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0. Introduction

In [5] Chen and Lau introduced Hardy spaces associated to the Beurling algebras
AP. Their theory was further developed by J. Garcia-Cuerva [9]. The algebras A”
were introduced by A. Buerling [2] in connection with spectral synthesis. They
are a nested system of convolution subalgebras of L' whose union is L'.
Feichtinger [6] provided the equivalent norm for the A” which made the
extension [9] possible. The associated Hardy spaces HA” are a nested system of
spaces whose union is the ordinary Hardy space H'. The atomic decomposition
for HA” differs from that of H' in that atoms have to be centred at 0 and the size
of each atom is given by an L”-norm controlled as usual by the reciprocal of the
measure of its support. This view of HA” as a kind of H' at a point is particularly
appealing and casts some light on the general nature of Hardy space theory.
Given this background, it seems to be natural to try to extend the theory to HY
for g <1. This extension is the subject of the present paper, which is part of the
Ph.D. thesis of the second author. It turns out that the spaces A, , or A, ,, which
now play the role of the Beurling algebras A”, had previously been introduced by
C. Herz [11] with different notation. Our notation is adapted to the Feichtinger
norms which are the most appropriate for our aims. In §1 we introduce the
spaces A,, and A,, and their duals B, , and B, , and briefly study those
properties which will be important for the development of Hardy space theory. In
§2 we define the Hardy spaces HA,, and HA,, as spaces of tempered
distributions whose non-tangential Poisson maximal function belongs to A, , or
A,, respectively. We obtain several equivalent characterizations including an
atomic decomposition, which are collected in Theorem 2.14. This section includes
a description of the complex interpolation for these spaces. This problem is more
difficult than that for Banach spaces and we solve it along the lines of the method
introduced by Calderén and Torchinsky [4]. Finally §3 is devoted to the
Littlewood-Paley characterization of HA,, for 1 <p <2 and 0<g <1. In this
way we are able to complete previous results obtained by Lu and Yang [13].

A, .. B

For k € Z define C, ={x € R": 2*"' <|x{=<2*} and denote by y, the charac-
teristic function of the set C,.

1. The spaces A B, ,: definitions and basic properties

p.a» p.gr Pp.gs

DeriniTion 1.1, Let 0<g<1and g<p <.
(a) We shall call A,, the space consisting of those functions f e L{, (R" — {0})
for which

o 1/q
S @ gy} <o

=-—0c
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606 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

(b) We shall call A, , the space consisting of those functions f on R” for which

pg
B 1/q
||f||AM = {E (zkn(llq‘llp) | fx “p)q} < oo,
k=0

where ¥, is the characteristic function of B(0, 1), B(0, 1) being the open ball of
radius 1 centred at 0, and 7.(x) = xx(x) if k = 1.

DEeFiniTION 1.2, Let 0<g=<1 and 1<p <o, and denote by p’ the exponent
conjugate to p, thatis, 1/p + 1/p" = 1.
(a) We shall call B, , the space of those functions f on R” for which

1£114,,= supl2™" =" || fr ]} < e.
(b) We shall call B, , the space of those functions f on R" for which

”f”Bp,,, = SUE{Z—kn(llqﬂm') ||ffk||p} < o,
k =

Note that if we define, for k € Z, f(x) = f(2*x) . yo(x) then the spaces we have
defined may be viewed as L”-valued sequence spaces (see [1, p. 121] and [17] for
definitions and basic results). Then

© 1/q
= { 3 @} = Kl
k=—w

and
”f”B,,,,, = Sug{z_k"(m’-l) ||fk||u'(co)} = ||{fk}”1;"‘”q DLP(Cy))
ke

If we write fy(x) = f(x). Zo(x) and, for k € N,

< [f(@%) ifi<px=1,
filx) = {0 if x| < 1,
then

o

g
||f||A,,‘,, = {E (2k"/q ”fk”U’(B(O.l)))q} = ”{fk}||l;;/q(u(3(o.1))),

k=0
||f||3,,,q = SUP{2_k"(”q—I) ”fk"U’(B(O,l))} = ”{fk}”I;"“"’"‘(U’(B(O,l)))-

Thus the spaces A, ,, 4,.,, B, , and B, , are complete; moreover B, , and B, , are
Banach.

These spaces are also a particular case of Herz’s spaces K&? and K&# (see
(11]).

The special case where g =1, gives A, ,, B, , which are the Beurling Algebras
A” and their duals B”, and the norms used in the definition were introduced by
H. Feichtinger [6]. Moreover, the Beurling Algebras have been studied by J.
Garcia-Cuerva [9] and the results obtained there may easily be extended to the
homogeneous spaces A” =A,, and B> =B, ;.

Next we list basic results concerning the spaces A, ,, A, ,, B,,, B, ,- These are
very easy to prove (in brackets we indicate the ideas required to do so).

p.a> “Ap.g>
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 607

ProposiTION 1.3. (a) Let0<g<1and q<p<o;then A,,=L" NA,,.
(b) Ifp=qthen A,,= A, ,= L? (definition).

(H(Cl)dlf) O<q<p]$p2<w then APZ-‘ICAPI,‘ICLq and Apz.qCApl,chq
older).

(d) If0<q,sg,<1land q,<p <> then A,, < A,,, (I7-properties).
(e) For0<g=1<p<wm, B,,<B,, (definition).

(f) If1<p,<p,< then B, ,<B,,,and B,,,< B, , (Holder).

(8) If0<gq,<gq,<1 then B> =B, ,,< B, ,, (definition).

(h) If0<g<1<p <o then L"< B, , and L” < B, , (definition).

Note that the results (d) and (g) are false for the corresponding homogeneous
spaces.

ProrosiTioN 1.4. If0<g<land1<p <o then A,, A’ <L’ =B’ <=B,,.

P.q

ProrosiTION 1.5. Ler0<g <1, g<p <, and € >0. Then
(a) fe A,,_,, if and only if |f|° € AP,E‘q,E,
(b) feA,,ifand only if |f|° € A, qre

Note that, since sup,.c, If()l<inf,.c,_, |f(x)|, every decreasing function in L?
belongs to A, , provided that g = p. .
There is an alternative description of B, , and B,, .

ProposiTioN 1.6. (a) A function f € B, , if and only if the following quantity is
finite:

sup{ 180, Ry~ ( o dy) )

|B(0, R)l J;?(O,R)
(b) A function f € B, , if and only if the following quantity is finite:

sup{1B(, R)'~( Fooway) '}

1B(0, R)| Ja(0.8)
Such quantities are equivalent to the corresponding B, , and B, , norms.

