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Complex-phase extensions of the Szegedy quantum walk on graphs
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This work introduces a graph-phased Szegedy’s quantum walk, which incorporates link phases and local
arbitrary phase rotations (APR), unlocking new possibilities for quantum algorithm efficiency. We demonstrate
how to adapt quantum circuits to these advancements, allowing phase patterns that ensure computational
practicality. The graph-phased model broadens the known equivalence between coined quantum walks and
Szegedy’s model, accommodating a wider array of coin operators. Through illustrative examples, we reveal
intriguing disparities between classical and quantum interpretations of walk dynamics. Remarkably, local APR
phases emerge as powerful tools for marking graph nodes, optimizing quantum searches without altering graph
structure. We further explore the surprising nuances between single and double operator approaches, highlighting
a greater range of compatible coins with the latter. To facilitate these advancements, we present an improved
classical simulation algorithm, which operates with superior efficiency. This study not only refines quantum
walk methodologies but also paves the way for future explorations, including potential applications in quantum
search and PageRank algorithms. Our findings illuminate the path towards more versatile and powerful quantum
computing paradigms.
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I. INTRODUCTION

Quantum walks are algorithms born from the quantization
of classical Markov chains. They were first proposed in the
discrete time version [1] and later in continuous time [2]. The
same as classical walks, quantum walks have given rise to
a wide variety of algorithms for problems such us triangle
finding [3], element distinctness [4], and quantum search [5].

Quantum walks in discrete time usually required an inner
degree of freedom, giving rise to what is called the coined
quantum walk model [6]. These walks act on undirected graph
and have difficulties quantizing arbitrary Markov chains. To
solve this issue, Szegedy introduced a coinless quantum walk
on bipartite graphs quantizing a general Markov chain on
weighted graphs by a duplication process [7]. This quantum
walk has been shown to be useful for problems of optimiza-
tion [8–12], testing graph completeness [13], classification
[14–17], quantum search [18–20], and machine learning [21].

Soon after Szegedy’s work, an alternative version of
Szegedy’s quantum walk avoiding the need to duplicate the
graph [22] was developed. This formulation produces more
general results for classical weighted graphs [23] and, more-
over, allows establishing an equivalence between Szegedy’s
quantum walk and the coined model [24–26].
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Different modifications of Szegedy’s quantum walk intro-
ducing complex phases have been proposed in the context of
Grover walks [27], staggered quantum walks [28], and the
quantum PageRank algorithm [16], where they have provided
algorithms outperforming the standard walk. In this work
we provide a further generalization of the phase extensions,
obtaining what we call the graph-phased Szegedy’s quantum
walk. Moreover, we have studied how provided an efficient
quantum circuit for the implementation of Szegedy’s quantum
walk [29,30], we can modify them to include the complex
phase extensions.

An important result we find for our graph-phased
Szegedy’s model is that the set of coined quantum walks that
can be cast into a Szegedy’s walk is increased considerably.
We review the conditions that must satisfy the coin operators
[24] and provide new conditions considering also the phase
extensions. Furthermore, we also show how the new exten-
sions that we introduce in our work allow marking nodes in a
graph using oracles. We also use this extension to review the
proof that the method of absorbing vertices usually used for
marking [7,18] is equivalent to the use of a different coin in
the coined walk [5,25].

Finally, we provide an efficient classical simulation al-
gorithm for the graph-phased Szegedy’s quantum walk
considering all possible phase extensions. For this, we have
modified a recent algorithm that we proposed for the current
Szegedy’s walks, which scales as O(N2) in both time and
memory requirements [31]. This algorithm outperforms previ-
ous simulation methods that require the explicit construction
of the unitary evolution matrix, scaling as O(N3) for dense
weighted graphs.

This paper is structured as follows. In Sec. II we review
the formulation of Szegedy’s quantum walk to later introduce
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the graph-phased model. In Sec. III we show the efficient
construction of quantum circuits. In Sec. IV we study the
equivalence between the graph-phased Szegedy’s walk and
the coined model. In Sec. V we show examples of coined
quantum walks on the infinite line. In Sec. VI we show how
some phase extensions can be used for marking nodes in a
graph. In Sec. VII we present the classical simulation algo-
rithm for the graph-phased walk considering all the phase
extensions. Finally, we summarize and conclude in Sec. VIII.

II. GRAPH-PHASED SZEGEDY QUANTUM WALK

In this section we review the standard quantization of
Szegedy’s quantum walk [7,22] and the current extensions
found in the literature [16,27,28] to later generalize it intro-
ducing the graph-phased Szegedy’s model.

A. Szegedy’s quantum walk

A classical Markov chain is a stochastic process that can
be represented as a random walk on the nodes of a graph. For
a weighted graph with N nodes, this walk is described by a
N × N transition matrix G. By convention in this work we
choose that the transition matrix is column stochastic, so that
all the columns add up to 1. Thus, the elements Gji are the
probabilities of the walker jumping from node i to node j.
Let us define p(t ) as a N-dimensional column vector whose
elements are the probabilities of the classical walker being at
each node at time step t . Then the classical walk evolution is
governed by the following equation:

p(t ) = Gt p(0). (1)

The classical Markov chain is quantized through Szegedy’s
quantum walk [7,22]. In this quantum walk the Hilbert space
is the span of all the vectors representing the N × N = N2

directed edges of the graph, i.e.,

HS = span{|i〉1| j〉2, i, j = 0, 1, . . . , N − 1}, (2)

where the states with indexes 1 and 2 refer to the nodes on two
copies of the original graph. Thus, the states are defined over
two quantum registers. In this paper we count the nodes of the
network, and therefore the matrix indexes, from 0 to N − 1.
We define the vectors

|ψi〉 := |i〉1 ⊗
N−1∑
k=0

√
Gki|k〉2, (3)

which are a superposition of the vectors representing the edges
outgoing from the ith vertex, whose coefficients are given by
the square root of the ith column of the matrix G. From these
vectors we define the following projector operator:

� :=
N−1∑
i=0

|ψi〉〈ψi|, (4)

and use it to define a reflection operator on the subspace
generated by the |ψi〉 states:

R := 2� − 1. (5)

The quantum walk evolution operator Us is defined as

Us := SwR, (6)

where Sw is a swap operator that exchanges the two quantum
registers, i.e.,

Sw :=
N−1∑
i, j=0

|i, j〉〈 j, i|. (7)

The Szegedy’s quantum walk described in this manner
is actually an alternative definition [22] that generalizes the
original one [7] and is more suitable for establishing an equiv-
alence with the coined quantum walk model [6], which we
will explore further in Sec. IV. However, the original formu-
lation made by Szegedy consisted on a coinless quantum walk
based on two reflections, so that the quantum walk evolution
operator was defined as Ws = RBRA. It turns out that RA = R
and RB = SwRSw, so that the original unitary operator Ws

corresponds to two steps of the alternative version Us, i.e.,
Ws = U 2

s . Thus, we will refer to it as the double Szegedy
operator.

Finally, the initial state is usually constructed by a super-
position of the |ψi〉 states, and the probability distribution of
the walker after each time step of the quantum walk is usu-
ally obtained measuring the first register. However, there are
also algorithms where the information of interest is obtained
measuring the second register instead [14–17,19].

B. Complex phase extensions

An extension of Szegedy’s model, dubbed twisted Szegedy
walk, introduced complex phases by means of a kind of
complex-valued weights [27]. In our notation, this corre-
sponds to an extended Szegedy walk where the |ψi〉 states are
substituted by [28]

|ψi(ϕ)〉 :=
N−1∑
k=0

eiϕik
√

Gki|i〉1|k〉2, (8)

where ϕ is an N × N matrix, so that the element ϕi j is the
phase associated to the edge state |i〉1| j〉2. Thus, the unitary
evolution operator is Us(ϕ) = SwR(ϕ), where R(ϕ) reflects
around the subspace generated by the |ψi(ϕ)〉 states. When
all the phases are 0 the standard Szegedy’s walk is recovered.
Note that due to the convention of the transition matrix G
being column- stochastic, the weight probability associated
to edge state |i〉1| j〉2 is Gji. Thus, the real weights in the
transition matrix G are associated with the elements of ϕT and
vice versa.

