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Resumen

Los conceptos geométricos clasicos que usan las ecuaciones de Einstein
para describir el espacio, el tiempo y la gravedad no son compatibles con los
principios de la mecdnica cudntica. A distancias muy cortas, cercanas o por
debajo de la longitud de Planck [, ~ 10735m, se espera que la estructura del
espacio-tiempo se haga difusa, con un principio de incertidumbre asociado a
las propias coordenadas espacio temporales. Tal principio de incertidumbre
podria derivarse de relaciones de conmutacién no triviales [z#, z”] # 0 entre
operadores asociados a la posicién en el espacio-tiempo. Conmutadores de
este tipo aparecen de manera natural en teoria de cuerdas, que, por otra
parte, contiene y generaliza las ecuaciones de Einstein. Constituye por ello
un escenario idéneo para el estudio de la naturaleza no determinista del
espacio-tiempo.

En efecto, Chu y Ho [4] demostraron que la cuantizacién canénica de
la cuerda abierta en espacio-tiempo de Minkowski con 2-forma B y dilaton
constantes conduce a conmutadores no triviales entre los operadores de po-
sicién de los extremos de la cuerda. Este hecho sugiere la interprecion de
la D-brana sobre la que pueden moverse dichos extremos como un espacio
no conmutativo. Seiberg y Witten [5] dieron un paso mas y encontraron un
limite de baja energia bien definido en el cual la dindmica de los extremos
de la cuerda se desacopla de la de los modos internos y se describe como una
teoria de Yang-Mills no conmutativa sobre la D-brana. Es dificil trasladar
estos resultados a backgrounds méas generales para la cuerda. Los modelos
de Wess-Zumino-Witten (WZW) [6] constituyen los backgrounds no trivia-
les mejor conocidos, pero no se conoce una caracterizacion completa de las
D-branas en estos modelos. El objetivo de esta tesis es mejorar la compren-
sién del origen de no conmutatividad a partir de (i) el estudio de la cuerda
abierta en backgrounds no triviales y (ii) la caracterizacién de las D-branas
sobre las que pueden moverse sus extremos. El trabajo de esta tesis ha dado
lugar a las publicaciones [I], [II] y [III].

En la ref. [I] se cuantiza canénicamente la cuerda abierta en un back-
ground con métrica tipo onda pp con 2-forma y dilatén constantes. Para ello,
se resuelven las ecuaciones clasicas de movimiento y condiciones de contorno
en el gauge cono de luz. La soluciéon general hallada para la posiciéon de la
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X RESUMEN

cuerda, escrita como sumas de modos de oscilacién, se usa para calcular los
momentos canénicos conjugados. A continuacién, se calcula la forma sim-
pléctica, que resulta ser independiente del tiempo y no singular. Su inversa
determina las relaciones de conmutacion para los modos de oscilacién, pro-
movidos a operadores en el proceso de cuantizacién candnica. A partir de
las reglas de conmutacion que resultan para los modos, se calculan las de los
operadores posicién y momento de la cuerda. Se obtiene que los operadores
de posiciéon no conmutan, no sélo en los extremos de la cuerda sino también
en los puntos intermedios. De esta manera se muestra que la no conmutati-
vidad no se restringe a la D-brana sobre la que se mueven los extremos, sino
que se extiende a todo el espacio-tiempo. En el limite en que la métrica pp
considerada se reduce a la de Minkowski, se recuperan los resultados de la
literatura y la no conmutatividad se limita a los extremos.

Los modelos de WZW cerrados pueden describirse convenientemente en
términos de las corrientes quirales Ji. Para extender esta descripcion a los
modelos de WZW abiertos es necesario escribir las condiciones de contorno
para la cuerda abierta también en términos de Ji. Para ello se ha propues-
to la condicién J4 | on = F (g)J_] a3y conocida como condicion de pegado,
que relaciona las corrientes quirales a través de una aplicacion lineal F' que
actua sobre el algebra de Lie del modelo. Esta aplicacién F' puede en gene-
ral depender del punto g del espacio-tiempo donde se evaltia la condicidn,
escribiéndose por ello F(g). Para que una condicién de pegado defina una
D-brana N, debe ser equivalente a una condicién de contorno. La equivalen-
cia entre estos dos tipos de condiciones se estudia en detalle en la ref. [II].
El anélisis alli efectuado muestra que una condicién de contorno con una
2-forma w puede escribirse como una de pegado para algin F' si y sélo si
G ‘ N W oes invertible, donde G ] N €S la restricciéon de la métrica espacio-
temporal a la D-brana. Por el contrario, se demuestra que una condicién
de pegado con un F' dado es equivalente a una condicién de contorno si F'
es una isometria y el conjunto de movimientos posibles 9. X| ox, de los ex-
tremos de la cuerda, permitidos por las condiciones de pegado, genera una
distribucién integrable. La 2-forma w que aparece en la condicién de con-
torno resultante queda determinada por la isometria F', y debe ser tal que
su derivada exterior sea igual a la 3-forma H de WZW, dw = H ] N

Estos resultados se aplican a condiciones de pegado dadas por isome-
trias F' de la forma F' = R, con R un automorfismo constante del algebra
de Lie, y se obtienen como D-branas las llamadas clases de conjugacion
R-twined. Este resultado es bien conocido [7, ], si bien demostraciones
previas, al contrario de la nuestra, dejaban al margen D-branas con métri-
ca de signatura degenerada. En cambio, cuando la isometria es de la for-
ma F' = —R es resultado no es tan nitido. Se encuentra que si el algebra de
Lie del modelo es semisimple, la condiciéon de integrabilidad no se satisface
y por tanto las correspondientes condiciones de pegado no pueden describir
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D-branas.

En la publicacién [III], se usan estas técnicas para encontrar D-branas
a partir de condiciones de pegado en el modelo de Nappi-Witten [9], ar-
quetipo de modelo de WZW no semisimple. Se consideran isometrias F,
tanto constantes como no constantes, y se encuentran D-branas de todas las
dimensiones, algunas de signatura lorentziana, otras euclidea y otras dege-
neradas.



Abstract

The geometric ideas underlying the description of space and time given
by Einstein’s equations are known not to be compatible with the prin-
ciples of quantum mechanics. At distances of the order of the Planck
length [, ~ 10730m, the structure of spacetime is expected to become fuzzy
and some uncertainty principle associated to spacetime coordinates is be-
lieved to take place. A plausible realization of this idea is through nontrivial
commutation relations [z#, 2] # 0 for position operators. String theory
provides a natural scenario for commutators of this type to take place and
contains the Einstein equations in its low energy limit. It thus seems to
include all the necessary inputs to study the nature of space time fuzziness.

In fact, it has been shown by Chu and Ho [4] that the position operators
for the endpoints of an open string in Minkowski spacetime, with constant
2-form and dilaton fields, satisfy commutation relations of this type. This
fact suggests the interpretation of the D-brane on which the endpoints may
move as a noncommutative spacetime. Seiberg and Witten [5] went fur-
ther and found a precise prescription for a low energy limit in which the
string endpoints dynamics decouple from the bulk and is described by a
noncommutative Yang-Mills theory on the D-brane. Translating these re-
sults to more general string backgrounds is difficult. Wess-Zumino-Witten
(WZW) models [6] are the best known and more widely studied nontriv-
ial backgrounds for the string. Yet a characterization of D-branes in these
models is lacking. The goal of this thesis is to gain insight into the origin
of noncommutativity through (i) the study of the open string on nontrivial
backgrounds and (ii) the characterization of D-branes on which its endpoints
may move. It is based on results collected in refs. [I], [II] and [III].

In ref. [I], canonical quantization of the open string on the Penrose limit
of dS,x S™ with constant background 2-form and dilaton fields is performed.
This is done in several steps. The equations of motion for the classical string
coordinates subject to the boundary conditions specified by the background
2-form are first solved. The solutions are given as sums over oscillation
modes and are used to compute canonical momenta. The symplectic form
is next calculated and it turns out to be time independent and nonsingular,
hence ready for canonical quantization. Commutation relations for the os-
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cillation mode operators are read from the inverse of the symplectic form.
It remains to find the commutators of the string position and canonical mo-
mentum operators. Noticeably the string position operators at equal 7 do
not commute for all values of the string worldsheet parameter o, thus realiz-
ing noncommutativity in the bulk. If a smooth limit is taken to reduce the pp
background considered to Minkowski spacetime, the results in the literature
are recovered and noncommutativity gets confined to the endpoints.

Closed WZW models are best described in terms of the chiral cur-
rents Ji. Extending this description to open WZW models requires writing
the boundary conditions for the open string also in terms of the currents.
A condition to achieve this has been proposed under the name of gluing
condition. Tt takes the form Jy |, = F(g)J-|,y, and matches the chiral
currents at string endpoints through a linear map F' acting on the WZW
Lie algebra. This map F' may generally depend on the spacetime point g
where the condition is formulated and is so written F(g). For this gluing
condition to describe a D-brane N it must be equivalent to a boundary con-
dition. The equivalence of these two types of condition is studied in detail
in ref. [II]. The analysis shows that a boundary condition with a 2-form w
can be rewritten as a gluing condition for some F if and only if G| N wWis
invertible, where G| - 1s the restriction of the full spacetime metric to the
D-brane. Conversely, it is shown that, for a gluing condition with a given F
to be equivalent to a boundary condition, F' has to be an isometry and the
set of possible motions 9, X | oy, Of the string endpoints allowed by the gluing
condition must generate an integrable distribution. Such an F' determines
the 2-form w in the resulting boundary condition, which must additionally
have the WZW 3-form H as exterior differential, dw = H|,;.

This approach, when applied to gluing conditions with isometries of the
form F' = R with R a constant Lie algebra automorphism, gives as D-branes
the so called R-twined conjugacy classes, as already known [7, 8]. The
proof given here extends however to metrically degenerate D-branes. If the
isometry is of the form F = —R, the result is not so neat. In particular,
for a WZW model with semisimple Lie algebra the integrability condition is
not satisfied and thus the corresponding gluing condition does not describe
a D-brane.

In ref. [III], the techniques explained above are used to find D-branes in
the Nappi-Witten model [9], the archetype of non-semisimple WZW model.
Both constant and nonconstant isometries F' are considered, and Lorentzian
signature D-branes of all dimensions are found, as well as some euclidean
signature and metrically degenerate ones.






Capitulo 1

Introduccion

El caracter no determinista de la mecdnica cuantica hace esperable que
a distancias muy pequenas la estructura del espacio-tiempo se vuelva difusa.
Una idea recurrente en la literatura para justificar y describir este caracter
difuso del espacio-tiempo es un principio de incertidumbre asociado a una
no conmutatividad entre operadores posicién.

Esta idea puede elaborarse en términos més precisos. Supongamos que
se desea localizar un suceso con una cierta precisién Az. Esta medida re-
quiere introducir una cantidad de energia en una regién con tamano del
orden de Ax mediante un fotén o alguna otra particula. Por el principio de
incertidumbre de Heisenberg, la imprecisiéon en el momento de la particula
es inversamente proporcional a Ax y se corresponde con la energia minima
necesaria para la medida. De acuerdo con las ecuaciones de Einstein, esta
energia curva el espacio-tiempo alrededor de la regién, hasta el punto, si la
regién es muy pequena y la energia muy grande, de formar un horizonte
de sucesos que encierra la regién e impide la salida de sefiales de la misma,
con lo que la medida no es posible. La longitud de Planck [, ~ 10~35m
marca la escala de longitudes en la que los efectos gravitacionales se hacen
tan fuertes que impiden la medida, proporcionando asi una cota a la pre-
cision de las medidas de posicion. Una posible realizacion de esta idea es
considerar operadores posiciéon que no conmuten entre si y que, de acuerdo
con los principios de la mecanica cuantica, conduzcan a unos relaciones de
incertidumbre posicién-posicién en las que [, aparezca como cota inferior a
la incertidumbre espacio-temporal. Doplicher, Fredenhagen y Roberts [10]
dieron un primer paso en este sentido en 1995 y mostraron que relaciones
de conmutacion

[zH, x¥] = 16",

con 0" una matriz real antisimétrica constante adecuada con dimensiones
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de longitud al cuadrado, conducen a relaciones de incertidumbre del tipo

cAt (Aml A2+ Aa:3) > llg,
Az'Aa® + Ax’ Az’ + Ax Azt > 17

En cualquier caso, se realice mediante conmutadores no triviales para
operadores posiciéon o mediante cualquier otro mecanismo, la compatibili-
dad de la observacién a grandes distancias con la estabilidad del campo
gravitatorio generado por la energia necesaria para efectuar la observacion
es un requisito razonable a exigir a cualquier teoria cuantica de la gravedad.

Por su naturaleza, la teoria de cuerdas parece especialmente adecuada
para incorporar un analisis de no conmutatividad espacio-temporal y sus
implicaciones sobre la estructura del espacio-tiempo. Proporciona ademas
un escenario en el que las ecuaciones de Einstein se recuperan como limi-
te de bajas energias. En esta memoria se estudian algunos aspectos de no
conmutatividad dentro del A&mbito de teoria de cuerdas.

1.1. No conmutatividad espacio-temporal

Historicamente la primera realizaciéon de un espacio-tiempo no conmu-
tativo se debe a Snyder [I1] en 1947, si bien su motivacién no era entender
la naturaleza del espacio-tiempo a distancias muy pequefias, sino encontrar
un argumento que justificase la introducciéon de un “cutoff” ultravioleta.
De forma general, por espacio-tiempo no conmutativo se entiende el dlge-
bra generada por operadores hermiticos posicion x# que satisfacen reglas de
conmutacién no triviales

[xH) 2" = 0", (1.1)

donde 0" es antisimétrico en {u, v}, tiene dimensiones de longitud al cua-
drado y puede ser constante o una funcién de los operadores posicion.

De acuerdo con la mecanica cuantica, para ¥ constante, unas relaciones
de conmutacién del tipo dan lugar a un principio de incertidumbre
generalizado

AP Az’ >= = |9™] . (1.2)

1
2

El marco natural para el estudio de teorias con conmutadores arbitrarios
de sus operadores posiciéon y momento es la llamada cuantizaciéon por defor-
macién, o cuantizacién en el espacio de fases; ver [I12] para una descripcién
completa, incluyendo una seleccién de articulos y un listado de referencias.
En ella, los observables son funciones de las variables canénicas posicién y
momento, con un algebra de funciones asociativa pero no conmutativa que
se suele llamar deformada.
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En la geometria convencional la dualidad de Gelfand asegura que se pue-
de caracterizar e incluso identificar un espacio topolégico Hausdorff local-
mente compacto M mediante el algebra C* de funciones continuas definidas
sobre M. La geometria no conmutativa [I3] generaliza esta dualidad para
describir espacios no conmutativos mediante algebras deformadas de funcio-
nes con productos no conmutativos. Una de estos productos es el producto
estrella de Moyal-Groenewold [I4], que Kontsevich generaliz6 a variedades
de Poisson generales [I5]. Para funciones f(z) y g(z) de las coordenadas y
matriz de no conmutatividad 8*” constante, el producto estrella se puede

escribir
igur O

f(@)x o) = 355 fa+ O)ge + Ol ey (1.3)
La correspondencia de Weyl-Wigner [16}, [I7] entre funciones en el espacio de
fases y operadores sobre el espacio de Hilbert asociado al sistema cuantico en
cuestion, asegura la equivalencia entre la descripcién cuantica en el espacio
de fases y la descripcion de Schrédinger. El corchete de Moyal-Groenewold,
definido a partir del producto * como

[fvg]*:f*g_g*fa (14)

es el equivalente al conmutador de operadores en el espacio de Hilbert. En
particular, para las funciones z* y x” se tiene [z#, z"], = i6"".

En la formulacién de teorias cudnticas de campos no conmutativas, es de-
cir, en espacios-tiempo no conmutativos, el producto x sustituye al producto
ordinario. Las teorias de Yang-Mills no conmutativas son particularmente
interesantes. En ellas se mezclan las simetrias gauge internas con las sime-
trias espacio-temporales y puede pensarse en utilizarlas como teorias gauge
de gravedad [18] 19]

1.2. No conmutatividad en teoria de cuerdas y
D-branas

En 1998 Chu y Ho [4] demostraron que en la cuantizacién de ciertos
modelos sigma no lineales para cuerdas abiertas y D-branas aparecen de
forma natural relaciones de conmutacién del tipo . Ello abre paso a
la realizacién de teorias de campos no conmutativas dentro del ambito de
teoria de cuerdas. Poco después, Seiberg y Witten formularon teorias no
conmutativas tomando el limite de bajas energias de la cuerda abierta [5].
En esta seccién repasamos brevemente estos resultados, lo que nos sirve
también para introducir la notacién que usaremos en esta memoria.

Una D-brana clasica puede definirse como una subvariedad del espacio-
tiempo sobre la que los extremos de una cuerda abierta pueden moverse
libremente. Si la dimensién de la D-brana es p + 1, es frecuente llamarla
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Dp-brana. Sobre la D-brana actia un potencial A de tipo electromagnético,
bajo el cual los extremos de la cuerda estan cargados.

Recordemos que la accién de Polyakov para la cuerda abierta boséni-
ca en un espacio-tiempo M con coordenadas locales {X#}, métrica G,
2-forma B, y dilatén @, cuyos extremos se mueven sobre una Dp-brana N
estd dada por

1
§—_ / drdo (V47" Gl 0, X" 0.X¥ + €' B, 0, X" 0,X"
4ol Jx (1.5)
: | .
+0/\/—7R<I>) — f dr A; 0t .
2ra! Joxn

En su movimiento la cuerda describe una superficie 3 de dimensién dos lla-
mada hoja del universo. Si se eligen en ¥ coordenadas locales 0" = (7,0),
el embedding de ¥ en M estd dado por los campos clasicos X*(7,0). La
invariancia bajo reparametrizaciones nos permite tomar o € [0, 7], corres-
pondiendo 0 y 7 a los extremos de la cuerda. En estas coordenadas, 7,
denota la métrica sobre 3, v su determinante y R su escalar de Ricci. La
métrica v,s es en realidad un campo gauge de la accién, que eligiendo para-
metros 7 y o adecuados, y empleando la simetria conforme, puede tomarse
igual a la métrica de Minkowski. El dltimo término de la ec. describe
la interaccién de los extremos de la cuerda con la Dp-brana N y est4 escrito
en términos de las coordenadas {z*} sobre N/ E Si escribimos el embedding
de N en M como funciones X* = f# (2% ... 2P), el extremo o = 0 de
la cuerda, restringido a moverse sobre la D-brana, seguird una trayectoria
espacio-temporal

XH(r,0) = f* (%), ...,a"()) ,

y andlogamente para X*(7, 7). De forma compacta podemos escribir

(x*(r,0) = " (a(r)))| =0, (1.6)
ox

donde se ha abusado ligeramente de la notaciéon al denotar el movimiento

de los dos extremos de la cuerda por z(7) = {z*(7)}, cuando en realidad son

funciones distintas para cada extremo.

Las condiciones de contorno para la cuerda son condiciones mixtas de
tipo Dirichlet y Neumann. En efecto, por un lado la ec. , que limita el
movimiento de los extremos a la D-brana, se interpreta como condiciones de
contorno de tipo Dirichlet para las coordenadas ortogonales a la D-brana.
Por otro, de la accién surgen las condiciones

(01" Cru0s X" = wijora ) \82 ~0, (1.7)

!Nétese que los campos clasicos que dan la posicién de la cuerda se denotan con ma-
yusculas, mientras que se reservan las minisculas para las coordenadas sobre la D-brana
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que son de de tipo Neumann y relacionan los valores de 0, X en los extremos
de la cuerda con O,z. En la ec. aparece la 2-forma w;; = B;; — Fjj,
donde F;; = 0;A; — 0; A; es el campo asociado al potencial A y, abusando de
la notacién, B;; denota la restriccién o pullback de B, sobre la D-brana.

Recordemos que los campos G, B y ® que conforman el background
de la cuerda surgen de los estados sin masa del espectro al cuantizar la
cuerda cerrada bosénica en espacio-tiempo de Minkowski. Son desde el
primer momento objetos dindmicos. La cancelaciéon de la anomalia de Weyl
requiere que las funciones beta se anulen. Para bajas energias, primer orden
en o, las funciones beta asociadas a los campos son

/

a
IBEV = O/R/“/ + QO/VMVV‘I) — ZHM)\HHVAR7 (18)
O/

5]} = _EV/\H)\/W + O/V)\‘I) H)\;w ) (1'9)

o o o / o A
B =~V +a'V, @ VI — L Hn H, (1.10)

y las ecuaciones

BS, =B =B =0 (1.11)

gobiernan la dindmica del background de la cuerda. Estas ecuaciones inclu-
yen o generalizan las ecuaciones de Einstein y se pueden deducir mediante
un principio variacional para la accién efectiva

1

S_TIQO

/ dPr V-G e ?*?® (RG — %HWHW +40,® aﬂq>> . (112
Aqui H = dB es la 3-forma derivada de B y R¢ el tensor de Ricci asociado
a la métrica G.

Anilogamente, la cuantizacién de la cuerda abierta en espacio-tiempo
plano con condiciones de contorno mixtas Dirichlet y Neumann, lleva a la
aparicién de la D-brana como objeto dindmico sobre el que actiia un poten-
cial A que surge de los estados sin masa del espectro. Ahora la conservacion
de la simetria conforme en la teoria cudntica lleva a la acciéon de Dirac-Born-

Infeld

Sppr = —Tp/dp—HﬂU e_@\/_ det(vij + wij) (1.13)

como accion efectiva para la D-brana [20]. En esta accién vemos de nuevo la
combinacién w;; = B;; — Fj;. La accién es invariante bajo transforma-
ciones gauge B — B+ dA, A — A+ A, donde A es una 1-forma arbitraria.
Esta simetria gauge combina el campo A definido sobre la D-brana con el
campo B definido en todo el espacio-tiempo. La 2-forma w es precisamente
el field strength correspondiente a esta invariancia gauge.

Mostremos ahora el ejemplo mas sencillo en el que aparece no conmu-
tatividad en los extremos de la cuerda abierta. Consideremos una cuerda
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abierta y una Dp-brana en espacio-tiempo de Minkowski de dimensiéon D
con coordenadas {X*} = {X9 ..., XP~1}. Supongamos que el campo w;;
es constante sobre la Dp-brana y que ésta es un hiperplano definido por el
embedding

X'=a" i=0,--,p
X% =" a:p+17...’D_1’

donde ¢® son constantes y z* son las coordenadas de la D-brana. Con esta
configuracién las condiciones de contorno [1.7] se reducen a

=0.

o=0,7

(05X — w0, X7)

Utilizando que los momentos canénicos conjugados son

. 1 . . .
Pl g (09X = 0, X7)
e introduciendo la matriz M;; = n;; — wikwkj, con 7;; la métrica de Min-
kowski, las condiciones de contorno pueden escribirse

=0.

o=0,m

(2ma/w’ PT — M50, X7)

Conmutando con X*(7,0") se llega a la expresién

<27ra’wij [Pj(T’ U),Xk(T,O'/):| — M8, [Xj(T,O'),Xk(T, 0")] ) =0.

o=0,7

Esta ecuacién es claramente incompatible con las dos primeras de las rela-
ciones de conmutacion canénicas

[XY(1,0),Pj(1,0)] :i(;ij 5(oc —0'), (1.14)
[Xi(T’O-)vXj(Ta U,” =0, (1.15)
[ Pi(1,0), Pj(r,0')] = 0. (1.16)

Tomando esta observaciéon como punto de partida, Chu y Ho [4] cuan-
tizaron candénicamente la cuerda abierta en este background (G, = 1,
wj; = cte., & = cte.). Demostraron que,

i) si bien ([1.14) y (1.16|) siguen siendo vélidas,

ii) el conmutador ([1.15]) s6lo es cierto en los puntos intermedios de la
cuerda, mientras que en sus extremos se tiene

[X(7,0), X7 (7,0)] = 2mia/ (M~ 'w)" (1.17)
(X (7, ), X7 (1, 7)] = —2mic/ (M~ 'w)V. (1.18)
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Desde el punto de vista de los extremos, la D-brana sobre la que se mueven
es un espacio-tiempo no conmutativo.