Proof. We prove part (a); the result for B, , follows from the same arguments.
Let f € B, ,. Given R >0, choose k € Z such that 2*~' <R <2* Then

4 k
J;i(() %) |f(x)|p dx < E J |f(X)|” dx < ”f”’épq 2 2jnp(1/q—1/pv)

j=—o Ci j=—=

< CIB(0, R)PM=V | f11% .
That is,

. |f(x)|P dx) ps C ”f”qu

IB(0, R)|' """ (m Lw,m
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Conversely, if we call S the supremum in the proposition then
= [ 1w des Csratmn )
B(0.2%)

and [/ f1l5

I”I

Next we shall state a basic duality result. If we denote by X * the dual space of
the space X, we can write:

(1) (A,, D)¥=B, ,and (A,,)*=B, ,for 0<g<1<p<w,
(2) (Ap q)* (Ap q)* {O} fOI' 0<q p < 1

More precisely, we have the following:

THEOREM 1.7. Let 0<g=sl1=p <o,

(a) For every g € B, , the functional A,, defined by

M= [ g s,

is continuous on A, , and its norm in (A, ,)* satisfies |A |l < ||glls, . Conversely,
given A€ (A,,)* there is a unique g e B, , such that A=A, Furthermore,
18115, < IAll. (Similar results hold for homogeneous spaces.)

(b) Let 0<g=<p<l. Then the unique continuous linear functional on A
is given by Ay(f)=

P, ‘I
I’ q

Proof. From the descriptions of these spaces as sequence spaces, we get the
following statement. Let 0<g=<1<p <, and p' be the exponent conjugate to
p;: then

(A, )* = (IGUL (Co)* = 12" (L"(Co)) = B,y

(Ap.)* = (L7 (B(O, 1)))* = 12"~ D(L(B(0, 1)) = B

Pq

If 0<g=p<1, by Proposition 1.3 we have L”(B(0, R))<A
(L”(B(0, R)))* = {0} whenever 0 <p <1, so that

(Ap,q) (Ap q)* {O}

pa < p q and

2. Hardy spaces

First, we will define all maximal functions which will appear in this section.
Given a fixed ¢ in the Schwartz class $(R"), we can associate with each
f e P(R"), a function defined on R by f(x, ) = (f * ¢,)(x) and derive from it
the following maximal functions:
(i) the vertical maximal function,

d*(f)(x) = sup |f(x, )l
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 609

(ii) the non-tangential maximal function,
¢3(f)(x)= sup If(y, D)k
(iii) for N =1, the non-tangential maximal function of amplitude N,

SEMx) = sup  1f(y, Ol:

(iv) for A =1, the tangential maximal function with exponent A,

st = s 1F 0l (=)

If f e L'(R") and ¢(x) = P(x), the Poisson kernel, the above definitions make
sense. For this particular case we write

P =f7(x),  Pefx)=f*(x), PEMfIx)=fRx), PI(f)x)=fi*x).

For u(x, t) a harmonic function on R%*', we shall use the following maximal
functions:
(1) the vertical maximal function,

m.; (x) =sup |u(x, 1)];
>0

(2) the non-tangential maximal function,

m,(x)= sup_lu(y, 0l

v—x|<

(3) for N =1, the non-tangential maximal function of amplitude N,
my(x)=sup |u(y,0;
v —xI<Nt

(4) for A =1, the tangential maximal function of exponent A,

A
%% — S —
ww = sup ol (z——).
Finally, we shall consider the grand maximal function, obtained by taking a
large class of functions ¢. For N, a positive integer, and «, 8, multi-indices, let

sup [x*DPo(x) =< 1}.
lalIBI=N

&QN = {d) € y(R")
For f € ¥'(R") its grand maximal function will be
Gu(F)(x) = sup #¥()(x)L

We shall take N sufficiently large and then we shall keep it fixed. There will be
no need to retain the subscript N and we shall write simply G(f) and .

Now we define the Hardy spaces associated to A,, and A, starting from
harmonic functions. First we state the following result, which is well known for
the classical Hardy spaces HY(R") with 0 <q <1. (See [8, pp. 161-172]).

THEOREM 2.1. Let u(x, t) be a harmonic function in R}*', and 0<q <1 and
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610 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

gsp<x Ifm,(x)eA,, then f(x)=1lim_ou(x, t) exists in the sense of tempered
distributions and determines in a unique way the harmonic function u(x,t).
Moreover, |u(x, t)| < Ct™"4 Im.lla,, (A similar result holds for A, ,.)

DeriNiTION 2.2, Let 0<g=<1,g<p < and f € ¥(R").

(a) We say that f belongs to HA, , if and only if it is the boundary distribution
of a harmonic function, u(x, ) in R:*' which satisfies m,(x) € AM and in that
case we define || flna,, = Im.lla4,,

(b) We say that f belongs to HA,, , if and only if it is the boundary distribution
of a harmonic function, u(x, t) in R%*' which satisfies m,(x) € A, . and in that
case we define || fllya,, = IM.lla,,

Note that HA,, = HA,,c H? for0<g<1,gs<p<w.

TheoReM 2.3. Let 0< g <1and g <p <. Then HA,, and HA, , are complete

spaces for the quasi-norms given in Definition 2.2.

We shall give different equivalent characterizations of HA,, and HA,, ,.
let us describe some classes of functions which are dense in those spaces.

First,

THEOREM 2.4. For any 0<q <1 and gq<p <=, L>*NHA,, is dense in HA

and L*N HA,,'[, is dense in HA,,,,,.

P.q pP.q

Proof. We consider f € HA,, , and let u(x, t) be the unique harmonic function
in R, such that f(x) = lim,_, u(x, t) in the sense of distributions.

For s >0 fixed, we set u,(x) = u(x, s). As uy(x) <m,(x) and since by Theorem
2.1, lu(x, )| < Gt |Im,, || ya,,, it follows that u,(x) e LY N L* <= L? and also that
u(x)=hm_ou(x, t +s). Since |usllna,, = IMylla,, <lm.la,, we obtain
u.\‘(x) € HAp,q N Lz with ”u.\‘“HA,,_q\ ”f“HA,,_q

On the other hand, m, € A, , and

sup |u(y, t) —u(y, t+s)< sup |u(y, 1)+ Sup. \u(y t+5)|< Cm,(x).

r—yl<t lx—yI<t

By the Lebesgue dominated convergence theorem, in order to prove that
| f — wusllwa — 0 as s — 0, it suffices to show that

P

m,_,(x)= sup |u(y, 1) —u(y,t+s)—-0 ae. ass—0

Je—yI<t
But
m, - ,‘(X)< sup. IuCy, )= u(y, t+s)|+ Sup lu(y, 1) —u(y, t + )i
U<1<6 s<u<T

+ sup |u(y, o)+ sup Iu(y, t+s)
}7“<:'|<<r’ T<I<3€
The first term goes to 0 as §, s — 0, with 5 > 6, since we have |u(y, t)|<m,(y).
As u(y, t)=lim_,u(x,t +s), it follows that then |u(y,t) —u(y,t+s)|—0 as
s — 0 uniformly in [x — y|<t, with § <t <T. Finally, the third and fourth terms
go to zero as T goes to «, provided that s<T <y, from the estimate

u(x, 1< O m s,
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 611

THEOREM 2.5. For0<g <1, g <p < and u(x, t) a harmonic function in R3"",
the following properties are equivalent:

(a) m;eA,,
(b) m,eA,,
(c) forany N=1, m} e A,,
A similar result holds with A, , replaced by A, ,

Proof. The obvious inequalities m (x) <m,(x) <m}(x) give (c)=>(b)=> (a).
Let us see that (a) = (¢).

