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We consider the problem of finding sufficient conditions for a locally Lipschitz mapping between
Finsler manifolds to be a global homeomorphism. For this purpose, we develop the notion of
Clarke generalized differential in this context and, using this, we obtain a version of the Hadamard
integral condition for invertibility. As consequences, we deduce some global inversion and global
injectivity results for Lipschitz mappings on R™ in terms of spectral conditions of its Clarke
generalized differential.
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1. Introduction

Let f:R"™ — R" be a C'-smooth mapping with everywhere nonzero Jacobian, so
f is a local diffeomorphism. A natural problem is to study under which conditions
we can obtain that f is, in fact, a global diffeomorphism or, equivalently, when f
is globally invertible. This was first considered by Hadamard [10] who obtained a
sufficient condition in terms of the growth of the norm ||df (z)~!||, by means of his
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celebrated integral condition. Namely, f is a global diffeomorphism provided

/OOO dof [ df ()72 dt = oo

|z||=t

A wide number of extensions and variants of this result have been obtained in
different contexts. In this way, an extension of Hadamard integral condition to the
case of local diffeomorphisms between Banach spaces was given by Plastock in [16].
In a nonsmooth setting, John [11] obtained a variant of Hadamard integral condi-
tion for a local homeomorphism f between Banach spaces, using the lower scalar
Dini derivative of f. In the finite-dimensional case, Pourciau studied in [18] the
global inversion of locally Lipschitz mappings in R” using the Clarke generalized
differential, and he also obtained a variant of Hadamard integral condition in this
context. The global invertibility of local diffeomorphisms between Banach-Finsler
manifolds has been studied by Rabier in [19]. For recent global inversion results
in a metric space setting, including a version of Hadamard integral condition in
terms of an analog of lower scalar derivative, we refer to [9] and [8]. On the other
hand, and with a different approach, some global invertibility and global injectiv-
ity theorems have been recently obtained by Fernandes, Gutiérrez and Rabanal [7]
and by Biasi, Gutiérrez and dos Santos [2]. In particular, they provide conditions
of spectral nature on a Lipschitz local diffeomorphism f in R™ in order to obtain
that f is globally injective or globally invertible.

Our main purpose in this paper is to obtain sufficient conditions for a locally Lip-
schitz mapping between Finsler manifolds to be a global homeomorphism. Recall
that a Finsler manifold consists in a Finsler structure defined on a smooth man-
ifold M, i.e., for each point x € M it assigns a norm || - ||, in the tangent space
T, M to M at x, which depends continuously on x. Note that, in particular, every
Riemannian manifold is a Finsler manifold. Our global inversion results are given
in terms of an analog of Clarke generalized differential, extending the results of
Pourciau [18] to this setting. Furthermore, we also give an extension of the results
of [7] and [2] to the context of nonsmooth Lipschitz mappings in R™.

The paper is organized as follows. In Section 2 we introduce the notion of Clarke
generalized differential in the general setting of smooth manifolds, and some fairly
basic properties are obtained. In Section 3, we focus on the case of Finsler man-
ifolds. The norm of Clarke generalized differential is introduced, and we explore
its connections with the upper scalar Dini derivative and with the local Lipschitz
constant. Section 4 is devoted to global inversion theorems. In the case of locally
Lipschitz mappings between Finsler manifolds, we obtain a version of Hadamard
integral condition in terms of the co-norm of Clarke generalized differential. In
the case of Lipschitz mappings in R", we obtain a variant of Hadamard integral
condition involving the eigenvalues of Clarke generalized differential.

2. Generalized differential on smooth manifolds

Firstly, let us recall the definition of Clarke generalized differential of a mapping
f : R™ — R™ which is Lipschitz on a neighborhood of x € R™. In this case,
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by the classical Rademacher theorem, f is almost everywhere differentiable in a
neighborhood of z, and according to [5] the Clarke generalized differential of f at
x is defined as

df(x) :=co {lim df (z;) : x; — x and df (x;) exists} :

1—00
Here df (x) denotes the differential of f at z, which we identify with the correspond-
ing jacobian matrix, and co means, as usual, the convex hull. It can be proved
that 0f(x) is then a nonempty, convex and compact set of linear mappings from

R™ to R™ (see [5, Proposition 2.6.2]). We refer to [5, 3, 17] for further information
and basic properties of generalized differentials.

We extend this definition to the context of smooth manifolds. Our notation here
is standard. We refer to [13, 6] for basic definitions and notations on manifolds. If
E and F are vector spaces, we denote by L(E, F') the space of all linear mappings
from E to F.

Definition 2.1. Let M and N be C'-smooth manifolds of dimension m and n,
respectively. A mapping f : M — N is said to be Lipschitz on a neighborhood
of € M if there are charts (U, p) of M at x and (V,¢) of N at f(x), with
f(U) C V such that 9o fop™ : p(U) C R™ — R™ is Lipschitz on a neighborhood
of ¢(x). A mapping f: M — N is said to be locally Lipschitz if it is Lipschitz on
a neighborhood of z for every x € M.

Notice that every Cl-smooth mapping between euclidean spaces is locally Lip-
schitz. Thus the above definitions do not depend on charts, and we also have that
every Cl-smooth mapping between C'-smooth manifolds is locally Lipschitz.

