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The crystal growth kinetics as well as interfacial properties of Titanium (Ti) are studied, using molecular dynamics
(MD) computer simulation. The interactions between the Ti atoms are modelled via an embedded atom method (EAM)
potential. First, the free solidification method (FSM) is used to determine the melting temperature T, at zero pressure
where the transition from liquid to body-centered cubic (bcc) crystal occurs. From the simulations with the FSM, also
the kinetic growth coefficients are determined for different orientations of the crystal, analyzing how the coupling to the
thermostat affects the estimates of the growth coefficients. At T, anisotropic interfacial stiffnesses and free energies as
well as kinetic growth coefficients are determined from capillary wave fluctuations. The so obtained growth coefficients
from equilibrium fluctuations and without the coupling of the system to a thermostat agree well with those extracted

from the FSM calculations.
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I. INTRODUCTION

In metallic systems, the continuum modelling of solidifi-
cation processes from the melt requires input parameters that
are hardly accessible from experiments!?>. Among these pa-
rameters are in particular interfacial free energies, 7, and stiff-
nesses, ¥, of solid-liquid interfaces as well as kinetic growth
coefficients, u. These parameters are tensorial quantities that
depend on the orientation of the crystal with respect to the
liquid. As a matter of fact, the degree of their anisotropy
determines the morphology of growing crystals!? and thus,
the knowledge of ¥, ¥, and p is essential for a fundamen-
tal understanding and controlled design of crystallization pro-
cesses from the melt. Due to the lack of experimental data,
particle-based simulation techniques such as molecular dy-
namics (MD) computer simulations play an important role
to determine interfacial properties and growth coefficients for
metallic systems.

Many MD simulation studies on crystal-liquid interfaces
and crystalline growth in metals have been devoted to sys-
tems where close-packed structures such as face-centered cu-
bic (fcc) crystals are formed (see, e.g., Refs.3‘15). However,
similar systematic studies of systems with a body-centered cu-
bic (bec) structure are rare'®2*. In this context, Titanium (Ti)
is a very interesting material that can be seen as a paradigm
for a one-component metal with a high-temperature bcc phase.
Nevertheless, information of solid-liquid interfacial properties
and kinetic growth coefficients of Ti from MD simulations are,
to the best of our knowledge, not available. In this work, we
are aiming at filling this gap and present a systematic investi-
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gation of an embedded atom method (EAM) model of Ti via
MD simulation.

A central technique that we use in this work is the capil-
lary fluctuation method>-%-13-1525 " In this method, inhomo-
geneous systems with crystal-liquid interfaces at coexistence
are prepared, followed by an analysis of the long-wavelength
height fluctuations of the interfaces. The capillary fluctuation
method provides reliable estimates of interfacial stiffnesses
and interfacial free energies. Also kinetic growth coefficients
U can be obtained from the capillary fluctuation method. To
this end, one computes y from a time- and wavenumber-
dependent height-height correlation function in the hydrody-
namic limit, i.e. at long wavelengths and long times. Here, we
fol};)w the methodology that has been proposed by Benet et
al.>.

We also determine kinetic growth coefficients from the free
solidification method (FSM) that has been widely used to de-
termine y (see, e.g., Ref.!" and references therein). Unlike
the calculation of u via the capillary fluctuation method, FSM
is based on non-equilibrium MD simulations and requires the
coupling of the system to a thermostat. This coupling can
lead to artifacts and therefore, in this work, we systematically
vary the coupling to the thermostat to elucidate how the ther-
mostat affects the estimate of kinetic growth coefficients. We
show that by an appropriate choice of the thermostat coupling
parameter, one obtains reliable estimates of u, in agreement
with those computed from the equilibrium fluctuations, i.e. via
the capillary fluctuation method.

The rest of the manuscript is organized as follows. In the
next section (Sec. 2), we introduce the interaction model po-
tential that we have used in this work. Section 3 analyzes the
temperature dependence of the density and other properties of
the bulk bce and liquid phase at zero pressure. Then, Sec. 4
presents the results for kinetic growth coefficients via FSM,
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where we systematically vary the coupling to the required
thermostat. Interfacial stiffnesses and free energies and their
anisotropies are computed in Sec. 5 using the capillary fluc-
tuation method. This method is employed in Sec. 6 to com-
pute kinetic growth coefficients and compare them to those
obtained by FSM. Finally, in Sec. 7 we summarize the results
and draw some conclusions.

Il. MODEL POTENTIAL FOR TITANIUM

We use an EAM potential model to describe the interactions
between the atoms in Ti. Although this model takes into ac-
count many-body interactions, its computational load is simi-
lar to that of a pair potential.