Another modification of Szegedy’s quantum walk chang-
ing the reflection R by an arbitrary phase rotation (APR) was
proposed in the context of quantum PageRank [16]. Although
in the previous case N2 phases were introduced, in this case a
single phase denoted as θ is used to define the phase rotation
operator,

R(θ ) := (1 − eiθ )� − 1, (9)

so that the unitary evolution operator is Us(θ ) = SwR(θ ). The
standard walk is recovered for θ = π .

In order to differentiate both phase extensions, we will call
link phases to the phases ϕi j associated to the edges of the
graph, and APR phase to the phase θ related to the arbitrary
phase rotation. These two kind of extensions are compatible
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and can be applied at the same time. Before constructing a
general operator that combines all the phases, it is important
to mention that the twisted Szegedy walk provided another
extension with a complex phase for each edge acting inside the
swap operator [27]. Nevertheless, this is beyond the scope of
this work, as we are interested in the extensions of the reflec-
tion operator R, which acts as the coin of the coined quantum
walk. Moreover, we can still extend further this operator.

C. Graph-phased Szegedy’s quantum walk

The APR phase θ acts in a global manner in the graph.
However, the same as there are N2 phases ϕi j associated to
the edges of the graph, we could think of N APR phases θi

associated to each of the nodes of the graph. Let us expand the
projector � in (9), and introduce the constant factor (1 − eiθ )
in the sum:

R(θ ) =
N−1∑
i=0

(1 − eiθ )|ψi〉〈ψi| − 1. (10)

Now, we can give θ a different value θi for each node i. Let
us define �θ as a vector with the N different APR phases. The
phase rotation operator becomes

R(�θ ) =
N−1∑
i=0

(1 − eiθi )|ψi〉〈ψi| − 1. (11)

These APR phases act locally in the nodes of the graph, and
the sum cannot be factorized with a projector operator.

Now we can define the graph-phased model joining all the
phase extensions. Let us define the following operator:

�(�θ, ϕ) := 1

2

N−1∑
i=0

(1 − eiθi )|ψi(ϕ)〉〈ψi(ϕ)|. (12)

This operator generalizes the projector � in (4), which is
recovered for θi = π and ϕi j = 0. It is a kind of pseudopro-
jector, since acting on an arbitrary state provides a state in the
subspace spanned by the |ψi(ϕ)〉 states. However, it does not
corresponds to the actual orthogonal projection.

The phase rotation associated to this walk is defined as

R(�θ, ϕ) := 2�(�θ, ϕ) − 1. (13)

The unitary evolution operator is defined as

Us(�θ, ϕ) := SwR(�θ, ϕ). (14)

Again, we can think of the double Szegedy operator Ws

using two times the operator Us(�θ, ϕ). In general the phases
of both operators can be different, so that the most general
double Szegedy operator is as follows:

Ws(�θ1, ϕ1, �θ2, ϕ2) = Us(�θ2, ϕ2)Us(�θ1, ϕ1). (15)

Before going on, let us fix some definitions about the
different models we will deal with in this work.

Definition 1 (Standard Szegedy’s quantum walk). It is the
Szegedy’s quantum walk without any phase extension.

Definition 2 (Link-phased Szegedy’s quantum walk). It is
the Szegedy’s quantum walk with link phases ϕi j , but without
APR phases.

Definition 3 (Szegedy’s quantum walk with global APR). It
is the Szegedy’s quantum walk with the same APR phase θ

for all nodes, but without link phases.
Definition 4 (Vertex-phased Szegedy’s quantum walk). It is

the Szegedy’s quantum walk with multiple local APR phases
θi, but without link phases.

Definition 5 (Graph-phased Szegedy’s quantum walk). It is
the most general Szegedy’s quantum walk with all the phase
extensions.

Unless otherwise stated, we will consider the single step
operator Us when we refer to each model.

III. QUANTUM CIRCUITS

Constructing a quantum circuit for Szegedy’s quantum
walk is not a trivial task since it depends on the particular
weighted graph where the walk takes place. However, there
is a general structure for decomposing the circuit. Here we
review the construction of quantum circuits for the standard
model and later show how to modify them to include the phase
extensions. Thus, provided a quantum walk for the standard
Szegedy’s quantum walk, we can obtain the circuit of the
graph-phased model.

A. Standard Szegedy’s circuit

Let us consider for simplicity that the number of nodes of
the graph N can be expressed as a power of two, such that
N = 2n for some integer n. Then the quantum circuit needs
two quantum registers of n qubits each. For N �= 2n we could
augment the graph in a manner such that the original walk
occurs in an invariant subspace of the augmented graph.

The evolution operator in (6) was Us = SwR. The swap Sw

is trivially a bunch of swap gates between the qubits of the
first register and the qubits of the second register. However,
the reflection R is more complicated. This operator needs to be
diagonalized [29,30]. With this purpose, we define the update
operator V , which creates the |ψi〉 state if the first register is
in state |i〉1, provided that the second register is in |0〉2. Thus,
its action is defined as

V |i〉1|0〉2 = |ψi〉, (16)

and the action on the rest of the computational basis is
irrelevant as long as it is unitary. The update operator V
diagonalizes the reflection operator R as D = V †RV , so that
using (5) and (4) we obtain:

D = 2
N−1∑
i=0

V †
i |ψi〉〈ψi|Vi − 1

= 2
N−1∑
i=0

|i〉1〈i| ⊗ |0〉2〈0| − 1. (17)

Factorizing the identity in both registers as 1 = 11 ⊗ 12, and
using the completeness relation of the identity in the first
register, we obtain

D = 11 ⊗ (|0〉2〈0| − 12). (18)

This operator corresponds to a reflection around the state |0〉2

in the second register. This is a diagonal operator with eigen-
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θ

(a)

=

P (θ)

(b)

=
P (θ)

(c)

=
X P (θ) X

(d)

FIG. 1. (a) Quantum circuit representation of a multicontrolled-
P(θ ) gate on a ghost qubit, which in this example applies a relative
phase eiθ to the state |110〉. The real target can be whatever qubit as
shown in (b)–(d), as long as the target qubit is surrounded by X gates
if it must be in |0〉 for the application of the phase gate.

value +1 for |0〉2 and −1 for the rest of the computational
basis of the second register. In order to implement it, we
actually use the operator −D, so that we end up applying the
reflection R up to an unimportant global phase of −1. Thus,
we need to flip the phase of state |0〉2. This is accomplished
with a controlled-Z gate.

For the sake of generalizing later, let us instead use the
phase gate P(θ ):

P(θ ) =
(

1 0
0 eiθ

)
, (19)

which for the standard phase θ = π recovers the Z gate.
When this gate is controlled, the target qubit can be whatever
qubit since the phase eiθ of the state cannot be attributed to
a particular qubit. Thus, we use a representation in which all
the qubits represent the state to whom we want to apply the
phase eiθ , and they control the phase gate on a ghost target
qubit [32], as shown in Fig. 1.

For the operator D, all the qubits in the second register
control the gate P(π ) with the condition of all qubits being
in state |0〉. Thus, the circuit for Szegedy’s quantum walk
operator Us can be decomposed in a general manner as shown
in Fig. 2. For the double operator Ws we would just apply twice
this circuit.

The final problem is to provide a circuit for the update
operator V . In general, we need to codify the N2 transition
probabilities of matrix G, so that the complexity of the circuit
would scale at least as O(N2) for a general dense transition
matrix. For sparse graphs, where there are few transition prob-
abilities, this operator could be implemented efficiently [30].
Moreover, even if the matrix is dense but the graph has some
symmetry properties, this operator could also be implemented
efficiently. Different implementations of the update operators
for graphs with symmetry can be found [29]. Supposing an
efficient implementation of V is provided, in the following
subsections we will show how to modify the standard circuit
to include the phase extensions.

B. Adding APR phases

Let us consider the vertex-phased Szegedy’s model, where
the reflection R is substituted by the phase rotation operator
R(�θ ) in (11) including local APR. We diagonalize it using the

...
...

...

...
...

...
...

