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Using Lifshitz theory we assess the role of van der Waals forces at interfaces of ice and water.
The results are combined with measured structural forces from computer simulations to develop a
quantitative model of the surface free energy of premelting films. This input is employed within
the framework of wetting theory and allows us to predict qualitatively the behavior of quasi-liquid
layer thickness as a function of ambient conditions. Our results emphasize the significance of vapor
pressure. The ice vapor interface is shown to exhibit only incomplete premelting, but the situation
can shift to a state of complete surface melting above water saturation. The results obtained
serve also to assess the role of subsurface freezing at the water-vapor interface, and we show that
intermolecular forces favor subsurface ice nucleation only in conditions of water undersaturation.
We show ice regelation at ambient pressure may be explained as a process of capillary freezing,
without the need to invoke the action of bulk pressure melting. Our results for van der Waals forces
are exploited in order to gauge dispersion interactions in empirical point charge models of water.
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Theory

I. INTRODUCTION

The interface of liquid and solid phases of water ex-
posed to air hosts a large number of complex phe-
nomena of very important practical and theoretical
significance.[1–3] Multiple different compounds, such as
atmospheric gases, ions or surfactants can easily ad-
sorb and significantly change the interfacial properties
of water.[4] However, without the need of any addi-
tional species, interfaces of ice and liquid water in contact
with pure water vapor already exhibit a fascinating and
complex physics that has attracted the attention of re-
searchers for many years.[5]
One particularly interesting issue is the possibility of

condensed phases of water to self-adsorb one on to the
other as the triple point is approached. In this situation,
ice, liquid water and water vapor have a similar chem-
ical potential and feed one from the other. Of course,
macroscopic samples of the three bulk phases can only
be found simultaneously exactly at the triple point, but
it is not unexpected to find microscopic amounts of a
third phase adsorbing at the interface of the two other at
coexistence.[6–8]
A well known example is that of ice premelting.[9–16]

Here, ice in coexistence with the vapor phase close to the
triple point is said to premelt thin amounts of ice at the
surface, forming a so called quasi-liquid layer. The cost
of forming a nanoscopic amount of premelted ice can be

∗ Corresponding author: lgmac@quim.ucm.es

balanced by a delicate interplay of surface intermolecular
forces.[14, 17, 18]

As the triple point is approached, the free energy
penalty of the bulk liquid phase vanishes, and the ques-
tion is then whether the premelting film remains finite or
diverges at the triple point. Unfortunately, the answer
has remained elusive and controversial, due mainly to a
large body of conflicting experimental results.[11, 15, 19]

In the theory of wetting, the question of the size of ad-
sorbed liquid layers on a solid is discussed in terms of the
interface potential, g(h), which accounts for the free en-
ergy of a uniform wetting film of thickness h adsorbed at
the interface between two coexisting bulk phases. The ex-
perimental question as to how h evolves with temperature
is then mapped into the theoretical question of how does
the interface potential depend on film thickness.[7, 8, 14]
As a very important bonus of the emphasis on wetting,
the formalism allows to assess the evolution of film thick-
ness not only due to changes in temperature, but also due
to changes in the vapor pressure, which we claim is es-
sential for an understanding of atmospheric ice.[20, 21]

Simplified models of condensed matter physics, where
interactions are assumed short-range, and no packing ef-
fects are included, predict a logarithmic divergence of the
film thickness as the triple point is approached.[6, 22–
24] A more complex scenario follows by taking into ac-
count explicitly packing correlations in the scale of the
molecular diameter.[25, 26] These correlations can lead
in principle to oscillations of the interface potential with
respect to the spatial coordinate, which bind the pre-
melting film to local minima of finite thickness. How-
ever, as the triple point is approached solid-vapor inter-
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faces undergo a roughening transition, and the oscillatory
behavior is washed out by thermal fluctuations.[20, 25–
27] The ultimate fate of the premelting film thickness
will depend in such cases on the behavior of the inter-
face potential at long range, which is dominated by van
der Waals forces with algebraic decay. This point was
emphasized long ago by Elbaum and Schick, who es-
timated the long range interactions of premelting films
using Dzyaloshinskii-Lifshitz-Pitaevski theory (DLP) of
van der Waals forces. Their results suggested that the in-
terface potential exhibits an absolute minimum at a film
thickness of about 3 nm.[28]

Unfortunately, the predictions of DLP theory heav-
ily rely on the parametrization of optical properties of
ice and water over the full electromagnetic spectrum,
from the static response to well beyond the ultra-violet
(UV).[29] This is a demanding requirement, because ex-
perimental measurements in the high energy region are
far from trivial, while the modeling of the optical prop-
erties over such a large frequency domain is also difficult
and controversial.[28, 30–39]

In view of these difficulties, here we revisit the role
of van der Waals forces in ice premelting, using a com-
bination of experimental dielectric properties,[34, 40–49]
DLP theory,[29, 50, 51] and Quantum Mechanical Den-
sity Functional Theory calculations (DFT).[52–59]

These results are revised in light of our recent work on
the structure, kinetics and thermodynamics of the ice-
vapor interface, [20, 21, 38, 60–63] providing a consistent
and comprehensive framework for the description of pre-
melting films as a function of temperature and pressure.

Not unexpectedly, we find that the understanding
gained in the problem of surface premelting gives us also
new insight into a number of related problems. Firstly,
we digress on the phenomenon of regelation, which refers
to the adhesion between thawing ice parcels, which has
interest in ice sintering. Secondly, we discuss surface
freezing, i.e., the possible formation of an adsorbed ice
layer at the water-vapor interface, a problem that has re-
ceived great attention recently in view of its atmospheric
implications.[64–67] As an additional result, we show how
the understanding of van der Waals forces at water in-
terfaces achieved in this work can also serve to gauge the
choice of Lennard-Jones parameters in well known point
charge models of water interactions.[68–72]

In section II we summarize DLP theory for later use
in the manuscript. Section III is devoted to the model-
ing of optical properties and also presents an improved
oscillator model to characterize the dielectric responses
of water and ice close to the triple point. This represen-
tation will be used later as input in DLP theory. Read-
ers not interested in the details can skip section III and
move on to section IV, where we present the results of
van der Waals forces at interfaces involving combinations
of bulk ice, water and vapor phases. Section V is devoted
to a discussion on the implications of our results to the
understanding of ice premelting, regelation and surface
freezing. Finally, section VI summarizes our main find-

ings.

II. LIFSHITZ THEORY OF SURFACE VAN DER
WAALS FORCES

Van der Waals forces result from correlated dipole fluc-
tuations over the full frequency domain. For molecules a
distance apart large enough to not allow overlapping of
the electronic wave functions, the strongest dipole cor-
relations are athermal high frequency fluctuations that
stem from the electronic polarizability of the material.
To leading order, this produces dispersion interactions,
which can be described by an an effective pairwise po-
tential with the familiar r−6 power law dependence. It
must be noted that just as the chemical bond, these
dipole interactions are quantum-mechanical in nature,
and emerge from the same electrostatic Hamiltonian[73].
The combined effect of these pairwise forces results in the
interaction between macroscopic bodies. Particularly, for
the free energy of a wetting film of thickness h intervening
between two macroscopic planar bodies - i.e. with zero
curvature, such as the walls in a slit pore - the pair-wise
summation of additive forces yields an effective interac-
tion between the surfaces of the wetting film which decays
as h−2.[74]
At larger distances, however, the effect of high fre-

quency fluctuations becomes suppressed due to retarda-
tion and intermolecular forces become dominated by low
frequency dipole correlations in the infrared (IR) and mi-
crowave (MW) region.[29] Additionally, the effective pair
interactions start decaying at a faster rate of order r−7,
which results in an effective interaction between surfaces
of order h−3.[75]
The van der Waals free energy of interactions between

two semi-infinite bodies, 1 and 2, across a thick layer of
a third medium, m, may be described in terms of the
interface potential, g1m2(h), which measures the surface
free energy of the system as a function of the thickness
of the intervening medium.
Without loss of generality, g1m2(h) is conveniently ex-

pressed as:

g1m2(h) = −
A1m2(h)

12πh2
(1)

where A1m2(h) is the Hamaker function.[29] At short dis-
tances it has an asymptotic finite value which is known
as the Hamaker constant.[29, 74, 76] At larger distances,
however, retardation becomes significant and A1m2(h)
becomes h dependent.[29, 50]
A general solution for the difficult problem of

calculating Hamaker functions was provided by the
Dzyaloshinskii-Lifshitz-Pitaaevsky theory of van der
Waals forces (DLP) [29, 50]. The main idea of this ap-
proach is to calculate the exact partition function of the
electromagnetic standing waves of the involved media.
These are estimated approximately, by solving the equa-
tions of continuum electrodynamics and imposing the
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continuity of the electric fields at the interfaces. It follows
that this theory assumes structureless interfaces, and ne-
glects the continuous change of dielectric properties ac-
cross an interfacial region of finite width, ξ. Fortunately,
at the low temperatures we consider the interfacial re-
gion is very sharp, of the order of 1 nm at most, and the
corrections to the macroscopic approximation are of or-
der ξ/h [29]. Whence, the macroscopic theory becomes
exact in the limit of large h. This is all we need here,
since in order to decide whether a film wets or not wets
a substrate, it is the long range behavior of the interface
potential which needs to be addressed. Notice further
that an exact solution of the problem is beyond state
of the art, since one neats to deal simultaneously with
the finite interfacial width, the polarizability of the me-
dia, the infinite range of dispersion interactions and the
quantization of the electromagnetic modes. DLP deals
with all but the first issue. In view of these difficulties,
we restore here to DLP theory, which provides the fol-
lowing expression for the Hamaker constant in terms of
bulk optical properties of the involved materials:[29, 50]