Consider a system of N particles. Then, the EAM potential
energy of an atom i can be written as

Ui=Y ®(rij) + F(pf) ()
J#i

where @ is a pair potential that depends on the distance
rij = |rj —r;| between particle i at position r; and particle j
at position r;. The function F' is an embedding energy and
depends on the host electronic density pl.h of particle i which
is defined by

pl =Y p*(ri)), (2)
J#i

with the electron-density p' being solely a function of r;;.

Based on information from experiment and ab initio calcu-
lations, Zope and Mishin?® have derived an EAM potential for
Ti where the pair potential ®, the electron-density p* and the
embedding energy F are cut off at a distance r, = 5.193995 A
i.e. for r > r. these functions are set to zero. In the model of
Zope and Mishin, the potential ® for a pair of particles sepa-
rated by a distance r is given by

O(r) = {Voefﬁlrl +V6[e*2132(rfrll) _ 2352(#/1)]
r—re
rapy () ®

where the function y ensures that the function ®(r) vanishes
smoothly at 7 = r,. It is defined as

“4)

W) = {34/(1 +ut) ior u<0

or u>0.

The parameters of the potential in Eq. (3) are given by Vy =

—3.401822- 10%eV, Vj = 0.161862¢V, r; = —8.825787A,

Bi = 5.933482A7", | = 3.142920A, B, = 2.183169A",
8 =—0.601156-10"'eV, and h = 0.675729 A.

For the electron-density p®(r), the same smoothing func-

tion Y and cut off r. as for ® is used. This function is given

by

2

Heree, the parameters are A = 3;656883 102, g = —1.169953 .
101 A, ry = —2.596543- 102 A, o = 0.3969775- 10~ 1 A1,
and o, = 5.344506- 102 A1,

The embedding energy is
_ | -
F(p)=Fo+5F(p— 1)?+q0(p —1)°
3
+ ) Bi(p— 1), (6)

i=1

where p is the host electron density divided by its value
at equilibrium. The values of the parameters B; are B| =
1.549707, B, = —0.4471131, and B3 = 0.8594003-10~'. The
parameters Fy and F, are respectively the embedding energy
and its second derivative at equilibrium and the parameter
qo is chosen such that F(0) = 0; for their determination see
Ref.?. In this work, the embedding energy, electron density
and pair potential were used in the tabular form, as provided
by the Interatomic Potentials Repository of the National Insti-
tute of Standards and Technology?’.

The EAM model, proposed by Zope and Mishin, has been
modified in Ref.?® by a simple scaling of the potential energy
of a particle i. This leads to the energy U; = AU; where the pa-
rameter A has been optimized with respect to the temperature
dependence of self-diffusion coefficient of Ti melts around
Tm, as measured by quasi-elastic neutron scattering. With the
choice A = 1.245 almost perfect agreement with the experi-
mental data for the self-diffusion coefficient is obtained and
also the melting temperature Ty, of this modified EAM model
is in better agreement with experiment than the original Zope-
Mishin model (see below). In the following, we refer to the
modified interaction model of Ti as ModZoM.

Ill. DENSITY OF THE BULK PHASES

Properties of the liquid and crystalline bcce bulk phases were
estimated from simulations in a cubic simulation box using
periodic boundary conditions. In these simulations, the ve-
locity Verlet algorithm? was used with an integration time
step of 1.018fs. As a first step, we study the dependence of
mass density p = Nmr;/V (with mr; the mass of Ti and V the
volume) and other properties such as the distributions of lo-
cal order parameters (see below) on the temperature 7. To
this end, we heated up crystals starting from bcc configura-
tions at low temperature, while the liquids were cooled down
starting from equilibrated melt configurations at 2200 K (well
above the melting temperature Tr,). The simulations were per-
formed along the isobare at zero pressure, p = 0, by varying
the temperature. At each temperature the following sequence
of steps was performed; first the system is equilibrated in the
NpT ensemble, then the mean density (p) is determined in
another NpT simulation and the instantaneous particle co-
ordinates and box lengths at the end of this run were scaled
by the factor ({p)/p)~'/? to match the mean density. In the
last step, the properties were estimated in an NVT produc-
tion run. A stochastic thermostat, where particle velocities
are drawn from a Maxwell-Boltzmann distribution every 1200
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FIG. 1. a) Density p(T) of the Zope-Mishin (blue lines) and the
ModZoM (red lines) potentials of Ti in comparison to experimental
data®® (black lines).

time steps, and the Berendsen barostat were used to control
the temperature and pressure®”.

