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Nota sobre la terminolog��a

E
scribir una memoria de investigaci�on cient���ca en castellano reporta nu-
merosas satisfacciones: por un lado, escribir en la lengua materna de uno

mismo es siempre m�as c�omodo y permite m�as capacidad de 
exionar el signi�-
cado para otorgar a los escrito una variedad de matices que, personalmente, no
podr��a cubrir escribiendo en cualquier otra lengua. Sin embargo, como en todo,
esta elecci �on trae asociada consigo ciertas responsabilidades. De entre ellas, creo
que la que m�as me ha preocupado durante la redacci�on de esta memoria es el
problema de la traducci�on de t�erminos.

Resulta indudable que, hoy por hoy, el ingl�es es el idioma en el que se trans-
mite el conocimiento cient���co en todo el mundo, por lo que no es casual que
pr�acticamente todo el l�exico t�ecnico pertenezca a esta lengua. La conveniencia
de una traducci�on literal o, por el contrario, la inclusi �on desmedida de pr�esta-
mos plantea un falso dilema que los representa como mutuamente excluyentes.
A pesar de ello, despu�es de probar las dos opciones |y buscando una suerte de
punto medio| he cre��do conveniente mezclar ambas propuestas. El fundamento
de esta decisi �on reside en el intento de buscar, por un lado, la familiaridad del
lector con los vocablos anglosajones presentes de manera pr�acticamente ubicua
en la literatura; y, por otro, la homogeneidad con respecto a t�erminos de impor-
tancia fundamental en las publicaciones que presento, escritas ��ntegramente en
ingl�es.

De este modo escribir�e Cromodin�amica Cu�antica, Teor��a Quiral de Pertur-
baciones �o M�etodo de la Amplitud Inversa, por ejemplo, como traducciones li-
terales de Quantum Chromodynamics, Chiral Perturbation Theory e Inverse Amplitude
Method, respectivamente; pero mantendr�e la representaci�on anglosajona a la hora
de enunciar las siglas por las que se conocen1, vid.: QCD, ChPT e IAM, as�� como
pr�estamos de uso consuetudinario como gauge o lagrangiano. Incluso seguir�e con-
servando el t�ermino workshop en lugar de hablar de talleres.

Con este mismo esp��ritu tomar�e a modo de pr�estamo muchas otras palabras
t�ecnicas, comopor ejemplo los n �umeros cu�anticos de sabor asociados a los quarks2.

1 Se~nalando, por supuesto, su car�acter de pr�estamo mediante el uso de tipograf��a oblicua.
2 Palabra que, por ubicua y genuina, respetar�e hasta el punto de no poner en cursiva.
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Escribir�e entonces quark up, quark down y quark strange, en lugar de optar por
la traducci�on literal. Este mismo criterio lo aplicar�e al nombre de formalismos
y expresiones concretas como staggered o model-independent, que de otro modo
podr��an dar una idea no demasiado concreta y desenfocada en relaci �on con la
literatura especializada. Como toda regla tiene sus excepciones, a lo largo de la
memoria el lector podr�a comprobar la presencia de las palabras isoesp��n, pi�on, o
pionio; e incluso expresiones como a nivel �arbol, traducci�on completamente literal
del tree level ingl�es.

Reconozco que la justi�caci�on que puedo ofrecer para estos casos dista de ser
completamente racional o sistem�atica: las escribo de esta manera a causa de la
costumbre, o por alguna conveniencia fon�etica que ser�a, las m�as de las veces,
fuertemente dependiente del observador.

Quiz�a la expresi �on m�as llamativa |por infrecuente en la literatura t�ecnica
actual| sea aqu�ella de aforar una simetr��a global, en alusi �on al proceso a trav�es del
cual la acci �on de los elementos de un grupo asociado a una simetr��a global de-
pende ahora de las coordenadas espacio-temporales. La introducci�on del campo
sem�antico asociado a gauge se basa en una traducci�on libre de la voz alemana
eichinvarianz al ingl�es hecha por H. Weyl a principios del siglo pasado al con-
siderar transformaciones de la m�etrica dependientes del punto. El intento por
respetar el concepto original as�� como de evitar una castellanizaci �on forzada me
lleva a creer que, de entre todas las opciones traducidas que he tenido la ocasi �on
de consultar, nuestro aforar3 es una buena manera de referirse al signi�cado que
encierra la expresi �on inglesa to gauge a group.

Sirva entonces esta nota como descargo y anuncio de un cierto eclecticismo
l�exico que espero no conlleve m�as di�cultades que las meramente est�eticas.

3 Seg �un RAE: ajustar las indicaciones de un instrumento de medida con los valores de una magnitud.
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1
Introducci�on

E
l objetivo de este cap��tulo es el de ofrecer un breve sustento te�orico a los
contenidos y t�ecnicas m�as signi�cativas que han sido utilizados en la ela-

boraci�on de las publicaciones recogidas en los siguientes cap��tulos.

He agrupado los puntos a tratar en cuatro secciones pertenecientes a un �unico
cap��tulo titulado Interacci�on Fuerte a baja energ��a y simetr��a quiral. En la primera
secci �on expondr�e las principales caracter��sticas del espectro de hadrones ligeros
tal y como se conoce en la actualidad, junto con las herramientas de clasi�caci�on
y catalogaci�on que son de uso ubicuo en la f��sica de part��culas; as�� como el patr�on
de ruptura de la simetr��a quiral en la Cromodin�amica Cu�antica (QCD).

Posteriormente se~nalar�e los fundamentos te�oricos en los que se basa la Teor��a
Quiral de Perturbaciones (ChPT ), y despu�es introducir�e los temas fundamen-
tales que constituyen el leitmotiv de esta memoria, a saber: la implementaci�on de
efectos de ruptura de isoesp��n y la evoluci�on de �estos a temperatura �nita.

A lo largode estos dos ep��grafes expondr�e, tambi�enydemodobreve, distintos
m�etodos usados en la investigaci�on que da lugar a esta memoria en relaci �on con
la incorporaci�on de f��sica de resonancias, i.e. el llamado M�etodo de la Amplitud
Inversa (IAM ) y el modelo de acoplo de resonancias de esp��n 1 al lagrangiano
quiral.



2 Introducci�on

Interacci �on Fuerte a bajas energ��as
y simetr��a quiral

1.1.1 QCD a bajas energ��as y simetr��a quiral

QCD es, hoy por hoy, la teor��a com�unmente aceptada y usada para la des-
cripci�on a trav�es de campos locales del sector de Interacci �on Fuerte en el Modelo
Est�andar.

Durante los a~nos cincuenta se reconoc��a ya una pl�etora abundante de ha-
drones que mostraban |gracias a la aparici �on de factores de forma en procesos
como la dispersi �on el�astica e+ex| la existencia de una cierta subestructura en
ellos. Sin embargo, la constante de acoplo necesaria para explicar estos procesos
a trav�es de una descripci�on en t�erminos de una Teor��a Cu�antica de Campos era
demasiado alta para permitir una expansi�on en serie perturbativa al uso. Duran-
te los a~nos setenta, la idea de que exist��an bloques fundamentales |o quarks|
a partir de los que estaban formados todos los hadrones comenz�o a ganar adep-
tos, al menos desde un punto de vista formal y con vistas a la catalogaci�on del
espectro de part��culas conocido [1,2].

Hoy en d��a estos bloques constituyentes son interpretados como grados de li-
bertad f��sicos de una teor��a gauge no abeliana renormalizable: la Cromodin�amica
Cu�antica. Esta teor��a posee ocho bosones gauge vectoriales sin masa correspon-
dientes a cada uno de los ocho generadores del grupo gauge SU(3) de color. En
ella los quarks son fermiones de esp��n 1=2 que se transforman como losmultipletes
a los que da lugar la representaci�on fundamental de dicho grupo. Existen seis
tipos de quarks o sabores diferentes: up, down, strange, charm, beauty y top, que se
transforman como tripletes bajo SUC(3), aunque los �ultimos tres son considerados
pesados y no juegan un papel relevante en el rango de energ��as que nos ocupar�a a
lo largo de esta memoria puesto que sus efectos pueden ser desacoplados [3] al
estudiar el sector mes�onico de baja energ��a.

QCD se encuentra respaldada ampliamente por evidencias experimentales
en procesos de colisiones fuertemente inel�asticas hadr�on-lept�on, producci�on de
hadrones en aniquilaci �on e+ex y procesos de tipo Drell-Yan1, e implementa dos
caracter��sticas fundamentales de la interacci �on fuerte, a saber: con�namiento y
libertad asint�otica.

La libertad asint�otica aparece en fen�omenos de muy alta energ��a, donde los

1 Consultar, por ejemplo [4,5].
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quarks interact �uan muy d�ebilmente. Fue descubierta en los a~nos setenta por D.
Politzer, F. Wilczek y D. Gross [6{8], cuyos trabajos les valieron el premio Nobel
de F��sica en 2004. La interpretaci �on f��sica de este mecanismo puede efectuarse
a trav�es del anti-apantallamiento que se produce debido a la auto-interacci �on de
los gluones, opuesta al apantallamiento provocado por los pares �qq [9]. Es, por
tanto, una propiedad inherente al car�acter no abeliano de la teor��a.

El con�namiento es el responsable de que a bajas energ��as los quarks se en-
cuentren ligados formando hadrones. Aunque se han propuesto numerosos es-
cenarios te�oricos2. todav��a no ha sido demostrado anal��ticamente. Su existencia,
sin embargo, es ampliamente aceptada debido a dos razones: hasta el momento,
no se han encontrado estados de quarks o gluones libres; y parece aparecer de
forma natural en modelos basados en simulaci�on en ret��culos3.

QCD presenta|como teor��a gauge renormalizable en cuatro dimensiones con
libertad asint�otica [12, 13]| una dependencia en la constante de acoplo, g, res-
pecto a la escala de energ��as o transferencia de momento. El car�acter no abeliano
de la teor��a es precisamente el que hace que la constante de acoplo tienda a cero
a altas energ��as. A un loop, la funci�on � en QCD toma la forma

�(�) = �
dg(�)

d�
= x g3

(4� )2

 
11

3
NC x

2

3
Nf

!
+ O(g5); (1.1)

donde NC y Nf representan el n �umero de colores y de sabores en la teor��a.

Para NC = 3 y Nf � 16, la soluci�on de esta ecuaci�on hace que la constan-
te de acoplo vaya como la inversa del logaritmo de la escala de energ��a cuando
�esta tiende a in�nito, implementando as�� la libertad asint�otica y permitiendo
una expansi�on en serie de potencias respecto a la constante de acoplo g(�2) pa-
ra fen�omenos de alta energ��a (alta transferencia de momentos: energ��as t��picas
superiores a 1 GeV �o, si se quiere ver de otro modo, distancias cortas de aproxi-
madamente r < 0:1 fm).

Cuando la escala de energ��as decrece, la constante de acoplo aumenta impi-
diendo un tratamiento perturbativo en potencias de g(�2). Los llamados procesos
de baja energ��a (energ��as menores de 1 GeV, distancias grandes r > 1 fm) son
fen�omenos con baja transferencia de momento, o que involucran propiedades
hadr�onicas como la masa, la temperatura, anchuras de resonancia, longitudes de
dispersi �on, etc. en el r�egimen de baja energ��a. Han de ser estudiados median-
te t�ecnicas no perturbativas, principalmente a trav�es de modelos efectivos que
incorporan las simetr��as relevantes del lagrangiano de QCD, o mediante simula-
ciones en el ret��culo.

2 Puede acudirse a [10] para saber m�as a este respecto.
3 Consultar [11] para una revisi �on m�as pormenorizada de esta cuesti �on.
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Sabor up down strange

Masa 1:8x 3:0MeV 4:5x 5:5MeV 90x 100MeV
Carga 2=3 x1=3 x1=3
Hipercarga 1=2 -1=2 0

Cuadro 1.1: Valores para la masa [14], carga (en unidades de e2) e hipercarga de los quarks
ligeros y del quark strange.

Como ya he comentado anteriormente |en lo que a la din�amica de mesones
ligeros se re�ere|, es posible ignorar en un sentido pr�actico la existencia de los
quarks charm, bottom y top. En esta misma l��nea pr�actica, el cuadro 1.1 indica que
debido al tama~no de las masas de los quarks ligeros e, incluso, del quark strange
respecto de la escala t��pica de energ��a en QCD |que podemos situar de modo
informal en el valor �QCD � 217+25

x23 MeV calculado en [15] usando el esquemaMS
y en la escala de la masa del bos�on Z| es posible tratar los valores f��sicos de estas
masas como perturbaciones al problema de masa quark nula, tambi�en llamado
l��mite quiral.

La parte fermi�onica del lagrangiano de QCD en este l��mite es |omitiendo
expl��citamente sub��ndices de color|

LL.Q. = i �q =Dq; (1.2)

donde q es un doblete (triplete) de cuadriespinores de Dirac que contiene los
sabores asociados a los quarks en la teor��a de dos (tres) sabores, y D� = @� x igA� ,
es la derivada covariante, que act �ua en el espacio de sabor como la identidad e
incluye la conexi�on asociada a los campos de gluones A� =

P
a
�a
2
Aa;� a trav�es del

acoplo gauge dado por g.

Antes de hablar del grupo quiral, es conveniente descomponer los campos
espinoriales asociados a los quarks en sus componentes de quiralidad right y left,
a trav�es de los proyectores quirales PL y PR,

 L := PL :=
1x 
5
2

 ;  R := PR :=
1 + 
5
2

 : (1.3)

El lagrangiano de QCD en el l��mite quiral no mezcla campos de quarks con
quiralidad contraria debido a que f
� ; 
5g = 0, por lo que se tiene

LL.Q. = i �qR =DqR + i �qL =DqL; (1.4)

que es invariante bajo las llamadas transformaciones quirales pertenecientes al gru-
po quiral SUL(Nf )z SUR(Nf ), y de�nidas a trav�es de las siguientes asignaciones
globales en el espacio de sabor

qL 7! exp

 
xiX

a
�aL�a

!
qL; qR 7! exp

 
xiX

a
�aR�a

!
qR; (1.5)
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donde �a 2 f�a; �ag, i.e. una matriz de Pauli o de Gell-Mann, dependiendo de que
Nf = 2 �o Nf = 3, respectivamente.

La simetr��a bajo el grupo quiral da lugar, en virtud del Teorema de Noether,
a seis (diecis�eis) corrientes conservadas cl�asicamente4 de�nidas a trav�es de

J a;L
� = �qL
�

�a

2
qL; J a;R

� = �qR
�
�a

2
qR; (1.6)

que son cantidades conservadas en la evoluci�on, i.e.

@�J a;L
� = @�J a;R

� = 0:

Cualquier combinaci�on lineal de corrientes conservadas es tambi�en una corrien-
te conservada, de modo que las llamadas corrientes vectorial y axial

V a
� = J a;L

� + J a;R
� = �q
�

�a

2
q;

Aa
� = J a;R

� x J a;L
� = �q
�
5

�a

2
q;

(1.7)

son tambi�en conservadas y se transforman bajo paridad como verdaderos objetos
vectoriales y axiales, respectivamente, i.e.

P : V a
� ( �x; t) 7! V a

� (x �x; t); (1.8)

P : Aa
�( �x; t) 7! xAa

�(x �x; t): (1.9)

Adem�as de las corrientes conservadas asociadas a la invariancia global bajo
el grupo quiral que se han analizado anteriormente, existen dos corrientes adi-
cionales vinculadas a la simetr��a bajo los grupos unitarios de fase global UV (1) y
UA(1). Resulta, de este modo, que el lagrangiano de QCD posee una invariancia
global cl�asica bajo

SUL(Nf )z SUR(Nf )zUV (1)zUA(1)� UL(Nf )zUR(Nf ):

Las corrientes conservadas correspondientes son los singletes vectorial y
axial-vectorial: V � = �q
�q, que permite |a trav�es de la conservaci�on del n �umero
bari�onico B| catalogar a los hadrones en mesones (B = 0) y bariones (B = 1); y
A� = �q
�
5q, cuyo car�acter conservado no se preserva en el proceso de cuantiza-
ci �on dando lugar a la anomal��a axial bajo UA(1) [16{19].

>Qu�e cambia de todo esto cuando perturbamos el lagrangiano en el l��mite
quiral a~nadiendo las masas de los quarks ligeros? Los quarks adquieren masa
de modo expl��cito a trav�es de un t�ermino lineal que da lugar a la mezcla de

4 Tres (ocho) corrientes por cada grupo SU(Nf ).
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campos con quiralidad contraria; en efecto, utilizando la notaci�on de multipletes
espinoriales

LM = x �qMq = x �qLMqR x �qRMqL; (1.10)

donde M = Diag (mu;md) �o M = Diag (mu;md;ms), es la matriz de masa de los
quarks. Si se analizan nuevamente las variaciones del lagrangiano LL.Q.+LM bajo
las transformaciones quirales (1.5) resulta que las divergencias de las corrientes
son ahora

@�V a
� = i �q

"
M;

�a

2

#
q; (1.11)

@�Aa
� = i �q

(
�a

2
;M

)

5 q; (1.12)

es decir, ya no son nulas |no son corrientes exactamente conservadas| sino
que son lineales en la masa de los quarks.

Para hacer completo el an�alisis veamos qu�e sucede con las cantidades con-
servadas a trav�es de la invariancia bajo las transformaciones globales correspon-
dientes a los grupos unitarios vectorial y axial.

Para ellas |sin considerar los t�erminos que proceden de la anomal��a axial|
tenemos

@�V� = 0; (1.13)

@�A� = 2i �qM
5 q: (1.14)

A la luz de estos resultados se concluye que la invariancia bajo el grupo
quiral s�olo es exacta en el l��mite quiral. Sin embargo, si la matriz de masa es
proporcional a la identidad en el espacio de sabor, se tiene [�a; IdNf

] = 0, por lo que
la corriente asociada a la simetr��a bajo el grupo vectorial tiene divergencia nula
y es conservada. No sucede lo mismo con la parte asociada a las transformaciones
axiales, por lo que resulta que las tres (ocho) corrientes Aa

� ya no son conservadas
y la simetr��a correspondiente queda rota expl��citamente por la masa.

Es evidente queuna asunci�ongeneral de la simetr��a bajo el grupovectorial no
es demasiado pr�actica debido a que en el mundo realms >> mu;md. Sin embargo,
considerar que mu � md parece ser una buena estrategia de cara a afrontar un
an�alisis fenomenol�ogico general, y no es casual que la mayor parte de los trabajos
acerca de propiedades asociadas a mesones ligeros se hagan en este escenario
sim�etrico bajo el grupo vectorial.

La correspondencia con el concepto de esp��n isot�opico en la f��sica nuclear
hace que se denomine simetr��a de isoesp��n a la invariancia aproximada bajo el
grupo vectorial SUV (2), que resulta ser un subgrupo del grupo quiral completo



Introducci�on 7

en la teor��a de tres sabores. Las desviaciones respecto a este escenario deben
evaluarse a trav�es de la din�amica de la teor��a, pero |debido a que el subgrupo
vectorial no puede romperse espont�aneamente [20]| deben ser proporcionales
al par�ametro de ruptura md xmu. El an�alisis de las correcciones a este l��mite de
isoesp��n en lo tocante al c�alculo de condensados de quarks y susceptibilidades
quirales escalares ser�a el tema central del cap��tulo 2.

Hasta ahora hemos incluido s�olo la ruptura intr��nseca |debida a la diferen-
cia entre las masas de los quarks ligeros| como fuente de ruptura expl��cita en
QCD. Sin embargo tambi�en la ruptura electromagn�etica induce una ruptura
expl��cita de la simetr��a de isoesp��n, aunque es de naturaleza completamente dis-
tinta debido al car�acter vectorial de la corriente electromagn�etica que se acopla
a los quarks.

En efecto, la interacci �on electromagn�etica se acopla al lagrangiano a trav�es de
la inclusi �on del fot�on como un campo gauge externo5 en la forma

LEM = x �q 
�A�Q q;

donde A� es el campo externo del fot�on6; y Q =Diag (qu; qd) para Nf = 2; �o Q =
Diag (qu; qd; qs) para Nf = 3; es la matriz de carga.

El car�acter vectorial del acoplo de la interacci �on electromagn�etica le hace
conectar campos de quarks con la misma quiralidad. La divergencia de las co-
rrientes asociadas a las transformaciones de esta parte del lagrangiano bajo el
grupo quiral son

@�V a
� = �q

"
�a

2
;Q

#

�A� q; (1.15)

@�Aa
� = �q

"
�a

2
;Q

#

�A�
5 q; (1.16)

lo que muestra que si las cargas de los quarks son iguales, i.e. Q / IdNf
, entonces

la simetr��a de LEM bajo el grupo quiral completo permanece inalterada.

En cualquier otro caso |incluyendo, por supuesto, el caso f��sico| tanto el
subgrupo vectorial como el conjunto de transformaciones axiales quedan rotos
expl��citamente, haci�endose imposible un an�alisis estimativo a partir de conside-
rar una simetr��a aproximada puesto que las diferencias relativas de las cargas de
los quarks up y down son muy diferentes entre s�� (ver cuadro 1.1).

Para resumir estos resultados y dar una idea global del estado de la cuesti �on,
analicemos en conjunto el comportamiento de la simetr��a quiral del lagrangiano
de QCD bajo la inclusi �on de efectos de ruptura intr��nseca y electromagn�etica.

5 No trataremos esta cuesti �on en detalle ahora puesto que se ver�a conm�as profusi �on en el apartado
dedicado a la inclusi �on de fuentes externas en ChPT.

6 A diferenciar del campo gauge de los gluones, denotados como A� .
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El caso m�as claro es aqu�el en el que tanto las masas de los quarks como sus
cargas son cero. En este escenario la simetr��a quiral SUV (Nf )z SUA(Nf ) es una
simetr��a exacta del lagrangiano. Para el escenario con dos sabores, la inclusi �on de
masas distintas para los quarks ligeros hace que esta simetr��a se rompa expl��ci-
tamente. No obstante |debido a la similitud num�erica de ambas masas| puede
considerarse que la simetr��a bajo el subgrupo de isoesp��n se conserva aproxi-
madamente y asumir que las correcciones ser�an proporcionales a la diferencia
mdxmu, esperando que �estas resulten perturbativamente controlables. Debido a
quems >> mu;md, la incorporaci �on del sector de extra~neza no nula no permite de
modo inmediato considerar una simetr��a aproximada bajo el subgrupo vectorial
SUV (3) , por lo que ha de considerarse este escenario como uno con dos sabores
ligeros id�enticos y un sabor pesado, Nf = 2+ 1.

Si bien es cierto que hemos dicho que los efectos de carga no rompen la si-
metr��a de isoesp��n siempre que qu = qd, es evidente que el sistema completo,
LL.Q. +LM +LEM, pierde esta invariancia siempre que las masas sean diferentes
y distintas de cero, por lo que en el caso f��sico |hacia el que siempre ha de ten-
der todo supuesto te�orico| s�olo deja margen para considerar que la simetr��a de
isoesp��n es una buena simetr��a de la Interacci �on Fuerte, y a evaluar las correc-
ciones que se derivan del car�acter aproximado de esta asunci�on. Naturalmente,
esta hip�otesis es mucho m�as razonable en el caso de dos sabores que en el de
tres debido a que la masa del quark strange es signi�cativamente mayor que la de
cualquiera de los quarks ligeros, induciendo, por ende, correcciones mucho m�as
grandes.

El espectro de hadrones ligeros

Hagamos ahora un peque~no par�entesis para comentar |de forma breve|
las propiedades espectrosc�opicas de los mesones ligeros y aprovechar para cata-
logarlos haciendo uso de la simetr��a aproximada SUV (3) del lagrangiano de QCD.

Seg �un el modelo quark [1, 2], los mesones son estados ligados formados por
un quark y un anti-quark, no necesariamente del mismo sabor. Una clasi�ca-
ci �on posible se hace atendiendo a su comportamiento bajo paridad (P ) y bajo
conjugaci�on de carga (C), adem�as de por su momento angular total (J ).

Estas cantidades pueden relacionarse con el momento angular orbital (l) y
con el esp��n (s) del par �qq0 a trav�es de

P = (x1)l+1;
C = (x1)l+s;
jlx sj � J � jl+ sj;
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(a) (b)

Figura 1.1: Nonete de mesones pseudoescalares 0x+ (a) y vectoriales 1xx (b).

donde ha de tenerse en cuenta que s s�olo puede valer 1 (espines paralelos) �o 0
(espines anti-paralelos).

Siguiendo este procedimiento, los mesones pueden clasi�carse mediante la
notaci�on espectrosc�opica J P C. De este modo se distinguen, por ejemplo, mesones
pseudoescalares 0x+ y vectoriales 1xx como estados con momento angular orbital
l = 0; o las excitaciones orbitales l = 1: mesones escalares 0++, axiales-vectoriales 1++

y 1+x, y tensoriales 2++.

Como ya hemos dicho, el modelo quark explota la simetr��a aproximada de
QCD bajo el grupo vectorial |s�olo rota signi�cativamente por la masa del quark
strange| y registra el espectro de mesones en forma de multipletes de SUV (3)
degenerados en masa. Es claro que la diferencia de masa entre aquellos estados
en los que haya extra~neza no nula respecto de otros en los que no est�e presente
el quark strange ser�a grande7.

Este estructuraci �on en multipletes se cumple razonablemente bien para el
caso de los multipletes 8� 1 pseudoescalares (0x+) y vectoriales (1xx), represen-
tados respectivamente la �gura 1.1, y cuyas propiedades se detallan en el cuadro
1.2; pero no es tan �util en el caso de las primeras resonancias ligeras escalares 0++

(ver cuadro 1.3), donde la naturaleza �qq0 no es tan clara y sigue siendo objeto de
intenso debate en la comunidad cient���ca8.

En la secci �on 2.3 de esta memoria tendremos ocasi �on de ver que la gene-
raci �on din�amica de la f0(500) a trav�es de la Teor��a Quiral Unitarizada juega
un papel decisivo en la descripci�on del escenario de restauraci�on de la simetr��a

7 Existe una diferencia de entre 150-300 MeV por cada quark o anti-quark strange de valencia
presente en la composici �on del mes�on.

8 Para una revisi �on de este tema ver la Note on Scalar Mesons en [14].
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J P C n2s+1lJ I = 1 I = 1=2 I = 0 I = 0

�ud;u �d; 1p
2
(d �dx u �u) u�s;d�s; �ds;x �us f f 0

0x+ 11S0 � (140) K(496) �(548) �0(958)
1xx 13S1 �(770) K{(892) �(1020) !(782)
1+x 11P1 b1(1235) Kñ

1B h1(1380) h1(1170)
0++ 13P0 a0(1450) K{

0(1430) f0(1710) f0(1370)
1++ 13P1 a1(1260) Kñ

1A f1(1420) f1(1285)
2++ 13P2 a2(1320) K{

2(1430) f 0
2 (1525) f2(1270)

Cuadro 1.2: Asignaciones sugeridas en [14] para la clasi�caci�on de las primeras resonan-
cias l = 0 y l = 1. El n �umero n hace referencia al n �umero cu�antico radial, los valores
entre par�entesis representan la masa en MeV, y la segunda �la indica la composici �on de
las funciones de onda (Ib��d. para ver la de�nici �on de f y f 0.). N�otese que no se incluyen
los mesones a0(980), f0(980) y f0(500) por ser considerados resonacias mes�on-mes�on o

estados tetraquark.

J P C I = 1 I = 1=2 I = 0

0++ a0(980) K{
0(800) f0(980); f0(500)

Cuadro 1.3: Resonancias0++ por debajo de 1GeV, no incluidas en la tabla 1.2. La jerarqu��a
de masas en este caso puede explicarse asumiendo una naturaleza de tetraquark, aunque

lo m�as probable es que resulten una mezcla de todos estos estados [21{23].



Introducci�on 11

quiral propuesto a trav�es de la degeneraci �on de las susceptibilidades escalar y
pseudoescalar.

La ruptura espont�anea de la simetr��a quiral

Si la simetr��a bajo el grupo quiral se implementara bajo el modo de Weyl-
Wigner |y no tuvi�eramos en cuenta el hecho de que la simetr��a bajo el grupo
unitario axial es an�omala| entonces el espectro hadr�onico consistir��a en mul-
tipletes de isoesp��n degenerados en masa con sus compa~neros quirales, es decir,
existir��an|dejando a un lado los efectos procedentes de la anomal��a axial| gru-
pos de part��culas degenerados en masa con los mismos n �umeros cu�anticos que
diferir��an s�olo en el comportamiento bajo paridad.

En el peor de los casos posibles uno esperar��a encontrar almenos una simetr��a
de isoesp��n aproximada, rota tanto m�as cuanto mayor sea la diferencia en masa
de los quarks considerados en la composici �on de los hadrones.

Sin embargo, lejos de evidenciar esta naturaleza, la diferencia de masas de los
multipletes 1xx y 1++ no puede explicarse a trav�es de una ruptura expl��cita de
la simetr��a quiral debida al car�acter �nito de las masas. En efecto, la resonan-
cia �(770) es alrededor de 490 MeV m�as pesada que su hipot�etico compa~nero
quiral, la a1(1260); diferencia que es considerablemente mayor para el caso del
pi�on � (140) y la a0(1450) debido a la anomal��a de la simetr��a UA(1), o para las
componentes del campo (�; vec� ) en modelos de tipo O(4).

Una posible explicaci �on te�orica de este comportamiento es que |pese a la
existencia de una simetr��a a nivel lagrangiano en el l��mite quiral| el vac��o no es
invariante bajo la parte axial del grupo quiral. En efecto, actualmente se asume
que la simetr��a quiral se implementa en QCD mediante el llamado modo de
Nambu-Goldstone [24{28], dando lugar a un patr�on de ruptura espont�anea en
la forma

SUR(Nf )z SUL(Nf )! SUV (Nf ); Nf = 2;3: (1.17)

El triplete (octete) de mesones pseudoescalares 0x+ ha de ser identi�cado,
entonces, con los bosones de Goldstone resultantes de la ruptura espont�anea de
la parte axial en la teor��a de dos (tres) sabores, a raz�on de uno por cada generador
de la simetr��a espont�aneamente roto por el vac��o, y con sus mismos n �umeros
cu�anticos. Por razones que ya he tratado anteriormente, estas aseveraciones son
tanto m�as puras cuando m�as nos acercamos al supuesto de una simetr��a exacta,
es decir, ser�a una hip�otesis m�as acertada respecto a la observaci�on el considerar
a los piones como bosones de Goldstone que hacer lo propio con las part��culas
presentes en el esquema de tres sabores, donde |una vez m�as| la gran masa
del quark strange distorsiona el planteamiento te�orico.
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Sin embargo, incluso en el caso m�as favorable desde este punto de vista,
los piones presentan una masa de aproximadamente 140 MeV que, si bien es
considerablemente menor que la masa de las restantes part��culas del espectro
hadr�onico, no puede considerarse nula. >Qu�e sucede? La respuesta es sencilla si
se advierte que la hip�otesis de partida, es decir, que los piones son bosones de
Goldstone, presupone la existencia de una simetr��a exacta en la que los quarks
ligeros tienen masa nula.

En una situaci�on real |como ya he indicado anteriormente| esto no es
cierto debido a que los quarks ligeros tienen masa, as�� que la simetr��a quiral es
s�olo aproximada: se encuentra rota expl��citamente por el t�ermino de masas y
las corrientes asociadas a la invariancia quiral ya no se conservan. El hecho de
que los bosones de Goldstone de la teor��a tengan masa (constituyendo en sentido
estricto pseudobosones de Goldstone) se debe a la ruptura expl��cita inducida por
las masas de los quarks ligeros up y down9.

A pesar de ello, la masa de estos quarks es peque~na comparada con la escala
�� |por debajo de la cual tiene sentido tomar un l��mite de baja energ��a enQCD
y cuyo valor puede �jarse aproximadamente en 1GeV|, por lo que puede consi-
derarse nula en primera instancia (l��mite quiral), suponiendo exacta la simetr��a
de isoesp��n as�� como la ruptura espont�anea de la parte axial del grupo quiral.
Este ser�a el punto de partida que tomaremos para la construcci�on del lagrangiano
efectivo.

El Teorema de Goldstone tambi�en permite ver que la ruptura espont�anea de
la simetr��a quiral implica que las cargas Noether axiales no aniquilan el vac��o. A
consecuencia de esto el elemento de matriz que conecta los estados de bosones
de Goldstone con el vac��o10 tiene la formaD

0jAc
�(x)j�d(p)

E
= ip��

cdexipyxFB; (1.18)

donde FB es la constante de desintegraci �on de cada uno de los bosones de Golds-
tone procedentes de la ruptura espont�anea, asociado a la combinaci�on de iso-
esp��n dada por lo ��ndices c;d. Para Nf = 3 y a muy baja energ��a se cumple
FB = F (1 + O(m)) ' 93 MeV, siendo O(m) t�erminos que van con la masa de los
quarks, es decir, la constante de desintegraci�on de todos y cada uno de los boso-
nes es, al orden m�as bajo, igual a la constante de desintegraci�on del pi�on en el
l��mite quiral, F .

Tomando la divergencia de la ecuaci�on (1.18) obtenemosD
0j@�Ac

�(x)j�d(p)
E
= �cdexipyxM2

BFB; (1.19)

considerando que el mes�on est�a en la capa de masas, i.e. p2 =M2
B, conMB la masa

del bos�on.
9 Y del quark strange en el caso de la teor��a de tres sabores.
10 Este elemento controla, por ejemplo, la desintegraci�on debida a Interacci �on D�ebil del pi�on.
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A pesar de que el elemento de matriz (1.18) es distinto de cero en el l��mite
quiral, la ecuaci�on (1.19) indica que la violaci �on de la corriente asociada a la
invariancia bajo el conjunto axial de transformaciones es tanto menor cuanto
menor sea la masa asociaciada a los bosones de Goldstone generados durante
la ruptura espont�anea. Por esta raz�on se la conoce como Conservaci�on Parcial
de la Corriente Axial (PCAC ). Nuevamente, el escenario m�as favorable para este
supuesto es aqu�el en el que la ruptura debida a masas de quarks sea m��nima, es
decir, en el caso de dos sabores.

La ruptura espont�anea SUV (Nf ) z SUA(Nf ) ! SUV (Nf ) puede ser caracteri-
zada por un par�ametro de orden asociado a valores esperados en el vac��o para
operadores invariantes bajo el grupo SUV (Nf ) pero que se transforman de for-
ma no trivial bajo el grupo quiral completo. Si este valor esperado es no nulo, el
vac��o no puede ser invariante bajo el grupo quiral y se obtiene de estamanera un
objeto que da cuenta de la ruptura de simetr��a, tanto expl��cita como espont�anea.

El operador �qq es invariante bajo las transformaciones de fase global q 7!
exi

P
a �

a
V �aq, asociadas al grupo de isoesp��n SUV (Nf ); pero no lo es bajo las corres-

pondientes a la parte axial q 7! exi
P

a �
a
A�a
5q, por lo que es sensible a rotaciones

quirales. En efecto, bajo SUV (Nf ) z SUA(Nf ) ! SUV (Nf ) se tiene, in�nitesimal-
mente,

�qq 7! �qqx 2i
X
a
�a��

a
V �q
5q: (1.20)

El valor esperado en el vac��o de este operador es el llamado condensado escalar de
quarks, y su c�alculo con ruptura de isoesp��n|as�� como de sus derivadas respecto
de la masa quark (susceptibilidades quirales escalares)| en el escenario efectivo
proporcionado por la Teor��a Quiral de Perturbaciones tanto a temperatura cero
como en un ba~no t�ermico| ha sido uno de los objetivos fundamentales de esta
investigaci�on.

La �0(960) y la anomalia axial

Como ya se ha dicho anteriormente, el modelo quark acomoda los estados 0x+

de acuerdo a la suma directa 8� 1 en que se descompone el producto de repre-
sentaciones 3�3 en la teor��a de tres sabores. Mediante la ruptura espont�anea de
simetr��a es posible explicar la diferencia en las naturalezas del (triplete) octete
de mesones pseudoescalares y el resto de mesones ligeros.

No obstante, >qu�e tiene que decir la simetr��a acerca del estado singlete restan-
te cuando se consideran tres sabores? Echando un vistazo al espectro hadr�onico
conocido, la part��cula m�as ligera con los n �umeros cu�anticos apropiados es la lla-
mada �0(960), demasiado masiva incluso habida cuenta de los efectos asociados a
la extra~neza.
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Sin entrar en demasiados detalles debido a que no es parte fundamental en
el desarrollo te�orico que debe acompa~nar a los resultados, la gran masa de esta
part��cula es debida a la presencia de la llamada anomal��a axial [16{19]: la corriente
(1.14) asociada a la invariancia global bajo el grupo UA(1), cl�asicamente conser-
vada, deja de serlo durante el proceso de cuantizaci �on.

Si esta anomal��a no estuviera presente, el patr�on de ruptura del grupo ser��a
similar al de la parte axial de la simetr��a quiral y dar��a lugar a una novena
pseudopart��cula de Goldstone11, que habr��a de ser identi�cada12 con la �0.

1.1.2 Teor��a Quiral de Perturbaciones

La Teor��a Quiral de Perturbaciones (ChPT ) es la teor��a efectiva m�as general
compatible con las simetr��as del lagrangiano deQCD a bajas energ��as [29{31]. En
ella |a diferencia de lo que sucede en la Cromodin�amica Cu�antica| los grados
de libertad son bosones de Goldstone, y permite un m�etodo sistem�atico para
describir las consecuencias de las simetr��as globales de sabor de QCD a bajas
energ��as.

Su car�acter perturbativo se sustenta en una doble expansi�on en momentos
externos de los bosones y en masas de los quarks, respecto a una escala t��pica de
energ��as �� � 4�F� � 1 GeV, que |como ya hemos visto| distingue de forma
aproximada el r�egimen de baja energ��a. Se espera, entonces, que a baja energ��a
s�olo unos pocos t�erminos de la serie sean relevantes.

Debido a que basa su efectividad en la reproducci�on de las propiedades de si-
metr��a del lagrangiano deQCD|m�as, por supuesto, la invariancia bajo simetr��as
C, P , T y Lorentz| funciona mejor en el caso en que se considere la teor��a de
dos sabores frente a la de tres debido, nuevamente, a que la introducci�on de la
masa del quark strange empeora la convergencia.