A1m2(h) = − 3
2kBT

∑

∞

n=0
′
∫

∞

rn
x
[

ln(1−RM
1m2e

−x) +

ln(1−RE
1m2e

−x)
]

dx
(2)

where RM
1m2(x, n) = ∆M

1m(x, n)∆M
2m(x, n), RE

1m2(x, n) =
∆E

1m(x, n)∆E
2m(x, n), and

∆M
ij =

xiǫj−xjǫi
xiǫj+xjǫi

∆E
ij =

xiµj−xjµi

xiµj+xjµi
(3)

while

x2
i = x2 + (ǫiµi − ǫmµm)(2ωnh/c)

2 (4)

Here, it is understood that ǫj = ǫj(iωn) is the complex
dielectric constant of material j, which is evaluated at the
imaginary Matsubara frequency iωn = i 2πkBT

~
n, while

frequency dependent magnetic permitivities µi = µi(iω)
are approximated to unity in all calculations.
Furthermore, the prime next to the sum over n recalls

that the n = 0 term has an extra factor of 1/2, while the

lower limit of integration is given by rn = 2ǫ
1/2
m ωnh/c.

As usual, ~ is Planck’s constant in units of angular fre-
quency, c is the speed of light and kB is Boltzmann’s
constant.
The DLP result as displayed in Eq. 2 is very compli-

cated to interpret physically. However, to a very good
approximation one can write instead:[29, 77]

A1m2(h) =
3

2
kBT

∞
∑

n=0

R1m2(ωn)[1 + νnh]e
−νnh (5)

where νn = 2ǫ
1/2
m ωn/c and

R1m2(ωn) =
(ǫ1 − ǫm)(ǫ2 − ǫm)

(ǫ1 + ǫm)(ǫ2 + ǫm)
(6)

From the above result we see that A1m2(h) is given by a
weighted sum of the frequency contributions, R1m2(ωn).

In the limit h → 0, each contribution has equal weight,
and the Hamaker constant is obtained as the unweighted
sum of all frequency contributions. However, as h in-
creases, high energy contributions are suppressed expo-
nentially, and the Hamaker constant then is dictated by
the behavior of R1m2(ωn) at small frequencies. For two
identical materials interacting across a medium, the fre-
quency dependent function R1m1(ωn) is always positive,
so that A1m1(h) is positive at all distances. If the materi-
als are different, however, R1m2(ωn) can become negative
and exhibit a complicated frequency dependence. It fol-
lows that the differences ǫi(iω)− ǫj(iω) not only set the
scale of the van der Waals interaction, but can also deter-
mine their sign. This is a particularly delicate problem
for interfaces of similar materials, such as that of ice and
water, since a very good accuracy is required in the de-
termination of the dielectric functions in order to ensure
the correct sign and, accordingly, the correct qualitative
behavior of the interactions.

III. MODELING THE DIELECTRIC
FUNCTIONS

A. Water

A large number of parametrizations of the dielec-
tric function of water from the microwave (MW) to
the Extreme ultraviolet (UV) region may be found in
the literature. [28, 30–34, 37, 39] However, most of
the parametrizations up to date,[28, 30–33] rely on the
high energy band measured by Heller,[44] which has
now been revised by Hayashi over considerably higher
energy values.[45] Improved parametrizations using the
modern data for the electronic transitions have been
proposed.[34, 37, 39] Unfortunately, the model by Wang
and Dagastine is presented only in tabulated form. A
fully parametrized form with detailed description of the
MW region was presented recently, but exhibits refrac-
tive indexes in the near IR which are somewhat too large.
Since the dielectric functions of water and ice are rather
similar, a precise evaluation of the refractive indexes
is very important to capture the sign of the Hamaker
constant. For this reason, we have carried out a new
parametrization for liquid water that is very similar to
that of Ref.[37], but captures the refractive indexes more
accurately.
In the supplementary material section we discuss a

large number of literature sources for optical properties
of water. Based on that discussion, our set of absorp-
tion coefficients for the parametrization of water at the
freezing point comprises the data of Zelsmann et al.[40]
for the far-IR (2.4 meV to 70 meV), Wieliczka et al.
(0.066 to 1.01 eV), and the synchrotron high energy band
measurements of Hayashi and Hiraoke recommended in
Ref.[34, 37, 45] We call this the ‘Hayashi set’. To account
for the uncertainty in the temperature effect of the high
energy band, we also consider an alternative set with
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the same data for the far-IR to the near-UV but with
Heller’s high energy band instead, which we will denote
as the ‘Heller set’. In both cases we use ǫ(0) = 88.2 for
the static dielectric constant at 0 C.[46]

B. Ice

A discussion of experimental optical properties of ice
may be found in the supplementary section. Based on our
literature survey, our data set for the parametrization of
ice uses the compilation of optical data by Warren, with
includes the important high energy band as measured by
Seki.[47, 48] For the static dielectric constant we use the
value of ǫ(0) = 91.5 reported by Auty and Cole.[49]

C. Fit to experimental data

The selected optical data for water and ice are first
modeled using the conventional prescription due to to
Parsegian and Ninham[29, 78], based on a sum of Lorentz
oscillators:

ǫ(ω) = 1 +

Nosc
∑

k=1

Ak

1− iBkω − Ckω2
(7)

This form shows readily that evaluation of ǫ(ω) at a
purely imaginary frequency, say ω = iξ, provides a well
behaved real valued function,

ǫ(iξ) = 1 +

Nosc
∑

k=1

Ak

1 +Bkξ + Ckξ2
(8)

which can be used for the calculation of the Hamaker
function, Eq. (2).
Using this model, we performed fits for both water and

ice using a total of 11 Lorentz oscillators. Six were used to
fit the MW and IR regions down to approximately 1 eV,
and five to model the high energy band in the extreme
UV region and beyond. Further details of the fit and the
resulting parameters may be found in the supplementary
material.
The results of the fit to the high energy band are shown

in Fig.1. Further details and results for a fit of the full
spectrum may be found in the supplementary materials
section.

D. Improved oscillator model

Whereas the agreement of the plain Lorentzian
parametrization with experimental data is fair, we find
for either water or ice, that the decay of the high en-
ergy band towards the UV region is much slower than is
found experimentally. This is not a problem of the fit-
ting procedure, but rather, of the Lorentzian model, as

noted already in previous work.[32, 34, 79, 80] We find
that the only way to describe the slow decay of the elec-
tronic band at high energies is by use of a very broad
Lorentzian, which then falls slowly also in the low energy
region. The failure to reproduce this tail results in refrac-
tive indexes in the visible (VIS) that are too high. Since
the refractive index is an important target property, the
only way that one can remedy the problem is by deteri-
orating significantly the agreement with the high energy
band, either by decreasing the intensity at the maximum
or truncating the tail towards high energies.

It appears that the only way to remedy this problem
is by introducing oscillators that are asymmetrical. In
this way one can reproduce the slow decay towards high
energies while having a sharp decay at the beginning of
the high energy band. This strategy has been used occa-
sionally, by merely truncating the Lorentzian oscillators
below some energy threshold.[79, 80] The resulting model
for the extinction coefficient can the be integrated by
use of the proper Kramers-Kronig relation (see the sup-
plementary material), but unfortunately, the truncated
Lorentzians can no longer be exploited to reproduce in
an easy manner the dielectric function at imaginary fre-
quencies.

In order to improve this situation, we seek for a
modified Lorentzian model for the extinction coefficients
which can be made asymmetrical by use of a suitable
sharply decaying ‘Heaviside’ function, while remaining
continuous and useful also to model the dielectric re-
sponse at imaginary frequencies.

First notice that the extinction coefficient, κ(ω) is
strongly related to ǫ2(ω), which reads:

ǫ2(ω) =

Nosc
∑

k=1

AkBkω

1 + ω2(B2
k − 2Ck) + C2

kω
4

(9)

A sharp decay of ǫ2(ω) as observed for κ(ω) (see the sup-
plementary material) may be achieved by merely truncat-
ing this function beyond some threshold frequency, say,
ω0.[79, 80] The truncation corresponds in practice to the
introduction of a modified Lorentz oscillator with a fre-
quency dependent B parameter which remains constant
for frequencies larger than ω0 and vanishes otherwise.
However, this transformation needs to be implemented
in such a way that the dielectric function at complex fre-
quencies remains continuous.