Posteriormente, Chu y Ho [21I] aplicaron los mismos métodos a una
espacio-tiempo de tipo onda pp con 2-forma B constante, correspondien-
te al limite de Penrose de AdSs x S°. Aparte de estos y algunos otros casos
concretos [22] y resultados aproximados [23][24], para espacios-tiempo curvos
generales no se conocen los detalles de las D-branas y su no conmutativi-
dad. Mencién especial merece una clase de espacios-tiempo, conocidos como
modelos de Wess-Zumino-Witten (WZW) [6], sobre los que volveremos en la
siguiente seccién, para los que si se han podido obtener algunos resultados
generales gracias a sus propiedades algebraicas [25].

El siguiente hito en el estudio de no conmutatividad en el &mbito de
teorfa de cuerdas son los resultados de Seiberg y Witten [5]. Estos autores
formularon explicitamente una teoria de campos no conmutativa tomando el
limite de baja energia G;; ~ o 2~e—0enel que se desacoplan los modos
internos de la cuerda de los modos de sus extremos. El limite mantiene los
conmutadores y pero elimina el primer término de la accién
, con lo que ésta se reduce a la suma de una accién topologica para los
modos internos de la cuerda y de la accién

1 ,
S — 7{ dr Aid (1.19)
ox

2ma/

para los grados de libertad de los extremos, donde A; = wj;z7. Aunque cl4si-
camente la accién es invariante bajo transformaciones gauge d A; = 0; A,
Seiberg y Witten mostraron que en la teoria cuantica la invariancia es en
realidad bajo transformaciones “no conmutativas”

0A; = O A +iAxA; —iA; x X,

con * el producto de Moyal-Groenewold. De esta forma se obtiene una teoria
de Yang-Mills no conmutativa sobre la D-brana.

En todos estos resultados la no conmutatividad se limita a los extremos
de la cuerda y esta ligada al campo w = B — F sobre la D-brana. Sin
embargo, la contribucién a w del campo B, definido en principio en todo el
espacio-tiempo, nos hace plantearnos en esta tesis si la restricciéon de la no
conmutatividad a los extremos de la cuerda es una propiedad universal, o si
es una caracteristica de los modelos estudiados.

1.3. Modelos de Wess-Zumino-Witten

Un modelo de WZW es un modelo sigma no lineal definido sobre un gru-
po de Lie G con algebra de Lie g para la que exista una métrica invariante 2,

QU,[V,W]) =Q(U,V],W) YUV, Weg.
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A partir de la métrica €} puede definirse una métrica bi-invariante sobre la
variedad G cuyas componentes en el punto g(X) en un sistema de coorde-
nadas local {X*} estan dadas por

v = (97 0u9,97'009) - (1.20)

Anéalogamente se define una 3-forma H como
Hun = (970,997 '009] 197" 00g) - (1.21)

El modelo de WZW cerrado tiene accién clasica

S = k/ d% Q (g_l&ng,g_larg) + Ll H, (1.22)
47 Jx A S,
donde M3 es una subvariedad de G de dimensién tres con frontera OMj3
igual a la inmersion en G de la 2-variedad Y. Para cualquier 2-forma B tal
que H = dB localmente, la accién reproduce la accién de Polyakov
para la cuerda cerrada sin dilatérﬂ A pesar de que B no existe globalmente,
es bien conocido que la accién es consistente con una integral de
camino bien definida [6].
Para cuerdas abiertas en backgrounds (G, By, ® = 0) con B tal que
H = dB localmente, también es posible escribir la accién de Polyakov
como un modelo de WZW, que ahora recibe el nombre de abierto. En este
caso, el ultimo término de se sustituye por

% (/Zg*BJr/82 g*A) , (1.23)

donde ¢g*B es el pullback de B 'y g*A el de A. Al igual que ocurria con el
caso cerrado, el término es consistente con una integral de camino
para el modelo sigma correspondiente [26].
Tanto en el caso abierto como en el cerrado, las ecuaciones de movimiento
son
0yJ_=0_Jy =0, (1.24)

donde 04 indica derivada parcial con respecto a o+

corrientes quirales, definidas por

=740y Ji son las

Jo=glog J=-0,9g9"

Las ecuaciones de movimiento ({1.24)) son triviales de resolver, médulo con-
diciones de contorno, sobre las que enseguida volveremos. Esto hace que los
modelos de WZW sean mas tratables que otros modelos sigma y les confiere
un estatus especial dentro de la teoria de cuerdas. De hecho muchos de los

? Dada por la ec. (1.5) tras tomar @ =0y 9% = 0
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backgrounds mejor estudiados en teoria de cuerdas son productos directos
de modelos de WZW, tal es el caso de AdSs x S x T* [27, 28], de los espacios
de la familia AdS,, x S™ [29,30], o del modelo de Nappi-Witten [9].

Para el estudio de la cuerda cerrada, las condiciones de contorno son
periddicas y no presentan mayor dificultad. El caso de la cuerda abierta es
mas complicado. Dada la forma tan sencilla de las ecuaciones de movimiento
, es natural intentar expresar las condiciones de contorno del modelo
sigma en términos de las corrientes Jy y J_ del modelo de WZW. A las
condiciones de este tipo que resultan para las corrientes se les llama condi-
ciones de pagado. Se inicia asi un programa encaminado a la caracterizacion
y clasificacién de D-branas en modelos de WZW.

La condicién de pegado més simple que cabe considerar es

: (1.25)

Puede demostrarse que las soluciones en g a esta ecuacién son las clases de
conjugacion del grupo y que todas ellas reproducen condiciones de contorno
admisibles para la cuerda abierta [7,31]. Es decir C(go) = {ev goe V: Ve g}
es una D-brana para todo gg € G. El ansatz puede complicarse y con-
siderarse en su lugar

(J. — RJ.) \82 ~0, (1.26)

donde R es un automorfismo del dlgebra de Lie g. Este caso también des-
cribe condiciones de contorno aceptables para la cuerda abierta. Ahora las
soluciones son de la forma C*(gy) = {eRVgo eV Ve g}, llamada clase de
conjugacién R-twined [8] 32 33].

En esta tesis se plantea la caracterizacion de D-branas en el modelo de
WZW més alla de las condiciones de pegado y .

1.4. Problemas a tratar

En esta memoria se pretende profundizar en los origenes de la no con-
mutatividad entre coordenadas espacio-temporales a partir del estudio de
la cuerda abierta y de las D-branas en las que se mueven sus extremos. Se
estudian los siguientes dos problemas:

(i) La formulacién de modelos sigma no lineales para la cuerda abierta en
los que la no conmutatividad no se restrinja a la D-brana sobre la que se
mueven los extremos. En concreto, consideraremos un espacio-tiempo
con métrica de tipo onda pp y 2-forma B constante, que resuelve las
ecuaciones y se corresponde con el limite de Penrose de una
geometria dS, x S™.
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(ii) La clasificacién y caracterizacién geométrica de D-branas en modelos
de WZW mediante condiciones de pegado

I =F(g)J| (1.27)

oy oy’

donde F'(g) es ahora un operador lineal sobre el dlgebra de Lie del
modelo, generalizando asi la condicién ((1.26)) que se limita a automor-
fismos constantes R.



Capitulo 2

Resultados y discusion

Los resultados que se presentan en esta memoria proporcionan soluciones
a los dos problemas planteados en el apartado La no conmutatividad
de los operadores posicién de la cuerda sugerida en el primero de ellos se
estudia en la seccion 2.1 y sus resultados se recogen en la publicacion [I].
El segundo, la caracterizacién de D-branas en modelos de WZW mediante
condiciones de pegado, se aborda en las secciones 2.2 y 2.3, de corte mas
matematico, y se encuentra desarrollado con detalle en las refs. [II] y [III].

2.1. Cuerdas no conmutativas en un espacio-tiempo
de tipo pp

Nuestro punto de partida es un background formado por (i) una métrica
G, dada por

2 D-2

— @] (d2)’ 3 (dah) + Y (da?)?,

i=1 a=3

ds®* = —daxtdaz™ + m? [(m1)2

con m un pardmetro de masa, (ii) una 2-forma B,
B;j = e B, By =0,

constante y (iii) un dilatén ® = ®( también constante. Estos campos sa-
tisfacen trivialmente las ecuaciones , por lo que constituyen un back-
ground para la cuerda bosoénica a bajas energias. El background considerado
puede obtenerse como limite de Penrose de una geometria dS,, x S™, de la
que hereda la imposibilidad de definir globalmente un hamiltoniano defini-
do positivo. Este hecho lo distingue de otros backgrounds estudiados en la
literatura [4], 21 22], que presentan no conmutatividad espacio-temporal en
los extremos de la cuerda. El objetivo es cuantizar la cuerda abierta en este
background y estudiar si la no conmutatividad entre los operadores posi-
cién X#(7, o) se limita a los extremos de la cuerda o se extiende también a

11
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otros valores de o. Para ello trabajaremos en el gauge cono de luz
Xt = k1, (2.1)

y cuantizaremos candénicamente las soluciones clasicas a las ecuaciones de
movimiento.

En el gauge las ecuaciones de movimiento que se siguen de la accién
de Polyakov para las coordenadas de la cuerda son

OX' +m?k?X! =0, (2.2)
0X? —m?k*’X%2 =0, (2.3)
0X*=0, (2.4)
donde O = —92 + 92 es el D’Alambertiano en dos dimensiones. A su vez, las

condiciones de contorno toman la forma

0y X' — B, X? =0, (2.5)
o=0,m
0, X? 4+ Bo. X" =0, (2.6)
o=0,m
0, X =0. (2.7)
o=0,7

A partir de aqui procedemos de la siguiente manera:

1. Resolvemos las ecuaciones de movimiento clasicas — con las
condiciones de contorno —. Para las coordenadas X la solucién es
la misma que para la cuerda en un background trivial plano y no requiere
mayor atencién. Por contra la forma de las condiciones de contorno para X!
y X2 implica una dependencia no trivial de los correspondientes modos de
oscilacion con sus frecuencias, dada por las ecs. (2.16)-(2.19), (2.22)-(2.23)
y (2.27)-(2.28) de la ref. [I]. Usando los resultados obtenidos para la posi-
cién X% y X' como suma de modos de Fourier, calculamos el desarrollo en
modos de los momentos candnicos conjugados correspondientes

1

Pi= 5 (0:X' = Bejjo, X7) (2.8)
1
Pa = % 87Xa . (29)

2. Sustituimos las expresiones resultantes para los operadores posicién
y momento en la definicién de la forma simpléctica

Q= / do (dP; ANdX" +dPy AdX®)
0

y calculamos ésta explicitamente. La solucién se presenta en la ec. (3.7) de
la publicacion [I].
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3. Al cuantizar canénicamente, las amplitudes de los modos de oscilacién
se convierten en operadores, cuyas reglas de conmutacion vienen dadas por
las componentes de la inversa de €. Las ecs. (3.15)-(3.18) de la ref. [I] retinen
los conmutadores no triviales. Finalmente se calcula los conmutadores entre
los operadores X' a partir de los de sus modos.

4. Para poder comparar nuestros resultados con la literatura tomamos
la aproximacién mk < 1y desarrollamos en serie de potencias de mk.

Esta forma de proceder lleva al resultado para [X1, X 2] presentado en la
secci6n 4 de la ref. [I], que también puede escribirse como

(X' (r,0), X2(r,0)] = i [@0(0,0") + (mK)? Oa(0,0") + O(m'x")] .

La funcién O (o, 0’) es distinta de cero sélo en los extremos o = ¢’ = 0,7 de
la cuerda y reproduce los resultados de Chu y Ho [4] para espacio-tiempo de
Minkowski. Para valores arbitrarios de o y ¢’ la funcién ©(c, 0’) es distinta
de cero, lo que demuestra que no conmutatividad espacio-temporal no esta
limitada a la D-brana, tal y como se pretendia argumentar. En este sentido,
cabe hablar de cuerdas no conmutativas.

Andlogamente pueden calcularse las reglas de conmutacién entre los ope-
radores posicién y momento, obteniéndose al orden en mk que estamos tra-
bajando las candnicas

(XU(1,0), P(,0")] =i 6% 8(0 — ') + O(mrk?).

En lo que se refiere al uso de cuantizacion canénica [34] en un background
no minkowskiano con condiciones de contorno no triviales, como es nuestro
caso, debemos resaltar dos aspectos. Primero, que la forma simpléctica €2 ha
resultado ser independiente de 7, a pesar de la complicada dependencia de
los modos de oscilaciéon de sus frecuencias. Y segundo, que ) es invertible,
lo que indica un correcto tratamiento de los grados de libertad de la cuerda.

2.2. Construcciéon geométrica de D-branas en mo-
delos WZW

En la ref. [II] se analiza la equivalencia entre (i) las condiciones de con-
torno (|1.7) que se obtienen de la la acciéon de WZW para la cuerda abierta
y que reproducimos aqui por comodidad

(04" G 05 X7 = wijora ) \82 =0, (2.10)

y (ii) las condiciones de pegado

T = F(g)J-| (2.11)

ot=0—
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que puedan escribirse en términos de las corrientes quirales J_ = g~ 'd_g
y Jp = —0,9g " Dado que J4 toman valores en el dlgebra de Lie g del
modelo, F'(g) es en cada punto g del grupo G un operador lineal que actia
sobre g. Aqui consideramos el caso general en que F'(¢) no es constante sobre

G.

Concretamente nos planteamos:

(a) Encontrar los requisitos que debe satisfacer F'(g) para que las condi-
ciones de pegado sean equivalentes a las de contorno que definen una
D-brana.

(b) Resolver el problema inverso, o lo que es lo mismo, encontrar las con-
diciones de contorno de una D-brana que pueden escribirse como con-
diciones de pegado.

Para contestar estas cuestiones, es conveniente plantearlas en términos
de coordenadas locales { X*} sobre la variedad G. Para ello se define

F(X)=-e"'F(g)e, (2.12)

donde eAu y éAM son respectivamente los vielbeins invariantes por la iz-
quierda y por la derecha que relacionan las coordenadas locales con los
generadores {T4} del algebra de Lie g,

g ldg =Ty eAH dxX* dgg™! :TAéA“dX“.
Con ello las condiciones de pegado (2.11]) toman la forma
(F=1)0:- X |0 = (F4+1) X - (2.13)

A su vez, las condiciones de contorno (2.10)) para una D-brana A pueden
escribirse mas sucintamente como

G(z, a’X’az) = w(z, 87X|82) para todo z € TyN, (2.14)

donde recordemos que G es la métrica sobre el espacio-tiempo G, w es la
2-forma B — dF, y T,N es el espacio-tangente a la D-brana en un punto g
de la misma.

2.2.1. El problema directo

Para responder al problema (a) damos los siguientes pasos:

1. El movimiento de un extremo de la cuerda que se encuentra en un pun-
to g de la D-brana viene descrito por un vector t#(g) := 0, X*| oy, tangente a
la D-brana. Para que este movimiento sea compatible con las condiciones de
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pegado debe existir un vector u = 9, X ] os tal que se satisfaga (D Lla-
memos I, al conjunto de todos los posibles movimientos para los extremos
de la cuerda en un punto g, es decir

II, = {t € Ty(G): [Flg) — 1]t = [F(g) + 1]u para algin ueTy(G) }

En la seccién 3 de la ref. [II] se demuestra que II, es la imagen del opera-
dor F +1,
Iy =Im (F+1). (2.15)

2. Para que una condicién de pegado sea equivalente a una condicién de
contorno, la D-brana A debe incluir todos los posibles movimientos I, de
los extremos de la cuerda. En términos matematicos esto significa que debe
existir un subvariedad M de G que contenga a N tal que

M = {(g,11y) : g€ M} (2.16)

sea una distribucién integrable. Para que IT™ sea distribucién el rango de
II, debe ser constante para todo g en M. A su vez, la integrabilidad de oM
requiere, segtn el teorema de Frobenius, que la distribucion sea involutiva,
o lo que es lo mismo

(I, II,] C 11, . (2.17)

En la subseccién 3.2 de la ref. [II], se demuestra que en términos de F(g) la
condicién (2.17) implica que para todo U, V en g existe W en g tal que
[F(9)Ug—gU, F(g)Vg—gV]=F(g)Wg—gW. (2.18)

3. Supongamos que la condicién de involutividad se satisface.
Entonces se tiene una subvariedad N sobre la que se mueven los extremos
de la cuerda, con TyN = Im(F + 1). Esto no significa que N sea una
D-brana. Para ello, es ademas necesario que las condiciones de pegado
puedan escribirse como condiciones de contorno para un cierto w. En
la subseccion 3.3 de la ref. [II] se demuestra que éste es el caso si y sélo si

G(Fu,Fv) = G(u,v) paratodo wu,veT,G, (2.19)

y que entonces la 2-forma w estd definida por su acciéon sobre campos vec-
toriales t4 = FTag — gT4 = t#40, de la siguiente forma

w(ta,tp) :Q(Adg—lFTA*TA, Adg—lFTB+TB) . (2.20)
Nétese que la condicién (2.19)) establece que F(g) es una isometria de la

métrica 2 sobre g.

4. No toda isometria F'(g) para la que se satisface involutividad es acep-
table como condicién de pegado. Debemos restringirnos a aquellas que de-
terminan a través de la ecuacién (2.20)) 2-formas w tales que

dw=H|,, (2.21)
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donde H es la 3-forma del modelo de WZW dada en ec. (1.21)).

A modo de resumen, para que una condiciéon de pegado describa una
D-brana es necesario que el operador F'(g) que “pega” las corrientes quirales
en la frontera satisfaga las condiciones (2.18)), (2.19) y (2.21]).

En el caso particular de isometrias F' = R, con R un automorfismo de g
constante, no es dificil demostrar —ver subseccién 5.1 de la ref. [II]— que
las condiciones de pegado definen D-branas dadas por las llamadas clases
de conjugacién R-twined C(R,go) = {e®goe™: V € g}. Nuestra demos-
tracién no impone ninguna restriccién sobre la signatura de la métrica en
la D-brana, generalizando asi resultados previos [7, [8, 32]. Por contra, en la
subseccion 5.2 de la ref. [II] se demuestra, si bien en este caso es més com-
plicado, que para algebras g semisimples e isometrias de la forma F' = —R
las condiciones de pegado no dan lugar a ninguna D-brana, lo que resuelve
ciertas disputas al respecto en la literatura [32].

2.2.2. El problema inverso

En el problema inverso planteado en (b) la condicién de contorno se
supone conocida y quiere escribirse como una condicién de pegado. Esto
significa determinar F'(g) a partir de la 2-forma w. Para ello procedemos de
la siguiente manera:

1. Definimos una aplicacién K : T,N — T,G/(T,N*) cuya accién so-
bre w en TyN estd dada por

G(z,Kw) = % [G(z,w) —w(z,w)] paratodo z€ TN . (2.22)

En la seccién 4 de la ref. [II] se demuestra que la aplicacién K es biyectiva
si y solo si
det (G| —w) #0. (2.23)

2. En lo que sigue suponemos que se da la condicion (2.23)). Entonces la
aplicacién inversa K~1: T,G/(T,N*) — T,N existe y es posible definir en
términos de ella (F + 1): T,G — T,N como (F + 1)v = K~} (v + T,N*)
con v en TyG. Es facil ahora comprobar que T,N =Im (F 4+ 1) y que

W((F+Du, (F+1)v)=G((F+1u, (F-1)v) (2.24)

para todo u,v en T,G

3. Como 9, X | ;. pertenece a T, N, existe un v en TyG tal que 0, X |, =
(F+1)v. Combinando esta observacion con la ec. ([2.24)), en la seccién 4 de la
publicacién [II] se demuestra que las ecuaciones de contorno siempre
pueden escribirse como condiciones de pegado.

Asi pues, una condicién de contorno puede escribirse como una de pegado
si y solo si se satisface la ecuacién (2.23)). Esta condicién siempre se cumple
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si la métrica sobre la D-brana tiene signatura euclidea, pero puede dejar
fuera del andlisis mediante condiciones de pegado D-branas de signatura
lorentziana o degenerada.

2.3. D-branas con signatura Lorentziana en el mo-
delo de Nappi-Witten

En la publicacién [III], que resumimos a continuacién, se aplican los
resultados de la secciéon anterior al modelo de Nappi-Witten [9].

Se trata de un modelo de WZW que describe un background exacto
para la cuerda en cuatro dimensiones. El 4dlgebra del modelo, conocida como
de Nappi-Witten, es no semisimple, tiene dimensién cuatro y generadores
{P1, Py, J, T} que satisfacen las relaciones de conmutacién

[J, Par] = enan P, [Py, Pn]) = eunT, [T, Py] = [T,J] =0,

con M, N = 1,2. Al no ser semisimple, la forma de Killing del dlgebra es
degenerada. No obstante, el dlgebra admite una métrica invariante

: (2.25)

o O O
S O = O
= o OO
o= O O

donde k y b son pardmetros reales arbitrarios. Para estas reglas de conmu-
taciéon y esta € es facil encontrar de forma explicita los automorfismos R del
algebra y las isometrias F' de €2, ver seccién 3 de la ref. [III]. Conviene des-
tacar que no toda isometria es un automorfismo, ni todo automorfismo una
isometria. Llamaremos R a los automorfismos inner y R_ a los outer. Par-
ticularmente interesantes para nosotros son los automorfismos que ademas
son isometrias, y que denotaremos Rﬁ.

El 4lgebra de Nappi-Witten define mediante exponenciacion el espacio-
tiempo del modelo sigma como un grupo de Lie, cuyos elementos pueden
parametrizarse mediante coordenadas {1, x2,u, v},

g(xpr, u,v) = P gud T

En estas coordenadas la métrica G y la 3-forma H del modelo se escriben

ds® = dz? + das + (v dry — x1 dos) du + 2 dudv (2.26)
H =dx1 Ndxo N du. (2.27)
Sentados estos preliminares, pasamos a buscar D-branas en el modelo

de Nappi-Witten descritas por condiciones de pegado J4 = F(g)J_. Consi-
deramos el caso general de isometrias F'(g) no constantes. Recordemos que,
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segun los resultados de la seccién 2.2, para que F'(g) operador lineal que
actia sobre el dlgebra de Lie del modelo defina una D-brana se tienen que
dar las siguientes tres condiciones: (i) que F'(g) sea isometria de Q, (ii) que
genere una distribucién integrable de campos vectoriales

to(z) = FT,9 — g1, = t",(x) O, (2.28)

y (iii) que se satisfaga dw = H. Puesto que se han calculado de forma
explicita las isometrias, basta comprobar para cudles de ellas se satisfacen
las condiciones (ii) y (iii).

Para isometrias constantes de la forma F = RS las D-branas son las
clases de conjugacién R$-twined [35], 36]. Sin embargo, si F = —R%, los
campos vectoriales no definen una distribucién por no tener rango
constante, lo que implica, al contrario de lo propuesto en [35], que en este
caso no existen D-branas.

Si la isometrias es no constante de la forma F(g) = — R (g), encontramos
D3-branas y D1-branas con métricas lorentzianas. Cuando F(g) = —R%(g)
encontramos D2-branas con métrica degenerada y DO-branas con métrica
euclidea. Ver ref. [ITI], secciones 4 y 6, para la forma explicita de las D-branas
obtenidas y los calculos que conducen a ellas.

También existen D-branas para isometrias que no sean de la forma +R(g),
con R automorfismo. En la seccién 5 de la ref. [III] se presentan algunas
D2-branas y DO-branas de este tipo con métrica lorentziana.
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Conclusiones

En esta memoria se han estudiado algunos aspectos de D-branas y no
conmutatividad en el d&mbito de teoria de cuerdas. Las principales conclu-
siones obtenidas son las siguientes.

(i)

(ii)

(iii)

(iv)

Hemos probado que la cuantizacién de la cuerda abierta en un back-
ground no trivial con 2-forma B no nula da lugar a relaciones de con-
mutacion no triviales entre los operadores de posicion de la cuerda. La
realizacién de no conmutatividad en los extremos de la cuerda para
algunos backgrounds sencillos era bien conocida. Aqui hemos encon-
trado un background de tipo onda pp, descrito en la secciéon en el
que no conmutatividad espacio-temporal se extiende a toda la cuerda.

Es sabido que en los modelos de WZW resulta muy conveniente escribir
las condiciones de contorno para los extremos de la cuerda que se
mueven sobre una D-brana como condiciones de pegado. Estas tltimas
relacionan o “pegan” las corrientes quirales del modelo mediante un
operador lineal F' que acttia sobre su algebra de Lie. Hemos demostrado
que toda D-brana con métrica de signatura euclidea descrita por una
condiciéon de contorno admite una condiciéon de pegado equivalente. Si
la D-brana tiene signatura lorentziana o es degenerada, la condicién
necesaria y suficiente para que tal condicién de pegado equivalente
exista se da en la seccién

En la seccién hemos determinado un procedimiento que permite
decidir si una condicién de pegado para las corrientes de un modelo de
WZW describe una D-brana. Este procedimiento valida con generali-
dad el caso particular considerado en la literatura en que el operador
F es un automorfismo constante del dlgebra de Lie del modelo.