By a lemma of Hardy and Littlewood, rediscovered by C. Fefferman and E. M.
Stein [8] (see alternatively [10, p. 172]), since u(x, t) is harmonic in R3*', if
0<eg<1, we have

u(z, ) dz ds << (mI@)) dz.

OO < e 5 | :
|B((Y: t)’ %t)l B((y.1),1/2) t lz—y|<t/2

Then
1
(mi) < C.sup (4 |
>0

(3 () d2) < CN"M((ml))(x),

12—=x|<(N+12)

where M represents the Hardy-Littlewood maximal function; that is,
my(x) < C.N"S(M((m)")(x))"".

On the other hand, by Proposition 1.5 we have ||m2,||71,,,,,= {(m2)?|| are. The
results stated in [9] for Beurling Algebras give us

1Y e = sup{\ || omyrg e ax|: g € BOD, gl = 1},
R’l

and taking € <gq, from the theorem of Fefferman and Stein [7], we obtain

|| oy ogo) de| = o[ (u(miyyrecorg ey

< CNe| (om0 Mg(x)
Rﬂ

< CN™ [[(m7)? [l v 18 | goar-

Therefore we get ||m£’||AM < CN"** ||m,f||AM for some £ > 0.

THEOREM 2.6. Let 0<g <1, g<p <o, and u(x,t) be a harmonic function in
R If m(x) € A,, then there is M =1, large enough such that u}*(x) e A, ,.
(A similar result holds for A, ,.)

Proof. By the proof of Theorem 2.5, for some & >0,
Imalla,,<CN" Imyill4,, <CN"|lm,||4,,

where C does not depend on either N or u(x, t). Since

”7:4*("’)=(y'r5)‘:P If(y, t )|< |+t> sCmu(x)+l§()2"‘M m2"(x),
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612 JOSE GARCIA-CUERVA AND MARJA-JESUS L. HERRERO
we obtain

>k
[l s ||A,,,,,

<Clmla, 1+C 3 274400
k=0

Taking M >n + ¢, we see that the sum converges and
*%
Nk lla,, < C llmylla,.,

The same arguments give the proof of the homogeneous result.
Lemma 2.7. Let f € L2 Then G(f)(x) =< Cfi¥*(x) for every x € R".
Proof. See, for example, [9].

THeoREM 2.8. Let0sg<landq<p<w. Iff e HA, then G(f) e A, , and if
feHA,, then G(f)eA,,.
Proof. By Lemma 2.7 and Theorem 2.6 we get, for f € LN HA

1G(Na,, < Clfllna,,

which, by a density argument, proves the desired result. The result for
homogeneous spaces is proved similarly.

g

We shall give a characterization of HA,, and HA,, in terms of tangential
maximal functions or grand maximal functions. First we give the following
definition.

DEeFINITION 2.9. Let a(x) be a function defined on R", 0<g <1, 1 <p <, and
N be a positive integer. Then a(x) is said to be a central (p, g, N) atom provided
that

(i) a(x) lives in a ball centred at 0, say B(0, R),
(ii) llall, <|B(0, R)|"P~"",

(iil) if « is a multi-index with |a| <N, then [g.x%a(x) dx = 0.

Next we shall construct an atomic decomposition for f e L?’NHA,, and
fel’NHA,,.

THeoreM 2.10. Let f e L*NHA,,, 0<g<1, 1<p <o, and N be a positive
integer. There are a sequence, {a;}, of central (p, q, N) atoms, and a sequence
{A«} of real numbers satisfying X -o |A|? <, such that f(x) = Zi-o Acax(x) in the
sense of distributions. If f € LN HA,, then all of the atoms are supported on
balls whose radii are greater than or equal to 1.
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 613

Proof. First we shall construct a partition of unity by smooth, radial,
non-negative functions corresponding to the partition R" = B(0, 1) U (Uz=, Cy)
Let i, ¢ be a couple of smooth radial functions, with 0 =< ¢,y < 1, such that
(i) the support of ¢, is C, = B(0, 1 + €), and ¢o(x) =1 for every x € B(0, 1),
(ii) the support of ¢ is {x e R": —g+3=<|x|<1+¢} and ¢(x)=1 for every
x e C,.
For every positive integer k, we define ,(x) = ¢(27*x) where the support of
is C, ={x e R": 27! — 2%¢ < |x| <2* + 2*¢} and ¢, is identically 1 on C,. If ¢ >0
is small enough, then 1< 37_, ¢ (x) <2. We get a partition of unity by taking

50 = 1)/ S i)

Given f € L>N HA,,,, write f(x) = -0 f(x)$x(x).

Let P.(x) be a polynomial of degree N, restricted to C,, satisfying
Je, x“(f(x)di(x) — Pe(x)) dx = 0 for every multi-index « such that |a| < N.

More explicitly Pi(x) = 20y maBi(x) with m&=1|C,|™" [z, f(x)u(x)x* dx,
and B%(x) is the restriction to C, of a polynomial of degree at most N, uniquely
determined by the equations

0 whena#v,

Cil™ | Balx)x"d ={
IC4l aBa(x)x o 1 whena=y.

Note that by homogeneity, |8%(x)|<C27%! and we have the following
estimate for P,(x):

P(x) < C ICal™ L F()be()] .

