence, and also is its dp-rank. Hence, Theorem
1.1 follows from the previous result using Szmielew’s Theorem and Propositions
4.3, 4.5, 4.7 and 4.11.

7. ABELIAN GROUPS WITH ADDITIONAL STRUCTURE

The situation is drastically distinct if we allow some extra structure. In this
last section we provide an example of a divisible torsion-free abelian group with
additional structure whose theory is w-stable but does not have finite dp-rank, ex-
emplifying the relevance of working in the pure language of groups along the paper.
Furthermore, we finish the section and the paper by showing that infinite stable
fields of finite dp-rank are algebraically closed and so tame model-theoretically.

7.1. Abelian structure. Consider the dp-minimal group Q(“), seen as D;en Gi
where each G; is an isomorphic copy of Q.

Let P be the collection of all finite subsets of N. For every finite, possibly empty,
subset I of N, let H; be the subgroup of G whose elements consist of 0 everywhere
except in the coordinates from /. Note that each H7 is isomorphic to ,.; G;. Now,
consider the abelian structure G = (G, +, (Hj)rep), which as remarked before is
one-based.

Proposition 7.1. The structure G = (G, +, (Hy)rep) is w-stable of Morley rank
w and does not have finite dp-rank.

Proof. We first show that every definable subgroup of G, in the given structure,
is one of the H;. For this, since G is a group with some additional structure, we
obtain by [12, Theorem A.1.1] that every formula ¢(xg,...,x,) is equivalent to a
boolean combination of formulas of the form

1]

n
I N\ | Do mrawi +Y Arayi € Hr |
i=1

IePy \ i=0

where Py is a finite subset of P and the coefficients py; and A7 ; are integers. We
first would like to understand the definable subgroups of G defined by a formula of
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the form
7]
I N\ |z +br+ > Ay € Hy |
I1€Py =1

where each by is an element of Q. Since the H are pure subgroups (i.e. if whenever
an element of H; has an nth root in G, it necessarily has an nth root in Hy), if we
allow A;; € Q then the above formula becomes:

|7
Hﬂ/\ l‘+b[+2/\[7iyi€H[
IePy =1

Furthermore, if the formula is consistent, then note that we may assume that
by = by for every I,I' € Py. Namely, as each formula = + by + Z‘ﬂl A,y € H;
defines a coset of the subgroup of G171 defined by x—l—zg‘l Ar,iy; € Hy, it suffices
to take by as a representative of the coset given by the conjunction of all former
formulas.

Claim. A subgroup definable by a formula of the form

|7l
327/\ x+b+2/\1,iyieH1
I1€Po i=1

is either all of G or one of the finite support subgroups.

Proof. Suppose that Py = {I1,...,I,} and |y = m. Denote by = = (x;),en
elements of G and note that (z;);en satisfies the given formula if and only if for
every j € N there are hy, ; € Hy, with hy, ; = 0 whenever j ¢ Ij such that the
following equation has a solution

hr, j AL oo Anm (7 z; —bj
S =
hi,.; Al o ALem Ym z; —bj

Thus, this system of equations in x; yields a subgroup of Q which is definable in
the pure language of groups. Hence, it defines the trivial subgroup {0} or Q.

Now, since the elements of G have finite support, to argue that the given formula
defines G or one of the finite support subgroups, it suffices to analyze the above
system of equations when hy, ; = b; = 0 for every k,j. In that case, note that
this system of equations on x; defines Q if and only if there is a non-zero element
x; such that the column given by x; is in the column space of the matrix given
by the coefficients Ay, ;, which do not depend on the coordinate j. Therefore, the
above system of equations on x; defines the same subgroup for every index j with
hr, ; =b; =0, either {0} or Q. This yields the result. O (claim)

As a consequence, any definable subset of G is a boolean combination of cosets
of subgroups of finite support. Thus, any type is determined by the minimal coset
where it is concentrated on. Hence, one can see that the theory of G has Morley
rank w. Indeed, the generic type has Morley rank w and a type determined by the
coset of Hy, say, has Morley rank |I].

Finally, by considering a finite number of subgroups H,,, ..., H;, , we obtain by
Proposition 3.3 that the subgroups @k# H;, for j < n give an inp-pattern of depth
n + 1. Therefore, the structure G does not have finite dp-rank. O
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Remark 7.1. It might be worthwhile to note that already @, ,,ime Z(p"o)(w) is an
example of an w-stable, not of finite dp-rank abelian group in the pure language of
group, but unlike the above example it is not torsion-free.

7.2. Fields. Concerning fields, it has been conjectured by Shelah that every strong
stable field is algebraically closed. We now see that stable fields of finite dp-rank
are strongly minimal and so algebraically closed. Furthermore, it is worth noticing
in contrast with Corollary 4.4 that in the pure language of fields the generic type
does not control the dp-rank. For instance, in aa separably closed field of infinite
Ershov invariant the generic type has weight 1 but the theory is not even strong.

Proposition 7.2. An infinite stable division ring of finite dp-rank is an alge-
braically closed field.

Proof. Let (D, +, x) be an infinite stable division ring and assume that it has finite
dp-rank. By a result of Cherlin and Shelah [6], it suffices to show that it has finite
U-rank. To do so, fix some stationary complete type p concentrated on D of U-rank
one. Let X be the set of its realizations, which is indecomposable subset of Dt by
[8, Proposition 2.12], and fix some element a from X. Set Y = X — a and note that
Y contains the identity element from DV and is also indecomposable. Furthermore,
it has U-rank 1 since the U-rank is preserved under definable bijections.

Now, observe that any left multiplicative translate of Y is indecomposable, since
multiplication on the left yields an additive automorphism, and has also U-rank
one. In particular, any set of the form b;Y + ... + b,Y has finite U-rank by the
Lascar inequalities. In fact, since b1Y; + - -+ + b,,Y,, is algebraic over U?:1 b;Y;, by
[8, Proposition 2.5], for any type ¢ concentrated on b1Y + ...+ b,Y we have that
U(q) = wt(q). As a result, the U-rank of the set &Y + ...+ b,Y is bounded above
by the dp-rank of D.

By a suitable version Zilber’s Indecomposable Theorem, see [8, Fact 2.13], the
family of all D*-translates of Y generates an infinite type-definable connected sub-
group H of D+ which has finite U-rank. In particular, note that H is D*-invariant
and hence an ideal of D. Therefore, H = D and so D has finite U-rank, as de-
sired. (]
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