En la seccién hemos aplicado la caracterizaciéon de D-branas me-
diante condiciones de pegado discutida en los puntos anteriores al mo-
delo de Nappi-Witten. Esto nos ha permitido encontrar D-branas de

19
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(v)

todas las dimensiones, algunas con signatura lorentziana, otras con sig-
natura euclidea y otras de métrica degenerada, ninguna de las cuales
habia sido considerada antes en la literatura.

El procedimiento referido en el punto (iii). pone de manifiesto que
no toda condicién de pegado describe una D-brana. En particular,
permite dilucidar si condiciones de pegado con operador F' = —R,
donde R es automorfismo constante, que han suscitado interés en la
literatura especializada, dan lugar a D-branas. Hemos probado que
éste no es el caso, tanto para modelos de WZW con algebra de Lie
semisimple como para el modelo de Nappi-Witten.
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Abstract

The open string on the plane-wave limit of dS,, x S" with constant B, and dilaton background fields
is canonically quantized. This entails solving the classical equations of motion for the string, computing
the symplectic form, and defining from its inverse the canonical commutation relations. Canonical quan-
tization is proved to be perfectly suited for this task, since the symplectic form is unambiguously defined
and non-singular. The string position and the string momentum operators are shown to satisfy equal-time
canonical commutation relations. Noticeably the string position operators define non-commutative spaces
for all values of the string world-sheet parameter o, thus extending non-commutativity outside the branes
on which the string endpoints may be assumed to move. The Minkowski space—time limit is smooth and
reproduces the results in the literature, in particular non-commutativity gets confined to the endpoints.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Solutions to the Einstein equations in general relativity have been known for a long time
to have plane waves as limits [1]. These limits, known as Penrose limits, give a plane wave
space—time approximation for the full space—time along a null geodesic. This observation led in
the sixties and seventies to a detailed study of the geometric properties of plane-wave metrics
and of matter fields defined on them [2]. Already within string theory, it soon became clear
that higher-dimensional plane waves give exact solutions to string theory, provided the Kalb—
Ramond and dilaton fields satisfy certain conditions [3,4]. The generalization of the Penrose
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0550-3213/$ — see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2008.02.016



G. Horcajada, F. Ruiz Ruiz / Nuclear Physics B 799 (2008) 110-135 111

limiting procedure relating higher-dimensional plane waves with more complicated solutions to
string theory [5] further triggered the interest in such space—times.

By now, there is a very extensive literature on plane waves in string theory. Motivated by the
fact that AdSs x S’ and AdS7 x S* are solutions to M-theory and AdS5 x $° is a solution of IIB
supergravity, and by the AdS/CFT correspondence, special attention has been given the Penrose
limit [6-8]

AdSy x S pp-limit:  ds® = —dxtdx™ —m>x%,, (dx*)’ +dxi,, , (1.1)

of AdSy x S" spaces. Two milestones in this regard are (i) the quantization [9] of the R—R sector
of the closed superstring on this background for k = n =5, and (ii) the derivation of its spec-
trum from that of U(N) N = 4 super-Yang-Mills theory [10]. The interest has extended also
to type IIB superstring models in 6 dimensions [11] describing generalizations of the Nappi—
Witten model. As a matter of fact, the Nappi—Witten model [12] is itself the Penrose limit of
AdS> x S%. There has been as well interest on strings on 4-dimensional homogenous plane-wave
backgrounds [13]. These have the form (1.1) with m? replaced by a function C |x+|_2 and, for
different values of the constant C, occur as the Penrose limit of FRW metrics, near horizon
regions of D p-brane backgrounds and fundamental strings backgrounds [8,14].

In this paper we consider quantization of the open string on the Penrose limit of dS,, x §"
with non-zero constant 2-form B;. To date, no background p-forms have been found that support
dS, x S" as a solution to IIB supergravity. Yet there are indications that de Sitter space may occur
in type IIA theories [15]. In any case, the Penrose limit of dS,, x §”" is an exact solution of string
theory in the critical dimension [4]. There are other motivations for taking de Sitter space—time:
its “apparent” simplicity when it comes to quantum gravity [16], the dS/CFT correspondence
[17] and the fact that the non-existence of a positive conserved energy indicates that there cannot
be unbroken supersymmetry, so it seems a good starting point to go down in the number of
supersymmetries. The motivation for taking B, # 0 comes from an interest in understanding non-
commutativity in relation with gravity. As is well known, string theory gives explicit realizations
of non-commutative spaces. The simplest example is provided by an open string in Minkowski
space—time with endpoints moving on a D-brane on which a magnetic field is defined: upon
quantization, the string position operators generate a non-commutative space along the brane
[18-20]. Since non-commutativity is postulated as a candidate to reconcile quantum mechanics
with general relativity [21], and the low energy limit of string theory includes general relativity,
it seems natural to explore the non-commutativity/gravity connection within string theory. One
way to push forward this approach is to examine non-commutativity for plane wave backgrounds.
As a matter of fact, this program has already started for the open string on plane-wave limits of
AdS, x S§".In 10 dimensions with a constant non-zero B, in Ref. [22], and in 4 dimensions with
a Nappi—Witten 2-form in [23]. In both instances, the string endpoints define non-commutative
spaces. Here we investigate non-commutativity for the Penrose limit of dS, x §".

More precisely, we will quantize the open string interacting through a plane-wave metric

ds’> = —dxtdx + mz[(xl)2 — (xz)z] (dx+)2 + Z (a’x’.)2 + Z_ (a’x“)2 (1.2)

Q

and constant antisymmetric and dilaton fields

B,‘j:E,‘jB, Bab=0, q§=€b0. (13)
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It will come out that the string position operators X' (z, o) and X?(z,¢’) do not commute for
arbitrary o and o’. This is in contrast with the results available so far for open strings on AdS,, x
S" plane-wave limits supported by a non-zero By [19,22,23], for which non-commutativity is
restricted to the brane manifold on which the string endpoints move. Our results are consistent
with those in the literature for Minkowski space—time [19], since the latter are recovered in the
limit m — 0; in particular non-commutativity gets confined to the string endpoints.

We will work in light-cone and conformal gauges. The paper is organized as follows. In Sec-
tion 2 we derive the equations of motion for the classical string and solve them. The solution
turns out to be an infinite sum over modes, with a highly non-trivial dependence on the parame-
ter m. As compared to the open string in Minkowski space—time, two important differences are
encountered. The first one is that the string has a finite number of non-oscillating degrees of free-
dom associated to modes exponentially growing and decaying in t. The second one is that the
string total momentum is not an independent degree of freedom but receives contributions from
all the modes. In Section 3 the string is canonically quantized. This is done by calculating the
symplectic form and then using it to find the commutation relations for the operators associated
to all the string modes. The symplectic form is unambiguous and non-singular, not being neces-
sary to provide additional constraints or to modify its definition so as to fix the commutators. As
a check it is shown that the string momentum and the string position operators satisfy equal-time
canonical commutation relations. Section 4 shows that the string position operators X! and X2
do not commute for arbitrary values of o and ¢’, thus defining non-commutative waves fronts.
In Section 5 we find the eigenstates and the spectrum of the Hamiltonian. Section 6 contains our
conclusions. We have included Appendices A and B with some of the details of the calculations
of Sections 2 and 4.

2. The classical string

Due to its length, this section is divided into five parts. In the first one, we study the back-
ground metric (1.2). Section 2.2 contains the derivation of the equations of motion and of the
boundary conditions for the classical open string in the background (1.2)—(1.3). The equations
of motion are solved in Section 2.3, where expressions for the string coordinates as sums over
modes ready to be quantized are found. Section 2.4 presents a brief discussion of the string center
of mass coordinates and the string total momentum. Finally, in Section 2.5 we discuss the case
m?k? <« 1, with Xt = k¢ the light-cone gauge condition.

2.1. The background as the Penrose limit of dS,, x S§"

The metric (1.2) is the Penrose limit of dS» x §? x EP~*, with EP~* Euclidean spacein D —4
dimensions. Although well known, let us very briefly check this point. Consider k-dimensional
de Sitter space—time times an n-sphere, dSx x S”, both of radius £. Its metric can be written as

2 2l o2y g2 dp* 2 162 ) 2 dr? 2 1072
ds®=17¢ (1 ,o)a’t +1_p2—|—p ko_2+(1 r)dx —|—71_r2—|—r ds2,”, |,

(2.1)

where d .Q,?_z and d .(2,/12_2 are the round metrics on the unit (k —2) and (n — 2)-spheres. Consider
now, as in the anti-de Sitter case [10], the trajectory along x in the vicinity of p =r = 0. Making
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the changes u® =t & x, rescaling

. r=

| D

with £ — oo, (2.2)

S

utT=x"7, u = p=
and introducing a mass scale xT — 2mx™, x~ — x~/2m, one arrives at

dSi x 8" pp-limit:  ds?, = —dxtdx” +m*(x}_, —y2_,)(dx") +dxi_, +dy?_,.
(2.3)

Here Cartesian coordinates x;_; = (p, §£2x—2) and y,—1 = (7, §£2,—2) have been introduced.
Backgrounds

ds* = dsf,p +ds? (ED_”_k), H3=dB; =A;; (x+) dxt Andx' A dyj

are solutions to all orders in o’ for the bosonic/fermionic string in D = 26/10 provided A;;
satisfies the condition [4]

4m*(n — k) = A;; A",

Hj3 vanishes for k = n, in which case one may take B, = B;; dxt A dyj , with B;; constant. The
metric (1.2) is recovered for k = n =2 and is non-singular, meaning it is geodesically complete.
The results in this paper are trivially extended to the case k =n =35.

It is important to note the positive sign in front of xi_l in the metric coefficient g4 in
Eq. (2.3). This has its origin in the fact that we have started with de Sitter space—time, rather than
anti-de Sitter, and implies that the metric (2.3) does not admit a conserved positive energy. To
understand this we recall that in de Sitter space there is no positive conserved energy since there
1s no generator of its isometry group, SO(1, d), which is timelike everywhere. In the coordinates
(2.1), the generator 9/t is timelike for p < 1, but vanishes at the event horizon p = 1. Hence,
d/0t and its associated Hamiltonian can only be used to define time evolution in the region
0 < p < 1 within the event horizon. Upon forming dS,, x §" and taking the Penrose limit, this
implies that for the metric (2.3) the sign of the energy depends on the sign of XI%_] — yi_l. This
is a property of the background considered.

2.2. Classical action, field equations and momenta

Our starting point is the bosonic part of the classical action

S

= /dr do (V=yy" G0, X" 0, X" + € B0, X" 0, X" + o' /=y RP)

for the open string on the D-dimensional background G, (X), By, (X), @(X) in Egs. (1.2)—
(1.3). Greek letters i, v, ... denote space—time indices, while lower case letters r, s, . .. from the
end of the Roman alphabet denote world-sheet indices. Here y; is the metric on the string world-
sheet, R its scalar curvature and €”* is defined by €?! = 1. As usual the world-sheet coordinates
7 and o take values on the intervals —oo < 7 < oo and 0 < o < . We are using units in which
string coordinates have dimensions of length and 7, o are dimensionless. From now on we will
use capital case letters X’s for the string coordinates.
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If wished, the string endpoints may be assumed to lie on a Dp-brane on which a magnetic
field Fj; lives.! This amounts to adding to the action a term

S =

| |O=T
ol 4 Ao X770,

with A; (X) the U (1) gauge field on the brane. If this term is included in the action, the analysis
in this paper goes through with the only difference that the field B;; must be replaced by the
Born-Infeld field strength B;; = B;; — F;;, where F;; is the U(1) field strength on the brane.

The string action has three world-sheet symmetries. We will fix one of them by working in
light-cone gauge [24]

Xt =«r,

with « a parameter with dimensions of length. The other two will be fixed by choosing conformal
gauge

=/—yy" =diag(—1, +1).

In this gauge, the classical action becomes

S=/dtL,

where the Lagrangian L is given by

g

f do {2 A[(x) = (X)) + (6:X7) + (9 X°)

0

L=p_0;x" —

— (3 X')* = (3, X%)* —2B[0, X" 9, X> — 3, X '3, X?]},

with
K
4o

the momentum conjugate to x ~ (7), defined [25] as the average over o at a given T of X~ (7, 0)

p-=-

T

1
x (t)=— /do X (1,0).
b4
0
Here we have reserved the subscript i for the 1 and 2 directions, while a runs from 3 to D — 2,
a convention that we will follow from now on.

The field equations and boundary conditions are obtained by varying the action with respect
to X' and X“. They take the form

oX' +m?c?x!' =0, (2.4)
0X? —m*?X? =0, (2.5)
0X“% =0, (2.6)

! pislfork=n=2in(2.3)and 4 for k =n =>5.
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with O = —92 + 32 the 2-dimensional d’ Alambertian, and

0o X' =B X?| _, . =0, 2.7)

0o X* +Bo:X'| _, =0, (2.8)

9 X[, ., =0 (2.9)

To quantize the theory we will need the momenta. In our case, these are given by
=—— (2.10)

p— - 40[/ ’ .
1 , ,

Pi=5— (0: X" — Beijos X7), (2.11)
1

P, = dr X“. (2.12)

2ma’

In terms of them, the Lagrangian L can be written as
w
L=—p_d.x + fda [—(Pid: X" + Pad. X?) +H],
0
where the Hamiltonian density H has the form

dmaH = (2ma P, + Beijoo X7)* + Qo Pa)? + (8, X') + (8, X%)
2 2
—mA[(X1) = (X%)7]: (2.13)
We note that # is not positive definite because of the negative sign in front of (X! )2. As explained
in Section 2.1, this originates in the fact that in de Sitter space—time there is no positive conserved

energy and implies that H can only be used to account for time evolution in the region where it
is non-negative.

2.3. Solution to the classical equations of motion

The solution for X¢ is the well-known mode sum

0 a
C .
XY (t,0)=cj +dyt —I—Zi—”cosnae"’”, (2.14)
n##0 n
where ¢;; are complex constants of integration (mode amplitudes). Reality of X“ implies that c{j
and djj are real and that (c;)* =c? .

‘The solution for X ""and X? is more involved. To find it we use separation of variables
X'(t,0) =T;(t)S;(0). This gives

7’-‘. S//

Fl = S—l —m?k? = —A%,
1 1

7’-‘. S//

mog e =
2 1

where the dot and prime indicate differentiation with respect to T and o respectively. The bound-
ary conditions (2.7) and (2.8) imply that non-trivial solutions are only possible for A} = A,. We
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therefore set A := A; = A, introduce
o=V —m32, B =+vA?+m2? (2.15)
and distinguish several cases.

Case 1.: A = 0. It is straightforward to see that non-trivial solutions only exist if m« is an integer.
In particular, for mx an odd integer the solution reads

X\(r,0) = [ao + bt sinh<?)] cos(m o), (2.16)
2 B b4
X{(t,0)=—Dbocosh|mk| =—o ||, (2.17)
mk 2
whereas for mk an even integer the solution takes the form
1 MK
X.(t,0)=|ae+ bet cosh > cos(mko), (2.18)
2 B ) b4
X (t,0) = —Dbesinh|mk| = —0o )|, (2.19)
mK 2

with a,, by and ae, b arbitrary constants of integration in every instance.

Case 2.: A> = £m?«?. This corresponds to either & or 8 zero and it is very easy to show that the
only solution for X! and X? is the trivial one.

Case 3.: 12 # 0, £m?«?. Solving then for T; and S; and imposing the boundary conditions, it
follows that the eigenvalues A must satisfy the equation

(A4B4 + a2,82) sina sin B — ZAZBza,B(cos amrcospfmr —1)=0. (2.20)

Solutions to this equation may occur either because both its terms vanish or because none of
them vanishes but their sum does. We therefore consider two subcases:

Subcase 3.1. Both terms in Eq. (2.20) vanish. Since « and 8 are non-zero, we must have
sina sin Br = cosam cos fr —1=0. (2.21)

It is very easy to see then that the modes for X! and X? have the form
X! _! - by si —iix 2.22
.0 (r,0)= T ak(k,l)E cos Bo + by, sinBo e , (2.22)

p . »
X(Zk’l)(t, o) = _(bk(k,l)ﬁ COS®O + a k1) Sinao |e i (2.23)

where ay ;) and by ;) are arbitrary constants of integration. It follows from Egs. (2.21) that «
and B must be integers and that their difference must be an even integer. Hence we write

a=k,  B=k+2l, (2.24)

with k and [ arbitrary positive integers since 8 > « and « and B are defined as positive. With
this, Egs. (2.15) imply

m?k? =2k +1) > 0, A=V + (1 +k)2 (2.25)
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The first one of these equations states that m?k?

is an even integer. We thus conclude that for
m?k? an even integer, there are as many modes of type (2.22)—(2.23) as pairs (k, /) of positive

integers solving the equation m?x? = 2I(k + [), which is clearly a finite number.

Subcase 3.2. We now look at solutions A to Eq. (2.20) such that

sinar sin B # 0. (2.26)
In this case the modes for X! and X2 read
K .
Xi(t,a) = i;—;(a cos Bo + ?A sinﬁa)e"“, (2.27)
2 K, . —iAT
X5 (t,0)= _<W cosao +smom)e , (2.28)

where c; is an arbitrary constant of integration and K is given by

K, — A2B%sinaw + af sin frr . (2.29)
cos B —cosam

Let us study the solutions of Eq. (2.20) under condition (2.26). Eq. (2.20) is an equation in A2,
50 its solutions come in pairs (A, —A). Solutions with A> > 0 provide real A and oscillating
degrees of freedom. By contrast, solutions with > < 0 correspond to imaginary A, for which the
T-exponentials are real.

For A% > 0 and sufficiently large, the left-hand side of Eq. (2.20) can be expanded in powers
of x = mzlcz/)»2 <« 1, with result

(1+ B%) sin®Arr — xz[#(l — B?)’

+ (1 + Bz) (%T sin2A7 + sin’ kn):| + O(x3) =0. (2.30)

The left-hand side is, up to order x>, negative for integer A and positive for non-integer A. It
follows that the left-hand side of Eq. (2.20), to which (2.30) is an approximation for large A,
must change its sign twice in the vicinity of every integer n > |m« |, thus proving the existence
of two solutions around 7. These solutions can be found as power series in mk/n by making for
A in the neighborhood of n the ansatz

> mk k
Anznzak(Y) ) ap =1,

k=0

where the coefficient ag has been taken equal to 1 since A = n solves Eq. (2.20) to lowest or-
der. Substituting this ansatz in Eq. (2.20) and solving order by order in m« /n, one obtains two
different sets of solutions for the coefficients {ay}, leading to

2.2 2 4 4
12 m<k<1—B m-k

This confirms the existence of two real eigenvalues for every large enough integer n, thus show-
ing that there are infinitely many real solutions with |A| > |mk]|.
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By contrast, there is only a finite number of real solutions with |A| < |mk| and this number
depends on the value of mk. This can be seen as follows. Assume, without loss of generality,
that mk is in between two consecutive integers, so that N < |mk| < N + 1, with N a posi-
tive integer. Denote by N’ the integer such that N’ < «/2|m«| < N’ + 1. Study the sign of the
right-hand side of Eq. (2.20) as a function of B by dividing the interval for 8 in subintervals
[0,1],[1,2],...,[N’, N’ + 1]. It is not then very difficult to prove that

(i) for N’ even there are 2(N' — N + 1) real solutions, and

(i1) for N’ odd the number of solutions is also 2(N' — N + 1) if

mc|m B2 sin(\/zlm/clrr) + cos(\/ilm/dn) +1>0
and 2(N’ — N) otherwise.

We come now to imaginary solutions. For A% < 0, with |A| > m«, the left-hand side of
Eq. (2.20) is positive definite and never vanishes. Hence imaginary solutions must have |A| < m«.
Using similar arguments to those employed for real A, it can be seen that in this case the number
of solution for a given mk is 2(N + 1), with N the integer such that N < |mk| < N + 1. We
note that imaginary A’s occur due to the different signs with which (X 12 and (X?)? enter the
background metric (1.2) and account for exponential growth of X! and X? at  — +o0. This is
reminiscent of de Sitter space, for which space expands so fast that light rays cannot follow.

This analysis shows that there are infinitely many modes of type (2.27)—(2.28), of which
a finite number of them have imaginary A with |A| < |mk]|, a finite number have real A with
|A| < |mk|, and infinitely many of them have real A with |A| > |m«]|. It is important to emphasize
that this is so for arbitrary values of m«, since Eq. (2.20) and condition (2.26) do not place any
limitation on mk. These modes can also be written in the following way, which will be very
useful in some parts of this paper. The eigenvalue equation (2.20) can be recast as

FL(WMF-(A) =0,
with F1()) functions given by

aff (cosam £ 1)(cos B F1)

Fi(h) = -
+() A2B2 sina sin B

(2.31)

Condition (2.26) and the observation that F.{ (A) and F_ (1) do not have common zeros imply that
the set of solutions to the eigenvalue equation (2.20) is the union of the disjoint sets A4 = {A}
and A_ = {A_} of solutions of the equations

Fi(rs)=0. (2.32)
It is then a matter of algebra to write X! and X2 as
. X' (t,0) ifreAg,
Xi(r,0)= +(©0) =12, (2.33)
X' (r,0) ifreA_,
with X ’i given by
o sin B ‘
X (t,0)=ic;,—|( cos ———sin —iAT 2.34
1(tr,0) lckkB( 'Ba+cos,37r:F1 i ﬁa)e (2.34)
cosam + 1 .
Xi(r, 0)=—cy (# cosao + sinom)e_’“. (2.35)
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Putting all cases together, we conclude that the solution for the boundary problem for X!, X?
is:

(1) If mk is not an integer and its square is not an even integer, the only modes that occur are
those in Eqgs. (2.34)—(2.35), corresponding to A € A.

(2) If mk 1s not an integer but its square is an even integer, one has in addition the modes (k, /)
in (2.22)—(2.23).

(3) If mk is an even integer, there is one additional mode, X é, X g in (2.18)—(2.19).

(4) Finally, if mk 1s an odd integer, the only modes that occur are those in (1) and X (1), X (2) in
(2.16)—(2.17).

We summarize all these situations by writing

X'(1.0)= Y X\ +8,22 cven D Xiys) + Omicceven Xt + Smic.oaa X (2.36)

The mode expansions for the momenta P;, P, follow from their expressions (2.11)—(2.12)
in terms of string coordinates and the mode expansions for the string coordinates. For the flat
a-directions it is trivial to arrive at

0
2na’ Py =di + Z ¢ cosnae ",
n#0
For the i-directions we have
Pi(r,0) = Z Pi,A + 8m2K2,even Z Pi,(k,l) + 6m/c,evenPi,e + 8m/<,0ddpi,o’ (2.37)
)\.EA:I: (kJ)

where the explicit expressions for the various contributions to the right-hand side can be found
in Appendix A.

2.4. The string center of mass coordinates and the string total momentum

The string center of mass coordinates

g
. 1 .
o == [ doxie.o)
0

and the string total momentum

T

Pia(T) = / do P; 4(1,0)

0

are straightforward to calculate from the mode expansions in the previous subsection. Let us
consider for instance the total momentum. For the flat a-directions integration over do gives the
standard result p, = df /2a. The a-component of the total string momentum is thus given by one
of the string modes in that direction. The situation for the 1 and 2-component is very different.
Indeed, integration over do of the equations in Appendix A yields



120 G. Horcajada, F. Ruiz Ruiz / Nuclear Physics B 799 (2008) 110-135

8m/c,even B? mkr
pi(r) =

— b, sinh
T’ mk

2,2
m-K ba,ly _irg Bcj cosam —1 ;5.
- [8m2,<2,even (zk - —,8)9 e -I—AEEA 5 snan e (2.38)

kodd

and

) k
pa(1) = m"’o/dd |:Bb07: sinh<ﬂ> - aOB]
To 2

. 2,2
Im-K )\’a)\.(k,l) —ix Cx _in
+ o |:8m2/<2,even Z Te YT+ Z Ee Sk (2.39)
K

The components p; and p; receive contributions from all the string modes in those directions.
More importantly, p; and p, are not conserved since their derivatives with respect to 7 do not
vanish. This is not a surprise, for the plane-wave metric (1.2) is not invariant under translations
in the 1 and 2-directions. Upon quantization, we therefore do not expect the eigenvalues of the
corresponding operators to play a significant role. It is trivial to convince oneself that this collec-
tive nature of p; is also true for the string center of mass coordinates, whose explicit expression
can be trivially obtained through integration over do .