Definition 2.2. Let M and N be C'-smooth manifolds, and let f : M — N
be a map which is Lipschitz on a neighborhood of x € M. Then, the Clarke
generalized differential of f at x is defined as

0f(x) = {dv™" (¥ (f(x))) o Aodp(z) : A€ (W o fop™)(p(x))}
= d™ (Y(f(2))) 00 o f o ) (p(x)) o dip(2),

where (U, ¢) is a chart of M at z and (V%) is a chart of N at f(x). Notice that
af(.I) C ﬁ(TIM, Tf(x)N).

Proposition 2.3. The above definition does not depend on charts.

Proof. Let us take (U, 1), (U, o) different charts of M at x and (Vi,1),
(Va,1,) different charts of N at f(x). Let us denote by

Ouf () = {dyy ' (U1(f(z))) 0 Aodpr(z) : A€ O(dhro foy')(pi(r))}, and
Oaf () = {diby ' (¥2(f(x))) © Ao dipa(z) : A€ O(h2 0 f 00y )(a(w))}-

We have to show that 0; f(x) = d>f(x). Let us note that 0, f(z) and 0y f(x) are
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convex sets. Thus, it is sufficient to prove that

B € Oyf(z) forall B =dy; (v1(f(x))) o Aodpi(z) € 0 f(x) with
A= lim (w0 f o 97 (¢a(x)) € 0w 0 £ 0 0 (2)),

where x; — x and d(1; o f o o] ") (p1(x;)) exists.

Let us take B and A with the above hypothesis. Since v, o ¢y and ¢ o ;!
are C''-smooth in a neighborhood of 1 (f(x)) and in a neighborhood of y(x),
respectively, then

(oot ) o (1o fopr)o(prowy')=1nofopy!

is differentiable at yo(z;) for every i large enough. Moreover,

lim d(ips 0 f o gy DICAED)
= .hmd(( rothy ) o (1o foprt)o(prowyh)) (walx:))

= d(yz 0 Y1) (¥1(f(2))) 0 Ao d(pr 09y ")(p2(z))
= dipy(f () 0 B odpy ' (p2()) = C € 0(th20 f 0 03" )(a()).

Thus, B = diby ' (v2(f(2))) o C o diga(x) with C' € (¥ o f 0 p5")(p2(x)), and
B e 82f(x) ]

Remark 2.4. Let M and N be C'-smooth manifolds of dimension m and n,
respectively, and f : M — N a continuous mapping. We consider the vector
bundle L(T'M, f*T'N) defined as the following disjoint union:

LTM, f*TN):= | J{x} x L(T.M, Ty)N)
zeM

={(z,B):x € M and B € L(T,M,T;)N)},

where the bundle projection 7 : L(T'M, f*T'N) — M is given by 7(x, B) = = (we
refer for instance to [14] for details).

Recall that the topology of L(T'M, f*T'N) is generated by the basic open sets
O(U,V,W) described below, where (U, ¢) is a chart of M, (V,4) is a chart of N
with f(U) C V and W is an open subset of L(R™,R"). Here we denote

O, V,W) = | J{z} x Waow ={(2,B) : 2 € U and B € W, .4}

zeU
and Wo gy = {d ™ (U(f(2))) 0 Aodp(x) : A € W} = dp~ ! (¢(f(x))) o W o dip(x)
for every x € U.

Thus, if (U,¢) is a chart of M with « € U and (V,4) is a chart of N with
f(U) C V, we obtain a local trivialization of L(T'M, f*T'N) around = by means of
the homeomorphism

h:a Y U) = O(U,V,LR™R") = U x L(R™,R")
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given by
h(z,B) = (z, dy(f(x)) o Bodp™ (p(2))) -

Now, we list some basic properties of Clarke generalized differential on manifolds.

Properties 2.5. Let M and N be C'-smooth manifolds. Let f : M — N be a
mapping which is Lipschitz on a neighborhood of x € M. Then:

(1) Of(x) is a nonempty, convex and compact subset of L(T,M, T N).

(2) If the sequence (z;, B;) converges to (z, B) in L(T'M, f*T'N) and B; € 0f(x;)
for each i, then B € df(z).

(3) If fis a C'-smooth mapping then Of(z) = {df (z)}.

Proof. It is straightforward to check these properties. For reader’s convenience,
we shall show property (2).

Let us take (U, ¢) and (V, ) charts of M at x and N at f(x), respectively, with
f(U) C V, and consider the local trivialization of L(T'M, f*T'N) around z given
by

h:m ' (U)— U x L(R™ R")

where
h(x, B) = (z, dy(f(x)) o Bodp™ (p(x))) .

For i large enough we have that z; € U and f(z;) € V. In this case, let us denote

Ai = dy(f(x:)) o B o dp™ (p(x:)) € O o f o )(p(z:)) C LR™,R"). By
continuity, we have that the sequence (4;) converges to

A= dy(f(z)) o Bodp™ (p(2)) € LR™,R").

Now by [5, Proposition 2.6.2(b)] we obtain that A € d(1 o f o p~1)(p(x)), and
therefore B = dy= (¢(f(x))) o Ao dp(x) € Of(x). O

Next we are going to see some continuity property of the Clarke generalized dif-
ferential.

Definition 2.6. Let X and Y be topological spaces. A multivalued mapping
® : X — 2Y is upper semicontinuous (usc) at x € X if for any open set O of
Y such that ®(z) C O, there is an open neighborhood U of = in X such that
®(y) C O for every y € U. A multivalued mapping ® : X — 2V is said to be
upper semicontinuous (usc) if it is usc at z for every z € X.