The results for the density of the bulk crystalline bcc and
liquid phases in comparison to experimental data are shown in
Fig. 1. The simulation data is well described by the quadratic

form
p(T)=a+b-(T—T,)+c-(T—Tp,)?, (7

where a, b, and c are fit parameters. We set T, = 1796 K,
which corresponds to the melting temperature of the ModZoM
model (see below).

For the bcc phase, we obtain a = 4.29036gcm ™3,
b = —1.73322 - 10~*gecmPK~! and ¢ = —3.97396 -
1078 gcm 3K 2. These values were determined in the range
1000K < T < Ty,. For the bulk liquid phase, we find a =
4.15596gcm ™3, b = —2.34886-10*gcm>K~! and ¢ =
2.41224- 108 gcm™3K~2. These values are determined in
the range 1300K < T < 2200K, i.e. data points correspond-
ing to the undercooled liquid are included in the fit procedure.
Note that close to the melting temperature the density of both
the crystalline and melt phases of the ModZoM exhibit a much
better agreement with experiment than the original model of

Zope and Mishin. ~ ~
The specific latent heat Hy(T, p) — H;(T, p) is given by
AA(T)=A+B-(T—T,)+C- (T —T)* (8)

with A = 2.71984-10° Jkg~!, B = 43.5394J kg 'K~! and
C = —0.0691188Tkg 'K2. These values are fitted using
the data in the temperature range 1400K < 7 < Tj,. Part
of the metastable phases is included in the fit procedure.
At the melting temperature, the mass density of the solid is
ps = 4.29036 gcm 3, that of the liquid p; = 4.15596gcm ™3,
and the latent heat AH,, = 2.71984-10>J g~!. Note that the
experimental value is AH,, = 2.95-10%J g~ ! (thus, the value
predicted by the ModZoM model is in good agreement with
the experimental value).

The specific heat capacity of the bce and liquid phases are
well described by

&(T)=A+B-(T-Tp,). )

w

Here, the fitted values are A = 0.61407Jg~'K~! and B =
—6.84638 - 10777 g 'K=2 for the bcc phase, and A =
0.570537 g 'K~! and B = 6.97738- 103 J g~ 'K~ for the
liquid phase.

IV. MELTING TEMPERATURE AND KINETIC GROWTH
COEFFICIENTS

Reliable estimates of the melting temperature and kinetic
growth coefficients were obtained by simulation with the free
solidification method (FSM)73132. In this method, inhomo-
geneous systems are considered where the crystalline and the
liquid phase coexist in elongated simulation box with periodic
boundary conditions in the three spatial directions. The two
phases are separated by two planar interfaces. Then, MD sim-
ulations at constant pressure and temperature are performed.
During the simulation the stable phase grows into metastable
one. In the steady growth regime, the interfaces move with
constant velocity vi. Under equilibrium conditions, i.e. at Tpy,
the interface velocity is zero. Thus, one determines vy as a
function of temperature and extrapolates the data to v =0 to
get an estimate of the melting temperature Ty,.

To prepare the system we used the protocol described in
our previous work 3. First, atoms are arranged in a perfect
crystal in an elongated simulation box considering a geome-
try compatible with the studied crystalline orientation. The
crystal is relaxed in a NpT simulation run where the density
of the crystalline phase at the prescribed pressure and tem-
perature is determined. As next, two regions are defined in
the system; the crystal and the melt. The temperature of the
atoms in the melt region is raised above T, while the atoms in
the crystalline solid region are frozen. The temperature of the
melt region is chosen as the temperature at which the homo-
geneous crystalline phase melts in a heating simulation, see
Fig. 1. This step is performed in an Np,AT run where the
pressure of the melt region is calculated considering the virial
contribution of all pairs that involve the atoms in the melt re-
gion, including the interactions between atoms in the melt and
atoms in the crystal, and the volume of the melt region. In
the next simulation step, the melt is cooled down in a Np, AT
simulation run at the same temperature and pressure chosen to
prepare the crystal. In the preparation of the melt the scaling
of the z coordinates is applied only in the melt region, other-
wise, a strain would be artificially imposed in the crystalline
region. In the last step, all the atoms in the system are allowed
to participate in the dynamics and the growth of the stable
phase occurs. The melting, cooling and growth steps are per-
formed in Np,AT simulation runs. In these simulations the
cross section of the box, A, remains constant while the pres-
sure p. is controlled using the Berendsen barostat®*, i.e. the
box length and the atoms positions in the direction perpendic-
ular to the planar crystal-liquid interfaces, z, are scaled by a
factor 1+ o, (p. — po) at each integration step. The barostat
coupling parameter ¢, was set equal to 1073 [eV~'A3] which
corresponds to a rather weak coupling. Using this value no
stresses are induced by the crystal growth process, as shown
in the results of growth simulations for different crystalline
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FIG. 2. a) Growth velocity versus undercooling (AT = Ty, — T) of the ModZoM model of Ti for the crystalline orientations 100, 110 and 111
at different values of the thermostat coupling parameter (n7). Solid lines correspond to the polynomial fit of the data from which the kinetic

growth coefficient is estimated.

orientations at 7 = 1750 K (supplementary material).

