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Abstract

Full Poincaré Mueller Polarimetry is a new technique for characterizing
samples by means of their Mueller matrix. The method is based on the use
of a full Poincaré beam as a generator of polarization states. These beams
present different polarization states, covering the entire Poincaré sphere sur-
face, at different points in the beam cross section. To obtain the Mueller
matrix, Stokes parameters are collected at both the entrance and the out-
put of the sample. They are calculated from irradiance measurements at
each pixel of a CCD camera for different configurations of the polarization
state analyzer. These measurements can be processed in several ways. In
this work, we propose to use Bayesian inference, in particular, Markov chain
Monte Carlo methods, to obtain, without any prior knowledge of the sam-
ple, its Mueller matrix together with its uncertainties. The new approach is
tested with experimental measurements of different samples and compared
with the real theoretical Mueller matrices. Excellent agreement is observed
between the experimental results and the theoretical ones for all the samples
tested.
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1. Introduction

Mueller matrix polarimetry is a noninvasive technique to obtain the lin-
ear optical properties of a sample, properties that are related to different
characteristics such as composition, structure, thickness, surface roughness,
etc. [1–4]. Determining these characteristics is essential in the manufacture5

and quality control of technological materials [2, 5–9], in medical diagnostic
techniques [4, 10–15], in the measurement of air and water pollution [16–19],
etc.

Numerous procedures have been developed to measure the Mueller ma-
trix of a sample [1–3, 12, 20–26]. As a general rule, to determine the Mueller10

matrix of a sample it is necessary to use incident light with different polariza-
tion states and analyze the polarization state of the light at the output [1–3].
Modulation of the polarization state of light can be achieved by rotating
anisotropic optical elements [27–31], by electric driving modulation [21, 32],
or by division of amplitude [33, 34]. All these methods use totally and uni-15

formly polarized incident light. The polarization state is normally modulated
sequentially. In the method proposed here, all possible polarization states are
generated at the same time in the beam cross section. We can say that it is
a parallel polarization state generator. In the present work we focus on a re-
cently proposed method [35–37] that uses a full Poincaré beam (FPB) [38–40]20

and the measurement of irradiance across the transverse section of the beam
by means of a CCD camera for different configurations of a polarization state
analyzer. From these measurements, the Stokes parameters at any point of
the input and output beam transverse sections are obtained, and by using
their relation, the Mueller matrix of the sample can be determined. Since all25

possible totally polarized polarization states are present in the cross section
of an FPB beam, the invertibility of the polarimetric measurement matrix
is guaranteed. We denote this method as Full Poincaré Mueller polarime-
try (FPMP) [36, 37]. From the Stokes parameters measured for the input
and output beams, there are several alternatives to determine the Mueller30

matrix of the sample. A first possibility is to take several sets of four pixels
in which the polarization states of the input beam coincide with the vertices
of a tetrahedron inscribed on the Poincaré sphere and average the results
obtained [41]. Another possibility is to consider all pixels in which the ir-
radiance of the input beam exceeds a threshold and use the Moore-Penrose35

pseudoinverse to determine the Mueller matrix [37]. Here we explore a third
possibility based on a Bayesian statistical approach using the Markov chain
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Monte Carlo (MCMC) technique.
Bayesian inference for parameter estimation is a powerful tool in which

Bayes’ theorem is used to update the probability of a hypothesis, includ-40

ing the value of a population parameter, as more evidence or information
becomes available [42]. It has been successfully applied in many fields [43]
and in particular to polarimetric data reduction [44–52]). In this paper, the
Stokes vectors obtained at each pixel of a CCD camera, calculated from the
input and output beams images, are used to infer the Mueller matrix ele-45

ments for several samples. Additionally, several conditions are included for
a matrix to represent a physically realizable Mueller matrix [2, 3]. In this
work, we propose to combine both full Poincaré Mueller polarimetry with the
Mueller matrix recovery using the Bayesian inference approach. The samples
that we will use are well known, such as air, phase plates, and polarizers, all50

homogeneous and transparent, whose theoretical Mueller matrix is known.
The article is structured as follows. In Section 2 we give a brief review of

the Full Poincaré Mueller polarimetry technique, as well as different methods
(and approximations) used to obtain the Mueller matrix of the sample. In
Section 3 we describe the procedure of using Bayesian inference with the55

obtained data to retrieve the Mueller matrix of the sample. We tested this
method with simulated and experimental measurements in Section 4 and
finally, in Section 5 we present the most significant conclusions.