Heuristically, we find these two conditions - vanishing
of the extinction coefficient and continuity of ǫ(iω) - may
be accomplished by substitution of the coefficient B in
the Lorentz oscillator by a modified coefficient B(ω) =
BH(ω), where H(ω) is a ’complex Heaviside function’,
given by H = H1(ω) + iH2(ω). Here, H1(ω) is a sharply
increasing real function, which vanishes for ω < ω0; and
likewise, H2(ω), is a sharply decaying real function which
vanishes in the complementary region ω > ω0.

With this device, the real and imaginary parts of the
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complex dielectric function now read:

ε1(ω) = 1+

Nosc
∑

k=1

Ak(1− ω2Ck + ωH2(ω)Bk)

[1− ω2Ck + ωH2(ω)Bk]2 + [ωH1(ω)Bk]2

ε2(ω) =

Nosc
∑

k=1

AkωH1(ω)Bk

[1− ω2Ck + ωH2(ω)Bk]2 + [ωH1(ω)Bk]2

(10)
Where we have replaced Bk by Bk(ω) = BkH(ω). The
dielectric function at complex frequency becomes then:

ǫ(iω) = 1 +

Nosc
∑

k=1

Ak

1 +BkωH1(iω) +BkωiH2(iω) + Ckω2

(11)
With the properties we have discussed so far, we see

that if ω > ω0, H2(ω) vanishes and both ǫ1(ω) and
ǫ2(ω) recover the usual form of the Lorentz oscillator
provided H1(ω) → 1. On the other hand, if ω < ω0,
ǫ2(ω) vanishes altogether, as required. Additionally,
for ǫ(iω) to remain continuous at ω = ω0, we require

lim(−)
ω→ω0

[ωiH2(iω)] = ω0, which is most easily imposed
by assuming ωiH2(iω) = ω0.

As regards the functions H1(ω) and H2(ω), we need
them to remain real for imaginary frequencies. Further-
more, we require H1(ω) to be symmetrical with respect
to the transformation ω → −ω, and conversely, we need
H2(ω) to be an odd function, so that the whole satisfies
H(−ω) = H(ω). These set of conditions may be satisfied
by the choice:

H1(ω) =
1

2

(

tanh
ω4 − ω4

0

∆ω
+ tanh

ω4 + ω4
0

∆ω

)

(12)

H2(ω) =
ω0

2ω

(

tanh
ω4
0 − ω4

∆ω
+ tanh

ω4 + ω4
0

∆ω

)

(13)

where ∆ω is a suitable parameter that ensures a suffi-
ciently fast decay of the extinction coefficient. Hence-
forth, we call H(ω) = H1(ω) + iH2(ω), with its real and
imaginary parts given by Eq. 12 and Eq. 13, the Com-
plex Step Function (CSF).
The improvement in the description of extinction coef-

ficients by the modified oscillator is illustrated in Fig.
1. Clearly, the fit to the electronic band remains as
good towards high energies, but the model now pro-
vides a sharp decay of the band towards small energies
as observed in experiment. This is very convenient, be-
cause one can now improve any fit of Lorentz oscillators
merely by transforming the constant coefficient B in the
Lorentzian oscillator (see the supplementary material),
into the modified coefficient B(ω) = BH(ω). Therefore,
the original fitting parameters remain unchanged, and
only the cutoff frequency ω0 and the decay parameter
∆ω need to be added. Thanks to this device, we can use
an accurate parametrization of the extinction coefficients

based on the Lorentz oscillator to obtain in a simple man-
ner and with real algebra the sought dielectric function at
imaginary frequency ǫ(iω). Unlike the Brendel-Borman
oscillator,[81] the nature of our model guarantees that
optical properties remain meaningful at ω = 0, and the
correct symmetry of ǫ1(ω) and ǫ2(ω) is preserved.

FIG. 1. High energy band of the extinction index (κ). The
figure compares experimental data (black dots) and paramet-
ric representations with Lorentzian oscillators (lines), as in-
dicated in the legends. Experimental results for both water
(top) and ice (bottom) are compared to the Lorentz model
and the Lorentz-CSF model from this work. Fits of experi-
mental data by ES are also displayed.

Unfortunately, despite these advantages, the model
does not strictly obey the Kramers-Kronig relations,
which is a physical constraint that dielectric functions
must obey. It appears that to have a sharply decaying
model that is accurate and obeys Kramers-Kronig one
cannot avoid the use of special functions with no simple
analytical form for ǫ(iω).[82] In practice, the deviations
from Kramer-Kronig are very small. Fig. 2-top compares
ǫ(iω) obtained in analytical form from Eq. (11), with the
Kramers-Kronig transformation of the parametric rep-
resentation of κ(ω) computed through its relation with
ǫ1(ω) and ǫ2(ω). The two curves are clearly very similar
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on the scale of the figure and differ at most by 3%. In
the same figure we also show the results obtained from
the plain Lorentz model. The curves are almost identical
for energies above the first electronic excitation, but differ
significantly for lower energies. Thanks to the truncation
of the Lorentz oscillators, the refractive indexes are now
significantly lower and much closer to experimental re-
sults. For water, the Lorentz model at λ = 1000 nm pro-
vides a refractive index of 1.38, while the Lorentz+CSF
model yields 1.34, far closer to the experimental value of
1.33 at 0 degrees.[83]
For ice, the Lorentz model yields 1.31, while the

Lorentz+CSF model yields 1.29, to be compared with
the experimental value of 1.30 at T=266 K.[47] These
considerations provide confidence on our parametriza-
tion, particularly for the important region between the
near IR and the soft x-rays (XR) regions. Innaccuracies
could occur for the high energy tails beyond ca.40 eV,
particularly for ice, because of lack of data, but these
tails contribute little to the overall result of the Hamaker
constant.
The results for the parametrization of dielectric prop-

erties of ice and water described here have been employed
prior to publication in Ref.[38, 84]

IV. RESULTS

We now use the fits for the complex dielectric func-
tion based on the Lorentz+CSF in order to calculate the
Hamaker functions for a number of relevant interfaces
involving water and ice. Unless otherwise stated, we de-
scribe the dielectric properties of water as obtained from
fits to the Hayashi set.

A. Interaction of water and ice across air

Whereas our main goal is the study of ice/water in-
terfaces, we first consider the simpler systems that result
from the interaction of either ice or water across air, i.e.,
water/air/water, ice/air/ice and ice/air/water. These
cases pose less problems than systems where ice and wa-
ter are in contact. According to DLP theory, Hamaker
functions are given by differences of the form (ǫi − ǫm),
with the index i corresponding to media 1 or 2 interact-
ing across medium m. Here, m simply corresponds to
air (or water vapor), and we can safely assume ǫm = 1.
Accordingly, the Hamaker function is given by factors of
the form (ǫi − 1), which are positive at all frequencies.
This implies that there could be some discrepancies on
the actual value of the Hamaker function depending on
the parametrization of dielectric properties, but there can
be no controversy as regards its sign, which must always
be positive (i.e. corresponding to attraction between two
identical bodies across air).
Fig. 3 displays our results for the interaction of water-

water, ice-ice and ice-water slabs. Of course, we find that

FIG. 2. Dielectric response at imaginary frequencies of liquid
water (Hayashi set) and ice. (Top) Black and blue dashed
lines represent ǫ(iω) obtained from the KK relations over the
parametric representation with CSF of κ in this work. The ac-
cordance with their corresponding parametric representation
of ǫ(iω) illustrates that although the model with CSF does
not rigorously obey the Kramers-Kronig relation, it provides
an accurate description of the dielectric response. (Bottom)
A similar representation using the Heller set for water. The
parametrization from ES predicts ǫ(iω) that is smaller for wa-
ter than for ice at high energies. This is illustrated in the inset,
where we plot the difference between the dielectric response
of water and ice. In contrast, our revised parametrization of
similar experimental data does not support that prediction
and is positive all the way from MW to higher energies.

the Hamaker functions are positive irrespective of the
distance of separation, h, between the condensed media.

At small distances, A(h) remains flat up to about 1 nm.
The extrapolation of this function towards zero distance
provides what is conventionally known as the Hamaker
constant in the chemical physics literature.[76] A fact
that is less often appreciated is that the Hamaker func-
tion gradually decreases as h increases, and eventually
adopts a much smaller constant value corresponding ex-
actly to the n = 0 contribution of the sum in Eq. (1)
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FIG. 3. Hamaker coefficients of condensed water phases sep-
arated by air. Results are shown for water/air/water (black),
ice/air/ice (blue) and ice/air/water (red). In all three cases,
the Lorentz model + CSF of this work has been used, with the
parameterization based on the Hayashi set for liquid water.

