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0. Introduction

In [5] Chen and Lau introduced Hardy spaces associated to the Beurling algebras
Ap. Their theory was further developed by J. Garcfa-Cuerva [9]. The algebras Ap

were introduced by A. Buerling [2] in connection with spectral synthesis. They
are a nested system of convolution subalgebras of L1 whose union is L1.
Feichtinger [6] provided the equivalent norm for the Ap which made the
extension [9] possible. The associated Hardy spaces HAP are a nested system of
spaces whose union is the ordinary Hardy space / / ' . The atomic decomposition
for HAP differs from that of Hl in that atoms have to be centred at 0 and the size
of each atom is given by an Lp-norm controlled as usual by the reciprocal of the
measure of its support. This view of HAP as a kind of / / ' at a point is particularly
appealing and casts some light on the general nature of Hardy space theory.

Given this background, it seems to be natural to try to extend the theory to Hq

for q < 1. This extension is the subject of the present paper, which is part of the
Ph.D. thesis of the second author. It turns out that the spaces Apq or Apq, which
now play the role of the Beurling algebras Ap, had previously been introduced by
C. Herz [11] with different notation. Our notation is adapted to the Feichtinger
norms which are the most appropriate for our aims. In § 1 we introduce the
spaces Apq and Apq and their duals Bp_q and Bp-q and briefly study those
properties which will be important for the development of Hardy space theory. In
§ 2 we define the Hardy spaces HApq and HApq as spaces of tempered
distributions whose non-tangential Poisson maximal function belongs to Apq or
Apq respectively. We obtain several equivalent characterizations including an
atomic decomposition, which are collected in Theorem 2.14. This section includes
a description of the complex interpolation for these spaces. This problem is more
difficult than that for Banach spaces and we solve it along the lines of the method
introduced by Calderon and Torchinsky [4]. Finally § 3 is devoted to the
Littlewood-Paley characterization of HApq for K p = s 2 and 0<<7^1. In this
way we are able to complete previous results obtained by Lu and Yang [13].

1. The spaces Apq, Apq, Bpq) Bpq: definitions and basic properties

For k e Z define Ck = {x e W: 2k~x < |JC| ^2*} and denote by Xk t ne charac-
teristic function of the set Ck.

DEFINITION 1.1. Let 0<q =£ 1 and q ^p < °°.

(a) We shall call Apq the space consisting of those functions / e Lfoc(U" - {0})
for which

Supported in part by the grant PB90-187 of DGICYT, Spain.

1991 Mathematics Subject Classification: 42B30.

Proc. London Math. Soc. (3) 69 (1994) 605-628.



606 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

(b) We shall call Apq the space consisting of those functions / on U" for which
\lq

< 00.

where Xo is the characteristic function of B(0, 1), B(Q, 1) being the open ball of
radius 1 centred at 0, and %k(x) ~ Xk(x) if A: ^ 1.

DEFINITION 1.2. Let 0<q^l and l< /?<°° , and denote by p' the exponent
conjugate to p, that is, lip + 1/p' = 1.

(a) We shall call Bpq the space of those functions / on U" for which

Il/H*,, = Slipp-*"*1'*-1*^ \\fXk\\P} < oo.
keZ

(b) We shall call Bpq the space of those functions / on IR" for which

Note that if we define, for k e T, fk(x) =f(2kx). Xo(x) then the spaces we have
defined may be viewed as //-valued sequence spaces (see [1, p. 121] and [17] for
definitions and basic results). Then

1 1 / < 7
)knlc! l

and

p, 0
AreZ

If we write /0(x) =/ (*) . ^o(^) and, for /c G N,

f/(2*x) if i < |x| ̂  1,

then

(r\knlq \\~t \\ \<7 I — 1 1 / f i l l
\ l H/*llLP(fl(O,l))J [ ~ \\\Jkl\\l»i<i(LP(B(0,l))),

Thus the spaces Ap<q, Ap<q, Bpq and Bpq are complete; moreover Bpq and Bpq are
Banach.

These spaces are also a particular case of Herz's spaces K"'13 and K"'p (see
[11])-

The special case where q = 1, gives ApA, Bp , which are the Beurling Algebras
Ap and their duals Bp, and the norms used in the definition were introduced by
H. Feichtinger [6]. Moreover, the Beurling Algebras have been studied by J.
Garcia-Cuerva [9] and the results obtained there may easily be extended to the
homogeneous spaces Ap = ApX and Bp = Bpl.

Next we list basic results concerning the spaces Apq, Apq, Bpq, Bpq. These are
very easy to prove (in brackets we indicate the ideas required to do so).
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 607

PROPOSITION 1.3. (a) Let 0 < q =s 1 and q <p < °°; then Apq = Z/ P r

(b) If'p - q then Apq = Apq = Lq (definition).

(c) / / 0<q<Pl^p2<co then Ap^aAp^Lq and Ap^Ap^Lq

(Holder).

(d) IfO<q]^q2^landq2^p<™ then APith <= Ap,q2 (/"-properties).

(e) For 0 < q ̂  \<p < oo, £ ^ c: fl^ (definition).

(f) / / K p , ^ /? 2 < oo r/ien fiP2>9cBpi9 and BPl,q<= 5Pl>, (Holder).

(g) / / 0 < ^, «s q2 ̂  1 then Bp <= flp,,/2 <= £„,„, (definition).

(h) IfO<q^l<p<oo then L°° c 5P>9 flnrf Lp c 5 p ^ (definition).

Note that the results (d) and (g) are false for the corresponding homogeneous
spaces.

PROPOSITION 1.4. / / 0 < q «£ 1 and 1< /? < oo ^ e n ^ p ^ c Ap <= Lp c Bp c Bp (?.

PROPOSITION 1.5. Ler 0<q ^1, q ̂ p < °°, and e >0. 77ien

(a) / e Ap_q if and only if \f\e e Ap/£,q/e,

(b) / G APtq if and only if \f\£ e Aple<qle.

Note that, since sup.veCjt |/(x)| =^infreQ_, \f{x)\, every decreasing function in Lq

belongs to Apq provided that q 2s p.
There is an alternative description of Bpq and Bpq.

PROPOSITION 1.6. (a) A function f e Bpq if and only if the following quantity is
finite:

(b) A function f e Bpq if and only if the following quantity is finite:

[
B(O.R)

Such quantities are equivalent to the corresponding Bpq and Bpq norms.