Reg. 1

V † V

Reg. 2

π

FIG. 2. Quantum circuit decomposition of the standard single
Szegedy unitary evolution operator Us = SwR. Each register has n
qubits for a graph with N = 2n nodes. The reflection R = V DV †,
where D is a diagonal operator that implements a reflection around
state |0〉2 in the second register.

update operator V as before, so that D(�θ ) = V †R(�θ )V . Then

D(�θ ) =
N−1∑
i=0

(1 − eiθi )V †
i |ψi〉〈ψi|Vi − 1

=
N−1∑
i=0

(1 − eiθi )|i〉1〈i| ⊗ |0〉2〈0| − 1

=
N−1∑
i=0

|i〉1〈i| ⊗ [(1 − eiθi )|0〉2〈0| − 12]. (20)

In the case of a global APR phase θ , we could again factorize
it as a diagonal operator acting on the second register the same
as in Eq. (18), which would correspond to a phase rotation
around the state |0〉2. This would have eigenvalue −eiθ for
|0〉2 and −1 for the rest. The circuit would implement −D(θ )
instead, so that applies a phase eiθ to the state |0〉2 letting the
rest of the computational basis unchanged. Then, the circuit
would be the same as the one shown in Fig. 2 but changing
the phase π by the general phase θ .

However, if we have local APR phases, then the diagonal
operator cannot be factorized. In this case the operator has
the form of a uniformly controlled gate [33,34], which applies
a different phase rotation around the state |0〉2 depending on
the state of the first register. Thus, in general it corresponds
to N different phase rotations acting on the second register
controlled by the N states of the computational basis of the
first register. The quantum circuit for this case is shown in
Fig. 3.

The construction of this circuit is in general inefficient,
since we need N controlled-phase rotation gates. However,
there can be cases where a more efficient circuit is possible.
The local APR phases can be distributed in some manner that
the same controlled phase rotation can be used to apply it
to a bunch of states at the same time. For example, if we
have the same phase θe for even nodes, and the same phase
θo for odd nodes, then they can be implemented using only
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...
. . . ...

...
. . . ...

Reg. 1

V † V

Reg. 2

θ0 θN−1

FIG. 3. Quantum circuit decomposition of the single unitary op-
erator Us(�θ ) = SwR(�θ ) for the vertex-phased Szegedy’s quantum.
Each register has n qubits for a graph with N = 2n nodes. The
phase rotation operator R(�θ ) = V D(�θ )V †, where D(�θ ) is a diagonal
operator that implements N different phase rotations around state
|0〉2 in the second register. Thus, this circuit needs N phase rotations
controlled by the first register, from state |0〉1 with all qubits in |0〉 to
state |N − 1〉1 with all qubits in |1〉.

two controlled-phase rotations. In this case they would be
controlled by the last qubit of the first register, which indicates
the parity of the state.

Another important case where an efficient implementation
is possible occurs when most of the nodes have the same phase
θ , and there is a small set M of special nodes with a different
phase θk , where k ∈ M. If we have a number of special nodes
M 	 N , then there is a method for constructing the circuit
only with M + 1 phase rotation gates. First, we apply a phase
rotation of θ to the second register, with no control by the
first register. Thus, a global APR phase θ is applied for all
nodes. After that, we apply a phase rotation for each of the
M special nodes, controlled by the first register being in the
corresponding state. Let θk be the phase we want to apply
to node k, which is an special node. Since we have already
applied a phase θ to that node, the particular phase rotation
for that node must now apply θk − θ , so that it deletes the
previous rotation with θ . In Fig. 4 we show an example where
node N − 1 is the only special node. Note that in general each
of the special nodes can have a different local APR phase.

C. Adding link phases

We have seen that after diagonalizing the reflection oper-
ator R, the diagonal operator D, even with APR phases, does
not depend on the vectors |ψi〉. Thus, it will not depend on the
link phases ϕi j . In this case, the modification must be done
to the update operator V . The diagonalization process is the
same as before, but using the modified update operator V (ϕ),
such that V (ϕ)|i〉1|0〉2 = |ψi(ϕ)〉.

Provided a circuit implementation of the update operator
V , a naive method to construct the operator V (ϕ) would be
to first apply V and then apply a controlled-phase gate (see

...
...

...

...
...

...

Reg. 1

V † V

Reg. 2

θ θk − θ

FIG. 4. Quantum circuit decomposition of the single unitary op-
erator Us(�θ ) = SwR(�θ ) for the vertex-phased Szegedy’s quantum
walk on a graph where most nodes have the same local APR phase θ ,
and M special nodes have a different local APR phase. Each register
has n qubits for a graph with N = 2n nodes. A phase rotation of θ is
applied to all nodes, and then M different phase rotations controlled
by the first register are applied for the special nodes. In this example,
only node N − 1 has a different phase θk , so that the controlled phase
rotation needs all qubits in the first register to be in state |1〉.

Fig. 1) for each computational basis state whose link phase
ϕi j is different to 0. In general we would have N2 link phases,
so this method would be inefficient unless there are very few
link phases different to 0, or they are distributed in a manner
that several phases with the same value can be applied using a
common controlled gate.

Another approach consists of constructing a new circuit for
the modified update operator based on the standard one. The
same as with the transition probabilities, if the link phases
matrix ϕ is sparse or the distribution of phases in the graph
follows some symmetry patterns, then we could construct an
efficient operator V (ϕ). An example of update operator with
phases distributed with certain symmetry in cycles will be
constructed in Sec. V C.

IV. EQUIVALENCE WITH THE COINED QUANTUM WALK

It is known that given a standard Szegedy’s quantum walk,
it can always be cast into the coined model, but only a re-
stricted set of coins can be cast into Szegedy’s model [24].
In this section we will review the coined quantum walk for-
mulation and the equivalence with Szegedy’s quantum walk
in order to show how the phase extensions allows the graph-
phased model to host a wider set of equivalent coins.

A. Coined quantum walk formulation

Although Szegedy’s quantum walk takes place on
weighted graphs, coined quantum walks are defined on undi-
rected graphs. In Fig. 5(a) we show an example of a weighted
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(a)

(b)

FIG. 5. (a) Weighted graph with N = 4 nodes whose transition
matrix is given in (21). The weights of the directed edges are rep-
resented by the color map and are proportional to the width of the
edges. Missing edges have a null transition probability. (b) Undi-
rected graph with N = 4 nodes representing the backbone of the
weighted graph in (a). Te adjacency matrix is in (22). Note that al-
though the weighted graph is asymmetric, the underlying undirected
graph is symmetric. For example, in the weighted graph there is a
directed edge from node 1 to node 0, but there is no directed edge
from 0 to 1. This asymmetry is not reflected in the undirected graph,
where a symmetric edge is present. The graphs have been plotted
using the python library NetworkX [35].

graph with four nodes whose associated transition matrix is

G =

⎛⎜⎜⎜⎝
0.7 0.3 0.4 0
0 0 0.6 0

0.3 0.7 0 0.7
0 0 0 0.3

⎞⎟⎟⎟⎠. (21)

The underlying undirected graph corresponds to the back-
bone of the graph, as it is shown in Fig. 5(b). Although the
weighted graph is formed by directed edges with an asso-
ciated transition probability, the undirected graph is formed
by undirected edges, so they do not have an arrow indicating
the direction. Moreover, note that the underlying undirected
graph has an edge if there is a directed edge in the weighted

graph regardless of the direction. For example, between nodes
0 and 1 there is a directed edge from node 1 to node 0, but
there is no directed edge from 0 to 1 since the corresponding
transition probability is G10 = 0. However, this asymmetry
is not reflected in the undirected graph, where an undirected
edge connects nodes 0 and 1.

The adjacency matrix A of an undirected matrix is a sym-
metric matrix such that Ai j = 1 if there is an edge between
nodes i and j. Otherwise Ai j = 0. Let us denote GS as the
result of symmetrizing the transition matrix G. Then A has
non-null elements in the same positions as GS . In this case the
adjacency matrix is

A =

⎛⎜⎜⎝
1 1 1 0
1 0 1 0
1 1 0 1
0 0 1 1

⎞⎟⎟⎠. (22)

Although self-loops are not usually considered, for the
sake of establishing a relationship with Szegedy’s quantum
walk we also need to consider self-loops. Thus, we provide
a construction of coined quantum walks on arbitrary graphs
[18] considering also self-loops. This construction uses the
arc notation [36], so that the computational basis is formed by
states representing directed edges of the graph. For undirected
graphs we consider that each edge between two different
nodes has associated two directed edges, whereas a self-loop
only has a single directed edge. Thus, the Hilbert space where
the coined quantum walk takes place is

HC = span{|(i, j)〉 : Ai j = 1}, (23)

where (i, j) represents the directed edge pointing from node i
to node j. The dimension is 2|EN | + |EL|, where EN is the set
of undirected edges between different nodes, and EL the set
of self-loops. For the example of Fig. 5(b) EN = 4 and EL =
2. Note that due to the symmetry of the undirected graph, if
|(i, j)〉 is in the Hilbert space, then |( j, i)〉 is, too.