2. Full Poincaré Mueller Polarimetry

The polarization of light can be appropriately described by four Stokes
parameters, usually arranged in a column vector [2, 53]. When a light beam
interacts with a sample, its polarization state changes in a way that depends
on the properties of the sample under study. Neglecting nonlinear effects, the
polarization change can be described by the Mueller matrix of the sample,
which is a 4 × 4 matrix with real elements. If the polarization state of the
input and output beams are denoted by Sout and Sin, respectively, they are
related through the following relation [2, 53]:

Sout = M̂ Sin , (1)

where M̂ = {mij} (i, j = 0, 1, 2, 3) is the 4× 4 Mueller matrix of the sample.60

A matrix of 4 × 4 real values represents a physically realizable Mueller
matrix if, for any possible input Stokes vector, it gives a valid output Stokes
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vector. Some necessary conditions that a matrix must fulfill to be a physically
realizable Mueller matrix are known [2, 3, 53], such as

Tr
(
M̂M̂T

)
≤ 4m2

00,

m00 ≥ |mij|,
m2

00 ≥ b2, (2)

(m00 − b)2 ≥
3∑

j=1

(
m0j −

3∑
k=1

mjkak

)
,

where Tr denotes the trace of a matrix, b =
√
m2

01 +m2
02 +m2

03, and aj =65

m0j/b. Such constraints will be imposed in the process of recovering the
Mueller matrix by Bayesian inference.

For a non-uniformly polarized beam, as is the case for a FPB, Eq. (1)
is satisfied for each point across the beam cross section. Then, using an
appropriate polarization state analyzer and a CCD camera, all four Stokes70

parameters of the input and output beams can be measured at the same time
across their whole cross section. Since a FPB contains all possible totally
polarized states in its cross section, by analyzing the polarization changes
in N pixels of the CCD camera, the Mueller matrix of the sample can be
recovered [35, 37].75

Figure 1 shows the experimental setup for the measurement of the Stokes
parameters of the input beam (without any sample) and of the output beam
(with a sample inserted). A FPB is generated by focusing a linearly po-
larized He-Ne laser beam (λ = 632.8 nm), stabilized both in power and in
frequency (Spectra Physics model 117A), onto a calcite crystal with its op-80

tical axis along the z direction. The input field is decomposed into ordinary
and extraordinary components, whose phase difference at the output crys-
tal face varies with position, giving rise to a non-uniformly polarized beam.
The resulting beam has been shown to contain all possible totally polarized
polarization states [40]. A detailed description of how this FPB is generated85

can be found in [40] and [35]. A lens is used to collimate the output beam,
which acts as a parallel polarization state generator [35, 40]. The polarization
state of the beam (with and without the presence of the sample) is analyzed
using a polarizer (P), a quarter-wave plate (QWP), and a CCD camera. A
SP620U CCD camera is used to record the experimental images. The pixel90

size is 4.4 µm, the number of effective pixels is 1600×1200, so that the entire
usable area is 7.1× 5.4 mm2. The lowest measurable signal is 2.5 nW/cm2,
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Figure 1: Experimental setup. PSG: polarization state generator; P1 and P: linear polar-
izers; MO: microscope objective; L: lens; M̂ : sample; QWP: quarter wave plate.

and its dynamic range is over 60 dB. Sets of 10,000 randomly chosen points
are sampled in identical pixels for the input and output beams, which are
used to estimate the elements of the Mueller matrix of each specimen by95

applying the technique described in the next section.
The Stokes parameters can be obtained from the measured powers at each

pixel of the CCD camera of the experimental setup shown in Fig. 1 as [53]

S0 =
(
P0 + Pπ/2 + Pπ/4 + P−π/4 + Pλ/4,π/4 + Pλ/4,−π/4

)
/3,

S1 = P0 − Pπ/2,

S2 = Pπ/4 − P−π/4, (3)

S3 = Pλ/4,π/4 − Pλ/4,−π/4,

where Pβ and Pλ/4,β are the powers measured after a linear polarizer and after
a quarter-wave plate (QWP) followed by a linear polarizer, with the subscript100

β referring to the angle between the x axis and the polarizer transmission
axis, while λ/4 denotes the presence of the QWP with its fast axis at 0
degrees with respect to the x axis [1, 2].