Proof. We prove part (a); the result for Bpq follows from the same arguments.
Let / e Bpq. Given R >0, choose k e Z such that 2k~]<R^2k. Then

[ l/(*)l'<k*s 2 [
JB(0,R) j=-

That is,
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608 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

Conversely, if we call 5 the supremum in the proposition then

\j(x)\ ax ^L,d i[
B(0.2k)

and \\f\\sp^CS.

Next we shall state a basic duality result. If we denote by A'* the dual space of
the space X, we can write:

(1) {Ap.qy = Bp..q a n d (Ap,q)* = Bp..q for 0<q ^ \<p < oo,

(2) (AP,CI)* = (Ap.q)* = {0} for 0<<7 ^P < 1.

More precisely, we have the following:

THEOREM 1.7. Let 0 < q «s 1 «£ p < oo.

(a) For efery g e fip. f/ r/ze functional Ks, defined by

A*(/) = J f(x)g(x)dx,

is continuous on Apq and its norm in (Apq)* satisfies \\Ag\\ *£ ||g||S/,,q. Conversely,
given A e (Apq)*, there is a unique g e Bp-,q such that A = Kg. Furthermore,

|. (Similar results hold for homogeneous spaces.)

(b) Let 0<q ^p < 1. Then the unique continuous linear functional on Apq or
Ap(/ is given by Ao(/) = 0.

Proof. From the descriptions of these spaces as sequence spaces, we get the
following statement. Let 0<q ^ 1 =£/? <°°, and p' be the exponent conjugate to
p\ then

, 1))))* = /-«<i^-i)(^'(B(0f 1))) = ZV.«-

If 0 < ^ ^ / 7 < l , by Proposition 1.3 we have Z/(fl(0, R))^Apq^Ap,(f and
, /?)))* = {0} whenever 0 <p < 1, so that

2. Hardy spaces

First, we will define all maximal functions which will appear in this section.
Given a fixed </> in the Schwartz class 5 (̂IR"), we can associate with each

/ e 9"(Mn), a function defined on R"+
+i by f(x, t) = (/*<£,)(*) and derive from it

the following maximal functions:
(i) the vertical maximal function,

) = sup \f(x, 01;
/>0
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 609

(ii) the non-tangential maximal function,

4>W)(x) = jupJf(y,t)\;

(iii) for N s* 1, the non-tangential maximal function of amplitude N,

4>*Af)(x) = sup \f(y, 01;
|y-x|</V/

(iv) for A s* 1, the tangential maximal function with exponent A,

< « • / ( * ) = sup \f(y,t)\(- '--X.
(v,/)eR"+l \\X — y\ + tl

If / e Ll(U") and <f>(x) - P(x), the Poisson kernel, the above definitions make
sense. For this particular case we write
P*(f)(x)=f+(x), P$f(x)=f*(x), P$Af)(x)=f%(x), Pf*(f)(x)=ft*(x).
For u(x, t) a harmonic function on U"+

+\ we shall use the following maximal
functions:

(1) the vertical maximal function,

m,t(x) = sup \u(x, 01;

(2) the non-tangential maximal function,

mu(x)= sup \u(y,t)\;
\y-x\<t

(3) for N 5= 1, the non-tangential maximal function of amplitude N,

m"(x)= sup \u(y,t)\;
\y-x\<Nl

(4) for A 3= 1, the tangential maximal function of exponent A,

t xA

uf*(x) = sup \u(y, 01

Finally, we shall consider the grand maximal function, obtained by taking a
large class of functions 4>. For N, a positive integer, and a, (3, multi-indices, let

: sup \
|a|.|/3|«/V

For / e &"(M") its grand maximal function will be

GN(f)(x) = sup \4>Kf)(x)\.

We shall take N sufficiently large and then we shall keep it fixed. There will be
no need to retain the subscript N and we shall write simply G(f) and si.

Now we define the Hardy spaces associated to Apq and Apc/ starting from
harmonic functions. First we state the following result, which is well known for
the classical Hardy spaces H"(W) with 0<q ^ 1. (See [8, pp. 161-172]).

THEOREM 2.1. Let u(x, t) be a harmonic function in 1R++1, and 0<q^\ and
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610 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

q ^p < oo. if m,,{x) 6 Apq then f(x) = lim,^0 u(x, t) exists in the sense of tempered
distributions and determines in a unique way the harmonic function u(x, t).
Moreover, \u(x, t)\ =s CC"lq \\mu\\A . (A similar result holds for Apq.)

DEFINITION 2.2. Let 0 < q =£ 1, q =£p < oo and / e Sf'(M").

(a) We say that/belongs to MApq if and only if it is the boundary distribution
of a harmonic function, u(x, t) in [R++1 which satisfies mu(x) e Apq and in that
case we define \\f\\HAM= I K J/*„,,-

(b) We say that / belongs to HApq if and only if it is the boundary distribution
of a harmonic function, u{x, t) in R++1 which satisfies mu(x) &Apq and in that
case we define \\f\\HAptl

= I K J ^ .
Note that HApq <= HAp_q c HqJor 0<q^l, q*&p<*>.

THEOREM 2.3. Let 0 < q =£ 1 and q ̂ p < °°. Then HApq and HApq are complete
spaces for the quasi-norms given in Definition 2.2.

We shall give different equivalent characterizations of HApq and HApq. First,
let us describe some classes of functions which are dense in those spaces.

THEOREM 2.4. For any 0 < q «£ 1 and q =£/? < oo, L2 D HApq is dense in HApq

and L2 f) HApq is dense in HApq.

Proof. We consider / e HApq and let u(x, t) be the unique harmonic function
in IR++1 such that f(x) = lim,_0M(;t, t) in the sense of distributions.

For s > 0 fixed, we set us(x) = u(x, s). As us(x) ^mu(x) and since by Theorem
2.1, |M(JC, t)\^Crn/q \\mJHApq, it follows that us[x) eLqHLx<=L2 and also that
u,(x) = \im,_ou(x, t + s). Since ||Mv||Wi4 = \\mu \\A ^\\mu\\A , we obtain
us(x) e HAp,q n L2 with || us \\ HApq *£ || / 1 | HAp''q.

On the other hand, mu e >4P^ and

sup \u(y, t) - u(y, t + s)\ ^ sup \u(y,t)\+ sup |w(_y, r + s) | ̂  Cmu(x).
|.v-y|</ |.r-y|</ |.v-v|</

By the Lebesgue dominated convergence theorem, in order to prove that
11/ - us\\HA ->Q as s—>0, it suffices to show that

m,,_,,s(.r)= sup \u(y, t) - u(y, t + s)\->0 a.e. ass—>0.