De cualquier forma, esta expansi�on falla al llegar a momentos o energ��as del
orden de la masa de las primeras resonancias ligeras (alrededor de M� = 770
MeV), cuyos efectos en este r�egimen de energ��a aparecen en la teor��a a trav�es
de las constantes de acoplo de los diferentes t�erminos del lagrangiano (llamadas
constantes de baja energ��a: en adelante LECs). Para poder hacer predicciones
con la teor��a efectiva estas constantes deben determinarse a partir de datos ex-
perimentales u otros argumentos te�oricos como la saturaci �on por resonancias
(ver subsecci �on 1.1.3 en este mismo cap��tulo), c�alculos en el l��mite de gran NC o
resultados en el ret��culo, por poner algunos ejemplos.

11 Recu�erdese que lamasa �nita de los quarks tambi�en rompe expl��citamente la simetr��a bajoUA(1).
12 En rigor la ausencia de la anomal��a introducir��a una nueva part��cula conocida como �0, que
vendr��a a mezclarse con la �8 del octete dando lugar a la mezcla � x �0.
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Es f�acil darse cuenta de que las �unicas posibles contribuciones al lagrangiano
efectivo sin campos externos tienen un n�umero par de derivadas de campos de
bosones de Goldstone, de modo que el lagrangiano quiral efectivo m�as general
adopta la forma

Le� =
1X
n=1

L(2n) = L(2) +L(4) + : : : (1.21)

donde el sub��ndice entre par�entesis hace referencia al n �umero de derivadas o
potencias de masa en cada t�ermino.

El lagrangiano contiene, entonces, in�nitos t�erminos que dan lugar a in�nitos
v�ertices de interacci �on entre los bosones de Goldstone. Sin embargo el punto
fundamental en el que reside la utilidad pr�actica de ChPT es que se trata de
una expansi�on en momentos y masas, es decir, esencialmente se trata de una
serie perturbativa en escalas de energ��a. A consecuencia de esto no todos los
diagramas contribuyen al mismo orden para un cierto proceso, por lo que en el
contexto de una teor��a efectiva de baja energ��a bastar�a | como ya se ha dicho|
con considerar s�olo los t�erminos con un n�umero reducido de derivadas.

El efecto de un v�ertice correspondiente a un t�ermino de n derivadas para un
cierto diagrama es de orden pn=�nx4

� , por lo que t�erminos con un n�umero mayor
de derivadas tendr�an un efecto muy peque~no sobre los c�alculos a baja energ��a.
Llamaremos en adelante contribuciones O(pn) a aquellos t�erminos que involu-
cren n derivadas o potencias de la masa13. Las correcciones m�as importantes a
estos ser�an de orden O(pn+2).

En �ordenes superiores el lagrangiano incorporamuchasm�as constantes de aco-
plamiento para cada t�ermino compatible con las simetr��as, por lo que la capacidad
predictiva �util de la teor��a queda restringida a �ordenes bajos de la expansi�on.

Teor��a Quiral de Perturbaciones a leading order

Comenzaremos por exponer el lagrangiano quiral efectivo a leading order en
el l��mite quiral, es decir, sin incluir por el momento los t�erminos de masa y elec-
tromagn�etico que implementan la ruptura expl��cita de la simetr��a quiral. �Estos
se incluir�an mediante el llamado M�etodo de las Fuentes Externas, planteado de
forma sistem�atica porGasser y Leutwyler en [31] y para el caso electromagn�etico
en [32] .

Al orden m�as bajo el lagrangiano efectivo en el l��mite quiral consiste s�olo en
el t�ermino cin�etico

LL.O. =
F 2

4

D
@�U@

�Uñ
E
; (1.22)

13 Ha de considerarse siempre, pese a la notaci�on usada, que la expansi�on se realiza en momentos
o energ��as respecto a la escala t��pica de perturbaciones quirales �� .
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donde F es una constante con dimensiones de energ��a que se identi�car�a, como
veremos, con la constante de desintegraci�on del pi�on en el l��mite quiral, <>
representa la traza en el espacio de sabor; y U(x) es la matriz de campos en la
llamada parametrizaci �on exponencial, de�nida por

U(x) = exp

 
i
�

F

!
2 SU(Nf ); (1.23)

donde � es la matriz que reune los campos locales de bosones de Goldstone. En
SU(2), y en la base de carga, toma la forma

� =

 
�0

p
2�+p

2�x x�0
!
; (1.24)

mientras que en SU(3)

� =

0
BB@
�0 + 1p

3
�

p
2�+

p
2K+

p
2�x x�0 + 1p

3
�

p
2K0

p
2Kx p

2 �K0 x 2p
3
�

1
CCA : (1.25)

El prefactor del t�ermino cin�etico ha sido elegido convenientemente de tal
modo que |al expandir la matriz de campos| se obtenga el t�ermino cin�etico
habitual para un bos�on.

La invariancia de este lagrangiano frente a las rotaciones quirales (1.5) deter-
mina las propiedades de transformaci�on de la matriz de campos. En efecto, la
matriz de campos U(x) ha de transformarse bajo el grupo quiral como

U(x) 7! LU(x)Rñ; (1.26)

donde L;R 2 SUL;R(Nf ). N�otese que esta transformaci�on lineal en U (x) induce
un cambio no lineal en los campos de bosones de Goldstone �� P

a �b�b.

En este nuevo lenguaje las corrientes conservadas asociadas a la invariancia
bajo el grupo quiral completo del lagrangiano (1.22) se escriben como

V �
a = xiF

2

2

D
�a[U; @

�Uñ]
E
;

A�
a = xi

F 2

2

D
�a

n
U; @�Uñ

oE
; (1.27)

y permiten calcular el elemento de matriz de la corriente axial entre un estado
de un bos�on de Goldstone y el vac��o mediante la expansi�on de la matriz U en
t�erminos de los campos en �. Con todo, resulta

D
0jA�

aj�b
E
= ip�F �ab; (1.28)
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que es la traducci�on al lenguaje de la teor��a efectiva de la relaci �on de PCAC que
ya escribimos en (1.18). Aqu�� |nuevamente| a;b son ��ndices de isoesp��n y �b
hace referencia a cada uno de los bosones de Goldstone

P
b �b�b � �. Particula-

rizando la ecuaci�on (1.28) en el caso de dos sabores se entiende el porqu�e de la
identi�caci�on de la constante F del lagrangiano (1.22) con la constante de desin-
tegraci�on del pi�on al orden m�as bajo.

El M�etodo de las Fuentes Externas

El objetivo fundamental del M�etodo de las Fuentes Externas es el de en-
contrar un m�etodo funcional sistem�atico para el c�alculo de funciones de Green.
La idea fundamental sobre la que se basa fue enunciada por Leutwyler en [33]:
si la teor��a est�a libre de anomal��as, la construcci�on de un lagrangiano con aco-
plo a corrientes externas consistente con la invariancia bajo el grupo quiral es
equivalente a exigir la invariancia de la acci �on asociada cuando se consideran
rotaciones quirales locales, es decir, cuando se afora el grupo quiral haci�endolo
depender del punto.

Las posibles corrientes a las que puede acoplarse el lagrangiano fermi�onico
original de QCD, L0

QCD , |que tomamos como punto de partida| son las cuatro
(nueve) fuentes vectoriales: tres (ocho) corrientes externas vectoriales denotadas
por v�(x), y una asociada al singlete, v

�
s (x); tres (ocho) fuentes axiales-vectoriales,

a�(x); y las fuentes escalares, s(x); y pseudoescalares, p(x).

Consideremos el lagrangiano

LQCD [ �q; q; v; vs; a; s;p] = L0
QCD + �q
�(v� +

1

3
vs;� + 
5a�)qx �q(sx i
5p)q

= L0
QCD + �qL


�l�qL + �qR

�r�qR +

1

3

�
�qL


�vs;�qL + �qR

�vs;�qR

�
x �qR(s+ ip)qL x �qL(sx ip)qR; (1.29)

donde
r� = v� + a� ; l� = v� x a� ;

son combinaciones lineales de las fuentes externas. De la misma manera en que
surg��an a la hora de calcular las corrientes conservadas asociadas a la invariancia
bajo el grupo quiral, estas fuentes sonmatrices herm��ticas de dimensi�onNf zNf

en el espacio de sabor14.

14Por supuesto han de ser tambi�en singletes de color. Por poner un ejemplo, en el caso de tres
sabores las fuentes externas se escriben como

v� =
8X

a=1

�a

2
v
�
a ; a� =

8X
a=1

�a

2
a
�
a; s =

8X
a=0

�asa; p =
8X

a=0

�apa; (1.30)
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Para que el lagrangiano (1.29) sea invariante bajo rotaciones quirales locales
se han de cumplir dos premisas. La primera es que a la par que se efect �uan los
cambios en los dobletes (tripletes) de sabor de quiralidad de�nida de�nidos por
las asignaciones

qL 7! exp

 
xi�(x)

3

!
L(x)qL;

qR 7! exp

 
xi�(x)

3

!
R(x)qR; (1.31)

se cumplan las siguientes leyes de transformaci�on para los campos externos

l� 7! L(x) l� L
ñ(x) + i

�
@�L(x)

�
Lñ(x);

r� 7! R(x) r�R
ñ(x) + i

�
@�R(x)

�
Rñ(x);

vs;� 7! vs;� x @��(x);

(sx ip) 7! L(x) (sx ip)Rñ(x); (1.32)

donde
fL(x) = exi�

a
L(x)�a ; R(x) = exi�

a
R(x)�ag 2 SUL(Nf )z SUR(Nf );

son elementos del grupo quiral aforado.

La segunda es que las derivadas que aparecen actuando sobre los espinores
sean derivadas covariantes que incorporen la conexi�on de�nida a trav�es de

D�q = @� x ir� q+ iq l� ; (1.33)

que se transforma de la misma manera que el campo bajo rotaciones quirales
locales.

La similitud con la construcci�on de una teor��a gauge es ahora claramente
perceptible. Los acoplos de las fuentes externas v��a la derivada covariante son
el an�alogo a la introducci�on de los campos gauge, mientras que los t�erminos con
derivadas en las transformaciones (1.32) constituyen |tomando a la mano el
ejemplo de QED| el equivalente al t�ermino de compensaci�on que se introduce
en la ley de transformaci�on del campo del fot�on al asumir la invariancia de los
espinores bajo cambios de fase local. Esta analog��a se ofrece fundamental a la hora
de implementar los efectos de la ruptura electromagn�etica puesto que permite
de manera natural el acoplo de campos gauge externos a la teor��a efectiva.

donde f�ag8a=0 es el conjunto de matrices 3z 3 de Gell-Mann.
N�otese que no se incluye aqu�� el singlete axial debido a que en QCD esta simetr��a es an�omala,

siendo la ausencia de �estas requisito fundamental para la aplicaci �on del M�etodo de las Fuentes
Externas. Adem�as, ha de tenerse en cuenta que el singlete vectorial entra en el acoplo de forma
proporcional a �0 =

p
2=3Id3.
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En este sentido, consideremos ahora el aditamento al lagrangiano (1.22) de
nuevos t�erminos que implementen las fuentes de ruptura de isoesp��n intr��nseca
y electromagn�etica. Es claro que debemos seguir exactamente el mismo proceso
que hemos efectuado anteriormente. De este modo, al �nal habremos obtenido
una forma elegante de obtener funciones de Green en las que intervengan las
corrientes externas dentro del marco de la teor��a efectiva a trav�es de derivar la
acci �on con fuentes, e igual�andolas |despu�es| a su valor f��sico. Est�a claro que
un enfoque perturbativo de este tipo requiere t�acitamente que las fuentes sean
peque~nas, en un sentido pr�actico determinado por el acoplo y por la escala de
energ��a t��pica de la expansi�on.

El esquema de trabajo en nuestra investigaci�on ser�a entonces el siguiente:
ac�oplese a la teor��a efectiva la matriz de masa y el campo del fot�on a trav�es de
la consideraci�on de las siguientes fuentes externas

s =M; r� = l� =QA� ; p = 0; a� = vs;� = 0: (1.34)

Despu�es, constr �uyase el lagrangiano efectivo m�as general mediante la con-
sideraci �on de todos los t�erminos posibles invariantes bajo las simetr��as C;P;T ,
Lorentz y bajo el grupo quiral, lo que implica la ley de transformaci�on (1.26)
para la matriz de campos y las transformaciones (1.32) para las fuentes externas.

Naturalmente, las fuentes M y QA� son matrices constantes en el espacio
de sabor y no cambian cuando la matriz de campos U (x) se transforma ba-
jo SUL(Nf ) z SUR(Nf ). No obstante |de acuerdo al resultado anteriormente
expuesto| a la hora de a~nadir nuevos t�erminos al lagrangiano efectivo es ne-
cesario respetar la simetr��a bajo el grupo quiral aforado si se quieren introducir
fuentes externas de una manera consistente.

>C�omo solucionar este problema? La soluci�on es sencilla: basta hacer que el
campo local M(x), y los campos esp �ureos de quiralidad de�nida QL(x) y QR(x)
se transformen bajo el grupo quiral aforado como

M(x) 7! L(x)M(x)Rñ(x);

QL(x) 7! L(x)QL(x)L
ñ(x);

QR(x) 7! R(x)QR(x)R
ñ(x);

(1.35)

que es precisamente el comportamiento que exigen las leyes de transformaci�on
(1.32) para la elecci �on de campos externos (1.34) relevante para este trabajo15.

Con esta prescripci �on en mano, deben a~nadirse al lagrangiano (1.22) todos los
t�erminos posibles para U(x);QL;QR y M; de modo que sean invariantes bajo las

15N�otese que no se incluyen en (1.35) los t�erminos con derivadas de los campos esp �ureos QL;R(x)
tal y como exige (1.32). Esto es debido a que|al �nal del proceso de construcci�on del lagrangiano
con fuentes externas| la matriz de carga debe ser una matriz constante, por lo que todos los
nuevos t�erminos a proporcionales a @�QL;R(x)! @�Q son id�enticamente nulos.
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transformaciones (1.35) y bajo aqu�ella correspondiente a la matriz de campos, i.e.

U(x) 7! L(x)U(x)Rñ(x); (1.36)

sin olvidar que es necesario incorporar a las derivadas parciales las conexiones
que acoplan los campos externos a la matriz de campos

D�U = @�U x ir� U + iUl�

= @�U x iQRA� U + iUQLA� ;
(1.37)

satisfaci�endose D�U 7! L(x)
�
D�U

�
Rñ(x) bajo transformaciones quirales depen-

dientes del punto.

Al �nal del proceso, por supuesto, habr�a que volver a escribir

QL;R(x)!Q; s(x)!M; (1.38)

demodoque los t�erminos rompan expl��citamente la simetr��a bajo el grupoquiral:
tal y como ha ser.

Con todo, el lagrangiano quiral efectivo a leading-order convenientemente ex-
pandido a trav�es de la implementaci�on de efectos de ruptura intr��nseca y elec-
tromagn�etica resulta

L(2) =
F 2

4

(D
D�U D�Uñ

E
+
D
�(U +Uñ)

E)
+C

D
QUQUñ

E
; (1.39)

donde se han introducido sendas constantes de baja energ��a asociadas a los nuevos
t�erminos de ruptura: C para introducir el t�ermino electromagn�etico leading-
order, y B0 |que tiene dimensiones de energ��a| a trav�es de la matriz � =

2B0(s+ ip)
���
p=0

, que re
eja la dependencia lineal en la masa quark observada en

el cuadrado de la masa de los bosones de Goldstone.

La constanteC puede determinarse aproximadamente, por ejemplo,mediante
la sustituci�on de los valores f��sicos para la masa de los piones cargados (M2

�0 =
135 MeV y M2

�~ = 139;6 MeV, [15]) en la expresi �on para la diferencia de masas
electromagn�etica a nivel �arbol en SU(2)xChPT

M2
�~ xM2

�0 = 2
Ce2

F 2
+ O(p4); (1.40)

de donde C ' (104.13 MeV) 4, si se tiene en cuenta que F ' F� = 92;4MeV a ese
orden. Por su parte, B0 puede relacionarse con el condensado escalar de quarks
a leading order a trav�es de

D
�qq
E
= F 2B0

�
1 + O(p2)

�
: (1.41)
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Si m�as all�a de la simple consideraci�on de efectos de carga se requiere la pre-
sencia de fotones como grados de libertad adicionales |como de hecho ser�a ne-
cesario al calcular las correcciones a la auto-energ��a de un gas de piones debido al
intercambio de fotones en el cap��tulo 3| habr�a que a~nadir a este lagrangiano los
t�erminos asociados a su din�amica y aqu�el de �jaci �on del gauge; i.e., para un gauge
covariante: x 1

4
F ��F�� x 1

2
�(@�A�)2; donde F �� es el tensor campo electromagn�eti-

co y �, el par�ametro de gauge. Ob�servese que estos t�erminos no modi�can el
comportamiento bajo el grupo quiral por ser identidades en el espacio de sabor.

Unavez seguidos todos estos pasos ya se est�a en condiciones de calcular valores
esperados asociados a estas corrientes: simplemente der��vese la acci �on respecto
de las fuentes externas auxiliares, y eval �uense �estas al �nal del c�alculo en su
valor f��sico.

Como se ha comentado anteriormente, este procedimiento implica que las
fuentes externas vienen introducidas por acoplos num�ericos que admiten una
expansi�on perturbativa controlable respecto a la escala t��pica de energ��a de la
teor��a. En el caso de lamasa, esto es cierto para los quarks ligeros up y down frente
a la escala�� � 1GeV, y algomenos con�able en el caso de que se incluya el sector
de extra~neza no nula. Para la carga, la serie perturbativa se hace controlable
debido a las potencias de la carga el�ectrica del electr�on e, a trav�es de la carga de
los quarks presentes en la matriz de carga.

Renormalizaci �on y contaje quiral

ChPT es una teor��a no renormalizable en el contexto habitual en que se
tratan las teor��as cu�anticas de campos, puesto que incorpora un n�umero in�nito
de contrat�erminos a trav�es de los in�nitos t�erminos de que consta el lagrangiano
quiral efectivo. Sin embargo, admite una renormalizaci �on ligada a un concepto
m�as amplio y que requiere la prescripci�on tanto del proceso como del orden al
que se llevar�an los c�alculos: la renormalizaci�on orden a orden [30,31].

Como es bien conocido, los diagramas con loops dan lugar a integrales di-
vergentes. Sin embargo, �jado un cierto orden para un determinado proceso, es
posible resolver el problema absorbiendo las contribuciones in�nitas de los loops
del orden principal con la ayuda de las constantes de acoplo de los t�erminos
del lagrangiano next-to-leading order. Mediante la regularizaci �on dimensional de
las integrales divergentes es posible renormalizar las constantes de baja energ��a
rede�ni�endolas |para c�alculos a un loop| como

Si(�� ) = S ri (�� ) +
Di

32� 2
�; (1.42)

es decir, mediante su descomposici �on en una parte �nita, S ri (�� ), y una parte
divergente, Di.
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La parte �nita tiene car�acter fenomenol�ogico, ya que codi�ca la f��sica sub-
yacente a la teor��a completa16, y depende|en general| de la escala de renor-
malizaci �on quiral, �� . La parte divergente es |en el esquema de regularizaci �on
dimensional| proporcional a

� =
�dx4�

16� 2

 
1

dx4
x 1

2

�
log4� +�0(1) + 1

�!
; (1.43)

donde d es el n �umero de dimensiones del espacio en el que se calcula la integral
asociada al diagrama y �0(1) es la constante de Euler. Esta parte puede cancelar
las divergencias procedentes de los loops, obteni�endose de esta manera resultados
�nitos para los observables.

Existe una di�cultad importante de ��ndole pr�actica para la ejecuci�on de es-
te esquema de trabajo: a medida que calculamos correcciones procedentes de
�ordenes mayores, aparecen much��simas m�as constantes de energ��a procedentes
de los contrat�erminos que hay que determinar de forma fenomenol�ogica |lo
que resulta altamente no trivial en muchas ocasiones| restando efectividad a la
capacidad predictiva de ChPT.

Como ya se ha apuntado anteriormente, la clave en el manejo de la teor��a
efectiva de baja energ��a es el contaje de las potencias de momentos transferidos
y masas de piones con las que contribuye cada diagrama a un cierto proceso.
Si los momentos transferidos o las masas en el proceso son mucho menores que
la escala �� ; se espera que contribuciones de orden superior sean cada vez m�as
peque~nas haciendo que el principal aporte al proceso provenga de los t�erminos
con pocas derivadas o potencias de masas.

Sea un diagrama gen�erico que contiene Nd v�ertices contribuyendo cada uno
como O(pd); con d el n �umero de derivadas del t�ermino considerado en el lagran-
giano efectivo. Sea, adem�as, l el n �umero de loops que posee el diagrama, e I el
n �umero de l��neas internas.

Por an�alisis dimensional, el orden en momentos total para el diagrama es
D = 4lx2I+P1

d=2dNd, ya que cada loop introduce unp4 a trav�es de la integraci�onR
d4p, cada v�ertice introduce introduce un factor pd y cada propagador interno
va con un 1=p2. Adem�as, el n �umero de l��neas internas est�a relacionado con el
n �umero de loops y el n �umero de v�ertices de todo diagrama conectado a trav�es
de l = 1+ I xP

dNd, es decir, I = lx 1 +
P
dNd.

A partir de estas consideraciones, el orden total de momentos asociado al

16No todas las LECs pueden �jarse directamente mediante m�etodos experimentales. Algunas nece-
sitan de escenarios te�oricos adicionales como el l��mite deNC grande o la inclusi �on de resonancias
vectoriales. Consultar, por ejemplo, [34{36].
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diagrama |tambi�en llamado grado de divergencia super�cial| resulta ser

D = 2l+2+
1X
d=2

(dx 2)Nd; (1.44)

lo que constituye el Teorema de Contaje de Potencias de Weinberg [29], imple-
mentado a un loop en ChPT [33,37].

El incrementode los �ordenes de losmomentos a trav�es de los loops est�a siempre
compensado por las constantes con dimensi�on procedentes de los v�ertices: de
ah�� el car�acter relativo respecto a la escala �� ' 4�F . En efecto, los v�ertices
procedentes de t�erminos con dos derivadas aportan el factor F 2 al denominador
para mantener las dimensiones del observable inalteradas. Adem�as, cada loop
introduce un factor 1=(4� )2, por lo que resulta justi�cada la elecci �on de la escala
de perturbaciones quiral como 4�F , cuyo valor num�erico es comparable al de la
masa de las primeras resonancias ligeras.

Un �ultimo comentario es pertinente a la hora de establecer sistem�aticamente
un m�etodo de contaje quiral en presencia de un acoplo electromagn�etico ex-
terno: debido a la ecuaci�on (1.37) la inclusi �on de ruptura electromagn�etica en el
lagrangiano quiral efectivo puede considerarse de orden O(p) a efectos de contaje,
es decir,

O(e)� O(p): (1.45)

�Ordenes superiores en el lagrangiano quiral efectivo

En la siguiente memoria s�olo estaremos interesados en c�alculos a un loop de
bosones de Goldstone, por lo que s�olo necesitamos los �ordenes L(2), y L(4) a nivel
�arbol. Para Nf = 2, los t�erminos del lagrangiano next-to-leading-order incluyendo
ruptura intr��nseca fueron publicados por primera vez en [30] y toman la forma
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donde

f
��
L = @�l� x @ � l� x i[l� ; l� ];

f
��
R = @�r � x @ � r� x i[r� ; r � ];

(1.47)

son los tensores de intensidad asociados a los campos externos.

El lagrangiano (1.46) incluye las constantes de baja energ��a flig7i=1, y los t�ermi-
nos de contacto h1; h2 y h3 que acompa~nan t�erminos del lagrangiano en los que no
est�a presente la matriz de campos y cuyo valor, por tanto, no puede ser determi-
nado por el experimento. La renormalizaci �on de las constantes de baja energ��a
que aparecen puede encontrarse tambi�en en [30].

Para Nf = 3, los t�erminos del sector puramente fuerte pueden encontrarse
en [31]
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siendo F
��
L;V el equivalente a f

��
L;R en tres sabores. El lagrangiano (1.48) incluye las

LECs fLig10i=1 y los t�erminos de contactoH1 yH2, y una vez m�as se remite al lector
a [31] para su separaci�on en partes divergente y �nita.

Los acoplos electromagn�eticos a estos lagrangianos fueron calculados en [38,
39] paraNf = 2, donde introducen las constantes de baja energ��a electromagn�eti-
cas (EM LECs) fkig14i=1. Por completitud los incluimos tambi�en a continuaci�on
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donde cL;R vienen de�nidos a trav�es de su actuaci�on sobre la matriz de carga

cL�Q = @�Qx i[l� ;Q];

cR�Q = @�Qx i[r� ;Q]:
(1.50)

Para Nf = 3 el lagrangiano electromagn�etico fue publicado en [40, 41], y
recoge las EM LECs fKig14i=1. Con todo
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Las condiciones de renormalizaci �on para las constantes de baja energ��a en Nf =
2;3 pueden encontrarse en la bibliograf��a citada anteriormente.
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1.1.3 Resonancias

M�etodo de la Amplitud Inversa y Teor��a Quiral Unitarizada

Las resonancias mes�onicas m�as ligeras, vid. la f0(500)=� y la �(770), juegan
un rol crucial en la descripci�on a bajas energ��as de la Interacci �on Fuerte para
procesos relacionados con temperatura o densidad �nita, ambos escenarios que
se dan en las Colisiones Relativistas de Iones Pesados.

ChPT es incapaz de tener en cuenta este tipo de estados m�as all�a de la f��sica
encriptada en las constantes de baja energ��a de la teor��a. Debido a que la Teor��a
Quiral constituye una expansi�on perturbativa en la energ��a, viola la cotas de
unitariedad exacta, por lo que necesita de m�etodos adicionales para conseguir
su unitarizaci �on. Estos m�etodos se han mostrado satisfactorios y con�ables a
temperatura cero describiendo las interacciones mes�on-mes�on o mes�on-bari�on,
generando din�amicamente las resonancias m�as ligeras [42{49] incluso a tempe-
ratura y densidad �nitas [50{53].

A continuaci�on presentar�e el llamadoM�etodo de la Amplitud Inversa (IAM ),
usado para conseguir la unitarizaci �on de las amplitudes de dispersi �on en la
Teor��a Quiral de Perturbaciones. Como veremos, ser�a de grande y amplia utili-
dad en la secci �on 2.3 en lo relativo a la presentaci�on del escenario de restauraci�on
de la simetr��a quiral dado por la degeneraci�on de las susceptibilidades escalar
y pseudoescalar, �esta �ultima caracterizada a trav�es del condensado escalar de
quarks.

Su nombre proviene del hecho de que la imposici �on de la condici �on de unita-
riedad implica que el inverso de cualquier onda parcial con isoesp��n I ymomento
angular total J bien de�nidos, tIJ , en el proceso de dispersi �on �� ! �� , debe sa-
tisfacer

Im tIJ = �0(s)jtIJ (s)j2 ! Im
1

tIJ
= x�0(s); (1.52)

donde s > (2M� )2 es la energ��a en el centro de masas y �0(s) es el espacio de fases
para el canal de dos part��culas, j�� >, a la energ��a s, de�nido como

�0(s) =

s
1x 4M2

�

s
: (1.53)

Consideremos ahora la expansi�on next-to-leading-order para la onda parcial de
dispersi �on del proceso mencionado

tIJ (s) = t(2)IJ (s) + t(4)IJ (s) + O(p6); (1.54)
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IJ 16�F 2
� AIJ sIJ2 =M

2
�

00 1 1=2
11 1=6 4
20 x1=2 -2

Cuadro 1.4: Valores num�ericos que permiten calcular las ondas parciales de dispersi �on

de dos piones a dos piones a leading-order en ChPT a trav�es de t(2)IJ = AIJ (sx sIJ2 ).

donde|comoyahe dicho en secciones previas|phace referencia a unmomento
externo, una temperatura o una masa en relaci �on con la escala de energ��a que
controla la expansi�on quiral, �� � 1 GeV.

En la secci �on 2.3 estaremos interesados en la aplicaci �on del IAM para dos
piones id�enticos, i.e. en el l��mite de isoesp��n, por lo que I+J debe ser par debido
al requerimiento de que la amplitud total de dispersi �on sea totalmente sim�etrica;
adem�as |para las energ��as y temperaturas de inter�es en cuanto a aplicabilidad
de la Teor��a Quiral| s�olo las ondas parciales con J � 1 son relevantes.

De acuerdo al contaje quiral que ya hemos discutido en apartados previos,

t(2)IJ da cuenta de los diagramas a nivel �arbol que involucran v�ertices proceden-
tes de L(2), de car�acter independiente de la temperatura, y cuyos valores est�an

recogidos en el cuadro 1.4. El mismo an�alisis puede aplicarse a t(4)IJ : en este caso
contribuyen los diagramas a un loop que contienen v�ertices procedentes de L(2)

m�as los t�erminos a nivel �arbol procedentes de L4, necesarios para renormalizar

las divergencias. Un an�alisis num�erico de los valores de t(4)IJ puede encontrarse,
por ejemplo, en [49].

La expansi�on (1.54) satisface una versi �on perturbativa de la relaci �on de uni-
tariedad completa. En efecto se cumple

Im t(4)IJ = �0(s) jt(2)IJ (s)j2; (1.55)

y de modo similar para �ordenes superiores, mutatis mutandi; lo que implica que la
expansi�on quiral no es completamente compatible con las condiciones impuestas
por la condici �on de unitariedad global (1.52) debido a que crece ilimitadamente
con la energ��a |comportamiento caracter��stico en las interacciones fuertes| y
es, por tanto, incapaz de reproducir resonancias. Los m�etodos de unitarizaci �on
permiten precisamente construir amplitudes de dispersi �on basadas en expan-
siones perturbativas de modo que sean exactamente unitarias.

En concreto, el IAM [42{44] se construye a partir de la demanda de uni-
tariedad exacta y de la compatibilidad de los resultados a baja energ��a con las
predicciones provistas por ChPT. De acuerdo a este m�etodo, las ondas parciales
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a orden O(p4) vienen dadas por

tUIJ (s) =
[t(2)IJ ]

2

t(2)IJ (s)x t(4)IJ (s)
: (1.56)

Los efectos derivados de la aparici �on de resonancias ligeras se advierten a
trav�es de la presencia de picos en la secci �on e�caz de dispersi �on. Adem�as, �estas
pueden ser identi�cadas como polos en la amplitud de dispersi �on una vez que
han sido continuadas anal��ticamente a la segunda hoja de Riemann (la condici �on
de causalidad impide su presencia en la primera hoja).

La amplitud (1.56) es anal��tica en todo el plano complejo salvo en el eje real y
tiene un corte derecho de unitariedad que comienza en el umbral de producci�on
de dos piones, s = (2M� )2; as�� como un corte izquierdo para s < 0 procedente de
diagramas en el canal tx u [49].

Estas propiedades anal��ticas permiten de�nir de modo completo la amplitud
unitarizada en la segunda hoja de Riemann, mediante el empalme de su parte
imaginaria en la primera hoja a trav�es del corte derecho. Si denotamos mediante
t(I) la amplitud de dispersi �on en la primera hoja deRiemann|fuera del eje real|
, entonces la amplitud de dispersi �on en la segunda hoja viene dada a trav�es de
la condici �on de empalme

Im t(II)(sx i0+) = Im t(I)(s+ i0+); s > (2M� )
2: (1.57)

De esta manera se concluye que

t(II)(s) =
t(I)(s)

1x 2i�0(s)t(I)(s)
: (1.58)

La masa y la anchura de una resonancia parametrizada �a la Breit-Wigner pue-
den relacionarse [54] con el polo, sp, de la expresi �on (1.58) en el semiplano com-
plejo inferior a trav�es de

sp =:

 
MR x

i

2
�R

!2
; (1.59)

expresi �on que en el l��mite de resonancias estrechas,MR >> �R, de�ne lamasa y la
anchura (en reposo) de las resonancias que obtengamos a partir de la dispersi �on
de piones. Ha de notarse que el uso de una parametrizaci �on de tipo Breit-Wigner
no est�a exclusivamente reservado para part��culas estrechas. Tendremos ocasi �on de
comprobar esto almostrar los resultados atinentes a la f0(500)=�|una resonancia
particularmente ancha| en la publicaci �on 2.3.1.
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Modelo de intercambio de resonancias

En el cap��tulo 3 discutiremos la estabilidad de los resultados deChPT frente a
la inclusi �on de resonancias ligeras a trav�es de un modelo de intercambio basado
en un lagrangiano [32,55] que incluye los t�erminos O(p2) del lagrangiano quiral
efectivo y le a~nade t�erminos O(p4) resultantes del acoplo de campos de tipo
vectorial (J P C = 1xx) y de tipo vectorial-axial (J P C = 1++) |adem�as de incluir
acoplo electromagn�etico expl��cito|.

Una vez �jadas las constantes de acoplo que introduce cada uno de los nuevos
t�erminos de interacci �on con los bosones de Goldstone y que deben determinarse
a trav�es de m�etodos auxiliares |ya sean de car�acter experimental o asuncio-
nes te�oricas adicionales|, la descripci�on que proporciona este modelo se estima
como razonablemente precisa para energ��as bajas e intermedias, i.e. hasta apro-
ximadamente 1 GeV.

El lagrangiano del modelo puede escribirse como sigue:
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; (1.60)

dondeU y � son lasmatrices de campos y demasa usuales deChPT,MV yMA son
las masas de las resonancias que saturan los canales vectorial y vectorial-axial,
respectivamente; y FV , FA y GV son las constantes que introducen los acoplos con
las resonancias y cuyo valor num�erico puede consultarse en, por ejemplo, [32].

En realidad s�olo es necesario uno de los par�ametros |FV , por ejemplo|
debido a que los restantes pueden obtenerse a partir de las llamadas reglas de
suma de Weinberg [56], que en el l��mite quiral toman la forma

F 2
V x F 2

A = F 2
� ; (1.61)

F 2
V M

2
V x F 2

AM
2
A = 0; (1.62)

y de hip�otesis adicionales como vector resonance dominance approximation [57], que
|aplicada al c�alculo del factor de forma del pi�on| da lugar a la aproximaci�on
FVGV ' F 2

� ; o la llamada relaci �on KSRF, FV =
p
2F� [58,59]

Por �ultimo, la derivada covariante, D� , incorpora el acoplo vectorial al campo
externo del fot�on, v� = QA� , y viene dada por la expresi �on (1.33). Adem�as |
respecto a los acoplos con las resonancias y considerando fuentes externas de
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tipo vectorial y axial| tenemos

u� = iuñ(D�U )u
ñ = uñ� ; (1.63)

f
��
~ = uF

��
L uñ ~ uñF

��
R ;

F
��
R;L = @�(v� ~ a� )x @ � (v� ~ a�)x i [v� ~ a� ; v� ~ a� ] ;

con u2 = U , y siendo v� y a� los posibles acoplos externos de tipo vectorial
y vectorial-axial, respectivamente. N�otese que si s�olo se incluye |como ser�a,
de hecho, el caso que nos ocupe| el campo electromagn�etico, entonces ha de
escribirse a� = 0, v� = eQA� .

Las matrices que contienen los campos de las resonancias son:

V�� =

0
BBB@
�0p
2
+ !8p

6
�+ K{+
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+ !8p
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K{0
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; (1.64)
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6
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1
CCCA
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; (1.65)

mientras que el operador r viene de�nido a trav�es de su acci�on sobre un campo
tensorial completamente covariante como

r�R�� = @�R�� + [��;R�� ]; (1.66)

siendo R�� = V�� ; A�� , y

�� =
1

2

n
uñ[@� x i(v� + a�)]u+ u[@� x i(v� x a�)]u

ñ
o
: (1.67)

Con todo esto ya estamos en condiciones de calcular el propagador de Feyn-
man de cualquier resonancia. En efecto, en el espacio de posiciones |y haciendo
uso de la invariancia de los campos bajo traslaciones| puede escribirse

D
0jT

�
R�� (x)R�� (0)

�
j0
E
=
xi
M2

Z d4k

(2� )4
exixk

M2 x k2 x i�

n
g��g� � (M

2 x k2)

+g��k�k� x g��k�k� x (�$ � )
o
; (1.68)

donde g�� es el tensor asociado a la m�etrica de Minkowski y M es la masa de la
resonancia de�nida a trav�es del campo R�� .
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En el cap��tulo 3 estaremos interesados en el c�alculo de las correcciones a la
auto-energ��a de un pi�on a un loop en un contexto de dos sabores, por lo que los
t�erminos relevantes del lagrangiano (1.60) |una vez expandido| son
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+ x a+1;���
x
�
: (1.69)

Ha de tenerse en cuenta que el c�alculo perturbativo dentro de este modelo
debe realizarse con un cierto cuidado puesto que no disponemos de un esquema
de contaje de potencias que permita una expansi�on controlada en las constantes
de acoplo de las interacciones entre resonancias y piones. Tendremos ocasi �on de
ver esto m�as detenidamente en la secci �on 3.1, al presentar la publicaci �on 3.1.1.

Saturaci �on por resonancias

Como ya se ha dicho con anterioridad, el lagrangiano quiral efectivo depende
| a cualquier orden| de un n�umero determinado de constantes de baja energ��a
que un enfoque basado en simetr��as no puede determinar. Estas LECs vienen
determinadas por la din�amica de la teor��a subyacente a trav�es de la escala de
renormalizaci �on y de efectos asociados a la masa de las part��culas pesadas.

Sin embargo, no es posible calcularlasmediante procedimientos perturbativos
en QCD, sino que |como tambi�en dijimos| deben ser obtenidos a partir de
informaci�on experimental en el sector de baja energ��a de la Interacci �on Fuerte,
o mediante m�etodos auxiliares como, por ejemplo, el l��mite de gran NC.

Estas constantes reciben contribuciones de diversas fuentes, entre ellas los
efectos debidos a resonancias ligeras, aunque tambi�en de otros estados hadr�oni-
cos. Aunque es posible mostrar [30] que los valores observados para las LECs
pueden reproducirse razonablemente bien si se asume que su valor est�a com-
pletamente dominado, por ejemplo, por el intercambio de una part��cula �(770)
|lo que se conoce como vector meson dominance| [57], tambi�en otras resonancias
ligeras contribuyen.

