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1. Introduction

In the last years angular momentum has attracted growing attention
as a consequence of its use in applications such as optical tweezers, in-
formation encoding for optical communications and quantum compu-
tation, or novel techniques in astronomical observations among others
(see for example Refs. [1-6]).

As is well known, a monochromatic light beam propagating along the
z direction can transport not only linear but also angular momentum. It is
found that angular momentum splits naturally in two components: an
intrinsic (or spin) part related to polarization, and an extrinsic compo-
nent, also called orbital angular momentum, associated with the optical
phase in coherent beams.

The generation of spin and orbital angular momentum is a subject of
increasing interest because it can provide insight into the fundamental
properties of light and its interaction with matter. In some papers differ-
ent schemes to produce and detect spin and/or orbital angular momen-
tum have been proposed. For example Marrucci et al. proposed to use
“g-plates” (inhomogeneous birrefringent elements) or inhomogeneous
liquid crystals [7,8]. They experimentally demonstrated the spin-orbital
angular momentum transfer detecting patterns of light with helical
modes using an interferometer. Zhao et al. proposed to use a circularly
polarized Laguerre-Gaussian laser beam and studied the transfer from
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spin to orbital angular momentum when the beam is tightly focused
by means of a convergent lens [9]. They verified the generation of a
beam with orbital angular moment by controlling the rotation of ab-
sorptive particles. Some other papers [10-13] have considered inhomo-
geneously polarized fields with vortices and have studied the averaged
and local angular momentum.

Another important issue is the evaluation of the angular momen-
tum. The spatial structure of laser beams can be characterized by
means of global parameters based on the so-called irradiance mo-
ments [14-17]. It has been demonstrated that some second-order ir-
radiance beam moments are closely connected to the orbital angular
momentum of a beam, and are very useful in order to quantify it. Ex-
pressions for the angular momentum content of partially coherent
beams and non-uniformly polarized beams provided by this formal-
ism have been published in the literature [18,19]. On the other
hand, the spin contribution can be calculated using the Stokes
parameters.

In this paper we propose different arrangements to endow a beam
with global spin and/or global orbital angular moment by using uniformly
and non uniformly polarized beams [20]. In order to synthesize this type
of fields the use of some devices such as unconventional polarizers and
polarization converters is proposed. The evaluation of the global angular
momentum will be done with the beam moments theory and the aver-
aged s3 Stokes parameter.

The paper is structured as follows: after the Introduction given in
Section 1, we use Section 2 to present the formalism and the optical
systems that we are going to apply. In Section 3 different proposed
procedures to generate spin and/or orbital angular momentum are
described and analyzed. Finally, Section 4 summarizes the main con-
clusions of this work.
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2. Formalism and unconventional optical elements

Let us consider a quasimonocromatic field with mean angular fre-
quency o, propagating along the z-axis within the paraxial approxi-
mation, and with a non uniform distribution of polarization across
the beam profile. By using the Jones formalism we can write the
field as

E(r) - (EZE?)) (1)

where r= (r, 0) are polar coordinates and E, E, are the field compo-
nents orthogonal to the propagation direction. As it has been shown
in a previous work [19], for non uniformly polarized beams the time
averaged angular momentum density flux propagating through a z-
plane is separated in orbital (L) and polarization contributions (S),

J.=T+J 2)

Within this formalism the orbital angular momentum term is di-
vided into s and p components as

4 P P
Jo =2 (v —ty) + -2 (evpp—(yudyy), 3)

being P;, with i=s, p, the power of each component, and

L foc * aE,
(xv)jj = 24P, ffx Im <El —ay>dxdy, (4)
c . OF;
(ywii = %Pi ffy Im (Ei a—}(’) dxdy, (5)

the crossed irradiance moments, also for each component. In those
formulas c is the speed of light, ¢ is the vacuum permitivity and
k=w/c is the wave vector modulus. Note that if the beam has an
e factor there is a contribution to the orbital term of the angular
momentum. On the other hand, the spin contribution,]f, is given by

. . 1.
J: = ¢c Im [ [E:E,dxdy = 253 (6)

where $5 represents the average of the s3 Stokes parameter over the
whole transverse section of the beam. This means that the beam
must have some global circular polarization content in order to
have a spin contribution to the angular momentum.