The unitary evolution operator Uc of the coined quantum
walk is defined as follows:

Uc := ScC, (24)

where Sc is a shift operator and C the coin operator. For a
general coined quantum walk on an undirected graph, the flip-
flop shift operator is usually used. Its action is defined by [37]:

Sc|(i, j)〉 = |( j, i)〉. (25)

There are other possibilities for the shift operator, as the
moving shift operator. However, in the end both quantizations
are equivalent via a redefinition of the coin [18].

The coin operator C is expressed as:

C =
N−1⊕
i=0

Ci, (26)

so that in general there is a different coin Ci associated to each
of the N nodes of the graph. Thus, depending on the node
where the walker is, which is represented by the tail of the
directed edge, the coin acts differently. Moreover, in general
each Ci matrix has a different dimension. Each Ci operator is
a di-dimensional unitary operator, where di is the degree of
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node i and acts in the subspace

Hi
C = span{|(i, k)〉 : Aik = 1}, (27)

which is formed by the di directed edges departing from node
i. Usually the Grover diffusion operator [38] is used as coin
[18], so that the matrix elements are

(Ci )ab = 2

di
− δab. (28)

B. Relation between coined and Szegedy’s quantum walks

A priori we cannot establish a relationship between coined
quantum walks and Szegedy’s model because both Hilbert
spaces have different dimensions. Moreover, the coined space
HC cannot be expressed as a tensor product since each node
has in general a different degree. We can augment the coined
space into an N2-dimensional space considering also the
edges (i, j) that are not present in the undirected graph. We
call HA

C to this augmented space, and HC is a subspace where
the walk takes place. The augmented space now is isomorphic
to the Hilbert space of Szegedy’s quantum walk HS in (2). Let
F be the isomorphism between both Hilbert spaces:

F : HA
C → HS. (29)

Using it on HC we can find a reduced subspace of HS where
the equivalent Szegedy’s quantum walk should take place. Let
us denote it as HR

S , so that F : HC → HR
S and

HR
S = span{|i〉1| j〉2 : Ai j = 1}. (30)

Now we need to define an augmented N2-dimensional
coined walk operator compatible with the augmented space.
We define it directly acting on HS as

U A
c = SA

c CA. (31)

For this operator to be equivalent to the coined walk in HC ,
it must have the same action as Uc in the reduced subspace
HR

S after the application of the isomorphism and leaving it
invariant. For the shift operator we can take SA

c = Sw. From
(25) it is trivial that the swap operator Sw acts equivalently to
Sc in the reduced subspace. Moreover, HR

S is trivially invariant
under Sw due to the symmetry of the undirected adjacency
matrix A.

With regard to the coin, we can define a coin operator in
HS as:

CA =
N−1∑
i=0

|i〉1〈i| ⊗ CA
i , (32)

where now CA
i is a N-dimensional unitary operator that acts

nontrivially in

Hi
S = span{|k〉2 : Aik = 1}, (33)

conditioned by the first register being in state |i〉1. In order
to the coin CA be equivalent to the coin C, the action in the
reduced subspace must be provided by the isomorphism F as

CA|i〉1| j〉2 :=
{
F (C|(i, j)〉) if |i〉1| j〉2 ∈ HR

S ,

−|i〉1| j〉2 if |i〉1| j〉2 ∈ (
HR

S

)⊥
.

(34)

We need the reduced subspace to be invariant under the ac-
tion of CA. The action on the states that are perpendicular

to HR
S is irrelevant as long as it does not mix the subspaces.

Thus, we have freedom defining the action on the orthogonal
complement. For the sake of establishing later an equivalence
with Szegedy’s quantum walk, we define this action as the −1
operator.

Since we have defined SA
c = Sw, the equivalence with the

graph-phased Szegedy’s quantum walk needs the operator
R(�θ, ϕ) in (13) to be the coin operator CA. For a state |i〉1| j〉2

in the orthogonal complement of HR
S we have Ai j = 0, which

implies that in the transition matrix Gi j = Gji = 0. Thus, this
state is perpendicular to all the |ψi(ϕ)〉 states in (8) and the
action of R(�θ, ϕ) is just −1. Thus, this subspace is invariant
under R(�θ, ϕ), and due to unitarity HR

S also is. Therefore, we
are closer to establish CA = R(�θ, ϕ) and U A

c = Us(�θ, ϕ).
The last step is to find the expression of the individual coins

CA
i in (32). Let us rewrite the |ψi(ϕ)〉 states as:

|ψi(ϕ)〉 = |i〉1 ⊗ |ωi(ϕ)〉2, (35)

where

|ωi(ϕ)〉2 =
N−1∑
k=0

eiϕik
√

Gki|k〉2. (36)

Taking into account that 1 = 11 ⊗ 12, the completeness rela-
tion of the identity for the first register, and substituting the
expression for the |ψi(ϕ)〉 states in (13), we have:

R(�θ, ϕ) =
N−1∑
i=0

|i〉1〈i| ⊗ [(1 − eiθi )|ωi(ϕ)〉2〈ωi(ϕ)| − 12].

(37)
Looking at the expression for the coin CA in (32), we can
identify the individual coins CA

i with the phase rotations in
the second register:

CA
i = (1 − eiθi )|ωi(ϕ)〉2〈ωi(ϕ)| − 12. (38)

When the augmented coins can be expressed in this form, then
the coined quantum walk is equivalent to Szegedy’s quantum
walk. The coins codify the transition probabilities Gji and also
the extended phases, and we have finally

F (Uc|(i, j)〉) = Us(�θ, ϕ)|i〉1| j〉2. (39)

Note that HR
S is invariant under Szegedy’s quantum walk and it

is actually where any Szegedy’s quantum walk takes place for
a weighted graph, since it contains all the directed edges with
non-null probability and their swapped versions, which appear
due to the swap operator. Thus, Szegedy’s quantum walk is
indeed quantized also on the undirected graph. In the case that
for an undirected edge one of the two transition probabilities
is null, this is taken into account by the coin. Nevertheless,
this ghost directed edge plays also a role in the quantum state
and cannot be removed.

The question that remains is what are the conditions that
must be satisfied so that a coin can be expressed as in (38). In
the case that we are provided with a Szegedy’s quantum walk,
we can always define the coins that way, so that all Szegedy’s
quantum walk that come from the quantization of a classical
Markov chain with transition matrix G and extended phases �θ
and ϕ can be cast into the coined model. In the case that the
weighted graph is obtained normalizing the columns of the
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adjacency matrix of an undirected graph, the equivalent coin
is the Grover coin [22,25]. Thus, for arbitrary weighted graphs
Szegedy’s quantum walk is a generalization of Grover’s quan-
tum walk [39].

If on the contrary we are provided with a coined quantum
walk, then only a restricted set of coins satisfy Eq. (38).
From it we can formulate the following lemmas about the
conditions that must be satisfied by a coined walk to be cast
into Szegedy’s quantum walk. Let us start with the standard
model.

Lemma 1. Given a coined quantum walk Uc with a set of
coin operators Ci of dimension di, there exists an equivalent
standard Szegedy’s quantum walk Us if and only if for each
coin Ci there are di − 1 eigenvalues −1, and a single eigen-
value +1 whose eigenvector has real non-negative amplitudes.

In this case the coin must be a reflection around the
state |ωi〉, so that |ωi〉 is an eigenstate with eigenvalue +1,
and the rest of eigenvalues are −1. Moreover, all the am-
plitudes of |ωi〉 are real positive or zero. This condition for
the coins to be able to be cast into the standard Szegedy’s
model is in concordance with the conditions found in the
literature [24]. Note that since eigenvectors that differ in
a global phase are equivalent, the actual condition for the
eigenvector is that there are no relative phases between
the amplitudes.