(c.f. Eq. (5)). i.e., whereas both in the limit h → 0 and
h → ∞ the free energy follows the power law g(h) ∝ h−2,
the corresponding proportionality coefficients are com-
pletely different. The former is set by the scale of the
first electronic excitation, which usually falls in the ul-
traviolet region or beyond; the second one is of order
kBT , whence, usually two orders of magnitude smaller
at ambient temperature.
This behavior may be rationalized by noting that the

Hamaker function may be split into a static (n = 0) and
a frequency dependent contribution as A(h) = Aω=0 +
Aω>0(h), with Aω=0, a constant of order kBT :[76]

Aω=0 =
3

4

[

(ǫ1(0)− ǫm(0))

(ǫ1(0) + ǫm(0))

(ǫ2(0)− ǫm(0))

(ǫ2(0) + ǫm(0))

]

kBT (14)

and Aω>0(h), a function of h which is finite at h → 0
and vanishes at h → ∞. Whereas this trend may not
be obvious from direct inspection of either Eq. (1), or
its simplified form, Eq. (5), we note that the limiting
asymptotic behavior and the crossover from the h → 0
and h → ∞ regimes are described qualitatively by the
approximate relation:[77]

Aω>0(h) =
3~c

32
√
2nmh

(

n2
1 − n2

m

n2
1 + n2

m

n2
2 − n2

m

n2
2 + n2

m

)

[

(2 + 3
2νTh)e

−νTh − (2 + ν∞h)e−ν∞h
]

(15)
where νT and ν∞ are wave numbers that set the relevant
length scales governing the behavior of A(h). The first

wave number, νT = 4ǫ
1/2
m πkBT/~c is known exactly. At

water’s triple point, it falls in the near IR, and sets the
length-scale where retardation effects become exponen-
tially suppressed, Aω>0 → 0 and so A(h) → Aω=0 for h
larger than the micrometer.

The second length-scale, ν∞ is an empirical parameter
that falls in the UV region and sets the crossover from the
non-retarded regime, with interactions falling as 1/h2, to
the retarded regime, where Aω>0(h) becomes dominated
by a decay of order 1/h3 (the Casimir regime). Gener-
ally, ν∞ can be calculated numerically [38], but a good
approximation is given by:[77, 85]

ν∞ = 4nm
(n2

1 + n2
m)1/2(n2

2 + n2
m)1/2

(n2
1 + n2

m)1/2 + (n2
2 + n2

m)1/2
ωe

c
(16)

where ωe is of the order of the principal electronic exci-
tation, and ni is the refractive index of medium i.
For most practical matters, in the range of distances

smaller than 1 nm, the Hamaker function might be ap-
proximated to a constant A(0), which, for the interaction
between either bulk water or ice slabs is of the order of
a few tens of zJ (1 zJ= 10−21 J).

B. Interactions of the Ice/water/air system –
Premelting

FIG. 4. Hamaker coefficients for a premelting liquid film be-
tween ice and water. The figure shows result of the present
work employing the dielectric function of liquid water from
Hayashi (black) and Heller (red) sets. The green line displays
the result of the ES parametrization for the Heller set. The
inset shows the Hamaker function for premelting thickness in
the scale of the micrometer.

We now turn to the more subtle problem of van der
Waals interactions relevant to ice premelting. Here, we
study how the surface free energy of a liquid film of water
intruding between bulk ice and air depends on the liquid
film thickness, h. In this case, the Hamaker function is
dictated mainly by the difference between the dielectric
functions of ice and water, which are very similar. Ac-
cordingly, not only the scale of the Hamaker function, but
even its sign, depends crucially on an accurate estimation
of the dielectric properties.
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A look at Fig. 2 shows that in all the relevant range
of the electromagnetic spectrum above the microwave re-
gion, the complex dielectric function at imaginary fre-
quencies, ǫ(iω) is larger for water than it is for ice in our
parametric representation, so that we can expect right
away that the Hamaker function will be positive.

Fig. 4 displays the Hamaker function of ice/water/air
system versus water layer thickness, and confirms this
expectation. Results are shown for the water dielec-
tric function as obtained from both the Hayashi and the
Heller set, in order to account for possible uncertainty
due to the choice of experimental dielectric properties.
Although some differences are observed, we see that in
both cases the Hamaker function is positive and presents
a monotonic decay all the way from vanishing layer thick-
ness to the micrometer range.

Again, the extrapolation of the Hamaker function to
zero separation provides the Hamaker constant, which,
in this case, is much smaller than that found for con-
densed water phases interacting across air, since the dif-
ference ǫi − ǫm, with m corresponding to water, is now
very small. Importantly, we also note that the Hamaker
function starts to decrease significantly for thicknesses
barely beyond the nanometer range. This behavior re-
sults from the large polarizability of the intervening phase
between ice and air, i.e., water. Indeed, the value of ν∞ in
Eq. (15) may be estimated approximately from Eq. (16),
whence, compared to the interaction between condensed
water phases across air, we see that now ν∞ increases
by a factor of about nw, implying a faster decay of the
Hamaker function (c.f. Eq. (15)).

For water films thicker than 1 micrometer, Fig. 4 shows
that the Hamaker function intersects the zero axis and
becomes negative. This interesting behavior may be un-
derstood from Eq. (15), which shows that for distances
larger than ν−1

T , Aω>0(h) vanishes altogether, and only
the n = 0 term of the Hamaker function remains. Com-
pared to contributions for n > 0, this term has opposite
sign, since the static dielectric function of ice is larger
than that of water. As a result, van der Waals interac-
tions oppose the growth of wetting films of small thick-
ness, but favor growth of thick wetting films beyond the
micrometer (h > 10 µ m). It must be understood, how-
ever, that the intensity of van der Waals forces at such
distances is extremely small, and whatever small pertur-
bation, such as dissolved gases, electrolytes or minute
changes away from the triple point could easily change
the overall free energy balance.[18, 86]

Our predictions differ very much from the influential
work of Elbaum and Schick, who first called the attention
on the significance of van der Waals interactions in the
study of ice premelting.[28] The Hamaker function pre-
dicted by these authors – Fig.4 (green lines) – is negative
in the sub-nanometer range and positive in the nanome-
ter range, then negative again at distances beyond the
decade of micrometer.

The non-monotonic behavior predicted in Ref.[28] can
be traced to the parametrization of the complex dielec-

tric functions in that work, which predict ǫ(iω) that is
larger for ice than for water at high energy, as seen in
Fig. 2-bottom. However, we can see clearly in Fig. 1-top
that the parametrization performed by ES fails to de-
scribe correctly the target high energy band of the Heller
set. On the one hand, it appears to truncate the high en-
ergy tail in water’s extinction coefficient, and in the other
hand, it exhibits too slow a decay for the same portion of
the extinction coefficient of ice (i.e.. the high frequency
range of ǫ(iω) in water is underestimated, while the cor-
responding portion in ice is overestimated), resulting in
the complex dielectric function at imaginary frequencies
which is larger for ice than it is for water. Such behavior
does not appear to be supported by the current exper-
imental data. Our revised parametrizations for ice and
water (Heller set) using similar data as ES provide dielec-
tric functions at imaginary frequencies that are always
larger for water than for ice.

This result is in agreement with expectations from
the f-sum rule and the Lorentz model of dielectric
response.[87] At very high energies one expects a decay
of the complex dielectric function of the form ǫ(iω) ∝
ω2
p/ω

2, where ωp ∝ ρe is the plasma frequency and ρe
is the electron density in the material. Since the density
of water is larger than that of ice, one expects that the
plasma frequency should be larger for the former than
it is for the latter, and accordingly, that ǫ(iω) should
remain larger in water than in ice also at high energies.

In order to further clarify this problem, we calculated
the optical properties of ice and water using Density
Functional Theory. Previously, we showed that this the-
ory does a good job at qualitatively describing the main
differences in the absorption spectrum of ice and water in
the region of electronic excitations. We use the Kramers-
Kronig relations and the synthetic spectrum obtained
from DFT in order to assess ǫ(iω) in an independent
manner.

As a check of the theoretical calculations, we note
that the predicted indexes of refraction are in fairly
good agreement with experiment. For water, we obtain
nw = 1.31, compared with the experimental value of
nw = 1.33. For ice, DFT yields ni = 1.28, compared
with the experimental value ni = 1.30. Whence, the re-
fractive indexes are somewhat too low, but in the correct
order.

The complex dielectric function at imaginary frequen-
cies in the UV is displayed in Fig. 5, and it is seen that
it remains higher for water than for ice in all the UV
region and beyond, in agreement with expectations from
the Lorentz model, and fits to the experimental results.
In line with predictions of the refractive indexes, the ǫ(iω)
differ very little, and provides a Hamaker functions that
is about an order of magnitude smaller than predicted
by the Lorentz-CSF fit. However, on qualitative grounds
we see that the Hamaker function remains positive ev-
erywhere in the nanometer range.

In summary, we find that fits with a Lorentz model of
two different experimental sets for the dielectric response
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FIG. 5. Dielectric response at imaginary frequencies of liquid
water and ice computed in the DFT approximation(top). We
can observe that the dielectric function of water remains al-
ways at bigger values than ice in the high energy region. This
is in agreement with our new fits to the experimental data.
Hamaker coefficients for a premelting liquid film between ice
and water(bottom). The figure shows results of the calcu-
lations using the dielectric functions calculated in the DFT
approximation.

of water, as well as theoretical DFT calculations predict
an optical response in the ultraviolet region that is al-
ways higher for water than for ice, resulting in a positive
Hamaker constant for the adsorption of a liquid water
layer intervening between bulk ice and air.

