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An axiomatic approach to fuzzy rationality
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Abstract

Fuzzy preference relations formilize duten-
zity of individual preferences over fixed sets
of alternatives. 18 iz therefors natwral tuo ex-
tend ta Tuzzy preferewces the aotion ol ra-
tianality or consislency.  With this goal in
mind, we adedress o this paper Uhe proldem
of giving an axiomatic basis fur definiog the

concept of fuzey rationalily.

1 Introduction

Fuzzy preference relalions formalize intensity ol 1n-
dividual preferences over fxed sels of alternalives.
1t is therefare natucal to extend ba fuzzy preferences
the potion of ratiooality or cobsistency. In duing
W, WE w;;ul{l intaitively expect that practical diffi-
rnltics inceease propeationally with the fugzyness of
bl preference relations. Thas, we believe 10 be al
particular velevance to aldress the problem of pgiv-
ing au axiomatic hasis to defioe the congept of Buney

rationality.
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Fuzzy preference rolations were intradueed by
Zadeh 1] iu order wocapture intensily degrees of
preferences, For instance, bwo diffevent alternatives
may be considered cleady bettey bhan a thind alter-
native, Lut one preference muay nob be s ITI4RTTS A
the other o Civen an arbitrary finite set of alter.
natives X, a fnzey preferenee redation is defined as 2
mapping ¢ ¥ x X — [ 1] where gz 5] reprosents
the degree o which alternative z is consilered nal
wirse than alternalive g, Qhvioasly, this definition
ranbaing o assical crisp preference eelations, thatl is
relalivas wenilying ple wp e {0, 8]

An iminediale queslion atises: wlen the values
af  should be vousidersd cousistent, e when j
shonld Le considered w e ratioued ?

The idea of Leing rousistot or reftonal is re-
lated to s practicad problews that prelerence re-
Tativms miay vreate In the crisp contexl. [3e=itape o
aistent s Bl Uherr are nooeyeles of proeferences

(s for exauple [T]0 wlueh s egnivalent Lnoclassical



L teansitivity when dealing with erisp prefereice

are complete, Le. salisfying iyl = 1 oor
: v o= 1 for all vy € X, Heues, classical crisp
Qinicy weeler prcfereare relatione., Pl reba-
Rions ver ifving ellecrvity, antisiuuueiry abitd LriLns1v
¥, appearesd fipineipphe os Elie ersistelt criss peel-
ee relatiovs (an alternalive idea of ratiouality
underlies i the definilive of quasi Transitivily intre-
k duce tn 3], The assougtion of crisp arcler as a basis
] for cvisp ratiunality 5 Llerefore fraseel upom practi-

b al cotstderativns, ideulilying consistency with ra-

b LnnaliLy.

9  Problemn setting

§ A stauddard assmnption in e context of fuzey peref-
E ence relations s mearown trensitivly, A fnzey
b preforence relalion g is vaax- i teansibive ifple, 2} =
E mind i, b piy, o) foe all s € X (e 6y I
.this, way, iT = is better Lhan i with an Jntensity
8 iyt and g beller than o with an Llensity
[+l zh, then the degoes ta which = i considered (o
be Letter Lan = can uever e lower than bath wal-

wes gem,w il pele 21 The intaitive meaning ul this

AT gy VR

proaeerty isocheae il in Ft, it gereridizes olassead
L rpisp Lrausitivity, leesers Ll praperty ul bring
- as-min bransilivee is ensps 1 Ui sease Lt each
pelaliens wall widbier e veasonin troansitive ve it will
nal L isivt rinn teansitive. Pheve sona gradaton
ita the degres al membershin Lo the set al o min

transitive fuzzy preleresee relalivog.

Sucl a gradation i ratienabity appears in the

concept of fuzzy rationality as defined in Montera
|2, 3], initially introduced in order to formalize the
praldem of rafione! ageregation rules in group deci-
sion making for complete fuzey preference relations,
Le. relations verifying, pie a) +opelp, ) = 0 Bor all

£y € N, (aee [1] fur & chatacterization of suel re-

trosal aggrepntion rnles).

thre goal here s axivnatically chatarterize
furzy ratinualicy wvasures. amd we will abtan that
Mantero’s mesy ratiocality aul sther rationality mea-
sares will he particnlar cases. LIn general, five seem
to e the basic propeerties to e i posed to sny fuzey

radionalily measiare:

L. the nution of sing abzalutely ratinoal asd ab-

sobutely irratiowal mnst both be weltb defined.

2. & rationality ueasure wwust be lnvatiaont with
respect to any permidation on tles et of alie-

Ttakives,

3 Cppositr Tuzzy preference relations st hawe
the sanue dlegree of retiooalily, where the op-
posite ool a given fuzey preference pelation

pois abediped e —pfe, w] = iy, ), for all £y

4. [walreiduaals oot lose vationality wloen their
apinione are evalnated oo a smaller subset of

alternatives.

3%

Cungistent clnges in the values of the fnzzy
relations et produce copsitent changes in
their assovialed rationalily valves, This also
Lnplies that agy rationadiky neasure onst be

it s way coherent with the basic idea of



erisp ratinality previoasly defined, assigning
lnwer degrecs of rationality to preferences far-
thesr awiy fronn crisp ahselutely vational el

TR ces.

The abave tive conditions are formialized aud the
Importance of the last oge |4 frroperly woeerlined.
Srme specific Properties and examiples are alsa aga.

lyzed, by taking intn accont some COINAENLy given

in [4, 5]

Finally, it is pointed out thal g stromg tneogn-
vemsent will appeean du resl applications wlen $nzal |
shianges in intensity valies ray Jeal bo Lig changes
i rationalily evaluation messniyes, Therefore, wn
additional sixth condition relaged to this irei af w1
Liikity shondit be juaposed in Practice. All erisp fuzey
raticialiby measires {those assigning valures Oar 1 1o
every igey preference maasures] will meb e stadile
i this seose, showing how it dersion naking,
prroblems can T il a COiEp rakienality ewsare fus

been assine].
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