Proposition 2.7. Let M and N be C*-smooth manifolds and let f : M — N be a
locally Lipschitz mapping. Then, the Clarke generalized differential of f is an usc
mapping, in the sense that the multivalued mapping

5f £ M — 2ETMETN)

given by Of (z) = {x} x Of (x) is upper semicontinuous.
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Proof. Let z € M and consider an open subset O of L(TM, f*TN) with 0f (z) C
O. According to Remark 2.4, for each B € df(x) we can choose a basic open

set of the form O(U,V, W) such that (z, B) € O(U,V,W) C O. Since df(z) is
compact, it can be covered by a finite family of such basic open sets. Therefore
we can assume that O = O(U, V, W) is a basic open set, where (U, ¢) is a chart of
M with x € U, (V,4) is a chart of N with f(U) C V and W is an open subset of
L(R™ R"™). Thus df(x) C Wy ey = dH((f(2))) o W o dp(x) and

Ao fop™)(p(x)) Cdy(f(x)) o Wegyodp™ (p(x)) =W.
Since
Ao fop™):p(U) — 25D
is upper semicontinuous at p(z) (see [5, Proposition 2.6.2(c)]), there is an open

neighborhood U of # such that d(1 o f o o) (p(y)) C W for every y € U. Then,
by the definition of the Clarke generalized differential, we have that

Af(y) C d™ (W(f(y)) o W odo(y) = Wy,

for every y € U. Thus, 0f(y) C O(U,V,W) for every y € U. This shows that f is
usc at . [l

Remark 2.8. Notice that by Property 2.5(2) the multivalued mapping d f s
closed at z, i.e., if the sequence (z, B;) converges to (z,B) in L(TM, f*T'N),
and (z, B;) € 0f (z) for every i, then (z, B) € 0f ().

In the following proposition we obtain a chain rule for the Clarke generalized
differential.

Proposition 2.9. Let M and N be C'-smooth manifolds. Let h : M — N be a
Lipschitz mapping on a neighborhood of x and g : N — R a Lipschitz function on
a neighborhood of h(x). Then f = goh: M — R is Lipschitz on a neighborhood
of x and

df(z) C co{dg(h(x)) o Oh(z)}.
If, in addition, g is C*-smooth, then
0f (x) = dg(h(z)) 0 Oh(z).

Proof. We start with the first inclusion. Let us take (U, ¢) and (V, ) charts of
M at x and N at h(zx), respectively, with h(U) C V. By convexity, it is sufficient
to prove that

B € dg(h(z)) 0 Oh(x) for all B = Aodp(x) with A € O(f o 1) (p(x)).
Let us take B and A with the above hypothesis. Since

A(f o Me(x) =08(gohoy ) (e(x))
=9((gov ™) o (Wohop ™)) (p(x)),
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and the Clarke generalized differential in R™ satisfies the corresponding chain rule
[5, Theorem 2.6.6], we obtain that

Aed(fop p(x) =0((gov™")o(hohop™))(p(x))
C co{d(g o™ ") (W (h(x))) 0 (¢ o h o™ )(p(x))}.

Without loss of generality we may suppose that A = Ay o Ay with Ay € d(p o ho
¢ )(p(x)) and A € 9(g 0¥~ !)(¥(h(z))). Then

B = Aodyp(x)
= (Ao dy(h(x))) o (d ™' (¥(h(2))) 0 Az 0 dip(x)) € Dg(h(x)) 0 (),
since Ay € d(Ypohop N (p(x)) and Ay € (g o1 (W(h(x))).

The last assertion follows also from [5, Theorem 2.6.6] in an analogous way. [

Now using the same ideas as above and the result of [5, Corollary, p. 75], the
following property can be proved.

Corollary 2.10. Let M, N and S be C*-smooth manifolds. Let h : M — N be a
Lipschitz mapping on a neighborhood of x and g : N — S a Lipschitz mapping on
a neighborhood of h(x). Then f = goh : M — S is Lipschitz on a neighborhood
of x and

Of (x)v C co{dg(h(x)) o Oh(z)v},
for every v € T,M. If, in addition, g is C*-smooth, then

0f (x) = dg(h(x)) o Oh(x)v.

3. Generalized differential on Finsler manifolds

In this section we are going to show some special features of Clarke generalized
differential for locally Lipschitz mappings between Finsler manifolds. Recall that
the tangent bundle of a smooth manifold M is TM = {(x,v) : © € M and v €
T.M}.

Definition 3.1. A C' Finsler manifold is a pair (M, || - ||a), where M is a C'-
smooth manifold, and || - ||as : TM — [0,00) is a continuous mapping defined on
the tangent bundle T'M of M which satisfies that for every z € M, the restriction
-1l =1 - la,, ,, : ToM — [0,00) is a norm on the tangent space T, M.

Remark 3.2. Notice that the concept of C* Finsler manifold coincides with the
concept of finite-dimensional C'! Finsler manifold in the sense of Palais [15]. This
can be proved using the local compactness of the manifold. In particular, if (M, || -
|laz) is a C! Finsler manifold of dimension n, then for every z € M, every € > 0
and every chart ¢ : U — R" with x € U C M, there is an open neighborhood W
with x € W C U such that

%ﬁ\\dso‘l(so(x))(v)\\x < [lde™ (@) @)y < (1 +o)llde™ (e (@) (W)l (1)
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for every y € W and every v € R™. In terms of equivalence of norms, the above
inequalities yield the fact that the norms ||de™!(p(2))(-)|| and ||de~ (o(y)) ()],
are (1 + ¢)-equivalent.