En el cap��tulo 2 |al hablar de las constantes electromagn�eticas de baja
energ��a relevantes en el c�alculo de los condensados| y en el cap��tulo 3 |en re-
laci �on con las contribuciones de los mesones a1(1260) y �(770) a la auto-energ��a
de un gas de piones| haremos uso de la llamada hip�otesis de saturaci�on por reso-
nancias, que establece que las LECs est�an saturadas por las primeras resonancias
ligeras.
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A lo largo de toda esta subsecci �on estudiaremos c�omo pueden �estas ser in-
cluidas en el lagrangiano quiral y, as��, estimar su contribuci�on a las constantes
de baja energ��a. Escribamos las LECs renormalizadas como

Lr
i (�� ) =

X
R2fV;A;S;P g

LR
i + L̂i(�� ); (1.70)

siendo �� la escala quiral de renormalizaci �on17; LR
i , con R 2 fV;A;S; P g, las contri-

buciones a las mismas asociadas a los canales vectorial, axial-vectorial, escalar y
pseudoescalar, respectivamente; y L̂i(�� ) la parte restante.

A partir del modelo (1.60) e introduciendo |adem�as de las interacciones con
los campos vectorial y vectorial-axial| los acoplos (lineales) leading-order con el
octete y singlete escalar, S y S1; y el octete y singlete pseudoescalar, P y P1; a
trav�es de

LS : = cd
D
Su�u

�
E
+ cm

D
S�+

E
+ ĉdS1

D
u�u

�
E
+ ĉmS1

D
�+

E
;

LP : = idm

D
P �x

E
+ id̂m

D
P1�x

E
; (1.71)

con cd, ĉd, cm, ĉm, dm y d̂m ciertas constantes de acoplo, y

�~ := uñ�uñ ~ u�ñu; (1.72)

es posible determinar [32] las contribuciones resonantes a las constantes de baja
energ��a comparando con el lagrangiano L(4) de SU(3)-ChPT. N�otese que esto
es as�� debido a que los acoplos son de orden O(p2) y, por tanto, el intercambio
de resonancias produce contribuciones de orden O(p4). Adem�as, debido a este
contaje, las �unicas contribuciones relevantes para el c�alculo de las LECs son las
que proceden de las partes sin derivadas de los propagadores de las resonancias.

Las contribuciones de las resonancias vectoriales a las LECs vienen dadas
por [32,60]

LV
1 =

G2
V

8M2
V
; LV

2 = 2LV
1 ; LV

3 = x6LV
1

LV
9 = GV FV

2M2
V
; LV

10 = x F 2
V

4M2
V
; HV

1 = x F 2
V

8M2
V
:

La resonancia axial contribuye como

LA
10 =

F 2
A

4M2
A

; HA
1 = x F 2

A

8M2
A

: (1.73)

17Es natural suponer que, si las resonancias ligeras dominan la cantidad Lr
i (�� ), entonces la escala

de renormalizaci �on quiral ha de estar en un entorno cercano a esta zona del espectro.
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Lr
i (M�) V A S S1 �1 Total

Lr
1 0:7~ 0:3 0.6 0 -0.2 0.2 0 0.6

Lr
2 1:3~ 0:7 1.2 0 0 0 0 1.2

Lr
3 x4:4~ 2:5 -3.6 0 0.6 0 0 -3.0

Lr
4 x0:3~ 0:5 0.0 0 -0.5 0.5 0 0.0

Lr
5 1:4~ 0:5 0.0 0 1.4 0 0 1.4

Lr
6 x0:2~ 0:3 0.0 0 -0.3 0.3 0 0-0

Lr
7 x0:4~ 0:2 0.0 0 0 0.5 0 -0.3

Lr
8 0:9~ 0:3 0.0 0 0.9 0 0 0.9

Lr
9 6:9~ 0:7 6.9 0 0 0 0 6.9

Lr
10 x5:2~ 0:3 -10.0 4.0 0 0 0 -6.0

Cuadro 1.5: Contribuciones V, A, S, S1 y �1 a las LECs en unidades de 10x3, y renormali-
zadas a la escala M� = 770 MeV. Las entradas de la segunda columna pertenecen a [31].

Las entradas a partir de la sexta columna proceden de [32].

Las partes asociadas al octete y al singlete escalar son:

LS
1 = x c2d

6M2
S
; LS

3 = x3LS
1 ; LS

4 = x cdcm
3M2

S
; LS

5 = x3LS
4

LS
6 = x c2m

2M2
S
; LS

8 = xLS
6; HS

2 = 2LS
8 ;

LS1
1 = x ~c2d

2M2
S1

; LS1
4 = ~cd ~cm

M2
S1

; LS1
6 = x ~c2m

2M2
S1

:

(1.74)

Finalmente las contribuciones del octete y el singlete pseudoescalar son

LP
7 = d2

m

6M2
P
; LP

8 = x3LP
7 ; HP

2 = x6LP
7

LP1
1 = x ~d2

m
2M2

�1

:
(1.75)

Donde quiera que aparezcan, las contribuciones asociadas a los canales vecto-
rial y axial-vectorial dominan sobre todas las dem�as en el sector de baja energ��a,
dejando muy poco protagonismo a contribuciones adicionales. ComoHr

2 no pue-
de ser determinada fenomenol�ogicamente pero aparece en el c�alculo de los con-
densados escalares |como veremos en el cap��tulo 2|, asumiremos dominancia
escalar con el �n de utilizar la aproximaci�on Hr

2 = 2Lr
8. En el cuadro 1.5 mos-

tramos las diferencias entre los resultados obtenidos en [32] y los valores experi-
mentales en [31].

Puede aplicarse el mismo razonamiento para resonancias en distintos cana-
les con objeto de obtener valores num�ericos de las constantes de baja energ��a
electromagn�eticas, incluyendo la constante C que corrige la masa de los piones
cargados a nivel �arbol y que est�a pr�acticamente dominada por el intercambio de
una �(770) y una a1(1260) [61].
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Por mor de la concisi �on, referimos aqu�� al lector a la literatura especializada
para un tratamiento m�as extenso de estas cuestiones |as�� como para consultar
la procedencia de la mayor parte de los resultados num�ericos que utilizamos para
veri�car los resultados de la publicaci �on 2.1.1|. De este modo puede consultarse
la discusi �on acerca de los valores para lasEMLECs de 2.1.1, o los trabajos [62{65].
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1.1.4 Temperatura �nita: fenomenolog��a y formalismo

Con el �n de estudiar la evoluci�on t�ermica de los observables que estudiemos
en los cap��tulos 2.1 y 3, analizaremos brevemente las implicaciones que surgen al
considerar la simetr��a quiral en un escenario t�ermico, as�� como las propiedades y
resultados fundamentales a la hora de realizar la extensi�on de la Teor��a Quiral de
Perturbaciones a temperatura �nita a trav�es del llamado Formalismo de Tiempo
Imaginario (ITF ) [66,67].

Al introducir la temperatura, se introduce una nueva escala de energ��a que
in
uye en la expansi�on perturbativa que se hac��a en ChPT. En efecto, adem�as
de la escala demasas omomentos externos que situ�abamos en�� � 4�F � 1GeV
hay ahora una escala de expansi�on t�ermica, �T , que se sit �ua aproximadamente
en unos 150x200MeV, valor del orden de la temperatura asociada al cambio de
fase que se produce entre la fase hadr�onica y la fase part�onica del diagrama de
fases de QCD a potencial qu��mico nulo18 [68,69].

De esta manera, distinguiremos tres reg��menes t�ermicos en relaci �on con esta
nueva escala t�ermica.

i) R�egimende bajas temperaturas, T <<�T . En este rango todos los efectos t�ermi-
cos debidos a part��culas pesadas (es decir, asociados a part��culas que no son
bosones de Goldstone y que ser�an, t��picamente, resonancias) pueden ser
despreciados debido a que est�an suprimidos exponencialmente a trav�es de

factores de Boltzmann de la forma ex
Mh
T , donde Mh es la masa del hadr�on

pesado considerado. El lagrangiano quiral efectivo permanece inalterado al
considerar efectos t�ermicos, pero ser�a necesario modi�car los propagado-
res asociados a los bosones de Goldstone de modo que den cuenta de la
evoluci�on t�ermica [70].

ii) R�egimen de temperaturas intermedias, T <��T . Las part��culas pesadas co-
mienzan a ser importantes y sus efectos han de tenerse en cuenta. El rango
t�ermico de este r�egimen acaba en la llamada transici �on quiral, proceso en
el que la simetr��a quiral se restaura y deja de estar espont�aneamente rota.

iii) R�egimen de temperaturas altas, T >�T . Se produce a temperaturas mayores
que la temperatura asociada a la restauraci �on de la simetr��a quiral y a la

18 Puede tambi�en identi�carse a �T como la temperatura tal que el promedio t�ermico de la energ��a
para un gas de bosones de Goldstone coincide con la escala de energ��a �� . En este caso, y a
partir del uso del Teorema de Equipartici �on para un gas relativista, el valor obtenido es un
poco mayor: �T � 300MeV, pero se convendr�a en que |de cara a un tratamiento perturbativo
de baja energ��a| los resultados ser�an m�as con�ables eligiendo el valor m�as conservativo, i.e. el
valor num�erico m�as bajo. Adem�as, parte de los resultados mostrados muestran comportamientos
cualitativos compatibles con la restauraci�on de la simetr��a quiral.
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transici �on de descon�namiento19. Los quarks y los gluones se convierten en
los grados de libertad relevantes y se forma el denominado gen�ericamente
Plasma de Quarks y Gluones (QGP) [72,73].

Parece claro que la regi�on de inter�es para la memoria de investigaci�on que ocupa
estas l��neas es aqu�ella en la que la temperatura es lo su�cientemente baja como
para suponer que las part��culas pesadas se hallan t�ermicamente desacopladas y
que la convergencia de la serie perturbativa quiral en �T sea razonable. Esto se
consigue para temperaturas por debajo de los 100MeV, de inter�es fenomenol�ogi-
co debido a que no est�an muy lejos de las temperaturas asociadas al freeze-out
t�ermico en Colisiones Relativistas de Iones Pesados [74{76] (ver comentario en
la subsecci �on 1.1.4).

En cualquier caso, las predicciones de ChPT pueden ser extrapoladas cuali-
tativamente por encima de este valor de T ' 100MeV con el �n de colegir pro-
piedades que puedan ayudar a explicar rasgos del comportamiento de la materia
hadr�onica en regiones cuya temperatura es ligeramente inferior a la transici �on
de restauraci�on de simetr��a quiral.

Naturalmente, el car�acter cr��tico de la transici �on de fase no podr�a ser repro-
ducido utilizando un esquema de c�alculo basado �unicamente en ChPT, as�� que
los resultados cuyas gr�a�cas se contin �uen hasta regiones t�ermicas por encima
de los valores est�andar que garantizan la convergencia de la serie quiral t�ermica
en la secci �on 2.2 y en el cap��tulo 3 deben tomarse como predicciones cualitativas
model-independent a partir de una teor��a efectiva de baja energ��a.

No obstante |tal y como veremos en la secci �on 2.3| la implementaci�on
en ChPT de los efectos causados por las resonancias m�as ligeras del espec-
tro hadr�onico a trav�es del IAM permite cambiar el comportamiento cualita-
tivo de observables como la susceptibilidad escalar o el condensado de quarks,
acerc�andolos a la descripci�on que de ellos hacen cerca de la regi�on cr��tica los
estudios basados en simulaci�on en el ret��culo a temperatura �nita.

Motivaci�on (i): Colisiones Relativistas de Iones Pesados

Como ya se ha visto,QCD provee un escenario te�orico adecuado para el estu-
dio de la Interacci �on Fuerte a trav�es de un n�umero reducido de par�ametros que
deben determinarse experimentalmente. Sin embargo, los grados de libertad a
trav�es de los cuales se estructura no permiten estudiar el comportamiento de la
materia con�nada m�as all�a del l��mite en donde el acoplamiento es lo su�ciente-
mente d�ebil como para poder utilizar m�etodos perturbativos.

19 Las simulaciones en el ret��culomuestran que ambas transiciones ocurren a lamisma temperatura
o con unos pocos MeV de diferencia [71].
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Figura 1.2: Mapa de fases de QCD en funci�on del potencial qu��mico y temperatura para
valores f��sicos de las masas de los quarks.

Fuente: GSI.

Las colisiones entre iones pesados a energ��as relativistas y ultrarelativistas
permiten producir materia en condiciones extremas de densidad y temperatura
cuyo comportamiento puede predecirse con QCD. Este tipo de experimentos
permite probar la teor��a subyaciente mediante el estudio de las transiciones de
descon�namiento y de restauraci�on quiral |propiedades de car�acter fundamen-
tal en QCD| as�� como el comportamiento de la materia en las fases hadr�onica
y descon�nada (QGP). Adem�as de esto, el estudio de colisiones entre iones pe-
sados tambi�en permite caracterizar la din�amica de la materia nuclear en base a
variables macrosc�opicas, tales como temperatura y densidad, y a partir de ellas
estudiar la correspondiente ecuaci�on de estado.

A energ��as en el centro de masas de entre unos pocos y unas decenas de GeV
por nucle�on (

p
s << 100AyGeV), los iones que coliden se frenan mutuamente y se

consiguen altas densidades bari�onicas, mientras que para energ��as mucho m�as
altas (

p
s & 100AyGeV), los dos iones se atraviesan el uno al otro y la regi�on de

colisi �on adquiere cotas bajas de densidad bari�onica, pero alcanza temperaturas
muy altas. Ambos escenarios pueden encontrarse en la �gura (1.2): mientras
que RHIC 20 y LHC21 mantienen una l��nea destinada a experimentos de muy
alta energ��a por nucl�eon en el centro de masa, GSI SIS 300 planea estudiar
la regi�on de alta densidad bari�onica22. Esta �gura distingue una zona de fase
hadr�onica para bajas temperaturas y bajo potencial qu��mico, separada de las
zonas en las que la materia se encuentra descon�nada en forma de QGP, y la

20BNL, Nueva York, Estados Unidos. Colisiones Au-Au con una energ��a en centro de masa dep
s = 200 GeV por nucle�on, Tmax � 230MeV.

21 CERN, Ginebra, Suiza. Colisiones Pb-Pb con una energ��a en centro de masa de
p
s = 5500 GeV

por nucle�on, Tmax � 260MeV.
22Darmstadt, Alemania. Colisiones Au-Au con una energ��a en centro de masa de

p
s = 40 GeV por

nucle�on.
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fase de superconductividad de color (SCC ), caracterizada por bajas temperaturas
y alto potencial qu��mico [77,78].

A partir de la �gura (1.2), puede verse que para potencial qu��mico nulo la
transici �on de descon�namiento se produce avanzando a trav�es del eje de orde-
nadas en sentido creciente de temperatura, hasta una densidad bari�onica cr��tica
de �0 = 0;125 GeV/fm3, lo que se cree que podr��a suceder en los n �ucleos de
ciertas estrellas de neutrones. Por otro lado, para potenciales qu��micos bajos, la
transici �on podr��a conseguirse aumentando la temperatura hasta un valor cr��tico
de TC = 150x 200 MeV= (1;8x 2;4)z 1012 K, condiciones que pudieron darse a
partir de los dos primeros microsegundos de existencia del universo tras el Big
Bang.

La evoluci�on espacio-temporal de una colisi �on ultrarrelativista de iones pe-
sados puede catalogarse en tres etapas: el momento de la colisi �on, el proceso
de termalizaci �on, y la hadronizaci�on (seguida de un desacoplo o freeze-out). Du-
rante la colisi �on, un gran n�umero de partones se producen determinando las
condiciones inciales de toda la evoluci�on posterior. Existen varios modelos23 pa-
ra explicar esta etapa inicial, aunque los mecanismos todav��a no se comprenden
perfectamente.

Inmediatamente despu�es de la colisi �on el gas de partones est�a fuera del equi-
librio, hasta que las colisiones secundarias entre ellos conducen a un estado de
equilibrio y a la posibilidad de describir el sistema mediante un enfoque hidro-
din�amico. La temperatura del gas comienza a decrecer en el transcurso de su
expansi�on hasta que la temperatura cr��tica de con�namiento se alcanza. En ese
momento el sistema hadroniza y, despu�es, atraviesa una etapa de desacoplo en el
que el gas se halla diluido y las interacciones entre part��culas cesan (freeze-out).

Este freeze-out se de�ne en lasRHIC como el tiempo propio a partir del cual el
tiempomedio caracter��stico entre colisiones de las part��culas del plasma esmayor
que el del tiempo caracter��stico asociado a la expansi�on en el seno del plasma;
y a partir del cual, tambi�en, el equilibrio t�ermico local se rompe. Existen dos
tipos de freeze-out : por un lado se puede hablar de freeze-out qu��mico, tras el que
el n �umero de especies en el plasma queda �jo; y el freeze-out t�ermico, a partir del
cual el equilibrio cin�etico cesa [72].

Motivaci�on (ii): resultados en el ret��culo

En esta secci �on presentar�e los conceptos b�asicos que ser�an utilizados en la
secci �on 2. Ello incluir�a una breve introducci�on al car�acter de la transici �on quiral

23 E.g.: Color Glass Condensate [79], color-string percolation [80], �o modelos perturbativos basados en
QCD [72]. Para una revisi �on de los distintos escenarios: ver [81].
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en funci�on de las masas de los quarks, una peque~na rese~na del formalismo stag-
gered para fermiones y, �nalmente, la descripci�on de los observables relevantes
para nuestro trabajo, en concreto los condensados y la susceptibilidad sustra��dos,
y las masas de screening.

Si consideramos QCD con dos sabores y en el l��mite quiral, la transici �on
de restauraci�on de la simetr��a quiral es un cambio de fase de segundo orden
y pertenece a la clase de universalidad O(4), caracter��stica de los modelos de
esp��n en tres dimensiones [82]. Por debajo de la curva que separa las dos fases la
simetr��a quiral est�a espont�aneamente rota y existen tres piones sin masa.

Sin embargo |como ya se ha tenido oportunidad de mostrar al analizar el
patr�on de ruptura de la simetr��a quiral en QCD| en el mundo f��sico que nos
alberga los quarks up y down tienen una masa distinta de cero. En ese caso el
car�acter de la transici �on pasa a ser un crossover anal��tico [68, 83]: se producen,
en efecto, variaciones importantes en ciertos observables, pero |a diferencia de
lo que sucede en una transici �on de segundo orden| no hay discontinuidades
asociadas a su descripci�on.

La naturaleza de la transici �on quiral en funci�on de los valores de las masas
ligeras mu = md y la masa del quark strange para potencial qu��mico nulo puede
bosquejarse en la llamada gr�a�ca de Columbia [84], ilustrada en la �gura 1.3.

(a)

Figura 1.3: Gr�a�ca de Columbia: Car�acter de la transici �on de fase quiral en funci�on de la
masa de los quarks para potencial qu��mico nulo. El punto f��sico est�a incluido en la regi�on
que indica un crossover. Las 
echas rojas indican el desplazamiento esperado cuando nos

acercamos al l��mite quiral.

En la secci �on 2 compararemos los resultados calculados mediante ChPT con
aqu�ellos que pueden obtenerse mediante simulaci�on en el ret��culo. El condensa-



40 Introducci�on

do total de quarks a temperatura �nita,
D
�qq
E
T
, contiene una parte de temperatura

cero que presenta divergencias ultravioletas, as�� como t�erminos de contacto pro-
cedentes de la ambig�uedad inherente a su de�nici �on [31]. Con el �n de obtener
resultados �nitos en el ret��culo se han propuesto diversosm�etodos de renormaliza-
ci �on. El que m�as ser�a usado en nuestros resultados consiste (ver |por ejemplo|
[85, 86] y la discusi �on en la secci �on III de la publicaci �on 2.2.1) en utilizar el
condensado asociado al quark strange para calcular el condensado sustra��do, �l;s,
de�nido a trav�es de D

�qq
E
!�l;s :=

D
�qq
E
T
x 2ml

ms
h�ss�TD

�qq
E
0
x 2ml

ms
h�ss�0 ; (1.76)

donde ml es la masa asociada a un sabor ligero gen�erico (o a cada uno de los
condensados ligeros por separado) y ms es la masa del quark strange.

De un modo parecido se procede para renormalizar las susceptibilidades. Por
ejemplo, en [86] |y para la susceptibilidad escalar total| se procede a la sustrac-
ci �on de la parte de temperatura cero dando lugar a la susceptibilidad sustra��da,
�� , de�nida como

��(T ) = �(T )x �(0): (1.77)

El hecho de que esta cantidad sea directamente medible en el ret��culo permite
tanto la comprobaci�on de la regla de suma que ser�a mostrada en la secci �on 2 y
que representa uno de los resultados de la publicaci �on 2.2.1, como de varios de
los resultados de 2.3.1.

Debido a que, como ya hemos dicho, para valores f��sicos de las masas de
los quarks la transici �on quiral es un crossover anal��tico, el an�alisis de distintos
par�ametros de orden da lugar a distintos valores de la temperatura cr��tica24.

Al presentar algunos de los resultados en la secci �on 2.1 hablaremos de forma-
lismo de fermiones staggered o de Kogut-Susskind [87]. Este formalismo pretende
arreglar el problema del doble conteo de fermiones (fermion doubling) que viene
asociado a la discretizaci �on de la acci �on para fermiones libres. Puede probar-
se [88] que es imposible poner en el ret��culo fermiones quirales sin producir este
problema de doble conteo. El formalismo de Kogut-Susskind es uno de los varios
m�etodos25 que se han propuesto para intentar reducir el n �umero de fermiones
esp �ureos por cada grado de libertad real.

Este procedimiento, entonces, introduce copias esp �ureas para cada sabor de-
nominadas tastes [92] que presenta ciertas similitudes con las violaciones a la
simetr��a de isoesp��n que se analizan en esta memoria. Las nuevas copias ha-
cen que la acci �on en el ret��culo sea invariante bajo un grupo quiral aumentado

24N�otese que en rigor debi�eramos hablar de pseudotemperatura cr��tica debido a la inexistencia de
una transici �on de fase en sentido riguroso.

25E.g. fermiones de Wilson [89], fermiones de Ginsparg-Wilson [90], domain wall fermions [91].
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SU(4) z SU(4) cuya ruptura da lugar a quince pseudo-bosones de Goldstone
(m�as un estado de tipo �0) por cada sabor quark. Todos estos nuevos mesones se
degeneran en el l��mite del continuo (al que se llega cuando el espaciado de la red
tiende a cero).

En la secci �on 2.1, a la hora de hablar de los resultados de la publicaci �on 2.2.1,
tendremos ocasi �on de ver la relaci �on entre los resultados que hemos calculado
usando ChPT y las contribuciones esp �ureas a las componentes conexa y dis-
conexa de la susceptibilidad quiral escalar que se producen para ret��culos de
espaciado no nulo.

Formalismo de Tiempo Imaginario

De entre los varios m�etodos enfocados a extender a temperatura �nita una
teor��a cu�antica de campos26, el formalismo de tiempo imaginario (ITF ) es el m�as
antiguo. Permite calcular fuciones de Green a temperatura �nita explotando la
analog��a entre el operador de Boltzmann y el operador de evoluci�on temporal
para tiempos imaginarios [66].

Como no se ha considerado potencial qu��mico distinto de cero, todos los re-
sultados que aparezcan a continuaci�on habr�an de entenderse en el contexto de
una colectividad can�onica. En ella |como es bien sabido| la descripci �on de un
sistema en equilibrio t�ermico a temperatura T se realiza a trav�es de la llamada
funci�on de partici �on

Z(�) =Tr
�
ex�H

�
; (1.78)

donde � = 1=T y H es el hamiltoniano del sistema cu�antico de muchas part��cu-
las, independiente del tiempo27, y la traza se toma sobre una base completa de
autoestados.

Naturalmente, en la colectividad s�olo son importantes los promedios t�ermicos
de�nidos, para un operador gen�erico A(t; �x) en imagen de Heisenberg, a trav�es
de

hA�
� =Tr

 
1

Z(�)
ex�HA

!
: (1.79)

Debido a la ciclicidad de la traza involucrada en la anterior ecuaci�on es posible
escribir, adem�as,

hA(t1)A(t2)
�
� =

D
A(t1 + i�)A(t2)

E
; (1.80)

que expresa la periocidad en el tiempo imaginario de cualquier observable t�ermi-
co y conocida como relaci�on de Kubo-Martin-Schwinger (KMS) [95,96]. N�otese que

26V�ease, por ejemplo, [93,94].
27Dar cabida a un intercambio adicional de part��culas desde un reservorio involucrar��a el reem-
plazo deH porHx�N, dondeN es el operador n �umero de part��culas y � es el potencial qu��mico.
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se ha se ha utilizado formalmente lo que ya se mencionaba anteriormente: la
semejanza del operador de Boltzmann e�H, con el propagador temporal exiHt; en

t = xi�
���
�=�

, idea fundamental sobre la que recae el formalismo ITF.

En efecto
ex�HA(tx i�; �x)e�H = A(t; �x): (1.81)

A trav�es de la ecuaci�on (1.79) es posible calcular el propagador de Feynman
t�ermico asociado al campo escalar a trav�es de

G(tx t0; �xx �x0) : =
D
T

�
�(t; �x)�(t0; �x0)

�E
�

= �(tx t0)G>(tx t0; �xx �x0) + �(t0 x t)G<(tx t0; �xx �x0);
(1.82)

siendo T el producto cronol�ogico usual y

G>(t; �x) :=
D
�(t; �x)�(0; �0)

E
�
;

G<(t; �x) :=
D
�(0; �0)�(t; �x)

E
�
= G>(xt;x �x);

(1.83)

que, debido a la relaci �on KMS satisfacen, adem�as,

G>(t; �x) = G<(t+ i�; �x): (1.84)

Las transformadas de Fourier asociadas a los operadores G> y G< en la variable
temporal son

G(<;>)(k0; �x) =
Z 1

x1
dt eik0tG(<;>)(t; �x); (1.85)

objetos que, debido a la ecuaci�on (1.84), cumplen

G<(k0; �x) = ex�k0G>(k0; �x): (1.86)

El propagador de FeynmanG(t; �x)y los propagadoresG>(t; �x),G<(t; �x), pueden
escribirse en t�erminos de una sola funci�on: la llamada funci�on espectral t�ermica
�(k0), de�nida a trav�es de

�(k0) = G>(k0)xG<(k0) =
Z 1

x1
dt eik0t

D
[�(t; �x); �(0; �x)]

E
�
: (1.87)

Puede demostrarse [94] que se trata de una funci�on real, impar en k0 y que ve-
ri�ca la llamada condici �on de positividad: Sgn(k0)�(k0) > 0. Adem�as, en t�erminos
de la funci�on espectral, puede escribirse

G>(k0) = (1 + nB(k0))�(k0);

G<(k0) = nb(k0)�(k0);
(1.88)
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donde nB es la funci�on de Bose-Einstein de�nida a trav�es de

nB(!k) :=
1

exp�!k x 1
: (1.89)

Es posible [97] construir la teor��a cu�antica del campo escalar � mediante
la descripci�on de la funci�on de partici �on a trav�es de una integral eucl��dea de
caminos en tiempo imaginario � = it, con � 2 R,

Z[�; j] =
Z
p
[d�] exp

 
SE(�) +

Z �

0
j(� )�(� )d�

!
; (1.90)

donde SE(�) es la acci �on eucl��dea del lagrangiano integrada sobre [0 < � < �;x1 <
xi < 1], y el sub��ndice p en la integral hace referencia a que ha de integrarse
sobre caminos que satisfagan la condici �on de periocidad

�(�; �x) = �(0; �x); (1.91)

traducci�on al lenguaje de integral de caminos de la relaci �on (1.80), que indica
que los observables son peri�odicos en tiempo imaginario con periodo �.

El segundo t�ermino de la exponencial da cuenta de posibles fuentes externas
con las que calcular, previa diferenciaci �on, funciones de Green libres a trav�es de

D
Tr

�
�(�1) : : : �(�n)

�E
�
= (xi)n 1

Z[�;0]

�(n)Z[�; j]

�j(�1) : : : �j(�n)
; (1.92)

siendoTr el operador de ordenaci�on de los campos en la variable � , de�nido|por
ejemplo y por simplicidad| a trav�es de la funci�on de dos puntos

Tr

�
�(�1; �x)�(�2; �y)

�
=

8><>:
�(�1; �x)�(�2; �y); si �1 > �2

�(�2; �y)�(�1; �x); si �2 > �1:
(1.93)

A continuaci�on, caractericemos el propagador en tiempo imaginario o propagador
de Matusbara del campo escalar � como el objeto

�(�; �x) :=
D
Tr

�
�(�; �x)�(0; �0)

�E
�
; (1.94)

de�nido en el intervalo � 2 [x�;�]. Debido a su periocidad en el intervalo [0; �]
su transformada de Fourier resulta

�(i!n; �k) :=
Z �

0
d� exp (i!n� )�(�; �k); (1.95)
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que lleva asociada la transformaci�on inversa

�(�; �k) = �x1
X
n
exp (xi!n� )�(i!n); (1.96)

donde las frecuencias !n son las llamadas frecuencias de Matsubara

!n =
2�n

�
; n 2 Z: (1.97)

En t�erminos de la llamada funci�on espectral el propagador de Matsubara puede
escribirse como

�(i!n; �k) =
Z 1

x1

dk0
2�

�(k0)

k0 x i!n
; (1.98)

cuya expresi �on para un campo escalar libre de masa m es

�0(i!n) =
1

!2
n + �k2 +m2

: (1.99)

Con ayuda de esta funci�on espectral t�ermica podemos calcular tambi�en los pro-
pagadores avanzado , �A, y retardado, �R, a trav�es de

�R(k0) = i
Z 1

x1

ds

2�

�(s)

k0 x s+ i0+
;

�A(k0) = xi
Z 1

x1

ds

2�

�(s)

k0 x sx i0+
;

(1.100)

lo que conduce a la identi�caci�on

�R(k0) = xi�(k0 + i0+); �A(k0) = i�(k0 x i0+): (1.101)

Con objeto de hacer una interpretaci �on f��sica del propagador de Feynman a
temperatura �nita calcul�emoslo escribiendo los campos a trav�es de su expansi�on
en modos de Fourier y usando la ecuaci�on (1.79). En este caso resulta

iG(xxy) =
1

Z(�)

X
n

D
T

�
�(x)�(y)

� E
�
ex�En

=
Z d3k

(2� )3
1

2!k

�
(1 + nB(!k))e

xiK(xxy) + nB(!k))e
iK(xxy)

�
; (1.102)

donde T es el operador de ordenaci�on cronol�ogica en las variables x0 e y0, K =

(k0; �k) es el cuadrimomento del escalar, y !k := k0.

La ecuaci�on (1.102) tiene una interpretaci �on f��sica en t�erminos de propaga-
ci �on de part��culas. En efecto, los tres sumandos representan, respectivamente, la
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emisi �on espont�anea a temperatura cero de una part��cula en y y su absorci�on en
x (para x0 > y0), la emisi �on inducida de part��culas en y, y la absorci�on en x; estos
dos �ultimos proporcionales a funciones de Bose y concomitantes a la presencia
de un ba~no t�ermico.

Adem�as, a la vista de esta ecuaci�on puede verse que la �unica modi�caci�on
a la hora de considerar la evoluci�on t�ermica de los valores esperados es la del
a~nadir dos contribuciones t�ermicas en el propagador, libres de divergencias, y
que se anulan a temperatura cero. Es precisamente por esto que no es necesario
modi�car el esquema de renormalizaci �on.

Para escribir reglas de Feynman con las que acometer el c�alculo diagram�atico
a temperatura �nita, ser�a necesario continuar el tiempo anal��ticamente hacia va-
lores puramente complejos que satisfagan|a consecuencia de la relaci �on (1.80)|
la desigualdad 0 � � := it < �, y cambiar las integrales en la energ��a por sumas
sobre frecuencias discretas (de Matsubara), k0 = i!n := 2�in�x1, con la medida
apropiada, i.e. Z dk0

2�
! i�x1

1X
n=x1

: (1.103)

Adem�as, las condiciones de conservaci�on de la energ��a escritas a trav�es de deltas
de Dirac para los momentos en cada v�ertice han de reemplazarse por funciones
delta de Kronecker para las frecuencias de Matsubara.

Con estos cambios el propagador t�ermico puede escribirse como

iG(x) = i�x1
X
n

Z d3k

(2� )3
i

K2 xm2
exiKyx (1.104)

donde ha de entenderseK0 = i!n, x = (�; �x); con lo que en el espacio demomentos
viene dado por

iG(K) =
i

K2 xm2
=

i

k20 x �k2 xm2
; (1.105)

con k0 = i!n = 2�inT , n 2 Z.
N�otese que los v�ertices y los factores de simetr��a de cada diagrama perma-

necen inalterados: s �olo se modi�ca, como ya se ha dicho, la expresi �on para las
funciones de Green. Adem�as, el formalismo de Matsubara s�olo es aplicable a pro-
blemas en equilibrio, puesto que la variable temporal ha sido eliminada del juego
y s�olo es posible describir propiedades est�aticas.

Debido a la inclusi �on del sumatorio en la expresi �on (1.104), ser�a necesario
evaluar sumas sobre frecuencias de Matsubara. En este sentido ser�a particu-
larmente �util usar el Teorema de Cauchy aplicado a un recinto de integraci�on
apropiado28.

28Ver [94], por ejemplo.
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Sea f (z)una funci�on compleja sinning �un corte, queva a cero su�cientemente
r�apido cuando jzj ! 0, entonces

�x1
X
n
f (i!n) = x

X
iceros

Res(f ;z = zi)

e�k0 x 1
: (1.106)

En nuestra memoria de investigaci�on aparecer�an tres tipos distintos de funcio-
nes t�ermicas. Por un lado, para el c�alculo del condensado ser�a necesario evaluar
loops o tadpoles t�ermicos de bosones de Goldstone, apareciendo la expresi �on

Z d3k

(2� )3
�(�; �k) =

Z d3k

(2� )3
T

X
n

1

!2
n +m2 + �k2

=
Z d3k

(2� )3
1

2Ek
+
Z d3k

(2� )3
nB(Ek)

Ek

= G(x = 0)T =0 + g1(m;T );

(1.107)

donde E2
k =m2 + �k2 y la funci�on t�ermica g1(m;T ) est�a de�nida por

g1(m;T ) =
1

2� 2

Z 1

0
dk

k2

Ek
nB(Ek): (1.108)

El segundo objeto aparece en las susceptibilidades quirales escalares y, por tanto,
es precisamente la derivada de la funci�on g1(m;T ) respecto de la masa m del
escalar. Se tiene entonces

g2(m;T ) = x
@g1(m;T )

@m2
=

1

4� 2

Z 1

0
dk

nB(Ek)

Ek
: (1.109)

El tercer objeto es la llamada funci�on J , que aparece de forma natural en la
dispersi �on de dos part��culas en dos part��culas o en el an�alisis de la auto-energ��a
que se discutir�a al hablar de los resultados en 3.1.1. Puede de�nirse, a temperatura
�nita y para masas arbitrarias m1 y m2, como

JT (m1;m2; j �pj; i!n) = T
X
n2Z

Z d3q

(2� )3
1

(i!n)2 xE2
1

1

(i!n xp0)2 xE2
2

; (1.110)

conE2
1 :=m2

1+�q
2 yE2

2 = (�qx �p)2+m2
2. Un an�alisis pormenorizadode las propiedades

anal��ticas y asint�oticas de esta funci�on puede encontrarse en el ap�endice B de
3.1.1.

IAM a temperatura �nita

La introducci�on de interacciones unitarizadas para los piones mejora las pre-
dicciones de ChPT a trav�es de una descripci�on m�as precisa de algunos de



Introducci�on 47

los fen�omenos de inter�es en el estudio de las Colisiones de Iones Pesados co-
mo, por ejemplo, el an�alisis t�ermico de resonancias o coe�cientes de transpor-
te [50, 98{101]. Adem�as, el uso de la llamada Expansi�on del Virial dentro del
contexto de la Teor��a Quiral |incluyendo correcciones debidas a unitariza-
ci �on| permite parametrizar de modo consistente las desviaciones respecto al
comportamiento mostrado por las contribuciones de tipo gas libre incluidas en
la descripci�on a trav�es del llamado Hadron Resonance Gas [102{104].

El IAM puede extenderse a temperatura �nita incluyendo las correcciones
t�ermicas correspondientes al proceso de dispersi �on de piones, calculadas en [105]
a un loop en ChPT. La �unica dependencia t�ermica est�a contenida en t(4)(s; T )
debido a que |como ya he comentado con anterioridad| la amplitud t(2)(s)
no contiene diagramas con loops y, por tanto, no contiene funciones de Green
t�ermicas. Las relaciones de unitariedad perturbativas an�alogas a la relaci �on (1.55)
siguen siendo v�alidas una vez se haya modi�cado el espacio de fases por el co-
rrespondiente espacio de fases t�ermico de�nido por

�T (s) := �0(s)

(
1 + 2nB

 p
s

2

! )
; (1.111)

y que resulta ampli�cado respecto al espacio de fases a temperatura cero a trav�es
de un factor que tiene en cuenta la diferencia entre la contribuci�on por emisi �on
inducida por el incremento de estados de dos piones salientes, (1 + nB(E1))(1 +
nB(E2)), y la absorci �on que se produce toda vez que los piones coliden con
part��culas procedentes del ba~no t�ermico, nB(E1)nB(E2); con E1 y E2 las energ��as
de los dos piones externos que colisionan29.

La moraleja que debemos extraer de todo esto es que podemos seguir utili-
zando el IAM a temperatura �nita siempre que reemplacemos el espacio de fases
�0(s) por el espacio de fases t�ermico �T (s), y las ondas parciales por sus correspon-
dientes a temperatura �nita a trav�es de la consideraci�on de funciones de Green
t�ermicas para los diagramas asociados. Debido a que las colisiones de orden su-
perior est�an muy suprimidas en el ba~no t�ermico, se admite que en este �ultimo
paso s�olo es necesario considerar estados intermedios de dos piones, lo que da
lugar a la llamada descripci�on de medio diluido.

Con todo, la expresi �on general para la amplitud t�ermica unitarizada a O(p4)
es, prescindiendo en bene�cio de la simplicidad de los ��ndices de isoesp��n y
momento angular,

tIAMNLO =

�
t(2)(s)

�2
t(2)(s)x t(4)(s; T )

: (1.112)

29N�otese que las ondas parciales siempre est�an de�nidas en el centro de masa, raz�on por la que

E1 = E2 =
p
s
2
y el espacio de fases t�ermico resulta ser precisamente el de�nido por la ecuaci�on

(1.111).
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Por �ultimo, para un breve resumen acerca de las propiedades m�as relevantes de
las resonancias �(770) y f0(500)=� generadas a trav�es de la aplicaci �on del IAM
en ChPT puede encontrarse en la secci �on IV.A de la publicaci �on 2.3.1.