Since the velocity in pure metals is relatively fast (v; ~ 10!
to 10? m/s), growth can be observed in the simulations after
some picoseconds. The interfacial growth velocity vy is re-
lated to the rate of change in total volume V by means of the
mass balance m = p;Vi+ psV; which form=0and V =W+ V;
leads to

P av

W — 10
2A(ps — pr) dt (10

vV =

where A is the area of the section transversal to the growth
direction, py and p; are the densities of the crystalline and
liquid phases, respectively.

Growth velocities for the crystal orientations 100, 110 and
111 of Ti bce crystals were determined in the temperature
range 1640K < T < 1830K in steps of 10K between suc-
cessive temperatures. At each temperature, five independent
simulation runs were performed to obtain a reliable estimate
of the interface velocity. The number of unit cells in each di-
rection of the initial bcc crystal were chosen such that the ge-
ometry of the simulation box is Ly ~ L, Ly ~ L and L; ~ 16L

with L ~ 40 A. For the initial width of the crystalline region,
L. = L;/3 was chosen. The simulations were also done for dif-
ferent values of the thermostat parameter ny (every nr steps
new velocities from a Maxwell-Boltzmann distribution are
generated such that the total momentum of the system is kept
constant).

Simulation results for the linear growth velocity at differ-
ent undercooling for the crystalline orientations 100, 110 and
111 are shown in Figure 2. In each plot, the different curves
correspond to different values of the thermostat parameter nr.
Close to coexistence the growth velocity follows the linear re-
lation v;(T) = UAT where AT = T,, — T is the undercooling
and u the kinetic growth coefficient for a given crystalline
orientation. At high undercooling, the dependence of growth
velocity on temperature is weaker than expected from extrap-
olation of the linear behaviour at coexistence AT = 0. For the
temperature interval considered, the dependence of v; on AT
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FIG. 3. Kinetic growth coefficients for the crystalline orientations
100, 110 and 111 for different values of the thermostat parameter
nr.

is well described by a cubic polynomial
vi = UAT + cAT?. (11)

The kinetic growth coefficient is obtained as the slope of the
data around AT = 0.

Figure 2 indicates that for ny > 1000 the results for the in-
terface velocity do not seem to be affected by the coupling to
the thermostat. The melting temperature that we obtain from
our data is T, = 1796 £ 2 K, which is in fair agreement to
the experimental value 7;, = 1941 K. Figure 3 shows the es-
timated kinetic coefficient as a function of the thermostat pa-
rameter ny. As we have already guessed from the behavior
of the interface velocity, the values for the different u’s sat-
urate to a constant for ny > 1000. So our estimates of the
kinetic growth coefficients for the different crystal orienta-
tions are 9o = 0.670m sTIK!, U110 =0.600m s 'K~!and
fip =0.596ms 'K
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TABLE I. Kinetic growth coefficients for different crystalline orien-
tations.

Orientation W/t
100 1+ (2/5)8, + @/7)8,
110 1—(1/10)8; — (13/14)8,
111 1—(4/15)6; +(64/63)6,

The orientational dependence of the kinetic coefficient,
i.e. the kinetic coefficient as function of the unitary crystal
orientation vector i = (n1,ny,n3), can be described in terms
of a cubic harmonics expansion, as proposed by Fehlner and
Vosko™>

p(n) 3 17
o =1+6 <Q—§> +& <3Q+66S—7>

with O = n‘l‘ + n‘z1 + né and S = n%n%n% The parameters in the
expansion are L, a sort of orientationally averaged value of
the kinetic growth coefficient; 8, and J, can be interpreted
as dimensionless anisotropy coefficients. Using the MD esti-
mates of g9, U110 and y1; for our ModZoM model of Ti,
the expansion parameters are given by tp = 0.619ms~ 'K,
01 = 0.187848, and &, = 0.0127778. In comparison to fcc
nickel (using the EAM of Foiles?®), the anisotropy coeffi-
cients of the kinetic coefficient are much smaller (for Ni:
01 = 1.27707, 8, = —0.136194). Note that in both systems
01 > & holds.