2.5. Case |mk| <K 1

We finish by considering the regime |m« | < 1. Since m« is not an integer, nor m2«? is an even
integer, the only modes that exist in this case are those in (2.27)—(2.28), or equivalently (2.34)—
(2.35). Furthermore, the mode eigenvalues A can be explicitly found as formal power series in mk
by making the ansatz A = ZSO b (mk)* and solving Eq. (2.20) for the coefficients by order by
order. Proceeding in this way we obtain:

(1) Imaginary eigenvalues. As already mentioned, they have |A| < |m«k|. The algebra shows that
there are only two of them, Al = {i)!}, given by

1__ Mk (mlc)2 72 B2 (mlc)4 7t4BZ(SB2 —24) n (’)(m6/c6) .
14+ B2 12 1+ B2 1440 1+ 32)2
(2.40)
In terms of Eqgs. (2.32), they happen to solve F_(A) =0, thus belong to A_.
(ii) Real eigenvalues with |A| < |mk|. There are also two of them, AR = {£AR}, where
SR _ mg B (mK)2 72 B? (mlc)4 7t4B2(SB2 —24) O(m6/<6) .
1+ B2 12 1+ B2 1440 1+ 32)2
(2.41)
They are now solutions of F; (1) =0, thus are in A .
(ii1) Real eigenvalues with |A| > |mk|. They read
2,2 2 4, 4 p4 2
An m°k-1—B m k™ BT —6B-+1 6 6
T =nll — @) , 2.42
{ } n|: i ar e g + OnK) (2.42)
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where n is a non-zero integer and the 4/ — signs on the right-hand side correspond to A,/ An
on the left side. We will use the notation A := {)X,} and A := {A,}. These eigenvalues can
be reorganized in terms of solutions of Egs. (2.32) as

5 {)‘" if n even, 5 _ {)»n if n even,
J’_ -_— =

o v (2.43)
An if noodd, An if n odd.

It is instructive to compare the mode eigenvalues with those for the open string in flat space—
time and zero antisymmetric field, i.e., with m = B = 0. In that case, X I'and X2 have the same
expansion as in (2.14) and the mode eigenvalues are the integers. The flat zero mode Agy = 0 has
multiplicity four in the 1, 2-directions, for there are four arbitrary constants of integration, which
in our notation would be denoted C(l), cg, d(%, dg. Every pair (n, —n) of non-zero flat modes is
also 4-degenerate in these directions, for in each direction there are two complex coefficients ci_n
and ¢, and one complex constraint (¢!); = ¢’ . If m and B are switched on, the flat zero mode
unfolds into two non-zero imaginary modes (iAl, —iA!) and two non-zero real modes (AR, —AR),
and every pair of flat modes (n, —n) unfolds into four modes (A, Ans Aens A_n). Whereas in
Minkowski space—time, the string center of mass and string total momentum are independent
degrees of freedom associated to the 4-degenerate zero mode, in our plane-wave background
they are collective quantities.

3. Quantization

There is a discussion in the literature for m = 0 as for how to quantize the open string with
non-trivial boundary conditions like those in (2.7) and (2.8). It seems to be a widespread believe
that these boundary conditions impeach the use of canonical quantization. In fact, for m = 0,
Dirac quantization, with the boundary conditions regarded as constraints, has been used as an
alternative. The problem that arises then is whether the boundary conditions should be regarded
as first or second class, and this is not a trivial choice for they lead to different results [26,27].

We will use plain canonical quantization and show that there is nothing wrong with it. Our
approach consists of two steps. In the first one we compute the symplectic form in terms of
the modes. This is straightforward, since the action is first order in time derivatives and it is
well known how to proceed in these cases [28,29]. The resulting symplectic form will be non-
singular, so it has an inverse. Its inverse defines, upon standard canonical quantization [28],
the commutation relations for the quantum theory. We emphasize that the calculation of the
symplectic form may be involved but, as pointed out in Refs. [28,29], as far as it is non-singular
there is nothing wrong with canonical quantization and there is no need to introduce constraints
of any type. It is also worth noting in this respect that the boundary conditions have already been
taken into account in solving the classical equations of motions, so one would naively expect
the symplectic form to already account for them. We will see that this quantization method is
consistent with the equal-time commutation relations

[X'(r,0), Pj(r,0")] =i8'8(c — o). (3.1

In Section 5 we will explicitly construct the Fock—Hilbert space for the theory and find the
Hamiltonian spectrum.
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3.1. Symplectic form and canonical quantization

The symplectic form
b
2= / do (dP; AdX' +dP, AdX?)
0

is the sum of two contributions, which we will call §2,, and §2q,.. They respectively arise from
the modes in the i -directions and the flat a-directions. Since they do not mix, the symplectic form
can be studied by separately looking at each one of these two sectors.

Let us first look at £2q,. Recalling the mode expansions for X¢ and P,, one easily arrives at

T

D-2
1 .
Qi = /dd APy AAX" = — > (ddg Adc =) ;—ndcz A dc‘in). (3.2)
0 a=3 n#0
This can be written as
1
fat = EQMM/ dAy ANdAyy, (3.3)

where {Ay} = {df, c§, ¢} and a summation over indices M = (a,n) and M’ = (a’, n’) is un-

derstood. The form 24 is non-singular and can be inverted. Upon quantization, the amplitudes
{A s} become operators with commutation relations given by the inverse of £2 as

[Am, A l=i(27"),,,,- (3.4)

This yields the standard commutation relations
[ca,db]=2ia's%",  [c%, ch] =2a'n8" 8y im0

Reality of the field operators X imply that ¢§ and df are Hermitean and that ¢*, = (c?). So
far, this is the same analysis as for Minkowski space—time.

To compute §2,,, it is most convenient to use Eq. (2.11) and write P; in terms of derivatives
of X' with respect to 7 and o. This gives

T

Q,p= | dodP; AdX" = 2,, + 2,p,

(=)

where £ pp and Q pp read

T

= 1 i i

Qpp = 5— /a’a d(0: X') ndX (3.5)
0

and
B B O=T
2,y = ——dX' AdXx? (3.6)
2ma’ =0

As compared to the flat a-directions, for which 27 o’ P, = 9, X9, th_e non-trivial boundary con-
ditions not only modify the modes but also add a boundary term 2, to the symplectic form.
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Computation of the boundary piece £2 pp 18 straightforward. To calculate 2 pp» We use the mode
expansion (2.36), integrate over do, rearrange the mode sums and employ that the eigenvalues
A € Ay are solutions of Egs. (2.32). After some very long, but also very straightforward algebra,
we obtain that

Qpp = -QAi + szfcz,eveng{(k,l)} + 5m/c,even-Qe + 5m/c,0dd-Qo- (37)
The various contributions in this equation are given by

i

2. =5— Y f)dex Ade,, (3.8)
AEAL
(k1) = ~iaB (le:)[fa (M) day.ny Ada_yi.ny + oAby Adb_rin ], (3.9)
1 mKm
e = ——— cosh| —— |dae A dbe, (3.10)
4o’ 2
| mem
.QO:——/ sinh - da, A db,, (3.11)
o
where f()), f,(A) and f5(X) read
ra(cosam £ 1) [ 2(mx)* b4 b4
foy =22 st — |, (3.12)
sinar Acac asinamr  BsinfBrw
A ) m2i?
fay= 25 (148 = =5 ). (3.13)
h=— (144" (3.14)
P = B2 2 ) '

In accordance with the notation that we are using, the double signs £ on the right of the equation
for f(A) apply, respectively, to the eigenvalues A+ solving Egs. (2.32).

We make at this point two comments concerning the computation of §2,,. The first one is that
the only non-zero components 2,7, of the symplectic form have M + M’ = 0, where M labels
all the existing mode {Ay} = {ao, bo, de, be, ar(k.1), bi(k,1), ¢3}. Some authors call this orthogo-
nality of modes. Note in particular that there is not any mixing of the modes for m2x? = even,
mk = even and mk = odd among themselves, nor with modes A € A1. The second comment is
to emphasize that the result above for §2,,, follows straightforwardly from Egs. (3.5)—(3.6) after
plain integration over do, without any assumption whatsoever.

The form £2,,, is non-singular and has an inverse .Q;pl . Canonical quantization is then straight-

forward. The amplitudes {A,;} become operators. Hermiticity of X i implies that a,, by, ae, be
and ¢, (A € Ay imaginary) are Hermitean and that

ai(k,l) =a_(k,l)» b;{(k,l) =b_ kD), C;[ =c_; (A € Agreal).

The commutation rules are obtained from the inverse of £2,, as in (3.3)—(3.4), the only non-trivial

commutation relations being
+ JTO[/

[erer] = I (3.15)
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20/ 20’

T T

[ax(k,Z), ax(k,,)] = —fa )’ [b,\(k,z), bx(k’,)] = —fb(k)’ (3.16)
[qe, be] = —4id cosech(m;ﬂ ), (3.17)
[, bo] = —4ia sech(m; ”). (3.18)

We note that f(A) is real for A real and imaginary for A imaginary. The space of states on which
these operators act and their action is given in Section 5. Let us move on to study the consistency
of this quantization with the canonical commutation relations (3.1).

3.2. Canonical commutation relations

The commutator [X'(z, o), Pj(t,0")] can be computed by replacing X i and P; with their
mode expansions and using the relations (3.15)—(3.18) for the mode operators in them. In doing
so, the t-dependence of the commutator is removed and a mode sum is left. This sum involves
in particular an infinite sum over mode eigenvalues A € A1 whose terms are products of sines
and cosines at ao, Bo, ac’, Bo’ with complicated coefficients involving the function f(1). We
do not see a way to perform this sum in closed form and obtain a compact expression for the
commutator. We will instead expand the commutator in powers of mk and perform the mode
sums order by order in mk. We do this in the sequel.

If |mk| < 1, the only modes that exist are those in Eqgs. (2.34)—(2.35). We recall from Sec-
tion 2.4 that in this case the mode eigenvalues are given by Ay = {£iAl}, Ar = {£AR}, A ={},)
and A = {A,} in Egs. (2.40)~(2.42), with n = &1, £2, .... We denote by {c\}, {c}}, {c,} and
{c,} the corresponding annihilation and creation operators, for which hermiticity of the string
position operators implies

() =ck,  (B) =R, @iz @=é

Expanding the right-hand side of Eq. (3.15) in powers of m«, we obtain the following commuta-
tions relations for them:

N T Biz(ifi B2)1/2 ﬁ[ % i O(m4’(4)]’ 19
[R.cR] = —m“f—:j)zmm/c[l + ”2(16(_1 fZ;(ZTK)Z + (’)(m4/<4)], (3.20)
(G, 1] = n(f‘fB;)[ #f;) " 0(m4x4)]8n+k,o, (3.22)

all other commutators being zero. The commutator [ X i(1,0), Pj(t,0’)] can then be written as
a sum

[Xi(r.0). Pj(r.0))]= ) Clj(wio.0)

w=I,R,n,n
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of four contributions C'! j(w; o, o) arising from the four sets in which the modes have been
organized. Each one of these contributions is a power series in mk, depends on ¢ and ¢’ and
can be computed with relative ease order by order. To illustrate this, let us take as an example
i = j = 2. After some algebra we obtain

C* (1 0,0) = —% (%2 —nmo —mo' + 200’) + O(m4/c4), (3.23)
C22(R; o,0)=ida — % (%2 +70 —0?—mo' + 0/2) + O(m4/c4), (3.24)
C%(A;0,0") = 2ia/gcos na/|:cos no + Blzj_m;;z (COZZG g si;mo

B %sinnna>] n (’)(m4/<4), (3.25)
C*(A;0,0') = —mlllii(gf)z g(za/ — 1) M +O(m*c*). (3.26)

It follows from inspection of these formuli that only C 2,(R) and C%,(A) carry contributions of
order zero in mk . These are easily summed by recalling that, for functions defined on [0, r] with
vanishing derivatives at the boundary, Dirac’s delta function has the representation

(0, ¢]
n8(c —o')=1 +2Zcosno cosno’.
n=1

Hence
[X*(z,0), Py(1.0))], =id'8(c — "),

where the subscript O refers to the order in mk. To sum the order-two in m« contributions, it
is convenient to introduce variables o+ = o & o/, which take values o_ € [—7, 7] and oy €
[0, 27r]. In terms of these, we have

’ y = io’ B*(mi)?
[C*2(A) + C2(D)], = ————F5—[F2(02) + Fa(04) +0-Fi(0-) + 0-Fi(04)],
2(1+ B?)
where F and F, stand for the Fourier series
oo . mlo_| .
Fi(o) = 22 sinpo—_ | == —o_ if0<|o_| <m, (3.27)
— n 0 ifo_ =0, £,
(0.@] . .
sinno m—oy if0<op <2m,
F =2 = 3.28
1(o+) 2 n {0 if o1 = 0,27, (3-28)
. cosno_ o2 n?
Fy(0-):=2) =l + T (3.29)
n=1
. cosno a_%_ n?
Fy(oy):=2) = ot o (3.30)
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Putting together all contributions of order two in Egs. (3.23)—(3.26), we obtain
[X*(z,0), P2(z,0")], =0,

in agreement with (3.1). Proceeding in the same way, it is straightforward to see that the com-
mutation relations in (3.1) also hold for other values of i and j, so we can write

[X(z,0), Pc(r,0)] =ia'8" j8(c — ') + O(m*ic?).

This proves the consistency of the quantization procedure used here with equal-time canonical
commutation relations, at least up to order m*«x*.

We find quite surprising the asymmetric role that each type of mode plays in this analysis, yet
all combine to produce the desired result. It is also worth noting that C’ j(A) and C i j(/I) will
involve to any order in mk polynomials in o4+ multiplied with convergent Fourier series of o4,
thus becoming a question of algebra force to go to higher orders in mk. It is by now clear that
canonical quantization works and that it does because the symplectic form is non-singular.

4. Non-commutative wave fronts

The plane-wave metric (1.2) foliates space—time by null surfaces X = const. We show next
that these spaces are non-commutative. The commutator [ X L(z,0), X*(1,0")] can be computed
by replacing X! and X? with their mode expansions and using the commutation relations (3.15)—
(3.18) for the mode operators. This results in

[X'(z,0), X*(r,0")] =i[O4,(0,0") + 8,22 even Ol (k.11 (0, )
+ (Smk,even@e(U, O'/) + amk,odd@0(09 O'/)], 4.1)

where the contribution © 4, (0, 0”) is given by

@Ai(o,a’)ziz a <cosﬁa+ﬂsinﬂa)

2B reds Af(L) cosfBr F1
cosam +1 ;o ,
X | ————cosao’ 4+ sinxo 4.2)
sin o7t
and Oy 1)) (0, 0"), Oc(o,0") and Oy (o, o') read
a cos o sinao’ B sin Bo cosao’
©] ,0')=—4a'B , 4.3
ANCAD o (%:)[kz(l B _mi2 T 211 B 1 mi? (4.3)
. 4a'B mK . b4 ,
Oe(0,0") = cosech| —— | cos(mko)sinh|mk| — — o’ | |, 4.4)
mx 2 2
.. 4a'B mK b ,
Oy(o,0") = sech| —— ) cos(mko)cosh|mx| — —o' | |. 4.5)
mi 2 2

We recall that the sum in @y 1), (o, 0”) is over the finite number of solutions (k, /) of Eq. (2.25)
and that « and B in this sum are as in (2.24), so the contributions (4.3)—(4.5) do not pose any
problems.

The most complicated piece to understand is the contribution ® 4, (o, ). We may proceed as
in Section 3 and consider |m«| < 1. In this case only ® 4, (o, o) contributes to the commutator
[X!, X?]. Expanding the right-hand side of Eq. (4.2) in powers of m«, the sum over modes can
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then be performed order by order in m«, so that ® (o, o) becomes a power series

O(0.0) =Y Oylo.0)(mi)*
k=0

whose coefficients are explicit functions of o and o’. The first two terms of this series are calcu-
lated in Appendix B. We exhibit here the result. At the string endpoints we obtain

o'nB 72 (mic)? 44
©®0,0)=—-0O@m,m)= @ , 4.6
©.0 (,7) 1+B2[ 61+ BY) (m'()} (4.6)
whereas at o + o’ # 0, 2 we have
/B 2
O(o,0') = LmK)Z{BZ[—Z(GZ — 30’2) + z( 27— 200") — l(cr - 30/)i|
(1+ B?) 6 4 12
2 3
- %(702 + 90’2) + %(702 + 30" + 600') — 7%(30 +o')+ %
+ %kr — 0/|[232(02 N — 7'[) +50 —0' — 271]} + O(m4/<4). 4.7)

The limit m — 0 is smooth and reproduces the results in the literature. In fact, as m — 0, that
is, as Minkowski space—time is approached, only the first term in (4.6) survives and the results
in Ref. [19] are recovered. For m # 0, two novelties are found: non-commutativity at the string
endpoints receives m-dependent corrections, and non-commutativity occurs for arbitrary values
of o and ¢’, so that it extends all along the string. Even for o = ¢’ # 0, 7 non-commutativity
pervades, since in that case

o' B(mk)?

@ , =
(@) 6(1 + B2)?

20 —m)[B*0 (0 — ) — (20 — m)*] + O(m*«*) #0.

At the string midpoint 0 = ¢’ = /2 one has ® = 0, not only for m?«? < 1 but also for arbitrary
mk since the right-hand side of (4.2) vanishes. Note also that commutativity is recovered as
B — 0.

The results in this section may be viewed from two perspectives. The first one is to assume
a constant background field B1> = B and that the string endpoints move freely, except for the
boundary conditions imposed by the presence of the B field. The endpoints are then not distin-
guished by non-commutativity. The second one is to assume that B;; vanishes but that the string
endpoints are constrained to move on a D1-brane located at x§ on which a constant magnetic
field F12 = B is defined. The boundary conditions for X I'and X2 then remain unchanged while
those for X“ become X“|;-0,» = x;;. The only difference with the situation discussed here is
that the mode expansion for X is no longer (2.14) but rather

a
c? . _
X% (t,0)=x§ + E i< sinnoe ",
n
n##0

This only introduces some trivial modifications in the analysis of the flat a-directions [19]. From
this point of view, the plane-wave metric extends non-commutativity outside the D1-brane.
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5. The Fock—Hilbert space and the spectrum

We want to solve the eigenvalue problem

Hl|y) = EY),

where the Hamiltonian is the integral over o of the Hamiltonian density ‘H in Eq. (2.13). As
discussed in Sections 2.1 and 2.3, the classical Hamiltonian is not positive. This translates, upon
quantization, into an unbounded Hamiltonian operator from below. It will become explicit below
that it is precisely the modes with imaginary A that make the Hamiltonian unbounded, as oth-
erwise was to be expected. Hence not all the states to be constructed in this section are within
reach for an observer but only those with positive eigenenergies.

It is convenient to split H as the sum

H = Hga + pr

of a contribution

Ha.e =
flat Ao

T

[ ao o+ oxop
0

from the flat a-directions and a contribution

L o {(oox )+ (30X - () — (21

0

from the 1, 2-directions. The eigenstates of H are then of the form [¢) = [Yrfa) ® [¥pp) and
the eigenenergies read E = Eqa + Epp, With {[Yga), Efac} and {|¥)p), Epp} the solutions to the
eigenvalue problems

Hpp =

Hﬂathﬂﬂat) == Eﬂat“ﬂﬂat)»
prpr) = Epprp)-

5.1. Eigenvalue problem for Hipy

Apart from the number of dimensions, it is the same problem as for the open string in
Minkowski space—time. Using the mode expansions for X“, one obtains for Hn, a sum

4

D —
Hﬂat_—ZC“T 4. +Otpa+7

of harmonic oscillator Hamiltonians, one for every frequency n > 0 in every direction a. As
usual, :AB: denotes normal ordering of AB and the sum ) _,n entering the normal ordering
constant has been regulated using ¢-regularization, so that it takes the value ¢{(—1) = —1/12.
The solution for Hygy is well known. The Fock space is formed by states

|What) = [¥ike)) ®\ knboeis Pa) ky=0,1,2,..., (5.1)
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with k; the occupancy number of the harmonic oscillator of frequency »n in the a-direction. The
energies of these states are

D-2 o0 _4

Ena = Ejg) = ) ) nky +o'pg+ D24

a=3 n=1

We note that the sum over 7 is actually finite, since for every eigenstate there is a finite number

of non-zero occupancy numbers k4. The action of c,]f and cf; on |{k?}, pa) is /2a’n times the
usual one of creation and annihilation harmonic oscillator operators.

5.2. Eigenvalue problem for Hy,

Employing the mode expansions for X?, we obtain after some work that

pr = HAi + amzfcz,evenH{(k,l)} + 8m/<,evenHe + 8m/<,0ddH0a (5.2)

where H,_ 1s given by

Hps=5— > Af(Mare, (5.3)

2o’
rEAL

and Hy 1) He and H, take the form

1
Hiwi) = o Y [ faWara—s + f(Wbab_s ], (5.4)
Ak, D)
H., = ! T cosh(mkm) + B—2 sinh(mkm) — 1 b . (5.5)
T dnal| 4 mk €0

We first study the problem for H 4, and postpone the solution for the pathological modes m?k? =

even, mk = even, mk = odd.
We recall that an infinite number of the modes A € A4 have real A and that a finite number of
them have imaginary A. We separate their contributions Hr and Hj to H,, and write
Hj, = Hr + H.

The eigenstates and eigenvalues of Hy, are |4, ) = [YRr) ® |Y1) and E4, = ER + Ej, with
{IYr), Er} and {|Yq), E1} solutions to the problems

HR|YRr) = ER|YR),
Hy|yn) = Ex|yr).

5.2.1. Solution for HrR
The commutation relations (3.15) for the operators c;, yield for Hr

1
_ LT
Hgr = p— E Af(A):c, ¢+ KR,
rEAL
ReA>0
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where KR is the normal ordering constant

Kr=—= A. (5.6)

The Hamiltonian Hp is a sum of harmonic oscillators, one for every real A > 0. The eigenstates
of Hgr are then harmonic oscillator states

[YR) = |{ki)Rers0), kr=0,1,2,..., (5.7)

with k), the occupancy number for the harmonic oscillator of frequency A, while the eigenenergies
read

ER = E{j; ,Res>0) = Z Aky. + KR.
ReA>0

The action of c; and c;, on the states |{ky/}) is /o /f (A) times the usual action of annihilation
and creation harmonic oscillator operators.

Since there are infinitely many positive real A with no accumulation point, the normal ordering
constant Kr needs regularization. For every mx we can always take a sufficiently large integer
N such that m?k? « N? and split the sum for Ky into two sums: one over 0 < A < N and one
over N < A. Since (m«x/N )2 « 1, the A’s in the second sum are given by Eq. (2.42), so that Kr
can be written as

— Z Y Z(x +A)——Z(}\ + An).

ReA<N

The first two terms in this equation are finite, while accordingly to (2.42) the third one contains
the divergent sum ) |, _, n. Regularizing this in the same way as for the flat a-directions we arrive
at

1
Kr=—+AK
5t (m),
where AK (m) collects all m-dependent contributions to Kgr. For example, for m?c? < 1 the
integer N can be taken equal to 1 and from Section 2 it is straightforward to see that
mk |: (m/c)2 2p2

2,2 _
AK (m*k” < 1) = 7 1JFBZJFO( )}.

5.2.2. Solution for Hy
It is convenient to introduce for every imaginary A operators g, and p;, defined by

C)= | =—— 2|)Lf(k)| ———(@r £ pr), Imi>0. (5.8)

They are Hermitean and satisfy commutation relations [§;, pa] = i sign[Af (A)]. In terms of
them, H takes the form

Hi= Z mgn[kf(k)]( qk)
rEAL
ImA>0
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It 1s clear that the Hj is not bounded from below. Let us forget for a moment about this and
formally solve the eigenvalue problem for Hy. The solution is given by |¢1) =[] |¢x) and E} =
> E,, with the product and the sum extended over all imaginary A with ImA > 0, and {|v/,), E; }
being solutions of

(P? —42)1¥s) = Eslyn), Ima>O0. (5.9)

To solve (5.9) we work in a position representation, in which the wave function for |;) 1s ¥ (gx)
and the operators g, and p, act on it through multiplication and derivation, i.e., g, — ¢, and
Di — i-L aa . Eq. (5.9) then becomes

dZ
dg;

This is the time-independent Schrédinger equation for a particle in an inverted harmonic poten-
tial. Such equation does not have bound states and for every real E; admits

a2 2 3 lE 3 .
Vi1 (qn) = e "9/ QA¢<Z+ R qu)
and
2 2 1 ZE 1 .
Vi 2(gy) = e 9/ ¢<Z+ REX l%)

as two linearly independent solutions, @ (i, v; z) being the degenerate hypergeometric function.
Both 5 1(g;) and ¥, 2(g;) are regular at g, = 0, while at |g3| — oo are superpositions of the
oscillating exponentials

1
V1451

The most general solution for 1, (g;,) is then an arbitrary linear combination

i
exp|::|:Z(EA Ing? + 2q)%)].