Introducci�on a los resultados

A
lo largo de los cap��tulos 2 y 3 presentar�e los principales resultados de la
investigaci�on que ha dado lugar a la presente memoria. Todos ellos con-

ciernen al estudio de las propiedades t�ermicas de gases de bosones de Goldstone
a trav�es de un enfoque efectivo que tiene a la Teor��a Quiral de Perturbaciones
como principal herramienta de estudio.

Lasmodi�caciones sufridas por un observable debidas a la ruptura de isoesp��n
|tanto intr��nseca como electromagn�etica| pueden considerarse en la mayor
parte de los casos como peque~nas correcciones num�ericas. Sin embargo en deter-
minadas parcelas de conocimiento se han mostrado como un factor relevante |e
incluso fundamental| a la hora de explicar la fenomenolog��a de ciertos procesos.
Tal es el caso del estudio de las correcciones electromagn�eticas a las masas de los
mesones ligeros y las correcciones al llamado Teorema de Dashen [40,106{110],
las amplitudes de scattering pion-pion [38,39] o pi�on-ka�on [111{113], as�� como a
posibles escenarios para violaci �on de la simetr��a CP [114],mixing de las part��culas
f0 y a0 [115] y decaimiento de kaones [116{118], o el an�alisis de observables aso-
ciados precisamente a la ruptura como la regla de suma [31] que permite conectar
los cocientes de los condensados asociados a los quark down y strange frente al m�as
ligero quark up. Una lista m�as pormenorizada y actualizada de procesos hadr�oni-
cos en los que la ruptura de isoesp��n juega un rol importante puede consultarse
en la referencia [119].

El cap��tulo 2 consta de tres secciones. En las dos primeras, vid. 2.1 y 2.2, se
estudiar�an los efectos de la ruptura de isoesp��n de la simetr��a quiral sobre los
par�ametros de orden (condensado de quarks y susceptibilidades quirales esca-
lares) de un gas de mesones ligeros (piones, kaones y etas) tanto a temperatura
cero como a temperatura �nita. Para ello se implementar�an los efectos de carga
electromagn�etica y de ruptura intr��nseca a trav�es de la inclusi �on de fuentes
externas en los canales vectorial y escalar, respectivamente. La secci �on 2.3 estu-
diar�a la relaci �on entre la susceptibilidad pseudoescalar y el condensado escalar
de quarks, as�� como el escenario de restauraci�on de simetr��a quiral basado en
la degeneraci �on de las susceptibilidades escalar y pseudoescalar en el marco de
ChPT y de ChPT unitarizada.
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En el cap��tulo 3 analizar�e las correcciones a la auto-energ��a de un gas de pio-
nes inmerso en un ba~no t�ermico permitiendo el intercambio de fotones virtua-
les. Esto conducir�a |previa de�nici �on| a la posibilidad de establecer una masa
t�ermica para los piones de la colectividad, as�� como al estudio de las propiedades
exhibidas por observables asociados a la parte imaginaria de la auto-energ��a,
como por ejemplo la anchura t�ermica o el recorrido libre medio.

Parte del inter�es fenomenol�ogico de este estudio reside en que, debido al aco-
plo con la interacci �on electromagn�etica, la parte real de la auto-energ��a de piones
cargados y neutros |as�� como la anchura de desintegraci�on t�ermica asociada a
procesos de dispersi �on con part��culas del medio| exhibe diferencias. Aunque
creemos que estas diferencias son num�ericamente peque~nas podr��an, en princi-
pio, ser detectadas en los experimentos de Colisiones de Iones Relativistas y, por
tanto, su consideraci�on puede ayudar a arrojar algo m�as de luz acerca de las fases
hadr�onica y de termalizaci �on en este tipo de procesos.

En este mismo cap��tulo revisar�e qu�e modi�caciones a los resultados que he
obtenido previamente en ChPT y qu�e nueva informaci�on se obtiene cuando se
incluye la f��sica de resonancias ligeras. Esta extensi�on se efectuar�a a trav�es de
la inclusi �on expl��cita de las primeras part��culas pesadas del espectro hadr�onico
mediante la saturaci�on de los canales vectorial y axial por las part��culas � y a1
en forma de estados asint�oticos v��a un modelo de resonancias.

Es precisamente este contexto m�as all �a de la f��sica de piones el que permite
establecer una relaci �on entre los cap��tulos 2 y 3 por medio del an�alisis de dos
escenarios de restauraci�on de simetr��a quiral relacionados con la degeneraci�on
en masa de las corrientes asociadas a los canales escalar-pseudoescalar y axial-
vectorial, respectivamente.



2
Ruptura de isoesp��n sobre par�ametros

de orden asociados a la restauraci�on
de la simetr��a quiral

E
ste cap��tulo est�a formado por las secciones 2.1, 2.2 y 2.3, que contienen las
publicaciones 2.1.1, 2.2.1 y 2.3.1, respectivamente.

Los principales objetivos de esta investigaci�on en relaci �on con los procesos de
baja energ��a que se producen durante la fase hadr�onica de la Colisi �on de Iones
Relativistas han sido el estudio sistem�atico a trav�es deChPT|yde su extensi�on
unitarizada en el caso de la secci �on 2.3| de los par�ametros de orden asociados a
la ruptura espont�anea y a la restauraci�on de la simetr��a quiral, as�� como la com-
paraci�on de estos resultados con los que aparecen en la literatura publicada sobre
el tema hasta la fecha usando tanto teor��as efectivas [120{124] como estudios en
el ret��culo [125{127].
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Par�ametros de orden a temperatura cero

La publicaci �on 2.1.1 analiza el comportamiento del condensado de quarks a
temperatura cero en SU(2)-ChPT, as�� como para los mesones ligeros procedentes
de la ruptura espont�anea de la simetr��a SUL(3) z SUR(3), vid.: piones, kaones y
etas.

Las correcciones debidas a la ruptura de la simetr��a de isoesp��n a trav�es de la
Teor��a Quiral de Perturbaciones en el c�alculo de condensados de quarks han sido
realizadasmediante un an�alisis sistem�atico a partir del lagrangiano quiral efectivo
para el caso de dos sabores en [39], y a trav�es de la introducci�on de correcciones
electromagn�eticas a la masa de kaones y piones en [121]. En este �ultimo caso
s�olo las constantes de baja energ��a electromagn�eticas que intervienen en en el
c�alculo de las masas son tomadas en cuenta.

El inter�es inicial de esta investigaci �on fue el de complementar estos resulta-
dos y con�rmar que la ruptura de isoesp��n sobre estos observables representa
una peque~na correcci �on. En efecto, el an�alisis sistem�atico en la teor��a de dos y
tres sabores que presento aborda el estudio completo y sistem�atico de la sen-
sibilidad de los condensados con efectos de ruptura de isoesp��n intr��nseca y
electromagn�etica al cambio en las constantes de baja energ��a, y permite ana-
lizar la compatibilidad de nuestros resultados con anteriores trabajos. Adem�as,
de esta manera, puede evaluarse la importancia de considerar o no este tipo de
correcciones en relaci �on con los errores que actualmente presentan las t�ecnicas
de simulaci�on en el ret��culo.

Asimismo, los resultados que de�endo plantean el uso de una hip�otesis acer-
ca del comportamiento del vac��o de QCD respecto de la inclusi �on de efectos
de ruptura electromagn�etica. Debido a que el condensado de quarks, < �qq>, es
un par�ametro de orden de la simetr��a quiral; exhibe un valor no nulo como
consecuencia de la ruptura expl��cita y espont�anea de esta simetr��a. Por este mo-
tivo resulta natural esperar que cualquier nuevo t�ermino que venga a romper
expl��citamente la simetr��a quiral |por ejemplo los t�erminos de ruptura de iso-
esp��n| contribuyan a hacer que su valor absoluto aumente, en analog��a con el
comportamiento de lamagnetizaci �on espont�anea en unmaterial ferromagn�etico
bajo la in
uencia de un campo magn�etico externo.

No es posible esgrimir un argumento que asegure, a priori, el comportamiento
ferromagn�etico del vac��o de QCD. Sin embargo, existen varios indicadores que
evidencian un comportamiento similar como respuesta ante est��mulos an�alogos.
Sirvan amodo de ejemplo la modi�caci�on del condensado debida exclusivamente
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a ruptura intr��nseca a �ordenes O(p4) y O(p6) en ChPT [120], el cambio de la
temperatura cr��tica de restauraci�on quiral al aumentar la masa de los piones
[70, 128] o el hecho de que los resultados del ret��culo1 para el condensado sean
sistem�aticamente mayores [125] que los obtenidos por estimaci�on directa [123].
Todos ellos indican que existen indicios de una respuesta ferromagn�etica del
vac��o de QCD bajo cambios en la masa.

Es claro, no obstante, que existen diferencias importantes entre ambas fuen-
tes de ruptura que hacen que el problema deba tratarse con cuidado. En el
cap��tulo 1 ya he hablado acerca del problema de la incorporaci�on de fuentes ex-
ternas al lagrangiano de ChPT, y del hecho de que la ruptura electromagn�etica
tiene una naturaleza distinta a la ruptura intr��nseca en tanto que se acopla al
canal vectorial en lugar de ser una fuente de tipo escalar. Al estudiar el patr�on
de ruptura expl��cita debida a la presencia de carga mostr�e c�omo |incluso en el
hipot�etico caso de que los valores de las cargas de los quarks ligeros sean iguales|
la simetr��a quiral se rompe en presencia de una fuente externa escalar (necesaria
para calcular los condensados), as�� que es, tambi�en, un factor que contribuye a
aumentar el valor absoluto del condensado de quarks.

A trav�es de la asunci�on de esta hip�otesis hemos obtenido m�as informaci�on
acerca de los valores num�ericos que toman estas mismas combinaciones de cons-
tantes electromagn�eticas de baja energ��a que aparecen en el c�alculo de los con-
densados. El conocimiento general de estas constantes en la literatura es |hasta
donde he podido consultar| bastante limitado, siendo considerablemente m�as
abundante en la teor��a de tres sabores, donde han sido calculados a partir de satu-
raci �on de resonancias [130], y enmodelos de granNC y deNambu-Jona-Lasinio [131]
complementados a partir de informaci�on obtenida mediante m�etodos de QCD
perturbativa [132] y el uso de reglas de suma [133, 134] a partir de resonancias
ligeras.

Esto no deja, sin embargo, en una posici �on demarcada inferioridad a la teor��a
de dos sabores puesto que |a este orden y mediante un proceso de desacoplo
del quark strange| es posible relacionar las combinaciones de constantes de baja
energ��a en las dos teor��as a costa de introducir una dependencia expl��cita a
trav�es de masas de mesones. Este desacoplo ha sido ya realizado parcialmente
para ciertas combinaciones de LECs que aparecen en el c�alculo de la masa del
pi�on neutro [135], en dispersi �on de piones [31, 135, 136] y en el an�alisis de la
vida media del pionio [135, 137]; y de modo exhaustivo a partir de un an�alisis
del lagrangiano utilizando m�etodos funcionales en el l��mite quiral [138]. En este
sentido los resultados que presento constituyen un an�alisis complementario a los

1 Aunque a fecha de hoy la t�ecnica de estas simulaciones ha conseguido trabajar demodo controlado
con masas de piones similares a las f��sicas [129], en el trabajo citado las masas para el pi�on
permanecen por encima del valor f��sico.
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ya existentes para las relaciones de desacoplo del quark strange en el marco de la
Teor��a Quiral de Perturbaciones.

De cualquier modo, la separaci�on de las contribuciones electromagn�eticas
e intr��nsecas en cualquier observable es siempre ambig�ua [108, 131, 133, 139] y
depende de la prescripci�on que se utilice. Esto es debido a que observables
que pertenecen de modo genuino a QCD (como por ejemplo las masas de los
quarks) dependen impl��citamente de correcciones electromagn�eticas a trav�es de
las ecuaciones de evoluci�on del Grupo de Renormalizaci �on en la teor��a completa
(QCD+EM ).

No existe una prescripci�on �unica y general que permita separar los efectos
electromagn�eticos de los de ruptura intr��nseca y, por tanto, la identi�caci�on de
EMLECs de forma independiente a lasLECs de naturaleza no electromagn�etica
no est�a asegurada en general para todo orden.

Pese a esto, debido a que las LECs que aparecen en el lagrangiano quiral O(p4)
son, por de�nici �on, independientes de la carga y de las masas de los quarks, es
posible extraer la correspondencia entre las EM LECs a nivel �arbol haciendo
mu = md en la condici �on general. Una vez hecha esta identi�caci�on, hemos rea-
lizado tambi�en la correspondencia entre las LEC no electromagn�eticas a nivel
�arbol, obteniendo a este orden la separaci�on completa de efectos de carga (per-
fectamente coincidente con los resultados de [138]). Hay que notar, no obstante,
que este m�etodo de aproximaci�on no es necesariamente v�alido para �ordenes su-
periores debido a la existencia de t�erminos en el lagrangiano que mezclan las dos
fuentes de ruptura de isoesp��n.

A pesar de esta separaci�on, los resultados presentes en la literatura calculan las
constantes de baja energ��a electromagn�etica a partir de an�alisis experimentales,
por lo que estas LECs experimentales distan de tener una naturaleza indepen-
diente de la carga y de la masa. La voluntad de comparar nuestros resultados
con estas �ultimas hace necesario tener en cuenta esta posible fuente de errores a
la hora de estimar la conveniencia del uso de las relaciones de correspondencia
entre constantes de baja energ��a a nivel �arbol.

En este punto entra en juego un nuevo argumento para la discusi �on de los
resultados: si bien es posible llegar a separar las LECs a trav�es una nueva apro-
ximaci�on basada en el hecho de que las correcciones electromagn�eticas son pe-
que~nas en el caso del condensado ligero total, en general habr�a que utilizar la
relaci �on completa que incluye la mezcla entre los distintos tipos de constantes
de baja energ��a.

En efecto, esta aproximaci�on no es con�able en el caso del par�ametro de
orden de la ruptura de isoesp��n, vid. < �uu x �dd>, donde los efectos de ruptura
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intr��nseca y electromagn�etica son los �unicos que contribuyen, siendo formal y
num�ericamente comparables.

Resulta entonces que las condiciones de correspondencia sobre los grupos
de constantes de baja energ��a que aparecen en este �ultimo han de tomarse cum
grano salis a la hora de comparar con las EM LECs de la literatura debido a
que la separaci�on directa de la parte electromagn�etica haciendo mu = md no es
num�ericamente con�able.

La existencia de esta ambig�uedad sumada, por supuesto, a la distinta preci-
si �on num�erica de cada trabajo, hace que los datos obtenidos para las EM LECs
en la literatura no sean completamente compatibles entre s��: los resultados de-
penden forzosamente de la prescripci�on usada para la separaci�on, y �esta afecta
de modo necesario a la dependencia con la escala de renormalizaci �on de QCD y
con el gauge.

A pesar de esta di�cultad existe un rango de de estabilidad en el que la
variaci �on con esta escala de renormalizaci �on es suavey compatible con los errores
te�oricos [131, 132]. Adem�as, el hecho de que los resultados para SU(3)-ChPT se
escriban en t�erminos de los grupos de constantes Kr

7, K
r
8(�) y Kr

9(�) + Kr
10(�),

todos ellos independientes del gauge [132, 133], refuerza su car�acter predictivo,
toda vez que ya fueron comprobadas |al igual que todos y cada uno de los
observables que presento en este trabajo| como independientes de la escala de
renormalizaci �on de la Teor��a Quiral.

Desde un punto de vista pragm�atico, muchos de los trabajos de investigaci�on
consultados asumen la llamada hip�otesis de valores naturales, seg �un la cual cualquier
constante de baja energ��a yace en el intervalo [x1=16� 2; 1=16� 2] cuando se eval �ua
la escala de renormalizaci �on quiral en la masa de la primera resonancia ligera,
i.e. �� = M� [39,40]. La publicaci �on 2.1.1 muestra que |mediante el uso de la
hip�otesis ferromagn�etica| se obtienen ligaduras (independientes del gauge y de
la escala quiral) que constri~nen el intervalo en el que yace el valor num�erico de
las combinaciones de constantes de baja energ��a que aparecen en los resultados
que expongo.

Estas cotas mejoran la aproximaci�on de valores naturales, si bien es cierto
que al incluir el sector de extra~neza no nula (SU(3)-ChPT ) la hip�otesis pierde
efectividad|incluso al considerar s�olo el condensado ligero <�uu+ �dd>|debido
a que la masa del quark strange es considerablemente m�as grande que cualquiera
de lasmasas ligerasmu;md y distorsiona la serie perturbativa quiral. En cualquier
caso, y debido a que los valores calculados para estas constantes en la literatura
son aproximadamente del mismo orden, he asumido valores naturales siempre
que sea necesario extraer informaci�on num�erica de los resultados.

Aunque la descripci�on de baja energ��a de los par�ametros de orden que se
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efect �ua en el presente trabajo puede escribirse en t�erminos de cantidades f��sicas
como masas y constantes de desintegraci�on de grados de libertad con�nados
evitando |al menos inicialmente| su relaci �on con par�ametros t��picos de QCD,
estos comentarios son �utiles debido a que una parte de los objetivos tiene como
�nalidad la comparaci�on entre las estimaciones de EM LECs procedentes de la
Teor��a Quiral a trav�es de cotas basadas en la de respuesta ferromagn�etica del
vac��o y EM LECs obtenidas mediante rastreo bibliogr�a�co, obtenidas a partir
de diversos m�etodos. Es de vital importancia, entonces, ser consistente con la
prescripci�on de separaci �on de efectos de carga e intr��nsecos que se usen en esos
trabajos.

La equivalencia formal entre los grupos de constantes de baja energ��a tam-
bi�en permite analizar las diferencias entre los condensados totales en la teor��a
de dos y tres sabores de una forma auto-contenida y homog�enea, permitiendo
mostrar que los resultados obtenidos |al menos en el contexto de Teor��a Quiral
de Perturbaciones est�andar2| indica que los condensados de quarks ligeros, u y
d, toman pr�acticamente el mismo valor num�erico cerca del l��mite quiral.

Existe una di�cultad a~nadida en la evaluaci�on de los condensados a partir
de este an�alisis efectivo: es bien sabido [31] que la de�nici �on del condensado de
quarks, < �qq>, adolece de una ambig�uedad que se re
eja en la Teor��a Quiral de
Perturbaciones a trav�es de su dependencia en los llamados t�erminos de contacto:
constantes que, al igual que las LECs, son necesarias para absorber las divergen-
cias procedentes de los diagramas de loops pero que, sin embargo,|y a diferencia
de lo que sucede con las constantes de baja energ��a| no tienen contenido f��sico
en tanto que no es posible su determinaci�on a partir de experimentos.

Resulta, por tanto, altamente deseable encontrar resultados que no dependan
de este tipo de t�ermino, y eso es precisamente lo que se consigue a trav�es de
la regla de suma que relaciona las cantidades < �dd>=< �uu> y < �ss>=< �uu> con
par�ametros f��sicos de la teor��a directamente vinculados a la ruptura de isoesp��n.

Con todo, los principales resultados de la publicaci �on 2.1.1 pueden resumirse
como sigue:

§ El c�alculo de los condensados de quark a un loop incorporando las modi�ca-
ciones debidas a la ruptura, tanto intr��nseca como electromagn�etica, en la
Teor��a Quiral de Perturbaciones para dos y tres sabores proporciona resul-
tados �nitos, model-independent e independientes, tambi�en, de la escala de
renormalizaci �on de la Teor��a Quiral.

Los resultados num�ericos se han calculado exclusivamente en SU(3)-ChPT
debido a la falta de informaci�on inicial sobre las EM LECs en SU(2)-ChPT.

2 Ver referencias [140{142] para encontrar diversos an�alisis en diferentes escenarios de ruptura de
simetr��a quiral.
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Las correcciones son peque~nas (� 1%) respecto a la asunci�on de la simetr��a
de isoesp��n desde el principio, y compatibles con los errores actuales que
presentan los c�alculos en el ret��culo [125].

Asumiendo, a efectos num�ericos, la aproximaci�on de valores naturales
encontramos que las diferencias en los condensados < �uu>, < �dd> y < �ss>
|convenientemente normalizados a su valor leading order| respecto de los
que aparecen en [121], var��an entre un 2% para los condensados ligeros, y el
4% para el strange. Aunque estos valores representan peque~nas correcciones,
son num�ericamente relevantes debido a la precisi �on con que se calculan estas
cantidades en la citada publicaci �on.

En cuanto a la asimetr��a de vac��o, < �dd>=< �uu>x1, cuyo valor es nulo
en el l��mite de isoesp��n (y por tanto debiera re
ejar mayor sensibilidad): las
diferencias entre considerar apropiadamente las contribuciones de todas las
EMLECs e incluirlas a trav�es de correcciones procedentes de t�erminos que
violan el Teorema de Dashen se sit �uan entre un 15% y un 24%, seg �un se
escojan las cotas inferior o superior de la aproximaci�on de valores naturales.
Esto indica que el tratamiento completo a nivel lagrangiano de los efectos
de carga es importante para el estudio de observables que son id�enticante
nulos en el l��mite de isoesp��n.

§ La asunci�on de la hip�otesis de respuesta ferromagn�etica para el vac��o |
junto con una prescripci�on adecuada para la separaci�on de la parte elec-
tromagn�etica de la no electromagn�etica en el c�alculo de los condensados|
da lugar a distintas cotas inferiores para el valor num�erico de las combina-
ciones de constantes electromagn�eticas de baja energ��a que aparecen en el
c�alculo del par�ametro de orden asociado a la restauraci �on de simetr��a quiral,
<�qq>, tanto en dos como en tres sabores.

La restricci �on es mayor en el caso de condensados ligeros en SU(3)-ChPT,
pero asimismomenos con�ables debido a la distorsi �on que introduce la masa
del quark strange en la serie perturbativa quiral.

Estas cotas inferiores son independientes de la escala de renormalizaci �on
de la Teor��a Quiral y, por tanto, representan verdaderas predicciones model
independent en el sector de baja energ��a de la Interacci �on Fuerte. A la hora de
comparar estos resultados con el resto de valores presentes en la literatura
especializada |basados en c�alculos de QCD| es necesario indicar qu�e tipo
de prescripci�on de separaci�on entre efectos electromagn�eticos y no electro-
magn�eticos se usa. Esta misma prescripci�on introduce indefectiblemente
una dependencia en la escala de renormalizaci �on de QCD y en el gauge.

Con estos resultados en mano|y utilizando la misma prescripci�on3 que
en los trabajos consultados| se ha comprobado que las constantes de baja

3 Consistente en la separaci�on directa de la parte e = 0.



58 Resultados

energ��a que toman parte en el c�alculo de las ligaduras presentadas en este
trabajo son independientes del gauge. Tambi�en se ha probado que todos y
cada uno de los valores de las constantes de baja energ��a electromagn�eti-
cas que se han consultado en la literatura cumplen estas ligaduras, lo que
constituye una comprobaci�on de consistencia a los resultados que de�endo.

§ Las correcciones a la regla de suma que conecta los cocientes < �dd>=< �uu>
y < �ss > =< �uu> debidas a ruptura electromagn�etica son del mismo orden
num�erico que las debidas a ruptura intr��nseca (las �unicas consideradas en
el art��culo original [31]), y han de ser incluidas, por tanto, en un an�alisis
consistente de la violaci �on de isoesp��n. Esta regla de suma permite calcular
la asimetr��a de vac��o, arrojando un resultado compatible con los que he
encontrado en la literatura.

El resultado �nal es independiente de la escala de renormalizaci �on de la
Teor��a Quiral y de t�erminos de contacto, por lo que constituye un genuino
observable en el sector de baja energ��a de la Interacci �on Fuerte.

§ De modo complementario a los resultados en el l��mite de isoesp��n que apa-
recen en [138], se ha efectuado una correspondencia entre el condensado
ligero calculado en SU(2)-ChPT y en SU(3)-ChPT a partir del desacoplo en
masa del quark strange. Esta correspondencia se extiende a las constantes de
baja energ��a de ambas teor��as, donde las de naturaleza electromagn�etica se
mezclan|en pie de igualdad| con aqu�ellas de car�acter no electromagn�eti-
co. Esto indica que al considerar los valores f��sicos para lamasa y carga de los
quarks es necesario acometer nuevas aproximaciones si se pretende separar
ambos grupos de constantes y hacer expl��cita la correspondencia entre EM
LECs de las teor��as de dos y tres sabores.

Considerando formalmente las constantes debaja energ��a electromagn�eti-
cas que aparecen en el lagrangiano como independientes de lamasa y la carga
s�� es posible separar ambos efectos y escribir relaciones de correspondencia
entre grupos de constantes hom�ologas de SU(2)-ChPT y SU(3)-ChPT a partir
de expandir en 1=ms las expresiones para el condensado ligero total y el
par�ametro de orden de la ruptura de isoesp��n. Sin embargo estas relaciones
pueden no ser num�ericamente con�ables a la hora de compararlos con los
resultados para las constantes de baja energ��a que aparecen en la literatura
debido a que los m�etodos que se usan para su determinaci�on distan mucho
de considerar unas LECs a nivel �arbol.

Una cierta soluci�on intermedia para la separaci�on de estasLECs consiste
en asumir, en la relaci �on de correspondencia completa, la hip�otesis adicional
de que las correcciones electromagn�eticas dan lugar s�olo a una peque~na
modi�caci�on. Aunque est�a hip�otesis es verdaderamente razonable en el caso
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del condensado total, dista bastante de ser num�ericamente con�able en el
caso de la diferencia de condensados ligeros.
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2.1.1 Publicaci �on:
A. G�omez Nicola, R. Torres Andr�es,
Isospin-breaking quark condensates
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A Gómez Nicola and R Torres Andrés
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Abstract
We analyze the isospin-breaking corrections to quark condensates within one-
loop SU(2) and SU(3) chiral perturbation theory including mu = md as well
as electromagnetic (EM) contributions. The explicit expressions are given and
several phenomenological aspects are studied. We analyze the sensitivity of
recent condensate determinations to the EM low-energy constants (LEC).
If the explicit chiral symmetry breaking induced by EM terms generates a
ferromagnetic-like response of the vacuum, as in the case of quark masses, the
increasing of the order parameter implies constraints for the EM LEC, which
we check with different estimates in the literature. In addition, we extend the
sum rule relating quark condensate ratios in SU(3) to include EM corrections,
which are of the same order as the mu = md ones, and we use that sum rule
to estimate the vacuum asymmetry within ChPT. We also discuss the matching
conditions between the SU(2) and SU(3) LEC involved in the condensates,
when both isospin-breaking sources are taken into account.

(Some figures may appear in colour only in the online journal)

1. Introduction

The low-energy sector of QCD has been successfully described over recent years within the
chiral Lagrangian framework. Chiral perturbation theory (ChPT) is based on the spontaneous
breaking of the chiral symmetry SUL(Nf ) × SUR(Nf ) → SUV (Nf ) with Nf = 2, 3 light
flavours and provides a consistent and systematic model-independent scheme to calculate
low-energy observables [1–3]. The effective ChPT Lagrangian is constructed as the more
general expansion L = Lp2 + Lp4 + · · · compatible with the QCD underlying symmetries,
where p denotes derivatives or meson mass and external momentum below the chiral scale
χ ∼ 1 GeV.

The SUV (Nf ) group of vector transformations corresponds to the isospin symmetry for
Nf = 2. In the Nf = 3 case, the vector group symmetry is broken by the strange-light quark
mass difference ms − mu,d , although ms can still be considered as a perturbation compared to
χ , leading to SU(3) ChPT [3]. In the Nf = 2 case, the isospin symmetric limit is a very good

0954-3899/12/015004+21$33.00 © 2012 IOP Publishing Ltd Printed in the UK & the USA 1



J. Phys. G: Nucl. Part. Phys. 39 (2012) 015004 A Gómez Nicola and R Torres Andrés

approximation in nature. However, there are several known examples where isospin breaking
is phenomenologically relevant at low energies, such as sum rules for quark condensates [3],
meson masses and corrections to Dashen’s theorem [4], pion–pion [5, 6] and pion–kaon [7, 8]
scattering in connection with mesonic atoms [9, 10], CP violation [11], a0 − f0 mixing [12],
kaon decays [13, 14] and other hadronic observables (see [15] for a recent review).

The two possible sources of isospin breaking are the md − mu light quark mass
difference and electromagnetic (EM) interactions. Both can be accommodated within the
ChPT framework. The former is accounted for by modifying the quark mass matrix and
generates a π0η mixing term in the SU(3) Lagrangian [3]. The expected corrections from
this source are of order (md − mu)/ms. On the other hand, EM interactions, which in
particular induce mass differences between charged and neutral light mesons, can be included
in ChPT via the external source method and give rise to new terms in the effective Lagrangian
[4–6, 16–18] of order Le2 , Le2 p2 and so on, with e the electric charge. These terms fit into
the ChPT power counting scheme by considering formally e2 = O(p2/F2), with F the pion
decay constant in the chiral limit.

The purpose of this paper is to study the isospin-breaking corrections to quark condensates,
whose main importance is their relation to the symmetry properties of the QCD vacuum.
The singlet contributions ūu + d̄d for SU(2) and ūu + d̄d + s̄s for SU(3) are order
parameters for chiral symmetry, while the isovector one ūu − d̄d behaves as an order
parameter for isospin breaking, which is not spontaneously broken [19]. We will calculate the
condensates within one-loop ChPT, which ensures the model independence of our results, and
will address several phenomenological consequences. The two sources of isospin breaking
will be treated consistently on the same footing, which will allow us to test the sensibility
of previous phenomenological analysis to the EM low-energy constants (LEC). Moreover,
the EM corrections induce an explicit breaking of chiral symmetry which will lead to lower
bounds for certain combinations of the LEC involved, provided the vacuum response is
ferromagnetic, as in the case of quark masses. In addition, in SU(3) one can derive a sum
rule relating the different condensate ratios for mu = md [3] which, as we will show here,
receives an EM correction not considered before and of the same order as that proportional
to mu − md . The latter is useful to estimate the vacuum asymmetry d̄d/ūu reliably within
ChPT. An additional aspect that we will discuss is the matching of the SU(2) and SU(3) LEC
combinations appearing in the condensates when both isospin-breaking sources are present,
comparing with previous results in the literature. The analysis carried out in this work will
serve also to establish a firm phenomenological basis for its extension to finite temperature, in
order to study different aspects related to chiral symmetry restoration [20].

With the above motivations in mind, the paper is organized as follows: in section 2 we
briefly review the effective Lagrangian formalism needed for our present work, paying special
attention to several theoretical issues and to the numerical values of the parameters and LEC
needed here. Quark condensates for SU(2) are calculated and analyzed in section 3, where
we discuss the general aspects of the bounds for the EM LEC based on chiral symmetry
breaking. In that section we also comment on the analogy with lattice analysis. The SU(3)

case is separately studied in section 4. In that section, we first perform a numerical analysis
of the isospin-breaking corrections, paying special attention to the effect of the EM LEC in
connection with previous results in the literature. In addition, we obtain the EM corrections
to the sum rule for condensate ratios, which we use to estimate the vacuum asymmetry
within ChPT. We also provide the LEC bounds for this case, checking them with previous
LEC estimates and, finally, we discuss the matching conditions for the LEC involved. In the
appendix we collect the Lagrangians of fourth order and the renormalization of the LEC used
in the main text.
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2. Formalism: effective Lagrangians for isospin breaking

The effective chiral Lagrangian up to fourth order is given schematically by

Leff = Lp2+e2 + Lp4+e2 p2+e4 . (1)

The second-order Lagrangian is the familiar nonlinear sigma model, including now the gauge
coupling of mesons to the EM field through the covariant derivative, plus an extra term:

Lp2+e2 = F2

4
tr [DμU†DμU + 2B0M(U + U†) + Ctr[QUQU†]. (2)

Here, F is the pion decay constant in the chiral limit and U(x) ∈ SU(Nf ) is the Goldstone
boson (GB) field in the exponential representation U = exp[i/F] with

SU(2) :  =


π0
√

2π+
√

2π− −π0


,

SU(3) :  =

⎛
⎜⎝

π0 + 1√
3
η

√
2π+ √

2K+
√

2π− −π0 + 1√
3
η

√
2K0

√
2K− √

2K̄0 −2√
3
η

⎞
⎟⎠ , (3)

with η the octet member with I3 = S = 0. The covariant derivative is Dμ = ∂μ + iAμ[Q, ·]
with A the EM field. M and Q are the quark mass and charge matrices, respectively, i.e. in
SU(3) M = diag(mu, md, ms) and Q = diag(eu, ed, es) with eu = 2e/3, ed = es = −e/3 for
physical quarks. The additional term in (2), the one proportional to C, can be understood as
follows: the QCD Lagrangian for mu = md coupled to the EM field is not invariant under an
isospin transformation q → gq with g ∈ SU(Nf ) and q the quark field. However, it would be
isospin invariant if the quark matrix Q is treated as an external field transforming as Q → g†Qg.
Therefore, the low-energy effective Lagrangian has to include all possible terms compatible
with this new symmetry, in addition to the standard QCD symmetries. The lowest order O(e2)

is the C-term in (2), since U transforms as U → g†Ug. Actually, one allows for independent
‘spurion’ fields QL(x) and QR(x) transforming under SUL(Nf ) × SUR(Nf ) so that one can
build up the new possible terms to any order in the chiral Lagrangian expansion, taking in the
end QL = QR = Q [4].

In the previous expressions, F, B0mu,d,s,C are the low-energy parameters to this order.
Working out the kinetic terms, they can be directly related to the leading-order (LO) tree-level
values for the decay constants and masses of the GB. In SU(2), the tree-level masses to LO
are

M2
π+ = M2

π− = 2m̂B0 + 2C
e2

F2
,

M2
π0 = 2m̂B0, (4)

with m̂ = (mu + md )/2 the average light quark mass. Note that both terms contributing to the
charged pion mass are of the same order in the chiral power counting, although numerically
M2

π± − M2
π0


/M2

π0  0.1, which we will use in practice as a further perturbative parameter
to simplify some of the results.

In the SU(3) case, the mass term in (2) induces a mixing contribution between the π0 and
the η meson fields given by Lmix = (B0/

√
3)(md − mu)π

0η. Therefore, the kinetic term has
to be brought to the canonical form before identifying the GB masses, which is performed by
the field rotation [3]:

π0 = π̄0 cos ε − η̄ sin ε,

η = π̄0 sin ε + η̄ cos ε, (5)
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where the mixing angle is given by

tan 2ε =
√

3

2

md − mu

ms − m̂
. (6)

Once the above π0η rotation is carried out, the SU(3) tree-level meson masses to LO read

M2
π+ = M2

π− = 2m̂B0 + 2C
e2

F2
,

M2
π0 = 2B0


m̂ − 2

3
(ms − m̂)

sin2 ε

cos 2ε


,

M2
K+ = M2

K− = (ms + mu)B0 + 2C
e2

F2
, (7)

M2
K0 = (ms + md )B0,

M2
η = 2B0


1

3
(m̂ + 2ms) + 2

3
(ms − m̂)

sin2 ε

cos 2ε


.

The above five equations are the extension of the Gell-Mann–Oakes–Renner (GOR)
relations [21] to the isospin asymmetric case and allow us to relate the four constants B0mu,d,s

and C (ε is given in terms of quark masses in (6)) with the five meson masses or their
combinations. The additional equation provides the following relation between the tree-level
LO masses:


M2

K± − M2
π±

2 − 3

M2

η − M2
K0


M2

K0 − M2
π0


= 0. (8)

The above equation is compatible with the one obtained in [22] neglecting O(mu −md )2 terms.
Actually, note that although all terms in (7) are formally of the same chiral order, numerically
(see below) we expect ε ∼ (

√
3/4)(md −mu)/ms  1 and hence the mixing-angle corrections

to the squared masses to be O(M2
πε) and O(M2

ηε
2) for the neutral pion and eta, respectively.

On the other hand, in the isospin-symmetric limit (mu = md and e = 0), (8) is nothing but the
Gell-Mann–Okubo formula 4M2

K − 3M2
η − M2

π = 0 [23]. Neglecting only the md − mu mass
difference in (7) leads to Dashen’s theorem M2

K± − M2
K0 = M2

π± − M2
π0 [24] and then equation

(8) reduces to 4M2
K0 − 3M2

η − M2
π0 = 0, i.e. the Gell-Mann–Okubo formula for neutral states.

However, the violation of Dashen’s theorem at tree level due to those quark mass differences
is significant numerically for kaons. In our present treatment we consider those differences
on the same footing as the EM corrections to the masses. For pions, the main effect in the
π0 − π+ mass difference comes from the EM contribution [25].

All the previous expressions hold for tree-level LO masses M2
a with a = π±,π0, K±, η,

in terms of which we will write all of our results. They coincide with the physical masses
to LO in ChPT, i.e. M2

a,phys = M2
a (1 + O(M2)). Calculating the ChPT corrections to a given

order then allows us to determine the numerical values of the tree-level masses, knowing their
physical values and to that order of approximation. The same holds for F , which coincides
with the meson decay constants in the chiral limit F2

a,phys = F2(1 + O(M2)). Next to leading
order (NLO) O(M2) corrections to meson masses and decay constants were given in [2, 3] for
e2 = 0. EM corrections to the masses can be found in [4] for SU(3) and in [6, 18] for SU(2)

including both e2 = 0 and mu = md isospin-breaking terms.
The fourth-order Lagrangian in (1) consists of all possible terms compatible with the

QCD symmetries to that order, including the EM ones. The Lp4 Lagrangian is given in [2] for
the SU(2) case, h1,2,3 (contact terms) and l1...7 denoting the dimensionless LEC multiplying
each independent term, and in [3] for SU(3) the LEC named H1,2 and L1...10. The EM Le2 p2

and Le4 for SU(2) are given in [5, 6], k1,...13 denoting the corresponding EM LEC, and in [4]
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for SU(3) with the K1...17 EM LEC. For completeness, in the appendix we give the relevant
terms needed in this work. The LEC are renormalized in such a way that they absorb all the
one-loop ultraviolet divergences coming from Lp2 and Le2 , according to the ChPT counting,
and depend on the MS low-energy renormalization scale μ in such a way that the physical
quantities are finite and scale independent. The renormalization conditions for all the LEC can
be found in [2, 4, 6, 17] and in the appendix we collect only those needed in this work.