As can be seen from Egs. (2)-(6), angular momentum can be
obtained in an easy way. Orbital angular momentum can be calculat-
ed from the beam irradiance moments, while beam polarization af-
fects the spin term.

We can also define the angular momentum per photon, j,

. - h
=l (7)
with its orbital and spin components,

P
j= k% ((xv)s—yudg)h + ka ((xv)p, =y )i, (8)

h, 9)

where we have used that the photon flux (photons per unit time) is P/,
P being the total power of the beam, P= P, + P,, and # being the normal-
ized Planck's constant.

We will now proceed to detail the unconventional optical ele-
ments which we propose to use in order to provide our beam with
angular momentum.

2.1. Spiral phase plates (SPP)

The first element considered is the spiral phase plate (SPP), which
adds a e™ term to the beam phase. A SPP can be used to generate a
vortex in a beam, and can even be designed to introduce a fractional
number in the topological charge of the beam (see for example Refs.
[21,22]).

It should be noted that with the term SPP we consider all different op-
tical systems used to generate the above mentioned phase singularity in a
beam, such as plates made of birefringent elements, computer generated
holograms, liquid crystal elements, etc. [23-27].

2.2. Axis finder (AF)

A second element that we are going to consider is the so-called az-
imuthal polarizer, or axis finder (AF). This type of non-conventional
polarizers have been used to synthesize special kinds of non-
uniformly polarized fields, in particular spirally polarized beams
[28]. This optical device can be represented by its Jones matrix,

sin® 6

AF — —cos sin0>_ 10
(—cos@ sin 6 (10)

cos? 6

By means of an AF we can obtain a beam whose state of polariza-
tion is azimuthal across the beam section [28]. Note that in this case, if
we want to have the same irradiance distribution as at the input, we
need a circularly polarized incident beam. An example of this system
is the Polarization Axis Finder Model 10901A from TSI.

2.3. Polarization converter (PC)

Finally, the third element considered is the so called polarization
converter (PC), whose Jones matrix for incident light with linear
polarization along x or y axis is given by [29]

cosf —sin6
C=| . . (11)
sin 6

cos 0
When a linearly polarized beam with horizontal or vertical polariza-
tion propagates through the PC a radially or an azimuthally polarized
beam is obtained, respectively. A PC can also be used to generate spirally
polarized beams [28]. An example of a polarization converter is the
Radial-Azimuthal Polarization Converter from Arcoptix.

3. Arrangements and results

In this section we describe and compare different procedures for
generating spin and orbital angular momentum. In particular, we
will consider four types of arrangements. Note that all these proposed
systems can also be combined in several ways.

Regarding polarization, in the first set-up we use as input (and ob-
tain as output) uniformly and totally polarized beams in order to sim-
plify, but the set-up could be used with non uniformly polarized fields
too. In the second and third arrangements we start from totally and
uniformly polarized initial beams and generate beams with non uni-
form polarization across their transverse sections. Finally, in the
fourth proposed system we use initial uniformly and totally polarized
beams but the output beam will be a uniformly or non uniformly po-
larized field depending on the elements considered.

On the other hand, for simplicity, we will assume in all the arrange-
ments that the incident beam has no initial orbital angular momentum.
In a general case, depending on the functional form of its amplitude, the
input beam could have or not have an initial orbital angular momen-
tum, and by means of the proposed arrangements angular momentum
could be added or subtracted.
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3.1. Spiral phase plate

This first setting has been described in Ref. [19], and is a very usual
form to generate angular momentum. In this set-up, described in
Fig. 1, a uniformly and totally polarized beam E;(r) (in the following
subindex i refers to the input beam) is considered to propagate
through a spiral phase plate and a constant phase plate. The ini-
tial beam is linearly polarized at 45° respect to the plane of inci-
dence,

E,-(r)zf(—r)G)-, (12)

where f(r) is a function that represents the amplitude and could
be complex, in general. The spin component of this beam is
;S
Ji= 0.