But

mu.Ui{x)^ sup \u(y,t)-u(y,t + s)\+ sup \u(y, t) - u(y,t + s)\
|.v-y|<f \x-y\<t
0<t<8 8<t<T

+ s u p \u(y,t)\+ s u p \u(y,t + s)\.
\x-y\<l |jr-y|</

The first term goes to 0 as 8, s—>0, with s > 8, since we have \u(y, t)\ ^mu(y)-
As u(y, t) = lirn^o u(x, t + s), it follows that then \u(y, t) - u(y, t + s)\ —> 0 as
s—>0 uniformly in \x ~y\<t, with 8<t<T. Finally, the third and fourth terms
go to zero as T goes to °°, provided that s<T<t, from the estimate
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 611

THEOREM 2.5. For 0< g =s 1, q <p < °° and u(x, t) a harmonic function in Un++1,
the following properties are equivalent:

(a) ml e Ap<q;
(b) mu e Ap<q;
(c) for any N ̂  1, m^ e Ap>q.

A similar result holds with Apq replaced by Apq.

Proof. The obvious inequalities m^{x) =£ wM(jc)=^m^(jc) give (c) =̂  (b) =̂  (a).
Let us see that (a) ̂  (c).

By a lemma of Hardy and Littlewood, rediscovered by C. Fefferman and E. M.
Stein [8] (see alternatively [10, p. 172]), since u(x, t) is harmonic in IR++I, if
0< e < 1, we have

\£>\Ky> 0> 201 JB((y,l),l/2)01 J t J\z-y\<,/2

Then

CE sup ( i

where M represents the Hardy-Littlewood maximal function; that is,

On the other hand, by Proposition 1.5 we have \\m"\\q
A =\\(m")q\\APiq. The

results stated in [9] for Beurling Algebras give us

(my(x)g(x)dx : g

and taking e <q, from the theorem of Fefferman and Stein [7], we obtain

(m;)q(x)Mg(x)dx

Therefore we get \\m%\\A ^ CNn+e \\m»\\A for some e >0.
Cj 11 u 11 r\pq 11 u 11 r\pq

THEOREM 2.6. Let 0<g=s l , q^p < °°, flnrf w(x, f) fee a harmonic function in
"++l. If mu(x) EAPIC/ then there

(A similar result holds for Apq.)
"++l. If mu(x) EAPIC/ then there is M^l, large enough such that MM*(*)

Proof. By the proof of Theorem 2.5, for some e > 0,

llra^lL ^CNn+e Ilm + IL =̂  CNn+s \\m IL
M u \\s\ptq 11 w 11/tp^ 11 "I '^/j .f j '

where C does not depend on either N or M(X, t). Since

( t
—

w \x-y\ + t
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612 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

we obtain

||..**|| < C \\m II I 1 4- C V f)-kMjk(n + e) \
\\UM ll/l,,,, C \\mu\\Apq\ *- ^ L ZJ Z Z }•

v A:=0 '

Taking M > n + e, we see that the sum converges and

The same arguments give the proof of the homogeneous result.

LEMMA 2.7. Let f e L2. Then G(f)(x) ^ Cf*M*{x) for every x e W.

Proof. See, for example, [9].

THEOREM 2.8. LetO^q^landq^p<™.Iff<E HApq then G{f) e Ap<q and if
f G HApq then G{f) e Ap%q.

Proof. By Lemma 2.7 and Theorem 2.6 we get, for / e L2 D HApq,

\\G{f)\\Apq^C\\f\\HApq,

which, by a density argument, proves the desired result. The result for
homogeneous spaces is proved similarly.

We shall give a characterization of HApq and HApq in terms of tangential
maximal functions or grand maximal functions. First we give the following
definition.

DEFINITION 2.9. Let a(x) be a function defined on U", 0 < q =s 1, Kp < «, and
N be a positive integer. Then a(x) is said to be a central (p, q, N) atom provided
that

(i) a(x) lives in a ball centred at 0, say B(0, R),

(ii) \\a\\p^\B(0,R)\Vp-u\

(iii) if a is a multi-index with \a\ *s N, then JRnx
aa(jt) dx = 0.

Next we shall construct an atomic decomposition for / e L2 n HApq and
E L 2 n

THEOREM 2.10. Lef / e L2 n //^p,,,, 0 < ^ ^ 1, K p < <», an̂ Z N fee a positive
integer. There are a sequence, {ak}, of central (p, q, N) atoms, and a sequence
{\k} of real numbers satisfying Sr=o \^k\q < °°> sucn tnat f(x) = ^k=o hkak(x) in the
sense of distributions. If f e L2 Pi HApq then all of the atoms are supported on
balls whose radii are greater than or equal to 1.
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 613

Proof. First we shall construct a partition of unity by smooth, radial,
non-negative functions corresponding to the partition U" =B(0, 1) U (U*=i CO-

Let \pQ, i/fbea couple of smooth radial functions, with 0 «£ j/fo,j/> «s 1, such that

(i) the support of «//0 is Co = B(0, 1 + e), and ipo(x) = 1 for every x e B(0, 1),
(ii) the support of tp is {JC e R": -e + \ «£ |JC| =£ 1 + e} and ip(x) = 1 for every

x e Co.

For every positive integer /:, we define if/k(x) = if/(2~kx) where the support of ifjk

is Ck = {x &Un: 2*"1 - 2*e *s |JC| ^ 2* + 2ke) and ^ is identically 1 on Ck. If e > 0
is small enough, then 1 «s S^=o *l*k(x) ^ 2. We get a partition of unity by taking

Given / e L2 n /M,., , write /(JC) = 2"-o/(Jf)^(jf )•
Let /*(JC) be a polynomial of degree N, restricted to Ck, satisfying

Jck
 xa(f(x)<t>k(x) ~ Pk(x)) dx = 0 for every multi-index a such that \a\ =s N.
More explicitly Pk(x) = 2,lai*Nm*p*(x) with m^ = \Ck\~

] fckf(x)<f>k(x)xadx,
and /3^(x) is the restriction to Ck of a polynomial of degree at most N, uniquely
determined by the equations

0 when a ^ y,
1 when a = y.

Note that by homogeneity, |j3*(x)| ^ C2~k^a\ and we have the following
estimate for Pk(x):

\Pk(x)\^C\Ck\-
1 I \f(x)Mx)\dx.