For further information about Finsler manifolds we refer to [15, 6, 19, 12]. Let us
note that, in particular, every Riemannian manifold is a C' Finsler manifold [15].

If f: M — N is a C'-smooth mapping between Finsler manifolds, the norm of its
differential at the point x € M is defined as

ldf ()] = sup{||df () (V)| j@) = v € To M, [[o]]. = 1}

The Finsler structure allows us to define the norm and the co-norm for the Clarke
generalized differential of a locally Lipschitz mapping. Let us recall that Pourciau
[18] considered the co-norm of the Clarke generalized differential in order to obtain
a formulation of Hadamard integral condition in a nonsmooth setting. According
to [18], the co-norm of a linear mapping A : R™ — R" is defined as

JJA) = inf [[Aul].

[Jul|=1

Therefore, in an analogous way, we can now introduce the following definitions.

Definition 3.3. Let M and N be C! Finsler manifolds, and let f : M — N be
a Lipschitz mapping on a neighborhood of x € M. The norm and the co-norm of
the Clarke generalized differential of f at x are defined, respectively, as

10F (@)l = sup{[[| B[l : B € df(x)} and
Nof(@)le = mt{/J/Bjlf.: B € 0f(x)},

where for each B € L(T, M, Tt N), the norm and the co-norm of B are defined
by

v
[[o]]z=1 [[olle=1

Bl = sup [[Bv||jw)y and J/Bfjfo= inf [[Bo||s).
€Ty M vET, M

The following notation will be helpful along this paper:

Notation 3.4. Let M and N be C' Finsler manifolds of dimension m and n,
respectively. Let f: M — N be a mapping, let € M, and consider charts (U, ¢)
of M at z and (V,4¢) of N at f(x). We denote by

* | llae : R™ —[0,00) the norm [[de~" (p()) (")l on R™.
o | lls@uw : R* = [0,00) the norm [|dy="(¢(f (2))) ()l ) on R™.
o e s LR™ R™) — [0, 00) the norm [|Al|s,p. = sup{[|Av[| f(a) 0  [|V[|l2o =

1} on L(R™, R").

o ) fepw : LR™R") — [0,00) the conorm [JA//z .y = inf{||AV]|f@2)
l|v]]z, = 1} on L(R™,R™).
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Our next result shows how the norm and the co-norm of the Clarke generalized
differential can be obtained via localization through arbitrary charts.

Proposition 3.5. Let M and N be C' Finsler manifolds and f : M — N a
Lipschitz mapping on a neighborhood of x. Then

lof @)l = 10( o foe™)(@(@)lepw and

Mof(@) e = [JO o f o™ ) (@(2)/fapuw

for every pair of charts (U, @) and (V,v) of M at x and N at f(x), respectively.

Proof. The proof is immediate from the definitions and the following lemma:

Lemma 3.6. Under the assumptions of Proposition 3.5, let B € L(T,M, T N)
which can be written by B = dy = (¢ (f(x)))o Aodp(z) with A € L(R™,R"). Then

(a) Blllz = [[All.op, and
() W Blle = l[A) 2 00-

Proof. Let us prove the first equality, the proof of (b) will follow along the same
lines.

11Blll. = sup [[Bvllsw) = sup [[(d~" ((f(x))) 0 Ao de(a))v] )

I
ol =1 o, =1

= sup [|[Aodp(x)v sy = sup | Aw|| f()
o]l =1 — lde=1 (p(z))w]la=1

= ﬁup 1||Aw||f(x),¢ = [|Allzp0- u
Wz, =

Every connected Finsler manifold M has a natural metric structure, which is de-
fined in the following way. First recall that the length of a piecewise C'-smooth
path v : [a,b] — M is defined as

o) = / 7 ()l . (2)

Now since M is connected, it is connected by piecewise C''-smooth paths, and the
associated Finsler distance dyr on M is defined as

dy(z,y) = inf{l(7) : 7 is a piecewise C'-smooth path connecting  and y}.

This Finsler metric is consistent with the manifold topology given in M (see [15]).
The open ball and the closed ball of center x € M and radius r > 0 will be denoted
by Buy(z,7) :={y € M : dy(x,y) <r}and By(a,r):={y € M : dy(z,y) <7},
respectively.

If M and N are connected Finsler manifolds, we say that a mapping f : M — N
is Lipschitz if f : (M,dy) — (N,dy) is Lipschitz for the corresponding Finsler
distances. Then, its Lipschitz constant Lip(f) is defined, as usual, as

dn(f(2), f(y))
dy(z,y)

Lip(f):sup{ :x,yGM,x;&y}.
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Let us now recall the following mean value inequality for Finsler manifolds from
[12, Proposition 2.3] (see also [1]).

Lemma 3.7. Let M and N be connected C' Finsler manifolds and f : M — N a
C'-smooth mapping. Then, f is Lipschitz if and only if ||df||s = sup{||df (z)||. :
x € M} < oo. Furthermore, Lip(f) = ||df]|co-

We will also need the following result related to the (1 + )-bi-Lipschitz local
behavior of charts of a C! Finsler manifold. This follows at once from [12, Lemma
2.4], taking into account Remark 3.2.