After propagation through the spiral phase plate SPP and the con-
stant phase plate PP; we obtain (subindex o denotes the output beam)

E, (1) :f%em"(;ﬁ). (13)

Here and in the following we are going to drop the common phase
factors. From Eq. (13) we see that with this arrangement PPs adds a
constant phase factor to one component and e™, 6 being the azi-
muthal angle, is the helical phase added by means of SPP, which rep-
resents a single vortex of charge n. This beam is uniformly polarized
across its transverse section, and its angular momentum components,
given by Egs. (8)-(9), are

jo = nh, (14)
S .
Jo=-sInd *, (15)

where the first term corresponds to the orbital angular momentum
while the second is the polarization contribution. Note that with
this set-up the spin contribution is obtained due only to the use of
the constant phase plate, while the orbital contribution comes only
from spiral phase plate, with no crossed terms.

3.2. Axis finder

The second proposed configuration uses a quarter wave phase
plate PP,,4 and an AF, as shown in Fig. 2.

Let us begin considering a uniformly and linearly polarized beam
with the Jones vector given by

B -1 (1), (16)

From this equation it is clear that j? = 0. If the input beam passes
through a quarter wave phase plate with the axis at 0° or 90° respect
to the x direction, we obtain a circularly uniformly polarized beam

Bvalr =10 (1)), (17)

where the sign indicates if it is a right or a left-handed circularly po-
larized beam. Now we have j§,4=+#, so the quarter wave phase

T | N | B
: I

SPP PP 5

Laser

Fig. 1. Arrangement with spiral phase plate SPP and a constant phase plate PP;.

T | IR
g I

PPM4 AF

Laser

Fig. 2. Arrangement using a quarter wave phase plate PP, /4 and an axis finder AF.

plate has added spin angular momentum. But we have the same or-
bital angular momentum as the input beam, since with a quarter
wave phase plate no additional e™ factor is added.

The circularly polarized beam is now propagated through an AF.
By using Eq. (10) the output field

_f(®) sio-np2) sin 6
Eo(r) = \/je (_C059>7 (18)

is obtained.

Eq. (18) represents a linearly but non uniformly polarized beam in
the transverse section, with the electric field vector oriented along
the azimuthal direction. Consequently j5 = 0. But now using Eqs. (4)
and (5) we find a non zero orbital angular moment. For this beam
the angular momentum orbital and spin components are

Jo = *h, (19)
i=o. (20)

It should be noticed that we can add or subtract angular momentum
to an input beam just by rotating 90° the quarter wave phase plate. The
final spin contribution is null, but we have used an intermediate spin
contribution in order to obtain a gain or a loss of the orbital angular mo-
mentum depending on the orientation of the phase plate. Of course a
non zero spin contribution could be added using an additional constant
phase plate.

3.3. Mach-Zehnder interferometer and spiral phase plate

The third arrangement, suggested in Ref. [19], makes use of non-
uniformly totally polarized (NUTP) beams. In order to synthesize
the NUTP beam a Mach-Zehnder interferometer with polarized
beam splitters is considered together with an additional PPs and SPP
as shown in Fig. 3. The input beam is a collimated and linearly polar-
ized beam at 45° respect to the plane of incidence. The polarizing
beam splitter yields orthogonal polarizations at each arm of the inter-
ferometer, as shown in Fig. 3. By means of PP; and SPP we can

Y
!
Laser E,
ES
PPy
H— s
M
spp Y

Fig. 3. Mach-Zehnder arrangement with spiral phase plate SPP and constant phase
plate PP;. PBS are polarizing beam splitters and M mirrors.
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introduce a constant phase factor e in the E; component and a vortex
of charge n respectively, obtaining at the output of the interferometer
a field given by

f(r) [ i
B =" (). 1)

Note that this beam has the same irradiance profile as the initial
beam or the beam used in the first set-up (SPP), but now it is a non-
uniformly polarized beam: the polarization vector depends on 0,
and therefore varies from point to point. The angular momentum
components for this generated NUTP field are

. n
Jo=3h: (22)

¢ sin(nm) sin(nm 4 6)
e e (23)

In this case we have two contributions as in Eqs. (14)-(15), but
now there is a crossed term and the spin term can be cancelled inde-
pendently of the phase 6 if n is an integer. In this case by varying ad-
equately the input beam, the phase of the PP; and the order of the SPP
we can obtain different values of the angular momentum.