The measured Stokes vectors of the input and output beams can be ar-
ranged in two 4 × N matrices, Ŝin and Ŝout, respectively, which are related105

by:

Ŝout = M̂ Ŝin , (4)

which allows the Mueller matrix to be recovered. Since Stokes parameters
are measured across the entire beam cross-section, samples under test are
required to be homogeneous, at least in regions not smaller than the beam
cross-section.110
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However, before proceeding with the recovery process, some criteria can
be adopted to exclude less significant pixels. The first criterium consists of
considering only those pixels where the measured power is above a certain
percentage (e.g., 10%) of the maximum [54]. The second one is related to
the degree of polarization. The input beam is completely polarized, so that115

the degree of polarization should be 1 for all pixels. If the samples under
study are non-depolarizing, the same argument holds for the output beam.
For more general samples, the degree of polarization of the output beam is
restricted in any case to the range [0, 1]. However, because of experimental
errors, values outside that interval may also be obtained. In this work, we120

study non-depolarizing elements and we choose to include only those pixels
where the measured degree of polarization of the input beam is in the range
1± 0.1.

The main sources of error in this polarimetric method are: a possible
transverse shift of images, inaccuracy in the intensity measurements, the125

finite size of the pixels, resulting in an average of the measured values in the
area of each pixel [54, 55]. The accuracy of the system is also affected by
temporal variations in the intensity distribution across the beam section.

3. Bayesian statistical approach

With the rapid evolution of sensing and measurement methods in po-130

larimetry, obtaining huge amounts of experimental data is becoming com-
monplace and affordable. The real challenge is to take advantage of this
vast information to determine the desired parameters as accurately as pos-
sible. Bayesian statistics offers a very convenient mathematical approach to
analyzing experimental data and incorporating them into efficient predictive135

models.
Bayesian inference uses a formulation based on updating the parameter

values as the number of available experimental data increases [56]. When
handling a large number of data, Bayesian statistics have a higher compu-
tational cost than other classical methodologies. However, by using certain140

algorithms suitable for this type of approach, such as Markov chain Monte
Carlo methods [57], a very efficient computational procedure for Bayesian
analysis can be achieved, which allows the handling of numerical difficulties
initially encountered [58].

In order for the 16 coefficients of the Mueller matrix to be estimated by145

Bayesian inference, they are all modeled as random variables. This approach
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is different from that followed in conventional (frequentist) statistics, where
the parameters are not considered as random variables and the uncertainties
are represented, for each of them, by confidence intervals.

Our aim is to compute the joint probability density function of the pa-150

rameters mij of a matrix M̂ , given the available data D and the previous

information I: P
(
M̂ | D, I

)
. Previous information I contains the descrip-

tion of the statistical relations between parameters and data, and also all
the prior information available about the parameters, such as the particular
relations that make a matrix realizable [see Eq. (2)].155

The probability density of the parameters can be constructed using Bayes’
theorem [59].

P
(
M̂ | D, I

)
=

P
(
D | M̂, I

)
P (D|I)

P
(
M̂ |I

)
. (5)

The term P
(
M̂ |I

)
is named the prior, and contains information about

the Mueller matrix before obtaining any data. The term P
(
D | M̂, I

)
is

the likelihood, i.e., the probability of obtaining the data given the parame-160

ters. The term P (D|I) is usually called global likelihood or marginal likeli-
hood. Finally, the probability of the parameters given the data and model,

P
(
M̂ | D, I

)
, is usually called the posterior. The Bayesian model is con-

structed by multiplying the likelihood by the prior and then normalizing it
by the global likelihood.165