So we write, f(x) = Zi—o (f(x)de(x) — Pi(x)) + 2%-o Pc(x). Note that each term
(fér — P)(x) satisfies the cancellation condition (ii) of Definition 2.9 and its
support is contained in B(0, 2¢*"). Moreover, when p > 1, the above estimate for
|Pe(x)] gives

(L(o,zkﬂ) |f () bu(x) = Pelx)1” dx)up < CO@ £ () elx))? dx)””

<C > lftl,

j=k—1
Now

a(x) = 27| fby = Pellp) ™ (fbr — Pe)(x)
is a central (p, g, N) atom, with support B(0, 2“*'), and

kEO (for — B(x) = 2 Ma(x)  with A, = 249=10) | £y, — P .
= k=0

Therefore

D AT s C Y @k || fr),) = C 1£1%,,<CIGHNL,, < C I flita,,
k=0 k=0
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614 JOSE GARCIA-CUERVA AND MARIJA-JESUS L. HERRERO

Now we have to decompose 3;_, P.(x). Note that G(f) € A, ,. Summing by
parts we write

S Em= 3 S mEICHICI B
-3 {E<B 0 _Bw)S

ICul [Crsal 7 j=0
=H§<‘, §=‘, *ok(x),

with N¢ = 3o m/, |C)| and ge(x) = Ba(x)/|ICil — BL(x)/|Cri] . Writing hig(x) =

Ni@h(x), we have o Pi(x) = 2a<n Sk hi(x). Each h&(x) satisfies the
cancellation condition and has support contained in B(0, 2*?). To estimate its
size note that X', ¢;(x) is essentially a bump function ‘adapted’ to B(0, 2**")
with [ge 2fog ¢;(x) dx ~2*", so that, as in [8, p. 184], we obtain

U;R fx) % ¢;(x)dx| < Czk"G(f)(x)XB(o.zm)(x)-
n j=
That is,

N < C2X G (£) (X)X po.2-5(%),

and, again by homogeneity,
k+2
|@h(x)| ~ C27K B Fi(x).
j=k—1
Therefore, ||h%]l, < C 222, IG(f)Z;]l, and the function
BA(c) = (A1) R, )
is a central (p, g, N) atom with support B(0, 2**?). Finally,

= 3 S A,

la|<N k=0

M8
)

~
I
<

with

Y 2 NE<C Y @Y NG(HZN,) < CIGHIS,, < C I flfa,
lal<N k=0 k=0

When f e LN HA, , the atomic decomposition is obtained in a similar way by
using the partition of unity ¢, (k € Z) defined as above from all the functions

Y (k € 2).
Note that the atomic radii are greater than or equal to 1 in the HA,,

decomposition.

Next we determine the minimal number of vanishing moments which are
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 615

needed for an atom to be in HA, ,. Let [x] represent the greatest integer smaller
than or equal to x.

THEOREM 2.11. Let 0<g =<1, 1<p <w. If a(x) is a central (p, q, N) atom with
N=[n(l/q — 1)), then a*(x) e A,, and |la*||; < C. Moreover, if suppa(x)<

»a

B(0, R) with R=1, then a*(x)e A,, and |la*|,,, <C. Here C represents an
absolute constant independent of a(x).

Proof. Let a(x) be a central (p, g, N) atom with support in B(0, R), and j an
integer such that R ~?2/. Then

j o
la*|s = 3 @ arg),)0 X QT la*g),)e.
k=—c k=j+1

We estimate the first term, using a*(x) < Ma(x), the boundedness in L” (p > 1),
of M, and the choice of j. We have

J
> (@< gk |,) < C fla|d 2T < C.
k=—o0

If x e C and k >, Taylor’s expansion for the Poisson kernel and the cancellation
of a(x) yield

0(2)( > i,D"P,(y ~ Bz)z") dz.

lal=N+1 0

Pra(y)= -1y [

B(O.R)

Since |a|=N+1, |z]<2 |y —x| <t and x € C,, where k > j, we have
ID*F(y = 62)| < Cr™" (1 + |y — 6z|/r)™" ™™

= Clt+1y — 6z

sC(+|yl—lzl)™ ™

< C(x| =z~

<Clx|™" ™,

and |la*y,|l, <C|B|((N + 1)/n + 1+ 1/q)27*"*N*2k""r Therefore, the second
term may be estimated by

ClBl((N+1)/n+l—l/q)q 2 2—kn(]((N+l)/n+l—1/q)’
k=j+1

which is controlled by an absolute constant provided that N =[n(1/q — 1)].
The same ideas work to prove the result for A4, ,.

The following result is immediate from a density argument and Theorems 2.10
and 2.11.

THEOREM 2.12. (a) Given f € HA,,, with 0<qg <1 and 1 <p <, there are a
sequence {a,} of central (p, q, N) atoms with N = [n(1/q — 1)), and a sequence {\,}
of constants satisfying 2 |Al? <C | fl%4, ., with C an absolute constant, such

p.q
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616 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

that f(x) = 2x Axay(x) in the distribution sense. If f € HA,, , then the central atoms
are all supported on balls whose radii are greater than or equal to 1.

(b) If {a.} is a sequence of central (p,q, N) atoms with N =[n(1/q —1)],
0<g=<1, and 1<p <o, and {A} is a sequence of real numbers satisfying
2k lAklY <o, then the sum 3, Aiai(x) converges, in the distribution sense, to
feHA,, and ||f||'f’,,4p.q$ C 2 |\l In particular, if the atomic radii are greater
than or equal to 1 then the sum converges to f € HA, , and || f|/}1a,, < CZx |kl

This atomic decomposition allows us to describe HA, , and HA,,, in terms of
conjugate harmonic functions in the sense of Stein and Weiss [15]. We shall call
F(x, 1) = (uo(x, 1), uy(x, 1), ..., u,(x, 1)) a system of conjugate harmonic functions
and write

1
2

i | (x, f)|2)

P 0l =
j=0

THEOREM 2.13. Let f € ¥ (R"), (n—1)/n<qg <1, and q<p <. If there is a
system of conjugate harmonic functions F(x,t), in the sense of Stein and Weiss,
such that sup,s |l 1F(, D] |la,, <® and lim_,uy(x, 1) = f(x) in the distribution
sense, then f € HA, .

Conversely, given f € HA, ,, with 0<g <1 and 1 <p <o, there is a system of
conjugate harmonic functions, in the sense of Stein and Weiss, satisfying
sup,;>o | [F(-, O] lla,, <% and lim,_ uy(x, t) = f(x) in the distribution sense.

(Similar results hold for homogeneous spaces.)

Proof. Note first that the result for g =1 was proved in [9] and may be
extended to the homogeneous spaces HA”, where 1 <p <. Since A, , < L?, for
p>q, we see that F(x,t) belongs to the space of Stein and Weiss. Thus there
exists

lim F(x, 1) = F(x) = (f(x), R, f(x), ..., R, f(x)),

—(Q

where R,, fori =1, ..., n, are the Riesz transforms.