3.4. Mach-Zehnder interferometer and polarization converters

Finally, in this last setting we propose to introduce polarization
converters (PC) and constant phase plates at each arm of a Mach-
Zehnder interferometer, as shown in Figs. 4 and 5. As in the previous
arrangement the input beam is a linearly and totally polarized colli-
mated beam and the polarization at each arm is orthogonal thanks
to a polarizing beam splitter. We will consider two particular cases.
In the first one (Fig. 4) we have two polarization converters and a
half wave phase plate. The second one (Fig. 5) is similar but two quar-
ter wave phase plates are added, one at each arm.

Let us beginning with the set-up shown in Fig. 4. In this Mach-
Zehnder interferometer just before the PC we only have s-
component in the arm with no constant phase plate:

a0 -"2(5): (24)

The PC generates a radially polarized beam

, 7@ cos 0
El(r)_\/j<sin6>’ (25)

I e Sy
I
Laser E,
PC
E E PP,
A2
I S r
M U Bs
PC P

Fig. 4. Mach-Zehnder arrangement with polarization converters PC and a half wave
phase plate PP, ,. PBS is a polarizing beam splitter, M mirrors, BS a beam splitter and
P a polarizer.

b
Laser E, PC
E, PPy
PPy o
M BS \~
PC PP; ,

Fig. 5. Mach-Zehnder arrangement with polarization converters PC, a half wave phase
plate PPy, and quarter wave phase plates PPy4. PBS is a polarizing beam splitter, M
mirrors and BSa beam splitter.

where we have used Eq. (11). This is a beam with j3 =0 and j{ =0 (as
in previous arrangements we will consider beams with no initial or-
bital angular momentum).

Due to the polarizing beam splitter the state of polarization in arm
2 is orthogonal to that in arm 1, and before the PC we have

Em-12(7). (26)

The PC generates now an azimuthally polarized beam,

. _f(_r) —sin 6
E2(r) = \ﬁ( cos 0 ) @7

This beam propagates through a half wave phase plate described
by the Jones matrix

PP, = (Bi ?) (28)
resulting in

" in6

un-19(200)

with no orbital or spin contribution.
When beamsE'; (r) and E',(r) are recombined by means of an out-
put beam splitter the resulting beam is

£ =T0 (%), (30)

ie

This is a non uniformly and totally polarized beam with the same
irradiance as the input beam and with no overall spin or orbital angu-
lar momentum also. But note that each component s or p of the beam
gives a different contribution to the orbital angular momentum. This
means that we could use a linear polarizer to control the orbital angu-
lar momentum. By placing a linear polarizer P with its transmission
axis oriented at an angle « at the output of the interferometer we
have

E, »(r) :@ (ewcos a+ie “sin a) <:ns Z) (31)

Now by rotating the polarizer it is possible to obtain an orbital an-
gular momentum which varies between +# and — #, resulting in

jb = h cos 2a, 32)
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jo =0, (33)
where we have used that j*= 0 for linearly polarized beams.
In the set-up shown in Fig. 5 in addition to the half wave phase

plate we place a quarter wave phase plate at each arm of the interfer-
ometer,

10
PP)\/4‘1:<O i)’ (34)

1 0
Prsz=(g %) (35)

obtaining the following fields at the end of each arm:

" 7@ cos 6
El(r)_\/i<isin0>’ (36)
” 7f(7r) isin 6
EZ(r)_ﬂ<cosﬂ>‘ 37

After combining both beams at the output of the interferometer
we have

E,(r) :f(Tr)e""G ) (38)

This is a uniformly and totally polarized beam with only orbital
angular momentum contribution

Jo=+h, (39)
ja=o0. (40)

It should be noticed that we have given two examples, but a vari-
ety of possibilities can be obtained by varying the phase plates in both
interferometer arms.

4. Conclusions

We have proposed different arrangements to generate orbital or/
and spin angular momentum in a light beam. The methods are mainly
based on using non-uniformly polarized fields. By means of uncon-
ventional optical elements, such as azimuthal polarizers or polariza-
tion converters, we have found that we can generate fields with
both uniform and non-uniform polarization across their transverse
section and provide them with orbital and/or spin angular

momentum. In this way, by choosing the appropriate setting, that
could include combinations of the proposed arrangements, it is possi-
ble to synthesize a beam with the desired angular momentum. It
should be noticed that in the proposed schemes the maximum orbital
angular momentum that can be achieved is ||, due to the fact that we
are using polarization as an intermediate step.
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