Except in the simplest cases, the global likelihood is very difficult to
compute, being the result of marginalization, that is, integrating over the
parameters [59]. In our case, this implies an integral in 16 dimensions of
the already complicated product of the likelihood and the prior. In gen-
eral, the difficulty increases geometrically with the number of parameters.170

Consequently, obtaining the posterior analytically is often unaffordable.
The solution to this problem is to sample from the posterior and use

the sampled values as an approximation to the posterior distribution[60].
As we increase the size of the sample, we gradually approach the posterior
distribution. In general, for a multidimensional probability distribution, we175

can calculate any function of its parameters without needing to know the
posterior completely [61]. The main difficulty with this procedure is that
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we cannot randomly sample from a distribution that is previously unknown.
The way to avoid this is to make a dependent sampling, in which the choice
of each sampling point depends on the previous point [60].180

The way to carry out a dependent sampling is by using the so-called
Markov chains [62] to perform a random walk through the parameter space.
A Markov chain is a stochastic series of events in which the probability
of the occurrence of an event only depends on the immediately preceding
event. This dependent sampling is always less efficient than independent185

sampling, as the informative value of each sampled value is lower than in the
independent case [60]. Since the draws within a chain are not independent,
the effective sample size will be smaller than the total number of iterations.
As the complexity of the model increases, the difference between the effective
and actual sample size increases [58]. The important point is that it can be190

shown [56] that, under certain algorithms to move through the parameter
space, the method produces chains of approximate values that converge to
the exact target distribution. However, the samples in the Markov chain
only represent the target distribution when the chain achieves convergence.
Several methods to monitor the convergence of the chains are used in the195

next section.
Examples of MCMC algorithms are: Metropolis Random Walk, the Me-

tropolis-Hasting algorithm, and Gibbs sampling [56]. There are computing
environments for Bayesian inference where the sampling algorithm is already
implemented and the user writes the model in a domain specific language. In200

this work, we use Stan [63, 64] which uses the No-U-Turn sampler (NUTS)
[65] as its default sampler. NUTS is an extension of the Hamiltonian Monte
Carlo (HMC) algorithm[66, 67].

The HMC algorithm uses geometric information from the posterior to
decide how to move through the parameter space, where each point in that205

space is characterized by the logarithm of the posterior for a set of given pa-
rameters. HMC uses Hamiltonian dynamics procedures to mimic the move-
ment of a particle through the potential field computed from the posterior.
A random initial momentum allows it to move into regions of high poten-
tial and thus traverse the entire parameter space. Since the motion will be210

strongly influenced by the gradient of the potential, it is necessary to be
able to calculate (analytically or numerically) the gradients of the logarithm
of the posterior with respect to all parameters. Each point in the chain is
subdivided into small discrete steps. It is necessary to make these steps very
small or apply a symplectic method so that no divergences appear on the215

8



path of the particles [67]. To computationally implement the equations, the
“leapfrog” method [65] has been used. It is a very efficient search algorithm,
which will explore the minima of the potential energy, that is, the zones of
maximum probability for the posterior, by means of leap proposals that are
not symmetric with respect to the initial position but are biased towards the220

mode of the posterior. This bias will increase as the gradient in the zone
increases. The algorithm depends on three parameters: the variances for the
initial momentum distribution of each iteration, the number of steps in each
iteration, and the time interval at each step. To optimize efficiency, it is nec-
essary to tune these parameters. This is done in a warm-up phase, where you225

start with certain values and change them to optimize the algorithm. The
warm-up phase must be long enough to reach a stable situation. To assess
the convergence of the process, several chains are run in parallel. Different
values of the above parameters are used in each chain and, once the warm-up
phase is finished in each chain, the parameters are not modified during the230

rest of the calculation.
To summarize, we must provide the statistical model, describing the like-

lihood and the priors, and Stan performs the sampling parameters tuning
during the warm-up phase and the actual sampling.