V. INTERFACIAL STIFFNESSES AND TENSIONS

Crystal-liquid interfaces in Ti are rough and exhibit thermal
undulations that in the limit of long wavelengths are known as
capillary waves. These undulations can be described in terms
of a height function 4(r) that depends on the lateral position
r = (x,y) with respect to the interface. The study of height-
height correlations allows to estimate static and dynamic inter-
facial properties®2. As we shall see below, in a crystal-liquid
interface, the capillary wave spectrum is anisotropic governed
by stiffness coefficients, ¥4, wherez indicates the direction
perpendicular to the interface, and ¢ the direction along which
the capillary waves propagate, o = x (or y).

According to capillary wave theory (CWT , in the
long-wavelength limit the free energy of a given realization of
the interface height profile, (r), in the anisotropic interface
at coexistence is given by*+>3

Qlh(r)) = [ dr [% <%>2+% @—;’ﬂ NGE)

The free energy functional Q[A(r)] can be understood as an ef-
fective CWT Hamiltonian. By writing /2(r) in terms of Fourier
modes, i(r) =Y hqe'd", the CWT Hamiltonian can be written
as

)4147

Qqh =AY [Fuxs + T4y |hg|? (13)
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FIG. 4. Distributions of the local order parameter g of Steinhardt
et al. (blue) and gg of Eslami et al. (red) in the bec crystal phase
(solid) and liquid phase (dashed) of Ti at the melting temperature
Tm = 1796 K.

where A is the area of the interface. The expression for Qq[A]
is a quadratic form, so that using the equipartition theorem, we
find that the mean squared fluctuations of the interface profile
in the long wave limit are given by

ksT,
e alw 14
(|n(q)*) ATnd2 + 1] "

A. Interfacial height profile

The interfacial height profile 4(r) can be computed from
the deviations of the interface position z(x,y) with respect to
its instantaneous mean value, h(x,y) = z(x,y) — (z(x,y)). The
interface position z(x,y) is determined by identifying atoms
as embedded in a crystalline or liquid local environment using
a suitable rotationally invariant local order parameter such as
the 103cal bond order parameters ¢; (i) introduced by Steinhardt
etal’’,

ar | 12
a(i) = <Zl — L |qzm(i>|2> (15)
m=—|

where

1
(i) = = X ¥(95 i) (16)

AURE S

In Egs. (15) and (16), N, (i) is the number of neighbors of a
particle 7, Y"(¢;;, ¢;;) are spherical harmonic functions with
¢;; and @;; the polar and azimuthal angles of the vector f;;.
Another local bond order parameter §;(i) was introduced by
Eslami et al.®8

l
LYY dn@d ) 17

No (i) ;N tiy mmet

qi(i) =
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TABLE II. Simulation box lengths of the systems studied for capil-
lary wave analysis.

nt Ly x Ly x L; A3
100[001] 293.12 % 26.65 x 298.10
110[110] 301.47 x 26.65 x 306.69
110[001] 293.12 x 23.55 x 306.69
111[110] 301.47 x 24.48 x 281.66
111[112] 293.70 x 28.27 x 281.66

with

A~ . qlm(i)
m = (18)
e )

Additionally, as in the work of Lechner and Dellago®, the or-
der parameter is averaged over neighboring particles including
the value at particle i,

s 1

qi(i) = TNb(i)

G+ ) ch)]. (19)
)

jENh(i

The distributions of the parameter g¢ of Steinhardt er al.
and §¢ of Eslami et al. in the bulk liquid and crystal phases of
Ti at the melting temperature are shown in Figure 4. For the
computation of these order parameters a cut-off radius r. =
4.0 Awas chosen, which corresponds to the first two shells of
neighbors, i.e. the mean coordination number of a particle in
the crystal is N, ~ 14.

The distributions of local order parameter in the crystalline
and liquid phases are well differentiated, however, the over-
lapping of modes is lower in the order parameter of Eslami et
al. (Figure 4).

The determination of the local position of the interface is
performed in three steps. In the first step, crystal-like par-
ticles are identified as those whose order parameter value is
larger than a given threshold. For the order parameter g this
threshold is chosen equal to 0.43, which corresponds to the
intersection of the order parameter distributions of the crys-
talline and liquid phases. In the second step, particles in the
bulk of the liquid that are identified as crystal-like particles
in the first step are discarded as part of the crystal. For this
purpose, the crystal phase is defined as the largest cluster of
crystal-like particles. In the last step, the interface is defined
as the set of particles at the crystal surface. These particles
are identified by the cone algorithm*. The procedure is illus-
trated in Figure 5.