Lemma 2. Given a coined quantum walk Uc with a set of
coin operators Ci of dimension di, there exists an equivalent
link-phased Szegedy’s quantum walk Us(ϕ) if and only if for
each coin Ci there are di − 1 eigenvalues −1, and a single
eigenvalue +1.

In this case the coin must be a reflection around the state
|ωi(ϕ)〉. Again all the eigenvalues must be −1 except for the
eigenstate |ωi(ϕ)〉, which is +1. However, thanks to the link
phases this eigenstate can have any complex amplitudes. So
that this model can host a bigger set of coins.

Lemma 3. Given a coined quantum walk Uc with a set of
coin operators Ci of dimension di, there exists an equivalent
vertex-phased Szegedy’s quantum walk Us(�θ ) if and only if
for each coin Ci there are di − 1 eigenvalues −1, and a sin-
gle eigenvalue −eiθi whose eigenvector has real non-negative
amplitudes.

If we add APR phases, then the coin becomes a phase
rotation operator. Thus, |ωi〉 is an eigenstate with eigenvalue
−eiθi , and the rest of eigenvalues are −1. Note that if we would
only have a model with global APR, then all the coins should
have the same eigenvalue different to −1. However, thanks to
the local APR phases introduced in this work, each node can
have a coin with different eigenvalues.

Lemma 4. Given a coined quantum walk Uc with a set of
coin operators Ci of dimension di, there exists an equivalent
graph-phased Szegedy’s quantum walk Us(�θ, ϕ) if and only if
for each coin Ci there are di − 1 eigenvalues −1, and a single
eigenvalue −eiθi .

Considering both link phases and local APR phases the
eigenstate |ωi(ϕ)〉 can have any complex amplitude at the
same time that the eigenvalue is arbitrary. Therefore the set
of coins that can be cast is maximal, and encompasses the
previous cases.

All these equivalences have been established between the
coined walk and the single step Szegedy’s operator Us. If

(a)

(b)

(c)

FIG. 6. (a) Undirected graph for an infinite one-dimensional line.
For the sake of simplicity only seven nodes have been represented.
(b) Weighted graph obtained by normalizing the adjacency matrix
of the undirected graph in (a), so that all directed edges have the
same transition probability. (c) Weighted graph associated to the
coined walk with the Hadamard coin, where the probability to the
right is bigger than to the left. The weights of the directed edges
are represented by the colormap, and are proportional to the width
of the edges. The graphs have been plotted using the python library
NetworkX [35].

we can cast a coined walk into Szegedy’s in this case, then
trivially it can also be cast into Szegedy’s model considering
the original double operator Ws, so that one step of Szegedy’s
quantum walk would be equivalent to two steps of the coined
walk, being the equivalent operator U 2

c . Moreover, there can
be cases where a coin cannot be cast into Szegedy’s model
considering the single step operator Us, but it can be cast if we
consider the double step operator Ws instead. We will show an
example for the −1 coin in Sec. VI A.

V. EXAMPLE ON THE LINE

So far we have obtained the conditions for establishing an
equivalence between Szegedy’s model and coined quantum
walks. In this section we will show how each model can be
cast into the other using examples on the one-dimensional
(1D) line. The undirected graph that shows the backbone of
the line is shown in Fig. 6(a). The set of nodes ranges from
−∞ to ∞, although we only show seven nodes for the sake
of simplicity.
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FIG. 7. Probability distribution results of the coined quantum walk simulations on a one-dimensional line using the X coin (red), the
Hadamard coin (blue), the Ñ coin (orange), and the coined walk with the Hadamard coin for even nodes and the Ñ coin for odd nodes (green).
Note that for the Hadamard and Ñ coins the curves overlap. The initial state is |ψ0〉 = (|0〉1|1〉2 + |0〉1| − 1〉2)/

√
2 and the unitary evolution

has been applied 100 time steps.

A. Standard Szegedy’s model and coined quantum walk

The naive transition matrix used for standard Szegedy’s
quantization is obtained by normalizing the adjacency matrix,
so that a walker in node i has a probability of 1/di for jumping
to each of the neighbor nodes. In this case the walker has a
probability of one half for jumping either to the right or to the
left. The associated weighted graph is shown in Fig. 6(b), and
the transition matrix is

(Gu) ji = 1
2δ j−1,i + 1

2δ j+1,i, (40)

where the subindex u makes reference to the fact that it is
obtained from the undirected graph. Since the degree of each
node is di = 2, all coins Ci are going to be two-dimensional
matrices. Moreover, all coins will be the same. By convention
the 2D basis is ordered so that the first element corresponds
to the directed edge pointing to the right, and the second
one pointing to the left. Since there are no extended phases,
the coins correspond to reflections around the state |ωi〉 =
(1, 1)T /

√
2, which is obtained taking the square root of the

columns of Gu and expressing it directly in the 2D basis of the
coin. The rest of elements in the augmented space are always
null. This is an eigenvector with eigenvalue +1, and the other
eigenvalue must be −1. Thus, it trivially corresponds to the
Pauli X operator, which is the Grover coin in 2D.

To compare different quantum walks, we need an ini-
tial state for the simulation. We take as initial state |ψ0〉 =
(|0〉1|1〉2 + |0〉1| − 1〉2)/

√
2, which represents the walker at

node 0. The probability distribution after 100 time steps is
shown in Fig. 7 in red. The probability distribution moves
ballistically, so that there are no probabilities at intermediate
nodes, and the walker reach nodes 100 and −100 with the
same probability.

A different quantization of the line walk is usually done
by means of the Hadamard coin [6]. Since this coin puts in
an equal superposition the computational basis of the coin
register in 2D, it was thought to be a sensible quantization of

the classical walk on the undirected graph with Gu. However,
when casting it into a Szegedy’s quantum walk we obtain an
unbiased transition matrix which does not corresponds to the
classical walk on the undirected line [24]. The spectrum of H
is σ (H ) = {+1,−1}, and the eigenvector for eigenvalue +1
is (hR, hL )T , where

hR = 1√
4 − 2

√
2
, (41)

hL =
√

2 − 1√
4 − 2

√
2
. (42)

Thus, by Lemma 1 we can cast it into the standard Szegedy’s
model. The transition probabilities are obtained by the square
modulus of the amplitudes hR and hL, so that the walker has
a probability of approximately 0.85 of jumping to the right
and approximately 0.15 of jumping to the left. The transition
matrix is therefore

(GH ) ji = h2
Rδ j−1,i + h2

Lδ j+1,i. (43)

The associated weighted graph is shown in Fig. 6(c), where
we observe that the walk is biased to the right. The results
of the simulation for 100 time steps using the same initial
state as before are shown in Fig. 7 in blue. In this case the
walk is slower, not reaching nodes ±100. Moreover, there
are probabilities at intermediate nodes, and the distribution is
biased to the right.

Note that despite the fact that the Hadamard coined
walk and the unbiased Szegedy’s walk are two quantizations
based on the undirected graph, they are not equivalent. The
equivalence between both models just means that given a
transition matrix we can find a set of coins that reproduce
that particular Szegedy’s walk. However, different coins pro-
duce different quantizations that may be equivalent to quite
different weighted graphs, despite being devised from the
same classical walk as in the case of the Hadamard coin.
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B. Graph-phased Szegedy’s model and coined quantum walk

Now let us show a different coin that cannot be cast into the
standard Szegedy’s model. We have constructed the following
coin:

Ñ = −1 + i

2

(
1 1

−1 1

)
. (44)

The spectrum is σ (Ñ ) = {−i,−1} and the eigenvector for
eigenvalue −i is (1, i)T /

√
2. Thus, by Lemma 1 it cannot

be cast into the standard model, but by Lemma 4 it can be
cast into the graph-phased model. In this case the eigenvalue
different to −1 was −eiθi , so that the APR phase for this coin
is θi = π/2. Again the transition probabilities are obtained
taking the square modulus of the amplitudes of the eigen-
vector. In this case we obtain 1/2 for both directions, so that
the transition matrix GÑ associated to this coin is the same
as for the undirected graph Gu in (40). Since the amplitudes
are complex numbers, we also need link phases. For directed
edges pointing to the right the amplitude is a real positive
number and the link phase is ϕi,i+1 = 0. However, for directed
edges pointing to the left the link phase is ϕi,i−1 = π/2. Thus,
the link phases matrix for this coin is

(ϕÑ )i j = π

2
δi, j+1. (45)

The results of the simulation using this coin for all nodes
are shown in Fig. 7 in orange. The probability distribution is
the same as for the Hadamard coin. This is surprising since for
the Ñ coin the associated weighted graph is unbiased, being
the same as for the X coin. Thus, the extended phases play an
important role in the walk, being able to modify somehow the
transition probabilities.