As (n—1)/n<gq, taking £¢>0 such that (n —1)/n<eg<gq, we see that the
function |F(x, t)|° is subharmonic in R and |F(:, 1)|° is uniform in LY“(R"), so
we get [F(x, 1)]" < P, *(|F|")(x) (see [10, pp. 286, 175]). Consequently,

sup [F(y, DI S (IFI)*(x) S CM(IFI)(x)

fy —xi<t
and we obtain m,(x)< C(M(|F|")(x))"* with uy(x,t)—f(x) as t—0 in the
distribution sense.
By Proposition 1.5, using this estimate and the results for Beurling Algebras
(see [9, proof of Theorem 3.1]) we get
Hm“()uj‘,\u.u = ”(mlln)an”"’ = C H ]FI(’ “A”"/S C ” ’F(' I)l ”i‘lhw‘

Therefore,

pa’

1 flls1a,, < C sup IFC, Ol A
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 617

To prove the converse, consider f € HA, , with 0<g =<1 and 1 <p <. Using
the atomic decomposition we may reduce the proof to the special case of a central
(p, g, N) atom, a(x), with N=[n(1/q ~1)] and supp(a(x)) = B(0, R), where
R=1.

Taking u(x, t) = P,*a(x) and u;(x, t) = R(P,*a)(x), for j=1, ..., n, we have a
Stein—-Weiss system. We have to prove that sup,so || |F (-, £)| |a,, <C. As we did
in the proof of Theorem 2.11 we get ||F *all4,, < C, independently of a(x) and ¢,
so we have m, (x) =sup,,_, < |P*a(y)l € A, ,, and uy(x, t)— a(x) as t — 0 in the
distribution sense.

To estimate ||R;(P, *a)”A , note that R,(P,*a)(x)=Q,,*a(x), for j=1,.
with Q; (x) ~ C,x;(f* + |x|? )‘ 7+ D2 and this kernel satisfies the same estlmates as
the Poisson kernel did. So the same ideas as those used in the proof of Theorem
2.11 work in this situation and give us the estimate |R;(F, *a)||AM <C for
j=1, ..., n with C an absolute constant.

If we put together all the results describing HA,, or HA,,, we have the

following equivalence theorem.

p.q P.q>

THEOREM 2.14. Let (n—1)/n<g<1, 1<p<w, and f e ¥ (R"). Then the
following properties are equivalent:

(a) there is F(x,t) = (uo(x, 1), ui(x,t), ..., u,(x, 1)), a Stein-Weiss system such
that  sup,o Il IFC, 1) 14, <, where |F(x, 1) = (Sfmolu,(x, D)} and
uy(x, t)— f(x) as t — 0 in the distribution sense;

(b) m;(x) € A,,, where u(x, t) is a harmonic function such that u(x, t)— f(x)
as t — 0 in the distribution sense;

(c) m,(x) e A,,, where u(x, t) is as in (b);

(d) mN(x) € A, for every N =1, where u(x, t) is as above;

(e) G(NeA,,

(f) f(x) =2 Acax(x), where a, are central (p,q,N) atoms with N=
[n(1/g —1)] and 2 |A,]7 < .

Further, the relevant norms in the six properties are equivalent. These are

Sup “ lF( t)| “A 9’ ”mu "A,,‘,: ” u”A,,,,) ”muN”A,,.,,’ ”G(f)”A,,,,y

and inf (Z;|A9)"4, where the infimum is taken over all admissible
decompositions.

The same statements with A, , replaced by A, 4 are also equivalent to each other.
Moreover the atoms which appeared in (f) have atomic radii greater than or equal
to 1.

The atomic descriptions of HA,, and HA
spaces.

»q allow us to identify their dual

DeriniTiON 2.15. Let f € L, (R"), with 1 <p < oo,
(a) The function f will be said to belong to A, ,, with0<g<1and 1<p <o,
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618 JOSE GARCIA-CUERVA AND MARJIA-JESUS L. HERRERO

if and only if for every R =1 there is a polynomial PX(f)(x) of degree at most
N =[n(1/q — 1)] such that

11, = sup{ 180, R ~( ) - PRI )} <

IB(0, R)| Jpo.r)

(b) The function f(x) will be said to belong to A,,, with 0<g=<1 and
1 <p <, if and only if for every R >0 there is a polynomial PXf(x) of degree at
most N, such that

170, = {180, R Jmm )~ PifCo dr) | <on

IB(0, R)|

Identifying functions which differ by a polynomial of degree at most N, almost
everywhere, we see that A, , and A, , are Banach spaces.

Note that when g=1, A,, is the space CMO’, introduced in the one-
dimensional case by Chen and Lau [§] and extended to n-dimensions by
Garcia-Cuerva [9].

THEOREM 2.16. Let 0<g =<1 and 1<p <o, and let p' be the exponent
conjugate to p. Then (HA,,)* = A, , and (HA, ,)*=A,.,. This may be stated
more precisely as follows. Given g e A, ,, the functional L, defined over
compactly supported functions f € HA, , by

L(D =] fwgta,

extends in a unique way to a continuous linear functional L, € (HA, ,)* whose
norm satisfies |Lg|l < C ||glla,.,. Conversely, given L € (HA, ,)*, there is a unique
(up to polynomials of degree at most N) g € A, , such that L =L,. Further,
liglla,., < C IILgll. (Similar results hold for homogeneous spaces.)

Proof. Let g e A, , and a(x) be a central (p, g, N) atom with suppa(x)<

B(0, R), where R =1. By the properties of a(x) and the Holder inequality, we
have

|Ly(a)l=

| atolet) - Pl |

<180, R ~(

BOF f @)~ Plg(o)” d

<llgla, .,

where PRg(x) is a polynomial of degree at most N which has, over B(0, R), the
same moments as g up to order N.

In general, if fe HA,, and has compact support, we can write f(x)=
> Acar(x), where the atoms {a,} are all supported in a fixed ball centred at 0,
and 3, A< C ||f||‘l,,1ﬂ'q. Since a4, < C, the series converges in A, , and in
L”. Hence as g € LE,(R"), it follows that L (f) = 2, A,L,(a,) and thence

ng(f)l <C ”f”HAM IIgHA,,,.q'
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 619

Now the compactly supported HA,, functions include the finite linear
combinations of atoms and are dense in HA, ,. Thus it is possible to extend L, in
a unique way to a continuous linear functional L, € (HA,,)* whose norm
satisfies || Ly | < C || fllua,

Conversely, given L e (HA,,)* and fe HA,, we know that ||L(f)|<
LI 1 flis1a,, In particular, when a(x) is a central (p, g, N) atom, |L(a)|<C.

Given R =1, and B = B(0, R) define the space

LY(B) = {f e L”: suppf<B, fxaf(x) dx =0, a] < N}.