B. Capillary wave spectrum

The simulations were performed in a slab geometry, where
the simulation box is much larger in the directions parallel to
the interface orientation z and parallel to the tangential direc-
tion x (see Table II).

TABLE III. Interfacial tensions for different crystalline orientations.

n Y/

100 1+ (2/5)e + (4/7)e; + (4/13)e3
110 1—(1/10)e; — (13/14)e; + (9/52)e3
111 1—(4/15)g + (64/63)es + (32/351)es

The spectrum of capillary wave fluctuations is estimated
along the tangential direction x, for which the wave vector
q = (¢x,0) is replaced in Eq. (14) and the stiffness is deter-
mined by extrapolating to the long wave limit g, — 0

ks,
7o = lim B m

oo All(g) D)2 (20)

The capillary waves spectrum for the crystalline orien-
tations 100, 110 and 111 along the main tangential di-
rections at zero pressure and 7, = 1796 K are presented
in Figure 6. [Each curve was obtained from the aver-
age of ten independent simulations, where 5-10° simula-
tion steps were made in each simulation run. The inter-
facial stiffnesses are estimated by extrapolation of the data
¥-gx to the limit g, — 0, where the value of the low-
est wave number is not considered since the equilibration
time of this mode is much larger than the others. The re-
sults are igojo01] = 0-10037Jm ™2, ;40170 = 0.15423Jm 2,

Nioppor] = 0.11466Jm "2, Yo = 0.13427Jm™?, and

The orientational dependence of the interfacial free energy
can be described by the cubic harmonics expansion

v(h) 3 _u

5 94 33
+& (SQ 16S 13Q+13> 21
where Q and S are defined in terms of the components of the
unitary crystal orientation vector fi. The expressions of the
interfacial tensions for the orientations 100, 110 and 111 are
given in Table III.

Expressions for the interfacial stiffnesses can be deduced
by replacing fi by cos 8fi + sin 0t in the cubic expansion, then
using the relation between the stiffness and interfacial tension,
7= v+ 9%y/d67?, and taking the limit & — 0. Expressions of
the stiffness for different orientations and tangential directions
are summarized in Table I'V.

Using the values of the stiffnesses obtained from MD sim-
ulations in the corresponding expression of Table IV, the
parameters of the cubic harmonics expansion, Eq. (21), are
% = 0.121301Tm~2, & = 0.0550041, &, = 0.00178142 and
& = —0.00425494. With these parameter values the interfa-
cial tensions according to Eq. (21) are 100 = 0.123934J m~2,
Y10 = 0.120343Jm ™%, and 1, = 0.119694Jm 2. Although
the tension values are very similar they follow Y00 > Y110 >
711 in agreement with the bee-liquid interface of the Yukawa
potential'”. The interfacial free energy expressed in units of
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FIG. 5. The crystal-liquid interface position (at the top) is identified in three steps: (a) the particles are identified as crystal-like (red) if the
local order parameter is larger than a threshold, (b) the crystal is defined as the largest cluster of crystal-like particles, (c) the crystal (top)
surface is the collection of particles that have no neighbors on the direction +z on a small area xy centered at their positions.
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FIG. 6. Capillary wave spectra of the ModZoM model of Ti for the crystalline orientations 100[001], 110[110], 110[001], 111[110] and
111[112].

interface of the hard spheres model has a orientational aver-
aged value about 0.5*°. Recently, the capillary wave spectrum
of the bee-liquid interface of charged colloids was determined
in experiments. Here, the obtained Turnbull parameter values

TABLE IV. Interfacial stiffnesses for different crystalline orienta-
tions and tangential directions.

100‘[‘(‘)‘10}, 7/ are 0.58 for the 100 and 0.68 for the 114 orientation®®. Ac-
100[001]’ 1— (18/5)e1 — (80/7)es — (140/13)e3 cording to Table III, the relative difference between the maxi-
110[110J; 14 (39/10)e; + (155/14)&, — (35/4)¢;3 mum and minimum values of the interfacial free energy is
110[001 1—(21/10)g; 4 (365/14)&, — (175/52)¢

111[[110]}, ( / ) 1 ( / ) ’ ( / ) ’ M:ggl_ESZ‘i‘E&; (22)
11[112] 14 (12/5); — (1280/63)e; — (1120/351)e; % 37 97 T35

For bece Ti this difference is 0.0349564, lower than for fcc Ni
where (’}’100 — ’}’111)/’}’0 =0.07043 (using € =0.10191, g =