Vi (qx) = C1ya1(qs) + Ca 2(q).

The state ;. (g;.)e' £*7 is a scattering state which in this position representation is asymptot-
ically formed by one incoming and one outgoing traveling wave. It is worth noting that these
waves are not plane and that the effect of the inverted harmonic potential is felt at |g,| — oc.
The eigenstates of Hj are then

Y1) = [{Esidmas0) = || ¥a(@r), En real and arbitrary, (5.10)
ImA>0

and the energies read

Ey= Z sign[)»f()»)]E;\

ImA>0

The action of c) on V¥, (g, ) is through (5.8) and multiplication and derivation. The states |y/7)
play in the 1 and 2-directions the equivalent rdle to that of the plane wave states |p,) in the flat
a-directions. One way to ensure that the eigenenergies are non-negative is to restrict to scattering
states with E; = sign[Af (A)]|E; | for every imaginary A.
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Putting everything together, the eigenstates and eigenvalues of H,_ are

1Y a.) =¥ke)) @ [{kalrer=0}) ® [{Er}ima=0),

D-2 oo
D -2
2 .
Epp =) Y nki+ Y Mo+ pi+ Y sign[af(W]E,+ —g T AKm.
a=3 n=1 Rer>0 ImA>0

5.2.3. Contributions from Hyg 1)), He, Hy
If mk is such that it squares to an even integer, or is itself an even or odd integer, the Hamil-
tonian also receives the contributions Hy )}, He and H, in (5.4)—(5.5). In case m?k? = even, it

is trivial to see that

1
f i
Hn) =5 D Mfa@lafar+ fa@)biba]+ 7 x

Alk,1)>0 Alk,)>0

This only adds to the total Hamiltonian two harmonic oscillators for every A(k, ), one for the
a)-mode and one for the b, -mode, and contributes to the normal ordering constant with a finite
quantity. The eigenstates and eigenenergies are trivial to write. Assume for example m’x? = 6.
There is then only one solution for (k,[), namely k =2,/ =1 and A = V10. This adds two
oscillators to the total Hamiltonian and +/10 to the normal ordering constant.

For mk = even and mk = odd, the Hamiltonian adds an m-dependent momentum-like contri-
bution to the energy.

6. Conclusion and outlook

In this paper we have canonically quantized the open string on the Penrose limit of dS,, x
S" supported by constant antisymmetric B, and a constant dilaton. Canonical quantization has
proved perfectly suited for the task, thus making unnecessary to resort to Dirac quantization
and avoiding the problem of whether the boundary conditions for the string endpoints should be
regarded as first or second class constraints. The position operators for the quantized string define
non-commutative spaces, the wave fronts, for all values of the string parameter o. Noticeably
non-commutativity is not restricted to the string endpoints but extends outside the brane on which
the endpoints may be assumed to move. The Minkowski limit is smooth and reproduces the
results in the literature [19].

We think that further investigation of strings on plane-wave backgrounds is worth to un-
derstand non-commutativity in relation with gravity. The low-energy field-theory limit looks
particularly interesting since it may shed light on an effective theory for non-commutative grav-
ity. It must be mentioned in this regard that there is a vast literature [30] on the formulation of
Seiberg—Witten maps for gravity and effective non-commutative corrections to general relativity
solutions, plane waves among them [31].

From a purely string theory point of view, the strings considered here may be thought of as
“in” or “out” states to study string scattering on more complicated spaces, which in turn will
have a Penrose limit, and strings near space—time singularities [32].
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Appendix A. Explicit expression for the string momentum

We collect here the contributions to the string momentum components P; (7, o) in Eq. (2.37)
of the various existing modes. They are obtained by using (2.11) for X4, X¢yens X (i ;) and X e

even?
For the modes X! and X_., in (2.16)—(2.17) and (2.18)—(2.19), we have

, mK . MK 5 . b4
2ra’ P o= —?bo sinh - cos(mko) — B”sinh| mk 5 o ,

, mk . mk .
2o’ Py o =—mkB|ao, — ?bor sinh > sin(mko)

2 Pl e = %be{cosh(?) cos(mko) + B> cosh|:m/< (% — a)] },

2 Py e = —m;cB|:ae + %ber cosh(?)] sin(mko).

and

The contribution of the modes X ék D in (2.22)—(2.23) in turn reads
/ o 2 : OZ,B : —IAT
2o Py, = Eax(k,l) (cos Bo + B cosoccr) + by, | sinBo — IVl sinao | |e ,
2o P =il i b g
wo Py =1iA|ayk, | sSinao — 7 sin Bo

+ %bk(k,l) (cosaa + B?cos ,BU):|e_i“.

Finally, the modes X lx in (2.33)—(2.35) yield the contributions

, o sin B .
2na’ Py +(t,0) =c)—|cosfo + ————  sin Bo
’ B cosfmr F1

Bz<cosom +1

sino

sino — cos ao)]e"“

and
cosamw £ 1

2na’' Py 4 (7,0) = icxl[w cosao + sinao

— i—f(sinﬁa — Cozi;%cosﬂa)]e_i“. (A.1)

Appendix B. Derivation of Eqgs. (4.6)-(4.7)

Organizing the modes in the four sets A', AR, A, A introduced in Section 3 and expand-
ing (4.2) in powers of m2k? <« 1, the function © (o, ¢’) becomes a sum

i0@.0)= Y iOko.0)
k=I,R,A,A
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of four contributions @ (k; o, 6’), each one of which is a power series in m«. Up to order four in
mk , these contributions read

io/B i B(mk)?
O 0,0)=— (T —20) — —— " _ —m)(2+ B2
1000 =3y 20) 12(1+B2)2[0((I M+ E)
—3B%' (6’ — 1) — nz] + (’)(m4/<4), (B.1)
. , ia'B , io’ B(mi)?
iIOR;0,0') = ——( 2

_ e bmK)” o, 2
20+ 5 T gl @ DR
—3B% (0 —7) — 712] + (’)(m4/c4),

(B.2)
) , 2ia'B <A cosno sinno’ o’ B(mk)?
i0A,0,0)=—
1+ B2 — n (1+ B?2)2
/
" Z[B 20 — ) sinno sinno’ v o — n)cosna czosna
n
n=1
5\ cosno sinno’ 44
—2(1-B )n—3} + O(m*«*) (B.3)
and
~ 2id'B sinno cosno’
O(A;0,0")=—
i®(A;0,0) 15 Zl "
3ia’ B(mk)? = sinno cosno’ 44
— @ . B.4
(1+8%)2 = +O(n) ®-5

Summing all the contributions of order zero in m« in these equations, we have
ioa'B

. /
iO(o,0') = 1+ B [7 — oy — Fi(op)],

where Fi(o4) is the Fourier series (3.28). This trivially leads to the order zero contributions in
Egs. (4.6) and (4.7). To sum the order two contributions, we first note that

. . ~ ia/B 2
(@) +ioW)], = —W{[B (04 +0_—7)+ (04 —0o_ — )| Fa(o-)

—[B* (o4 +0- —7) = (04 —0_ — )| Fa(04)
+ (2B + 1) F3(04) + (5 — 2B*) F3(0-) },

(B.5)
where the Fourier series F>(o4) are as in (3.29)—(3.30) and F3(o04) read
X sinno_- o> 7w 2
Fi(0):=2) —5—= <~ 0l I+ 5o,
n=1
>, sinno o T 2
_l’_
F3(oy) —22; e
n=

Egs. (B.1), (B.2) and (B.5) then lead to the second order contributions in Section 5
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1 Introduction

D-branes have become one of the main research topics in the string literature since the
mid nineties. There are many reasons for this. Among them, the evidence that D-branes
provide soliton and bound states in string backgrounds [1] and the realization that they
become upon quantization noncommutative spacetimes [2-7].

Since WZW models are the building blocks of many string backgrounds [8-10], one
sensible program to study D-branes and their properties is to consider their occurrence in
models of this type. In fact, there are various approaches to D-branes in WZW models.
Among them, the geometric approach [11-21], that regards D-branes as spacetime’s sub-
manifolds on which the string worldsheet boundary may be embedded, and the algebraic
approach [22-29], that makes use of boundary conformal field theory.

In this paper we reexamine the geometric description of D-branes in a WZW model.
The definition of D-brane that we will be using is the naive geometric one; see section 2



for details. A Dp-brane in a string background (G, H,.,) is any (p + 1)-dimensional
submanifold N containing all possible motions for the string endpoints. These motions
are specified by the boundary conditions for the string, which in turn can be viewed as a
system of first order differential equations characterized by a two-form w globally defined!
on N such that dw = H|,,. A way to construct D-branes is thus to find all two-forms w
for which the boundary conditions can be integrated.

Our starting point for the geometric characterization of D-branes in a WZW model is
a condition J; = F'J_, called gluing condition, that matches the model’s chiral currents
J_ and J; at the world sheet boundary through a linear map F' that acts on the model’s
Lie algebra. This matching condition is not a boundary condition, for it is not obtained
by setting to zero the boundary term that arises from the variation of the model’s classical
action. However, it does specify, for every linear map F', vector fields characterizing tan-
gent motions of the string endpoints. If these vector fields define an integrable distribution,
they span the tangent bundle of a submanifold N of the spacetime group manifold. The
submanifold N is a D-brane if the gluing condition can be written as a boundary condition
with a two-form w globally defined on N such that dw = H| .

We cross examine this approach for WZW models with arbitrary real Lie group G. Our
only assumption is that the corresponding Lie algebra admits an invariant nondegenerate
metric 2. This includes in particular noncompact group manifolds with Lorentzian sig-
nature, for which there exist metrically degenerate submanifolds N such that the tangent
space T4G at any point g in N cannot be written as an orthogonal sum Ty N & Ty N L

If F'is a constant 2-preserving Lie algebra automorphism and the orthogonal decom-
position T,G = TyN ®TyN L is assumed, the vector fields defined by F are known to be
integrable and the two-form w satisfying dw = H! n is well known [11-14]. Our interest
is in cases escaping these two assumptions. In this more general setting, the situation is
very different. Firstly, because for an arbitrary linear map F'(g), the vector fields speci-
fied by the gluing condition, call them t;, do not always define an integrable distribution.
And secondly, because even if they do, the corresponding gluing condition cannot always
be written as a boundary condition with a two-form w globally defined on N such that
dw = H| ‘ - In this regard, we prove the following two results. Every boundary condition for
a D-brane N can be written as a gluing condition Jy = FJ_, provided det (G‘N —w) #0,
where G| s the induced metric on N. And every gluing condition can be written as a
boundary condition if the linear map F'(g) is an isometry of €2, in which case the two-form
w exists globally and is uniquely defined by its action w(t;,t;) on the vector fields ¢; defined
by F(g). For a general isometry F'(g), the requirement dw = H ‘ y however does not hold
but it becomes a matter of straightforward algebra to check it in every instance. These
two results open some problems, among them studying the applicability of this approach
to D-branes for which a full set of gluing conditions is not known [19, 35-37].

The paper is organized as follows. Section 2 poses the problem and reviews the descrip-
tion of D-branes in WZW models in terms of the gluing condition for the chiral currents.

We will use B for two-forms locally defined on the whole group manifold such that dB = H, and the
Greek letter w for the two-form globally defined on the submanifold N.



In section 3, integrability in terms of Frobenius theorem is studied and it is shown that the
two-form w for which the gluing condition becomes a boundary condition exists if and only
if F'(g) is an isometry of §2. Section 4 contains a discussion of the limitations of the gluing
condition approach. Isometries of the form F' = £ R, where R is a constant Lie algebra
automorphism, are considered in section 5. The case F' = R has been studied by other Au-
thors [11-14] under the hypothesis that T,G = T,N & T,N*, the resulting D-branes being
R-twined conjugacy classes. It is shown that this result holds even if the latter assumption
on T,G fails. As regards the case F' =—R, it is proved that, contrarily to some claims, the
gluing condition for ' = —R does not provide D-branes for semisimple Lie algebras. In
section 6, some examples of g-dependent isometries F'(g) are considered. It is shown that
two different isometries may define the same integrable distribution but different two-forms
w, one of them satisfying dw = H| ‘ - hence defining a D-brane, and the other one not. We
close the paper with our conclusions and three short appendices collecting technical points.

2 Gluing conditions for chiral currents

In the sigma model approach, a Dp-brane in a string background (G, Hyy) is a (p+ 1)-
dimensional submanifold N on which the endpoints of an open string may lie. The sub-
manifold N has embedded coordinates z#(7) = X*(1,0)| oy, and these must satisfy the
boundary conditions

(051" Gy 0y X — w1 00 ‘62:0 i=1,... . p+1. (2.1)
Here a,...,aP*! are local coordinates on the Dp-brane, so that x# = ft(al,..., aP*),
and w;; are the components of a two-form w globally defined on the brane such that
dw = H| ;.

We are interested in D-branes in string backgrounds described by WZW models [30]
with real Lie group G and Lie algebra g, both of dimension d. The Lie algebra g is a vector
space over R and has generators {74} with commutation relations

(T4, Tp) = fas"Te  AB,C=1,...,d. (2.2)

The algebra g is assumed to have a nondegenerate invariant metric 2, of arbitrary signature,
with components Qa5 = Q(T4,Tg), so that

Q([Ta,Ts), Tc) = UTa, [Tp.Tc]) &  faB” Qpc = Qb fac” - (2.3)

The existence of such a metric is the only restriction on g. The group G is taken as the
connected component obtained from g through exponentiation.

If X*# are local coordinates in GG, the left-invariant eA# and right-invariant éA# vielbeins
that map the group G to its tangent space T;G at g are defined by

g ldg =Ty eAH adxt dgg ' =Ty éAM dXxH.
In terms of them, the adjoint action of the group on the Lie algebra is

Ady(Ta) =gTag ' =TpeB, (e & Adyj=ce . (2.4)



The string background (G, H,,) is defined from €2 by

G;w =Q (g_laug7 g—layg)
Hox=Q([g7'0u9, 97009, g7 '00g) - (2.5)

By construction, the metric G, is bi-invariant,
G =N Qupel, =e4, Qupel, & G=cTQe=¢"Qe, (2.6)

the superscript T denoting transposition. In this paper the standard notation G(a,b) =
Guatt” will be used.

The WZW classical action for the open string in the background (G, H,,») can be
written as [31]

k k
Swrzw = o /2d20 Q (g_lf)ag,g_laag) + in </Eg*B+ /82 g*A> , (2.7)

with g = g(X*(7,0)) and 0® = (7, 0) world sheet indices. Here Bis any two-form defined on
G such that H = dB, and ¢g* B is its pullback. The form B may not be globally defined, but
must exist locally. This is the case, for example, if His not exact. The one-form A is defined
on the D-brane, exists at least locally and is such that d4A = w—B]| - Seeref. [31] for details.

In worldsheet coordinates ¢% = 7+ ¢, the field equations read 9,J_ = 9_J, = 0,
where the chiral currents J_ and J are given by

J (0 )=g'0g Ji(o")=-0rg997".

Due to the simplicity of the solutions for J; and J_, we are interested in formulating the
boundary conditions for a D-brane in terms of J; and J_. We will then assume that there
exists a mapping F from g to g relating the two currents at the world sheet boundary, that
is, Jy = F(J_) at o7 = o~. Recalling that D-branes in the sigma model approach are
defined by boundary conditions of order one in d+ X “‘ oy, and noting that J_ and J; are
already order one in 04 X*, we restrict ourselves to linear maps F'(¢g) that may depend on
g but not on Ji(g). For the chiral currents at a D-brane we thus require

JJr = F(Q)J,

O'+:0'7

, (2.8)

a—+:0'7

with F(g), for every g in N, a linear map that acts on g as a vector space. The linear map
F(g) is represented by a real d x d matrix with entries F45 given by F(¢)Ts = Ta F45(g).
It is important to note that eq. (2.8) is not a boundary condition derived from the classical
action above but a working hypothesis formulated ad hoc. To keep this in mind, eq. (2.8) is
called gluing condition, rather than boundary condition. We will take it as starting point
for the construction of D-branes.

Eq. (2.8) defines a D-brane if it can be written as a sigma model boundary condi-
tion (2.1), with w a two-form globally defined on N such that [31]

H|\ = dw. (2.9)



We will show in section 3 that every boundary condition (2.1) can be written as a gluing
condition (2.8), with F and isometry of €2, except for D-branes N such that det(G| Aw)=0,
where G ! w is the induced metric on N. Apart from these instances, the gluing condition
is capable of constructing all D-branes defined by boundary conditions.

It is convenient to write the gluing condition (2.8) in terms of local coordinates X*.
To do this [13], it is enough to use for the chiral currents their expressions

Jo=0_XFeh Ty  Jp=—0,XMeM, Ty

in terms of the string coordinates X* and the left and right-invariant vielbeins eAH and
e Au. This yields
o+ Xt =FH,0_X" 2.10
T ox v oz’ (2.10)
where the matrix F is defined by
Flz)=—-e'F(g)e. (2.11)
In worldsheet coordinates 7 and o, eq. (2.10) takes the form
(F=1)0:-X| g0 = (F+1) 0, X| s - (2.12)

We emphasize that the matrix F(x) is defined on N and depends on the string endpoints
coordinates z# = X“‘az through e(x), &(z) and F(g(z)). It however acts on arbitrary tan-
gent vectors in TyG. To ease the notation, whenever there is no confusion we will remove
from F'(g) and F(g) the dependence on g.

3 Integration of the gluing condition and D-branes

In this section, the gluing condition (2.12) is explicitly solved for 0,X “‘ 55+ The solution
happens to be given in terms of vector fields defined by the linear map F'. The involutivity
requisite that such fields must satisfy to define a foliation of G in terms of a family of
submanifolds NV is studied in detail. Finally, it is shown that the gluing condition for a
linear map F' takes the form of a boundary condition if and only if F' is an isometry of 2,

and the two-form w is constructed from F. When the resulting w satisfies dw = H|,,, the

N7
submanifold N is a D-brane.

3.1 Conditions for the existence of a D-brane

The set of possible motions of the string endpoints at an arbitrary spacetime point g
is the set Iy of solutions t(z) := 9, X"| s to the gluing condition (2.12) for some
ut(x) = 8JX“|82. Since t(x) = t*(z)0, and wu(xr) = u(x)0d, are tangent vectors to
G at g, we may write

1, = {t €T,(G): [F(g) - 1]t = [F(g) + 1]u for ueTy(G) }

Equivalently,
Iy ={teTyG): (F-1)teIm(F+1)}. (3.1)



The set 11, is a linear subspace of the tangent space T,G and we will often call it the
tangent plane at g defined by F'.

Consider veIm (F + 1), so that there exists w in T,(G) such that v = (F +1)w. It
follows that (F —1)v = (F+1)(F —1)w belongs to Im (F + 1). Hence v is in I, and

Im(F+1) Cly.

Consider now v’ in II,. It then exists w’ in T,G such that (F — 1)v" = (F + 1)w’. This
implies that v = (F + 1)(v/ — w'), so that v' belongs to Im (F + 1) and

I, C Im (F+1).

Hence
I, = Im (F+1). (3.2)

An alternative derivation of this result in terms of the eigenvectors of F can be found in
appendix A.

Since the gluing condition (2.12) holds for arbitrary g, the solution ¢(x) defines a vector
field for a given u(z). If M is a submanifold of G, we define

Y = {(g.1,) : g€ M}. (3.3)

M is a distribution on M if the tangent plane II, has the same dimension for all g in M.
According to Frobenius theorem [33], a distribution 11" is integrable if and only if it is
involutive. Integrability ensures that Il is, for all g in M, not just a tangent plane but the
tangent space to a submanifold N of M, that is II; = T, N. Involutivity states that the
commutator of any two vector fields t; and to taking values in ITM also takes values in IIM

[t1,t2] (9) € 1. (3.4)

For the manifold N to define a D-brane, it must contain all the points g in G connected by
the integral curves of the vector fields ¢. This condition cannot be relaxed, since one would
then leave out from the D-brane points at which the open string may end. See section 4
for examples.

As a practical matter, to determine if a linear map F' defines a D-brane, one may
proceed in three steps:

Step 1. Study the rank of the matrix F(g)+1 as a function of g. Consider a submanifold
D, (F) formed by the points g in G such that (i) the rank of F(g) 4+ 1 is n, and (ii) g is
not connected by integral curves of the vector fields ¢ with points ¢ at which the rank of
F(g')+1 is different from n.

Step 2. Check the involutivity condition (3.4) in D, (F'). If it holds, the distribution
I1P~(F) is the tangent bundle of a submanifold N of G of dimension n, or more precisely
of a family of submanifolds which foliate D,,(F).



Step 3. Find a two-form w globally defined on N for which the gluing condition for F
can be recast as a sigma model boundary condition and such that dw = H ’ N lfsuch aw
exists, the submanifold NV is a D-brane of dimension n.

In what follows we further elaborate these three steps.

3.2 Involutivity in detail
The definition of F in (2.11) and the expression for the group adjoint action in (2.4) imply
that F+1=e " '(—Ad,~1F +1)e. The space of tangent directions IT; = Im(F + 1) can
then be written as
Iy =g [Ad,1F(g)—1]g. (3.5)
For every V in the Lie algebra g,
g[Ad1F(g) = 1]V =F(g)Vg—gV (3.6)

is a vector field. It is actually the sum of a right-invariant vector field Yy, with Y = F(g)V,
and a left-invariant vector field ¢Y, with ¥ =—-V.

Right and left-invariant vector fields act on differentiable functions f defined on G and
taking values in R according to

Yo (f(9) = % £(e7 ) 3 (F@) = % rgem)| (3.7)

If g is parameterized by coordinates x*, the vector field components of Yg and gY are
Yg=Y"Tag=Y" ()10, = (Y9)" 0,
gY =YAgTa =Y (e )'a0, = (gV)" 0.

These equations and VA = e4, v# provide F(g)Vg— gV =— [(F +1)v]"9,, which again
gives for the vector field ¢ the form used in eq. (3.2). Since {74} is a basis of g, the vector
fields that define I, read

ta=FTag—gTa = [(éileFBA - (eil)ﬂA] Ay - (3.8)

These fields completely determine the motions of the string endpoints solving the gluing
condition with linear map F.

The rank of F +1 is obviously equal to the rank of Adg-—1F(g) — 1. Say it takes the
value n for all g in a domain D, (F') in G. Assume further that the integral curves of the
fields t 4 are in D,,(F'). The involutivity condition (3.4) requires that, for all U and V in g
and for all g in D,,(F'), there exist W in g such that

[F(9)Ug—gU,F(g)Vg—gV]|=F(gWg—gW. (3.9)

It is important to keep in mind that W need not be the same for all g. Eq. (3.9) is an
equation in F'(g), in the sense that W does not exist for every linear map F(g). After
expanding its left hand side, it becomes

[F(9)Ug,F(g)Vyg] — [F(9)Ug,gV | —[gU,F(g)Vg]+[gU,gV ]| =F(g) Wg —gW .
(3.10)



Let us understand each one of the terms in this expression. Using egs. (3.7), the action of
first term on an arbitrary function f is

2 S
[F(g)Ug, F(9)Vg] (f(g)) = 8f6t f(etF(e Falg) V€$F(g)Ug)

T (UeV).

After performing the derivatives with respect to s and ¢ and using eqs. (3.7), this reduces to

[F(9)Ug,F(9)Vg] (f(9) = [F(9)V, F(9)U]g (f(9))

+ (Flog (F(9)) Vo (£(9) - (Flo)Vg (F(9)) Ug (fg)).  (311)

Proceeding similarly for the other commutators in eq. (3.10), we obtain

[Flo)Ug.9V] (F(9) = - (sv (F(9))) Ug (f()) (3.12)

and
[9U . gV] (f(9)) = 9[U V] (£(9)) - (3.13)
Taking egs. (3.11)—(3.13) to eq. (3.10) and noting that f is arbitrary, we finally arrive at

—[FU,FV]g+g[U V] =FWg—gW
—((FUg—gU) (F)) Vg+ ((FVg—gV)(F)) Ug. (3.14)

The last two terms in the right hand side carry the action of the vector fields F'(g)Ug—gU
and F(g)Vg— gV on F(g) as a function of g, the result being two linear operators that
act on V and U.