Jck

So we write, f(x) = X*=o (/(•*)</>*(*) - Pk(x)) + 2*=0 Pk(x)- Note that each term

(f<f>k ~ Pk)(x) satisfies the cancellation condition (ii) of Definition 2.9 and its

support is contained in 5(0, 2k+]). Moreover, when p > 1, the above estimate for

\Pk(x)\ gives

^C(j_ \f(x)Mx)\p dxj

k + \

^c 2 \\fXi\\P.
j=k-\

Now
ak(x) = (2*"<1/'-I/"> \\fcf>k - Pk\\py\f<f>k - Pk)(x)

is a central (p, q, N) atom, with support B(0, 2k+l), and

00 00

2 ( M - Pk)(x) = 2 W * ) with A, = 2*"<1/«-I/'> \\fcf>k - Pk\\p.
k=0 k=0

Therefore

00 00

Jt=O Ar=O
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614 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

Now we have to decompose ^=0Pk(x). Note that G(f) e Apq. Summing by
parts we write

2 f t ( * ) = 2 i (mk
a\Ck\)(\Ckr

l Pk
a(x))

with TV* = 2{L0 m
j
a \Cj\ and <p*(;c) = /3*(x)/|C*| - / 3^ + 1 ( JC) / |C , + 1 | . Writing hk

a{x) =
Nk

a<pk
a(x), we have ^k=oPk(x) = %a^N^=oha(x). Each /I*(JC) satisfies the

cancellation condition and has support contained in 5(0, 2k+2). To estimate its
size note that Sy=o <l>j(x) is essentially a bump function 'adapted' to B(0, 2k+1)
with JR« 2*=0 (f>j(x) dx ~ 2*", so that, as in [8, p. 184], we obtain

7=1

That is,

and, again by homogeneity,

k+2

j = k-\

,k\\ *- r V*+2Therefore, ||/i*||p =s C 2 ^ 2 _ , | |G(/)^| |P and the function

^(jc) = (2toi(1/*-1/">||/ii||l,)-
I/iS

is a central (p, q, N) atom with support 5(0, 2*+2). Finally,

with
00

2 2
When / £ L2 fl //J4PI<? the atomic decomposition is obtained in a similar way by
using the partition of unity <j>k (k e Z) defined as above from all the functions
iPk (k e Z).

Note that the atomic radii are greater than or equal to 1 in the HApq

decomposition.

Next we determine the minimal number of vanishing moments which are
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 615

needed for an atom to be in HApq. Let [x] represent the greatest integer smaller
than or equal to x.

THEOREM 2.11. Let 0 < q ^ 1, 1 <p < °°. If a(x) is a central (p, q, N) atom with
iYss [n(l/q - 1)], then a*(x) E. APiq and 11^*11^^ C Moreover, if suppa(x)^
B(0, R) with R 2* 1, tfien a*(jt) e y l ^ and ||fl*||,4 =* C Here C represents an
absolute constant independent of a{x).

Proof. Let a{x) be a central (p, q, N) atom with support in 5(0, R), and y an
integer such that R ~ 2y. Then

I " H/t_o Z> V^ I I " AkWpJ

We estimate the first term, using a*(x)^Ma(x), the boundedness in Lp (p >1),
of M, and the choice of y. We have

i
S^ />-\kn(\lq-\lp) \\n#v II \4 < C \\n 11^ 0Jn^ ~1IP) < Z^1

^1> ^ I I " / C ^ l l p / ^ I I " 11/7 ^ *̂ -

If x e Ck and A: >y, Taylor's expansion for the Poisson kernel and the cancellation
of a(x) yield

a{z){ 2 -DaP,(y~dz)za)dz.
5(0,/?) V | = <V+ltt! /

Since \a\ = N + 1, k |<2y |_y - x | <r and x e Ck, where A: >y, we have

\\DaP,(y - 6z)\ ^ Ct~"~^a\\ +\y- dz\/t)~"~w

= C(t + \y - Q-^-"-M

-\z\)—]ai

^ c |jcrw"iai,

and ||fl*^||p ^ C \B\ ((N + l)/n + 1 + Hq)2-k(n+N+x)2knlp. Therefore, the second
term may be estimated by

\-\lq)q V 2~

which is controlled by an absolute constant provided that N ^ [n(l/^ - 1)].
The same ideas work to prove the result for Apq.

The following result is immediate from a density argument and Theorems 2.10
and 2.11.

THEOREM 2.12. (a) Given f e HApq, with 0 < q =s 1 and \<p < °°, f/iere are a
sequence {ak} of central (p, q, N) atoms with N s= [n(l/q - 1)], and a sequence {Xk}
of constants satisfying ^k\\k\

q ^C WfH^A (>
 Wltn C an absolute constant, such
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616 JOSE GARCl'A-CUERVA AND MARIA-JESUS L. HERRERO

that f(x) = SA Xkak(x) in the distribution sense. Iff e HApq then the central atoms
are all supported on balls whose radii are greater than or equal to 1.

(b) / / {ak} is a sequence of central (p,q,N) atoms with N ̂  [n(l/q - 1)],
0 < g = s l , and \<p<°o, and {\k} is a sequence of real numbers satisfying
2* |A*|'' < oo, then the sum *ZkAkak(x) converges, in the distribution sense, to
f e HApq and H/H/ 'M^ 5 * C *Zk lA* .̂ In particular, if the atomic radii are greater
than or equal to 1 then the sum converges to f e HApq and \\f\\q

HApq ^ C^k \\k\
q.

This atomic decomposition allows us to describe HApq and MApq in terms of
conjugate harmonic functions in the sense of Stein and Weiss [15]. We shall call
F(x, t) = (uo(x, t), ux(x, t),..., u,,(x, t)) a system of conjugate harmonic functions
and write

THEOREM 2.13. Let f e Sf'(Mn), (n - l)/n<q^ 1, and q<p<°°. If there is a
system of conjugate harmonic functions F(x, t), in the sense of Stein and Weiss,
such that sup,>0 || \F(-, t)\ \\Ati < °° and lim,_0 uo(x, t) =f(x) in the distribution
sense, then f e HApq.

Conversely, given f E HApq, with 0 < q =£ 1 and 1 <p < oo, there is a system of
conjugate harmonic functions, in the sense of Stein and Weiss, satisfying
sup,>() || \F(-, 01 lU,,,,*^ x and ^n\r_()u{)(x, t) =f(x) in the distribution sense.

(Similar results hold for homogeneous spaces.)