_ _ —0.00134, &5 = 0.00876).
AH,,672, with AH,, the latent heat per particle and o the par-

ticle diameter estimated from the density number of the crys-

talline phase ¢ = p;1/3), is known as Turnbull parameter. ~ VI. KINETIC COEFFICIENTS FROM CAPILLARY
Turnbull found that this value is 0.45 for many close-packed FLUCTUATIONS

metals and somewhat lower for other systems*®. Using the

simulation data of this study it is 0.39174 for the ModZoM Using the theory developed by Karma®'-32, the kinetic
model of Ti. It is known from simulations that the fcc-liquid ~ growth coefficients can be estimated from the analysis of cap-
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illary waves fluctuations. The capillary wave free energy of
the the anisotropic interface off-coexistence is given by*4>3

B Voo (ORN\® Ty (OR\?
Q—/dr [7 (Z) +7(a_y) —Aph] 23)

where the pressure difference between the solid and liquid
phases, Ap, is included to account the bulk free energy penalty
of the liquid phase off-coexistence. For deviations from the
melting line by changing temperature instead of pressure, the
Clausius-Clapeyron equation relates the pressure difference
with the undercooling as

_ PAHR

A
D T,

AT. (24)

Off coexistence, Ap is finite, and the interface evolves so as to
eliminate the unfavorable bulk phase. However, for small de-
viations away from coexistence the system evolves smoothly
according to free energy gradients. The time evolution of
h(r,t) can be described by>*

oh(r,t) Q]
- Ko (25)

where k is a rate constant. Upon evaluation of the functional
derivative, this ansatz for the gradient-driven dynamics of the
interface yields the following partial differential equation

oh(r,1) . 9%h . d°h
En =—k YZ"W+}/Zy8_))2_Ap . (26)

Now we seek for the evolving interface solutions of the form
h(r,t) = ¥ hq(t)e’". Plugging this ansatz into Eq. (26) leads
to the following equation for the Fourier transform of the
height function, Aq(t),

oh
aqt(t) =~k [(Tadz + Tagy) ha(1) —AP3(@)] 27

From this equation, we obtain the average growth rate of the
interface, vy in the long-wavelength limit as

—kAp. (28)
q—0

oh(t
M= 8(t)’

So with Eq. (24) the kinetic growth coefficient is given by

u =2, (29)

At finite wave-vectors, Eq. (27) provides a first order linear
differential equation which is readily solved, yielding

hq(t) = hq(0)exp(—1/1q) (30)
with the correlation time, 74, identified as

1 L P S
o = Im(%qu + Ty - (31)

By use of Eq. (30), upon thermal averaging, the following
expression is found for the self-correlation function fo(r) =

(hq(0)hq(t)),
fa(t) = |h(q)|*exp(—t/7q) (32)

A fit of the correlation functions obtained from simulation

provides the relaxation time 7q, which can be used to ob-

tain the kinetic growth coefficient’. Particularly, by study-

ing fluctuations along either & = x or @ =y, we find that
2

1/7, = %qa. Accordingly, the slope of 1/1,,, yields right
15,51,52

away the kinetic growth coefficient (t

The dynamics embodied in Eq. (32) only accounts for the
slow crystal growth mode and thermal capillary wave excita-
tions. Other fast modes, such as lattice vibrations and elastic
deformations are not accounted in this expression. Therefore,
the self-correlation function can exhibit more than one relax-
ation’>.

In a study of Karma’s relation, Eq. (31), Benet et al. '~ deter-
mined the self-correlation function fy for different systems in-
cluding hard spheres, Lennard Jones centers and TIP4P/2005
water molecules and found that the decay of this function is
much better described by a double exponential function

fq(t) = Aexp(—t/75) + (1 —A)exp(—t/77)  (33)

where two characteristic times can be identified. The kinetic
growth coefficient was related with the slow mode character-
istic time in Eq. (33), 7;.

In this study we determined the normalized self-correlation
function of A, given by

l.15

(hq(0)hg(t)*)
(hq(0)hq(0)*)

where the brackets denote averages over different independent
simulations and time origins. The same series of simulations
to estimate the interfacial stiffnesses were used. The results
of the self-correlation functions for the different crystal-liquid
interfaces are shown in Figure 7. Each curve corresponds to
an average of 10 independent simulations each with 5 -10°
steps, for each run, 5000 time origins separated by 10* time
steps were considered. The function A, was computed as the
discrete Fourier transform of the capillary wave fluctuations
with A, the discrete Fourier transform of

hq =} h(r;)exp(iq-r)) (35)
J

Ja(t) = (34)

As observed in the Figure. 7 the time dependence of the self-
correlation function f; is well described by a double exponen-
tial function for all crystalline orientations and wave numbers
considered.