Lemma 3.8. Let us consider a connected C* Finsler manifold M. Then, for
every x € M, every chart (U, @) with x € U and every € > 0, there exists an open
neighborhood W C U of x satisfying

L (. 2) < N0®) — 0(p < (L4 )as(y, 2), for everyy,z € W, (3)

1+e¢
Remark 3.9. As a consequence of the above lemma, it is easy to see that if M
and N are connected C' Finsler manifolds, a mapping f : M — N is locally
Lipschitz in the sense of Definition 2.1 if, and only if, f : (M,dy) — (N,dy) is
locally Lipschitz for the corresponding Finsler metrics.

Let us give the definition of the lower and upper scalar Dini derivatives of a con-
tinuous mapping between Finsler manifolds. These quantities were used by John
[11] for local homeomorphisms between Banach spaces in order to obtain a version
of Hadamard integral condition. Later on, this kind of scalar derivatives have been
considered in [9] and [8], in a metric space setting.

Definition 3.10. Let M and N be connected C! Finsler manifolds, f : M — N
a continuous mapping and x € M. The lower and upper scalar derivatives of
f at x are defined as

AN (f(Y), f() o dy(f(y), f())
D, f= hgilxnf i) Dff = hI;lj;lp i (4. 7)

where y € M and y # x.

It was proved by John [11] that, if E' and F are Banach spaces and f : E — F' is
differentiable at x € E, then D} f = ||df (z)|| and, if in addition df (z) is invertible,
D; f = ||df(z)7'||7. An analogous statement holds for smooth mappings between
Riemannian manifolds: If f : M — N is a C'-smooth mapping between connected
and complete Riemannian manifolds, then D} f = ||df(x)||, and, if in addition
df (z) € Isom(T, M, Ty N), then D f = de(a:)_lH;(lx) (see [9]). We shall prove
that the same property holds for connected and complete Finsler manifolds. Let
us recall that a Finsler manifold M is said to be complete if it is complete with
respect to its Finsler metric d;.

Proposition 3.11. Let f : M — N be a C'-smooth mapping between connected
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and complete C' Finsler manifolds. Then, we have that D} f = ||df (x)||. for every
x € M. If in addition df (x) € Isom(T, M, T N), then D f = de(a:)_lﬂji(lm).

Proof. From [9, Example 3.3], we have that D} f < ||df(x)||., and if df(z) €
Isom (T, M, T N) then D f > ||df(:t)*1||]7(1x). So, it only remains to prove the
reverse inequality.

Let us take ¢ > 0. By Lemma 3.8, we can find a chart (U, ) of M with x € U
and a chart (V) of N with f(U) C V such that ¢(z) = 0, ¥(f(z)) = 0 and the
charts ¢ and ¢ are (1 + ¢)-bi-Lipschitz for the norms || - ||, on R™ and || - || f(2),¢
on R™, respectively. Fix v € T, M with ||v]|, = 1, and denote w = dp(z)(v) € R™;
then ||w||;, = 1. Choose some ¢ > 0 such that tw € ¢(U) for all t € (-6, ), and
consider the C'-smooth curve 7y : (—4,8) — M given by v(t) = ¢~ (tw), for every

€ (—9,0). Using that ¢ is (1 + ¢)-Lipschitz for the norm || - || ()4, We obtain
that

. Yofoy(t)—vofory(0
160 oY Ol = |im 2oL Z0 2T 200
f(@)¥
d t
< (14 oyt OO S
t—0 |t|
Now, since ¢! is (1 + ¢)-Lipschitz for the norm || - ||, we can assure that

du(Y(t), 2) = dar (0™ (tw), 7H(0)) < (1 +¢)[[tw — O]z = (1 + &) ¢].
Hence, since 7/(0) = dp~(0)(w) =
[ldf () (V)| @) = ||d(f o 7)(0 )||f(a: = [ld(¥~" oo fo)(0)||5w)
= ||y (0) (¥ 0 f o) (0)ll5) = (¥ 0 f o) (0] ey 0

2. ( (v(®)
< (1+e) 11—>0 dpr (y(t

This holds for every v € T, M with ||v||, = 1 and every ¢ > 0, so we deduce that
|df (z)||. < D f ().

The proof of the second part follows along the same lines as the Riemannian case
(see [9]). O

Remark 3.12. It is worth noting that the above proof works for infinite-dimen-
sional Finsler manifolds in the sense of Palais.

[ ()

p < (1+¢)’D}f.

)
);

In the next result we compare the upper scalar derivative with the norm of Clarke
generalized differential for a locally Lipschitz mapping between Finsler manifolds.
This relation will be of fundamental importance in order to obtain our global
inversion results in Section 4.