Proof. Note first that the result for q - 1 was proved in [9] and may be
extended to the homogeneous spaces HA'\ where 1 <p < oo. Since Apq <= Lq, for
p>q, we see that F(x, t) belongs to the space of Stein and Weiss. Thus there
exists

lim F(x, t) = F(x) = (/(jr), RJ(x),..., RJ(x)),

where /?,, for / = 1,..., n, are the Riesz transforms.
As (n -\)/n<q, taking e > 0 such that (n - \)/n^e <q, we see that the

function \F(x, t)\F is subharmonic in IR'|+1 and \F(-, t)\e is uniform in L^(1R"), so
we get \F(x, t)\F^P,*{\F\e){x) (see [10, pp. 286, 175]). Consequently,

sup \F(y,t)\*^{\F\'nx)*£CM{\F\'){x)
\y-x\<i

and we obtain mlU)(x)^C(M(\F\F)(x))Ut' with uo(x, t)->f(x) as t^O in the
distribution sense.

By Proposition 1.5, using this estimate and the results for Beurling Algebras
(see [9, proof of Theorem 3.1]) we get

IKX,,,,= IIKJ'IU-^C II |/TIU'«^c III/T, 01 nM.
Therefore,
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 617

To prove the converse, consider / e. HApq with 0<q ^ 1 and 1 <p < oo. Using
the atomic decomposition we may reduce the proof to the special case of a central
(p,q,N) atom, a(x), with N^[n(l/q -1)] and supp(a(jt))c=fl(O, R), where
R^l.

Taking uo(x, t) = P,* a(x) and Uj(x, t) = Rj(P, * a)(x), for j = 1,..., n, we have a
Stein-Weiss system. We have to prove that sup,>0 || \F(-, 01 !!/!,,,< C. As we did
in the proof of Theorem 2.11 we get \\P, * a \\A < C, independently of a(x) and t,
so we have mUo(x) - sup^ -^ , \P,*a(y)\ e Apq, and uo(x, t)-*a(x) as t—»0 in the
distribution sense.

To estimate \\Rj(P,*a)\\Ap , note that Rj{P,*a)(x) = Qjt*a(x), for j = 1,..., n,
with Qj,,(x) ~ C ĵcy(r

2 + |*|2)~^I+1)/2, and this kernel satisfies the same estimates as
the Poisson kernel did. So the same ideas as those used in the proof of Theorem
2.11 work in this situation and give us the estimate ||/?;-(P, *fl)||/4 < C for
j = 1,..., n with C an absolute constant.

If we put together all the results describing HApq or HApq, we have the
following equivalence theorem.

THEOREM 2.14. Let (n - l)/n <q ^ 1, Kp<™, and f e &>'\W). Then the
following properties are equivalent:

(a) there is F(x, t) = (uo(x, t), ux(x, t), ..., un(x, t)), a Stein-Weiss system such
that sup,>0| | |F(-,OIIUM<», where \F(x, t)\ = (S;=o \uj(x, Ol2)̂  and
uo(x, t)—>f(x) as t-*0 in the distribution sense;

(b) m*(x) e Apq, where u(x, t) is a harmonic function such that u(x, t)—>f(x)
as t —> 0 in the distribution sense;

(c) mu(x) G Apq, where u(x, t) is as in (b);

(d) rn^(x) e Apq for every N^l, where u(x, t) is as above;

(e) G(/) E Ap,q;

(f) f(x) - S \kak(x), where ak are central (p, q, N) atoms with N

Further, the relevant norms in the six properties are equivalent. These are

sup || \F(; 01 IUM, IKIU,,,, HmJUM, ||mi'|UMp

and inf (2* \hk\
ciy'ef, where the infimum is taken over all admissible

decompositions.
The same statements with Apq replaced by Apq are also equivalent to each other.

Moreover the atoms which appeared in (f) have atomic radii greater than or equal
to I.

The atomic descriptions of HApq and HApq allow us to identify their dual
spaces.

DEFINITION 2.15. Let / e Lp
Xoc(U"), with \<p < oo.

(a) The function / will be said to belong to APiq, with 0 < q *£ 1 and 1 <p < °°,
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618 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

if and only if for every R ̂  1 there is a polynomial P^(f)(x) of degree at most
N = [n(l/q - 1)] such that

^ \f{x)-PN
Rf{x)\"dx)

(b) The function f(x) will be said to belong to Apq, with 0<g=sl and
1 <p < oo5 if and only if for every R > 0 there is a polynomial P%f(x) of degree at
most N, such that

—-i—- f
|o(U, R)\ JB(O,R)

<oo.

Identifying functions which differ by a polynomial of degree at most N, almost
everywhere, we see that Apq and Apq are Banach spaces.

Note that when q = 1, kp, is the space CMQf, introduced in the one-
dimensional case by Chen and Lau [5] and extended to n-dimensions by
Garcia-Cuerva [9].

THEOREM 2.16. Let C K g ^ l and K p < < » , and let p' be the exponent
conjugate to p. Then (HApq)* = Ap.><7 and (HAp(/)* - Ap. q. This may be stated
more precisely as follows. Given g e AP'i<7, the functional Lg, defined over
compactly supported functions f e HApq by

extends in a unique way to a continuous linear functional Lg e (HApq)* whose
norm satisfies \\Lg\\ ^ C \\g\\A . . Conversely, given L e (HApq)*, there is a unique
{up to polynomials of degree at most N) g e Ap-i(y such that L = Lg. Further,
HglL „ ^ C \\Lg\\. (Similar results hold for homogeneous spaces.)

Proof. Let g e Aplq and a(x) be a central (p,q,N) atom with suppa(jt)c
B(0, R), where R^l. By the properties of a(x) and the Holder inequality, we
have

a{x)(g{x)-PN
Rg(x))dx

5(0,/?)

i r \1/p'

where PN
Rg{x) is a polynomial of degree at most N which has, over 5(0, 7?), the

same moments as g up to order N.
In general, if / e HApq and has compact support, we can write f(x) =

2* \kak(x), where the atoms {ak} are all supported in a fixed ball centred at 0,
and S A I A / J ^ C \\f\\%Apq- Since \\ak\\Apii^C, the series converges in Apq and in
U. Hence as g e Lfoc([R''), it follows that Lg(f) = %k \kLg(ak) and thence

\Lg(f)\^C\\f\\HApJ\g\\ApW
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 619

Now the compactly supported HApq functions include the finite linear
combinations of atoms and are dense in HApq. Thus it is possible to extend Lg in
a unique way to a continuous linear functional Lg e (HAP q)* whose norm
satisfies \\Lg\\^C\\f\\HApq.