Since both the Hadamard coin and the Ñ coin produce the
same results when they are used on all nodes, we want to
examine what happens if we apply both at the same time on
different nodes. We have quantized the walk on the line using
the Hadamard coin for even nodes, and the Ñ coin for odd
nodes. Taking into account our convention for the transition
matrix indexes, it is constructed taking the even columns of
GH and the odd columns of GÑ . For the link phases matrix ϕ

we take the odd rows of ϕÑ , and the even rows are null since
the Hadamard coin has no link phases. The local APR phase
for even nodes is the standard one θi = π and for odd nodes
is θi = π/2.

The results of the simulation are shown in Fig. 7 in green.
We observe that despite the fact that H and Ñ produce the
same results when they are global coins, the results are dif-
ferent when they are mixed. This explicitly shows that both
coins are not actually equivalent and that the graph-phased
Szegedy’s model opens up a wide range of possibilities for
quantizing classical Markov chains.

C. Quantum circuit for the H + ˜N coined quantum walk

Before finishing this section, we want to provide a quantum
circuit construction for the graph-phased Szegedy’s quantum
walk equivalent to the coined walk that uses both coins at the
same time. A quantum walk in the infinite 1D line can be
simulated in a finite 1D cycle as long as the time steps do
not surpass a threshold from which the wavefront interferes

...
...

...

...
...

...

Reg. 1

V †(ϕ) V (ϕ)

Reg. 2

π π/2

FIG. 8. Quantum circuit decomposition of the graph-phased sin-
gle Szegedy unitary evolution operator Us = SwR(�θ, ϕ) for the
coined walk with the coins H and Ñ . Each register has n qubits for
a cycle with N = 2n nodes. The last qubit of the first register, which
determines the parity of the state, controls the application of a local
APR phase π for even nodes and π/2 for odd nodes.

with itself when it completes a turn on the cycle. For a graph
with N = 2n nodes, we need n qubits for each register.

In this case the local APR phases are distributed with a
symmetric pattern, so that the diagonal operator D(�θ ) can be
implemented efficiently. The last qubit of the first register
indicates the parity of the node. If this control qubit is in
state |0〉, then for even nodes we apply the phase rotation with
θ = π on the second register. If on the contrary it is on state
|1〉, then for odd nodes the phase rotation with θ = π/2 is
applied instead. Thus, the quantum circuit can be decomposed
as shown in Fig. 8.

For the update operator V (ϕ), in Fig. 9 we have constructed
a circuit based on the update operator of the standard cyclic
graph [29]. The update operator must act as V (ϕ)|i〉1|0〉2 =
|i〉1|ωi(ϕ)〉2, where

|ωi(ϕ)〉2 =
{

hR|i + 1〉2 + hL|i − 1〉2 if i is even,

1√
2
|i + 1〉2 + i√

2
|i − 1〉2 if i is odd,

(46)

where hR and hL are given in (41) and (42) respectively. Since
we are considering a finite graph, the additions and subtrac-
tions are performed modulo N .

Let i be an even node. Then, the last qubit of the first
register is in state |0〉, and the RY gate is applied to the first
qubit of the second register, letting it in state hR|0〉2 + hL|1〉2.
The following action of the CNOT gates and the last X gate
let the second register in

hR|1〉2 + hL|N − 1〉2. (47)

The permutation operator P+ acting on a m-qubit sys-
tem transforms the computational basis states |x〉 into |x +
1 mod 2m〉. This can be implemented efficiently with multi-
controlled-NOT gates. The join action of the P+ operators
controlled by the first register this way corresponds to another
permutation that transforms the computational basis states
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...
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. . .

...
...

...

Reg. 1

Reg. 2

RY (α) H S

P+
P+

P+

P+

X

FIG. 9. Quantum circuit for the update operator V (ϕ) of the graph-phased Szegedy’s walk equivalent to the coined walk with the H coin
for even nodes and the Ñ coin for odd nodes. The rotation matrix is RY (α) = exp −iαY/2, with Y being a Pauli matrix, and the value of the
rotation angle is α = π/4.

|i〉1|x〉2 into |i〉1|x + i mod N〉2 [29]. Therefore, when they
are applied on the state in (47), the second register ends up
in |ωi(ϕ)〉2.

We can do an analogous reasoning for i being an odd node.
In this case the last qubit of the first register is in state |1〉,
so that the H and S gates are applied to the first qubit of the
second register, letting it in state (|0〉 + i|1〉)/

√
2. After the

CNOT gates and the last X gate the second register ends up in

1√
2
|1〉2 + i√

2
|N − 1〉2, (48)

and the controlled P+ operators permute the state into
|ωi(ϕ)〉2. Thus, we have proved that the circuit in Fig. 9
effectively performs the action of the update operator V (ϕ).

VI. MARKING NODES WITH APR

Suppose there is a special set of nodes in a graph that we
want to mark somehow so that the quantum evolution treats
them in a different manner. We can mark them with a differ-
ent local APR phase. A construction based on Fig. 4 would
require the knowledge about who are these special nodes.
However, we usually do not know them, and they are marked
by a black-box function when they satisfy some conditions.

Let f (x) be a classical function that decides if a particular
node x satisfies some conditions, and let M be the set of nodes
that satisfy them. Then

f (x) :=
{

1 if x ∈ M,

0 otherwise.
(49)

Provided a classical circuit can be constructed for this function
f (x), it can be translated into quantum gates so that we can
construct a quantum circuit for an oracle Q f . This operator
takes a quantum register with the information about the node
x and adds the result of f (x) in an ancilla qubit [40,41], such

that

Q f |x〉|y〉 = |x〉|y ⊕ f (x)〉. (50)

When the ancilla qubit starts in state |0〉 it just stores the result
of f (x).

For the sake of simplicity let us consider that we want to
mark some nodes in a standard Szegedy’s walk so that they
evolve with a different local APR phase when they satisfy the
conditions of an oracle Q f . We can construct a quantum circuit
leveraging the update operator V of the standard walk, as
shown in Fig. 10. In this case we make use of an ancilla qubit
that takes the value of f (x) to later control the phase rotation
that deletes the global phase π and let the local APR phase
θk for marked nodes. Thus, a marked node k ∈ M evolves
with the local APR phase θk , instead of the standard phase
π . The second oracle is used to uncompute the action of the
first one, so that the ancilla qubit returns to its original state
and can be traced out. Note that although we have used only
an oracle for marking nodes, we can use multiple oracles to
mark different sets of nodes with different phases, so that
they evolve differently depending on the different conditions
imposed by the oracles.

A. Searching marked nodes

The link phases have been previously used to search for
marked arcs on graphs [42]. In this section we show that an
important use case of the local APR phases is also the search
problem. Nevertheless, in this case we want to use a quantum
walk algorithm to search for marked nodes instead of marked
arcs.

The first quantum walk search algorithm used the Grover
coin for unmarked nodes and a different coin for marked
nodes [5]. In particular, it was studied the case of the −1
coin for marking nodes, finding an algorithm with quadratic
speedup with respect to classical ones. This coin cannot be
cast into the standard Szegedy’s walk since all the eigenvalues
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Reg. 1

V †

Qf Qf

VAnc. |0〉

Reg. 2

π θk − π

FIG. 10. Quantum circuit decomposition for marking nodes with
local APR phases in a standard Szegedy’s quantum walk. The first
oracle turns the ancilla qubit into |1〉 if the first register represents a
marked nodes. Then the ancilla applies a phase rotation on the second
register deleting the global APR phase π and letting the local APR
phase θk . Finally, the second oracle uncomputes the ancilla so that it
returns to its original state and can be traced out.

are −1. However, by Lemma 3 it can be cast into the vertex-
phased Szegedy’s model using θk = 0 for marked nodes.