A flow diagram of the procedure is presented in Fig. 2. It shows how the235

probability distributions of the posteriors (in this case, the elements of the
Mueller matrix) are derived from the input and output Stokes vectors of the
considered image pixels. It can be seen that the output Stokes vectors are
assumed to arise from a normal distribution around the expected values µi,k

computed from the input vectors and the Mueller matrix. In this algorithm,240

µi,k are latent variables. The dispersion σ of that normal distribution is
another parameter of the model, and it is assumed to be the same for the four
elements of the Stokes vectors. The procedure makes use of non-informative
priors for the parameters and applies the necessary constraints among the
parameter values.245

4. Results

To check the applicability to FPMP of the proposed Bayesian method,
the latter has been applied to experimental measurements on several known
samples. Data input, an initial selection of experimental data, and the han-
dling of output files have been programmed in R [68]. The HMC models250

have been programmed using the Stan programming language [63, 64].
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input data

Sin
i,k, Sout

i,k with i = 0,1,2,3 and k = 1,…, N pixels

μik = M̂ * Sin
i,k

Sout
i,k ∼ normal(μi,k, σ)

priors

m0,0 ∼ uniform(0,1)

mi, j ∼ normal(0,10)

σ ∼ halfcauchy(0,100)

constraints

|mi, j | ≤ m0,0
…

Unknown parameters

M̂ = {mi, j} i, j = 0,1,2,3

m0,0 m0,1 m0,2 m0,3

m1,0 m1,1 m1,3m1,2

m2,0 m2,1 m2,3m2,2

m3,0 m3,1 m3,3m3,2

Result: pdf's of Mueller matrix elements

Mueller matrix 
rms dispersion of observed 
data from the real values

input and output 
Stokes vectors

σ

MCMC algorithm
(HMC-NUTS)

Figure 2: Flowchart of the algorithm.

Stan is a language specially designed for complex statistical models that
incorporates, among other components, the NUTS (an extension of HMC)
algorithm. As input, we used a random selection of 10,000 pixels from the
experimental measurement file. We run in parallel 4 independent Markov255

chains, each with 1,000 steps for the warm-up phase, followed by 2,000 steps
for the parameter sampling. This allows us to check at the end of the cal-
culation whether the chains have converged to the same mean values, within
errors, for each parameter obtained. Typical computing time to process sam-
ple data on a laptop computer (Mac Apple M1) is about 10 minutes.260

Figure 3 (a) represents (for the element m00 of the Mueller matrix of
a linear polarizer with its transmission axis at 90◦, as an example) a trace
diagram showing, step by step, the exploration process of the four Markov
chains, showing that the chains converge to the same value after a given
number of iterations, indicated by a vertical dashed line. From then on,265
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Figure 3: (a) Trace diagram showing the convergence of the 4 Markov chains used by the
NUTS algorithm to estimate the element m00 of the Mueller matrix of a linear polarizer
with its transmission axis at 90◦. (b) Trace diagram, for the same element, showing about
2000 steps, after the warm-up phase. The same color code for the chains than in (a) has
been used.

the dispersion around the central value of m00 provides an estimate of the
uncertainty in the measurement of this parameter. The Gelman & Rubin [69]
R̂ convergence diagnostic, which compares estimates between and within the
chains of model parameters, has been applied (see also [70]). If the chains do
not mix well (i.e., the estimates between and within the chains do not agree),270

R̂ is greater than 1. We have obtained values very close to 1 for all the chains
in the 16 parameters calculated. In fact, R̂ ranges from 0.9996 to 1.0010 for
this sample. Figure 3 (b) shows the dispersion in the m00 values for each step
of the calculation after the chains have converged and are completely mixed.

Figure 4 shows the sampled values of the m00 parameter against the275

log-posterior, highlighting in different colors all the 4 Markov chains. The
overlapping at the locus of the results for the four chains adds confidence to
the method. The same procedure was followed to obtain the 16 elements of
the Mueller matrix for each sample analyzed.

The results obtained have been compared to the expected theoretical280

Mueller matrix in several cases, where air, a quarter-wave phase plate with
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Figure 4: Sampled values of the m00 parameter against the log-posterior, highlighting in
different colors all the 4 Markov chains, using the NUTS algorithm.

its fast axis at 0◦, and a polarizer with its transmission axis at 90◦ were used
as samples. The Mueller matrices of these samples are theoretically known
(see [35], for the QWP and the polarizer).