Conversely, given Le(HApq)* and f&HApq we know that | |L( / ) |^
f\\HAptl- In particular, when a(x) is a central (p, q, N) atom, \L(a)\ =£ C.

Given /? ' i 1, and B = 5(0, R) define the space

LP
N(B) = [/ e If: supp/^B, j V / W ^ = 0, |a| ̂

If f <=LP
N{B) then l^l1'""1"1 ||/Hp7(*) is a central (p,q,N) atom and |L(/)| ^

C ||L|| IBl1"-17" ||/Up. Thus, L e (/Mp,?)* gives a continuous linear functional on
LP

N{B) whose norm is bounded by C ||L|| \B\Vq~Vp. By the Hahn-Banach
theorem we extend the functional to LP(B) with the same norm. The duality
between Lf and LP allows us to represent L over compactly supported functions
having vanishing moments to the order N, as

Lg(f) = jJ(x)g(x)dx

for some g e LP
OC(U"). Let us see that g e Ap.j<r For any R 3= 1,

= sup [ L, supp/c=B[.

Since \\P%f\\p ^ C \B\~UpffB \f(x)\ dx and \\f\\p ^ 1, we get

f {g-PN
Rg){x)f{x)dx \\f ~ PNRf\\P^C \\L\\\B\u«-yp

and II* || A,.., ̂  C || L ||.
Since the space of compactly supported functions having vanishing moments up

to order N contains the finite linear combination of atoms, and these are dense in
HApq, we may extend the result to / e HApq.

The proof of the homogeneous case is similar.

The atomic characterization of HApq and HApq may be used to get an
interpolation result between these spaces by the complex method. Note first that,
except for q = 1, these are not Banach spaces. The complex method under
consideration here is not the classical method by J. L. Lions, A. P. Calder6n and
S. G. Krejn, but a modification of the usual complex method which can be applied
to some concrete quasi-Banach spaces, in particular to HApq and HApq. This
modification was discovered by A. P. Calderon and A. Torchinsky [4] and applied
by S. Janson and P. Jones to get interpolation results between classical Hardy
spaces Hp [12].

First we describe the method.

DEFINITION 2.17. Consider the closed strip 5 = {z: O ^ R e s z ^ l } in the com-
plex plane. Denote by 5 the open strip. Let g(z) be an 5 '̂(IR'I)-valued function in
5 and <p e Sf(Un) with compact support such that <p(0) #0. We say that g(z) is an
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620 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

y(lR'')-analytic function in 5 if G(x, z) = (g(z)* <p)(x) satisfies the following
properties:

(1) G(x, z) is a uniformly continuous and bounded function in U" X S,
(2) G(x, z) is an analytic function in $ for every fixed x e U".

DEFINITION 2.18. Let 0<<70,<7i < 1 and 1 <po,Pi < °°-
(a) We define &{HAPKhCli), HAPuq) to be the space of 5 '̂(lR'J)-analytic functions

in § satisfying g(j + it) e HAp.q., with j = 0, 1, for every t e IR with the norm

r 1

where, for typographic reasons, we sometimes write, for example, HApqj instead
of HAPrqj.

(b) We define &{HAPOitlQ, HAPx<q) to be the space of #"([fr)-analytic functions
in 5 satisfying g{j + it) e HAp q, with j = 0, 1, for every t e R with the norm

\\8(J + H)\\HAM]«».

DEFINITION 2.19. Let 0 < qQ,qx < 1, 1 <pQ,px < °° and 0 < 6 < 1.
(a) Define

(HAM, HAPuqi)e = {/: 3 ^ ) e 9{HA^W HAPuqy) with / = g(6)}

and

where the infimum is taken over all admissible functions g(z) satisfying
g(9)=f(x).

(b) Define

{HAM> HAPlJe = {/: 3 g(z) e 9(HAPfhqti, HAPuJ with / = g(6)}

and

where the infimum is taken over all admissible functions g(z) satisfying
8(0)= fix).

THEOREM 2.20. / /0<qo ,qx < 1, 1 <pQ,px <™,0<d<land

1 1-0 9 1 1-9 9
- = + - - = + -

then

HAp,q = (HAP{hqo, HAPuqi)e and HAp,q = (HAPfhqo, HAPhJe.

Before starting the proof of this result we enunciate the following lemma based
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 621

on the Poisson integral representation formula for the strip 5, and whose proof
can be found in [3, 9.4] and [16, pp. 65 and 67].

LEMMA 2.21. Let 0 < r < °°. Then there exist two positive functions /JLO(0, t) and
/i,,(0, t) in (0, 1) X R, such that

/')rMo(0' ° d t ) \~e'lm+it)]r

with 0 = Re z, for any logarithmically subharmonic function h(z) in § which is
uniformly continuous and bounded in S. Furthermore, ifQ<9<l, then

Proof of Theorem 2.20. Let a(x) be a central (p, q, M) atom, with M =
maxy=0 , {[n(l/qj — 1)]} and supp «(*)<=£ = 5(0, R) and suppose that R^l. For
z G 5, we write

1 1 -z z 1 _\-z z
"1 . — r

Qo Q\ P\Z) Po P\
and define

g\Z) — \D\ \\a\X)\ **\x) ra\x>Z)\,

where Pa(x, z) is a polynomial restricted to B, with the same moments as
\a{x)\plp{z)~{ a(x) up to order M, that is,

Pa(x,z)= 2 <

with Cy(z) = \B\~l 5B x
y \a(x)\p/p{z)-1 a(x) dx and py(x) a polynomial of degree at

most M, restricted to B, which is determined by the equations

. f TO when a / y .
\B\~l py(x)xadx = \

JB 11 when a = y,

for every multi-index a, such that | a | ^M. By homogeneity \f}y(x)\ ̂  C \B\~{yUn

and

\P (x z^l = s r \B\~X \a(xMRe(p/p{z)) dx

To see that g(x) satisfies the properties of an 5 '̂(lR'1)-analytic function is not
complicated; it follows from the definition of g(z), the above estimate for
\Pa{x, z)\, and the Mean Value Theorem. Note that, for z = 6, Pa(x, 6) is
identically 0 and g(6) = a(x). Moreover, each g(j + it), for j = 0,1, has M
vanishing moments and its support is contained in B. Again, by the estimate for
\Pa(x, z)\ w e g e t

|| \a(-)\p/pU+it) \ a ( - ) \ ~ ' « ( • ) - Pa(-,j + it)\\Pj

^ c ( l \a(x)\Re(p/p(j+it))p<dx) P> = C\\a\\plp>,

that is, \\g(j + it)\\Pl^C\B\xlp'-xlqi, for y = 0,1. Thus C~lg(j + it) is a central
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622 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

(Pj,qj,M) atom with support on B and \\g(j + it)\\HApq.** C, for j = 0, 1.
Therefore, for

1 1 - 0 9 1 1 - 0 9
- = + —, - = + —
P Po P\ q Qo Q\

we have
HApq <= (HAPo>go, HAP]qi)e.