As customary, we denote the scale-dependent and renormalized LEC by a superscript ‘r’.
The renormalized LEC are independent of the quark masses by definition, although their finite
parts are unknown, i.e. they are not provided within the low-energy theory. The numerical
values of the LEC at a given scale can be estimated by fitting meson experimental data,
theoretically by matching the underlying theory under some approximations, or from the
lattice. These procedures allow us to obtain estimates for the ‘real-world’ LEC at the expense
of introducing residual dependences of those LEC on the parameters of the approximation
procedure, which typically involves a truncation of some kind. Examples of these are the ms

dependence on the SU(2) LEC when matching the SU(3) ones, the correlations between LEC,
masses and decay constants through the fitting procedure, the QCD renormalization scale and
gauge dependence of some of the EM LEC or the dependence with lattice artifacts such as
finite size or spurious meson masses. We will give more details below, specially regarding the
EM LEC which will play an important role in our present work. An exception to the LEC
estimates are the contact LEC hi and Hi, which are needed for renormalization but cannot
be directly measured. The physical quantities depending on them are therefore ambiguous,
which comes from the definition of the condensates in QCD perturbation theory, requiring
subtractions to converge [2]. It is therefore phenomenologically convenient to define suitable
combinations which are independent of the hi, Hi. We will bear this in mind throughout this
work, providing such combinations when isospin breaking is included.

We will analyze in one-loop ChPT (NLO) the quark condensates, which for a given flavour
qi can be written at that order as

q̄iqi = −

∂Leff

∂mi


. (9)

The above equation is nothing but the functional derivative with respect to the ith
component of the scalar current, particularized to the values of the physical quark masses,
according to the external source method [2, 3]. Therefore, we will be interested only in the
terms of the fourth-order Lagrangian containing at least one power of the quark masses.
These are the operators given in equations (A.1) and (A.2) for SU(2) and SU(3), respectively.
Thus, the LEC that enter our calculation are l3, h1, h3, k5, k6, k7 in SU(2), and L6, L8, H2,
K7, K8, K9, K10 in SU(3). Besides, up to NLO, only tree-level diagrams from the fourth-order
Lagrangian can contribute to the condensates, so that in practice it is enough to set U = 1 in
(A.1)–(A.2) for getting those tree-level contributions from (9).

2.1. Masses and LECs

For most of the numerical values of the different LECs and parameters in the SU(3) case, we
will follow [26], where fits to Kl4 experimental data are performed in terms of O(p6) ChPT
expressions, including the isospin mass difference mu/md = 1 and EM corrections to the meson
masses, extending a previous work [27] where isospin breaking was not considered. Those fits
have been improved in a recent work [28], which takes into account new phenomenological
and lattice results. We will however stick to the values of [26], since our main interest is to
compare the isospin-breaking condensates with the two sources included and to estimate the
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effect of the EM LEC. In the new fits [28] isospin breaking is included only to correct for
the charged kaon mass and the condensate values are not provided. For a review of different
estimates of the quark masses and condensates see also [29] and [30]. In addition, in [31] a
recent update of lattice results for low-energy parameters can be found, including LEC and
the quark condensate. We will use the central values of the main fit in [26]. The value of
ms/m̂ = 24 [29, 30] is used as an input in [26], as well as Lr

6 = 0, as follows e.g. from OZI rule
or large-Nc arguments [3]. The more recent fits [28] consider an updated value of ms/m̂ = 27.8
in accordance with recent determinations [31] and a nonzero value of Lr

6 is obtained as an
output. The suppression of Lr

6 has been questioned in connection with a reduction of the light
quark condensate when the number of flavours is increased [32], within the framework of
generalized ChPT. In that context, the chiral power counting is modified due to the smallness
of the condensate. Here, we will adhere to the standard ChPT picture, where the condensate
and the GOR-like relations are dominated by the LO [33], sustained by the recent lattice LEC
estimates [31]. The values of F = 87.1 MeV, 2B0m̂ = 0.0136 GeV2, mu/md = 0.46 and
L8(μ = 770 MeV) = 0.62 × 10−3 are outputs from the main fit in [26]. With those values we
obtain from (6) ε = 0.014 and from (7) the tree-level masses of π0, K0, η.

To calculate the tree-level charged meson masses, we also need the value of the C constant,
which can be inferred also from the results in [26] since the EM correction is numerically very
small in the charged kaon mass with respect to the pure QCD contribution. This allows us to
extract the tree-level charged kaon mass directly from the expressions for MK±/MK±,QCD in
[26], approximating MK±,QCD by the full physical mass. From there we extract the value of C
by subtracting the tree-level QCD part in (7) calculated with the above given quark masses.
In this way we obtain C = 5.84 × 107 MeV4, which is very close to the values obtained
simply from the charged–neutral pion mass difference in (7) setting the masses and F to their
physical values [6] or from resonance saturation arguments [4]. From that C value we obtain
the tree-level charged pion mass, using again (7). Nevertheless, to the order we are calculating
we could have used the physical meson masses and decay constants instead of the tree level
ones as well, since formally the difference is hidden in higher orders. The main reason why we
choose the values in [26] is to compare directly with their numerical quark condensates and
estimate the importance of the Kr

i corrections (see section 4.1 for details). The constant H2 will
also appear explicitly in quark condensates. Since it cannot be fixed with meson experimental
data, when needed we will estimate it from scalar resonance saturation arguments as Hr

2 = 2Lr
8

[16, 26], although we will comment below more about the Hr
2 dependence of the results and

provide physical quantities which are independent of the contact terms.
Regarding the EM LEC, the SU(3) Kr

i have been estimated in the literature under different
theoretical schemes. Resonance saturation was used in [35], large-Nc and NJL models in [34],
complemented with QCD perturbative information in [36] and a sum-rule approach combined
with low-lying resonance saturation has been followed in [37, 38]. The works [34, 36–38]
have in common the use of perturbative QCD methods for the short-distance part of the
LEC and different model approaches for the long-distance part. This procedure implies that
the LEC estimated in that way depend (roughly logarithmically) in general on the QCD
renormalization scale, which we call μ0 to distinguish it from the low-energy scale μ, as
well as on the gauge parameter. A closely related problem is that the separation of the
strong (e = 0) and EM contributions for a given physical quantity is in principle ambiguous
[34, 37, 39, 40]. The origin of this ambiguity [40] is that QCD scaling quantities such as quark
masses also contain EM contributions through the renormalization group evolution in the full
QCD+EM theory. Thus, a particular prescription for disentangling those contributions must be
provided. In addition, when matching such quantities between the low-energy sector and the
underlying theory, the choice of a given prescription will necessarily affect the scale and gauge

6
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dependence of the EM LEC. These theoretical uncertainties, as well numerical ones, make
those theoretical EM LEC estimates not fully compatible. For these reasons, in many works
analyzing EM corrections, the LEC are simply assumed to lie within ‘natural’ values |Kr

i |, |kr
i |

<∼ 1
16π2  6.3×10−3 at the scale μ ∼ Mρ [4, 6]. The above theoretical issues will be addressed

in more detail in sections 3 and 4.4. The LEC dependences on the QCD scale and on the gauge
parameter do no affect our results directly, being only relevant when comparing them with
approaches where those LEC are obtained by matching the underlying theory. In that context
we will see that the LEC combinations that we will deal with are gauge independent and lie
within the stability range where the dependence on μ0 is smooth and the matching makes
sense [34, 36]. The theoretical errors quoted, e.g., in [34] account for the uncertainty related
to the μ0 dependence.

As for the SU(2) kr
i , no direct estimate is available to our knowledge, although one can

relate them to the Kr
i by performing formally a 1/ms expansion in a given physical quantity

calculated in SU(3) and comparing to the corresponding SU(2) expression, similarly as the
li ↔ Li conversion given in [3]. This has been done partially for some combinations of the
LEC, namely those appearing in the neutral pion mass [41], in pion scattering [ 9, 41] and in the
pionium lifetime [41, 42]. More recently, a full matching of the EM SU(2) and SU(3) LEC at
the Lagrangian level has been performed in [43] using functional integral methods in the chiral
limit. In this work, we will provide a complementary analysis. Namely, in section 4 we will
obtain the matching relations between the LEC involved in the quark condensates, including
both mu − md and EM contributions. Those relations will be consistent with the results in [43]
and phenomenologically useful when dealing with approximate LEC determinations where
isospin and mass corrections may be entangled.

3. Two-flavour quark condensates and bounds for the EM LEC

We start by giving the explicit one-loop ChPT expressions for the quark condensates in SU(2)

with all the isospin-breaking corrections included, which we derive from (9):

q̄q ≡ ūu + d̄d

= −2F2B0


1 − μπ0 − 2μπ± + 2

M2
π0

F2


lr
3(μ) + hr

1(μ)

+ e2Kr

2(μ) + O(p4)


, (10)

ūu − d̄d = 4B2
0(md − mu)h3 − 8

3 F2B0e2k7 + O

p2


, (11)

where

Kr
2(μ) = 4

9
[5(kr

5(μ) + kr
6(μ)) + k7], (12)

and throughout this work we will follow the same notation as in [2, 3]:

μi = M2
i

32π2F2
log

M2
i

μ2
; νi = 1

32π2


1 + log

M2
i

μ2


. (13)

The μi arise from the finite part of the one-loop tadpole-like contribution Gi(x = 0),
with G the free meson propagator [2]. The renormalization conditions for the LEC involved
in (10)–(11) can be found in [2] and [6] and we give them in the appendix. With that
LEC renormalization, one can check that the condensates in (10)–(11) are finite and scale
independent, which is a nontrivial consistency check. Recall that h3 and k7 do not need to be
renormalized. The condensates still depend on the h1 and h3 contact LEC, which, as explained
above, yield an ambiguity in the determination of the condensates. The result (10) for e = 0

7
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and mu = md reduces for e = 0 to the expressions given in [2]. The condensate difference (11)
is given in [2] for e = 0, which we agree with, and in [6] for e = 0, which we also agree with,
except for the relative sign between the two terms, which should be a minus in their equation
(3.12) [44].

Let us now argue on how the EM corrections to the condensates may lead to constraints
for the EM LEC. Those corrections come directly from the coupling of the EM field to the
quarks in the QCD action, which break chiral symmetry. Actually, to understand better the
origin of the different sources involved in chiral symmetry and isospin breaking, it is useful to
keep the charges of the u and d flavours arbitrary and to separate the isoscalar and isovector
contributions of the charge matrix in SU(2):

Q = eu + ed

2
1 + eu − ed

2
τ3, (14)

with τ3 = diag(1,−1) corresponding to the third isospin component. The EM part of the QCD
Lagrangian q̄γ μAμQq breaks the explicitly chiral symmetry SUL(2) × SUR(2) if eu = ed ,
through the isovector part in (14). The isovector also breaks the isospin symmetry SUV (2)

(L = R) except for transformations in the third direction, which corresponds to electric charge
conservation. On the other hand, the mass term q̄Mq breaks chiral symmetry for any nonzero
value of the quark masses, preserving isospin symmetry if mu = md . Altogether, the conclusion
is that the QCD Lagrangian is chiral invariant only if eu = ed and mu = md = 0. Thus, chiral
symmetry is explicitly broken even if eu = ed , as long as any of the quark masses mq = 0, or
equivalently, in the presence of an external scalar source, as needed to derive the condensates.
If eu = ed and mu = md = 0, chiral symmetry is broken but isospin symmetry is conserved.

Now, let us recall how this charge and mass symmetry-breaking pattern translates into the
low-energy sector. The LO Lp2+e2 in (2) contains separate combinations of the charge and mass
terms, both sharing the QCD pattern. Thus, the charge contribution proportional to C in (2) can
be decomposed according to (14), giving a constant term proportional to (eu+ed )2 independent
of masses and fields, plus the term C


(eu − ed )2/4


tr


τ3Uτ3U†


, which contributes directly

to the pion EM mass difference in (4). Therefore, in the second-order Lagrangian all the EM
chiral symmetry-breaking terms are proportional to (eu − ed )2. This is no longer true for the
fourth-order Lagrangian in (A.1), for which the symmetries of the theory allow for crossed
mass-charge terms, like those proportional to k5, k6 and k7. Those crossed terms break chiral
symmetry even for eu = ed for any nonzero quark mass, the strength of chiral breaking being
proportional both to the quark charge e and to the quark mass m̂. Consequently, they contribute
to q̄q = −2∂L/∂(mu + md ), the expectation value of the SUV (2) singlet behaving as an
order parameter for chiral symmetry breaking. Setting U = 1 in the Lagrangian gives a piece
proportional to k5 + k6 yielding (eu + ed )2 and (eu − ed )2 contributions to q̄q and another
one proportional to k7 contributing both to q̄q and to ūu − d̄d = −2∂L/∂(mu − md ), the
isotriplet order parameter of isospin breaking:

Lq̄q
e2 p2 = 2F2B0{(k5 + k6)[(eu + ed )2 + (eu − ed )2](mu + md ) + 2k7[(eu + ed )2(mu + md )

+ (eu − ed )(eu + ed )(mu − md )]} + · · · ,
where the dots indicate terms not contributing to the condensates at this order.

Thus, we see how the two sources of isospin breaking show up in the order parameter (11),
which does not receive pion loop contributions in SU(2). The latter is the explicit confirmation
that isospin symmetry is not spontaneously broken in QCD [19], since all the contributions to
this order parameter vanish for mu = md and e = 0.

On the other hand, the quark condensate q̄q behaves as an order parameter for chiral
symmetry and therefore measures the different sources of symmetry breaking: spontaneous and
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explicit. Thus, it is naturally expected that its absolute value increases when a new symmetry-
breaking source, such as the EM contribution, is switched on. This increasing behavior is
what we denote as ferromagnetic, in analogy with the behavior of the magnetization in a
ferromagnetic material under an external magnetic field.

There is no a priori formal argument to ensure the ferromagnetic-like nature of the
QCD low-energy vacuum. We can nevertheless learn from the response of the system to the
light quark mass m̂, which is the actual counterpart of the magnetic field in a ferromagnet,
since it breaks the chiral symmetry explicitly by coupling to the order parameter. For the
mass, this ferromagnetic behavior is actually followed by the e = 0 condensates in the
standard ChPT framework, both to O(p4) and to O(p6) with the LEC in [27], although
assuming L6 suppression and the dependence on contact terms still introducing a source
of ambiguity. With the recent fit giving nonzero Lr

6 and a new value also for Lr
8 [28] we

also get that ūu + d̄d increases with light quark masses, from our O(p4) expressions.
The same ferromagnetic effect implies the increasing of the critical temperature of chiral
restoration when increasing the pion mass, confirmed by ChPT calculations [45] and lattice
simulations [46]. Finally, lattice results for the condensate [31] reveal a systematic increase of
its absolute value with respect to direct estimates [29], reflecting again the same behavior,
since the pion masses used in the lattice remain above the physical values. The EM
symmetry breaking is of different nature from the mass, the former coming from vector-
like interactions while the latter is of scalar type. However, as we have discussed in the
previous paragraphs, their symmetry-breaking effects on certain observables are similar. Thus,
the isovector part in (14) increases the masses of the charged mesons, according to (4) and
(7), while the isovector and isoscalar both mix with the mass and contribute to q̄q. There
are other arguments pointing in the same direction when EM interactions are switched on.
At finite temperature, the EM pure thermal corrections to the condensate also increase its
absolute value for any temperature [20]. On the other hand, the condensate increases under
the influence of an external magnetic field eH, which can be also understood as the reduction
of the free energy  ∼ mqq̄q < 0 (to LO) needed to compensate for the EM energy increasing
EM ∼ (eH)2/2 > 0 [47].

Our purpose here will be to explore the consequences of that EM ferromagnetic behavior
to LO. If the vacuum response is ferromagnetic, certain bounds for the EM LEC involved
should be satisfied. We will derive those bounds and show that they are independent of the
low-energy scale and thus can be checked in terms of physical quantities. Next we will check
that the bounds are satisfied for the different estimates available for the EM LEC, with more
detail for the SU(3) case in section 4.4, where we also discuss the gauge independence of our
results. This will provide a consistency check for the ferromagnetic behavior.

An important comment is that we will discuss the ferromagnetic-like condition on the
EM correction to q̄q and, as explained above, the splitting of the e = 0 and e = 0 parts in
QCD+EM is ambiguous [39, 40]. This does not affect the low-energy representation of the
condensates, which can be written in terms of physical quantities such as meson masses and
decay constants. However, we will test our bounds with the EM LEC estimates obtained by
matching low-energy results with the underlying theory [34–37]. Therefore, we have to be
consistent with the prescription for charge splitting followed in those works. This amounts
to the direct separation of the e = 0 part, which still may contain residual charge and μ0

QCD scale dependence through running parameters. The consequence is that the EM LEC
thus defined are in general μ0-dependent, as discussed in [40]. Therefore, those estimates are
reliable only if there is a stability range where the dependence on μ0 is smooth and lies within
the theoretical errors [34]. Actually, such stability range criteria are met for the LEC involved
in our analysis (see section 4.4). Within that range, our identification of the e2-dependent part
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in q̄q is consistent with the splitting scheme followed in those works. Actually, in that scheme
F0 is μ0-independent and the e2-dependent part of the μ0 running of B0mu,d is the same as that
of mu,d in perturbative QCD+EM [40]. Hence, it is consistent to assume that the ChPT LO of
q̄q = −2B0F2

0 + · · · does not introduce any residual e2 dependence when performing the
charge splitting in the low-energy expression. Using a different splitting prescription would
lead in general to different bounds and a different definition of the EM LEC. For instance, an
alternative splitting procedure is introduced in [40] by matching running parameters of the e2

theory with those of the e2 = 0 one at a given matching scale μ1. In that way, the EM part can
be chosen as μ0-independent but it depends on the matching scale μ1. We will not consider
that splitting here, since there are no available theoretical estimates for the LEC defined with
that scheme. The scale dependence for the LEC in either scheme is roughly expected to be
logarithmic.

Having the above considerations in mind, and going back to the case of physical quark
charges, we separate the EM corrections to the condensate through the ratio

q̄qe=0

q̄qe=0
= 1 + 2


μπ0 − μπ±


+ e2Kr

2(μ) + O(p4)

= 1 + e2Kr
2(μ) − 4Ce2

F4
νπ0 + O(δ2

π ) + O(p4), (15)

with νi defined in (13) and where we have expanded in δπ ≡

M2

π± −M2
π0


/M2

π0  0.1, as
μπ± − μπ0 = δπ M2

π0 (νπ0/F2) + O(δ2
π ), which is numerically reliable and can be performed

in addition to the chiral expansion, in order to simplify the previous expression.
We note that in SU(2) and to this order, the ratio (15) is not only finite and scale independent

but it is also independent of the not-EM LEC, including the contact h1, h3, and therefore free
of ambiguities related to the condensate definition. In fact, this ratio is also independent of
B0, unlike the individual quark condensates, which only have physical meaning and give rise
to observables when multiplied by the appropriate quark masses, since miB0 ∼ M2

i . In SU(2),
the above ratio does not depend on the mass difference md − mu either, i.e. it depends only
on the sum m̂ and its deviations from unity are therefore purely of EM origin. All these
properties make the ratio (15) a suitable quantity to isolate the EM effects on the condensate.
Thus, the ferromagnetic-like nature of the chiral order parameter q̄q, within its low-energy
representation, would require that this ratio is greater than 1, or equivalently to this order,
∂q̄q/∂e2 � 1. That condition leads to the following lower bound for the combination of
EM LEC involved to this order, neglecting the O(δ2

π ) in (15) which changes very little the
numerical results:

5

kr

5(μ) + kr
6(μ)


+ kr

7 � 9C

F4
νπ0 . (16)

We remark that the bound (16) is independent of the low-energy scale μ at which the
LEC on the left-hand side are evaluated as long as the same scale is used on the right-
hand side. Thus, it provides a well-defined low-energy prediction, expressed in terms of
meson masses. The LEC on the left-hand side could be estimated by fitting low-energy
processes or theoretically from the underlying theory, with all the related subtleties commented
above.

Condition (16) and the corresponding ones for SU(3) that will be derived in section 4.4
are obtained as a necessary condition that the LEC should satisfy if the QCD physical vacuum
is ferromagnetic. This positivity condition on the quark condensate probes the vacuum by
taking the mass derivatives (9) through the external source method so that the quark masses
have to be kept different from zero and in that way the explicit symmetry-breaking corrections
are revealed in the condensate. If one is interested in the chiral limit, it must be taken only

10
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after differentiation, i.e. directly in equation (15). In that case, it is not justified to perform
the additional δπ expansion in the charge because the e = 0 masses vanish and one would be
left only with the μπ± contribution in the rhs of (15), now with M2

π± = 2Ce2/F2. That would
actually give a larger negative value for the lower bound, coming from the smallness of the
charged part of the pion mass (see details below) so that the bound in the chiral limit is less
predictive. The fact that our bounds depend on quark masses is similar to other bounds on
LEC obtained from QCD inequalities [48].

Nevertheless, the main physical interest is to test this bound for physical masses, using
different estimates of the LEC in the literature. Thus, as a rough estimate, setting μ = Mρ
770 MeV and with the physical pion masses Mπ±  139.57 MeV, Mπ0  134.97 MeV, the
bound (16) gives 5


kr

5(Mρ ) + kr
6(Mρ )


+ kr

7 � −6.32(5.62) × 10−2 taking F =
87.1(92.4) MeV. This is a bit more restrictive than the ‘natural’ lower bound −6.93×10−2 for
the above LEC combination, obtained by setting all of them to −1/(16π2). The chiral limit
gives −0.17 (with the value of C discussed in section 2.1 and F = 87.1 MeV), i.e. much less
restrictive, as commented above. More detailed numerical analysis will be done for SU(3) in
section 4.4.

On the other hand, the maximum value for the ratio (15) for the kr
i within ‘natural’ values

is obtained by setting the three of them to kr
i (μ = Mρ ) = 1/(16π2), giving q̄qe=0

q̄qe=0 = 1.0054,
which gives an idea of the size of this correction. We remark that the term proportional to
νπ on the ratio (15) comes directly from the dependence of the pion masses on e2, so that it
parametrizes the corrections in the condensate coming from any source of pion mass increasing,
not only the EM one. Therefore, the same result can be used in order to provide a rough estimate
of lattice errors in the condensate due to including heavier pion masses as lattice artifacts. In
some lattice algorithms like the staggered fermion one, the situation is very similar to the mass
differences induced by the charge terms. In that formalism, the finite lattice spacing induces
terms [49] that break explicitly the so-called taste symmetry (four different quark species or
‘tastes’ are introduced for every quark flavour) leaving a residual U (1) symmetry, pretty much
in the same way as the charge term in (2). As a rough estimate, we can then replace 2Ce2/F4

by the corresponding δπ from the lattice, obtained as the difference between the mass of the
lightest lattice meson and the true pion mass. For a lattice pion mass of about 300 MeV, the
νπ term in (15) gives a correction of about 6%, which for a condensate value of (250 MeV)3

represents about (5 MeV)3, which is within the order of magnitude quoted in [31]. Nevertheless,
it should be taken into account that the staggered ChPT [49] has a much richer structure than
the EM terms considered here and in particular there will be other operators contributing to
the condensates at tree level, multiplied by the pertinent LEC. If those constants are of natural
size, we expect the size of the corrections to the condensate to remain within the range quoted
above.

4. Three flavour quark condensates

4.1. Results for light and strange condensates

In the SU(3) case, we derive to one loop in ChPT the light condensate q̄ql = ūu + d̄d and
the strange one s̄s, taking into account both mu − md and e = 0 corrections. Apart from the
kaon and eta loops, an important distinctive feature in this case is the appearance of the π0η

mixing term with the tree-level mixing angle ε defined in (6) which is one of the sources of
isospin-breaking corrections. The results we obtain for the condensates with all the corrections

11
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included are the following:

q̄qSU (3)

l ≡ ūu + d̄dSU (3) = −2F2B0


1 + 8B0

F2


m̂


2Lr

8(μ) + Hr
2(μ)



+ 4(2m̂ + ms)L
r
6(μ)


+ e2Kr

3+(μ) − 1

3


3 − sin2 ε


μπ0 − 2μπ± − μK0

−μK± − 1

3
(1 + sin2 ε)μη + O(p4)


(17)

ūu − d̄dSU (3) = 2F2B0


4B0

F2
(md − mu)


2Lr

8(μ) + Hr
2(μ)


− e2Kr

3−(μ)

+ sin 2ε√
3


μπ0 − μη


+ μK± − μK0


+ O


p2


(18)

s̄s = −F2B0


1 + 8B0

F2


ms


2Lr

8(μ) + Hr
2(μ)


+ 4(2m̂ + ms)L

r
6(μ)


+ e2Kr

s(μ)

− 4

3


μπ0 sin2 ε + μη cos2 ε


− 2 [μK± + μK0 ] + O


p4


, (19)

where we use the notation (13) and

Kr
3+(μ) = 4

9


6

K7 + Kr

8(μ)

+ 5


Kr

9(μ) + Kr
10(μ)


,

Kr
3−(μ) = 4

3


Kr

9(μ) + Kr
10(μ)


, (20)

Kr
s(μ) = 8

9


3

K7 + Kr

8(μ)

+ Kr

9(μ) + Kr
10(μ)


.

Note that in some of the above terms we have preferred, for simplicity, to leave the results
in terms of quark instead of meson masses. An important difference between the SU(2) and
SU(3) cases is that now there are loop corrections in ūu− d̄d, where eta and pion loops enter
through the mixing angle and kaon ones through the charged–neutral kaon mass difference.
We have checked that the results are finite and scale independent with the renormalization
of the LEC given in the appendix and that they agree with [3] for e = 0. Some unpublished
results related to the SU(2) and SU(3) isospin-breaking condensates can also be found in [50].

Numerical results for the condensates to this order can be found in [26]. As explained in
section 2.1, the effect of the Kr

i constants (20) in the condensates is not fully considered in that
work, where the EM contributions are included through the corrections of Dashen’s theorem
[34], so that only the Kr

i combinations entering mass renormalization appear. Then, we will
use our results with all corrections included to estimate the range of sensitivity to the Kr

i of
the condensates, analyzing the possible relevance for the fit in [26]. Our results are displayed
in table 1. As discussed in section 2.1, we take the same input values Lr

6 = 0, ms/m̂ = 24 as
in [26] as well as the assumption Hr

2 = 2Lr
8, and the output values of B0mu,d,s, mu/md, F, Lr

8
from their main fit. In the second and third columns of table 1, we give the results with
all the EM Kr

i fixed to their minimum and maximum ‘natural’ values. Since the Kr
i appear

all with positive sign in (20), the absolute values of the condensates obtained in this way
are, respectively, lower and upper bounds within the natural range. We compare with the
results quoted in [26] to the same O(p4) order (fourth column) for their main fit and we
also show for comparison the results in the isospin limit e = 0, mu = md (fifth column).
Our results agree reasonably with [26], although we note that the values in that work lie

12
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Table 1. Results for quark condensates. We compare with the values of [26] to O(p4) using the
same set of low-energy parameters as in the main fit of that work, except the Kr

i , which we consider
at their lower (second column) and upper (third column) ‘natural’ values. We also quote the values
in the isospin limit to the same chiral order.

Kr
7−10 = − 1

16π2 Kr
7−10 = 1

16π2 [26] value O(p4) Isospin limit

−ūu0/(B0F2) 1.278 1.292 1.271 1.290
−d̄d0/(B0F2) 1.297 1.305 1.284 1.290
−s̄s0/(B0F2) 1.899 1.907 1.964 1.904
d̄d
ūu − 1 0.015 0.010 0.013 0

outside the natural range for the individual condensates. The largest relative corrections are
about 2% for the light condensates and about 4% for the strange one. These isospin-breaking
corrections are significant given the precision of the condensates quoted in [26]. On the other
hand, the corrections lie within the error range quoted by lattice analysis [31]. In turn, note
the bad ChPT convergence properties of the strange condensate, somehow expected since
s̄s is much more sensitive to the strange quark mass ms than the light condensate [27] and
therefore the large strange explicit chiral symmetry breaking ms is responsible in this case
for the spoiling of the ChPT series, based on perturbative mass corrections. For the vacuum
asymmetry d̄d

ūu − 1, the natural value band covers the result in [26], although the numerical
discrepancies in that case are relatively larger, between 15% and 24% for the lower and upper
limits of the Kr

i , respectively. Recall that this quantity vanishes to LO in ChPT, according to
(18), so that we expect it to be more sensitive to the Kr

i correction, which in this case comes
mostly from the combination Kr

9 + Kr
10. Nevertheless, it is worth noting that the results [26]

imply d̄d/ūu > 1 and s̄s/ūu > 1, both in disagreement with many sum rule estimates
of the condensate ratios [29]. Not surprisingly, we have the same discrepancy, since we use
the same ChPT approach and the same numerical constants, except for the Kr

i corrections.
The discrepancy in the relatively large value of s̄s/ūu comes possibly from the bad
convergence of the ChPT series for the strange condensate, which in addition is very sensitive to
the choice of Hr

2 [26]. The light condensates converge much better and although the sign of
d̄d/ūu − 1 is under debate, its magnitude is very small. In the latter case, our present
calculation may become useful since the Kr

9 + Kr
10 contribution may change the sign of the

vacuum asymmetry, although its precise value to fit a given prediction for d̄d/ūu − 1
would still be subject to the Hr

2 value. For this reason, it is important to make predictions
for quantities which are independent of this ambiguity, as we have done in section 3 and as
we will do in section 4.2, where the sum rule for condensate ratios will allow us to make a
more reliable estimate of the vacuum asymmetry including both sources of isospin breaking.
Finally, we comment on the numerical differences by considering the more recent low-energy
fits in [28]. Still keeping Hr

2 = 2Lr
8, these new values for the low-energy parameters increase

considerably the total and strange condensates, which to O(p4) give q̄q/(2B0F2)  −2.15
and s̄s/(B0F2) = −2.79. These higher values are mostly due to the much smaller F =
65 MeV, obtained in the main fit of [28] to accommodate a rather high Lr

4 also with a large
error Lr

4 = (0.75 ± 0.75) × 10−3 (an output result in [28]). With the previous value F = 87.1
MeV but keeping the rest of LEC and masses as in [28] we obtain q̄q/(2B0F2)  −1.63 and
s̄s/(B0F2) = −1.99. The EM corrections remain of the same size and therefore their
relative effect is somewhat smaller. As commented before, mu = md isospin breaking
is not implemented in those new fits and EM corrections are included only in kaon
masses.
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4.2. Sum rule corrections

As noted in [3], for mu = md one can combine the isospin-breaking condensates into a sum
rule relating the isospin asymmetry d̄d/ūu with the strange one s̄s/ūu. Such relation is
phenomenologically interesting because it does not include contact terms and hence is suitable
for numerical estimates on the size of the isospin-breaking corrections. Our purpose in this
section is to discuss the EM e = 0 contribution to that sum rule. To LO in mu − md and e2 we
find

SR ≡ d̄d
ūu − 1 + md − mu

ms − m̂


1 − s̄s

ūu



= mu − md

ms − m̂

1

16π2F2


M2

K − M2
π + M2

π log
M2

π

M2
K



+ e2


C

8π2F4


1 + log

M2
K

μ2


− 8

3


Kr

9(μ) + Kr
10(μ)


. (21)

The last term proportional to e2 is scale independent and is the charge correction to the
result in [3]. With the numerical set we have been using, the md −mu term on the right-hand side
gives −3.3×10−3, whereas the e2 term gives −3.37×10−3 with Kr

9(Mρ )+Kr
10(Mρ ) = 1/(8π2)

and −9.4 × 10−4 with Kr
9(Mρ ) + Kr

10(Mρ ) = 2.7 × 10−3, the central value given in [34].
Therefore, the charge term above is of the same order as the pure QCD isospin correction and
must be included when estimating the relative size of condensates through this sum rule. In
fact, using the values quoted in [29] mu/md = 0.55, ms/md = 18.9 and s̄s/ūu = 0.66, we
obtain from (21) with physical pion and kaon masses

−0.015 <
d̄d
ūu − 1 < −0.009,

where the lower (upper) bound corresponds to the natural value Kr
9 + Kr

10 = +(−)1/(8π2),
while the value without considering the charge correction is −0.012 and the value quoted in [29]
collecting various estimates in the literature is −0.009. The inclusion of the charge corrections
may then help to reconcile this sum rule with the different condensate estimates available.
In fact, through this sum rule we see that ChPT is also compatible with the asymmetries
d̄d/ūu and s̄s/ūu both being smaller than 1 (see our comments in section 4.1). Note that
the ferromagnetic-like arguments used in sections 3 and 4.4 cannot be applied to ūu − d̄d,
which does not behave as an order parameter under chiral transformations, since it is not
invariant under SUV (2). Finally, we recall that estimates based on the sum rule (21) are more
precise than the ones we have made directly from the condensates in section 4.1, since this
sum rule is free of the Hr

2 ambiguity.

4.3. Matching of LEC

Our aim in this section is to explore the consequences of including the two sources of
isospin breaking for the matching of the LEC involved in the condensates. For that purpose,
we perform a 1/ms expansion in the SU(3) sum and difference condensates given in
(17)–(18). Matching the O(1) and O(log ms) terms with the corresponding SU(2) expressions
in (10)–(11) yields the following relations between the LEC, for the sum and difference of
condensates respectively:

2M2
π0


lr
3(μ) + hr

1(μ)

+ e2F2Kr

2(μ) = 2M2
π0


16Lr

6(μ) + 4Lr
8(μ) + 2Hr

2(μ) − νη

18
− νK0

2



+ e2F2


Kr

3+(μ) − 2C

F4
νK0


, (22)
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B0(md − mu)h3 − 2e2F2

3
k7 = B0(md − mu)


4Lr

8(μ) + 2Hr
2(μ) − νη

3
− νK0

2
+ 1

96π2



− 2e2F2

3


Kr

9(μ) + Kr
10(μ) − 3C

2F4
νK0


. (23)

In the above expressions, we have displayed the SU(2) contribution on the left-hand side
and the SU(3) ones on the right-hand side, with Kr

2(μ) and Kr
3+(μ) given in (12) and (20).

Note that the 1/ms expansion has been implemented also in the tree-level relations (7), so
that M2

π0 = (mu + md )B0 + O(1/ms), M2
K0 = B0ms + O(1) and M2

η = 4B0ms/3 + O(1). It
is important to point out that the pion mass charge difference is not negligible in the 1/ms

expansion, and for that reason we keep Mπ0 in (22). For kaons, it is justified to consider the
charge contribution negligible against the dominant ms term, so that at this order MK± and MK0

are not distinguishable.
In the sum matching relation (22), the isospin corrections are not very significant. The

mass difference mu − md does not appear in the neutral and kaon masses to LO in 1/ms

and the charge correction, although of the same chiral order as the M2
π0 term, numerically

e2F2/M2
π0  Ce2/(F2M2

π0 )  0.05. However, in the difference matching (23), the mu − md

corrections contribute on the same footing as the EM ones and are numerically comparable.
The above matching relations can be used directly for the approximated LEC (estimated

theoretically or fitted to data) and for physical masses, since the difference from the tree-level
masses and LEC is hidden in higher orders. On the other hand, for the tree-level LEC, i.e. the
ChPT O(p4) Lagrangian parameters, since they are formally independent of the light quark
masses, we can just take the chiral limit mu = md = 0 in the above expressions (22)–(23)
and read off the corresponding matching of the e2 contributions. Using the latter again in
(22)–(23) then gives independent relations between the tree-level LEC involved at e2 = 0 and
the EM ones. Doing so, the EM and not-EM LEC combinations decouple and the results are
compatible with those obtained in [3] for e = 0 and in [43] for e = 0 (setting mu = md = 0
from the very beginning):

lr
3(μ) + hr

1(μ) = 16Lr
6(μ) + 4Lr

8(μ) + 2Hr
2(μ) − νη

18
− νK0

2
,

h3 = 4Lr
8(μ) + 2Hr

2(μ) − νη

3
− νK0

2
+ 1

96π2
,

5(kr
5(μ) + kr

6(μ)) = 6(K7 + Kr
8(μ)) + 4(Kr

9(μ) + Kr
10(μ)) − 3C

F4
νK0 ,

k7 = Kr
9(μ) + Kr

10(μ) − 3C

2F4
νK0 ,

(24)

where the ν functions are evaluated exactly in the chiral limit, i.e. for M2
K0 = B0ms and

M2
η = 4B0ms/3, the first and third equations coming from (22) and the second and fourth

from (23).
Then, our first conclusion is that to this order of approximation, the formal matching of

the condensates is consistent with the matching relations previously obtained. In other words,
mass and charge terms can be separately matched. This would be no longer true at higher
orders where for instance e2(mu − md ) contributions may appear.

Although relations (22) and (23) reduce to (24) in the chiral limit for the tree-level LEC, it
is better justified to use the original expressions (22)–(23) when dealing with physical meson
masses and when the LEC are obtained either from phenomenological or theoretical analysis.
The LEC obtained in that way are approximations to the Lagrangian values and consequently
they depend on mass scales characteristic of the approximation method used. For instance, the
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LEC obtained by phenomenological fits are sensitive to variations both in m̂ and in mu − md

[26], in resonance saturation approaches they depend on vector meson masses [37, 38] which
themselves depend on quark masses and in the NJL model some LEC such as Kr

10 depend on
the scale where the quark masses are renormalized [34]. We do not expect large differences
between using the general matching relation (22) or the first and third equations in (24), since
the latter can also be understood as the e = 0 limit of the former and we have seen that
this is numerically a good approximation. However, that is not so clear for (22) where the
two isospin-breaking contributions are of the same order, both in the chiral expansion and
numerically.

Finally, we can use the previous matching relations to estimate numerically the SU(2)

condensates in (10)–(11) without having to appeal to the values of the SU(2) LEC. Doing so
we obtain −ūu + d̄dSU (2)/B0F2  (2.16, 2.18) and ūu − d̄dSU (2)/B0F2  (0.014, 0.02)

where we indicate in brackets the natural range of the EM LEC, to be compared to
−ūu + d̄dSU (3)/B0F2  (2.58, 2.6) and ūu − d̄dSU (3)/B0F2  (0.013, 0.018) from
table 1. The larger difference in ūu + d̄d comes from the O(ms) and O(ms log ms) terms
in the 1/ms expansion, which were separated when doing the matching and which are
absent in the condensate difference. In fact, the numerical contribution of those terms to
−ūu + d̄dSU (3)/B0F2 is about 0.41, which explains perfectly the numerical differences and
confirms the idea that in standard ChPT the light condensates calculated either in the SU(2)

or in the SU(3) cases give almost the same answer near the chiral limit. This may be not the
case in other scenarios of chiral symmetry breaking [32].