A different approach for quantum walk search algorithms
is based on Szegedy’s quantum walk with absorbing vertices
[7,18]. Given a transition matrix G for a graph, nodes are
marked turning them into sinks, so that they have a self-loop
that does not allow the walker to escape once the walker steps
on them. Let us denote the modified transition matrix as G′.
This is obtained deleting the columns of the marked nodes and
allocating a diagonal 1 element, so that

G′
ji =

{
Gji if i /∈ M,

δ ji if i ∈ M.
(51)

It was previously stated that marking with the −1 coin
is equivalent to marking with absorbing vertices, although
the proof was done assuming that the initial state has no
amplitudes associated to self-loops [25]. In this work we will
show that both walks are indeed not equivalent for arbitrary
states, although they are equivalent when the double step
Szegedy operator is considered. Moreover, we make the proof
for general graphs, so that the global coin for unmarked nodes
does not have to be the Grover coin.

On the one hand, the evolution operator for Szegedy’s
quantum walk using the −1 coin for marking nodes is
Us(�θ ) = SwR(�θ ) and is obtained setting θi = π for unmarked
nodes and θi = 0 for marked nodes in (11). On the other
hand, the evolution operator for Szegedy’s quantum walk with
absorbing vertices U ′

s is obtained from the standard operator in
(6) using the transition matrix G′. If we express the reflection
operators in a coined form in a similar manner as in Eq. (37),
and separate the sums for marked and unmarked nodes, then

the expressions of these operators are the following:

Us(�θ ) = S
∑
i/∈M

|i〉1〈i| ⊗ (2|ωi〉2〈ωi| − 12)

+ S
∑
i∈M

|i〉1〈i| ⊗ (−12), (52)

U ′
s = S

∑
i/∈M

|i〉1〈i| ⊗ (2|ωi〉2〈ωi| − 12)

+ S
∑
i∈M

|i〉1〈i| ⊗ (2|i〉2〈i| − 12). (53)

A priori both operators are not equivalent, since for marked
nodes Us(�θ ) applies the −1 coin, whereas U ′

s applies a reflec-
tion around the self-loop state of the marked node.

We need to calculate how these operators act on the dif-
ferent states of the computational basis in order to examine
properly the equivalence. For both operators the first term,
corresponding to unmarked nodes, is the same. This is so
because the APR phase for unmarked nodes is θi = π , and the
corresponding columns of G and G′ are also the same. Thus,
the action on a computational basis state |i〉1| j〉2 with i /∈ M
is the same.

Now let us consider a state |i〉1| j〉2 with i ∈ M. In this case
the action is given by the second terms of the operators. If
i �= j, then the action is −S in both cases, so it is the same.
However, if i = j, then the action of Us(�θ ) is −S, but the
action of U ′

s is +S, so that Us(�θ ) acts as −U ′
s .

Let us define IML as the subspace spanned by the marked
self-loop states of the computational basis, i.e.,

IML = span{|i〉|i〉 : i ∈ M}. (54)

This space is an eigenspace for both operators, with eigen-
value +1 for U ′

s and −1 for Us(�θ ). Thus, it and its orthogonal
complement are invariant subspaces. We can then factorize the
action as follows:

Us(�θ )|i〉| j〉 =
{−U ′

s |i〉| j〉 if |i〉| j〉 ∈ IML,

U ′
s |i〉| j〉 if |i〉| j〉 ∈ I†

ML.
(55)

Although both operators are not the same, since both sub-
spaces are invariant the action is equivalent when the initial
state is in I†

ML. This corresponds to a state that has no am-
plitudes related to self-loops, so that the previously known
equivalence in this case holds [25]. Nevertheless, note that
for general states with self-loops, the only difference will be
a relative phase −1 in the amplitudes of the self-loops. This
relative phase plays no role in the probabilities of measuring
the nodes in the computational basis, so that the results would
be the same even in this case although the quantum states
are not exactly equal. However, this equivalence would not
be valid in case we measured in other different basis.

Usually, in quantum walk search algorithms based on ab-
sorbing vertices the double Szegedy operator Ws is used. Since
the subspaces are invariant, we can take the square of Eq. (55),
obtaining that

Ws(�θ ) = W ′
s . (56)

Thus, for this operator both walks are totally equivalent,
taking into account that one Szegedy’s step with absorbing
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FIG. 11. Probability of measuring a marked node versus the time
step of a quantum walk search algorithm on a complete graph with
N = 1000 nodes and M = 2 marked nodes. The nodes have been
marked with absorbing vertices in blue, and with a local APR phase
θk = 0 in red. Both algorithms are equivalent, so that the curves
overlap. The vertical dashed line indicates the theoretical position
of the first maximum, which occurs for tmax = 12.

vertices corresponds actually to two steps of the coined walk
with the −1 coin. Recall that by Lemma 1 the −1 coin cannot
be cast into a single step of the standard Szegedy’s model.
However, this Lemma does not apply for the double Szegedy
operator, since we have managed to cast this coin into an
operator W ′

s without phase extensions.

B. Example: Complete graph

A well-studied graph for quantum walk search algorithms
based on absorbing vertices is the complete graph without
loops [43]. The transition matrix is Gji = (1 − δ ji )/(N − 1).
The initial state of the system is constructed from the tran-
sition matrix of the original complete graph without marked
nodes as

|� (0)〉 := 1√
N

N−1∑
i=0

|ψi〉. (57)

In this case the initial state has no self-loop amplitudes, so that
the coined walk would be equivalent to the single step opera-
tor U ′

s . Nevertheless, the quantum walk operator is usually W ′
s .

A maximum of probability for measuring one of the marked
nodes occurs after a number of time steps given by [43]:

tmax = π

4

√
N

2M
− 1

4
+ O

(√
M

N

)
, (58)

where M is the number of marked nodes. Thus, the algorithm
has a quadratic speed-up with respect to a classical search, as
the coined quantum walk.

In order to verify numerically that both models are equiva-
lent, we have simulated the Szegedy’s walk with Ws(�θ ) and
W ′

s for a graph with N = 1000 nodes and M = 2 marked
nodes. The results are shown in Fig. 11, where we observe
that both curves overlap. Moreover, note that the probability
oscillates, despite the fact that in the underlying classical walk
the walker cannot escape from absorbing vertices. This is due

to the unitary character of the evolution, and is related to the
ghost links with null transition probability that play an actual
role in Szegedy’s quantum walk, as discussed in Sec. IV.

An efficient implementation of the update operator V for
the complete graph can be found [29]. We can then use
the construction in Fig. 10 to construct a quantum circuit
for this quantum walk search algorithm based on an oracle,
avoiding the explicit construction of the update operator V ′
for the graph with absorbing vertices. Although a form of
constructing a circuit for V ′ using V and an oracle was already
developed [24,44], this construction needed the application of
the oracle two times, so that for the operator U ′

s the oracle
would be applied four times, instead of two as in our circuit.
Furthermore, it needed a controlled version of the operator V ,
increasing the complexity of the circuit. Therefore, our im-
plementation is simpler. Moreover, our circuit can mark with
different phases so that it is not restricted only to absorbing
vertices.

VII. CLASSICAL SIMULATION WITH SQUWALS

The Hilbert space of Szegedy’s quantum walk HS is of
dimension N2. Thus, in order to simulate the walk with a
classical computer it is required to construct a N2 × N2 ma-
trix representing the unitary evolution operator. This operator
has actually O(N3) non-null elements for arbitrary transition
matrices, so that using a sparse representation of the matrix
would provide a classical simulation algorithm scaling as
O(N3) in both time and memory.

Recently we proposed a novel algorithm that avoids the
explicit construction of this matrix, scaling as O(N2) for
dense transition matrices. Moreover, our algorithm allows the
extension with link phases and a global APR phase. Based
on it, we developed a python library called SQUWALS [31].
To simulate the graph-phased Szegedy’s model we need to
modify our algorithm so that it also allows local APR phase
extensions, which is not straightforward. In this section we
show this modified algorithm, which we have used for all the
simulations in this work.