If I does not depend on g, the action of FUg— gU and FVg— gV on F is zero and
eq. (3.14) simplifies to

—[FU,FV]g+g|U,V] =FWg— gW. (3.15)

3.3 Reduction of isometric gluing conditions to boundary conditions

Assume that the linear map F(g) is such that steps 1 and 2 are satisfied. There is then a
submanifold N whose tangent bundle ITV is formed by the tangent spaces TyN = Im(F+ 1)
for all g in N. In what follows we show that the necessary and sufficient condition for the
gluing condition (2.12) to be equivalent to a boundary condition (2.1) is that F(g) is an
isometry of the Lie algebra metric €.

Since O,z belongs to Ty N, there exists v in T4G such that 0,z = (F 4+ 1)v and the
boundary condition (2.1) can be recast as

G0, 95X p) =w(uo, (F+1)v) forall up e Im(F+1). (3.16)
The gluing condition (2.12) can in turn be written as

(F+1)0,X| 5 = (F—1)(F+1)v.



This can be viewed as an equation in 0, X { 951, Whose solutions are of the form
05 X| 5 = (F —1)v 400, (3.17)
with arbitrary vy in Ker(F +1). Eq. (3.17) implies that
G(uo, 80X‘82) = G(uo, (F — 1)1)) + G(uo,vo) for all wug € Im(}"+ 1) ) (3.18)

Of the two terms on the right hand side, only the first one is linear in v. From this and the
linearity in v of the boundary condition (3.16), we conclude that eq. (3.18) is compatible
with the boundary condition (3.16) if and only if the following two requisites are met:

(1) G(uo,vo) =0 for all ug in Im(}"—l— 1) and all vg in Ker(]:—l— 1), and
(2) the action of the two-form w on arbitrary (F 4+ 1)u and (F + 1)v in T,N is given

by
w((F+u, (F+)v)=G((F+1u, (F-1)v). (3.19)

For eq. (3.19) to make sense, its right hand side must be antisymmetric,
0=G((F+Du, (F=1v)+G((F+1v, (F-1u) =2G(Fu,Fv) —2G(u,v).

Since u and v are arbitrary in TG, the operator F, defined on N, acts isometrically on
the whole tangent space T,G,

G(Fu,Fv) = G(u,v). (3.20)

This in turn implies that
Im (F £ 1) = Ker (F + 1)+ (3.21)

and makes condition (1) trivial. Furthermore, given v in 7,G, consider v'=v+v[, in T,G,
with arbitrary v in Ker(F + 1). From eq. (3.21) it follows that

G(F+Du, ( F-1v)=G((F+Du, (F-1)v).

In other words, the right hand side in eq. (3.19) does not depend on the choice of vg in (3.17)
and the two-form w as defined by eq. (3.19) is single valued. Finally, w exists globally on N
since it is given by eq. (3.19) through its action on arbitrary vectors (F+1)u and (F+1)v
in TyN for any g in N.

From the definition (2.11) of F, the bi-invariance property (2.6) of the metric G and
eq. (3.20), it is straightforward that

Q(F(9)Ta, F(9)Tp) = QTa, Tp) (3.22)

for all T4 and T in the Lie algebra. This shows that the linear map F(g) is an isometry
of the Lie algebra metric €.

Note that if F is an isometry on T,G, eq. (3.18) not only follows from the gluing
condition (2.12) but is equivalent to it. All in all we have that the necessary and sufficient



condition for the gluing condition to have the form of a boundary condition is that F'(g) is an
isometry of €2, the two-form w being given by eq. (3.19). In what follows whenever we write
F(g) we will be thinking of it as an isometry. In terms of the fieldst4 = g [Adg_l F(g)— 1] Ty
in eq. (3.8), the definition of w in eq. (3.19) can be written as

w(ta,tp) = Q((Ady-1F —1)Ta, (Ady-1F +1)T5) . (3.23)

We remark that the analysis performed here holds for any linear map F, regardless of
whether it is constant or g-dependent.
The condition that w must satisfy for NV to be a D-brane is

dw = H|,,, (3.24)

where the exterior derivative on the left hand side is taken with respect to the directions in
TyN and not with respect to arbitrary directions in 7;G. Condition (3.24) does not hold
for every isometry F' defining a submanifold N upon integration of the gluing condition.
Examples of this are given in section 6 and in ref. [21]. Let us discuss some cases in which
w fulfills eq. (3.24).

For one and two-dimensional submanifolds N, eq. (3.24) trivially holds and the only
requirement for the existence of a D-brane for an isometry F' is involutivity. Assume now
that N has dimension larger than two and that F = R is a g-independent, )-preserving
Lie algebra automorphism. The exterior derivative of w on N is a three-form whose action
on vector fields t1, to and t3 in T, N is given by

dw (tl, to, t3) :tl(w(tQ,tg)) — W ([tl,tQ] > tg)
+ tg(w(tg,tl)) — W ( [tg,tg] s tl)
+ tg(w(tl,tQ)) —w ( [tg,tl] , tQ) . (3.25)

Since the vector fields t4 = g(Ad;1R — 1)Ta span TN, it suffices to calculate
dw(ta,tp,tc). For that, we need to consider terms of the form t4(w(tp,tc)) and
w([tA,tB],tC). Since R does not depend on g,

ta (w(tp,te)) = @ (ta (Ady) RTp, To) = Q (ta (Adym) RTo, Tp).

Noting that
ta (Adgfl) V=- [ (AdgflR — 1) Ty, Adng]

for all V' in g, using that R and Ad,—1 R are Lie algebra automorphisms and recalling that
Q) is invariant, it is straightforward to see that

ta (w(tB,tc)) = (Adgfl RTg, [Tc,TA]) - Q (TB, Adg—l R[TC,TA]) — (B > C) .
Proceeding similarly with w([t A,tB], tc), one has

w ([tA,tB] , tc) =0 ([TA,TB] , Adg—l RTc) -0 (Adg—1 R[Ty,Tg], Tc) .
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Upon substitution in eq. (3.25), this gives
dw(ta,tp,tc) =0 ([(Adg_lR ~1)Ta, (AdjsR—1)T], (Ady1 R — 1) TC) . (3.26)

On the other hand, from eq. (2.5) it trivially follows that the right hand side in (3.26)
is equal to H(ta,tp,tc). Hence, for any constant isometry that is also a Lie algebra
automorphism, dw = H‘ - 1t is clear that if /' depends on g and/or is not a Lie algebra
automorphism, this proof does not stand. In these cases, condition (3.24) can always be
checked by hand. See ref. [21] for examples.

We end this section by remarking that we have not assumed at any stage that
T,G =11, ® H;-, thus generalizing previous approaches [14] that, under such an assump-
tion, define w for F' a constant Lie algebra automorphism. In this regard, it is worth
noting that T,G = II, © HgL holds for Lie groups with Euclidean signature metric G, .
However, if Gy, is Lorentzian, it may occur that, among the vector fields defining the
distribution IT™, one of them is null and orthogonal to all the others. If this is the case,
the induced metric on the D-brane is degenerate and the tangent space T;G cannot be
written as a direct sum of II, and H;-. In appendix B an explicit construction of such
null vector fields in terms of the eigenvectors of F is presented, and in ref. [21] a family
of degenerate D2-branes for the Nappi-Witten [34] model is found.

4 Limitations of the gluing condition approach

In the previous section we have shown that every gluing condition with F' an isometry
takes the form of a boundary condition with a two-form w defined by eq. (3.19). It may,
however, occur that a boundary condition describing a D-brane cannot be written as a
gluing condition. In this section we tackle this problem and show that every boundary
condition with two-form w defining a D-brane N can be written as a gluing condition if
and only if det (G|y —w) # 0.

Let us then consider a D-brane N with tangent space T, N specified by the boundary
condition (2.1), the two-form w acting on T,N. It is most convenient for our purposes to
write the boundary condition as

(X, 0,X] ) = w(0X, 0,X|,y) forall 6X €T,N, (4.1)
with 8UX|8E in T,G and GTX’82 in T,N. We now define a map K: T,N — T,G/(T,N*)
whose action on w in Ty N is given by

G(z,Kw) = ; [G(z,w) —w(z,w)] forall zeTyN. (4.2)

The map K is trivially linear and takes values in the quotient T,G/(T,N+). To see the
latter, assume that y in TyG is such that G(z,y) = G(z,Kw) for all z in TyN. It follows
that G(z,y — Kw) = 0, which in turn implies that y — Kw is in T,N-*.

Furthermore, K is injective if and only if det (G|y — w) # 0. Indeed, for v’ # w in
TyN such that Kw’'= Kw, we have, according to eq. (4.2), that

Gz, —w) =w(z,w' —w) foral zeT,N. (4.3)

— 11 —



A vector w’ — w # 0 satisfying this condition exists if and only if det (G|y — w) = 0,
which proves the statement. Actually, since dim(7,N) + dim(T,N+) = dim(7,G), the
map K is bijective if it is injective.

For det (G|y — w) # 0, the inverse map K~!': T,G/(T,Nt) — T,N hence exists
and is bijective. From K~! we define a linear map G: T,G — T,N whose action on an
arbitrary element v in T,G is given by Gv = IC_l(v + TgNl). Writing G as G = F + 1, it
is straightforward to check that F satisfies TyN = Im(F + 1) and

w((F+Du, (F+)v)=G((F+1u, (F-1)v) (4.4)

for arbitrary w and v in T,G. Proceeding along the same lines as in subsection 3.3, one
can see that the isometric character of F follows from the antisymmetric property of w.

Since 8TX‘8E in eq. (4.1) belongs to Ty N, it can be written as aTX‘az = (F+1)v for
some v in T;G. Upon noting (4.4), the boundary condition (4.1) takes the form

G(éX, 509%2) — G(&X, (F - 1)1)) for all 6X € T,N .

This is equivalent to
05X |0 = (F=1) v+,

with arbitrary vg in TgNJ- = Ker (.7-'—1— 1). Acting with 7+ 1 on both sides of this equation
we finally have

(F+1)0:X| 0= (F-1)(F+1)v=(F-1)0,X|,s,

which is nothing but the gluing condition (2.12) written in terms of world sheet
coordinates 7 and o.

Let us go back to eq. (4.3). If there exists w’— w # 0 in T,N such that the equation
holds and z is taken equal to w’— w, the right hand side of eq. (4.3) vanishes and it
follows that w’— w is a null vector. Since Euclidean D-branes do not have null vectors,
such a w’—w # 0 does not exist and det (G|y — w) # 0. The analysis of D-branes based
on the gluing condition (2.8) then provides all Euclidean D-branes described by boundary
conditions but may miss some Lorentzian or metrically degenerate D-branes for which
det (G|y —w) =0.

5 An application: D-branes from global isometries

From the analysis in subsection 3.2 it is convenient to distinguish two cases. The first one
assumes that F' does not depend on g. We call such isometries constant or global and will
be treated in this section. The second case accounts for g-dependent isometries F'(g). We
call them local or nonconstant; some examples will be considered in section 5.

If F is a global (or constant) isometry solving involutivity, eq. (3.15) holds. Frobenius
theorem ensures that Iy = g(Ad,1F' —1)g is the tangent space to a submanifold N of G
but it does not identify /N. This problem we address next.
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Consider the vector field ty(g) = g(Ad,—+F' — 1)V, with V' in g, and let go be a group
element. By definition, the integral curve 74, (s;g0) of ty that goes through g is the
solution to

d
Y (0:90) =90 v (5i90) = tv (Vv (5:90)) »

where s is a real parameter along the curve. Simple inspection shows that the solution is
iy (5:90) = eV ggeV . (5.1)

The set N, of all points connected to gy by integral curves of vector fields ¢y, with V/
arbitrary, can always be written as

Ny, = {eFVgo eV Ve a}. (5.2)

The only candidate for a D-brane containing go is then N,,. According to section 3,
however, the fact that N, contains the integral curves of all the fields ¢y that go through
go is not enough to conclude that Ny, is a D-brane. For this to be the case, N9 must
be an involutive distribution. In summary, D-branes for constant F', if they exist, have
the form of N, in (5.2).

5.1 Automorphisms and twined conjugacy classes as D-branes

Take F' = R with R a Lie algebra automorphism compatible with condition (3.22). Au-
tomorphisms of this type form a group, denoted by Autn(g). Being R an automorphism,
it satisfies

R[U,V]=[RU,RV] (5.3)

for all U and V in g. For any such F, the involutivity equation (3.15) is solved by
W = [V,U] and the manifold N, is the R-twined conjugacy class C(R, go) of go,

Ny, =C(R, 90) = {eRVgo eV Ve g}.

In appendix C it is shown that the dimension of ITl; = g(Ad,1F — 1)g is constant for
all g in C(R, go). Furthermore, as proved at the end of section 3, the two-form w given
in (3.19) satisfies H{Ngo = dw. Hence, C(R, go) is a D-brane [11, 13-15].

Note that for R = 1, the manifold Ny, is a conventional conjugacy class C(1,go) [11].
Consider now R # 1 and assume that R is an inner automorphism. By definition, it
exists an h in G such that RV = Ad,V for all V in g. Since Adp,Adp, = Adp,p,, inner
automorphisms form a subgroup Inng(g). Automorphisms which are not inner are called
outer and form the equivalence classes of the quotient Autg(g)/Inng(g). Any automorphism
R can therefore be written as R = R1R2, with R; inner and 1:1’2 of the same type as R.
Consider the (Rlég)—twined conjugacy class of gg. Using that Ry = Ady for some h in G,
and recalling that e®*4"V = Ad,.e!V for all r in G and all U in g, it follows that

C(R1 Ry, 90) = hC(Ra, k™' go)

for some h in G. If R is inner, so that Ry = 1, the D-branes are the left translates by h
of the conventional conjugacy classes [13]. For R outer, the D-branes are the translates of
Ro-twined conjugacy classes [13, 22].
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5.2 D-branes for semisimple Lie algebras

Involutivity for isometries that are not Lie algebra automorphisms is more complicated.
It has been suggested [12, 13, 32| that isometries of the form F' = —R, with R a Lie
algebra automorphism, define D-branes. In the sequel we investigate this issue and reach
an answer in the negative.

Consider eq. (3.15) and make the change 2Y = [U, V] — W. Involutivity requires that,
for all U and V in g and for all g, there must exist Y in g such that

g[U, V] = g(AdgflR +1)Y.
After multiplying from the left with ¢—!, this becomes
[9.9] C (Ad,-1R+1)g. (5.4)

We restrict ourselves to semisimple Lie algebras g. Concerning this restriction, we
make two comments. The first one is that if for the invariant metric €2 one takes a Killing
form and R is an arbitrary Lie algebra automorphism, +R are isometries.? The second
observation is that two of the most relevant semisimple Lie algebras in string theory are
5[(2,R) and su(2), all whose isometries are either of the foorm FF = R or F' = —R. As
already mentioned, F' = R define D-branes. Consideration of F' = —R then completes the
search of D-branes for constant isometries for sl(2, R) and su(2).

Let g be a semisimple Lie algebra of dimension d. Being semisimple, [g, g] = g and the
involutivity requirement (5.4) reads

g= (Adg—lR+ 1)g.

Let Dy denote the set of group elements where this condition holds. That is, g belongs
to Dy if (Adg-1 R+ 1)V #0 for all V' # 0 in g. The tangent plane (3.5) at all g in Dg
is then II, = T,G. The distribution 174 is trivially involutive and is the tangent bundle
to Dy itself. The only D-brane candidate provided by F' =—R is hence Dy. According to
our discussion in section 3, for Dy to be a D-brane, the integral curves of the vector fields
ty(g) = g(Ad,1 R + 1)V should be contained in Dg. In the remaining of this section we
show that this is not the case, thus implying that F' =—R does not define a D-brane.
The proof consists in (i) finding group elements g outside Dy, and (ii) showing that
these g are connected to elements in Dy by integral curves of the vector fields ty(g).

Proof of (i). A group element g is not in Dy if there exists a nonzero V' in g such that
(Adqu + l)V = 0. Let us call Dj to the set formed by such g,

Dy =G—Dg={g€G: Ker(Adj1R+1) #0}. (5.5)

The group Aut(g) has in general several connected components, the component containing
the identity being the normal subgroup Inn(g), and the quotient Aut(g)/Inn(g) being a

2Note in this regard that a non-simple semisimple Lie algebra may have invariant metrics which are not
proportional to its Killing form, in which case a Lie algebra automorphism need not be an isometry. The
case of simple Lie algebras is more restrictive since all invariant metrics are proportional to the Killing form.
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finite group. It follows that in every component, and in particular in that containing R,

there is then an automorphism S such that 5™ =1 for an integer n. This implies that the

eigenvalues of S can only be n-th roots of 1. Furthermore, if a root e is an eigenvalue

with multiplicity m, so is €?. Since S and R are in the same component, they are related
by an inner automorphism, meaning that there is an h in G such that R = AdS. We
now distinguish three cases:

e S has an eigenvalue —1. For g = h, the operator Ad,-1 R has then an eigenvalue —1
and g is in Dy .

e S does not have an eigenvalue —1 but has two complex conjugate eigenvalues e
with eigenvectors Z; 4+ iZs,

S(Zl + 1Z2) = e:Fia(Zl + IZQ) .

Using that g is semisimple and that S is an automorphism, it is straightforward to
show that X = [Z1, Z5] is an eigenvector of S with eigenvalue +1 and that there
exists a real such that [X, 7] = aZy and [X, Z3] = —aZ;. The constant a can be
eliminated by redefining 71, Z> and X, so that

[Z1,75] = X (X, Z1] = Z, (X, Z3)=—-2.

Take now W = ;2 (Z1— Z3) and consider g = he™". Tt follows after some algebra
that the automorphism Adg,-1R = Ad.w S has two eigenvectors with eigenvalue —1,

Adj1RX = -X
Adg R (cos 071 + Z5 — sin QZQ) = —(cos 071 + Zy — sin HZQ) .

Hence g = he™" belongs to Dy .

e S only has eigenvalues +1. In this case, S is the identity automorphism and R is
inner. For g semisimple, it is always possible to take X in its Cartan subalgebra and
Z1 and Zy in g such that

[Zl’ZQ] =X [Xv Zl] =7 [X, ZQ] =—75.

It is then very simple to check that Ad,-1 R, where g is taken as g = he="W with
W = /2n1(Z1— Z5), has two eigenvectors with eigenvalue —1,

Adj1RX =-X
Adg1R(Z1+ Z3) = —(Z1 + Zs).

So also in this case Dy is not empty.

As shown in appendix C, the spectrum of Ad,-1 R is invariant under R-twined conjugation.
Hence, if g is in Dy, the whole R-twined conjugacy class C(R,g) is in Dy . As a result,
Dy is a union of R-twined conjugacy classes. It is clear that Dj has dimension less than d.
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Proof of (ii). The tangent space T,)G = gog at a go in Dy is most conveniently written
as

Ty G=go(Ad, 1 R—1)g U go(Ad, 1R+ 1)g. (5.6)

Since the R-twined conjugacy class C(R,go) is contained in Dy and the fields
g(Ad,1 R — 1)g generate motions inside C(R,go), there must be at least one vector
field ty(g) = g(Ad,1 R+ 1)V whose integral curve goes from Dy to Dg. Such a curve
connects points in the D-brane with points outside the D-brane. We thus conclude that
Dy cannot be a D-brane.

This proves that there are no D-branes for a semisimple Lie algebra g and F' = —R,
with R a constant automorphism. This result contrasts with previous studies on the
subject [12]. If the requirement that Dy contain the integral curves of all the fields ¢ were
relaxed, Dy would be a D-brane of dimension d, provided it exists a suitable two-form w.
This D-brane would not be filling, since Dy is not empty. Furthermore, it would exclude
allowed motions for the string endpoints, thus contradicting the definition of D-brane.

6 Some considerations on D-branes for local isometries

For local isometries F(g), involutivity takes the form (3.14). Given a local isometry F(g),
it is always possible to construct a new isometry

Fg) — F'(g) = Ady F~(g) Ady . (6.1)

It is very easy to convince oneself that, at any point g in G, both F' and F’ define the
same tangent space II;= g (Ad,1F —1)g. They thus define the same distribution. Fur-
thermore, it is straightforward to check that F'’/ satisfies the involutivity condition (3.14) if
and only if F' does. Assume that this is the case, so that they define the same submanifold
N of G.

The gluing conditions (2.8) for F' and F'' read

F: (F=1)0;X|,5=(F+1)0:X| s (6.2)
F': (F'=1)0,X|,0 = (F'+1)0,X| ., (6.3)

where the matrices F and F' are given by F=—¢ !Fe and F'=—¢ !F’e. Noting that
F'=F"1 eq. (6.3) can be written, after multiplication from the left with F, as

F'i: —(F=1)0,X|,5=(F+1)0,X| - (6.4)

The gluing condition (6.4) for F' has a relative negative sign as compared to the glu-
ing condition (6.2) for F'. This sign has important consequences for the recasting of the
corresponding gluing conditions as boundary conditions. Indeed, the two-forms w and
w’ associated to F' and F' are related by w’ = —w, so the conditions dw = H‘N and
dw’ = H! y cannot generally hold simultaneously. Let us see an example.
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Example: Filling D-brane. In this case, the sigma model boundary conditions (2.1)
become

G 0 XY | = G 0o X7 (6.5)

Assume that the D-brane is defined by an isometry F'. This requires in particular that the
gluing condition (6.2) can be written as in (6.5), with w such that dw = H. See ref. [21]
for some examples. The gluing condition (6.4) can then be written in the form (6.5), but
needs w’ = —w, and dw’ # H. The isometry F'' hence does not define a D-brane.

We close this section by further illustrating that an integrable gluing condition by itself
does not define a D-brane. Consider F'(g) =—Ad,. The tangent plane (3.5) at all g in G is
Il; = T,G. The isometry F' defines trivially an involutive distribution, the submanifold N
being the whole group G. Since F = 1, the gluing condition (6.2) becomes 8UX“‘82 =0.
This, in turn, cannot be understood as a sigma model boundary condition, since it requires
w = 0 on the whole group manifold and does not account for a nontrivial H.

7 Conclusion

Given a WZW model with real Lie group G, Lie algebra g and invariant Lie algebra metric
), we have shown that a linear map F(g) acting on g defines a D-brane if the following
conditions hold:

(i) F(g) is an isometry of .

(ii) The vector fields t4 = FTag—gT4 = t"40,, defined by F(g) span a distribution. That
is, the matrix formed by the coeflicients t#4 has constant rank on a submanifold N
of the group manifold. If this is the case and the rank is p+ 1, there are p+ 1 linearly
independent vector fields k; that are linear combinations k; = ¢;4t4 of the fields ¢ 4.

(iii) The integral curves of the fields k; are contained in N.
(iv) The fields k; are involutive in N.

(v) The two-form w globally defined on N by its action w(k;, k;j) on the fields k; = cjata
through w(ta,tp) = (Adg—lFTA —Ta, Adg FTp + TB) satisfies dw = H| ;.
The conditions above account for both metrically nondegenerate and degenerate

D-branes. They are met by F' any constant {2-preserving Lie algebra automorphism R,

so the well known result [11-14] that the R-twined conjugacy classes of the group G are

D-branes extends to metrically degenerate classes.

WZW models based on semisimple Lie algebras are of particular interest in string
theory, two of the most studied models being su(2) and sl(2, R). It had been claimed that
constant F' = —R could provide D-branes for such models. This has been disproved in
this paper, since condition (iii) above fails.

For more general scenarios, (ii)—(v) must be checked for any given isometry F'. This
is however straightforward. In ref. [21] the Nappi-Witten model [34] is considered and
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several families of D-branes for g-dependent isometries F'(g) are found, some have Eu-
clidean signature, some have Lorentzian and some are metrically degenerate. It would be
interesting to study if D-branes defined by g-dependent isometries have a translate in the
algebraic framework, since normal ordering ambiguities may occur. Our interest in this
paper has been the geometric description of D-branes in WZW string backgrounds taking
as starting point a gluing condition J; = F'J_ that matches the chiral currents at the world
sheet boundary. It remains an open problem to study if the geometric approach presented
here describes D-branes for which a full set of gluing conditions have not been found, the
so-called permutation D-branes [19] among them.
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A Alternative derivation of eq. (3.2)

Here we present an alternative derivation of eq. (3.2). The idea is to solve the gluing
condition (2.12) for d,x* in terms of the eigenvectors of the matrix F.