Lemma 3.13. Let M and N be connected C' Finsler manifolds and let f : M —
N a Lipschitz mapping on a neighborhood of x € M. Then

Dif <|llof (@)l
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Proof. Let us fix ¢ > 0. Using Lemma 3.8 again, we can find a chart (U, ¢) of M
with = € U such that ¢(U) is a convex set, and a chart (V,v) of N with f(U) C V,
such that ¢ and ¢ are (1+¢)-bi-Lipschitz for the norms |||, on R™ and ||-||f(),v
on R", respectively. Then for every y € U we have that

dn(f(2), f(y) < (L +e)|lo f(x) — o fW)llsw)w
= (1+e)lvo fop(e(x) —vo for (W)@

Applying the mean value theorem given in [5, Proposition 2.6.5] to the mapping
1o fop ! we obtain that

Yo fop ) —vo fop py))
€ co U o fop N(w)(p(x)— ¢(y))
wE[p(z),0(y)]

Then, we have that

dy (f(x), f(y))

< (14 ¢€)supy ||Allspp: AEco U o@wofoe™w)]ylle@) —e)llee
Ele(@),0(y)]

< (L+e)*supq [[Allopw: A€ co oo fop )(w) ] pdulz,y).

welp(z),0(y)]

Since the mapping 9(1) o f o ¢ ')(+) is upper semicontinuous, there exists § > 0
such that, for all w € B, (¢ ( ),5) ={z € R": ||z — p(x)||s, < 0}, we get

Ot o fop™)(w) COWofor ) p(2))+e Bopuy,

where

By ={A € LR™R") : [|All5p0 < 1}.
Therefore, using Proposition 3.5,
ANz < 10 0 f 0 0™ ) (@(@) g + & = [0 ()]l + €,
for all w € B, ,(¢(x),) and A € (o fop ) (w).

Now choose ¢’ > 0 such that By/(x,0") C U and ¢(Bu(x,6")) C By o(@(z),6). For
every y € By(x,d'), we deduce that the set

U  o@ofoe)(w)
welp(z),(y)]

is contained into the ball (|||0f(z)||| + €) - Brpw C LR™,R"), and therefore its
convex hull is also contained into the same ball.
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Thus, for every y € By/(z,0") we have that

dn(f(2), f(y) < 1+ ) (110f @)« + e)dnr (z, y)-

As a consequence,

D:f:nm{ sup dN(f(x)’g(y))}§(1+6)2(|||3f(96)|||w+6),

r—0 yEB(z,r) dM<x> )

for all € > 0, so that
Drf < ||of ()] O

In the last part of this section, we are going to compare the norm of the Clarke
generalized differential of a locally Lipschitz mapping f between Finsler manifolds
with the Lipschitz constant of f. What will provide a kind of mean value inequality
in this context.

Proposition 3.14. Let M and N be connected C* Finsler manifolds and f : M —
N a K-Lipschitz mapping on a neighborhood of x € M. Then |||0f(z)|||. < K.

Proof. Fix ¢ > 0. Using Lemma 3.8 we can find charts (U, ) of M at x and
(Vi) of N at f(z), such that f(U) C V and they are (1 + ¢)-bi-Lipschitz for
the norms || - ||z on R™ and || - || y2),» on R", respectively. Thus the mapping
Yo foptis (1+¢)?K-Lipschitz on a neighborhood of ¢(z) with the norms || - ||,
and || - || f(z),s- Then it is not difficult to see that ||All; ., < (1 +¢)2K, for every
A€ d(o fop H(p(x)). Using Proposition 3.5 we obtain that

110 @)llle = 100 o f oo™ ) (@(@)) s < (1+€)°K.

Since the above inequality holds for every € > 0, we conclude that |||0f(x)]||. <
K. [

If M is a connected Finsler manifold, the length of a continuous path « : [a, b] — M
is defined, as usual, as

{(7y) = sup {Z dM(7<ti>77(ti1))} € [0, +o0]

where the supremum is taken over all partitions a = tg < t; < --- <t = b. The
path v : [a,b] — M is said to be rectifiable whenever () < oo. In particular,
every piecewise C'-smooth path ~ : [a,b] — M is rectifiable, and in this case, as
we remarked before, its length is given by the formula (2).

Proposition 3.15. Let M and N be connected C' Finsler manifolds and f :
M — N a locally Lipschitz mapping. If v : [a,b] — M is a rectifiable path and
o= forvy:la,b] — N, then

(o) < sup{[[|0f(2)|l]- : z € Im(7)} ().
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Proof. The mean value inequality from [9, Proposition 3.8] gives us that

l(o) <sup{D*f(z) : z € Im(y)} {(y),
so the result follows from Lemma 3.13. O

Corollary 3.16. Let M and N be connected C* Finsler manifolds and let f :
M — N be a locally Lipschitz mapping. Then, f is Lipschitz if and only if
10 f]]oo := sup{|||0f(x)|||z : * € M} < 0o. Furthermore, Lip(f) = ||0f||co-

Proof. If f is Lipschitz, Proposition 3.14 yields that ||0f || < Lip(f). Conversely,
suppose that ||0f||c < K. For each z,y € M and each ¢ > 0, we can find a C-
smooth path v : [a,b] — M from z to y such that ¢(v) < dy(x,y) +¢/K. Then
by Proposition 3.15 we have that

dy(f(z), f(y)) < U(fov) < KLl(y) < Kdu(z,y) +e.

Hence, f is K-Lipschitz. Il

4. Covering maps and global inversion

We start this section with the problem of local inversion. For the case of locally
Lipschitz mappings in R", Clarke obtained in [4] a local inversion theorem, and
Pourciau established in [18] the relation between the co-norm of the Clarke gener-
alized differential of the map and the norm of the Clarke generalized differential of
the corresponding local inverse. Now we are going to extend these results to the
case of mappings between Finsler manifolds.

Definition 4.1. Let M and N be n-dimensional C' Finsler manifolds, and let
f M — N be a Lipschitz mapping on a neighborhood of z € M. We say that
Jf(z) has maximal rank if every element B € 0f(z) has rank n, i.e., B is an
invertible linear map from 7, M onto Ty NNV.