Adding the results of the sampling in the four Markov chains, the applied285

Bayesian inference method provides the full probability distribution functions
(PDF) for the 16 elements of the Mueller matrix, including all the cross-
correlations among all the parameters. If the elements of the Mueller matrix
are arranged in a row vector M = (m00,m01, · · · ,m33), their correlation
coefficients can be represented in the usual 16× 16 correlation matrix (there290

are 120 different correlations). Fig. 5 shows the results obtained for the
linear dichroic polarizer with its transmission axis at 90◦. For each pair of
coefficients, we show a dispersion diagram with the sampled values, and the
diagonal is used to represent the PDF of each Mueller matrix element. It
can be seen that only four pairs (from the 120 possible cases) show a certain295

correlation. Correlated elements are those in the same row in the first and
second columns of the Mueller matrix. Due to symmetry considerations
on the Mueller matrices, homogeneous noise in the images does not reflect
into homogeneous noise that is distributed evenly among the 16 elements of
the matrix [71]. This aspect has been noted before [72], and it is expected300

that some elements of the Mueller matrix are strongly correlated. A similar
behavior is observed for all samples.

Note that our technique is not limited to providing a mean value for each
parameter or a mean plus a dispersion, but it provides a full PDF. In this
sense, although most of the histograms on the diagonal of Fig. 5 seem sym-305
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Figure 5: Cross-correlations of the elements of the Mueller matrix for a polarizer with its
transmission axis at 90◦. The two magnified plots in the upper half of the panel correspond
to examples of high and low correlation between elements.

metric, some elements exhibit a more complex distribution that cannot be
summarized by just two numbers (such as the mean and the standard devi-
ation). For this reason, it is always better to report the derived PDF, which
comprises a full characterization of the parameters. In any case, if we want
to summarize the results of the analysis using a limited set of descriptive310

measurements to characterize a general probability distribution, we recom-
mend using the median as a centralization measurement (more robust than
the arithmetic mean), the MAD (mean absolute deviation) as a measurement
of the dispersion instead of the rms standard deviation, and the Highest Den-
sity Interval (HDI) as an alternative to the conventional confidence interval315

to cope with nonsymmetrical distributions. The HDI is the Bayesian coun-
terpart of the classical confidence interval. It is a credible interval defined
as the narrowest interval that includes a given percentage (e.g., 95%) of the
posterior probability distribution of the parameter. It represents the range
of values with the highest probability density, providing a robust and infor-320

mative measure of uncertainty. See, for example, [73] for a definition and
discussion of HDI.
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The results of the analysis of the experimental data for three samples
are shown in Figs. 6, 7, and 8. In these three figures, green dashed vertical
lines represent the median values for the PDFs of the elements in the Mueller325

matrix of each sample, while black dashed vertical lines indicate the expected
values for these samples [37]. The 95% HDI for each element is denoted as
a solid horizontal red bar.

Figure 6 shows the results for a linear polarizer with its transmission axis
at 90◦. The horizontal scale interval in all histograms is set at 0.016, so it330

can be seen that the PDF of some elements is narrower than for the rest. In
particular, the PDF’s are very narrow for the four elements whose theoretical
value is ±0.26. In fact, the HDI width of these four elements is very small
(less than 0.003). Moreover, the absolute value of the difference between the
median and the theoretical value is less than 0.004 for all elements. Note also335

that the theoretical values are within or very close to the calculated HDI for
the sixteen elements of the Mueller matrix.

Figure 6: Histograms for the elements of the Mueller matrix for a linear dichroic polarizer
with its transmission axis at 90◦. The dashed green line denotes the median, the red bar
represents the 95% HDI and the dashed black line represents the theoretical expected
value for each element.
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For the case of air, Fig. 7 shows the histograms of the elements of the
Mueller matrix obtained from the analysis of the experimental measurements
of this sample. In this case, the value of R̂ for the 16 elements of the Mueller340

matrix is in the interval [0.9996, 1.0012]. For a better visualization of these
histograms, different intervals of the horizontal scale have been used. In
particular, for elements m00 and m33 the interval is 0.003, and 0.011 for the
rest. In any case, the histograms for this sample are, in general, narrower
than for the polarizer. The experimental values obtained for the elements of345

the Mueller matrix are quite close to the expected ones, especially for the null
elements (for these elements the maximum difference is 0.002) and slightly
higher for the two of the non-null elements (the elements of the main diagonal
should be one). It should be noted that the histogram of the elements m00

and m33 is rather asymmetric, which may be an effect of the restrictions350

imposed on the physical realizability of the Mueller matrices [see Eq. (2)].