The aim is to find algorithms for simulating the action of
the general phase rotation R(�θ, ϕ) and the swap Sw, so that
they can be used to simulate any walk operator Us(�θ, ϕ) =
SwR(�θ, ϕ). A generic vector in the Hilbert space HS can be
written as

|φ〉 =
N−1∑
i, j=0

ai j |i〉1| j〉2. (59)

We can represent this N2-dimensional vector as a N × N
matrix �, whose elements are

�i j = a ji. (60)

Note that using this notation, the column index represents
the first register, whereas the row index represents the second
register. This is so because if we divide the vector state into
blocks corresponding to each state of the computational basis
of the first register, then each block corresponds to each col-
umn of the matrix state. Using this representation, the action
of the swap operator Sw is simulated just transposing the
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C = np.sum(np.conj(psi) phi,axis=0,keepdims=True)pp T=

FIG. 12. How to obtain the matrix representing the state 2|�〉� in (61) for a network with N = 3 nodes. First, we obtain the vector C
with the coefficients Ci in (64) by the element-wise multiplication between � and �∗, and summing the elements of each column. Second,
the vector C is multiplied element-wise with another vector with the factors 1 − eiθi to obtain the modified coefficients C̃i in (65). Finally, the
vector C̃ is multiplied element-wise with the matrix �. The result is a matrix where each column represents the non-null elements of C̃i|ψi(ϕ)〉,
which ends up representing the vector 2|�〉� as expressed in (66).

matrix. Nevertheless, the simulation of the phase rotation is
quite more complicated.

The phase rotation operator was expressed as R(�θ, ϕ) =
2�(�θ, ϕ) − 1, where �(�θ, ϕ) was defined in (12). Let us
denote |φ〉� as the result of acting �(�θ, ϕ) on the state |φ〉.
We need to obtain this vector for the simulation. Indeed, since
the factor 2 in R(�θ, ϕ) is going to cancel the factor 1/2 in
�(�θ, ϕ), we calculate directly the state 2|φ〉� :

2|φ〉� = 2�(�θ, ϕ)|φ〉 =
N−1∑
i=0

(1 − eiθi )Ci|ψi(ϕ)〉, (61)

where the coefficients Ci are obtained as Ci = 〈ψi(ϕ)|φ〉. Let
us rewrite the |ψi(ϕ)〉 states in (8) as:

|ψi(ϕ)〉 =
N−1∑
k=0

�ki|i〉1|k〉2, (62)

with � being a N × N matrix whose elements are

�i j = eiϕ ji
√

Gi j . (63)

This matrix can be obtained taking the element-wise square
root of the transition matrix G, and multiplying it element-
wise with the transpose of the matrix whose elements are the
link phases eiϕi j . Using (59) and (62), the coefficients Ci are
obtained as

Ci =
N−1∑
k=0

aik�
∗
ki, (64)

where the asterisk denotes complex conjugation.
We can calculate the coefficients Ci in a vectorized way

avoiding a for loop. We multiply element-wise the matrix

state � with the conjugate of the matrix � and add across
the rows of the resulting matrix, obtaining a vector C with the
coefficients. In the upper panel of Fig. 12 we show an example
for a network with N = 3 nodes.

We define the modified coefficients C̃i as:

C̃i = (1 − eiθi )Ci, (65)

so that Eq. (61) can be rewritten as

2|φ〉� =
N−1∑
i=0

C̃i|ψi(ϕ)〉. (66)

The vector C̃ representing the new coefficients is obtained
creating a vector with the factors 1 − eiθi and multiplying it
element-wise with the vector C. We can use the broadcast-
ing feature of NumPy [45] to multiply element-wise the row
vector C̃ with the matrix �. The resulting matrix has in the
ith column the non-null elements of |ψi(ϕ)〉 multiplied by the
coefficient C̃i. Thus, it results in the matrix representing the
vector 2|φ〉� . The whole procedure is shown in Fig. 12 for the
example with N = 3 nodes.

Now we have the action of the operator 2�(�θ, ϕ), the ac-
tion of R(�θ, ϕ) is trivially obtained by an element-wise matrix
subtraction of the initial state, because using (13) we have

R(�θ, ϕ)|φ〉 = 2|φ〉� − |φ〉. (67)

In all the procedures needed to simulate the Szegedy’s
evolution operator the bigger mathematical objects that inter-
vene are N × N matrices. Thus, the memory complexity of
the algorithm scales as O(N2). Moreover, since the multipli-
cations are performed element-wise, they involve at most N2

operations. Thus, the time complexity is also expected to scale
as O(N2).
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VIII. CONCLUSIONS

We have reviewed the formulation of Szegedy’s quantum
walk, and the current phase extensions in the literature based
on link phases and a global APR, to generalize it includ-
ing local APR phases. Therefore, we have defined different
Szegedy’s model depending on each kind of phase extensions
and the graph-phased Szegedy’s quantum walk including all
the phase extensions.

Based on the quantum circuit construction of the standard
Szegedy’s walk, we have shown how a circuit can be mod-
ified in order to include phase extensions. In general cases
where all the phase values would be different, the circuits
would be inefficient. However, the same as happens with the
transition matrix for the standard model, the phases can be
distributed in some symmetric patterns so that an efficient
implementation is possible, for example, if there is a small
set of nodes with a different local APR phase or there are only
two local APR phases values distributed between even and
odd nodes.

It is known that under some circumstances the coined
quantum walk model and the standard Szegedy’s quantum
walk are equivalent. We have reviewed this equivalence con-
sidering the different phase extensions and found that they can
be used to cast a wider set of coins into Szegedy’s model.
Therefore, we have formulated some lemmas about the con-
ditions that need to satisfy the coin operators in order to
establish an equivalence with the different Szegedy’s models.
Of course, the graph-phased Szegedy’s model can host the
bigger set of coins.

We have shown how the two quantum walk models can be
cast into each other using an example on the 1D line. On the
one hand, in the case of the standard Szegedy’s walk based
on the undirected graph, the equivalent coin is the Pauli X
matrix. On the other hand, a Hadamard coin walk is cast into
a Szegedy’s walk on an unbiased weighted graph, where the
probability is bigger for jumping to the right. Simulations
show that both coins are not equivalent, despite the fact that
the Hadamard coin was though to be a sensible quantization
of the classical walk on the undirected graph. Furthermore,
we have seen an example complex coin that cannot be cast
into standard Szegedy’s model but can be cast into the graph-
phased model using the phase extensions. This coin produces
the same results as the Hadamard coin when the coins are
the same for all nodes. Nevertheless, when a coined walk is
quantized using both coins simultaneously, distributing them
between even and odd nodes, a new different walk is ob-
tained. This result is quite surprising, and shows that coins
that a priori seems to be equivalent, are not under different
circumstances. Furthermore, based on the symmetric pattern
of distribution of the extended phases, we have managed to
construct a quantum circuit for this coined walk with two
coins.

An important application of the local APR phases is that
they can be used to mark nodes in a graph, so that the quantum
evolution treats them in a different manner. We have seen
how a quantum circuit based on oracles can be constructed,
so that there is no need to modify the structure of the graph
and it is more efficient that previously known constructions.

Quantum search algorithms are examples where nodes are
marked. We have shown that marking with a null local APR
phase is totally equivalent to marking with absorbing vertices
in the case of using the double Szegedy operator Ws. When
using the single operator Us the same results are obtained after
measuring in the computational basis, although both operators
are not exactly equal.

Although the −1 coin cannot be cast into the standard
Szegedy’s walk with the single operator Us, we have seen that
we can cast it for the double operator Ws. This result is intrigu-
ing, as shows that when considering the double operator the
set of coins that can host is wider, not needing any complex
phase extension. More research about this fact is needed in the
future.

Finally, we have provided a classical simulation algorithm
for the graph-phased Szegedy’s quantum walk, including lo-
cal APR phases in our previous algorithm implemented in
SQUWALS [31]. This algorithm scales as O(N2) in both
time and memory requirements, so that is more efficient than
previous algorithms scaling as O(N3).

A quantum PageRank algorithm using Szegedy’s walk with
global APR was the first algorithm showing the utility of the
phase-rotation extension [16]. The link phases have also been
considered for problems of state transfer in quantum walks
[46]. In the future, it would be interesting to study further
applications considering all the phase extensions at the same
time. For example, taking into account that local APR phases
act at the level of nodes, and link phases at the level of edges,
there could be a relation with gauge symmetries. Moreover,
we could include the phase extensions considering the twisted
swap operator [27] and study how our graph-phased walk
can be mapped to the general quantum singular value trans-
form framework [47,48], which is an interesting but open
problem.
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