4.4. EM corrections and SU(3) LEC bounds

We have seen in the SU(2) case that the EM ratio given in (15) is a relevant physical quantity
allowing us to establish a constraint for the EM LEC based on explicit chiral symmetry
breaking. The same argument applied to the SU(3) case also leads to a constraint on the
EM LEC obtained from the full condensate q̄q = ūu + d̄d + s̄s, which behaves as an
order parameter, being an isosinglet under SUV (3). In addition, we can still consider the light
condensate q̄ql as the order parameter of chiral transformations of the SU(2) subgroup,
which in principle will lead to a different constraint. In fact, the latter is nothing but the
constraint obtained in the SU(2) case (16), once the equivalence between the LEC obtained
in section 4.3 is used. As for the full condensate, it should be kept in mind that the large
violations of chiral symmetry due to the strange quark mass may spoil our simple description
of small explicit breaking. As commented above, this reflects to the strange condensate in
the large NLO contributions, which in the standard ChPT framework depends strongly on ms,
unlike the light condensate. Therefore, the bounds of the LEC obtained for the full condensate
are less trustable, since neglecting higher orders, say of O(e2ms), is not so well justified for
s̄s. Proceeding then as in section 3, where the same prescription of charge splitting when
comparing with QCD approaches is understood, we calculate the ratios


q̄qe=0
l

q̄qe=0
l

SU (3)

= 1 + 4e2

9


6

K7 + Kr

8(μ)

+ 5


Kr

9(μ) + Kr
10(μ)


− 2Ce2

F4
[2νπ± + νK± ]

+O(δ2
π , δ2

K ) + O(p4) (25)

 q̄qe=0

q̄qe=0

SU (3)

= 1 + 8

9
e2


2(Kr

9(μ) + Kr
10(μ)) + 3(K7 + Kr

8(μ))

− 8Ce2

3F4
[νπ± + νK±]

+O(δ2
π , δ2

K ) + O(p4), (26)
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Figure 1. Regions in the LEC space constrained by the bounds on the light condensate (27), above
the full blue line, and the full one (28), above the dashed red line. The LEC are renormalized at
μ = Mρ and are plotted within the natural range.

where, as in the SU(2) case, we have expanded in δπ and also in δK = (M2
K± −M2

K±,e=0)/M2
K±

0.008, which allows us to express the results in terms of the full π± and K± masses. Otherwise
we should take into account that now Mπ± (e = 0) = Mπ0 , unlike the SU(2) case, and
MK± (e = 0) = MK0 , by terms of order md − mu. This is important when using this result for
numerical estimates, since, as discussed before, the separation of the e = 0 correction to the
masses is formally not unique. As in SU(2), the ratios (25)–(26) are finite and independent of
the scale μ, of B0 and of the not-EM LEC, so they are free of contact ambiguities.

As in section 3, we want to explore the consequences of the ferromagnetic nature of
the physical QCD vacuum under explicit chiral symmetry breaking for the EM LEC. Here,
also the charge-mass crossed terms in the fourth-order Lagrangian (A.2) give explicit breaking
contributions to the quark condensate coming now from the isoscalar, isovector and strangeness
part of the charge matrix. For physical quark charges, demanding that the ratios (25)–(26) are
greater than 1 we obtain the following EM bounds, to LO in the chiral expansion and in δπ , δK :

q̄ql → 6

K7 + Kr

8(μ)

+ 5


Kr

9(μ) + Kr
10(μ)


� 9C

2F4
(2νπ± + νK± ) (27)

q̄q → 2

K7 + Kr

8(μ)

+ 3


Kr

9(μ) + Kr
10(μ)


� 3C

F4
(νπ± + νK± ) . (28)

We remark that these constraints are independent of the low-energy scale μ. It is also
clear that the light bound (27) is nothing but the one obtained in the SU(2) case (16) once the
equivalence between the LEC given in the third equation of (24) is used. In figure 1, we have
plotted these two constraints in the (K7 + Kr

8) − (Kr
9 + Kr

10) plane at μ = Mρ and within the
natural region. We have used the same numerical values for the tree-level LO masses C and F
as in previous sections. We observe that the bound on the full condensate is more restrictive
than the light one in that range. However, as we have commented above, it is also less trustable,
due to the large distortion of the chiral invariant vacuum due to the strange mass. Both bounds
also give a more restrictive condition than just the natural size.

Let us now check these bounds against some estimates of the Kr
i in the literature. We

start with the sum rule approach for Kr
7...10 in [37]. In that work, K7 = Kr

8(Mρ ) = 0, but what

17
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is more relevant for us is that the combination Kr
9 + Kr

10 at any scale is gauge independent
despite being both Kr

9, Kr
10 dependent on the gauge parameter ξ , as one can readily check from

the explicit expressions given in [37] (cf their equations (94) and (95)). This is an interesting
consistency check of our present bounds (27) and (28), which are gauge independent in
addition to their μ low-energy scale independence commented previously, supporting their
validity and predictive character. Numerically, the constant Kr

9 could not be estimated in [37]
due to the slow convergence of the integrals involved, but they provide a numerical estimate for
Kr

10(Mρ ) = 5.2 × 10−3 at μ0 = 0.7 GeV and ξ = 1, for which we obtain Kr
9(Mρ ) � −0.021

from (27) and Kr
9(Mρ ) � −0.015 from (28). See our comments about the μ0 scale dependence

in section 3.
In [35] resonance saturation gives Kr

7...10(Mρ ) = 0, which is compatible with our present
bound. This is apparently incompatible with a previous value for Kr

8(Mρ ) = (−4±1.7)×10−3

obtained in [4]. The possible reasons to explain this difference were discussed in [35]. That
value for Kr

8 is compatible with our bounds as long as 6K7 + 5(Kr
9 + Kr

10) � −0.05 from (27)
and 2K7 + 3(Kr

9 + Kr
10) � −0.02 from (28).

In [34], based on large Nc and the NJL model, the LEC estimates give K7 = 0,
K8(Mρ ) = (−0.8±2.0)×10−3 (K7 and K8 are O(1/Nc) suppressed) and Kr

9(Mρ )+Kr
10(Mρ ) =

(2.7 ± 1.0) × 10−3, all of them at μ0 = 0.7 GeV. These values are also compatible with both
bounds (27) and (28). We note that in [36], where the short-distance contributions are evaluated
as in [34], the explicit expressions given for the LEC again show that K7, Kr

8 and Kr
9 + Kr

10 are
gauge independent. Furthermore, Kr

9 and Kr
10, dominant for large Nc in that approach, show a

rather large stability range in the μ0 scale around μ0 = 0.7 GeV [34, 36]. Since Kr
9 + Kr

10 is
the only combination surviving for large Nc in our bounds, the comparison with those works
is robust concerning the gauge and QCD scale dependence.

5. Conclusions

In this work, we have carried out an analysis of strong and electromagnetic isospin-breaking
corrections to the quark condensates in standard one-loop ChPT, providing their explicit
expressions and studying some of their main phenomenological consequences for two and
three light flavours.

Our results have allowed us to analyze the sensitivity of recent isospin-breaking numerical
analysis of the condensates to considering all the EM LEC involved. The effect of those LEC
is smaller for individual condensates than for the vacuum asymmetry, where they show up
already in the LO. These corrections lie within the error range quoted in lattice analysis. Our
analysis can also be used to estimate corrections to the quark condensate coming from lattice
artificially large meson masses.

We have shown that if EM explicit chiral symmetry breaking induces a ferromagnetic-
like response of the physical QCD vacuum, as in the case of quark masses, one obtains useful
constraints as lower bounds for certain combinations of the EM LEC, both in the two and three
flavour sectors. We have explored the consequences of this behaviour for the ratios of e = 0 to
e = 0 light and total quark condensates, which are free of contact-term ambiguities, and for a
given convention of charge separation. The large ChPT corrections to the strange condensate
make the constraints on the full condensate less reliable. In this context, we have discussed
the different sources for EM explicit chiral symmetry-breaking and isospin-breaking terms, by
considering formally arbitrary quark charges. Thus, there are chiral symmetry-breaking terms
proportional to the sum of charges squared, coming from crossed charge-mass contributions
in the effective action, which show up in the vacuum expectation value. In accordance with
the external source method, we keep the quark masses different from zero to account correctly
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for all the explicit symmetry-breaking sources. The chiral limit can be taken at the end of the
calculation. The bounds obtained are explicitly independent of the low-energy scale μ, then
providing a complete and model-independent prediction at low energies. However, when this
low-energy representation is compared with theoretical estimates based on QCD, one has to
take into account that due to the convention used in the charge separation, the estimated LEC
depend on the QCD renormalization scale μ0, as well as being gauge dependent. Our bounds
are numerically compatible with those estimates, based on sum rules, resonance saturation
and QCD-like models, within the stability range of μ0 where those approaches are reliable.
Furthermore, the LEC combinations appearing in our bounds are gauge independent. We
believe that our results can be useful in view of the few estimates of the EM LEC in the
literature.

We have found that the EM correction to the sum rule relating condensate ratios is of the
same order as the previously calculated e = 0 one, and therefore must be taken into account
when using this sum rule to estimate the relative size of quark condensates. We have actually
showed that using the complete sum rule, which is also free of contact terms, yields a ChPT
model-independent prediction for the vacuum asymmetry compatible with the results quoted
in the literature.

Finally, we have performed a matching between the SU(2) and SU(3) condensates,
including all isospin-breaking terms. Matching the sum and difference of light condensates
gives rise to matching relations between the LEC involved, where EM and not-EM LEC enter
on the same footing in the chiral expansion. These matching relations may be useful when
working with physical masses and LEC estimated by different approximation methods. In the
case of the sum, the charge contribution is numerically small with respect to the pion mass
one, but in the difference the two sources of isospin breaking are comparable. Taking the chiral
limit, EM and not-EM constants decouple and the matching conditions are compatible with
previous works for the LEC in the Lagrangian, which are defined in this limit.
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Appendix. Fourth-order Lagrangians and renormalization of the LEC

Here, we collect some results available in the literature and needed in the main text. To
calculate the quark condensates to NLO one needs the Lp4+p2e2+e4 Lagrangians to absorb the
divergences coming from loops with vertices from Lp2+e2 . We denote by a superscript q̄q the
relevant terms in the Lagrangian, which are those containing the quark mass matrix. For SU(2)

they are [5, 6]

Lq̄q
p4 = l3

16
tr[χ (U + U†)]2 + 1

4
(h1 + h3)tr[χ

2] + 1

2
(h1 − h3) det(χ ),

Lq̄q
p2e2 = F2(k5tr[χ (U + U†)]tr[Q2] + k6tr[χ (U + U†)]tr[QUQU†] + k7tr[(χU† + Uχ )Q

+ (χU + U†χ )Q]tr[Q]), (A.1)
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where χ = 2B0M, whereas for SU(3) [4]

Lq̄q
p4 = L6tr[χ (U + U†)]2 + L8tr[χUχU + χU†χU†] + H2tr[χ2],

Lq̄q
p2e2 = F2(K7tr[χ (U + U†)]tr[Q2] + K8tr[χ (U + U†)]tr[QUQU†]

+ K9tr[(χU + U†χ + χU† + Uχ )Q2] + K10tr[(χU + U†χ )QU†QU

+ (χU† + Uχ )QUQU†]), (A.2)

and Lq̄q
e4 = 0 for both cases.

In order to renormalize the meson loops it is necessary to separate the LECs appearing in
the NNLO Lagrangian into finite and divergent parts. The renormalization of the LEC involved
in the calculation of the SU(2) condensates is given by [2, 5, 6]

li = lr
i (μ) + γiλ,

hi = hr
i (μ) + δiλ,

ki = kr
i (μ) + σiλ,

with γ3 = − 1
2 , δ1 = 2, δ3 = 0, and σ5 = − 1

4 − 1
5 Z, σ6 = 1

4 +2Z and σ7 = 0, for physical quark
charges eu = 2e/3, ed = −e/3, being Z := C

F4 . The part that diverges in d = 4 dimensions is
isolated from the loop integrals and is expressed as

λ = μd−4

16π2


1

d − 4
− 1

2
[log 4π + (1) + 1]


,

where −(1) is the Euler constant. As for the SU(3) ones, we have [3, 4]

Li = Lr
i (μ) + iλ,

Hi = Hr
i (μ) + iλ,

Ki = Kr
i (μ) + iλ,

with 6 = 11
144 , 8 = 5

48 , 2 = 5
24 , and 7 = 0, 8 = Z, 9 = − 1

4 , 10 = 1
4 + 3

2 Z.
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Par�ametros de orden a temperatura �nita

El estudio a temperatura cero realizado en la secci �on anterior sirve de base
para el tratamiento t�ermico del problema, objeto de estudio de la publicaci �on
2.2.1. En �el presento un estudio termodin�amico de los par�ametros de orden de la
ruptura de simetr��a de isoesp��n y la restauraci�on de la simetr��a quiral a trav�es
del an�alisis de condensados de quarks asociados a diferentes combinaciones de
sabores y de sus correspondientes susceptibilidades quirales escalares.

Como ya se ha comentado al hablar de la publicaci �on 2.1.1, el condensado
total es el par�ametro de orden de la restauraci�on quiral. Sin embargo |tal y
como se entiende actualmente [83]| la transici �on quiral es un crossover suave
para el caso f��sico Nf = 2 + 1, as�� que resulta que es posible obtener diferentes
temperaturas cr��ticas dependiendo de qu�e observable se examine. Es por esto
que el estudio model-independent de las susceptibilidades dentro del contexto de
ChPT tambi�en aporta una informaci�on valiosa acerca de la transici �on y de su
naturaleza. Las predicciones de la Teor��a Quiral demuestran ser compatibles con
las predicciones originales acerca de la restauraci�on de la simetr��a quiral [143] y
con recientes c�alculos en el ret��culo [86,128,144].

La principal motivaci�on a este respecto en el trabajo que presento se cen-
tra en la posibilidad de establecer un an�alisis en el continuo de car�acter model-
independent para las susceptibilidades quirales escalares conexa, disconexa y to-
tal; as�� como su comparaci�on con los resultados obtenidosmediante el formalismo
staggered en el ret��culo. Comomostrar�e, la consideraci�on de un escenario que in-
cluya la ruptura de isoesp��n consistentemente es fundamental para la obtenci�on
de las contribuciones dominantes de cada una de las partes de la susceptibilidad
y, por consiguiente, de su scaling con los par�ametros de masa quark y tempera-
tura. Esto resulta de todo punto esencial incluso cuando el inter�es �nal sea un
estudio en el l��mite de isoesp��n.

De acuerdo al esquema seguido para la anterior publicaci �on, analizar�e punto
por punto los principales resultados de la publicaci �on 2.2.1:

§ El condensado total de quarks en SU(2) s�olo recibe correcciones t�ermicas
debidas a ruptura electromagn�etica, mientras que en SU(3) tanto la parte
de ruptura intr��nseca, asociada en este caso a la dependencia cuadr�atica en el
�angulo demezcla " � mdxmu

ms
, como la ruptura electromagn�etica contribuyen.

En ambos casos, estas correcciones se traducen en una modi�caci�on de
la temperatura cr��tica respecto al l��mite de isoesp��n de menos de un 1%. Un
punto importante en este aspecto es la direcci �on en la que esta modi�ca-
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ci �on se produce cuando se consideran o no los efectos de ruptura electro-
magn�etica. En efecto al comparar la temperatura de restauraci�on obtenida
formalmente al anularse el condensado e ä 0 con aqu�ella obtenida para el
caso e = 0 encontramos que se produce un aumento, hecho que refuerza la
hip�otesis de respuesta ferromagn�etica del vac��o que se present�o al analizar
la publicaci �on 2.1.1.

El par�ametro de orden de ruptura de isoesp��n no recibe correcciones
t�ermicas en SU(2) (las contribuciones procedentes de los loops de piones los
condensados < �uu> y < �dd> son iguales y se cancelan en la diferencia) por
lo que ambos condensados se anulan a la misma temperatura. Sin embar-
go, cuando se incluyen efectos asociados a kaones y etas, este observable se
ampli�ca suavemente a trav�es de una dependencia cuadr�atica en la tempe-
ratura: (muxmd)

T 2

M2
�
. Aunque las desviaciones respecto al valor a temperatura

cero son apreciables para temperaturas altas, est�an controladas por una es-
cala de energ��a mucho mayor que la dependencia en 1=F 2

� caracter��stica del
par�ametro de orden de la restauraci �on quiral.

Esta ampli�caci�on t�ermica de los efectos de ruptura de isoesp��n no se
muestra en los condensados asociados a los quark up y down debido a que
en esos casos hay una supresi �on en " que hace que las temperaturas cr��ticas
de ambos sean pr�acticamente iguales. Adem�as se comprueba, como en el
caso a temperatura cero, que el par�ametro de orden asociado a la ruptura
de isoesp��n, i. e <�uux �dd>, es cero en el caso de que la masas de los quarks
ligeros y sus cargas sean iguales entre s��. Este resultado constituye una com-
probaci�on del Teorema de Vafa-Witten [20], en virtud del cual la simetr��a
bajo el subgrupo quiral de isoesp��n no puede estar rota espont�aneamente.

§ Diversos grupos fenomenol�ogicos especializados en simulaciones en el ret��cu-
lo a temperatura �nita han estudiado el modo de evitar la ambig�uedad intro-
ducida en el c�alculo de los condensados a trav�es de, por ejemplo, la sustrac-
ci �on de la parte de temperatura cero [86], o de una combinaci�on adecuada
dependiente de las masas de los quarks y del condensado strange [128].

En este contexto, en la presente publicaci �on muestro que la regla de su-
ma de [31]|que ya analic�e a temperatura cero incluyendo consistentemente
ambas fuentes de ruptura de isoesp��n| puede extenderse sin problemas a
temperatura �nita puesto que las funciones t�ermicas que corrigen los con-
densados entran de igual modo que los logaritmos quirales, lo que hace que
se siga manteniendo la independencia respecto de t�erminos de contacto.

Debido a que las correcciones atinentes a la ruptura de isoesp��n en el
cociente < �uu> =< �dd> son grandes para temperaturas moderadas, las modi-
�caciones t�ermicas a esta regla de suma son importantes dentro del rango
de temperaturas en las queChPT arroja predicciones razonables, llegando a
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ser formalmente comparables al valor de temperatura cero cerca de la regi�on
cr��tica4.

Hasta aqu�� he presentado los principales puntos en relaci �on al tratamiento
t�ermico de los condensados. Apartir de ahora tratar�e los resultados concernientes
al estudio de las susceptibilidades quirales escalares.

La inclusi �ondediferentesmasas para los quarks ligeros lleva directamente a la
de�nici �on de tres susceptibilidades escalares distintas e independientes: �uu, �dd
y �ud = �du, obtenidas a partir de la derivaci�on de cualquiera de los condensados
respecto de la masa asociada a cada uno de los quarks ligeros.

Estas tres pueden ser relacionadas entre s�� para dar lugar a las llamadas
susceptibilidades conexa y disconexa |seg �un el car�acter de los diagramas de
l��neas quark asociados a cada una|. Junto a la susceptibilidad escalar total, todas
ellas son observables de uso frecuente en las simulaciones en el ret��culo debido
a que incluyen informaci�on acerca de los polos de mesones en distintos canales.

El escenario basado en el an�alisis de la ruptura de isoesp��n para de�nir de una
forma natural las susceptibilidades disconexa y conexa ha sido analizado inicial-
mente para el l��mite quiral en [145] y, m�as adelante, en [146] al estudiar la pola-
rizaci �on del vac��o. El trabajo [145] muestra |de una forma model-independent|
que es posible identi�car las susceptibilidades conexa y disconexa con combina-
ciones de las derivadas de los condensados asociados a diferentes sabores respecto
de la masa de los quarks ligeros; de modo que, al �nal, |al tomar el l��mite de
isoesp��n mu !md| las expresiones conduzcan a los resultados conocidos para la
susceptibilidad total5.

La susceptibilidad disconexa representa una medida de las 
uctuaciones del
par�ametro de orden de la restauraci �on de la simetr��a quiral, mientras que la cone-
xa lo es del par�ametro de orden de la ruptura de isoesp��n. Un an�alisis de �ordenes
en el �angulo de mezcla (que es esencialmente tanto como hacer un an�alisis en
mu xmd) indica que el condensado total de quarks es cuadr�atico en " mientras
que la componente del iso-triplete <�uux �dd> depende linealmente.

Este comportamiento provoca que las correcciones debidas a ruptura expl��ci-
ta para la susceptibilidad disconexa sean proporcionales amuxmd, mientras que
para la conexa los efectos sean O(1), de modo que no se anulan en el l��mite de
isoesp��n, contrariamente a lo que pudiera parecer haciendo mu = md desde el

4 A este respecto considero importante recalcar una vez m�as lo dicho en la secci �on 1.1.4: como sea
que ChPT no permite un tratamiento cuantitativo de los resultados por encima del r�egimen
de baja temperatura, toda extrapolaci �on o menci�on a esta regi�on ha de entenderse de manera
cualitativa.

5 El criterio de similitud con el resultado en el l��mite quiral permite que esta identi�caci�on no
sea �unica: existe una cierta libertad residual uniparam�etrica para elegir la separaci�on conexa-
disconexa.
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principio. Es, por tanto, fundamental considerarmu ämd desde el comienzo aun
cuando el inter�es principal se halle en el c�alculo de cantidades de�nidas en el
l��mite de isoesp��n.

Con todo, la publicaci �on 2.2.1 llega a las siguientes conclusiones:

§ Las correcciones electromagn�eticas al condensado total de quarks en la teor��a
de dos sabores pueden relacionarse directamente con la diferencia �(T )SU(2)x
�(0)SU(2) para la susceptibilidad escalar total a trav�es de una regla de suma,
�nita e independiente de la escala de renormalizaci �on quiral y de t�erminos
de contacto. De hecho este observable ha sido directamente calculado en el
ret��culo por distintos grupos (e.g. [86,147]).

Extrapolando las predicciones de ChPT hacia el r�egimen de altas tem-
peraturas puede colegirse que |con el crecimiento de las 
uctuaciones que
se espera para este observable cerca del punto cr��tico y aunque las correccio-
nes debidas a la ruptura de isoesp��n no son num�ericamente importantes|
podr��an esperarse efectos de ampli�caci�on apreciables cerca de la regi�on
cr��tica.

Para el caso de tres sabores la situaci�on es algo m�as complicada debido
a que las masas de kaones y etas tambi�en dependen de las masas de los
quarks up y strange. En esta situaci�on la regla de suma contiene una parte
directamente relacionada con �(T )SU(3)x�(0)SU(3), y otra parte con derivadas
del condensado strange respecto de la masa de quarks ligeros. Con todo |
debido a la supresi �on a trav�es de funciones de Boltzmann de los grados
de libertad pesados| el condensado asociado al quark strange var��a m�as
suavemente con la temperatura que los ligeros, por lo que tambi�en en la
teor��a de tres sabores los resultados para la regla de suma est�an dominados
por la susceptibilidad escalar total.

Un punto importante en el an�alisis de esta regla de suma en relaci �on
con las simulaciones en el ret��culo |y, en concreto, con el formalismo stag-
gered| reside en que en este esquema de c�alculo existen correcciones de
espaciado �nito debido a la presencia de copias esp �ureas (tastes) asociadas a
cada sabor [86,89,148]. Debido a que la masa de las copias se corrige con el
espaciado de la red de forma similar a como entran las correcciones electro-
magn�eticas a nivel �arbol en la masa de los bosones de Goldstone, la regla de
suma permite comparar las diferencias entre los resultados para los conden-
sados en el l��mite del continuo y los obtenidos mediante simulaci�on en el
ret��culo usando acciones de tipo staggered.

Bas�andome en los par�ametros usados en [86], las publicaciones que de-
�endo arrojan un resultado para el condensado en el continuo que di�ere un
20% respecto a un ret��culo con extensi�on temporal Nt = 12 [86], y un 12%
para el caso de un ret��culo con Nt = 16 [147]. A partir de este argumento
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de extrapolaci �on se colige, tambi�en, que las correcciones debidas a efectos
de taste-breaking son susceptibles de verse ampli�cadas en un entorno de la
temperatura cr��tica de restauraci�on.

En el contexto de una teor��a de Nf = 2 + 1 sabores con masas lige-
ras no nulas no es f�acil asociar estas variaciones en los condensados con el
consiguiente cambio asociado a la temperatura cr��tica a trav�es de expresio-
nes anal��ticas cerradas. Esto se debe a la presencia de funciones t�ermicas,
g1(M;T ) y g2(M;T ), que establecen dependencias no triviales con la tempe-
ratura.

A modo de an�alisis aproximado, la publicaci �on 2.2.1 indica que, a trav�es
del uso de las expresiones para los condensados en el l��mite quiral, el cambio
respecto al valor en el continuode la temperatura cr��tica|tomando los datos
que aparecen en la publicaci �on [86]| se situar��a m�as o menos en los 10MeV.

Aunque a fecha de hoy se est�an realizando importantes esfuerzos para
reducir esta fuente de incertidumbres a trav�es del uso de ret��culos m�as
�nos y de la mejora de las acciones utilizadas, creo que la estimaci�on y el
control de estos erroresmediante comparaci�on con los resultados en el l��mite
del continuo es esencial debido a que sigue constituy�endose como uno de
los principales factores que explican las discrepancias en la estimaci�on de
la temperatura cr��tica de restauraci�on quiral en los diferentes grupos de
investigaci�on.

§ La publicaci �on que presento analiza de modo sistem�atico las correcciones a
un loop para las susceptibilidades conexa y disconexa en la Teor��a Quiral
de Perturbaciones para tres sabores con ruptura de isoesp��n, tanto a tempe-
ratura cero como a temperatura �nita. Las susceptibilidades calculadas son
�nitas e independientes de la escala de renormalizaci �on de la Teor��a Quiral.
Adem�as, como los t�erminos asociados a las EM LECs no llevan asociadas
masas de quarks, tambi�en son independientes de �estas.

El an�alisis del comportamiento en el r�egimen infrarrojo (m̂<<ms;M�<<
T <<MK;�) es una herramienta �util para el estudio formal de los scalings de
las susceptibilidades con la masa de los quarks ligeros y la temperatura.
La susceptibilidad disconexa a temperatura cero diverge logar��tmicamente
(� logM� ) en el infrarrojo como producto de su dependencia en las fun-
ciones g2(M� ; T ) y �� � logM2

� , y diverge tambi�en como T=M� cuando se
considera su equivalente sustra��do �dis(T )x �dis(0) en las mismas condicio-
nes, predicciones ambas que ya fueron presentadas en [145] usando este
mismo esquema efectivo.

En este sentido los resultados de nuestra publicaci �on constituyen una
prueba de consistencia de aqu�ellos, extendi�endolos fuera del l��mite quiral
y permitiendo |a trav�es de un an�alisis consistente y sistem�atico a partir
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de la Teor��a Quiral| corroborar la idea de que la susceptibilidad disco-
nexa est�a dominada en este r�egimen por loops de bosones de Goldstone,
como cabr��a esperar debido a que este observable mide las 
uctuaciones del
par�ametro de orden asociado a la restauraci�on de simetr��a quiral.

El car�acter lineal de la dependencia respecto del �angulo de mezcla en el
iso-triplete <�uux �dd> da lugar a correcciones de O(1) en " para la suscepti-
bilidad conexa que no desaparecen tomando el l��mite de isoesp��n. La parte
de temperatura cero depende del t�ermino de contacto Hr

2 por lo que s�olo
tiene sentido f��sico6 considerar sustracciones del tipo �con(T )x �con(0).

El estudio de la susceptibilidad conexa a temperatura cero en el l��mite
infrarrojo indica que |de modo an�alogo a como suced��a con los resultados
obtenidos enChPT para tres sabores con ruptura de isoesp��n| �esta no tiene
parte divergente cuando se considera el caso de dos sabores ligeros id�enticos,
p.ej. Nf = 2 + 1, en consonancia tambi�en con el estudio de [145]. Adem�as,
nuestro an�alisis permite a�rmar que |como herencia del comportamiento
del condensado iso-triplete que ya hemos analizado| la susceptibilidad co-
nexa tiene una dependencia cuadr�atica en la temperatura sobre la masaM2

�

cuando se considera la cantidad �con(T )x �con(0).

Aunque en el caso de tres sabores con ruptura de isoesp��n la parte co-
nexa contiene t�erminos subdominantes en " con divergencias infrarrojas
proporcionales a "2g2(M� ; T ) y "2�� (M� ), estos est�an controlados perturbati-
vamente por la escala de ruptura intr��nseca; de tal modo que en el l��mite
Nf = 2+ 1 su comportamiento infrarrojo es perfectamente regular.

Este an�alisis en " indica tambi�en que los efectos de ruptura de isoesp��n
son mayores para la parte disconexa que para la conexa, y se ampli�can con
la temperatura. En efecto, aunque los t�erminos subdominantes en el �angulo
de mezcla son en ambas partes de orden O("2), en la parte disconexa hay
contribuciones de tipo "2@g2(M� ; T )=@M2

� , y "
2@� (M� )=@M2

� , m�as divergentes.

Como acabamos de ver, en el l��mite quiral la parte divergente infrarroja
de este observable es proporcional a n2f x 4, con nf el n �umero de sabores
ligeros id�enticos en el gas [145]; y por tanto se anula en el caso nf = 2 dan-
do lugar a un comportamiento perfectamente regular. Obtener este tipo
de scalings con mq y T en el l��mite del continuo a partir de esquemas de
trabajo model-independent es especialmente importante para detectar y ex-
plicar ciertos comportamientos an�omalos que aparecen al usar el formalismo
staggered. Uno de ellos tiene que ver con el hecho de que esta t�ecnica intro-
duce dependencias esp �ureas para ret��culos de volumen �nito que provocan

6 Las estimaciones num�ericas a temperatura cero que aparecen en la publicaci �on se han efectuado
considerando el valor num�erico para Hr

2
que aparece en [32,121] a partir de argumentos basados

en saturaci�on de resonancias.
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la aparici �on de contribuciones arti�ciales en el infrarrojo susceptibles de
alterar sus resultados [149,150].

Por otro lado, los t�erminos dominantes O(1) en " para �con(T ) son propor-
cionales a 1=ms y por tanto explican por qu�e esta parte de la susceptibilidad
incrementa en los c�alculos en el ret��culo [149] al disminuir ms frente a las
masas de los quarks ligeros. Este comportamiento no se aprecia en sus re-
sultados para los condensados debido a que en ellos este efecto se encuentra
suprimido por potencias de ".

Como acabamos de ver, el c�alculo en el continuo que aparece en la pu-
blicaci �on 2.2.1 revela que la parte �nita de �con(T ) no es nula en el l��mite de
isoesp��n y permite relacionar las propiedades de scaling t�ermico de la sus-
ceptibilidad conexa cerca del l��mite quiral como directamente vinculadas
con la mezcla �0x�. Al igual que suced��a con la componente �q� 3q del iso-
triplete, la dependencia cuadr�atica en la temperatura est�a controlada por un
par�ametro genuinamente asociado a la ruptura intr��nseca de isoesp��n, vid.
la masaM�, que es muchomayor que el par�ametro quiral t��pico, F� , asociado
a las variaciones t�ermicas de la susceptibilidad disconexa.

Por estemotivo el comportamientode la susceptibilidad conexa est�a num�eri-
camente dominada por su valor a temperatura cero, lo que explica tambi�en
por qu�e las simulaciones en el ret��culo presentan un scaling en 1=ms mucho
m�as parecido a los demodelosO(N)|tomados como referencia para el ajuste
de sus datos| cuando se sustrae la parte de temperatura cero, con respecto
al caso sin sustraer.

Adem�as de todo esto, el hecho de que los efectos de taste-breaking se
analicen de una manera mucho m�as c�omoda utilizando un s�olo sabor abre
la puerta a la posibilidad de que se haga una interpretaci �on demasiado
simplista de la situaci�on, es decir, asumir simplemente que la susceptibilidad
total es cuatro veces la susceptibilidad asociada a un s�olo sabor gen�erico
tomando el l��mite de isoesp��n desde el principio. Comoya hemos comentado,
este esquema de trabajo es incorrecto puesto que no permite calcular las
contribuciones dominantes para la susceptibilidad conexa.

Pese a que las correcciones debidas a ruptura de isoesp��n son num�erica-
mente peque~nas en la susceptibilidad total, esta visi �on demasiado simplista
exhibe tambi�en diferencias num�ericas importantes con respecto a la con-
sideraci �on de la situaci�on de asimetr��a de isoesp��n desde el principio: las
desviaciones de 4�uu x� respecto de cero son num�ericamente computables
en un 30% a temperatura cero, y de hasta un 10% cuando se analiza la
variaci �on t�ermica de sus respectivos valores sustra��dos, i.e.

�uu(T )x �uu(0)

�(T )x �(0)
:



90 Resultados

§ El escenario propuesto por ChPT reproduce el comportamiento creciente
para las susceptibilidades a temperaturas bajas e intermedias de una forma
model-independent, aunque es evidente quepor s�� sola es incapaz dedar cuenta
de efectos cr��ticos como la presencia de un m�aximo en las susceptibilidades
escalares conexa y disconexa cerca de la regi�on t�ermica cr��tica. En la secci �on
2.3 |concretamente en la publicaci �on 2.3.1| se ver�a c�omo la extensi�on
unitarizada de ChPT permite la reproducci�on de ciertos comportamientos
cr��ticos para el condensado y las susceptiblidades.

Los resultados en el r�egimen infrarrojo permiten a�rmar que el compor-
tamiento cr��tico que se espera en el caso de la susceptibilidad disconexa sea
mucho m�as pronunciado que el de la conexa. Resulta natural asociar este
comportamiento|una vez m�as| a la naturaleza misma de cada observable:
la susceptibilidad conexa est�a directamente relacionada con efectos de rup-
tura intr��nseca a trav�es de las 
uctuaciones del par�ametro de orden de la
ruptura de isoesp��n, mientras que la parte disconexa mide las 
uctuaciones
del condensado total de quarks. Diversos c�alculos en el ret��culo [149, 150]
re
ejan estas predicciones.

En cualquier caso, debido al orden de las correcciones que se desprecian
|y a pesar de constituir una interesante herramienta a la hora de aproxi-
marnos al estudio de las propiedades cr��ticas| nuestros resultados sugieren
que los t�erminos dominantes en el r�egimen infrarrojo no son una buena
aproximaci�on num�erica en el caso de que se trate con piones de masa igual
al valor f��sico, lo que indica que un estudio fuera del l��mite quiral como el
que hemos realizado aporta valiosa informaci�on al campo.
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We analyze quark condensates and chiral (scalar) susceptibilities including isospin-breaking effects at

finite temperature T. These include mu � md contributions as well as electromagnetic (e � 0) correc-

tions, both treated in a consistent chiral Lagrangian framework to leading order in SUð2Þ and SUð3Þ
chiral perturbation theory, so that our predictions are model-independent. The chiral restoration

temperature extracted from h �qqi ¼ h �uuþ �ddi is almost unaffected, while the isospin-breaking order

parameter h �uu� �ddi grows with T for the three-flavor case SUð3Þ. We derive a sum rule relating the

condensate ratio h �qqiðe � 0Þ=h �qqiðe ¼ 0Þ with the scalar susceptibility difference �ðTÞ � �ð0Þ, directly
measurable on the lattice. This sum rule is useful also for estimating condensate errors in staggered

lattice analysis. Keeping mu � md allows one to obtain the connected and disconnected contributions to

the susceptibility, even in the isospin limit, whose temperature, mass, and isospin-breaking dependence

we analyze in detail. The disconnected part grows linearly, diverging in the chiral (infrared) limit as

T=M�, while the connected part shows a quadratic behavior, infrared regular as T2=M2
�, and coming

from �0� mixing terms. This smooth connected behavior suggests that isospin-breaking correlations are

weaker than critical chiral ones near the transition temperature. We explore some consequences in

connection with lattice data and their scaling properties, for which our present analysis for physical

masses, i.e. beyond the chiral limit, provides a useful model-independent description for low and

moderate temperatures.
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I. INTRODUCTION

The low-energy sector of QCD has been successfully
described over recent years within the chiral Lagrangian
framework. Chiral perturbation theory (ChPT) is based on
the spontaneous breaking of chiral symmetry SULðNfÞ �
SURðNfÞ ! SUVðNfÞ with Nf ¼ 2; 3 light flavors and

provides a consistent, systematic, and model-independent
scheme to calculate low-energy observables [1–3]. The
effective ChPT Lagrangian is constructed as an expansion
of the form L ¼ Lp2 þLp4 þ � � � , where p denotes a

meson energy scale compared to the chiral scale �� �
1 GeV. For the Nf ¼ 3 case, the vector group symmetry is

broken by the strange-light quark mass difference
ms �mu;d, although ms can still be considered as a pertur-

bation compared to ��, leading to SUð3Þ ChPT, which

reduces formally to SUð2Þ in the ms ! 1 limit [3]. The
formalism can also be extended to finite temperature T, in
order to describe meson gases and their evolution toward
chiral symmetry restoration for T below the critical tem-
perature Tc [4,5], where Tc ’ 180–200 MeV from lattice
simulations [6–9]. The use of ChPT in this context is
important in order to provide model-independent results
for the evolution of the different observables with T,
supporting the original predictions for chiral restoration
[10]. The latter are confirmed by lattice simulations, which
are consistent with a crossover-like transition for Nf ¼ 3

(2þ 1 flavors in the physical case), which becomes of
second order for Nf ¼ 2, in the Oð4Þ universality class,

and first order in the degenerate case of three equal flavors.
The SUVð2Þ vector group is the isospin symmetry, which

is a very good approximation to nature. However, there are
several examples where isospin-breaking corrections are
phenomenologically relevant, such as sum rules for quark
condensates [3], meson masses [11], or pion scattering
[12,13]. For a recent review see [14]. The two possible
sources of isospin breaking are the QCD md �mu light
quark mass difference and electromagnetic interactions.
Both can be accommodated within the ChPT framework.
The expected corrections from the first source are of order
ðmd �muÞ=ms and are encoded in the quark mass matrix,
generating also a �0� mixing term in the SUð3Þ
Lagrangian [3]. The electromagnetic interactions are in-
cluded in the ChPT effective Lagrangian via the external
source method and give rise to new terms [11–13,15] of
order Le2 , Le2p2 and so on, with e the electric charge.

These terms are easily incorporated into the ChPT power
counting scheme by considering formally e2 ¼ Oðp2=F2Þ,
with F the pion decay constant in the chiral limit.
The purpose of this paper is to study within ChPT

isospin-breaking effects related to the thermodynamics of
the meson gas. We will be particularly interested in the
physical quantities directly related to spontaneous chiral
symmetry breaking and its restoration, namely, the quark
condensates and their corresponding susceptibilities at fi-
nite temperature. The quark condensate is the order
parameter of chiral restoration, but since the transition is
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a smooth crossover for the physical case, different observ-
ables can yield different transition temperatures. Thus, the
susceptibilities, defined as derivatives of the condensates
with respect to the quark masses, provide also direct infor-
mation about the transition and its nature, since they tend to
peak around the transition point reflecting the growth of
correlations.