Figure 7: Histograms for the elements of the Mueller matrix for the air. The dashed green
line denotes the median, the red bar represents the 95% HDI and the dashed black line
represents the theoretical expected value for each element.

Finally, Fig. 8 shows the results obtained for the quarter-phase wave plate
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Figure 8: Histograms for the elements of the Mueller matrix for a quarter phase plate with
its axis at 0◦. The dashed green line denotes the median, the red bar represents the 95%
HDI and the dashed black line represents the theoretical expected value for each element.

with its fast axis at 0◦ (see Fig. 8). For this sample, the value of R̂ ranges
from 0.9997 to 1.0011. In this case, the horizontal scale interval is 0.025 for
all elements and this scale has been shifted so that the expected theoretical355

value is close to the center of the graph. For this sample, the maximum
HDI width is 0.011 and the differences between experimental and theoretical
values are lower than 0.012. These differences, which are greater in this
sample than in the others, could be due to different sources of error, such as
some misalignment of the fast axis of the sample and a possible transverse360

displacement of the images taken by the CCD camera, which may occur if
the input beam is not perfectly perpendicular to the sample [55].

Similar Mueller matrices have been obtained for these samples using the
Moore-Penrose pseudoinverse [37]. However, in the Bayesian approach, the
PDF of each of the sought parameters is constructed from the experimental365

measurements and from the modeling of the particular problem. In our case,
the model is determined by the relation of Eq. (1) and must also satisfy the
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realizability conditions given in Eq (2). In summary, the Bayesian inference
approach provides, for each observational dataset, a large set of Mueller
matrices (as many as the number of steps in the chains), which allows us to370

perform a robust estimation of their associated uncertainties and a study of
the possible correlations among parameters.

Mueller matrix polarimetry based on polarization modulation with rotat-
ing elements has yielded values that differ by less than 0.002 [30, 31] from
the theoretical values for air. Similar accuracy has also been achieved with375

the use of polarimeters of amplitude division [25]. Other authors report dif-
ferences of less than 0.014 [21] or 0.5% [74] for electrically driven modulation
polarimeters.

5. Conclusions

A Bayesian approach has been proposed to analyze a large amount of380

experimental full Poincaré Mueller polarimetry data. Using a polarization
analyzer and a CCD camera, maps of the Stokes parameters in the beam cross
section at the entrance and exit of a sample are obtained. These data have
been processed by Bayesian inference to determine the 16 elements of the
Mueller matrix of the sample. One of the advantages of Bayesian analysis385

is its flexibility in specifying suitable models for the data. This flexibility
allows us to impose several necessary conditions that a matrix must satisfy
to represent a physically realizable Mueller matrix.

It should be noted that Bayesian analysis has the ability to generate
computationally robust estimates of the parameter values and their credible390

intervals. As a result, the procedure provides the full probability density
function for each element of the Mueller matrix. If necessary, this PDF can be
summarized by reporting a central value along with an interval of the highest
probability density (HDI). Also, the procedure provides the correlation values
between all pairs of elements. The credible intervals do not depend on the395

large-N approximations, nor do the credible intervals depend on the intended
tests.

Finally, applying this method to three different test samples (air, a quarter-
wave phase plate with its fast axis at 0◦ and a polarizer with its transmission
axis at 90◦ ) yields values of their Mueller matrices very close to the expected400

theoretical ones. Moreover, very narrow credible intervals are found for all
elements. Therefore, Bayesian inference is a very useful tool for determining

17



the Mueller matrix when a large number of independent experimental data
are measured, as is the case for full Poincaré polarimetry.
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