The (generalized) eigenvectors of the matrix F form a basis of linearly independent
vectors. An eigenvalue A with algebraic multiplicity ay and geometric multiplicity m
has i =1,...,m) eigenvectors v(y ; 1) and ay —m) generalized eigenvectors that can be
organized in m) chains

(F=XNviain=0 .. (F=X)vn,ie) =00, 6-1) G;=2,..., L. (Al

The index ¢; = 1,...,L; labels the members of the chain ()\,i). Every chain is headed
by an eigenvector v(y ; 1) and terminates in a highest-¢; generalized eigenvector vy ; r,.

Consider two arbitrary (generalized) eigenvectors vy ; 4,) and v relative to the

Hog,mg)
eigenvalues A and p.
Since the (generalized) eigenvectors {v(\ ; 4,)} are linearly independent, 0, X | oy, and

O X ‘ oy, are linear combinations

0, X | 5 = Z Qi 0) V(n,i, ) 05 X | 5 = Z Bx,i, ) Vn,i, ) s
)\,i,éi )\aiaéi

with coefficients oy ; ¢,y and By ; ¢,). Upon substitution in eq. (2.12), the following set
of equations follows for every chain (J,1)

amiy T A=1 an i -1 =806 +A+1D)Bni -y  Li=2,...,L (A2)
A=Dan,i,y=A+1) B L) - (A.3)

We must solve egs. (A.2)-(A.3) for a(y g, in terms of B, ;). To this end, we consider
the cases A= —1, A=1 and A # +1 separately.
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e Assume that F has a chain {v_;;} relative to the eigenvalue A\ =—1. Eq. (A.3)
implies a(_y;,)=0, so the vector v_;, does not occur in drz. Eq. (A.2)
in turn implies that there are infinitely many solutions for a(_q;1)...141,-1);
one for every choice of B,y ...B(—141,)- The (generalized) eigenvectors
V(—1,i,1) + - V(=1,i,L;—1) then occur in d;z.

e Look next at a chain {vg;y,)} with eigenvalue A = 1. Eq. (A.3) now requires
B1,i,r,)= 0 and leaves «a(y; 1) arbitrary. This and eq. (A.2) give arbitrary solutions
for all ay;4,). In this case, all the vectors in the chain are tangent.

e Consider finally a chain {v(y )} relative to an eigenvalue A # +1. Eqgs. (A.2)-(A.3)
give arbitrary solutions for all a(y ;) and again all the vectors in the chain occur in
o-x.

The space 11, of tangent directions is then

Iy = Span {v(xie): (A 6) # (=1, Li) }

and has dimension d — m_;, where we recall that d is the group dimension and m_; the
geometric multiplicity of A = —1. Since the nontangent vectors v(_y; r,) are removed from
the set of all (generalized) eigenvectors through the action of F + 1, one has

II, = (F 4+ 1) Span {’U()\’Z"gi)} = Im(]:—l- 1) ) (A.4)

This is precisely eq. (3.2).

B Metrically degenerate tangent planes

Here we explicitely construct tangent vectors that are orthogonal to all tangent vectors,
including itself, so they define a metrically degenerate tangent plane II,.

To this end, we first note that the isometry property (3.20) and eq. (A.1) imply the
orthogonality relation

(1—)\#) G(v()\,i,ﬁi)’v(u,j,mg’)):0' (B.l)

for two arbitrary (generalized) eigenvectors.

Assume for concreteness that there is only one chain {v_111...v11,)} of L >2
generalized eigenvectors relative to the eigenvalue A =—1, and let us write ug := v(_1 1)
for its members. As explained in appendix A, the first L — 1 vectors in this chain define
directions in II,. Noting that F is an isometry and recalling egs. (A.1), we have

G(ul, ug+1) = G(ful , .7-"W+1) = G(ul, W+1) — G(u1 , uz) (=1,...,.L—1.

It follows that G(ui,us) = 0 for ¢ = 1...,L — 1. Since {us} is the only chain with
eigenvalue —1, any other direction in II, has eigenvalue A # —1, and thus eq. (B.1) implies
that it is orthogonal to u;. The eigenvector wu; is thus orthogonal to all (generalized)
eigenvectors spanning Il,, and in particular to itself.

It is trivial to extend these arguments to show that every eigenvector heading a chain
with eigenvalue A =— 1 defines a null direction orthogonal to II,.
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C Invariance of the spectrum of Ad,—1 R

This appendix contains the discussion of the invariance of the spectrum of the operator
Adgy-1 R under R-twined conjugation, where R is a Lie algebra automorphism.
The eigenvalue problem for Ad,—1 R takes the form

RVi0g9 =29V + 9V, (C.1)

where the last term accounts for the occurrence of generalized eigenvectors. Here the chain
labeling index ¢ in appendices A and B has been omitted in the notation since it does not
play any role. An arbitrary R-twined conjugate g’ of g can be written as

/_e—RU

— ge?

)

for some U in g. After some trivial manipulations, eq. (C.1) can be written in terms of ¢’ as
e "RV e g =Ag'e U Ve +9'e7 Y Vinoy el (C.2)

Being R a Lie algebra automorphism, the left hand side of this equation is
R(e*UY/()J)eU)g’. Eq. (C.2) becomes then

Adg/‘lRV(,A,é) = )‘V(,A,é) + ‘/(/,\,4—1) V(/A,e) = Q‘/’_UV(/\,Z—I)‘?U

The eigenvalues thus remain invariant, while the (generalized) eigenvectors change by
ordinary conjugation. As a consequence, the dimension of the linear space generated by
the eigenvectors associated to a given eigenvalue is constant under R-twined conjugation.
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1 Introduction

The approach to understanding D-branes and their properties in terms of the open strings
attached to their worldvolumes has provided a new look on D-branes. One of the most
remarkable and influential results along this line is the observation that, for flat spacetime
and a globally defined constant two-form B, the D-brane world volume becomes noncom-
mutative upon quantization [1-4]. In particular, if B is of magnetic type, space directions
do not commute [1-3], whereas if B is of electric type, it is the time direction that does not
commute with the space directions [4]. Since the three-form H vanishes for constant B,
the field equations for the string are the same as for B = 0. The boundary conditions,
however, change, since they involve the field B; the annhilation and creation parts of every
string mode get coupled and this coupling leads to noncommutativity upon quantization.
Noncommutativity should then be a general feature for D-branes in curved backgrounds.

Two important examples of the latter are provided by (i) the family of pp-wave ge-
ometries [5, 6] with also a globally defined constant B that describe the Penrose limits
of AdS,, x S™ and dS,, x S™, and (i) an S* background with nonzero H [7, 8]. In the
first case, the three-form H vanishes and noncommutativity at the string endpoints can be
established through canonical quantization. In the second case, canonical quantization is
not adequate and noncommutativity is proved by resorting to the SU(2) WZW formulation
of the string background.

More generally, since WZW models are the building blocks of many string backgrounds,
one expects to learn about D-branes and their noncommutative field theories by looking



at open strings on group manifolds. This entails as a first step the characterization of
D-branes in WZW models [9-18]. Such characterization is well understood in some cases.
In particular, it is known that the metrically nondegenerate R-twined conjugacy classes of
a WZW group manifold are D-branes for all Lie algebra metric-preserving automorphisms
R. These twined conjugacy classes are obtained as the solutions to a gluing condition
Jy = RJ_ that matches the chiral currents Jy and J_ of the model at the D-brane. Very
little is known, however, if in the gluing condition, instead of a Lie algebra automorphism,
an arbitrary isometry F of the Lie algebra metric is considered [18]. This is due to the fact
that involutivity (required for the solution to the gluing condition to define a submanifold)
holds trivially for Lie algebra automorphisms, whereas for general isometries it usually does
not. In this latter case, involutivity often requires to consider isometries F'(g) that depend
on the group point g at which the gluing condition must be solved.

The Nappi-Witten model [19] is a WZW model describing a four-dimensional noncom-
pact string background. The twined conjugacy classes of its group manifold are well under-
stood [14]. They provide two-dimensional Euclidean D-branes for metric-preserving inner
automorphisms and three-dimensional Lorentzian D-branes for metric-preserving outer au-
tomorphisms. The purpose of this paper is to go beyond and construct Lorentzian D-branes
of dimension one, two, three and four by solving the gluing condition for isometries other
than Lie algebra automorphisms. Our motivation aims to constructing noncommutative
field theories on noncompact curved backgrounds.

In this paper we apply geometric characterization of D-branes in nonsemisimple Lie
groups along the lines of ref. [18] to the Nappi-Witten model. There are other ways to
approach the study of D-branes in WZW models. In particular, the so called algebraic
program, that uses boundary conformal theory. See e.g. ref. [20] and references therein for
compact string backgrounds, ref. [21] for noncompact ones and ref. [22] for their use in the
Nappi-Witten model.

The paper is organized as follows. In section 2, we review the semiclassical char-
acterization of D-branes in a WZW model. The material presented there can be found
elsewhere [11-13], though it emphasizes some points [18] concerning the role of Frobenius
theorem and involutivity that have gone somewhat unnoticed in the literature. Section 3
contains a brief account of the Nappi-Witten model, including a complete characterization
of its Lie algebra isometries. Sections 4 and 5 are dedicated to constructing the D-branes of
interest. In particular, worldvolume filling D-branes, metrically degenerate D2-branes and
Lorentzian D1-branes are presented in section 4, whereas Lorentzian D2 and DO0-branes are
exhibited in section 5. The subject of section 6 is to recover the boundary conditions for
the string coordinates from the gluing condition for the chiral currents. Finally, section 7
collects our conclusions.

2 Characterization of D-branes in WZW models

Consider a Lie algebra g of dimension d over R and an invariant Lie algebra metric §2
defined on it. In a basis {7} }, with commutation relations

[TaaTb] :fabcTca (21)



the metric components Qg = Q(1y,T}) satisfy
fabd Qdc - Qad fbcd . (22)

Here we will be interested in isometries of €). An isometry of € is a linear map F' from
g to g such that Q(FT,, F1y) = Q(T,,T,). Writing the action of F' on a generator Ty, as

F(T,) =T, F?,, with F?, taking values in R, the isometry condition becomes!

Qup = FuQuFYh < FTQF=Q. (2.3)

The isometries of Q form a subgroup Iso(f2) of the general linear group GY¢(d,R). Our
conventions for matrix notation is that the first index, from left to right, labels rows, and
the second one labels columns.

The pair (g, ) defines a WZW model described by mappings g from the string world-
sheet X to the group manifold G obtained from g through exponentiation. If G is locally
parameterized by the string coordinates X*(7, ), the left-invariant e, and right-invariant
e?, vielbeins at g(X) are

g tdg=T,e", dX", dgg ' =T,e", dx". (2.4)
The adjoint action of the group G on the algebra g is
Ady(T,) =gTug ' =Tye’u(e e & Ad,=cee’,

where (e 1)H, is the inverse of e?,, defined by (e 1), ¢€’, = 6,°. The spacetime metric
G, and the three-form H,,\ specifying the string background are given in terms of Q by

Gu = (9 '0ug, g 0g) (2.5)

Hux = ([97" 009, 9 00g], g 0r9) - (2.6)

+

In world sheet coordinates o= = 7 4 o, the chiral currents of the model read

J(c)=g"'0-g, Ji(o")=—0,99""

and satisty 0;J_ =0_Jy = 0.

A Dp-brane is a (p + 1)-dimensional submanifold N of G on which an open string
may end. Points in N can be parameterized by the string endpoints coordinates
ah(r) = XH(r, 0)‘627 so we will write g(x). The D-brane can be specified [9, 12, 13, 18] by

(i) An isometry F' of €2, that in general may depend on g, and a condition
Jy =F(g)J_ at 0%. (2.7)

This condition must define i = 1,...,p 4 1 integrable vector fields k;(x) = k#;(x)0,
that characterize the tangent bundle of the submanifold N. The fields k;(z) must
define a basis of T, N for all g(x) in N. In what follows we will denote by o' the local
coordinates along the directions defined by k;, that is, k; = 9/0c’.

'In matrix notation, in F'*; the index a specifies the row and the index b the column.



(ii) A two-form w defined on IV, with components w;; = w(k;, k;) satisfying the following
two requirements. Firstly, eq. (2.7) must reproduce the usual boundary conditions of
the sigma model formulation, which in the presence of a D-brane read [9, 18]

(k”iGuyagX”—wijaTaj)‘ —0  i=1,....p+1. (2.8)

s
And secondly, dw = H | - Note that the variations of the D-brane coordinates o' and
the string endpoints coordinates z* with 7 are related by d,a' k¥ = 0, x".

We remark that, from the viewpoint of the sigma model, the boundary conditions take
the form (2.8). These are the equations that must be recovered from eq. (2.7). To avoid
confusion, eq. (2.7) is called gluing condition.

Writing the chiral currents as J_ =T, e%, d_X* and J  =-T,e% 0, X*, multiplying
from the left with the right-invariant inverse vielbein, and using world sheet coordinates
and o, condition (2.7) is written as

(F=1)0:-X|pp = (F+1) 0, X| ;- (2.9)
Here F stands for
Fly=—@ ) FYet, & Fa)=—&'Flg)e (2.10)

and is called matrix of boundary conditions. F is only defined at 0% and depends on x*
through the vielbeins e(z) and € '(z) and the isometry F(g(z)).

For any g in G, the only motions compatible with conditions (2.9) are along the curves
tangent to the vector fields [12, 13, 18]

tu(g) =FUg—gU, Ue€g.
Since U = U%T, for all U in g and {7, } is a basis, it is enough to consider the fields
talg) = FTug — 974 -
At every g, the fields t,(g) define a space of tangent directions

Iy = Span {ta(g) }

contained in the tangent space TyG at g to the whole manifold G . If the tangent planes
II, have dimension p 4+ 1 for all g in G, their collection defines a (p + 1)-dimensional
distribution on G,

II={II;: dimIl,=p+1, g G}. (2.11)
Multiplication of #4(g) from the left with g~ gives g~ 't, = Ady1 F'T;, — T,. The planes
I, have dimension p+1 for all g if and only if Ad,-1F' —1 has rank p+1 for all g. It may
occur that II, does not have constant dimension over G, so that II is not a distribution on
G. In this case, since the open string endpoints flow along the integral curves of t,, it is
enough to have a distribution

' ={I,: dimIl,=p+1, g G'}



on a submanifold G’ of G, provided G’ contains all such curves. See ref. [18] for details
and sections 4 and 5 for examples.

For II, to be at all g in G, not just a tangent plane, but the tangent space to a
submanifold N1 of G, the distribution II’ must be integrable. According to Frobenius
theorem, II' is integrable if and only if the vector fields ¢, are involutive. That is, if and
only if the commutator [t,,tp] of any two fields ¢, and ¢, taking values in I’ also takes
values in IT". This amounts to the existence of functions c,(g) such that

[ta(9), ts(9) ] = car’(9) te(9) (2.12)

for all g in G’. The distribution IT" is the tangent bundle of Nj 1.

The field ¢,(g) is the sum of a right-invariant vector field Xrg, with Xg = F'T,, and a
left-invariant one gXi,, with X, =—1T,. Its action on a differentiable function f defined on
G is easily computed from the actions of Xrg and ¢Xi, given by

Xeg (F@) = & 1) . g% (F@) = & Flge)

dt t=0 dt t=0

If g(z) is parameterized by coordinates z*, the components of Xr g and ¢gXj, are

Xpg=XgTog=Xg ()", 0y (2.13)
9XL= X" 9Ty = X (e )", O, (2.14)

This gives
to(z) = FT,g — gT, = [(e )", FPa — (1), ] 0 = tFa(2) O, (2.15)

The rank of the matrix t#,(x) at g(x) is the dimension of II,. Note that the a-th column
of this matrix is formed by the components of the tangent vector t,(x).

Let us restrict our attention for the time being to isometries I’ that are constant over
G. In this case, equation (2.12) takes the simpler form [18]

— [FTa, FTy) g+ g [Ta, Ty] = cai(9) (FTog — gT.). (2.16)

A solution to this equation is provided by F = R and cap©(9) = —fap®, with R a Lie
algebra automorphism satisfying eq. (2.3) and f,© the Lie algebra structure constants.
This is trivial since, by definition, Lie algebra automorphisms R satisfy

R|T,, Ty = [RT,, RT}] . (2.17)

The restriction to automorphisms R complying with eq. (2.3) comes from the observation
that for a general Lie algebra not all automorphisms R are isometries. Automorphisms
fulfilling (2.3) condition are called Q-preserving. The vector fields t,= R%T,g — ¢T, are
very easy to integrate and give for the submanifold N the R®-twined conjugacy classes of
the group G [10, 12, 13],

N =C(R,g) = {eRﬂvgo eV ve g}



where gg is an arbitrary group element that accounts for the integration constants.

There are suggestions [11, 12, 24] that F' = —R%, with R an Q-preserving constant
automorphism, may solve involutivity and, hence, may lead to D-branes. For semisimple
Lie algebras, however, it has been proved [18] that this is not the case. In the follow-
ing sections we examine this problem for the Nappi-Witten model, a typical example of
nonsemisimple WZW model. We find that F = —R® does not define D-branes if R
is constant, but it does if R is conveniently taken to depend on g. The choice of the
g-dependence of R%(g) is indicated by the requirement of the constancy of the rank of the
matrix t#;(z) In sections 4 to 6 several examples are presented.

3 The Nappi-Witten model: a brief review

The Nappi-Witten model [19] is constructed upon a nonsemisimple Lie algebra gy whose
exponentiation gives a group manifold Gy describing a nontrivial four-dimensional string
background of pp-type. The algebra has dimension four and generators { Py, P, J, T} with
commutation relations

[J, Py = ensn Pn, [Py, Py| = ennT, [T, P =[T,J] =0, M,N =1,2.
(3.1)
It is the central extension of the Euclidean algebra in two dimensions, T" being the central
charge. We will use the labeling

T = P, Ty = P, T3 =J, T,=1T,

so that
fi2t = fal = fozt = 1. (3.2)

The most general invariant metric € can be found by solving eqs. (2.2). It reads [19]

1000
0100

Q=k .
00b1]’ (3:3)

0010

where k and b are arbitrary real parameters. The parameter k£ can be absorbed in the
coupling constant in front of the classical WZW action, so that it can be set equal to one
without loss of generality. As concerns b, it can be set to zero by the following redefinition
of the Lie algebra generators:

b
Pl = Py, J’:J—2T7 T'=T.
Indeed, under such transformations, the Lie algebra commutators (3.1) remain unchanged

and the metric  takes the form in (3.3) with b = 0. We thus set £ = 1 and b = 0 without
loss of generality.



Lie algebra isometries. The isometries F' of 2 are the solutions to equation (2.3). To
find them, it is most convenient to write Q in eq. (3.3) as = M n M, with M the matrix

10 0 0
01 0 0

M — V2 V2
00

V2 V2

00 -7

and n = diag (+,+,+,—). Eq. (2.3) then becomes
(MFM~Y)" g (MFM™Y) =g,
This is solved by MFM~! an arbitrary element of O(3,1), so the isometry group is
Iso(Q)={M'AM: A€ O(3,1)}.
Note that M is not an isometry.

Lie algebra automorphisms. The automorphisms of the Nappi-Witten algebra can
be found by solving eqs. (2.17). Using the structure constants fu,¢ in eq. (3.2), it is
straightforward to see that egs. (2.17) only have two solutions, Ry and R_, given by

0o COS ¢ Fposing F ppo cosf 0
po sin ¢ +pocosp — ppo singd 0

0 0 +1 0
pcos( F ¢) psin(0 F ¢) ¢ 9

The parameters pg, p, ¢, 0 and ¢ can take any values on the ranges

Ri(p07p7 ¢7 9) = (34)

po >0, p>0, 0<¢,0<2rm, —00 < (<.

As is well known, the automorphisms R_ and Ry form a group, Aut(gyw). There are a
few observations concerning automorphisms and isometries that we find relevant:

e Aut(gyw) is not O(3,1) nor a subgroup of it. This would require Ry to satisfy
RYLnRy=mn, but this only occurs for pg=1, { = p = 0.

e Not every isometry is a Lie algebra automorphism. Take for example

1000
» 0100
Fo=M"taM =1 " | (3.5)

0010

By construction, Fj is an isometry but does not have the form (3.4), hence is not an

automorphism.?

2As a matrix Fp is equal to €2, but they have different index structures: (Fp)®, and Qqp.



The

Conversely, not every automorphism is an isometry. For this to be the case, Ry must
satisfy RLQ Ry = Q. Some algebra shows that this is so if and only if pg= 1 and
¢ = Fp?/2. From now on, we denote by Rg automorphisms of this type,

cos ¢ Fsing  Fpcosh 0O
sin ¢ +cos ¢ —psinf 0
RE(p,¢.0) = 0 0 I (3.6)
2
peos(9F9) psin(@F¢) F o+l

They form the subgroup Autg(gnw) of 2-preserving automorphisms.

spacetime group manifold. A group element g can be parameterized as [19]

g(zpr,u,v) = e@M P gud T M=1,2

)

in terms of real coordinates xp;,u,v. In this parameterization, the identity element is
e = ¢(0,0,0), while the group law takes the form g(z)g(z') = g(2”), with

The inverse g~

2y = xpr+ cosux’y — sinu ey g T
v =u+d
! / 1 / . /
v= v+vU + 9 COSUENK TM T+ 9 SIN UL\ Xy -
1

of g reads

g(xM,u,v)fl =g(—cosu xp —sinu €y g Tr, —U, —V).

The left and right-invariant vielbeins follow easily from their definition (2.4). They read

cosu sinu 0 O 1 0 9 0
—sinuw cosu 0 O 0 1 —x1 0
a __ sa
“r=1 o 0 1 0|’ “r=l o0 0 1 0
Z2 €1 To X1
— 0 1 _ _ 2 2

Some simple algebra gives then for the adjoint action of the group on the Lie algebra

cosu —sinu To 0
sinu cosu —I 0

Ady=ee !t = 0 0 ] 0 (3.7)
r1sinu — x9cosu 1 cosu + Tosinu (22 +23) 1

2

It follows that Rg U = AdyU for all U in the Nappi-Witten algebra, with A a group

element with coordinates

x1= psinf, To= —pcost, u=q, v arbitrary .



This implies that automorphisms of type Rﬂ are inner. As regards automorphisms of type
R%, they are outer since there is no group element h such that R®U = Ad,U for all U.

The spacetime metric and the WZW three-form are given by egs. (2.5) and (2.6). In
the coordinates that we are using they take the form

ds* = da? + da + (zo dxy — x1 dao) du + 2 dudv (3.8)
H = dxy AN dzo A du. (3.9)

4 Filling D-branes and D-strings from general isometries

We are interested in finding if isometries of the form F = —R® define D-branes. We will
consider both constant and g-dependent automorphisms. It is convenient to separately
discuss inner and outer automorphisms.

4.1 Case F =—R%

mner

Using egs. (3.6) and (2.15), for F :—Rﬁ, we obtain the following vector fields ¢,:

ti(x) = — (cos ¢+ cosu) 0y — (sin ¢ + sinu) Oo

+ ; [21 (sin¢ — sinu) — 2 (cos ¢ — cosu) — 2pcos(d — ¢) | 9, (4.1)
tao(x) = (sin g + sinwu) 91 — (cos ¢ + cosu) 02

+ ; [ 21 (cos ¢ — cosu) + 2 (sin @ — sinu) — 2psin(d — ¢) | 9, (4.2)

ts(z) = (r2+ pcosh) ) — (1 — psinh) dy — 20, — g (x18inf — xycosf — p) 0, (4.3)
ta(z) =—20,. (4.4)

They involve the four derivatives 9i, J2, 0, and J,. In particular, 0, only enters t3 with
constant coefficient, so the motion defined by t3 covers the whole range for u. A simple
calculation shows that

det (t#,) =8 [1+cos(¢p —u) | . (4.5)

Nonexistence of D-branes for constant F = —Rf. Let us first consider that Rf
does not depend on g(x), so the parameters p, ¢, 0§ are constant. For points g(x) with
u # ¢+ (2n + 1), the determinant (4.5) does not vanish and the tangent planes

Mgy = Span{ty, ta, t3, ta} for u# ¢+ (2n+1)m

have dimension four. At points g(z) with u = ¢+ (2n+ 1), however, the determinant (4.5)
vanishes. In a neighborhood of these points the fields t; and to become

t1(z) = [z1 sing — z9 cosp — p cos(0 — ¢) ] Dy
to(x) = [1‘1 cos ¢ + o sin g — p sin(f — ¢)] Oy »



while ¢3 and ¢4 remain as in (4.3) and (4.4). The fields t1, t2 and t4 define then the same
tangent direction, namely 0,, so the tangent planes are spanned by t3 and 4,

() = Span {t3, t4} for u=0¢+ 2n+ 1),

and have dimension 2. Hence, the dimension of I,y is not the same for all g(z) in Gyw,

the collection of tangent planes I1 ) is not a distribution on Gyw and Frobenius theorem

g(z
does not apply. The same conclusion can be reached by studying the rank of Adg-1F —1
(see the appendix).