Let us mention some of the motivations we have in mind
for the present analysis. For the physical values of quark
and meson masses, we are interested in the effect of the
isospin-breaking terms in the light quark condensate
h �uuþ �ddi and therefore on the ChPT estimates of the
critical temperature. In addition, in the isospin asymmetric
case, one has h �uui � h �ddi and in fact h �uu� �ddi can be
considered an order parameter for isospin breaking.
Actually, isospin is not spontaneously broken in QCD
[16], which means that this order parameter should vanish
for mu ¼ md and e ¼ 0. This is an important difference
with the scalar condensate h �uuþ �ddi, which is nonzero in
the chiral limit. It is relevant to estimate the thermal
evolution of h �uu� �ddi, since in principle the two conden-
sates melt at different critical temperatures. A further
motivation is the analysis of the three independent suscep-
tibilities, directly related to the isosinglet, connected
(isotriplet), and disconnected susceptibilities [17] often
discussed in lattice analysis [18–21]. Including properly
the mu �md dependence of condensates is then essential
to analyze the temperature and mass evolution of the
connected and disconnected pieces measured in the lattice.
In particular, the linear md �mu corrections to conden-
sates survive themu ¼ md limit in the susceptibilities. The
contributions coming from �0� mixing in the SUð3Þ case
belong to this type and are particularly important regarding
the temperature dependence. This is not only interesting
for physical masses but also to explore the scaling near the
chiral limit, which in lattice studies has been used to
investigate the nature of the transition [20]. In the lattice
works, this scaling may be contaminated by lattice artifacts
such as taste breaking in the staggered fermion formalism,
which can generate contributions to susceptibilities mask-
ing the true scaling behavior [20,21]. Our study provides
then a model-independent setup for disentangling these
effects and establishes the expected results in the contin-
uum limit.

We will work in ChPT to one loop, considering on the
same footing the two sources of isospin breaking. In a
previous work [22] we have studied the quark condensates
at T ¼ 0 and several related phenomenological aspects of
the isospin asymmetric case. We will refer to that work for
more details about the formalism, the numerical values of
the low-energy constants, and other related issues.

The paper is organized as follows. In Sec. II we will
review the main aspects of the isospin-breaking ChPT
formalism related to the present work. Our results for the
quark condensates at finite T both in the SUð2Þ and SUð3Þ

cases are given and analyzed in Sec. III. In that section we
explore the temperature dependence of isospin breaking, as
well as that of the sum rule relating condensate ratios.
Section IV is devoted to the analysis of the different
isospin-breaking scalar susceptibilities and their relation
to the connected and disconnected ones. In Sec. IVA we
provide an interesting sum rule relating the electromag-
netic differences in the condensates with the total suscep-
tibility. We explore the possibility of using that sum rule to
estimate the errors in the staggered fermion lattice analysis
of the condensates, in connection with the taste-breaking
effect. In Sec. IVB we make a thorough study of the
connected and disconnected contributions to the suscepti-
bility and their dependence with temperature, the quark
mass, and the isospin ratio mu=md. We pay special atten-
tion to the connection of our results with different lattice
analysis in the literature.

II. FORMALISM

The effective chiral Lagrangian up to fourth order in p (a
meson mass, momentum, temperature, or derivative) in-
cluding electromagnetic interactions proportional to e2 is
given schematically byLeff ¼ Lp2þe2 þLp4þe2p2þe4 . The

most general second-order Lagrangian is the familiar non-
linear sigma model, including the gauge coupling of me-
sons to the electromagnetic field through the covariant
derivative, plus an additional term proportional to a low-
energy constant C compatible with the e � 0 symmetries
of the QCD Lagrangian [11,15],

L p2þe2 ¼
F2

4
tr½D�U

yD�Uþ 2B0MðUþUyÞ�
þ C tr½QUQUy�: (1)

Here, UðxÞ ¼ exp½i�=F� 2 SUðNfÞ, with � the

Goldstone boson (GB) matrix field for pions (Nf ¼ 2) plus

kaons and� (Nf ¼ 3), the latter being the octetmemberwith

I3 ¼ S ¼ 0. The covariant derivative is D� ¼ @� þ
iA�½Q; �� with A� the electromagnetic (EM) field. M and

Q are the quark mass and charge matrices, i.e., in SUð3Þ
M ¼ diagðmu;md;msÞ and Q¼ðe=3Þdiagð2;�1;�1Þ.
Both the mass term and the charge one proportional to C in
(1) break explicitly the chiral symmetry SULðNfÞ �
SURðNfÞ under which U ! LURy with L, R 2 SUðNfÞ.
Thevector symmetryL ¼ R is also broken for unequal quark
masses and charges. Thus, in the light sector ðu; dÞ the part of
the mass term proportional to m̂ ¼ ðmu þmdÞ=2, the aver-
age light quarkmass, is also proportional to the identityflavor
matrix and therefore invariant under SUVð2Þ, while the part
proportional to the mass differencem� ¼ ðmu �mdÞ=2 and
T3, the third isospin generator, is the one carrying out the
QCD isospin breaking. The only remaining symmetry of the
Lagrangian (1) is the Uð1Þ L ¼ R ¼ expði�QÞ correspond-
ing to charge conservation.
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Working out the kinetic terms in (1) allows one to relate
the low-energy parameters F, B0mu;d;s, C to the leading-

order tree-level values for the decay constants andmasses of
the pseudo-Goldstone bosons. For SUð2Þ the masses read

M2
�þ ¼ M2

�� ¼ 2m̂B0 þ 2C
e2

F2
; M2

�0 ¼ 2m̂B0: (2)

In the SUð3Þ case, the mass term in (1) induces a mixing

between the �0 and the � fields given by Lmix ¼
ðB0=

ffiffiffi
3

p Þðmd �muÞ�0�. This mixing between the two
states with I3 ¼ S ¼ 0 will play an important role in
what follows. The kinetic term has then to be brought to
the canonical form before identifying the GB masses,
which can be easily done by the field rotation [3]

�0 ¼ ��0 cos"� �� sin"; � ¼ ��0 sin"þ �� cos"; (3)

where the mixing angle is given by

tan2" ¼
ffiffiffi
3

p
2

md �mu

ms � m̂
: (4)

Once the above �0� rotation is performed, the SUð3Þ
tree-level meson masses to leading order read

M2
�þ ¼ M2

�� ¼ 2m̂B0 þ 2C
e2

F2
;

M2
�0 ¼ 2B0

�
m̂� 2

3
ðms � m̂Þ sin

2"

cos2"

�
;

M2
Kþ ¼ M2

K� ¼ ðms þmuÞB0 þ 2C
e2

F2
;

M2
K0 ¼ ðms þmdÞB0;

M2
� ¼ 2B0

�
1

3
ðm̂þ 2msÞ þ 2

3
ðms � m̂Þ sin

2"

cos2"

�
: (5)

For pions, the main effect in the �0 � �þ mass differ-
ence comes from the EM contribution [23], while in the
kaon and eta cases the violations of Dashen’s theorem
M2

K� �M2
K0 ¼ M2

�� �M2
�0 [24] (mu ¼ md limit) indicate

that mu �md corrections are relevant and must be kept on
the same footing as the EM ones [11,25]. We emphasize
that all the previous expressions hold for tree-level leading-
order masses M2

a with a ¼ ��, �0, K�, �, in terms of
which we will express all our results. They coincide with
the physical masses to leading order in ChPT, i.e.,
M2

a;phys ¼ M2
að1þOðM2ÞÞ and so on for the meson decay

constants F2
a ¼ F2ð1þOðM2ÞÞ.

The fourth-order Lagrangian consists of all possible
terms compatible with the QCD symmetries to that order,
including the EM ones. TheLp4 Lagrangian is given in [2]

for the SUð2Þ case, h1;2;3 (contact terms) and l1...7 denoting
the dimensionless low-energy constants (LEC) multiplying
each independent term, and in [3] for SUð3Þ, the LEC
named H1;2 and L1...10. The electromagnetic Le2p2 and

Le4 for SUð2Þ are given in [12,13], k1;...13 denoting the

corresponding LEC, and in [11] for SUð3Þ with the K1...17

LEC. The relevant terms needed for this work are given
in [22].
The LEC are renormalized in such a way that they

absorb all the one-loop ultraviolet divergences coming
from Lp2 and Le2 , according to the ChPT counting, ren-

dering the observables finite and scale-independent. The
numerical values of the LEC at a given scale can be fitted to
meson experimental data, except the contact hi andHi. The
latter are needed for renormalization but cannot be directly
measured, reflecting an ambiguity in the observables de-
pending on them. The origin of this ambiguity is in the very
same definition of the condensates in perturbation theory
[2]. It is therefore convenient to define suitable combina-
tions which are independent of those constants and there-
fore can be determined numerically. We will bear this in
mind throughout this work and we will try to provide such
combinations when isospin breaking is included. The
numerical values we will use for masses and low-energy
constants in the SUð3Þ case are the same as in [22] unless
otherwise stated. In SUð3Þ they come from the fits
performed in [26].

III. QUARK CONDENSATES AT
FINITE TEMPERATURE

The quark condensates for a given flavor qi at finite
temperature T are given by

h �qiqiiT ¼ � 1

�V

@

@mi

logZ ¼
�
@Leff

@mi

�
T
; (6)

where � ¼ 1=T, V is the system volume, Z the partition
function, and h�iT denotes a thermal average. We will
denote by h �qqiT ¼ h �uuþ �ddiT ¼ � 1

�V
@
@m̂ logZ the order

parameter of chiral symmetry, while h �uu� �ddiT ¼
� 1

�V
@

@m�
logZ behaves as an order parameter of isospin

breaking, since it is the expectation value of the part of
the mass term in the QCD Lagrangian proportional to
mu �md and eðqu � qdÞ, respectively. It is still invariant
under transformations in the third direction of isospin,
which reflects electric charge conservation.
In ChPT to one loop we obtain then the SUð2Þ finite

temperature extension of the T ¼ 0 results in [22], which
we give also for consistency,

h �qqiT � h �uuþ �ddiT
¼ h �qqi0 þ B0½g1ðM�0 ; TÞ þ 2g1ðM�� ; TÞ� þOðp2Þ;

h �qqi0 ¼ �2F2B0

�
1���0 � 2��� þ 2

M2
�0

F2
ðlr3ð�Þ

þ hr1ð�ÞÞ þ e2Kr
2ð�Þ þOðp4Þ

�
; (7)

h �uu� �ddiT ¼h �uu� �ddi0
¼4B2

0ðmd�muÞh3�8

3
F2B0e

2k7þOðp2Þ; (8)
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where

K r
2ð�Þ ¼ 4

9
½5ðkr5ð�Þ þ kr6ð�ÞÞ þ k7�; (9)

and

�i ¼ M2
i

32�2F2
log

M2
i

�2
;

g1ðM;TÞ ¼ 1

2�2

Z 1

0
dp

p2

Ep

1

e�Ep � 1
; (10)

with E2
p ¼ p2 þM2.

The expression (7) contains the leading-order tree-level
term from L2 given by h �qqi0 ¼ �2F2B0, the one-loop
tadpolelike contribution Giðx ¼ 0Þ, with G the free meson
thermal propagator, whose finite part yields the combina-
tions �i þ g1ðMi; tÞ=ð2F2Þ (we follow the same finite-T
notation as in [5]) and the tree level from the fourth-order
Lagrangian. The latter shows up only at T ¼ 0, which
contains the LEC renormalized at the scale � of dimen-

sional regularization in the MS scheme [2,13] so that the
full expressions for the condensates are finite and scale-
independent. Note that h �qqi0 includes the contact term hr1.
The isospin breaking in h �qqiT for SUð2Þ is purely electro-
magnetic, showing up explicitly in the e2 terms and im-
plicitly through the pion mass differences. The temperature
dependence is encoded in the functions g1ðM;TÞ which
increase with T and behave near the chiral limit (T � M)

as g1ðM;TÞ ¼ T2

12 ½1þOðM=TÞ�.
Note that the effect of the electromagnetic corrections is

to decrease the thermal part of h �qqiT , since M�� >M�0 .
On the other hand, h �qqi0 increases for the available esti-
mates of the EM LEC, reflecting its ferromagnetic nature
[22]. Our first conclusion is then that the critical tempera-
ture, estimated as that for which the condensate vanishes,
increases with respect to the e ¼ 0 case, which is also a

ferromagnetic-like behavior induced by the explicit chiral
symmetry breaking of the EM quark coupling in the QCD
action. A simple estimate of the size of this effect can be
obtained by taking the chiral limit mu ¼ md ¼ 0 so

that M�0 ¼ ��0 ¼ 0, M2
�� ¼ 2Ce2=F2, and Tc ¼ffiffiffiffiffiffi

8F
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ e2Kr
2 � 2���

q
, which gives Te�0

c =Te¼0
c ’

1:003 with the parameters used in [22] and setting the
involved ki to their maximum expected ‘‘natural’’ values
ki ¼ 1=ð16�2Þ. Thus, in principle we expect rather small
corrections to chiral restoration from the electromagnetic
breaking. Nevertheless, in Sec. IVAwe will go back to this
point in connection with a sum rule relating the charge
breaking with the susceptibility, suggesting larger correc-
tions either for higher order transitions or for finite lattice
spacing.
The two sources of explicit isospin breaking in the

Lagrangian show up in the condensate difference (8),
which depends linearly on mu �md with the contact h3
and vanishes for mu ¼ md and e ¼ 0 in accordance with
the absence of spontaneous isospin breaking [16] men-
tioned in the introduction. Recall that h3 and k7 do not
need to be renormalized and are therefore finite and scale
independent. An important point is that h �uu� �ddi does not
receive pion loop corrections in the two-flavor case and it is
therefore temperature-independent to the one-loop order.
In other words, isospin breaking in SUð2Þ does not change
with T and the two condensates melt at the same tempera-
ture. This picture will change for Nf ¼ 3 due to kaon loops

and �0� mixing.
In the SUð3Þ case, we calculate to one loop at finite

temperature the light and strange condensates, taking into
account both mu �md and e � 0 corrections. The con-
densates read now

h �qqiSUð3Þ
T � h �uuþ �ddiSUð3Þ

T

¼ h �qqiSUð3Þ
0 þ B0

�
1

3
ð3� sin2"Þg1ðM�0 ; TÞ þ 2g1ðM�� ; TÞ þ g1ðMK0 ; TÞ

þ g1ðMK� ; TÞ þ 1

3
ð1þ sin2"Þg1ðM�; TÞ

�
þOðp2Þ;

h �qqiSUð3Þ
0 ¼ �2F2B0

�
1þ 8B0

F2
½m̂ð2Lr

8ð�Þ þHr
2ð�ÞÞ þ 4ð2m̂þmsÞLr

6ð�Þ� þ e2Kr
3þð�Þ

� 1

3
ð3� sin2"Þ��0 � 2��� ��K0 ��K� � 1

3
ð1þ sin2"Þ�� þOðp4Þ

�
; (11)

h �uu� �ddiSUð3Þ
T ¼ h �uu� �ddiSUð3Þ

0 þ B0

�
sin2"ffiffiffi

3
p ½g1ðM�0 ; TÞ � g1ðM�; TÞ� þ g1ðMK� ; TÞ � g1ðMK0 ; TÞ

�
þOðp2Þ;

h �uu� �ddiSUð3Þ
0 ¼ 2F2B0

�
4B0

F2
ðmd �muÞð2Lr

8ð�Þ þHr
2ð�ÞÞ � e2Kr

3�ð�Þ þ sin2"ffiffiffi
3

p ½��0 ���� þ�K� ��K0

�
þOðp2Þ;

(12)
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h�ssiT ¼ h�ssi0 þ B0

�
2

3
½g1ðM�0 ; TÞsin2"þ g1ðM�; TÞcos2"� þ g1ðMK� ; TÞ þ g1ðMK0 ; TÞ

�
þOðp2Þ;

h �ssi0 ¼ �F2B0

�
1þ 8B0

F2
½msð2Lr

8ð�Þ þHr
2ð�ÞÞ þ 4ð2m̂þmsÞLr

6ð�Þ� þ e2Kr
sð�Þ

� 4

3
½��0sin2"þ��cos

2"� � 2½�K� þ�K0� þOðp4Þ
�
; (13)

where

Kr
3þð�Þ ¼ 4

9
½6ðK7 þ Kr

8ð�ÞÞ þ 5ðKr
9ð�Þ þ Kr

10ð�ÞÞ�;

Kr
3�ð�Þ ¼ 4

3
½Kr

9ð�Þ þ Kr
10ð�Þ�;

Kr
sð�Þ ¼ 8

9
½3ðK7 þ Kr

8ð�ÞÞ þ Kr
9ð�Þ þ Kr

10ð�Þ�: (14)

In some of the above terms we have preferred to leave
the results in terms of quark instead of meson masses. As in
the SUð2Þ case, the results are finite and scale-independent,
which concerns only the T ¼ 0 part [22].

There are some important differences with respect to the
Nf ¼ 2 case which deserve to be mentioned. First,

the presence of the �0� mixing angle " (4) and the more
complicated dependence of meson masses with quark
masses (5), imply that now mu �md corrections show up
in h �qqi, apart from the EM ones. Note also that these
corrections in h �qqi and h �ssi are at leastOð"2Þ in the mixing
angle, or equivalently in mu �md, except for an Oðe2"Þ
term in the kaon contribution. This is so because, apart
from the explicit " dependence, one has to expand also
the meson masses in (5) around " ¼ 0. All the masses
depend quadratically on " except M2

K� � �a", M2
K0 � a"

with a ¼ ð2B0=
ffiffiffi
3

p Þðms � m̂Þ. Since, in addition, M2
K� ¼

M2
K0 þ 2Ce2=F2 for " ¼ 0, we end up with the above-

mentioned term.
Another important difference between the two cases is

that for SUð3Þ there are loop contributions to h �uu� �ddiT in
(12). Kaon loops arise from the charged-neutral kaon mass
difference, while neutral pion and eta ones from �0�
mixing. When expanding in " now, the leading order is
Oð"Þ even for e ¼ 0. These linear terms will be crucial
for our analysis of susceptibilities in Sec. IV. Those loop
corrections introduce now a T dependence in h �uu� �ddiT ,
unlike the SUð2Þ case. As it happened in the SUð2Þ case,
we see that h �uu� �ddiT in (12) vanishes for e2 and
mu ¼ md, in agreement with [16], which still holds includ-
ing thermal corrections.

At low and moderate temperatures g1ðM�0 ; TÞ domi-
nates over the kaon and eta contributions in (12), but it
should be remembered that " in (4) brings up a 1=ms

dependence which reduces the size of the pion term. In
order to make a crude estimate, let us consider again the
chiral limit, but keeping now the leading order inmu �md,
which we take then very small but nonzero while taking

m̂ ! 0þ. In this limit the kaon masses are roughly
kept to their physical values, which are well above the
critical temperature. Thus, we consider the regime
M� 	 T 	 MK, in which the pion term behaves as
B0ðmd �muÞT2=ð24msÞ ¼ B2

0ðmd �muÞT2=ð18M2
�Þ. The

kaon and eta contributions go like B0T
2½ðmd �muÞ=ms��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MK;�=T
q

e�MK;�=T [5], where we have taken also e ¼ 0 for

simplicity. The pion term is still dominant due to the
exponential suppression of K,�. However, when compared
to the T ¼ 0 part in that regime, which goes like ðmd �
muÞB2

0, we see that the quadratic growth with temperature

is controlled by the scale M2
� instead of, say, the chiral

restoring behavior of h �qqiT which is controlled by F2 in the
chiral limit. Therefore, the order parameter for isospin
breaking h �uu� �ddiT grows with T, although it does so
rather softly. Therefore, we do not expect big differences in
the melting temperatures of the u and d condensates. This
is also consistent with the expectation that in the limit
where ms is arbitrarily large, say compared to m̂, the
SUð2Þ result should be recovered, for which there is no
temperature dependence for the condensate difference.
The evolution with temperature of the condensate dif-

ference is shown in Fig. 1 for the full case of finite pion
mass and both e � 0 andmu � md. We have used the same
set of low-energy constants and parameters as in [22], in
particular mu=md ¼ 0:46 and ms=m̂ ¼ 24. For the EM
LEC Ki involved, we have displayed in the figure the
two curves corresponding to their maximum and minimum
expected natural values. We also show for comparison the
result for mu ¼ md, which shows that the charge contribu-
tion is actually of the same order as the one proportional to
mu �md. We see that the T-dependent amplification of the
isospin difference is rather large. In fact, this order parame-
ter reaches values comparable to its T ¼ 0 value near the
critical temperature, which is about Tc ’ 265 MeV in
SUð3Þ ChPT. Nevertheless, due to the additional " sup-
pressing factor discussed above, this enhancement is not
enough to produce a sizable difference in the melting
temperature of the u, d condensates, as it is clearly seen
in Fig. 1 (right), where we plot the two thermal condensates
separately. The two plots shown in Fig. 1 correspond then,
respectively, to the two order parameters involved here:
isospin breaking and chiral restoration. In turn, note that
the curves on the right plot are independent of the choice
of LEC since to this order h �qiqiiT=h �qiqii0 ¼ 1�
ðh �qiqiiT � h �qiqii0Þ=ðB0F

2Þ þOðp4Þ for i ¼ u, d.
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The individual condensates in (11)–(13) contain the
contact terms H2. These terms reflect an ambiguity in the
quark condensates, inherent to their renormalization in
QCD. It is therefore very important to deal with combina-
tions of condensates which are free of this ambiguity. This
very same source of ambiguity is also present in lattice
simulations at finite T. A simple way to get rid of it is to
subtract the T ¼ 0 contribution. This is the approach fol-
lowed by the authors of Ref. [8] both for condensates and
for susceptibilities. A different possibility is to consider the
combination h �qqi � ðm̂Þ=msh �ssi [9], or for individual con-
densates in the isospin-breaking case, h �qiqii � ðmi=msÞ�
h �ssi with i ¼ u, d. Another sum rule free of contact ambi-
guities often used in T ¼ 0 phenomenology to relate con-
densate ratios [3] is the following combination:

�SRðTÞ � h �ddiT
h �uuiT � 1þmd �mu

ms � m̂

�
1� h�ssiT

h �uuiT
�

¼ �SRð0Þ þmd �mu

ms � m̂

1

F2
½g1ðMK; TÞ � g1ðM�; TÞ

þ ðM2
K �M2

�Þg2ðMK; TÞ� � 2Ce2

F4
g2ðMK; TÞ;

(15)

where Oðmu �mdÞ2, Oðe4Þ Oðe2ðmu �mdÞ2Þ have been
neglected and �SRð0Þ is given in [22] with both sources of
isospin breaking contributing at the same order, not only in
the chiral counting but also numerically.

We have seen in Sec. III that the h �ddiT=h �uuiT ratio
receives significant corrections at finite temperature. On
the other hand, we expect the strange condensate to vary
slowly with T, from chiral symmetry breaking due to the
strange quark mass. Therefore, we expect that the thermal
corrections to this sum rule are also sizable. These correc-
tions are plotted in Fig. 2 for Kr

9 þ Kr
10 ¼ 1=ð8�2Þ. They

become comparable to the T ¼ 0 sum rule near the critical
temperature.

IV. SCALAR SUSCEPTIBILITIES
AND ISOSPIN BREAKING

In the isospin-breaking case, the scalar susceptibilities
are defined as

�ij ¼ � @

@mi

h �qjqjiT ¼ 1

�V

@2

@mi@mj

logZ

¼
Z �

0
d�

Z
d3 ~xhð �qiqiÞð ~x; �Þð �qjqjÞð0; 0ÞiT

� �Vh �qiqiiTh �qjqjiT;
i; j ¼ u; d; s;

(16)

so that in the light sector, the relevant one concerning chiral
restoration, we have three independent scalar susceptibil-
ities �uu, �dd, and �ud ¼ �du.
At this point, it is instructive to recall the definition of

the connected and disconnected parts of the susceptibility.
Consider the isospin limit with two light identical flavors
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FIG. 2 (color online). Thermal corrections to the sum rule
relating condensate ratios.
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FIG. 1 (color online). Left: the u� d condensate difference (isospin-breaking order parameter) at finite temperature in SUð3Þ,
relative to its T ¼ 0 value. Right: the two condensates separately.
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of mass m̂ ¼ mu ¼ md and e ¼ 0. There is only one light
susceptibility in this case, which can be written as

� ¼ � @

@m̂
h �qqiT ¼ 1

�V

@2

@m̂2
logZ ¼ 4�dis þ 2�con; (17)

with

�dis ¼ hðTrD�1
l Þ2iA � hTrD�1

l i2A; (18)

�con ¼ �hTrD�2
l iA; (19)

where Dl ¼ i@� m̂ is the Dirac operator for every light
flavor in the QCD Lagrangian and h�iA denotes integration
over the gluon fields, so that formally Z ¼
hexpPjTr logDjiA, where j runs over flavor and Tr runs

over the space-time, Dirac, and color indices. This separa-
tion is important for lattice analysis, as we will discuss
below, and reflects the contributions with connected and
disconnected quark lines, since D�1

l is the quark propaga-

tor. However, when considering the low-energy represen-
tation for the partition function and the susceptibilities in
terms of GB fields, it is not so simple to separate the
connected and disconnected parts if we take the isospin
limit from the very beginning. A possible approach to
perform such separation is to work within the partially
quenched ChPT framework, as discussed in [27] for the
vacuum polarization. We will however work within the
isospin-breaking scenario we are considering here, which
is very useful for this purpose, as noted first in [17] for the
susceptibilities and used also in [28] for the vacuum po-
larization. The main point is that for mu � md

�ud ¼ hðTrD�1
u ÞðTrD�1

d ÞiA � hTrD�1
u iAhTrD�1

d iA; (20)

so that one has �dis ¼ limmu!md
�ud and since @m̂ ¼

@mu
þ @md

, from (17) we have also �con ¼
limmu!md

½ð�uu þ �ddÞ=2� �ud�.
Therefore, with this observation in mind, we define in

the isospin-breaking regime the following basis of total,
connected, and disconnected susceptibilities in terms of the
ij basis in (16):

� ¼ �uu þ �dd þ 2�ud; (21)

�con ¼ 1

2
ð�uu þ �ddÞ � �ud; (22)

�dis ¼ �ud; (23)

which we can therefore obtain directly from our expres-
sions for the isospin-breaking condensates obtained in the
previous section. Observe that none of the Ki-dependent
terms in the condensates depends on the quark masses and
therefore the susceptibilities are independent of the
EM LEC.

Note that according to (16), � in (21) corresponds to the
correlator of the isosinglet condensate h �qqi, the order
parameter of chiral restoration, while the connected

contribution �con is the correlator of the isotriplet
�uu� �dd, the order parameter for isospin symmetry. A
divergence or sudden growth of these susceptibilities
would indicate then a phase transition for the correspond-
ing order parameter.
We also remark that the definitions of the connected

and disconnected parts in terms of uu, dd, ud ones are
not unique. We could as well have defined �dis as
	ð�uu � �ddÞ þ �ud for arbitrary 	, which also reduces
to the combination (18) in the isospin limit. We are follow-
ing the same convention as [17]. These formulas can be
easily extended to Nf identical flavors, for which

� ¼ Nf�con þ N2
f�dis.

In the following we will analyze several aspects related
to the above defined susceptibilities in different limits.

A. Sum rule for EM-like corrections to condensates

Before studying in detail the different susceptibilities, in
this subsection we will relate the EM corrections (and
actually any chargelike correction to pion masses) to the
condensates, found in Sec. III, with the total scalar suscep-
tibility. Consider first the condensate calculated in SUð2Þ
in (7) and let us define the ratio

rðTÞ � h �qqie�0
T

h �qqie¼0
T

: (24)

Now note that to one loop, the explicit dependence of the
condensate in e2 is only in the T ¼ 0 part, since the charge
dependence in L2 is contained implicitly in the pion mass
differences. Therefore, rðTÞ � rð0Þ depends on the charge
only through the parameter �� � ðM2

�� �M2
�0Þ=M2

�0 , in

which we can further expand (for the EM pion mass
difference �� ’ 0:1). Taking also into account that the
condensate is just the sum of the tadpole contributions
for the three pions, we can write

rðTÞ � rð0Þ ¼ � M2
�

2B0F
2
��

@

@M2
��

½h �qqiT � h �qqi0�

þOð�2
�Þ þOðp4Þ (25)

¼� M2
�

6B2
0F

2
��

@

@m̂
½h �qqiT�h �qqi0�þOð�2

�ÞþOðp4Þ; (26)

which, from the susceptibility definition in (21) can be
written, to this order, as

rðTÞ � rð0Þ ¼ 2

3

m̂2

M2
�F

2
��½�ðTÞ � �ð0Þ�: (27)

This sum rule relates then pion mass deviations in the
condensate with the total scalar susceptibility. Note that the
above result is written only in terms of the quark mass,
the pion mass and decay constant, and the charged-neutral
mass difference, without specifying if the latter is of elec-
tromagnetic origin. It states that, even though the mass
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deviation �� may be small, the corrections to the conden-
sate may be amplified near the phase transition, where the
susceptibility is maximum, if such transition is sufficiently
strong. Actually, the quantity proportional to �� on the
right-hand side of (27) is directly measurable on the
lattice [8].

For the case of the electromagnetic mass difference in
SUð2Þ discussed in Sec. II, we have ��M

2
�0 ¼ 2Ce2=F2

and

rðTÞ � rð0Þ ¼ 2Ce2

F4
g2ðM�0 ; TÞ þOðe4Þ; (28)

with

rð0Þ ¼ 1þ e2Kr
2ð�Þ � 4Ce2

F4

�0 ; (29)

and


i¼F2 d

dM2
i

�i¼ 1

32�2

�
1þ log

M2
i

�2

�
;

g2ðM;TÞ¼�dg1ðM;TÞ
dM2

¼ 1

4�2

Z 1

0
dp

1

Ep

1

e�Ep �1
: (30)

Note that rðTÞ is finite, scale-independent, and also
independent of the e ¼ 0 LEC l3, h1, h3. In particular, it
is free of the contact-term ambiguity, which makes it a
quantity suitable for physical predictions. It is also inde-
pendent of B0, unlike the individual quark condensates,
which have only physical meaning when multiplied by the
appropriate quark masses, since the miB0 products give
meson masses. In addition, the dependence with the
EM LEC disappears in the difference rðTÞ � rð0Þ, which
is the quantity directly related to the susceptibility
through (27).

The above relation can also be explored for SUð3Þ.
However, the connection with the susceptibility is not
direct in that case. The e2 dependence of h �qqiT � h �qqi0
enters now through M�� and MK� . However, the conden-
sates (11)–(13) depend on the light quark mass through all
the meson masses M�, MK, M�. The result is that

rðTÞ � rð0Þ can be expressed as the susceptibility term in
(27) plus a linear combination of @ðh�ssiT � h�ssi0Þ=@m and
@ðh�ssiT � h �ssi0Þ=@ms, to this chiral order and neglecting
Oðe4Þ andOðmu �mdÞ isospin-breaking corrections in the
right-hand side. Since the strange quark condensate has a
much weaker dependence on temperature than the light
one (or equivalently, we can approximately neglect the
thermal functions evaluated on kaon and eta masses) we
expect the T behavior of rðTÞ � rð0Þ to be dominated by
the light scalar susceptibility also in the SUð3Þ case and
therefore the sum rule (27) should hold approximately. In
this case we have to one loop

rðTÞSUð3Þ � rð0ÞSUð3Þ

¼ 1þ Ce2

F4
½2g2ðM�� ; TÞ þ g2ðMK� ; TÞ� þOðe4Þ;

rð0ÞSUð3Þ ¼ 1þ e2Kr
3þð�Þ � 2Ce2

F4
½2
�� þ 
K�� þOðe4Þ;

where the expansion in e2 to leading order allows one to
express the result in terms of the �� and K� masses. As in
SUð2Þ, rðTÞ is finite, scale-independent, and independent
of the e ¼ 0 LEC, so that it is free of contact ambiguities.
We compare the above expression with the susceptibility

in the SUð3Þ case. As will become clear in Sec. IVB, the
corrections to the total susceptibility � from both sources
of isospin breaking are small. Actually, we will see that the
next-to-leading order correction in the QCD breaking is
Oðmu �mdÞ2. The one-loop result is

�ðTÞ��ð0Þ
B2
0

¼4m̂2

M4
�

½�ðTÞ��ð0Þ�

¼2

�
3g2ðM�;TÞþg2ðMK;TÞþ1

9
g2ðM�;TÞ

�

þOðp2ÞþOðe2ÞþO
�
md�mu

ms

	
2
; (31)

�ð0Þ
B2
0

¼ 4m̂2

M4
�

�ð0Þ

¼ 16½8Lr
6ð�Þ þ 2Lr

8ð�Þ þHr
2ð�Þ�

� 4

�
3
� þ 
K þ 1

9

�

�
þOðp2Þ þOðe2Þ

þO
�
md �mu

ms

	
2
: (32)

The two quantities are compared in Fig. 3. The devia-
tions between them are negligible for the range of relevant
temperatures. Therefore, although for physical masses the
electromagnetic corrections are relatively small, they grow
with the susceptibility, which is a model-independent
prediction. For comparison, taking the value of
ðm̂2Þ=ðM4

�Þ½�ðTcÞ � �ð0Þ� from the lattice simulations in
[8] for 2þ 1 flavors with the lattice Tc value gives rðTcÞ �
rð0Þ ’ 0:013, not far from the higher temperature values in
Fig. 3, although the ChPT curve cannot reproduce the
susceptibility peak, only the low and moderate T behavior.
These small EM corrections for the condensate are in
accordance with our simple estimates made in Sec. III
and translate into a few MeV difference in the determina-
tion of the critical temperature from the order parameter.
The sum rule (27) has another interesting consequence,

regarding lattice simulations. In the staggered fermion
lattice formalism, the need to introduce four different
copies (tastes) for every quark flavor leads to the so-called
taste violation [8,19,29]. This is a lattice artifact which in
some aspects is similar to the isospin or flavor violations
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we are analyzing here. The new tastes enlarge the chiral
symmetry group to SUð4NfÞ � SUð4NfÞ, producing then

15 pseudo-Goldstone bosons plus one massive state
(�0-like) for every quark flavor. All these new meson states
become degenerate in the continuum limit, where taking
the fourth root of the Dirac fermion determinant is enough
to remove all the spurious copies. However, for finite
lattice spacing a, the tree-level masses of those states
receive Oða2Þ contributions, which break explicitly the
chiral group in the Lagrangian, only one Goldstone boson
remaining massless in the chiral limit, leaving then a
residualOð2Þ orUð1Þ symmetry. The mechanism is similar
to the electric charge one we are analyzing here, by which
the charged states receive Oðe2Þ corrections and the
Uð1Þ EM symmetry remains. In fact, for the staggered
case one can construct a generalized chiral Lagrangian
including all possible terms compatible with the new
symmetry. This is called staggered chiral perturbation
theory [29,30]. Among the new terms one recognizes con-
tributions of the form Tr½�U�Uy� with � a given combi-
nation of SUð4Þ generators, i.e., like the charge term in
(1) in SUð3Þ. Obviously, the staggered case includes addi-
tional operators and the spectrum of states is more com-
plicated. However, we can use the sum rule (27) to estimate
roughly the expected differences between the lattice stag-
gered condensate and the continuum one, considering the
lightest states. For fine-enough lattices, one has �a

� ¼
ðM2

�;a �M2
�Þ=M2

� ’ ca2 for the lightest tastes of squared

mass M2
�;a [8], where from the two smallest lattices in [8]

we get c ’ 140 fm�2. With this �a
� we can then use (27)

to estimate raðTÞ � r0ð0Þ. Consequently, we expect the
larger errors coming from this taste violation effect to
appear near Tc. That is indeed the case when we compare
lattices of decreasing temporal extent Nt ¼ a=T for
the condensate data given in [8]. More quantitatively,
taking also the susceptibility values of [8], we get

raðTcÞ � rað0Þ ’ 0:07ca2. Estimating the T ¼ 0 part using
(29) with e2 ! �a

�M
2
�F

2=ð2CÞ, we get a relative correction
for the condensates near Tc with respect to the continuum
of about 20% for theNt ¼ 12 data in [8] and about 12% for
theNt ¼ 16 ones in [31]. Following the same idea, we get a
relative difference between the Nt ¼ 10 and Nt ¼ 12 lat-
tices of around 8% near Tc, which is actually in good
agreement with lattice data [8]. A direct translation into
an error for the critical temperature is not easy to obtain. If
we simply extrapolate the one-loop chiral limit expression
h �qqiT ¼ h �qqi0ð1� T2=T2

c Þ, writing the left-hand side of
(27) in the one-loop equivalent form (25), we get a very
rough estimate�Tc ’ 10 MeV for Nt ¼ 12with respect to
the continuum, although the chiral limit is not always
numerically accurate, as we will actually see in the next
section.
Estimating taste-violation effects is important, since

they are one of the main sources of the discrepancies
between different lattice groups for the determination of
the critical temperature. An important effort has been made
over recent years to minimize these effects, not only by
considering finer lattices, but also by introducing lattice
actions where taste symmetry is reduced [31].

B. Temperature and mass dependence of connected
and disconnected susceptibilities. Relation with

chiral restoration and lattice analysis

The behavior of condensates and susceptibilities with
temperature and quark masses is crucial in order to under-
stand the nature of the chiral phase transition when ap-
proaching the chiral region ðmq; TÞ ! ð0þ; TcÞ. Lattice

simulations have addressed the question of how those
quantities scale with mq and T until very recently [20].

An essential part of this program concerns the scaling of
the connected and disconnected parts of the scalar suscep-
tibility. The disconnected piece is given in terms of closed
quark lines and is therefore directly related to h �qqi and
expected to be sensitive to chiral restoration. Actually, near
the chiral limit, i.e., the infrared (IR) behavior, it is known
to scale as �IR

dis � logM2
� for T ¼ 0 and �IR

dis � T=M� at

finite temperature [17]. The infrared contribution is then
controlled by the GB loop contributions. The situation is
not so clear for the connected part, since its infrared
divergent piece is proportional to n2f � 4, with nf the

number of identical light flavors [17], and therefore it
vanishes for nf ¼ 2. However, its IR finite part contributes

in the physical case of massive pions and is actually an
important difference between QCD and OðNÞ models, on
which the lattice scaling fits are based [20]. Besides, the
connected contribution receives important ‘‘false’’ GB-like
corrections coming from taste violation [20,21]. It is there-
fore important for lattice studies to provide the continuum
result for the disconnected and connected susceptibilities
in the physical case of 2þ 1 flavors and massive pions.