C. Implications for past work

From the discussion above, we see that the current im-
proved understanding of the role of van der Waals forces
on ice premelting differs qualitatively from the early pre-
dictions of Elbaum and Schick.[28] This work, henceforth
referred as ES, has been very influential and the results
used regularly on a number of studies,[14, 23, 88–91] in-
cluding work from some of us,[21, 61, 92] so we devote
here a few lines to discuss how this could affect currently
published results.
As far as physical implications are concerned, the ES

model of van der Waals interaction predicts an interface
potential with a minimum, implying incomplete surface
melting. On the other hand, our work shows a negative
monotonic contribution of van der Waals forces that com-
pletely inhibits surface premelting. Fortunately, the situ-

ation is not as bad as it appears. At short distances, the
surface interactions are no longer dominated by van der
Waals forces. Instead, they are governed by short range
structural forces related to the packing of water molecules
on the solid substrate.[26, 27, 93] Using a square gradi-
ent model together with molecular simulations of the mW
model, Limmer and Chandler showed that at short range,
packing effects promote surface melting.[23] The use of
the mW model here is very convenient, because disper-
sion contributions are truncated at very short distances,
so the results from this model can be used as a proxy of
the effect of short range forces without any possible en-
tanglement of long van der Waals tails. Similarly, in our
recent work, we calculated the interface potential from
simulations for the TIP4P/Ice model, and found clear
evidence of a structural contribution promoting surface
melting.[20, 21] Accordingly, as we will discuss in detail
later, the addition of short range contributions to the
van der Waals tail produces an interface potential with a
minimum, in qualitative agreement with the findings of
ES. It must be made clear, however, that the origin of
this minimum does not stem from van der Waals forces
alone, as implied by ES. It is a compromise between op-
posing short range structural forces and long range van
der Waals forces.

D. Interactions of the water/ice/air system –
Surface freezing

FIG. 6. Hamaker coefficients from nanometers to microns
compared to the thermal energy for water/ice/air. Black line
and red line show the result of the present work employing, re-
spectively, the dielectric function of liquid water with Hayashi
and Heller sets. Green line displays the result of ES.

The parametrization used above for the dielectric func-
tions of ice and water also allows us to study the free
energy of ice films formed between bulk phases of water
and air. The results obtained using either the Hayashi
and the Heller sets are shown in Fig. 6. We see that
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system w/a/w i/a/i i/a/w i/w/a w/i/a i/w/i and w/i/w

A/zJ 52.77 36.07 43.46 9.54 -7.58 2.02

DFT 34.93 30.54 32.66 2.30 -2.12 0.19

TABLE I. Table of Hamaker constants involving ice and liq-
uid water as obtained from DLP theory with the parametriza-
tion of dielectric properties obtained in this work (using the
Hayashi set to model water). Results are given in units of
zJ=10−21J

the Hamaker function that results is negative in the rel-
evant range between vanishing ice thickness down to the
micrometer range, whereupon, it changes sign and be-
comes positive. In fact, the behavior observed in this
case is nearly a mirror image of that observed for the
ice/water/air system, since the interactions again are
mainly governed by the difference ǫw − ǫi. i.e., the same
factor governing the water/ice/air system, but with op-
posite sign.
This expectation is confirmed in Table I, where we

see that the Hamaker constant for the system wa-
ter/ice/air is very similar, but of opposite sign than that
of ice/water/air. As noted before, both are significantly
smaller than the Hamaker constants for condensed phases
of water across air. It is worth to remark that, although
DFT computed values of the Hamaker constant result in
sensibly smaller values in all cases, the relative order of
the results and the order of magnitude is conserved.
Our results differ dramatically from expectations based

on the ES parametrization, which yields instead a posi-
tive Hamaker constant, and thus, the prediction of com-
plete suppression of surface freezing.[94]

E. Interactions across a condensed phase

FIG. 7. Hamaker function for ice/water/ice and wa-
ter/ice/water as obtained from the Hayashi set. The continu-
ous blue line corresponds to ice/water/ice and the dashed red
line to water/ice/water.

As a final result, we now discuss the van der Waals
forces when all the bodies involved are condensed phases,
i.e., the interaction of two ice slabs with water in between
(ice/water/ice), and the complementary case of two wa-
ter slabs interacting across ice (water/ice/water). Since
both of these settings refer to two identical interacting
bodies across a third medium, van der Waals forces al-
ways conspire in favor of the two bulk materials to ad-
here, or, alternatively, the layer in between to vanish.
Figure 7 shows the Hamaker functions for both of these

cases. As expected, the results are almost identical and
the Hamaker function is always positive, implying at-
traction of the two bulk bodies. Because the intervening
layer is a condensed phase, note that now the decay of
the Hamaker function starts much sooner than in the
case of two solids interacting across air. Particularly, we
see that the Hamaker function has decayed by 10% al-
ready at a distance of 1 nm. Additionally, since all three
bodies involved are condensed phases of water with simi-
lar refractive indexes, the Hamaker constant is now much
smaller than in previous cases, Aham = 2.02 zJ. However,
as long as the Hamaker function is positive, the two bulk
materials will decrease their free energy by decreasing the
thickness of the intermediate layer.

F. Comparison with empirical force fields

Admittedly, the results for the Hamaker constants de-
scribed above are obtained after rather involved numer-
ical calculations within the framework of DLP theory,
which accounts explicitly for polarization effects. An in-
teresting question then is whether simple point charge
molecular models that are widely used can possibly de-
scribe the apparently complex behavior embodied in
DLP.
In practice, for non polarizable potentials interacting

with the usual dispersion tail, uij(r) ∝ −Cij/r
−6, the

Hamaker constant for the adsorption of phase m at the
interface between phase, 1, and phase 3 may be estimated
accurately from a plain sharp-kink approximation of the
density profiles as:[95–97]

A1m3 = 4π2(C
1/2
11 ρ1−C1/2

mmρm)(C
1/2
33 ρ3−C1/2

mmρm) (17)

where ρi are bulk number densities of the phases in-

volved, and we have assumed Cij = C
1/2
ii C

1/2
jj .

In the case of interest here, a single component system
at the triple point, all phases are formed from water, so
that all Cii = C. In most point charge models, the con-
tribution of electronic polarizabilities to the constant C is
described as C = 4ǫσ6, with ǫ and σ the usual Lennard-
Jones parameters (an additional Keesom like term that
has been neglected here contributes to the n = 0 static
term only). Whence, the electronic Hamaker constant
for the growth of a water film in between ice and vapor
simplifies to:[61]

Ae
iwa = 4π2ǫσ6(ρv − ρw)(ρi − ρw) (18)
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model TIP4P SPC/E TIP4P/2005 TIP4P/Ice TIP4P-D DLP

Ae

iwa/ zJ 3.83 3.92 4.62 5.33 5.65 9.57

Ae

wia/ zJ -3.52 -3.63 -4.24 -4.90 -5.19 -7.59

Ae

waw/ zJ 46.7 47.9 56.3 65.04 68.8 49.1

Ae

iai/ zJ 39.3 40.4 47.4 54.8 58.0 32.4

Ae

iaw/ zJ 42.8 44.0 51.7 59.7 63.2 39.8

TABLE II. Electronic contribution to Hamaker constants in point-charge models. Results for the models are obtained using
Eq. (18), with densities evaluated at the experimental triple point of water.

where the superscript emphasizes that this expression ac-
counts only for dispersion interactions due to electronic
polarizabilities. Since the density of ice is smaller than
that of water, we find readily that Ae

wia > 0, in agreement
with the far more involved DLP theory. For the related
system of ice growing between liquid water and air, the
Hamaker function is the same as above, albeit with the
interchange of ice and water labels. Accordingly, we find
exactly the same result, but with opposite sign, which is
also consistent with results from DLP theory.

Eq. (17)-18 above show that the positive sign of Aiwa

results from the fact that ρi < ρw, so that the ab-
sence of complete surface premelting in ice is actually
one more of water’s anomalies, a result in agreement
with expectations by Nozieres,[98] but at odds with
claims by Fukuta.[99] On the contrary, noble gases such
as Neon and Argon, where the solid density is larger
than that of the liquid phase, exhibit surface melting.
The result of Eq. (18), firmly rooted in the theory of
wetting,[95, 96] contrasts with attempts to determine in-
termolecular forces in premelting films with no account of

density differences between the involved phases.[99, 100]
A compilation of the electronic Hamaker constants

for interactions involving ice, water and air obtained
from Eq. (17) for different non-polarizable water mod-
els are shown in table II.[68–72]. The results are com-
pared with predictions from DLP theory. The elec-
tronic Hamaker constants from DLP are calculated using
the parametrized dielectric response stemming from elec-
tronic contributions only (i.e., oscillators with absorption
frequencies larger than the near IR.
For interactions of condensed water phases across air,

Table II shows that the old generation of water models
(TIP4P and SPC/E) appear to perform rather well, with
values of electronic Hamaker constants rather close to
predictions from DLP theory. Surprisingly, the new gen-
eration of force fields appear to overestimate considerably
the dispersion interactions, with TIP4P/2005 perform-
ing significantly better than TIP4P/Ice and TIP4P-D.
On the other hand, for interactions between a condensed
phase and air (ice/water/air and water/ice/air), all force
fields predict interactions that are too weak compared
with DLP.