Conversely, let f(x) e (HAPOtqo> HAPhq])e. Then there is an 5^(R")-analtyic
function g(z) e ®{HAPo<w HAPhJ such'that g(9) =f(x) and

(HAp_q_0,HAp,q,t)e ~ H^

Let us suppose that \\g(j + it)\\HApqJ = 1 for / = 0,1.
Consider F(x, s, z) = (g(z) * <ps)(x) with <p e Sf(Mn) and #(0) # 0; for 0 < e < 1

define

Me(x,z)= sup

For every fixed x e U", Me(x, z) is a uniform limit of logarithmically
subharmonic functions of z in £, uniformly continuous and bounded in 5, and the
same holds for Me(x, z) for every x e U". Moreover, if G represents the grand
maximal function, we have ME(x, t) s£ G(g(z))(x) and Me(x, 9) increases to
G(g(9))(x) as e-^0. Thus by Theorem 2.14, in order to show that / G HApq, we
only need to study the behaviour in Apq of Me{x, 6). We shall write

and hk(x, 6) = ME{x, Q)%k{*) and choose r such that 0 < r < min{<70, <?,}. Then

\rlqr

Using Lemma 2.21, over hk(x, 6) we have

\hk(x,9)\r^(ak(x
where

ak{x) = - i - [ \hk(x, it)\r fio(d, t) dt, bk(x) = - \ \hk(x, l + it)\r ^(d, t) dt.

Using the Holder inequality for \\hk(-, 9)\\p/r and the Minkowsky inequality for
\\ak\\Po/r and \\bk\\Px,n and writing

P Po P\

we get

1 1-9 9 1 1-9 9
+ - , - = + - ,

w(i-e)//-

^ \\hk(; it)\\po fio(9, t) dt)

( 1
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 623

Now, since 1 <q/r^p/r, we use the Holder and Minkowsky inequalities (with q
instead of p as we had before) and obtain

/ _J_f
1-0 .1 .. .
j l r r » _u y"i\ i
• I ~~ I Z-l (2 ||"fc("> 1 ~̂~ ^01 Pi) ' / i l ( o , ?) Uf f

L0JRL^To -I J

e/r

( i - » ) / » •

Therefore, the above estimate for Me(x, z) in terms of G(g(z)){x) and Lemma
2.21 gives us

i O ) | | ^ \\G(g(l + it))\\e
ApJ

Then ||Afe(-, 0 ) 1 1 ^ 1 ; thus \\G(g(8))\\AM = \\G(f)\\Apq = 1 and finally

The proof of the homogeneous result is essentially the same.

3. The Littlewood-Paley function characterization of
HApq and HApq for 0 < q ^ 1, 1< p ^ 2

Let f<EL2nLq, 0<<7=£l and u{x, t) =f * P,(x) where P(x) is the Poisson
kernel, with

| V K ( * , 0 I 2 = Tt
at

J J

We shall use the following functions:
the Littlewood-Paley g-function

\\
\Vu{x,t)\2tdt\-

2 n du

the Littlewood-Paley g*-function

the Lusin area integral

\Vu{y,t)\2t'-ndydt)\
rou) >

where Ta(jc) = {(y, t) e R^+1: |JC - y\ < at, t > 0}.
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624 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

If v(x, t) = t d(f* P,)(x)/dt, we set

\v{y,t)\2t—xdydtX.
n(x) >

Next we shall construct the atomic decomposition of HApq and HApq by
means of the S2y/nv(x) function.

THEOREM 3.1. Suppose that f e L2 D Lq and 0 < q =£ 1. / / S2^/nv(x) e Apq for
0 < q =£ 1 and 1 < /? =s 2, then there are a sequence {a}) of central (p, q, N) atoms
with N ^ [n(l/q — 1)] and a sequence of constants {A,} satisfying:

(2) 2 |A/ ^ C ||5ivn(v)ll^,, w/r/i C independent off
In particular, if Sl

2y/nv(x) e Apq for 0 < q =£ 1 fl/irf 1 </? =s 2, f/ze central atoms are
all supported on balls with radii greater than or equal to 1, and we have
2 |A,r ^ C ||5iv«(v)||5iM, w/r/i C independent off.

Proof Consider the closed balls 5, = {x e R": |JC| ^ 2'}, for y e Z, and the cubes
Qj = {x G R": |JC,| ^ 2y, / = 1,..., n), for j e Z. We shall set Aj = Q} - Qy_,, for
j e Z, and construct a partition of unity in the following way. Let

Qk = {x e Un: Sl
2^nv(x) > 2k), for k e I,

Qi.K={xeW: 2'JC - tf e [0, 1)"},

® = {Q,K: isl,KEln}

and

&k = {Qe&. \QnnknAj\>\Q\/2"+\

where j e Z and /c G Z.

If /((2) is the side length of Q, write

g ={(* 0 G r+
+l: y e (2, /(G)</<2/((2)}.

Then Ra+1 = U"=-ooU*=-ooUee^ 5 is a disjoint partition of Un
+

+1. We shall use
this partition to obtain the atomic decomposition of/. By Calderon's representa-
tion formula, there is a function ifj e CQ(U") satisfying

(a) supp ifj c B(Q, 1), where i// is radial and real valued,

(b) $(x) = 0 when |JC| < e (e small),

(c) JZe-'Ht)dt=-l,
and such that f(x) = Jo JR» v(y, t)il/,(x - y)t~x dy dt.

Therefore

where fly(x) = A;
rl
 ^=-X^Q^^JQ v(y, t)ijjt(x - y)t~] dy dt, and Ay is a constant

to be determined.