In what follows, if B is a family of invertible linear mappings, we denote by B~}
the set of their inverses B~' = {B~! : B € B}, and we denote by co(B™!) its
convex hull.

Proposition 4.2. Let M and N be C' Finsler manifolds of the same dimension,
and let f : M — N be a Lipschitz mapping on a neighborhood of x such that O f(z)
has mazimal rank. Then there exist open neighborhoods U of x and V' of f(z) such
that fi, : U — V is a homeomorphism. Furthermore, if g = (f,)~", then g is
Lipschitz on a neighborhood of f(x), and we have that

0g(f(x)) C co(df(z)™")

and
1

1109 (f @)l ) < Tl



J. A. Jaramillo, 0. Madiedo, L. Sinchez-Gonzdilez / Global Inversion of ... 1141

Proof. Let (U, ) be a chart of M at x and (V,%) a chart of N at f(x) such
that f is Lipschitz on Uy and f(Uy) C Vy. Since ¢ o f o o=t is Lipschitz on a
neighborhood of ¢(x) and (v o f o p~1)(¢(x)) has maximal rank, using the local
inverse function theorem given by Clarke in [4], we obtain an open neighborhood
W of p(x) with W C ¢(Up) such that the restriction (1o fop™) is a bi-Lipschitz
homeomorphism onto its image. Setting U = ¢~'(W) and V = f(U), we have that
fiy : U — V is a homeomorphism, and g = ()" is Lipschitz on a neighborhood

of f(z).

On the other hand, since pogoy=' = (o fj, o)1, it follows from the results
of Pourciau in [18, page 175] that

O(pogoy™)(W(f(x)) Ceo(d(Wofop™)(p(x)™).

Then, it is clear that
dg(f(z)) C co(df(z)™").

Let us prove the last inequality. Firstly, notice that ///0f(x)///. > 0 since every
element in 0f(x) is invertible and 0f(z) is a compact subset of L(T, M, Ty N).
Now choose B € df(z)~!. Then B™' € df(x) and, by [18] and Lemma 3.6, it is
easy to see that

1

1
B = Tof@ .

By convexity, the last inequality also holds for every B € co(0f(z)™!). Therefore

1Bl ) = (4)

1

110 (f @)l 1) < T O

Next we give our main results about global inversion. First recall that a continuous
map between topological spaces f : M — N is said to be a covering map if every
z € N has an open neighborhood W such that f~!(7) is the disjoint union of
open subsets of M each of which is mapped homeomorphically onto W by f. Now,
we can use the co-norm of Clarke generalized differential in order to obtain an
extension of Hadamard integral condition for locally Lipschitz mappings between
Finsler manifolds.

Theorem 4.3. Let M and N be connected C* Finsler manifolds of the same di-
mension, where M 1is complete, and let f : M — N be a locally Lipschitz mapping

such that O f(x) has mazimal rank for all x € M. Assume that there ezists xg € M
such that

/000 m(t)dt = oo, where m(t) = _inf  J)JOf(x)//]..

rEB) (:)30 ,t)

Then f is a covering map.
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Proof. First of all, notice that m(¢) > 0 for all ¢ > 0. Indeed, if there is t; > 0
such that m(tg) = 0, then 0 < m(t) < m(to) = 0 for all t > ¢, and, since
m(t) < J)/Of(x0) /)]« for all t > 0, we obtain that

/OOO m(t)dt = /0 0 m(t)dt < to/J)Of (20) /]2y < 0,

which contradicts the hypothesis.

On the other hand, for every x € M, we know from Proposition 4.2 that f is a
local homeomorphism around z and that, if g is the local inverse of f at f(z),
using Lemma 3.13 we have that

1
D9 < 0g(f@)s@) < S
f(z) 1[0g(f( ))|||f() NOf (@) /)]«
Thus
1
D f= > )
o= gy 2 T
Now let us define w(t) = ﬁ It is clear that w is a weight, i.e., w : (0,00) — [0, 00)

is a nondecreasing map (not necessarily continuous) such that [ % = 00.

Since f is a local homeomorphism, and using [9, Lemma 4.5 and Theorem 4.6], it
is sufficient to prove that D f - w(dy(z,0)) > 1, for every x € M. And taking
into account that « € By (xo, dy(z, x)), we can finish the proof:

D= - w(dy(a, 30)) 2 J0F ()} m

JIOf(@) /] S Wor@l= _ u
) Mofl=— of@) e

2€Bp (wo,dar (m,20

Let f : M — N be a covering map between path-connected metric spaces, and f, :
w1 (M) — m(N) the associated morphism between their fundamental groups. It is
well known that f is a homeomorphism from M onto N if, and only if, f.[m (M)] =
m1(N) (see e.g. [20, Chapter 2]). Thus we obtain the following corollary.

Corollary 4.4. Under the assumptions of Theorem 4.3, assume that either N is
simply connected or w (M) = w1 (N) is finite. Then f is a global homeomorphism.