Figure 8 shows that the inverse of the slow characteristic
time 7, exhibits a linear dependence with the square of the
wave-number in the long-wavelength limit (¢ — 0) covered
by the simulation. The figure also indicates that all the regres-
sions tend approximately to zero for g = 0. The slope of these
curves for each orientation together with the corresponding
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FIG. 7. Self-correlation functions of Ti for the crystalline orientations 100[010], 100[001], 110[110], 110[001], 111[110] and 111[112]. Curves
from right to left correspond to wave-numbers ¢ = 27n /Ly with n from 3 to 13. The fits to double exponential function are shown in solid

lines.

TABLE V. Slope of the curves 1/7; versus q2 (Fig. 8) and corre-
sponding kinetic growth coefficients, as estimated from Eq. (31) for
different crystalline orientations.

n|t slope [A2 psfl] u [ms~TK~1]
100[010]; 11573 0.749
100[001] - -
110[110}; 14.372 0.605
110[001] 11.824 0.670
111[110]; 11.938 0.578
111[112} 11.591 0.558

kinetic growth coefficient values obtained from Eq. (31) are
presented in Table V. The kinetic growth coefficients are
in fair agreement with the values obtained from the growth
simulations, presented above. The values observed follow
the trend W10 > U110 > Hi11- Using Eq. (31) two different
values of u are obtained for the crystalline orientation 110
(one for each tangential direction). For the orientation 111
this difference is also observed but is not as pronounced as
for 110, and corresponds to the small difference in the slopes
of the curves 1/1; versus ¢ (Fig 8).

VIl. SUMMARY AND CONCLUSIONS

We have investigated the crystal growth kinetics of bce Ti
from the melt as well as stiffnesses and free energies of the
corresponding crystal-liquid interfaces in Ti. To this end, we
have performed molecular dynamics (MD) computer simula-
tions at zero pressure around the melting temperature Tp,, us-
ing an EAM potential to model the interactions between the Ti
atoms. The focus was on the analysis of capillary wave fluc-
tuations, from which we extracted interfacial stiffnesses and
free energies as well as kinetic growth coefficients.

We have determined the interfacial stiffness for different
crystal orientations. From this information, we have deter-
mined the expansion of the stiffness in terms of cubic harmon-
ics, from which we have obtained the interfacial free energy
and its anisotropy. For the resulting average interfacial free
energy, we have found the value 0.121J m~2, corresponding
to a Turnbull parameter of the order of 0.39 which is signif-
icantly lower than the typical value for closed-packed struc-
tures such as hcp or fcc (e.g. the Turnbull parameter is about
0.5 for fcc hard-sphere crystals). Even “more dramatic” is the
effect with respect to the anisotropy of the interfacial free en-
ergy. This property is about an order of magnitude smaller for
bee Ti than that for typical fcc systems.

The growth velocities are found to depend significantly on
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FIG. 8. a) Characteristic times of the slow, s, and fast, 7f, modes of
the self-correlation function f; versus wave number ¢ for different
crystalline orientations. b) Inverse of the slow characteristic time g
versus wavenumber squared ¢

the coupling constant of the thermostat, but converged val-
ues are obtained in the limit of a sufficiently weak coupling
of the system to the thermostat. Kinetic growth coefficients
may be calculated from the slope of the growth velocity at
coexistence. Our results show that the growth coefficient
of the principal facets of titanium have an average value of
0.619ms~! K~!, and again a rather small anisotropy. We
have also obtained the kinetic growth coefficients from an
analysis of the relaxation dynamics of capillary wave fluctua-
tions. We find that a model with two exponential functions, as
proposed by Benet ez al.">, fits the self-correlation functions
very well and leads to accurate estimates of kinetic growth
coefficients from equilibrium fluctuations, in very good agree-
ment with those determined via FSM. The estimate of growth
coefficients via the equilibrium capillary wave fluctuations
is especially well suited for binary alloys where the FSM
method is hardly accessible due to the presence of concen-
tration gradients as well as the formation of defects'® under
non-equilibrium conditions. The use of the capillary fluctua-
tion method for binary alloys to estimate kinetic growth coef-
ficients shall be a theme of forthcoming studies.

10
SUPPLEMENTARY MATERIAL

See supplementary material for the evolution of the stress
tensor components and simulation box length L, during
growth simulations at 7 = 1750 K.
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