The direction for improvement of force field based on
this comparison appears to be to keep Lennard-Jones pa-
rameters similar to those of TIP4P, but with an increased
dipole moment. This is roughly the direction taken in
the development of TIP4P/2005. Of course, a quantita-
tive comparison between DLP cannot be taken too far,
because electronic and dipolar terms in empirical force
fields are not fully meaningful, and the DLP predictions
are also somewhat subject to uncertainties of the dielec-
tric parametrization.

However, it is pleasing to find that currently accepted
force fields appear to provide a correct qualitative de-
scription of surface dispersion forces. Based on this ob-
servation, we expect that the long range behavior of the
interface potential predicted by empirical models used
in our recent work is a reliable proxy for the physics of
premelting films.[20, 61, 63]

V. DISCUSSION

Having settled the role of van der Waals forces on the
interface potential we are now on good position to dis-
cuss the important problems of surface melting, regela-
tion and surface freezing.

A. Surface premelting

In the case of surface premelting, the surface free en-
ergy of the ice/vapor interface as mediated by a premelt-
ing film of thickness h, is given by:

ωiv(h) = γiw + γwv + g(h) (19)

where g(h) is the interface potential describing the free
energy cost of a premelting film as a function of film
thickness. In the limit that h → ∞, g(h) = 0, and the
surface free energy is just the sum of ice/water and wa-
ter/vapor surface tensions.
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The equilibrium value of the film thickness, he is ob-
tained by minimization of the free energy, ωiv(h), such
that dg(h)/dh = 0, whereupon, one obtains the equilib-
rium interface tension of the ice/vapor interface as:

γiv = ωiv(he) (20)

This result acknowledges explicitly the fact that the
ice/vapor surface tension may be mediated by a finite
premelting film of adsorbed water. Of course, its prop-
erties need not be exactly as those of bulk water.
Three different situations are possible. The first corre-

sponds to the case where the absolute minimum of g(h)
occurs at h = 0. In that case, the structure of the
ice/vapor interface would be that of a perfectly termi-
nated ice slab in contact with air. The second one occurs
in the opposite situation, where the absolute minimum
is at h → ∞. In that case, g(h) → 0 by construction,
so that γiv = γiw + γwv exactly. This equality is the
condition for wetting of the ice/vapor interface by an in-
truding macroscopic film of liquid water, which in this
case is known also as surface melting. Finally, a third
situation can arise if an absolute minimum of g(h) exists
for finite values of he. This is a situation of incomplete
melting, whereby the equilibrium ice/vapor interface is
mediated by a stable premelting film of finite thickness.
Based on the calculations of the previous section, we

see that gvdw(h) is a monotonic and negative function,
with an absolute minimum at h = 0. Accordingly, we
confirm, in agreement with recent work and unpublished
results by ourselves,[35–38, 84] that van der Waals forces
conspire against the surface premelting of ice, favoring a
perfectly terminated ice/vapor surface instead.

FIG. 8. Interface potential for ice premelting suggested in
this work. Notice the model is valid for crystal planes above
their roughening transition. Inset: The corresponding surface
free energy at the surface spinodal vapor pressure becomes
unstable and the premelting film thereof undergoes complete
wetting of the underlying ice substrate.

In practice, DLP theory is not accurate in the limit of
h → 0, because it assumes structureless interfaces (this

can be readily understood without any acquaintance of
DLP, merely by noticing that its only input are bulk di-
electric properties). At short range, g(h) is dominated
by interactions arising from the distortion of the bulk
density profile, which, at low temperatures decays on the
scale of the molecular diameter. Therefore, the full in-
terface potential is expressed as:

g(h) = gsr(h) + gvdw(h) (21)

Here, gsr(h) is the short range contribution. For ice pre-
melting, we have recently showed that the qualitative be-
havior of this term follows expectations from liquid state
theory,[25, 26] and may be described as:[20]

gsr(h) = B2 exp(−κ2h)−B1 exp(−κ1h) cos(qoh+ φ)
(22)

where Bi are positive constants; κi are inverse decay
lengths, qo is dictated by the wave-length of packing
correlations in the liquid (i.e. the maximum of the liq-
uid’s structure factor) and φ is the phase. This rela-
tion improves the result of field theory, which provides
just the first term of the right hand side, but shares,
in common with the above result the expectations that
B2 > 0.[22, 23]
The actual value of the parameters depends somewhat

on the ice facet, but a common feature they all share
is that B2 is significantly larger than B1. This implies
that for film thicknesses on the order of κ−1

2 , gsr(h) is
positive,[23] while the oscillatory term could make gsr(h)
negative at larger distances provided κ1 < κ2, a condi-
tion that is expected to hold only for faces below their
roughening transition.[20, 25] At the triple point, only
the basal face meets this condition.
Overall, it follows that at short range, packing cor-

relations repel the liquid-vapor interface away from the
solid substrate, promoting surface melting; at long range,
van der Waals forces bind the liquid-vapor interface, and
inhibit the build up of a large liquid film. Therefore,
the interface potential must display an absolute mini-
mum of negative energy at intermediate thicknesses, such
that g(he) < 0, and the ice surface thus exhibits a liq-
uid premelting film of finite thickness at the triple point.
Accordingly, from Eq. (19) and Eq. (20), we see that
γiv < γiw + γwv. i.e., water does not wet ice at the
triple point, and must form liquid droplets of finite con-
tact angle, in agreement with recurrent reports in the
literature.[17, 86, 101–104] The presence of the oscillatory
term in Eq. (22) means that there could be an additional
shallow minima at larger thickness in the basal facet, thus
explaining the existence of two different incomplete wet-
ting states that have been reported in experiments.[104]
Our considerations differ with the qualitative model

of interfacial forces suggested in Ref.[104]. These au-
thors observed growth and spread of steps and terraces
on the basal facet of ice, and argued that the presence
of steps must imply a smooth surface inconsistent with
a highly disordered premelting layer. Accordingly, they
hypothesized an interface potential with an absolute min-
imum at h = 0, implying a bare ice surface as the stable
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state of the basal face. However, we have shown using
both theoretical models and computer simulations that a
smooth facet with steps can exist even in the presence of
a premelting film,[20, 21, 60, 61] such that our theoreti-
cal model of the interface potential and the experimental
observation of steps and terraces are mutually consistent.
A simplified qualitative form of the interface poten-

tial, adequate in the region g(h) < 0 that characterizes
the primary minimum may be obtained from the lead-
ing term of Eq. (22) and the non-retarded van der Waals
contribution:

g(h) = Be−κh −
Aiwa(0)

12πh2
(23)

This result is of the same form as anticipated by Lim-
mer and Chandler,[23] but notice that our results show
the positive sign of the Hamaker constant Aiwa(0) stems
mainly from high frequency contributions of the dielec-
tric response (rather than from the static term).
This simple model of interface potential allow us to

clarify many of the speculations on surface melting dis-
cussed in the literature,[9, 11–16, 105–107] as well as our
own.[61]
Using our estimates for the Hamaker constant in table

I, together with B = 0.07 J/m2 and κ = 6.2 nm−1 ob-
tained for the prism facet in our previous work,[20], we
find a free energy minimum of g(he) = −0.135 mJ/m2,
and an equilibrium film thickness of barely he ≈ 1.16 nm.
The presence of this thin premelting film is not in conflict
with the formation of liquid droplets (c.f. Ref.[100, 108]).
By plugging Eq. (20) into Young’s equation, γiv = γiw +
γwv cos θ, we find that the shallow minimum of the inter-
face potential provides:

cos θ = 1 +
g(he)

γwv
(24)

Using our model interface potential into this formula, to-
gether with γwv = 75.7 mJ/m2,[109] we predict a contact
angle of θ = 3.4◦. For comparison, first experimental
measures of about 12o,[101] have thereafter been revised
to smaller than 5o,[102] with estimates of 2o,[86, 104] or
even less than 1o depending on the ice facet.[86, 110]
These considerations are relevant exactly at the triple

point, where ice, water and vapor have all exactly the
same chemical potential, so that one phase can grow
from the other at free cost. As soon as one moves away
from the triple point, the formation of the premelting
film picks an extra free energy cost, and the free energy
in Eq. (19) becomes:

ωiv(h) = γiw + γwv + g(h)−∆pwv(µ)h (25)

where ∆pwv is the difference between bulk liquid and
vapor pressures at the system’s chemical potential. As-
suming that the vapor sets the total chemical poten-
tial, as is usual in experiments, we can estimate this as
∆pwv = ρwkBT ln p/pwv(T ), where p is the imposed va-
por pressure, ρw is the bulk liquid density and pwv(T ) is

the water-vapor saturation pressure at the systems tem-
perature. Whence, as the vapor pressure p is raised above
pwv, the free energy ωiv(h) picks a linear term propor-
tional to h, and the equilibrium film thickness is dis-
placed to larger values of the film thickness. Assuming a
metastable equilibrium of ice with supersaturated vapor
(this can be achieved for very small growth rates of ice
close to the triple point, c.f. 21), the film thickness may
be obtained by extremalization of the above equation.
This leads readily to an expression for the vapor pres-
sure in equilibrium with a quasi-liquid layer of thickness
h:[20]

p = pwv(T )e
−

Π(h)
ρwkBT (26)

where Π(h) = −dg(h)/dh is the disjoining pressure.[27,
93] i.e., as h increases, Π(h) becomes more negative, and
the vapor pressure in equilibrium with the premelting
film increases.
Eventually, however, ∆pwv is sufficiently large that the

linear term in Eq. (25) washes out completely the mini-
mum of the interface potential. This corresponds to the
limit where the disjoining pressure attains its absolute
minimum. i.e. a spinodal point is reached and a pre-
melting film can no longer be stabilized.
Using our model potential, we find for the spinodal

limit of the premelting film hsp = 1.44 nm, which corre-
sponds to a disjoining pressure of Π(hsp) = −1.12 bar.
Whence, the maximum vapor pressure than can be at-
tained before the ice surface becomes wet is estimated
from Eq. (26) as psp ≈ 1.0009pwv(T ). This explains why
experiments often report very thick wetting films close to
the triple point. As soon as the vapor pressure is slightly
above the liquid-vapor coexistence curve, the premelt-
ing film becomes unstable and can grow without bounds
on top of the bulk ice. For temperatures close to the
triple point, this requires an exquisite control of the va-
por pressure. Once the spinodal is traversed, ice grown
from vapor actually freezes from the condensed wetting
film that lies above.[21]
In practice, both vapor condensation and ice growth

occur simultaneously.[105, 107, 111, 112] This results in
an increase of the actual spinodal pressure in a com-
plicated manner that depends on the precise growth
mechanism.[21] Accordingly, our calculation based on
Eq. (26) provide a lower estimate of the pressure where
premelting films become unstable.
Eq. (26) does become exact at thermodynamic equi-

librium, which is strictly realized for ice in contact with
vapor along the sublimation line, such that p is equal to
the saturation pressure of vapor over ice, piv. In this
limit, using Clausius-Clapeyron, we find that ∆piv =
ρw∆Hiw

Tt
(T −Tt), leading to the well known result for the

premelting thickness as a function of temperature along
the sublimation line:[14]

ρw∆Hiw

Tt
(T − Tt) = Π(h) (27)
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Accordingly, at the triple point the condition of equilib-
rium is the vanishing of Π(h). In the absence of a binding
term in the disjoining pressure, as often assumed,[16] this
condition is met only for h → ∞. However, because of
the van der Waals contribution, the condition of vanish-
ing disjoining pressure is met at a finite equilibrium film
thickness he corresponding to the minimum of the inter-
face potential g(h).
Our results for the surface free energy of the equilib-

rium ice/vapor interface (i.e., with a mediated premelt-
ing film), allow us to answer a general question relevant
in atmospheric physics. Consider one has at some low
temperature a bulk ice phase in equilibrium with its va-
por, and gradually increases the temperature along the
ice-vapor coexistence line up to the triple point. In that
moment, all three phases have exactly the same bulk free
energy per molecule, and the only factor inhibiting the
condensation of a bulk water phase is the surface free
energy. The question then is posed, where will a bulk
flat phase grow preferentially? Will it be within the bulk
vapor phase, within the bulk ice phase or intruding into
the ice/vapor interface? To solve this, recall that the
equality of bulk free energies imposed at the triple point
requires one to assume the interfaces that are formed
have strictly zero curvature. Therefore, we refer here to
the formation of bulk flat phases, parallel to the cur-
rent ice/vapor interface. The formation of a macroscopic
water phase within the vapor will then cost 2γwv per
unit surface. Similarly, the formation of the water phase
within the bulk ice phase will require 2γiw. If, on the
other hand, the bulk water phase forms at the ice/vapor
interface, the cost is γiw + γwv − γiv. Bearing in mind
approximate estimates of the surface free energies of ca.
γiv > γwv > γiw, we readily rule out the formation of wa-
ter within the vapor phase. Furthermore, recalling from
Eq. (19)-20 that −γiv = γiw+γwv+g(he), we see that the
formation of condensed water at the ice/vapor interface
will cost −g(he), which barely amounts to 1.35 × 10−4

J/m 2, much less than any of the other cases. So if a
large macroscopic condensed water phase is to form, it
will grow in between ice and vapor. However, the state of
minimal free energy is in fact a bulk ice phase coexisting
with a finite film of equilibrium thickness he between a
bulk vapor phase. Accordingly, the melting of a perfect
ice monocrystal is actually a weakly activated process,
as postulated by Knight many years ago,[102] and is ac-
tually the expected situation for materials with incom-
plete surface premelting.[12, 113] However, our discussion
above shows that it will suffice to increase the pressure
barely a few Pascal above the triple phase for the macro-
scopic bulk water phase to become the preferred state.

B. Regelation

Describing a famous experiment,[114] Faraday noted
that ”two pieces of thawing ice, if put together, adhere
and become one”. This and some other observations

helped formulate the hypothesis of ice premelting for the
first time, despite great difficulties to understand how
freezing could occur in regions of the bulk phase diagram
where water is the preferred phase.[9]
In this regard, notice however that van der Waals forces

always conspire in favor of two equal bulk materials to
adhere. In this case, assuming ice is covered with a pre-
melting layer, and two such ice samples are brought to-
gether, a liquid bridge between the ice slabs will form
spontaneously. In conditions favoring water over vapor,
i.e. above the liquid-vapor coexistence curve, water will
not evaporate. However, the liquid layer can vanish by
freezing, since, as described in the previous section, in-
teractions in an ice/water/ice system favor attraction of
the bulk bodies. i.e.: shrinking of the intervening liquid
layer by freezing.
In practice, because the involved Hamaker constants

are rather small, the process is mainly driven by bulk and
surface free energies, rather than by the van der Waals
forces. In the language of wetting physics it may be de-
scribed essentially as a phenomenon of capillary freezing.
To be more specific, consider two large spherical ice

balls, of radius R. Then, the force of attraction be-
tween the balls will be given, according to the Derjaguin
approximation,[76] by F (d) = πR(ωi(d)−ωv(∞)), where
ωi(d) is the free energy of the ice bridge joining two planar
bulk ice slabs, and ωv(∞) is the free energy of two planar

ice slabs separated by a macroscopic bulk vapor phase.
The former is just the bulk free energy of forming ice
from the vapor, ωi(d) = −∆pivd. The latter is the cost of
the two isolated ice/vapor interfaces, ωv(∞) = 2ωiv(he),
with he, the equilibrium layer thickness at ambient pres-
sure as dictated by minimization of Eq. (25). Whence,
the total free energy cost of forming the ice bridge is:

F (d) = 2πR[∆pwvhe−
1

2
∆pivd−γiw−γwv−g(he)] (28)

We see that at the triple point, where ∆pwv = ∆piv = 0,
the formation of an ice bridge is a favorable process that
is driven by the surface free energies.
In order to show why regelation occurs exceptionally

for ice, let us simplify the problem and choose quite nat-
urally a bridge length d = 2he. Then, assuming the
vapor is an ideal gas, and taking into account Clausius-
Clapeyron, we find that the condition for the formation
of an ice bridge as a function of vapor pressure and tem-
perature is:

ln
p

pt
≤

γiw + γwv

kBT (ρw − ρi)he
+
ρi∆Hiv − ρw∆Hlv

(ρw − ρi)

(

1

T
−

1

Tt

)

(29)
Due to the anomalous properties of ice, ρw > ρi, the first
term in the right hand side is positive. This means that,
at T = Tt, where the second term vanishes, the inequality
can be met even at p/pt > 1. i.e., an ice bridge can form
in conditions where the liquid is the preferred phase. Or
in Faraday’s own words ”at a place were liquefaction was
proceeding, congelation suddenly occurs”.[114]
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On the contrary, for ordinary materials, where the den-
sity of the solid phase is larger than that of the liquid
phase, this term is negative. Whence, the ice bridge
could form at pressures p/pt < 1. However, at T = Tt

and p < pt, the solid does not exhibit a noticeable pre-
melting layer, because it is found in a region of the phase
diagram where the bulk liquid phase is not favored, i.e.
sublimation occurs instead (recall the slope of the melt-
ing curve is positive for the usual case of solid density
larger than that of liquid). Therefore, the kinetics of
regelation is much slower in this case, since the bridge
must form from the vapor phase, rather than from a pre-
melting layer.
As regards the famous controversy between Faraday

and Thomson on the origin of regelation,[114, 115] we
see that both surface premelting and the negative slope
of the melting line play a role in the overall free energy
balance embodied in Eq. (29), but pressure melting is not
required for regelation to occur. The capillary freezing
described here, however, refers to the regelation between
two parcels of ice at atmospheric pressure as considered
by Faraday,[114] which can be very different from the
regelation mechanism invoked to explain glacier motion
and wire regelation.[14, 116]
As a final remark we note that in the region of higher

pressures where the condition of capillary freezing is sat-
isfied, Eq. (29), it actually becomes more favorable for
plain capillary condensation to occur. Bearing this in
mind one finds that the stricter condition for regelation
(i.e., such that an ice bridge is more favorable than a
liquid bridge) satisfies Eq. (29) with the term γiw + γwv

replaced by γiw alone.