In the last part of the paper we use a variant of Hadamard integral condition to
obtain global inversion and global injectivity results for Lipschitz mappings in R"”
in terms of spectral conditions of the Clarke generalized differential. In particular,
we will give extensions of some of the results given in [2] and [7] to a nonsmooth
setting. For a locally Lipschitz mapping f : R — R"™, we denote by Spec(f) the
set of all complex eigenvalues of all matrices A € df(x) for all x € R™.
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Theorem 4.5. Let f : R" — R™ be a Lipschitz mapping such that Of(x) has
mazximal rank for every x € R™. Assume that there exists xg € R™ such that

/000 s(t)dt = 0o, where s(t) = inf {|A]" : X\ € Spec(df(x))}.

2€B(zo,t)

Then f is a global homeomorphism.

Proof. Suppose that f is K-Lipschitz. By Proposition 3.14 we have that ||A|| < K
for every A € 0f(z) and every x € R™. Let us denote by || - [« the supremum
norm on the space of real n x n matrices, i.e.

|Alloo :=sup{|a; ;| : 1 <1i,57 <n} where A = (a;;).

Since || - || and || - ||o are equivalent norms, there exists a constant K; > 0 such
that
|Alle < K7 for every A € 0f(x) and every z € R".

Now, we denote by adj (A) the adjugate of the matrix A, that is, the transpose of
the cofactor matrix of A. In this way, if A is invertible, its inverse is given by
1 1
det A

Therefore, we obtain that || adj (4)||e < (n—1)/(K1)" " = K, for every A € df (z)
and r € R™.

adj (A).

On the other hand, fixed t > 0, * € B(zo,t) and A € df(x), we have that
det A =[], \; where \; are the eigenvalues of A, so that

|det A] = |A1] - |Aa] -+ - [\ = inf{|A[" : A € Spec(A)}
> inf  {|A\|": X € Spec(0f(z))} = s(t).

TEB(x0,t)

Hence, we have that the inverse matrix A~! satisfies

1 e
dj (A)]|e < K .
et 184 Wl = i Ko < 2o

1A o <
Using again that the norms || - || and || - || are equivalent, we get a constant
K3 > 0 such that
AT > Ky - s(t) for every A € Of(z) and z € B(xo,t).
Therefore

Ks3-s(t) < inf { inf HA " 1}

z€B(zo,t) | A€Of(z

= ot L ey

x€B(zo,t) | A€Of(z

= énf /10 (x)/] = m(t).

S
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Hence, [~ m(t)dt > [7° Ks - s(t)dt = oo. Since R™ is simply connected, we obtain
from Corollary 4.4 (see also [18]) that the mapping f is a global homeomorphism.
[

As a direct consequence of the previous theorem, we obtain the following corollary.

Corollary 4.6. Let f : R" — R" be a Lipschitz mapping such that Of(x) has
mazimal rank for all x € R™, and suppose that there is some € > 0 satisfying

Spec(Of ())N{z € C:|z|<et =0, forallzecR".

Then f is a global homeomorphism.

Finally, we are going to give a global injectivity result for nonsmooth mappings.
First we need the following lemma, which is a nonsmooth version of Main Lemma
in [7].

Lemma 4.7. Let f : R" — R™ be a Lipschitz mapping such that Of(x) has maxi-
mal rank for every x € R". Given t € R, consider the map f,(x) = f(z) —tz. If
there exists a sequence (ti) of real numbers converging to 0 such that every map
ft, 1s injective, then f is injective.

Proof. Let z1,xs € R" such that f(z1) = f(x2) = y. We are going to show that
x1 = xg. Let us define the mapping h : RxR" — RxR™ by h(t,z) = (¢, f(x)—tz).
Then h is locally Lipschitz, and it is not difficult to see that, for every z € R,
h has maximal rank at (0,z). Applying the local inverse function theorem from
[4] to h at (0,z;) and (0,23), we obtain open neighborhoods W; of (0,z;), Wy
of (0,z2) and V' of y, and some § > 0 such that Ay, : Wi — (=6,6) x V and
Py, : Wa — (=0,0) x V are homeomorphisms. For i = 1,2 set g; = (hy,,. )", and
note that g;(0,y) = (0,z;) for i = 1,2. Now t; € (=9, 9) for k large enough, and for
i = 1,2 we have that g;(tx,y) = (tg,2}) for some z}, € W; satisfying y = f;, ().
Since each f;, is injective, we deduce that x} = 23 for k large enough. But for
1= 1,2, we know that x; = limy_ a:’,‘f In this way we obtain that xy = xs. O

Theorem 4.8. Let f : R" — R™ be a Lipschitz mapping such that Of(x) has
mazximal rank for every x € R™. Suppose that there erists a sequence (Dy) of
compact discs of C (with nonempty interior), centered at points ty of the real azis,
such that limy_, tr = 0 and

Spec(9f(x)) N (UL, Di) = 0.
Then f is injective

Proof. Let us denote the mappings f,,(x) = f(z) — t,z for all ¢,,. It is clear
that Spec(dfm(x)) N (D,, — t,n) = 0, where D, —t,, = {2z € C: 2+ t,, € D,,}
is a compact disc centered at 0. Using Corollary 4.6, we obtain that f,, is a
global homeomorphism for every m. Lemma 4.7 allows us to conclude that f is
injective. [



J. A. Jaramillo, 0. Madiedo, L. Sinchez-Gonzdilez / Global Inversion of ... 1145

Finally, as a consequence, we obtain:

Corollary 4.9. Let f : R" — R"™ be a Lipschitz mapping such that Of(x) has
maximal rank for all x € R, and suppose that

Spec(0f(x)) C {z € C : R(z) <0}.

Then f is injective.
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