If f e LY(B) then [B|'"”~"4 | f||l," f(x) is a central (p, g, N) atom and |L(f)|<
C LI 1B~ |Ifll,- Thus, L € (HA,,)* gives a continuous linear functional on
L{(B) whose norm is bounded by C ||L| |B|""""?. By the Hahn-Banach
theorem we extend the functional to L?(B) with the same norm. The duality
between L” and L” allows us to represent L over compactly supported functions
having vanishing moments to the order N, as

L) = L,1)= [ g dx
for some g e L{,(R"). Let us see that g € A, ,. For any R=>1,

(] 1ot - PP ax)

=sup{|[ (6~ PROCIF () dx - 1f1, <1, supps =B},

Since [|Pxfll, <CBI™" [5If(x)ldx and ||f||, <1, we get

| (& - Procys) ax

and liglla,, < C LIl

Since the space of compactly supported functions having vanishing moments up
to order N contains the finite linear combination of atoms, and these are dense in
HA,,, we may extend the result to f € HA, ,.

The proof of the homogeneous case is similar.

<\gxsl, I|f — PRfll,<C||L||B|""*"""

The atomic characterization of HA,, and HA,, may be used to get an
interpolation result between these spaces by the complex method. Note first that,
except for g =1, these are not Banach spaces. The complex method under
consideration here is not the classical method by J. L. Lions, A. P. Calderén and
S. G. Krejn, but a modification of the usual complex method which can be applied
to some concrete quasi-Banach spaces, in particular to HA,, and HA,,. This
modification was discovered by A. P. Calderén and A. Torchinsky [4] and applied
by S. Janson and P. Jones to get interpolation results between classical Hardy
spaces H” [12].

First we describe the method.

DeriNiTiON 2.17. Consider the closed strip S ={z: 0<Resz <1} in the com-
plex plane. Denote by $ the open strip. Let g(z) be an ¥ (R")-valued function in
S and ¢ € #(R") with compact support such that $(0) #0. We say that g(z) is an
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620 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

' (R")-analytic function in § if G(x, z)=(g(z)* ¢)(x) satisfies the following
properties:

(1) G(x, z) is a uniformly continuous and bounded function in R" X §,

(2) G(x, z) is an analytic function in $ for every fixed x e R".

DeFintTION 2.18. Let 0<gy,q, <1 and 1 <pg,p, < o°.
(a) We define #(HA,,,,, HA,, ,,) to be the space of ¥'(R")-analytic functions

in § satisfying g(j + it) e HA, ., with j =0, 1, for every ¢ € R with the norm

18115010 2p 00 = MX{SUP GG + D), , | <
=L,

where, for typographic reasons, we sometimes write, for example, HA, , ; instead
of HA, ,.

(b) We define @(HA,,O,%,.HAPIV‘,I) to be the space of ¥'(R")-analytic functions

in § satisfying g(j + it) e HA, ., with j =0, 1, for every t € R with the norm

18101440 = 3] 5D 18 + D)1, | <.
=0

DEFINITION 2.19. Let 0<q4,q9, <1, 1 <pg,p, < and 0< 8 < 1.
(a) Define

(HAppq HA, 0 )0 = {f: 38(2) € F(HA,,,, HA,,,) with f = g(6)}

Podo’
and

I f ”(HA,,,,,.[,, HApg o inf{Hg ”&T(HA,,_N HAM_,)}y

where the infimum is taken over all admissible functions g(z) satisfying

g(68) =f(x).
(b) Define

(HAPn-%’ HAPMII)e = {f 3 g(Z) € ‘OJ:(HAPO-II()’ HAPMII) With f = g(e)}

and

||f||(H,«ipA‘,J,,HA,,,‘,‘,)(9 = inf{”g”sr(H»ip,.,,(..HA,,v,,vl)},

where the infimum is taken over all admissible functions g(z) satisfying

g(6) =f(x).

THEOREM 2.20. If0<q0,9, <1, 1 <pg,p; <», 0<0<1 and

11-6.6 1_1-0 6
P Po Pl, q 90 G
then
HA,,=(HA, ., HA, ,)o and HANI = (HApu.qo’ HAm.ql)O'

Before starting the proof of this result we enunciate the following lemma based
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 621

on the Poisson integral representation formula for the strip S, and whose proof
can be found in [3, 9.4] and [16, pp. 65 and 67].

LemMma 2.21. Let 0 <r <oo. Then there exist two positive functions u(6, t) and
11(6, 1) in (0,1) X R, such that
1 1-6 1 2]
@1 <(1= [ WG ot yar) (5 wa+ior we nar),
R R

with 6 = Re z, for any logarithmically subharmonic function h(z) in § which is
uniformly continuous and bounded in S. Furthermore, if 0 <0 <1, then

1 1
mj%(& t)dt—gj'#n(& f)dr=1

Proof of Theorem 2.20. Let a(x) be a central (p,q, M) atom, with M =
max;_, {[n(1/q; — 1)]} and supp a(x) = B = B(0, R) and suppose that R = 1. For
Z € S, we write

1 1-z2 z 1 1—z+z

qz) g0 g, p(x) po P
and define

g(z) = |BP'#O7 D [la(x)PP ™ a(x) = Pulx, 2)],

where P,(x,z) is a polynomial restricted to B, with the same moments as
la(x)lP?®~" a(x) up to order M, that is,

P(x,2)= 2 C\(2)B,(x),
lyi=M
with C,(z) = [B|™' [5 x” la(x)P”®~" a(x) dx and B,(x) a polynomial of degree at
most M, restricted to B, which is determined by the equations

0 when a #7,
|B|“f B,(x)x"dx={ waen a7y
B

1 whena =y,

for every multi-index a, such that |a|< M. By homogeneity |8, (x)|<C |B|™"""

and

IPa(x; Z)I =C IB,_1 j |a(x)|Re(P/P(Z)) dx.
B

To see that g(x) satisfies the properties of an &' (R")-analytic function is not
complicated; it follows from the definition of g(z), the above estimate for
|P,(x, z)|, and the Mean Value Theorem. Note that, for z =6, P,(x, 8) is
identically 0 and g(6)=a(x). Moreover, each g(j+it), for j=0,1, has M
vanishing moments and its support is contained in B. Again, by the estimate for
IP.(x, z)| we get

HaG)PPO la() ™" a() = P j + D),

o 1/p;
< ([ a@preorion a) = ¢ jajge,
B

that is, |lg(j +ir)ll,, < C|B|""~"4, for j=0,1. Thus C~'g(j+it) is a central
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622 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

(P, g;, M) atom with support on B and [g(j +if)llna,, <C, for j=0,1
Therefore, for

1 1-6 6 1 1-6 @6
—_= +—’ —_= + —
pP Po P q qo q
we have
HAP-q < (HApovqo’ HAPI-‘II)B'

Conversely, let f(x) e (HA,, ., HAp, 4)e- Then there is an ¥'(R")-analtyic
function g(z) e #(HA,, ,,, HA,, ;) such that g(8) = f(x) and
Wfllra,,0mA,000 = 18215k, 40 t14, 4.