C. Surface freezing

It is a matter of everyday experience that large ice
crystals form on the surface of water. Similar observa-
tions may be made experimentally for small but fully
nucleated crystals of mm size.[117] Such observations are
easily explained from buoyancy. However, some exper-
iments and theoretical studies have suggested that tiny
crystals might not actually reach the surface as a result
of buoyancy, but are actually nucleated in-situ at the
liquid-vapor interface.[64, 65] i.e., that the liquid-vapor
interface could promote the nucleation of ice by orders of
magnitude compared to bulk.[66, 67]
The problem again is one of wetting physics: we con-

sider the growth of an ice film at a liquid-vapor interface
at coexistence as the system is cooled down to the triple
point. A bulk planar phase could then be formed with
the same bulk free energy cost as the vapor and liquid.
Creating bulk ice in the midst of the vapor phase costs
2γiv; the cost of creating the same phase within bulk
water costs 2γiw; while growing ice in between air and
water has a cost of γiw + γiv − γwv. But again, because
the equilibrium ice-air interface is actually covered by a
premelting film, use of Eq. 19-20 shows that the total

energy cost of growing the bulk ice phase between bulk
water and vapor phases is just g(he) < 0. Therefore, our
calculations confirm that it is favorable for ice to grow at
the water-vapor interface among all other choices. Bear
in mind that this does not mean actually strict ’surface
freezing’, understood as the formation of ice atop the
liquid-vapor surface. Instead, because the ice-vapor sur-
face that is formed is covered by a premelting layer, the
actual picture is that of a bulk ice phase formed at a dis-
tance he below water. However, this occurs only in a very
small range of vapor pressures. Indeed, since the premelt-
ing film is destabilized and grows unbounded as soon as
the pressure is larger than the surface spinodal pressure,
saturating the interface above ps ≈ 1.0009pwv(T ) will
promote condensation of water and ice would then be
buried by a thick water film. Eventually, if the ice vol-
ume is large enough, it will experience buoyancy forces,
and the final outcome is the result of a balance between
surface interactions and the bulk buoyancy force.[91]

VI. CONCLUSIONS

In this work we have combined results from wetting
physics, quantum Density Functional Theory and Lif-
shitz theory of van der Waals forces in order to assess
the role of molecular interactions at a number of relevant
interfaces involving ice and liquid water.
For the long standing problem of ice premelting,[9–

16] our results show that van der Waals forces inhibit
the growth of thick liquid films and prevent ice from
surface melting. On the contrary, short range struc-
tural forces promote wetting. The balance between
these competing forces results in a finite equilibrium
premelting thickness on the order of the nanometer.
Our theoretical results are consistent with computer
simulations,[20, 62, 63, 111, 118–122] and a large body
of widely different experimental techniques.[123–126]
Combining our model of intermolecular forces with re-

sults of wetting physics, we are able to assess the role
of vapor pressure on the premelting behavior. Our re-
sults show that the premelting layer can become unsta-
ble by increasing the vapor pressure just a few Pascal
above water-vapor saturation. This implies that unless
an exquisite pressure control is exercised, ice will readily
surface melt in a water supersaturated atmosphere. This
adds an additional mechanism for surface melting apart
from impurities,[18] and explains recurrent observations
of very thick wetting layers (c.f. [11, 15]). We believe
this finding is particularly significant for studies of atmo-
spheric ice, including ice growth and gas adsorption.[3]
Our results also provide insight into the related prob-

lem of surface freezing. We show that the most stable
site for ice to nucleate at under-saturation is immersed
at a distance of roughly one nanometer below the water-
vapor interface, in agreement with suggestions and re-
cent simulation studies.[64–67] However, increasing sat-
uration above the water-vapor coexistence line promotes
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the growth of a thick wetting film above ice. As a result
the surface enhancement effect on ice nucleation is lost
in a supersaturated atmosphere.
Finally, we show that the property of ice regelation,

understood as the ability of thawing ice parcels to adhere
by freezing can be described as a process of capillary
freezing at conditions in the phase diagram where liquid
water is the preferred phase.
We have shown that all of these observations –

incomplete premelting, enhanced subsurface nucleation
and regelation of thawing ice– have their origin in the
negative slope of the freezing line and can therefore be
added to the large list of water anomalies.

SUPPLEMENTARY MATERIAL

See supplementary material for details on modeling di-
electric functions; details on DFT methodology; and ta-
bles with parameters.
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Canigó supercomputer and technical support provided
by Consorci de Serveis Universitaris de Catalunya-CSUC
under grant FI-2019-3-0014 from the Spanish Network of
Supercomputing (RES). F.I.R. thanks the Government
of Principado de Asturias for its FICYT grant number
AYUD/2021/58773; as well as the Consejeŕıa de Edu-
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[96] S. Dietrich and M. Napiórkowski, “Analytic results for
wetting transitions in the presence of van der waals
tails,” Phys. Rev. A 43, 1861–1885 (1991).

[97] Luis G. MacDowell, “Capillary wave theory of adsorbed
liquid films and the structure of the liquid-vapor inter-
face,” Phys. Rev. E 96, 022801 (2017).

[98] P. Nozieres, “Solids far from equilibrium,” (Cambridge
University Press, 1992) Chap. 1, pp. 1–152.

[99] N. Fukuta, “An origin of the equilibrium liquid-like layer
on ice,” J. Phys.(Paris) 48, C–503–C–509 (1987).

[100] Lasse Makkonen, “Surface melting of ice,”
J. Phys. Chem. B 101, 6196–6200 (1997),
https://doi.org/10.1021/jp963248c.

[101] Charles A Knight, “The contact angle of water on ice,”
J. Colloid. Interface Sci. 25, 280–284 (1967).

[102] Charles A. Knight, “Experiments on the contact angle
of water on ice,” Phil. Magazine 23, 153–165 (1971),
https://doi.org/10.1080/14786437108216369.

[103] T. Gonda, T. Arai, and T. Sei, “Experimental study on
the melting process of ice crystals just below the melting
point.” Polar Meteorol. Glaciol. 13, 38–42 (1999).

[104] Ken-ichiro Murata, Harutoshi Asakawa, Ken Na-
gashima, Yoshinori Furukawa, and Gen Sazaki, “Ther-
modynamic origin of surface melting on ice crystals,”
Proc. Natl. Acad. Sci. U.S.A. 113, E6741–E6748 (2016).

[105] T. Kuroda and R. Lacmann, “Growth kinetics of ice
from the vapour phase and its growth forms,” J. Cryst.
Growth 56, 189–205 (1982).

[106] D. Nenow and A. Trayanov, “Thermodynamics of crys-
tal surfaces with quasi-liquid layer,” J. Cryst. Growth
79, 801–805 (1986).

[107] T. Kuroda and T. Gonda, “Vapor growth mechanism of
a crystal surface covered with a quasi-liquid-layer-effect
of self-diffusion coefficient of the quasi-liquid-layer on
the growth rate,” J. Cryst. Growth 99, 83–87 (1990).

[108] Charles A. Knight, “Surface layers on ice,” J.
Geophys. Res.: Atmos. 101, 12921–12928 (1996),
https://agupubs.onlinelibrary.wiley.com/doi/pdf/10.1029/96JD00554.

[109] N. H. Fletcher, The Chemical Physics of Ice (Cambridge
University Press, 1970) cambridge Books Online.

[110] W. M. Ketcham and P. V. Hobbs, “An ex-
perimental determination of the surface energies
of ice,” Phil. Magazine 19, 1161–1173 (1969),
https://doi.org/10.1080/14786436908228641.

[111] Steven Neshyba, Jonathan Adams, Kelsey Reed,
Penny M. Rowe, and Ivan Gladich, “A quasi-liquid me-
diated continuum model of faceted ice dynamics,” J.
Geophys. Res.: Atmos. 121, 14,035–14,055 (2016).

[112] Ali Mohandesi and Peter G. Kusalik, “Probing ice
growth from vapor phase: A molecular dynamics sim-
ulation approach,” J. Cryst. Growth 483, 156 – 163
(2018).
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