Let XG supp Oj. Since supp <//<= 5 ( 0 , 1 ) , we may assume that | jc-_y |<f . For
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 625

(y, t) e Q, we have t<2l(Q)^2i+\ and then y e Qs and |jt|=s2;+2, so we have
supp #,(*)<= Bj+2. By the property (b) of ip we have the vanishing moments
conditions for fly(:c). To study its Z/-norm we use duality. Now

I fly UP = sup dx

For convenience we write % = U<2es>i Q in our disjoint partition of IR++I. Since
p =5 2, it follows from Holder's inequality that

fly dx

v(y, t)i\>t*r){y)t ' dtdy

v{y, 1 dtdy

p/2 \ Up

)O
r i ^ r<* \ p/2 \

1 Hy,t)\2x^{y^)rxdt) dy)
x ' j P

2YP
f [f Hy,t)\2x,tk(y,t)rldtT2dy

X { | I I \il;,*v(v)\lrldt\ dy

Since ip is a Littlewood-Paley function,

2 Wy,t)\2x«£y,t)cxdt\ dy

Taking

(
=o r r roc

A. = -=c J R " LJ()

p/2 >, Up-ip/2 >,

J J

we see that cij{x) is a central (/?, <7, N) atom and f(x) = 2 A;ay(jt).
It remains to estimate 2 |A/. First define P(%) = {y e W: (y, t) e %}; then

^ / , ( ^ 0 = x°u£y> Oxp(%)(y)-
Since l < p ^ 2 , we may use Holder's inequality and obtain

^• = -=0 JR" LJQ

,/2 -> Up-ip/2 -.

/7/2

] •
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626 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

Note that for fixed indices k, j , if we have two cubes Q, Q* in 2^, with
Q nQ*7^0, then one of them is completely contained in the other. Picking the
larger, we set P(°Uk) as a disjoint union of cubes Q in Wk. Therefore,

f Xpi*kAy)dy= 2 \ dy= 2 \Q\^c 2 \Q\Q*n>4y|^c
disj disj disj

On the other hand, as was proved in [13],

\v(y,t)\2rldydt)P

Thus Ay ^ C \Bj+2\
Uq-Up (2*—« 2kp \Qk D Aj\)l/p.

Finally, from the definition of Qk)

I \Sl2Vnv{x)\Pdx= £ f \Sl2Vnv(x)\p dx
•>A, k = -°cJ(AincikHAir\nk+i)

CC DC

n n*| - p47- n nfc+1|) s, c 2 2*" |^
k=-'.

which gives A, ^ C2in(Vci-xlp) 115^^11, and also g - , |Ay|* ^ C | | 5 ^ l l ^ , -
If S\^/nv(x) e Apq, consider the balls BQ = B(0, 1), Bj = Bj for j ^ 1, the cubes

Qo = Bo, Qj = Qj for y ^ l , and / 4 o = ( 2 o , 4̂y- = >4y for y ^ l . Construct the

decomposition over the disjoint partition of IR++1 given by

U U .U
j=0 ^ = -=c Qe2i

THEOREM 3.2. Ler 0 < q ^ 1, l<p<«>andN = [n(l/q - 1)].
(a) / / / e HApq for A > (2N + 3n + \)/n and a>0,we have

, ,^CA \\f\\HAM, \\g(f)\\Al,,^C\\f\\HApq, \\Sa(f)\\AM^Ca \\f\\HAM.

(b) / / / e HApq for \>(2N + 3n + 1)1 n and a>O,we have

I I £ A ( / ) I L , , , . ^ C A l l / l lw/t . , 0> l l & l / ) ! ! / * , , , , ^ C 11/II «/»,,„' l l ^ a ( / ) I U p f l ^ Ca 11/11 HAptl-
ft,If " ft,tf *-* fJ,lf f/Af f>*1 f'-H

Proof. Since g(f)(x) ^ CSf(x) ^ Cxgt(f)(x) (see [14, p. 89]), the result follows
from the first inequality.

Let f(x) be a central (p, q, N) atom with supp/(x) <= B(0, R) where R ~ 2' for
a fixed ; e Z. Then

oc

If k =£;, then properties of f(x) and the Lp-boundedness (1 <p) of gj give the
estimate

j

2_, {2 " q p \[
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 627

If JC e Ck with k >j, then we claim that

provided that A > (2N + 3n + l)/n. Therefore, the choice of N and ; gives

\\gl{f)Xk\\P)

=£ C 15(0 /?)|'?((/v+1)/n+i-i/<?) Y 2~
k=j+\

which gives the result.

Let us prove the statement whose truth was claimed above. We shall set

and call the Poisson kernel P. Consider, for A e U fixed, the Hilbert space

Then g?/(*)= | | * • / ( * - 01k-
Using the Taylor expansion of K(z) and the atomic properties of f(x), we have

\z\N+x\f(z)\
B(0,R)

dz.
Vx

Standard estimates of the Poisson kernel and the condition A > (27V + 3n + l)/n
allow us to establish for x & Ck, with k>j, that

gtf(x) ^ CA \B(0, /?)|(^+')/"+i-i/^ | x | - " -^ - \

as was claimed.

THEOREM 3.3. Let f e L2 n Lq and 0 < q ^l. If a ^ 2Vn andl<p<<x>, then

^C \\g(f)\\AM and \\

Proof. We shall use an argument based on that used by C. Fefferman and E.
M. Stein [8]. When / e L2 fl If, u(x, t) = P, *f(x) is a harmonic function and we
define %x, t) = Vu(x, t + s) and consider the space $?2 = L2(U+, s ds). Then

and oU+(x) = supt>o\
(}U(x,t)\X2 = g(f)(x)eAp,q. Then there is an F e HAp>q

satisfying F(x) = lim,^0 °U(x, t), and from Theorems 2.14 and 3.2 we have

M P, , ^ C a \\Sa{F)\\Apq.

As in [7, p. 171], it is possible to show that

Sa(F)(x)^CSa(f)(x)

and the result for Apq follows.
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628 HARDY SPACES ASSOCIATED TO THE HERZ SPACES

The homogeneous result is proved in a similar way.

Taking into account the fact that L2 D Lq, for 0 < q *s 1, is dense in HApq and
in MApq, the preceding theorems give the characterization of HApq and HApq

for 0 < q =£ 1, 1 <p «£ 2, in terms of Littlewood-Paley functions.

THEOREM 3.4. Let 0<q ̂ 1, Kp ^2, and N = [n(l/q - 1)]. 7/ien

(a) / e HApq if and only if g(f) e Ap(/,

(b) / e HApq if and only if Sa(f) e Apq where a ̂  2Vn,

(c) / e HAp<q if and only if gt(f) e A>.<7 w / i e r e A > (2N + 3n + l)/n.
(77ie same holds for homogeneous spaces.)
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