Let us suppose that ||g(j + it)lIHAp.q_j= 1forj=0,1
Consider F(x, s, z) = (g(z) * ¢,)(x) with ¢ € #(R") and $(0)#0; for 0<e<1
define

M.(x,z)= sup |F(y,s, 2)|
iy

For every fixed x e R", M.(x,z) is a uniform limit of logarithmically
subharmonic functions of z in §, uniformly continuous and bounded in S, and the
same holds for M(x, z) for every x e R". Moreover, if G represents the grand
maximal function, we have M,(x,t)<G(g(z))(x) and M.(x, 8) increases to
G(g(6))(x) as € —>0. Thus by Theorem 2.14, in order to show that f € HA, ,, we
only need to study the behaviour in A, , of M.(x, ). We shall write

% 1/q
1={3 @ im0z}
k=0

and h,(x, 8) = M(x, 0)%«(x) and choose r such that 0 <r < min{q,, q,}. Then

® rigr
1={3 @0 oy, o0}
k=0

Using Lemma 2.21, over h,(x, ) we have

lhie(x, O)]" < (ai(x))' ~°(bi(x))°
where

1 1
0= f I, 01 o6, 0, bi(x) = f i, 1+ ) (8, 1) .
R R

Using the Holder inequality for ||A%(-, 8)ll,,» and the Minkowsky inequality for
@kl pyr and 1Bk I, and writing

1 1-6 @
=4

1 1-6 @6
- b - _+_)
P Po P g 90 g

we get

hod 1 g(1—-8)r
1= 3 (25 [ 2 g, ol wol, ) i)
k=0 \1 — 0 Jg

1 knr(1/g,—1/py) . . qOIiryrigr
8 0 2 1Ak(y T+ )15, ma(8, 1) dt .
R
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 623

Now, since 1 <gq/r <p/r, we use the Holder and Minkowsky inequalities (with g
instead of p as we had before) and obtain

(1-6)/r

1 o riqo
1${ j [2 (2kn(l/qo—1/P0) ”hk(; il) ”pﬂ)‘ln] IJ«O(O; t) dt}
1-0Jrlizo

o/r

1 & rig;
% {Tof [E @m0 Jhy (-, 1+ ir)up.)”'] (6, 1) dt}
R Lk=0

1 (1-6)r
= (2 [ 10, mol0, 0.1
] - 9 R

1 ) orr
x (3 [ UM 1+ i1, w0, 01)
R

Therefore, the above estimate for M (x, z) in terms of G(g(z))(x) and Lemma
2.21 gives us

I<sup{lGg)Ilk,, 1 G +i)lls, .}

< SlfP{Hg(if)Hh}‘;’,,q,n g (L + it 7a,, .}

< 1 fllcHa, 0HA, 00 = 1

Then |[M.(, 6)lla,<1; thus [|G(g(6))lla,, = IG(f)ll4,, =1 and finally

pq
Ifllna,, <1

The proof of the homogeneous result is essentially the same.

3. The Littlewood—-Paley function characterization of
HA,,and HA, , for0<gq<1,1<p<2

Let felL’NL? 0<qg=<1 and u(x,t)=f*P(x) where P(x) is the Poisson
kernel, with

du du|?
Vu(x,t 2=)-— —.
(Vu(x, 1)| o Py

2 n
+2
j=1

i
We shall use the following functions:
the Littlewood-Paley g-function

1

b 3
b

8N = ([ 19t 0P car)

0

the Littlewood-Paley g*-function

s =([ [ (=) w0 i ayar)

the Lusin area integral

1
2
)

1
2
’

.7 = (] 1wt 0P ayar)

where T, (x)={(y, ) e Ry™": |x —y|<at, >0}
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624 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

If v(x, t) =t a(f * P)(x)/ot, we set

S%vnv(x)=<fr

Next we shall construct the atomic decomposition of HA
means of the S3,,v(x) function.

w(y, O """ dy d:)‘.

2vn(x)

and HA,, by

P.q

THEOREM 3.1. Suppose that f e L’N LY and 0<q<1. If S}yv(x) e A,, for
0<g=<1and 1<p <2, then there are a sequence {a;} of central (p, q, N) atoms
with N = [n(1/q — 1)} and a sequence of constants {A;} satisfying:

(1) fx) =2 rjai(x);
(2) TN =<C IS4 r with C independent of f.

In particular, if S3y,v(x) € A,,'q for 0<qg <1and 1<p <2, the central atoms are
all supported on balls with radii greater than or equal to 1, and we have
ZAfsC IISé\/,,(v)Hf{,M, with C independent of f.

Proof. Consider the closed balls B; = {x e R": |x| <2/}, forj € Z, and the cubes
Q;={xeR" |x|<2, i=1,..,n}, for jeZ We shall set A;=Q,—-Q,.,, for
j € Z, and construct a partition of unity in the following way. Let

Q,={x eR": S},,v(x)>2*}, forkeZ,
OQixk={xeR": 2x-Ke[0,1)},
D={Q;x: i1€Z,Kel"
and
={Q e 2: |10 NQNA>|Q|/2"",
IO N NAJ < |0l/2"", Q<= 0,0 ¢ Q;-1}

where jeZ and k € Z.
If /(Q) is the side length of Q, write

0 ={(yneRi™ yeQ [(Q)<t<2UQ)}

Then R =2 . Uk__w Woeg O is a disjoint partition of R%*!. We shall use
this partition to obtain the atomic decomposition of f. By Calderén’s representa-
tion formula, there is a function ¢ € C5(R") satisfying

(a) supp ¢ < B(0, 1), where ¢ is radial and real valued,
(b) ¢ (x)=0 when |x| <& (¢ small),
(©) [Se "f(r)dr =~

and such that f(x) = [§ [ v(y, D¥,(x — y)t~ "' dydt.
Therefore

=3 3 2 | O vl myidydi= 3 hay(x),
j=-—xek=—x Qe j=—=
where a;(x) = A" 27 EQE@JQ v(y, )y(x —y)t~'dyd:, and A; is a constant
to be determined.
Let x e suppa;. Since supp ¢ = B(0,1), we may assume that |x — y|<t. For
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 625

(y,1) e O, we have 1 <2/(Q)<2"', and then y € Q; and |x| <2*?, s0 we have
supp a;(x) < B;.,. By the property (b) of ¢ we have the vanishing moments
conditions for a;(x). To study its L”-norm we use duality. Now

)

For convenience we write U, =g Q in our disjoint partition of R"*'. Since
p =<2, it follows from Hoélder’s inequality that

lat, = sup {| [ atme)ax

Il =1

’ f 4 (x)n(x) dx

S 0w d @]

k=-—x

- o ] [ 00 00 0 x|

<o [ ([ w00z 0 ) (e ae)
=0 [ ([ w008 g0 a) ([ more o ar) ay

<o ([ (S [ won o gt ar) @)

k=—x

AL oroiraf ]

pr2 \ip
<o {3 [ [[woofzo.oral

X U{R (L W% n(y)Et! dr)m dy},,,],.