One may consider the submanifold
GIGW = Gyw —{9(7): u=¢+ (2n + 1)7}

that results from removing from Gy the closed set of group elements g(z) with u =
¢+ (2n + 1)m. The collection

I’ = {Hg(:c)i g(:c) S GIGW}

is now a distribution of dimension four on GY,,. Furthermore, having maximal dimension,
it is trivially involutive. The manifold Gy, cannot, however, be accepted as a D-brane.
The reason is that it does not contain the integral curves of ¢3, which connects points
g(2') with «' # ¢ + (2n+ 1)7 with points g(x) with u= ¢+ (2n + 1)7 that are not in
G/, thus contradicting the idea that the string endpoints lie on the D-brane. The gluing
condition (2.7) does not define then a D-brane for constant FF =—R f

Filling D-branes and D-strings for nonconstant F = —Rf. The situation is very
different if R{? depends on g(x). Assume that we take

Fy = R—?(pv o, 9) ) (b(U) =u+ o, ¢o = const 7& (27’L + 1)7T : (46)

The matrix ¢, has now nonvanishing determinant for all g(x), so the collection II of all

the tangent planes II is a distribution of dimension four on Gyyw. Having maximal

z
dimension, II is triviaﬁ; )involutive and is thus the tangent bundle of Gy itself. In section
6 we show that the gluing condition (2.9) for Fj in eq. (4.6) with p and 6 constant can be
written as a boundary condition (2.8) for a two-form w such that dw = H on Gyw. The
gluing condition for such an Fj hence defines a filling D-brane.

Consider now the isometry
Fy = Rp,$,0),  o(u)=u—r. (4.7)

The determinant det(t*,) then vanishes for all g(z). In the neighborhood of any g(z), the
fields t1 and t¢9 read

ti(z) = — [z1sinu — zacosu — peos(f — u) | O,
to(x) = — @1 cosu + zosinu — psin(f — u) | 9y,

while t3 and ¢4 remain as in (4.3) and (4.4). The only partial derivative that occurs in

ty1, tg and t4 is Oy, so they define the same tangent direction. The tangent planes TI;,)

— 10 —



have dimension two for all g(x) and are spanned by t3 and t4. Their collection Il is hence
a distribution of dimension two on Gy and Frobenius theorem can be used. It is trivial
that [ts,t4] = 0, so the distribution is integrable. IIs defines a family of two-dimensional
submanifolds Ny whose tangent space at all g(x) is Ty(x)N2 = Ily(,). In section 6, we show
that the gluing condition can be recast as a boundary condition for a two-form w defined
on Ns. Such form trivially satisfies dw = H‘ Ny SO the submanifolds Ny are D1-branes and
provide a foliation of Gy.
Redefining v — v — bu/2 and using eq. (3.8), we have that

G(tg,tg):—[(xl—psin9)2+(x2+p0089)2]<0, G(t3,t4) =8 >0, G(ts,ts)=0.

Every submanifold N in the family has then Lorentzian signature and is a D-string. If a'
and o? parameterize the integral curves of ki(z) = t3(x) and ko(x) = t4(z) in eqs. (4.3),
the D-string is formed by points 2#(a!,a?) such that

dat = kM (z) dot 4 k*o(z) do? . (4.8)
The induced metric on the D-string takes the form
ds2 = G(ky, k1) (dat)” + G(ky, ks) da do?. (4.9)

Assume now that p and 6 depend on z7, x2 and u, but not on v. Noting that egs. (4.8)

imply that x;, xo and u only depend on a!

, we conclude that G(ki, k1) only depends on
a! and thus eq. (4.9) is a pp-wave metric in 141 dimensions.
To find the metric coefficient G (k1, k1) as a function of a!, some further assumptions on

p and € are necessary. For example, for p and 0 constant, integrating egs. (4.8), we obtain

x1 = psinf + rocos(al + @)

Lo = —pcost —rg sin(a1 + ¢o)
u = —2a + ug
”
v=—-20+ (;p cos(a' + o +0) + v,

with 79, ap, up and vy integration constants. The D-string metric is then
—rd (dozl)2 +8dal da?. To the best of our knowledge, the family (4.9) of D-strings has
gone unnoticed in the literature.

4.2 Case F =—R%

outer
For F =—R%, there are only three nonzero vector fields t,, given by
ti(x) = — (cos ¢+ cosu) 0y — (sin¢ + sinu) 0o
1
+ 5 [ @1 (sin ¢ — sinw) — a2 (cos ¢ — cosu) — 2pcos(d + @) | Dy (4.10)
to(x) = — (sing —sinu) 01 + (cos ¢ — cosu) 02
1
— [ 21 (cos ¢ + cosu) + a2 (sin ¢ + sinu) + 2psin(f + ¢) | I, (4.11)
ts(x) = — (z2 + pcosh) Oy + (z1 + psinb) dy — g (x1sin@ + zocos0 4 p)0,.  (4.12)

— 11 —



They involve 9y, J and J,, but not J,, hence they define motions that leave u constant.
The matrix t#, of the coefficients is now 3x3, with a = 1,2,3 and p = 1,2,v. A
straightforward calculation gives

det () = =2 [k(z1,22)]°, (4.13)

where k(z1,22) is the function of x; and 9

k(xy,x9) = (acl —|—psin0) cos(qb—gu) + (acQ + pcos 0) sin(qf);u) ) (4.14)

Nonexistence of D-branes for constant F =—R®. At points g(z) with k(z1,29) #
0, the determinant (4.13) does not vanish and the fields ¢, define three-dimensional tangent
planes I1,,y. By contrast, for g(x) with k(z1,22) = 0, the determinant (4.13) vanishes.
It is straightforward to see that the rank of the matrix t#, is one in this case, so the
corresponding tangent planes Il;,) have dimension one. The collection of all the planes
11,
can also be reached by studying the rank of Ad,1F —1 for F' = —R® (see the appendix).

(@) is not a distribution on Gyyw and Frobenius theorem cannot be used. This conclusion

One could think of removing from Gyw the locus of points for which k(x1,z2) = 0.
The resulting submanifold G/, then does not include all the points accessible to the string
endpoints, since k(z1,z2) = 0 can be reached from k(xi,x2) # 0 through the motions
defined by the fields ¢,. Hence the gluing condition (2.7) does not define a D-brane for
constant F =—R%.

D2 and DO-branes for nonconstant F = —R. Let us take now p, ¢ and 6 in
R%(p, ¢,0) functions of 21 and 5 such that k(x1,z3) = ko, with kg a nonzero constant. The
fields t1, t2 and t3 define then three-dimensional tangent planes Il for all g(x) in Gyw,
whose collection II3 is a three-dimensional distribution on Gyw. Alternatively, Il3 is a three-
dimensional distribution on any constant u = ug three-plane N, = {g(x) € Gyw: u = ug}.
The distribution Il3 is trivially involutive and defines the tangent bundle of the three-plane
u = ug. This plane has two spacelike directions and one lightlike direction, but no timelike
direction, so the metric is degenerate. In section 6, the gluing condition is written as
the boundary condition for a two-form w defined on the three-plane u = wug such that
dw=H ‘uo = 0, thus proving that the planes u = ug are degenerate D2-branes.

We next consider p, ¢ and 0 functions of 21 and z9 such that k(x1,x2) = 0 for all x;
and 2. In the neighborhood of any point g(x) in Gy the vector fields ¢, in (4.10)—(4.12)
take the form

t1(x) = — (cos ¢ + cos u) <81 + /2) cos 6 8v> — (sin ¢ + sinu) <62 - g sin06v> (4.15)
to(x) = — (sin ¢ — sinu) <81 + 00598v> + (cos ¢ — cos u) <82 - g sin 6 &,) (4.16)

p
2
ts(xz) = — (2 + pcosb) <81 + g 00598v> + (1 + psinb) <82 - g sin98v> . (4.17)

— 12 —



It is very easy to convince oneself that these vectors define a one-dimensional distribution
II; on Gyyw. Being one-dimensional, II; is trivially involutive. Its integral curves N; are
spacelike since

G(tg,tq) >0 for t,#0, a=1,2,3.

To give their explicit form, some further assumptions on the dependence of p, ¢ and 6 on
x1, ro and v must be made. Let us give some examples.

Take x1+ psinf =0 and ¢ +u = ¢g # 2nw. Condition k(xi,z2) = 0 implieszg+
pcos = 0. These three equations define p and 6 in terms of x1 and x2, and ¢ in terms of
u. The fields t1, 9 and t3 become

t1:—2<:os<u—¢20>to, t2:251n<u—¢;0>t0, ts =0,

where ty stands for

- Po p . [ %o P .
to = cos < 2) <81+ 5 605081,) + sm<2> <82— 5 51n96U>.

It is clear that ¢; and to do not vanish simultaneously and specify the same direction at
every z#. The integral curves are in this case v = 29 29 — 2§ 21 + vo, with 29, 2§ and vy
integration constants.

Assume now that z1+ psinf and xo+ pcosf do not vanish simultaneously. The field
ts is then nonvanishing and the integral curves are formed by z*(a), with u = up and

1, o and v the solutions to

d d d
df)zl = —(xg + pcosb), dfj =11+ psinf, d:;:_g (z1sin6 + x5 cos 0 + p)
where « is a parameter along the curve. For p = 0, the integral curves are circles

23 + 23 = r3 of arbitrary radius ro located on any two-plane (u = ug,v = vg). A sim-

ple solution for p # 0 is provided by p = —x1/sinfy, with § = 6y # nn constant and
¢ = —ug. In this case, the integral curves are parabolas v = —}1 cot Op 2 + vy on any
two-plane (z2= 29, u=1p).

In any case, being one-dimensional, dw = H ’ N is trivially satisfied, and the curves
N7 are DO-branes.

5 D2 and DO-branes with Lorentzian signature

In the previous section we have constructed D3 and D1-branes with Lorentzian signature
by integrating the gluing condition for some g-dependent isometries F = —R. Here
we construct D2-branes and DO-branes, also with Lorentzian signature, for g-dependent
isometries F' # + R,

Since the product of two isometries is an isometry and Fj in eq. (3.5) is an isometry,
F = FyR%, with R® an arbitrary metric-preserving automorphism, is also an isometry.
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Isometries of this type do not have the form £R®. Let us take for R an inner automor-
phism, so that we will be considering F' = FyR f The corresponding vector fields ¢, are

t1 — pcos(¢p — 0) tg = (cos ¢ — cosu) Oy + (sin ¢ — sinu) Oo

+ ; [2p cos(¢ — 0) — z1 (sin ¢ + sinw) + 22 (cos ¢ + cosu) | 9,

to + psin(¢p — 0) tgy = — (sin¢g — sinu) 91 + (cos ¢ — cosu) 0o

- ; [2p sin(¢ — 0) + z1 (cos ¢ + cosu) + x2 (sin ¢ + sinw) | 9,

1
t3 + 5 (P 4+ 2)ty = — (x2+pcosh) D+ (x1 —psinh) dy + g (x18in6 — x5 cos0 — p) 0,
ty= —2901 + 2102 4+ Oy — Oy

From these expressions it follows that det (¢#,) = 0. This indicates that there are no filling
D-branes for the isometry that we are considering. We look for D-branes of lower dimension.
Let us take ¢(u) =wu and p = 0. Since the parameter 6 always occurs in Rf through
psin® and pcos6, see eq. (3.6), we can set without loss of generality § = 0. The isometry

F' then reads
F3(u) = Fy R$(0,,0), (5.1)

and the fields ¢, become

t1 = (—x1 sinu + w9 cos u) Oy
to = (—x1 cosu — xg sinu) O,
t3 = —8u =+ 8U
ty=—x201+2102+ 0y — 0y .

The rank of the matrix t#, of coefficients is now three for x? + 23 # 0, and one for x =
xo = 0. We discuss these two instances separately.

D2-branes. Consider the four-dimensional submanifold
Gy={g(z) € Gyw: 21+ 25 #0}.

The group elements g(z) that are not in G4 have ©1 = 9 = 0. As both x; and x9
approach zero, the coefficients of 9 and 0 in eqs. (5.2)—(5.5) vanish, so the fields ¢, do
not connect points in G4 with points outside G4. In other words, the integral curves of
t, stay in G4. Furthermore, since the rank of the matrix t#, is three for all g in G4, the
fields t, define a three-dimensional distribution II3 on G4 formed by the tangent planes
I, = Span{ts,t3,t4}. We may alternatively take

y() = Span{ ki := —x201 + 118, ka2 =0y, k3 =0y} . (5.6)

The commutator of any two fields ki, ko, k3 vanishes, thus implying that they are in-
volutive. According to Frobenius theorem, Il3 is the tangent bundle of a family of three-
dimensional submanifolds N3 foliating G4. If o', a? and o parameterize the integral curves
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of ki, ko and k3, a manifold N3 in the family is formed by points z#(a', a?,a?) such that
dzt = k' da' + kM da® + kM do .
Integrating these equations we obtain

x1 = 7o cos(al + ¢p)

Ns:
3 ry = rgsin(al + ¢g)

. u=a’+uy, v=a’+u, (5.7)
with ro > 0, o, ug and vy arbitrary integration constants. Note that rg= 0 corresponds
to x1 = xo= 0, which is excluded from G4 and will be discussed below. The induced metric
on Nj is

ds3 = rg dot (do' — da?) +2da® do® . (5.8)

For every r3 >0, this is a pp-wave in 2 + 1 dimensions. In section 6 it is shown that the
gluing condition for the isometry F3 can be cast as a boundary condition with an admissible
two-form w defined on N3, thus ensuring that N3 is a D2-brane.

DO0O-branes. Let us now consider the two-dimensional submanifold
Gy = {g(:c)EGNW: T1=29= 0}.

For g in Go, the fields ¢; and t5 in (5.2) and (5.3) vanish, while ¢3 and ¢4 in (5.4) and (5.5)
are proportional to each other and define a one-dimensional distribution II; on G». Having
dimension one, Il is trivially involutive. The integral curves of ¢4 have 1= 29 =0 and u

and v such that
du dv

do L do -1

with a a parameter along the curve. Integration gives v + u = ¢y, with ¢y an arbitrary
integration constant. These curves are timelike since G(t4,%4)=—2 < 0. Furthermore, the
induced metric on them is ds? =—2da?. In section 6, we prove that the gluing condition
for F3 with 1 = 29 =0 can be written as a boundary condition with w = 0, hence trivially

satisfying dw = H on x1= x9= 0. These timelike lines are then DO-branes.

6 Comparison with the sigma-model approach

In sections 4 and 5 we have integrated the gluing condition for a variety of isometries. We
have anticipated that, in every one of the case considered, the resulting submanifold N
was a D-brane since the corresponding gluing condition could be written as a sigma model
boundary condition with a two-form w defined on N such that dw = H ‘ y- Let us show
this here.

We first note that there always exists a two-form w defined on N such that any gluing
condition can be written as a boundary condition. For all g in N, w is specified [18] by its
action on tangent vectors t, = F'l,9 — g1, in TyN as

w(FTog — 9Ty, FThg — gTy) = G(FTog — gTa, FTog + gT) (6.1)
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where we note the sign change in the second argument on the right hand side. Recall
that the linearly independent vector fields k; (¢ = 1,...,p + 1) that span TyN are linear
combinations of t, and that the components of w are w;; = w(k;, k;), so that the two form
w is completely determined by eq. (6.1). A separate issue is whether w satisfies dw = H’ N
For D-branes of dimension one and two, dw = H ‘ y = 0is trivial. Dimension three and
larger must be discussed case by case. We concentrate on these cases.

Filling D-brane. We start with the isometry Fj in eq. (4.6). The submanifold Ny
obtained by integrating the gluing condition was the whole group Gyy. Computation of the
corresponding matrix F4 in eq. (2.10) and substitution in eq. (2.9) gives after some algebra

1
0y X1 |82 = —tan <¢20> O-To + 5 |:<ZL‘1 —psin0> tan <¢;0> — X —pcos@] oru  (6.2)

Oy X ‘82 = tan <¢20> Orx1 + ; [ml — psinf + <x2 —i—pcos@) tan <¢20>} oru (6.3)

AU | s, (6.4)

=0
20,V |, = +psinf 20| 5 in 0 0 20 19
- {62 = |x2+pcosb+psinbtan 9 -x1— | x1—psint+pcos b tan 9 =)

1
+ ) [x%+:c%—p(x1 sin @ — 9 cos )+ p tan <¢20> (r1 cosf + o sinﬁ)} O .

(6.5)

These are the gluing conditions for the chiral currents written in terms of O,z and
0, X “‘ o We want to compare them with the sigma model boundary conditions (2.8).

Since Ny = Gyw and T,Gyw is spanned at all g by the four vector fields k; = 60,
the boundary conditions (2.8) can be written as

(G/w 0o X" — W 87-351’) ‘82 =0. (6.6)

Using the expression for the metric G, in eq. (3.8) and noting that J0,z" are arbitrary, it
is a matter of simple algebra to check that the gluing conditions (6.2)-(6.5) take the form
of the boundary conditions (6.6) for any two-form w with

Wy =0 (6.7)

w1 =—tan ((ZO> (68)
1 . Po

Wiu = ) {(ml—p&n@) tan<2> —xg—pcose] (6.9)
1 . bo

Wou = |:l’1—pSID9+(.I2+,0COSQ) tan<2>} . (6.10)

It is a question of algebra to check that these equations can as well be obtained by us-
ing (6.1). So far no restriction has been placed on p and 6 in Fy. By taking them such
that dw = dxy N dxg A du = H, we conclude that the gluing condition for Fj defines a filling
D-brane. The simplest way to accomplish this is to choose p and € constant.
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It is known [18] that different isometries may define the same submanifold N but not
all of them admit a two-form w on N such that dw = H { - Let us illustrate this with the
filling D-brane at hand. We start by recalling [18] that, given an isometry F', it is always
possible to define a new isometry

F'=Ad,F~Ad,. (6.11)

The gluing condition for F' is integrable if and only if it is for F', in which case they both
yield the same submanifold N. The gluing condition (2.9) for F'/ reads

(F'=1)0:X| 5 = (F' +1) 0:X | 5. -
Noting that 7/ = F~! and multiplying from the left with F, it becomes
(F=1)0,X| 0= —(F+1) 0, X| .-

This is the same condition as for F', except for a negative sign in front of the partial
derivatives 0, X ! o5 We now take Fy and consider the corresponding F/. The gluing
conditions for F) are then as in egs. (6.2)—(6.5) with a negative sign in front of every
O X ‘ ax;- Lo recover the sigma model boundary condition (6.6), we must take w’' = —w,
with w as in eqs. (6.8)—(6.10). This in turn implies that dw’=—H. We conclude that the
gluing condition for F), though integrable, does not define a D-brane.

Degenerate D2-branes. In subsection 4.2, the planes u = uy were obtained upon in-
tegration of the gluing condition for an isometry F = —R%(p, ¢,6) with parameters p, ¢
and 6 such that k(z1,z2) in eq. (4.14) took a constant value kg # 0 for all 1 and z9. For
simplicity we set p = 0. The condition k(z1,z2) = ko then reads

Z1 COs (qb—;u(]) + x9sin <¢—;u0> = ko (6.12)

and the isometry F =—R%(0,¢,0) becomes a function of ; and 5. Other choices for p
are treated similarly.

Calculation of the corresponding F3 and substitution in eq. (2.9) provides the following
gluing conditions:

0=0du (6.13)
9, Xs f’; 0| = ]fo cos <¢ J;“()) B, (6.15)
- 90,U . k20 [sin <¢ —;u0> Orr1 — COS <¢ —;uo) 87-562:| ) (6.16)

It is very easy to check that egs. (6.14)—(6.16) can be written as the i=1,2,3 boundary
conditions that result from taking k1 = 01, ky = 02 and k3 = 0, in egs. (2.8) for w given by

2 2
W12:O, w13 = k;o sin <¢';UO>7 Wng—ko COS <¢‘;u0> (617)
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This expression for w can also be obtained by taking ' = —R%(0,¢,0) in eq. (6.1).
Egs. (6.12) and (6.17) imply that dw = 0, hence dw = H{uo =0.

Lorentzian D2-branes. We close by considering the isometry F3(u) in eq. (5.1). In
section 5 we distinguished two cases: 23 + 23 =73 # 0 and 21 = z2= 0. In the first one,
integration of the gluing condition resulted in the three-dimensional pp-wave in eqs. (5.7)
and (5.8), whose tangent space is spanned by the vector fields k1, ko and k3 in eq. (5.6).
It is straightforward to show, either by direct computation or by using eq. (6.1), that the
gluing condition for F3 can be recast as boundary conditions with a two-form w given in
components, by

.
wig = w(ky, k2) = 5

—2, w13 :w(kl,kg) = —2, w3 :w(kg,kig) =1. (618)
It is clear that dw = 0. On the other hand, since 27 + 23 = r¢ is a nonzero constant, dx;
and dxo are not independent and the three-form H vanishes on N3. Hence dw = H ‘ Ns is
trivially satisfied.

D-strings. The two-form w for any 1-dimensional D-brane is trivially zero. Let us for
completeness compute w for the two-dimensional pp-wave Ng in (4.9) obtained from the
isometry F5 in (4.7). Taking k; = t3 and kg = t4 in egs. (4.3) and (4.4) and using eq. (6.1),
it is straightforward that wis = w(ky, ko) = 0.

7 Outlook

In this paper we have found Lorentzian signature D-branes of all dimensions for the Nappi-
Witten string background. We have achieved this by formulating the usual gluing condi-
tion J. = FJ_ for the corresponding WZW chiral currents J; and J_ and by finding
solutions for Lie algebra isometries F' that are not automorphisms, thus generalizing exist-
ing results. Our analysis shows that the methods used to obtain D-branes for Lie algebra
automorphisms work very neatly for more general cases but require a careful formulation of
integrability /involutivity. In particular, the occurrence of metrically degenerate D-branes
and coordinate-dependent isometries F'(g) are solvable issues. We envisage various prob-
lems lying ahead. The most inmediate one is perhaps the study of the low-energy limit
of the corresponding effective D-brane actions, somewhat in the way it is performed in
ref. [7]. By doing so, we expect to learn about noncommutative field theory on curved
Lorentzian D-branes and non-critical strings [4]. This may also provide a way to approach
noncommutative solitons as bound states of strings [25].

A Alternative computation of rank [Ad,-1(— R{) — 1]

This appendix contains an alternative derivation to that given in the main text that the
isometries F' = —R$! considered in subsections 4.1 and 4.2 do not define distributions for
constant RS
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Since the adjoint group action Ad,-1 defines for any group element g an inner metric-
preserving Lie algebra automorphism, Adg_leE2 is the product of two automorphisms,
hence an automorphism of the same type as RS’ In fact, eqs. (3.6) and (3.7) imply that

Ady— R{(p, ¢.0) = R (5, ¢.,0), (A1)
where the parameters p, gg, 0 depend on p, ¢, 6 and g(z) through

¢=¢Fu
pcos(0F @) =pcos(0F ¢+ u) £ xo
psin(0F¢)=psin(@F¢+u) T .
From eqgs. (A.1) and (3.6) it follows that the rank of Ad,—+F' —1is

4 if §#2n+D)m
rank (Ad,~1 R +1) =

2 if d=(n+ )

for F =—R$ and

rank (AdgflRS2 + 1) = )
o sen(iad) =
1 if ps1n<9+2)—0
for F =—R%. We see that in both cases the rank of Adgy-1 F' —1 is not constant over G-
The fields ¢, = (Ad,—1 ' — 1)T;, hence do not provide a distribution on Gyw.
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