Since ¢ is a Littlewood-Paley function,

x o pl2 1p
<L S [ [ w0zt o ta] - av}
0

k=—o JR"

Taking

p

o pr2 1
A =CIBj. "~ “"{ > U w(y, OF xa,(y, r)t“dt] dy}
0

k=—x JR"

we see that a;(x) is a central (p, g, N) atom and f(x) = 2 Aja;(x).
It remains to estimate X |A;|?. First define P(%)={y € R": (y,t) € %}; then

X (Y, 1) = X, (¥, DX pcay(¥)-
Since 1 <p <2, we may use Holder’s inequality and obtain

ES oc pl2 1p
{3 [ 1] w008 raty, orcatontai|  av]
0

k=-% JRn
x pl2 I=pl2\1ip
<{ > [ lv(y,t)lzr"dtdy] U xp(u—uk)(y)dy) } .

0”[( 4

k=-x
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626 JOSE GARCIA-CUERVA AND MARIA-JESUS L. HERRERO

Note that for fixed indices k,j, if we have two cubes Q, O* in &, with
Q NQO*#(J, then one of them is completely contained in the other. Picking the
larger, we set P(%) as a disjoint union of cubes Q in %,. Therefore,

[ xenay= 3 [ ay= 3 101=¢ 3 10nanai=ciana)
w csiale T ¢eBi o=
isj isj isj

On the other hand, as was proved in [13],
pr2
< [u(y, )t dy dt) <C2¥1Q, N AP~
Uy

Thus A; < C |B; |7 (252" | N Al
Finally, from the definition of €,

[ Saverac= 3 SOl de
A/

k=—2 JA,0QNANQ )

> 2 27(ANQ - IANQL)=C Y 2714,NQ,
k=-—ox k=-x
which gives A; < C2""™') || §3,ux 4 ||, and also Ef--m A< C IS4
If Sw,,v(x) € A, ,, consider the balls BO B(O 1), B;j=B;for j=1, the cubes
Q(. B, Q, Q, for j=1, and Ay= QO, A =A; for ]>l Construct the
decomposition over the disjoint partition of IR"” given by

Rn+l L:_J 9

THeOREM 3.2. Let 0<g <1, 1<p<wand N =[n(l/q - 1)].
(a) If fe HA,, for A\> (2N +3n +1)/n and a >0, we have

I8X WA, < Calflnd, 18NDNA,, <SCUflld,, N1Sa(NN4,, S CallfllHa,,
(b) If f e HA,, , for A> (2N +3n + 1)/n and a >0, we have

18X a,, SCaillflba,, 184, <CUflua,, 1Sa(Hlla,,<Callfllna,,

Proof. Since g(f)(x) < CSf(x)=< C,g¥(f)(x) (see [14, p. 89]), the result follows
from the first inequality.

Let f(x) be a central (p, g, N) atom with supp f(x) = B(0, R) where R ~ 2’ for
a fixed j € Z. Then

[FHGIS =S (@ g )xell, )"

k=—-c

If k <j, then properties of f(x) and the L”-boundedness (1 <p) of g¥ give the
estimate
j

2 @ g (Dll,) < C

k=—x
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HARDY SPACES ASSOCIATED TO THE HERZ SPACES 627

If x € C, with k >j, then we claim that
gtf(x) < CA |B(O, R)I(N+1)/n+1—1/q |X|—n—N—1,
provided that A > (2N + 3n + 1)/n. Therefore, the choice of N and j gives
> @ X (e,

k=j+1

< CA IB(O, R)lq((N+l)/n+1—1/q) 2 2—kn((N+1)/n+l—l/q)q < C}U
k=j+1

which gives the result.

Let us prove the statement whose truth was claimed above. We shall set

aP, P, aP,)
— T e, , for R",
ot oz, az, @ ¢e

K(z)= (
and call the Poisson kernel P. Consider, for A e R fixed, the Hilbert space

V,= {h(y, t): [wa" <|y|t+ t)m lh(y, >t~ " dy dt]%< 00}.

Then gXf(x) = 1K *f(x =),
Using the Taylor expansion of K(z) and the atomic properties of f(x), we have

dz.

Vi

Y DPK(x—y-6z)

1BI=N+1

1)) < f L kPTAG)

Standard estimates of the Poisson kernel and the condition A > (2N +3n +1)/n
allow us to establish for x € C,, with k >, that

gXf(x) < C,|B(0, R)|(N*Vm*1-la x|=n=N=1
as was claimed.
TueoREM 3.3. Let f e LN LY and 0<q<1. If a 22Vn and 1 <p <, then
1Sa()lla,, < C (A4, and 1S.(Hll4,,=C g4,

Proof. We shall use an argument based on that used by C. Fefferman and E.

M. Stein [8]. When f € LN L?, u(x, t) = P,*f(x) is a harmonic function and we
define AU(x, t) = Vu(x, t +s) and consider the space ¥, = L*R*, sds). Then

(U, D= | Ve, e+ )P sds) <g(r)0)

and  U*(x) =sup,»o | U, t)l5=g(f)(x) € A,,. Then there is an Fe HA,,
satisfying F(x) = lim,_,, %(x, t), and from Theorems 2.14 and 3.2 we have
I8 M, = NU N4, = 1Fll1a,, = Ca I1Sa(F)lla,,
As in [7, p. 171], it is possible to show that
Sa(F)(x) = CS.(f)(x)

and the result for A, , follows.
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628 HARDY SPACES ASSOCIATED TO THE HERZ SPACES
The homogeneous result is proved in a similar way.

Taking into account the fact that L2 N LY, for 0<g <1, is dense in HA,, and
in HA,,, the preceding theorems give the characterization of HA,, and HA,,
for0<g =1, 1 <p=2,in terms of Littlewood-Paley functions.

THEOREM 3.4. Let 0<q<1,1<p=<2,and N =[n(1/q —1)]. Then

(a) fe HA, , ifand only ifg(f) e A, ,,

(b) f € HA,, if and only if S.(f) € A, , where a =2Vn,

(c) fe HA, , if and only if gX(f) € A, , where A> (2N + 3n +1)/n.
(The same holds for homogeneous spaces.)
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