0 50 100 150 200 250
0.000

0.002

0.004

0.006

0.008

0.010

0.012

T MeV

FIG. 3 (color online). The rðTÞ function in SUð3Þ encoding the
EM corrections of the quark condensate. We compare it with the
normalized light susceptibility for physical quark and meson
masses. For these values, rð0Þ ’ 1:01.
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Our present ChPT one-loop analysis allows us to obtain
a model-independent prediction for the low-temperature
and small-mass behavior of the susceptibilities. The inclu-
sion of isospin-breaking effects is crucial. In fact, it will be
useful for the following discussion to note that

�con ¼ 1

2
ð�uu � �udÞ þ 1

2
ð�dd � �udÞ

¼ � 1

2
@m�

h �uu� �ddi;

�dis ¼ � 1

4
½@m̂h �uuþ �ddi � 2@m�

h �uu� �ddi�;

(33)

withm� ¼ ðmu �mdÞ=2, so that �con comes only from the
condensate difference in (12) and its leading order is
obtained from the linear terms in mu �md.

Now, from our considerations in Sec. III, if we neglect
for the moment the charge corrections and we take the
quark mass derivatives in (11) we have, to leading order in
m�, �uu ’ �dd, �uu þ �ud ’ �=2, and �uu � �ud ’ �con,
where the leading terms �, �con, and �dis ¼ �=4� �con=2
areOð1Þ in them� counting and are given in SUð3Þ by (31)
and (32) and

�disðTÞ � �disð0Þ
B2
0

¼ 1

18
½27g2ðM�; TÞ þ g2ðM�; TÞ�

� g1ðM�; TÞ � g1ðM�; TÞ
3ðM2

� �M2
�Þ

þOðp2Þ

þO
�
md �mu

ms

	
2 þOðe2Þ; (34)

�disð0Þ
B2
0

¼ 1

9
ð288Lr

6ð�Þ � 
� � 27
�Þ �
2F2ð�� ���Þ
3ðM2

� �M2
�Þ

þOðp2Þ þO
�
md �mu

ms

	
2 þOðe2Þ; (35)

�conðTÞ��conð0Þ
B2
0

¼g2ðMK;TÞþ
2½g1ðM�;TÞ�g1ðM�;TÞ�

3ðM2
��M2

�Þ
þOðp2ÞþO

�
md�mu

ms

	
2þOðe2Þ;

(36)

�conð0Þ
B2
0

¼ 2ð4Hr
2ð�Þ þ 8Lr

8ð�Þ � 
KÞ þ
4F2ð�� ���Þ
3ðM2

� �M2
�Þ

þOðp2Þ þO
�
md �mu

ms

	
2 þOðe2Þ: (37)

Several remarks are in order about the previous expres-
sions. First, we emphasize that all of them are finite and
scale-independent, which can be explicitly checked from
the scale dependence of the LEC [22]. We also note that,

unlike the disconnected part, the connected susceptibility
does not receive contributions from the mass derivative of
pion tadpoles, i.e., 
� or g2ðM�; TÞ. These turn out to be
the dominant ones in the chiral limit (see below) and this is
what we expected from our previous discussion on
the infrared behavior. Thus, we identify the difference
�� ��� in (37) and the corresponding g1 one in (36) as

the contribution of �0� mixing, while the 
K, g2ðMKÞ
terms come from the expansion of the kaon contribution
in the right-hand side of (12) around the isospin limit. From
(33), the disconnected part receives in addition a contribu-
tion from the sum (11) and hence it incorporates the 
�,
g2ðM�Þ terms. Note also that the T ¼ 0 part of �con de-
pends on the contact term H2, while that dependence
cancels in �dis. This means that only quantities such as
�conðTÞ � �conð0Þ can be unambiguously determined,
similar to the quark condensate case (see our discussion
at the end of Sec. III). This is a relevant comment for lattice
evaluations of this quantity. In fact, as a consequence of the
vanishing pion terms, we see that �conðTÞ � �conð0Þ van-
ishes formally in the ms ! 1 limit, recovering the pure
SUð2Þ result that we would get from (8), which holds also
for the other susceptibilities taking into account the con-
version between the SUð2Þ and SUð3Þ LEC [22] (see
below).
Regarding the expansion in (mu �md), as can be seen

from (33), from the condensate expressions (11) and (12)
and from the meson masses and mixing angle dependence
on m̂ andm�, that the linear order inm� cancels both in the
connected and the disconnected parts and so we have
written in the previous expressions and in the total suscep-
tibility (31) and (32). It is important to remark that the
Oðm�=msÞ2 �Oð"Þ2 corrections contain ’’tadpole mass
derivative’’ terms 
�, g2ðM�Þ in both �con and �dis.
However, an important difference between them is that
those IR-dominant terms do not appear to leading order
in the connected contribution. In fact, since 
�0 ¼ 
� þ
ð@
�=@M

2
�ÞOðm�=msÞ2, where the subscript � indicates

just the mu ¼ md and e2 ¼ 0 pion, the disconnected part
receives an Oðm�=msÞ2 proportional to the second deriva-
tive of the pion tadpole and hence is more IR divergent, and
so on for the thermal part g2ðM�0 ; TÞ. This contribution is
not present in the connected part to that order. Thus, we
expect the isospin-breaking corrections to be larger in the
disconnected than in the connected susceptibility.
Another pertinent comment is that we have been able to

obtain the leading order for �con and �dis only after con-
sidering properly all the mu � md contributions and then
taking the mu ¼ md limit. However, one can be led to
misleading results by setting mu ¼ md from the very be-
ginning. For instance, for two equal masses one could think
naively that �uu ¼ �ud ¼ �dd ¼ �=4, from the definition
(21). However, from our previous analysis we see that in
the isospin limit what we get actually is �ud ¼
�=4� �con=2 and �uu ¼ �dd ¼ �=4þ �con=2 with �con
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given in (36) and (37), i.e., not vanishing for mu ¼ md and
physical ms, although formally suppressed in the ms ! 1
limit. Thus, in the isospin limit taking just one flavor
susceptibility and multiplying by four does not give the
total scalar susceptibility, which should be obtained instead
by considering the derivative of the full sum of u and d
condensates as given by (21). Note that this correction does
not affect condensates, for which the h �uui and h �ddi differ-
ence vanishes for mu ¼ md and e2 ¼ 0 and therefore
h �qqi ¼ 2h �uui ¼ 2h �ddi in the isospin limit. This comment
may be relevant for certain lattice analysis, where working
within the one-flavor equivalent framework is often done,
since in that way it is easy to discuss for instance the taste-
breaking effect. This observation could then help to explain
the worseOðNÞ scaling properties of the susceptibility with
respect to those of the condensate [20]. In that work, the
lattice data for the susceptibility scaling function in the
2þ 1 case suffer from a sizable increase as the strange
quark mass is decreased relative to the light one. That
increase is not seen in the quark condensate data and could
be due partly to the definition used as we have just ex-
plained, since the positive term proportional to �con in-
creases with 1=ms, from (36) and (37). This is not the only
effect that may cause this ‘‘wrong’’ scaling because, as
pointed out in [20,21], taste breaking induces an artificial
infrared pion contribution in �con which is not present in
the continuum, as our above expressions show. What we
are pointing out here is that the one-flavor �uu and �dd are
sensitive to isospin-breaking terms even for mu ¼ md and
in the continuum, unlike considering for instance the total
susceptibility �� �uu þ �ud in (21) for which the �con

term cancels. In addition, as we will see below, �con is
dominated numerically by its T ¼ 0 part, which would
explain why the anomalous scaling is reduced for the
subtracted susceptibility.

The charge corrections to susceptibilities in our previous
expressions (32) and (37) arise only through the mass of
the charged mesons �� and K�. Thus, including the
charge amounts to replace 3
� ! 
�0 þ 2
�� in (32) and
(35) and 2
K ! 
K þ 
K� in (32) and (37), and so on
for the thermal parts 3g2ðM�; TÞ ! g2ðM�0 ; TÞ þ
2g2ðM�� ; TÞ and 2g2ðMK;TÞ!g2ðMK;TÞþg2ðMK� ;TÞ.
Although for physical values of the electric charge and
masses these represent small perturbative corrections, the
fact that near the chiral limit the coefficient of the IR-
dominant 
� and g2ðM�; TÞ reduces in 1=3 for e2 � 0 is
the reflection in the scalar susceptibility of the behavior of
the condensate in terms of �� corrections to the masses
analyzed in Sec. IVA. Thus, when the mass corrections ��

become sizable, as in the staggered lattice formalism, the
susceptibility is reduced by that factor, which eventually
would imply that the transition peak or maximum is dis-
placed to a higher temperature, consistent with our analysis
in the previous section about the increasing of Tc in the
condensates. Recall that one cannot just expand the pion

terms in e2 and then take the chiral limit, since that
expansion assumes that the charge part of M�� is small
compared to the quark mass one.
Before continuing, we also remark that our above results

are compatible with the recent observation [21] that the
connected and disconnected susceptibilities can be inferred
from the zero momentum limit of the a0 and f0 correlators
calculated previously in staggered ChPT [32]. The moti-
vation of those works is precisely to estimate the contribu-
tion of heavy pion-like tastes to the IR part of �con, which
could mask the scaling behavior. The continuum limit of
the results in [21] reveals the same �, K, � loop contribu-
tions as in our expressions (34)–(37). We provide the full
ChPT result, including the LEC contribution necessary to
guarantee the finiteness and scale independence of the
results, as well as the analysis of the higher order correc-
tions in isospin breaking.
As discussed above, the behavior of the susceptibilities

near the chiral limit (IR regime) is very illuminating re-
garding their approach to chiral restoration within theOð4Þ
or SUð2Þ pattern in the continuum, i.e., without taste-
breaking effects. Let us consider this regime first for
T ¼ 0 and only for the leading-order terms in the isospin
expansion in (35) and (36), i.e., we set mu ¼ md ¼ m̂ and
e2 ¼ 0 in the T ¼ 0 susceptibilities and consider m̂ 	 ms.
We denote by a superscript IR the nonvanishing terms in
that limit,

�IR
disðT ¼ 0Þ

B2
0

¼ � 3

32�2
log

M2
�

�2
þ 32Lr

6ð�Þ

þ 1

288�2

�
�28þ 5 log

M2
�

�2

	
; (38)

�IR
conðT ¼ 0Þ

B2
0

¼ 8½Hr
2ð�Þ þ 2Lr

8ð�Þ�

� 1

16�2

�
1þ log

M2
K

�2
þ 2

3
log

M2
�

�2

	
: (39)

The IR divergent logM2
� term in (38) coincides with the

one obtained in [17], where a cutoff regularization was
used. Multiplied by 4, this is also the IR-dominant part in
the total susceptibility �. In addition to that term, we
obtain here the regular part, not IR divergent but not
vanishing in the chiral limit, which provides the depen-
dence with the LEC and together with the logarithm gives
the consistent scale-independent ChPT prediction. As for
the connected part, again only the IR-divergent contribu-
tion is given in [17], which as commented above turns out
to vanish exactly for two light fermions. Here we also give
the regular contribution, also scale independent, which
unlike the disconnected part depends on the contact
term Hr

2. As an interesting consistency check, we can
recover the SUð2Þ limit from the above expressions, using
the conversion between the LEC of SUð2Þ and SUð3Þ
[3] lr3 þ hr1 � h3 ¼ 16Lr

6 þ 5
�=18� 1=ð96�2Þ and
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hr3 ¼ 4Lr
8 þ 2Hr

2 � 
K=2� 
�=3þ 1=ð96�2Þ, so that

�SUð2Þ
dis ¼ �3
� þ 2ðlr3 þ hr1 � h3Þ and �SUð2Þ

con ¼ 4hr3,
which is the same result that we would have starting
directly from the SUð2Þ expressions in (7) and (8).

Let us consider now the dominant IR thermal contribu-
tion in the 2þ 1 flavor case, i.e., apart from m̂ 	 ms we
also consider temperatures M� 	 T 	 MK, so that
we neglect all the Boltzmann exponentials

expð�MK;�=TÞ and expand g1ðM�; TÞ ¼ T2

12 ½1� 3M�=

ð�TÞ þOðM2
� logM2

�Þ� and g2ðM�; TÞ ¼ T=ð8�M�Þ þ
OðlogM2

�Þ [5]. Thus, we get
½�disðTÞ � �disð0Þ�IR

B2
0

¼ 3T

16�M�

; (40)

½�conðTÞ � �conð0Þ�IR
B2
0

¼ T2

18M2
�

: (41)

The disconnected part (40) is again the one obtained in
[17] in the IR limit. It diverges more strongly than the
T ¼ 0 contribution in (38) in this limit, revealing its criti-
cal behavior. The growth with T is linear over the GB mass
scale. Recall that, apart from the thermally suppressed
exponentials, we are neglecting also logM� terms in the
disconnected part (40). The situation is completely differ-
ent for the connected contribution, which is regular, albeit
not vanishing, in the chiral limit. The quadratically grow-
ing term in (41) survives for M� ! 0 against neglected
OðM�Þ and is dominant over expð�MK;�=TÞ. It vanishes
formally as ms ! 1, recovering the SUð2Þ limit. For
physical masses though, a specific and model-independent
difference between the Nf ¼ 2 and Nf ¼ 2þ 1 cases is

the (soft) temperature dependence of the connected sus-
ceptibility, the scale that controls its growth being M2

�

instead of the M2
� of the connected part. This is a conse-

quence of �dis measuring the fluctuations of the chiral
restoration order parameter, while �con is related to those
of the isospin-breaking one, i.e., h �uu� �ddi, which as we
have seen in Sec. III increases moderately. Note that near
the chiral limit we could as well have written the T2 term
divided by M2

K just by changing the multiplying factor.
KeepingM2

� recalls its �0� origin, as is clearly seen in the

original expressions in (36) and (37).
In Fig. 4 we plot our numerical ChPT results for the

susceptibilities, including all the isospin-breaking correc-
tions. The plots in that figure show the difference with
respect to the T ¼ 0 results, which are collected in
Table I. At T ¼ 0 we use the same LEC values as in
[22], which are quoted in the table. Remember that the
susceptibilities are independent of the EM LEC and that
the disconnected one is independent of contact terms. The
contact LEC Hr

2 appearing in the connected contribution is
estimated from resonance saturation arguments [15,26].
The normalization used B2

0 ¼ M4
�=ð4m̂2Þ is the same one

used in some lattice works [8].

We see in the plots that the general features explored in
our previous analytical discussion are well reproduced.
First, the Oðe2Þ and Oðmd �muÞ2 terms neglected in
(31), (32), and (34)–(37) are numerically small for the
relevant temperature range, for physical values of quark
and meson masses. In fact, as anticipated in our previous
discussion, we see that those isospin corrections are larger
for the disconnected than for the connected part and are
also larger with temperature, all due to the appearance of
IR terms proportional to the second derivative of the tad-
pole in �dis. Remember that the leading order in the isospin
limit comes actually from the Oðmd �muÞ terms in the
condensates. Second, we appreciate qualitatively the linear
and quadratic growth with temperature of the disconnected
and connected parts, respectively, as expected from the
infrared analysis. In fact, we see that although the con-
nected term grows faster, its absolute value is much smaller
due to the M2

� scale compared to the M2
� of the discon-

nected part. However, it is important to note that the IR
limit expressions (40) and (41) are numerically rather far
from the exact ones for the physical pion mass. The dif-
ference is larger for the disconnected contribution since, as
stated above, in (40) we are neglecting OðlogM�Þ terms,
while in (41) the neglected terms are OðM�Þ. In fact, this
justifies further our present analysis, since we provide the
full expressions beyond the chiral limit. Also as discussed
above, the infrared limit expressions for T ¼ 0 given in
(38) and (39) survive not only the chiral limit but also the
ms ! 1 one, �dis still diverging but only logarithmically,
which for physical masses makes the two susceptibilities
numerically comparable. This is clearly seen in the values
given in the first two rows of Table I. Actually, for this very
same reason, and following our previous discussion, the
deviations of �uu from the naive isospin-limit expectation
�=4 is much more pronounced at T ¼ 0 than for finite T.
This can be seen by comparing the last two columns in
Table I which give about a 30% relative difference, while
the last plot in Fig. 4, where we compare their thermal
differences, gives only corrections below 10%. In fact, this
is consistent with our previous discussion about the influ-
ence of the connected part in the scaling properties ob-
served in the lattice. If we consider the subtracted
susceptibilities as defined in [20] from the subtracted con-
densate h �uui � ðmu=msÞh�ssi, we see that the dependence
on the LEC disappears in the m̂=ms ! 0 limit. Remember
that in this limit all the T ¼ 0 contribution of the connected
part is absorbed in hr3 (see our previous comments) and

therefore considering the subtracted susceptibility is
equivalent to switching off the dominant T ¼ 0 part of
the connected susceptibility. This is indeed observed in the
lattice [20] since the subtracted susceptibility fits better the
expectedOðNÞ scaling behavior than the unsubtracted one.
The variation with the quark mass is displayed for T � 0

in Fig. 5 and for T ¼ 0 in Table I. It is important to remark
that we have chosen to keep fixed the ratio mu=md ’ 0:46
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(same value used in our previous analysis [22]) and ms,
while we vary m̂=ms above and below the physical quark
mass ratio. In other words, when m̂ ! 0þ,M� ! 0þ while
MK;� remain fixed. This is meant to be the relevant limit

when approaching chiral restoration. In addition, since we

can write ðmd �muÞ=ms ¼ 2ðm̂=msÞð1�mu=mdÞ�
ð1þmu=mdÞ�1, " scales in this limit as Oðm̂Þ. Recall
that, although the values of the Lr

i are fitted to low-energy
data with physical masses [26], those LEC are formally
independent of the quark masses [3]. The same applies to
the tree-level value of F we are using.
As we expected from our previous IR analysis in

Eqs. (40) and (41), the light quark mass dependence of
the thermal disconnected susceptibility is much stronger
than the connected one, as seen clearly in Fig. 5 and as long
as we take the limit in the order specified above. In terms of
chiral restoration, this anticipates a much stronger growth
or peak near Tc for the disconnected part. From the same
arguments, the behavior of the connected part is expected
to be softer near the transition, although growing with T2

for low and moderate temperatures. We also show in the
figure the comparison with the infrared limit for the smaller
m̂=ms case, where it can be seen that the curves are now
closer than for the physical pion mass case in Fig. 4.
In addition, the isospin corrections are also more im-

portant for the disconnected part, where they actually

TABLE I. T ¼ 0 values for the different susceptibilities in
ChPT. The isospin limit (IL) values correspond to mu ! md

and e ¼ 0. For the third to sixth rows we fix ms=md and ms and
vary the light to heavy quark mass ratio. The first and second
rows correspond to the physical values. The LEC values used are
Hr

2 ¼ 2Lr
8 ¼ 1:24� 10�3, Lr

6 ¼ 0 at the scale � ¼ 770 MeV.

�dis=B
2
0 �con=B

2
0 �=B2

0 4�uu=B
2
0

ms=m̂ ¼ 24 0.024 0.025 0.146 0.196

ms=m̂ ¼ 24, IL 0.025 0.025 0.148 0.197

ms=m̂ ¼ 10 0.016 0.024 0.113 0.163

ms=m̂ ¼ 10, IL 0.017 0.023 0.114 0.161

ms=m̂ ¼ 100 0.036 0.026 0.194 0.245

ms=m̂ ¼ 100, IL 0.038 0.025 0.203 0.254
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FIG. 4 (color online). Temperature dependence of disconnected, connected, and total susceptibilities in three-flavor ChPT, for
physical quark and meson masses. The solid blue curves show the results with all the isospin-breaking corrections of higher order
included, while in the dashed red ones we display the leading order in the isospin limit. We also show the IR expressions for the
connected and disconnected parts, as well as the deviations of 4�uu from �tot in the isospin limit (last plot). The T ¼ 0 results are given
in Table I.
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increase as m̂ is decreased, than for the connected one,
where the isospin limit and complete curves are almost
indistinguishable in the figure. The same holds for the
T ¼ 0 contributions in Table I. According to our previous
discussion, this behavior of the isospin corrections arises

from the dominant IR terms �dis � B2
0ðTM2

�=M
3
�Þ"2 ¼

Oð ffiffiffiffi
m̂

p Þ as compared to �con � B2
0ðT=M�Þ"2 ¼ Oðm̂3=2Þ.

This effect is weaker for the T ¼ 0 contributions since the
IR leading corrections 
�"

2 (in �con) and ð@
�=@M
2
�Þ"2

(in �dis) diverge softly, namely, as m̂2 logm̂ and m̂ respec-
tively. Thus, although the isospin corrections are amplified
in the disconnected susceptibility for large temperatures
and small masses, they are still perturbatively under con-
trol in the chiral limit.

The limit where m̂=ms vanishes not by taking m̂ ! 0þ
but keeping m̂ fixed and taking ms ! 1, is where we
recover the pure SUð2Þ results, as discussed before. In
that case, it is the connected part which is more sensitive
to the quark mass variation, vanishing for large M2

�, while

the disconnected one remains invariant. Although this is
formally interesting for connecting the SUð2Þ and SUð3Þ
cases, it is not so relevant for studying the critical behavior.

V. CONCLUSIONS

In this work we have analyzed the relevant observables
regarding chiral symmetry restoration, namely, quark con-
densates and scalar susceptibilities, in the presence of
isospin breaking. We have considered on the same footing
the QCD (mu=md mass difference) and electromagnetic
corrections, to one loop in chiral perturbation theory, both
in the SUð2Þ and SUð3Þ sectors. Our analysis provides
useful and model-independent results regarding several
relevant aspects of isospin breaking and chiral restoration,
which may be particularly interesting for lattice studies.
The sum h �uuþ �ddiT , the order parameter for chiral

restoration, receives small isospin-breaking corrections
for the physical values of masses and electric charge.
These corrections affect only slightly (less than 1%) the
value of the critical temperature, which they increase as a
ferromagnetic response. The difference h �uu� �ddiT is the
order parameter of isospin breaking. It is temperature-
independent in the SUð2Þ limit, but when kaons and the
eta are included, it shows an increasing behavior, which in
the chiral limit is given by ðmu �mdÞT2=M2

�. The devia-

tions with respect to its T ¼ 0 value become sizable as the
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FIG. 5 (color online). Quark mass dependence of the thermal disconnected, connected, and total susceptibilities in three-flavor
ChPT, for fixed ms and fixed mu=md. We also show the isospin limit (IL) mu ! md and e2 ¼ 0 in the smaller light mass case. The
T ¼ 0 results are given in Table I. For comparison, we also display the infrared limit in the ms=m̂ ¼ 100 case.
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temperature is increased, but they are controlled by a larger
energy scale M2

� than the typical F2
� of h �uuþ �ddiT . This

large growth of isospin breaking does not reflect in the
chiral restoration temperatures of h �uuiT and h �ddiT , which
remain close to each other, consistently with the idea that
chiral restoration is little affected. We have also evaluated
the temperature corrections to the sum rule relating the
h �ssiT=h �uuiT and h �uuiT=h �ddiT ratios, which is useful be-
cause it does not involve undetermined contact low-energy
constants. The corrections in this case come directly from
the h �ddiT=h �uuiT ratio and are therefore rather large for the
temperatures of interest.

A very important part of the present work has been the
analysis of scalar susceptibilities in the isospin asymmetric
scenario. We have related the different flavor susceptibil-
ities with the total, quark connected and quark discon-
nected susceptibilities often used in lattice analysis.
Electromagnetic corrections to the quark condensate turn
out to be directly related by a sum rule to the total suscep-
tibility and then to the growth of fluctuations, which is
meant to be maximum near the critical point. This sum rule
is valid for any small deviation of the pion masses, as for
instance the one arising in the staggered lattice formalism
due to taste-breaking effects. Actually, we have made
rough estimates of the corrections to condensates expected
from this source, comparing lattices of different sizes
among them and with the continuum limit. These estimates
are in good agreement with the errors quoted in the lattice
works.

The isospin asymmetric calculation allows for a direct
extraction of the connected and disconnected susceptibil-
ities, even in the isospin symmetric limit. The terms in
h �uu� �ddiT linearly proportional to mu �md give contri-
butions to the connected part not vanishing in the isospin
limit and which affect for instance the naive extrapolation
of a given flavor susceptibility to the total one. Our analysis
provides model-independent predictions for the mass,

temperature, and isospin dependence of those quantities,
which should be recovered in lattice analysis as they
approach the continuum limit. In accordance with the
behavior of the corresponding order parameters, the dis-
connected susceptibility shows a linear growth at low and
moderate temperatures, infrared divergent near the chiral
limit as T=M�, whereas the connected one is infrared
regular but survives the chiral limit as a growing T2=M2

�

behavior. The chiral or infrared limit gives qualitatively the
behavior as the temperature approaches chiral restoration
but numerically is not a good approximation for physical
pion masses. The higher order isospin-breaking corrections
are quadratic in mu �md and are enhanced in the chiral
limit for the disconnected susceptibility, as long as ms and
mu=md remain fixed. The ChPT susceptibilities reproduce
the growing T-dependence at low and moderate tempera-
tures in a model-independent way. Although they do not
show the peaks expected near the transition, our small mass
analysis allows one to infer that the disconnected part
should have a more pronounced peak than the connected
one, the latter expected to present a rather soft behavior.
This difference can be interpreted from the different order
parameters that fluctuate in each case: the chiral quark
condensate for the disconnected piece and the isospin-
breaking one in the connected case. In the formal SUð2Þ
limit ms ! 1 the connected contribution becomes
temperature-independent, like h �uu� �ddiT . Our analysis
for the susceptibilities is consistent with previous related
work in the literature.
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Compa~neros escalares-pseudoescalares en QCD y
restauraci�on de la simetr��a quiral

La siguiente secci �on ahondar�a en el estudio de las susceptibilidades quira-
les, proponiendo un escenario de restauraci�on de simetr��a quiral basado en la
degeneraci �on de las susceptibilidades pseudoescalar y escalar.

Los resultados procedentes de simulaciones en el ret��culo [68, 86] apoyan el
hecho de que la transici �on de decon�namiento y la restauraci�on de simetr��a
quiral tienen lugar, si no a la misma temperatura, s�� en un punto muy pr�oximo
que sit �uan en torno a los 145 x 165 MeV para Nf = 2 + 1 y potencial qu��mico
bari�onico nulo. Estos resultados son bastante consistentes con el crossover suave
que predice el patr�on de ruptura O(4) ! O(3) si se considera el caso de dos
sabores en el l��mite quiral [83, 149]. Por otro lado, es natural suponer que |
en el r�egimen de baja energ��a| los correladores en t�erminos de los cuales se
de�nen las susceptibilidades quirales escalar y pseudoescalar est�an saturados por
las part��culas asociadas a sus n �umeros cu�anticos, i.e. la f0(500)=� en el caso de la
susceptibilidad quiral escalar, y el pi�on para la susceptibilidad pseudoescalar.

Uniendo estas dos �ultimas ideas es l��cito conjeturar un escenario en el que
la restauraci�on de la simetr��a quiral d�e lugar a la degeneraci �on en masa de los
compa~neros quirales f0(500) y � que se mani�esta |por ejemplo| a trav�es de la
anulaci �on tanto del valor esperado en el vac��o como de la masa del campo (�; �a)
del Modelo Sigma Lineal en el l��mite quiral para una cierta temperatura [151].

Sin embargo, como ya hemos visto en el cap��tulo 1, la f0(500) es una resonan-
cia cuya interpretaci �on en t�ermino de un estado asint�otico es, siendo optimistas,
compleja. Los resultados que de�endo muestran que no s�olo no es necesaria esta
descripci�on, sino que este escenario de degeneraci�on escalar-pseudoescalar en el
sector de baja energ��a de la Interacci �onFuerte puede explicarse satisfactoriamen-
te a trav�es del an�alisis de las funciones de correlaci �on en los canales apropiados
mediante un enfoque efectivo dado por ChPT y su extensi�on unitarizada a
trav�es del IAM.

En efecto, el uso del lagrangiano quiral efectivo para dos sabores ligeros nos ha
permitido probar que la susceptibilidad pseudoescalar|esencialmente un corre-
lador de cuatro campos con los n �umeros cu�anticos del pi�on| es proporcional al
condensado escalar de quarks hasta next-to-leading-order en ChPT considerando
temperatura �nita. Resulta entonces que la susceptibilidad pseudoescalar var��a
como el par�ametro de orden de la restauraci�on de la simetr��a quiral y, por tanto,
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exhibe un comportamiento cr��tico7 mucho m�as acusado que 1=M2
� (T ), resultado

que uno esperar��a al saturar el correlador pseudoescalar por un estado de tipo
pi�on.

En la literatura especializada existen interesantes resultados a este respecto
construidos sobre la base de asunciones menos robustas. Por ejemplo c�alculos ba-
sados en el �algebra de corrientes a temperatura cero en medios nucleares [152];
o fundamentados en identidades de Ward para QCD en el l��mite quiral, en co-
nexi�on con el condensado escalar de quarks de�nido para fermiones de Wilson
en el ret��culo [153{155]. Estos resultados nos han proporcionado una fuente im-
portante de motivaci�on para el estudio del tema, a la par que constituyen por
s�� mismos una prueba del inter�es que supone la consideraci�on del problema
desde un punto de vista model-independent en el marco de ChPT.

La aplicaci �on del IAM [42{44] permite la generaci�on din�amica de las reso-
nancias m�as ligeras de los canales vectorial, �(770); y escalar, f0(500)=� , como
polos de la amplitud unitarizada en la segunda hoja de Riemann y puede exten-
derse tambi�en a temperatura �nita [50,105,156].

Como puede verse en estas ultimas referencias |y tambi�en en la publica-
ci �on 2.3.1, a modo de resumen|, el comportamiento de los canales vectorial-
isovectorial y escalar en UChPT es radicalmente distinto. La posici �on del polo
de la amplitud, sp := (Mpx i=2�p)2, es tal que la �(770) puede interpretarse satis-
factoriamente como una resonancia estrecha parametrizada �a la Breit-Wigner en
la que M

�
p(T )>>�

�
p(T ), variando M

�
p(T ) con la temperatura de modo muy suave

en el rango t�ermico de aplicaci �on de la teor��a y siendo �
�
p(T )=�

�
p(0) proporcional

a �T =�0, i.e. a la variaci �on t�ermica del espacio de fases (1.111) respecto al valor a
temperatura cero (1.53).

De modo completamente opuesto, la f0(500) est�a lejos de poder ser interpre-
tada como una resonancia estrecha puesto que los valores num�ericos de M�

p(T )
y ��

p(T ) son del mismo orden, es decir, el polo de la amplitud unitarizada no se
encuentra cercano al eje real. Es interesante y, como veremos, fundamental el
hecho de que en este canal la parte real del polo |interpretada como la parte
real de la auto-energ��a de la resonancia intercambiada en la dispersi �on| decrece
r�apidamente con la temperatura y tiene un m��nimo.

>C�omo utilizar este formalismo para estudiar el escenario de degeneraci�on
de las susceptibilidades escalar y pseudoescalar? Lo primero es asumir que el
propagador escalar est�a completamente saturado por la f0(500) y que la masa de
la part��cula intercambiada en la dispersi �on de piones a momento nulo |tal y
como exige la de�nici �on de la susceptibilidad en t�erminos del propagador| no

7 Obs�ervese que el t�ermino cr��tico ha de entenderse aqu�� en la l��nea de lo que ya hemos comentado
anteriormente acerca de la extrapolaci �on de resultados de ChPT al estudio cualitativo de los
fen�omenos relacionados con la restauraci�on quiral.
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var��a signi�cativamente respecto de la parte real de la auto-energ��a,MS, evaluada
en el polo t�ermico del canal escalar calculado a partir del IAM.

Bajo estos supuestos es posible obtener la correcci �on debida a unitarizaci �on
para la susceptibilidadquiral escalar. En efecto, como�S(T )� 1=MS(T )2, entonces
resulta que

�U
S (T ) =

M2
S(0)

M2
S(T )

�ChPTS (0); (2.1)

donde hemos tomado deChPT el resultado para la susceptibilidad quiral escalar
a temperatura cero. El uso de esta hip�otesis convierte el m��nimo de la parte
real del polo t�ermico de la amplitud en el canal (I = 0; J = 0) en un m�aximo
para la susceptibilidad escalar, lo que puede considerarse como una mejora de los
resultados deChPT, habida cuenta del comportamiento cr��tico que experimenta
este observable cerca de la regi�on cr��tica en simulaciones en el ret��culo.

Puesto que hemos comprobado que la susceptibilidad pseudoescalar es pro-
porcional al condensado escalar de quarks, ya s�olo nos queda obtener este �ultimo
para emprender el an�alisis de nuestro escenario. Lamentablemente, debido a que
desconocemos el modo de obtener el condensado de quarks en el l��mite quiral
sin perder informaci�on acerca de su comportamiento cr��tico, �este no puede cal-
cularse directamente a partir de integrar la expresi �on (2.1) respecto de la masa
quark. Ser�a necesario, por tanto, obtener una descripci�on aproximada.

En la publicaci �on 2.3.1 hemos asumido la hip�otesis de que la variaci �on t�ermica
respecto al valor de temperatura cero para el condensado y para la susceptibili-
dad escalar admite una parametrizaci �on en t�erminos de funciones t�ermicas que
s�olo dependen de T=M |lo que es cierto, de hecho, hasta next-to-leading-order en
ChPT|. De este modo s�� podemos estar seguros de conocer el valor inicial ne-
cesario para la integraci�on, puesto que viene dado por el condensado escalar de
quarks en el r�egimen de muy baja temperatura, i.e. el proporcionado por ChPT.

Con todo, las conclusiones fundamentales de la publicaci �on 2.3.1 pueden agru-
parse en tres grupos: resultados procedentes de ChPT pura, y una serie de re-
sultados que se obtienen a trav�es de la comparaci�on con datos procedentes de la
simulaci�on en el ret��culo as�� como con predicciones calculadas mediante la ex-
tensi �on unitarizada deChPT (que a su vez se comparan tambi�en con el ret��culo).

En cuanto a los resultados obtenidos a partir de la Teor��a Quiral de Pertur-
baciones:

§ ChPT arroja un comportamiento creciente para la susceptibilidad quiral es-
calar, intersectando a la susceptibilidad pseudoescalar a una temperatura de
0;9TC;� , donde TC;� es la temperatura para la que se anula el condensado de
quarks en la Teor��a Quiral. Este resultado ha de ser tomado, nuevamente,
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con cuidado y bajo la advertencia de que se trata de una extrapolaci �on de los
resultadosmodel-independent m�as all�a de su r�egimen t�ermico de aplicabilidad.

Desde este punto de vistaChPT muestra un escenario posible de restau-
raci �on de simetr��a quiral a trav�es del an�alisis del patr�on de degeneraci�on
de las susceptibilidades escalar y pseudoescalar.

El comportamiento de estos dos correladores est�a directamente asocia-
do a los canales de la f0(500)=� y al del pi�on, respectivamente; por lo que
aceptando la hip�otesis de que se hallan saturados a trav�es de esos estados
|algo razonable si se trabaja en el sector de baja energ��a| su degeneraci�on
implica la degeneraci�on en masa del pi�on y de la � .

En el marco deChPT a next-to-leading-order hemos demostrado de forma
model-independent que la susceptilidad pseudoescalar a temperatura �nita es
proporcional al condensado de quarks y al inverso de la masa de los quarks
ligeros. Esto implica que la susceptibilidad pseudoescalar presenta una na-
turaleza similar a la del condensado escalar, es decir, tiende a reproducir
de modo mucho m�as parecido el comportamiento cr��tico predicho por las
simulaciones en el ret��culo que el que se obtendr��a si se asume la saturaci�on
del correlador pseudoescalar por un estado de un pi�on (�P � 1=M2

� ), perfec-
tamente v�alido |por otro lado| para temperaturas su�cientemente bajas.
Adem�as, es posible escribir esta relaci �on demodo que no dependa de lamasa
de los quarks ligeros ni de t�erminos de contacto, sino s�olo de par�ametros de
mesones a trav�es de �P (T )=�P (0) =<�qq>T =<�qq>0.

Ha de notarse que, a diferencia de otros acercamientos al problema [152],
este resultado no se basa en la validez del �algebra de corrientes, sino que
est�a calculado en el contexto de una teor��a efectiva teniendo en cuenta co-
rrecciones next-to-leading-order a las constantes F� (T ),M� (T ) y al condensado
de quarks.

Con el �n de comprobar la validez de la relaci �on entre la susceptibilidad
pseudoescalar y el condensado de quarks ligeros que he mostrado en el punto
anterior, �esta se ha evaluado a partir de datos extra��dos de simulaciones en el
ret��culo procedentes de los trabajos [126,127].

A pesar de que los datos est�an disponibles, los resultados que presento a
continuaci�on no han sido publicados con anterioridad, hasta donde hemos podido
consultar.

§ Hemos podido explicar |a trav�es de la relaci �on entre la susceptibilidad pseu-
doescalar con el condensado escalar de quarks| el r�apido crecimiento ob-
servado [126] para el cociente Msc

P (T )=M
sc
P (0) de las masas de apantallamiento

asociadas al canal pseudoescalar |de�nidas en el ret��culo a trav�es del com-
portamiento del correlador pseudoescalar a largas distancias|.
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En efecto: la identi�caci�on de las masas de apantallamiento con la masa
asociada al polo del correlador en el canal pseudoescalar |suposici �on l��cita
siempre que la temperatura est�e por debajo de la temperatura cr��tica obser-
vada en estos trabajos| conduce a

Msc
P (T )

Msc
P (0)

=

 
�P (0)

�P (T )

! 1

2

=

 
<�qq>0
<�qq>T

! 1

2

; (2.2)

lo que permite evaluar la utilidad de la relaci �on que hemos deducido utili-
zando exclusivamente datos en el ret��culo obtenidos del mismo trabajo bajo
las mismas condiciones8.

El resultado �nal puede verse en la gr�a�ca de la izquierda en la Figura
1 de la publicaci �on 2.3.1, que corresponde al uso de los datos de [126] para
las masas, y de [127] para los condensados, ambos calculados a partir de la
misma acci�on y para la misma resoluci�on.

§ Comparando los datos de la publicaci �on [86] para el condensado sustra��do, |
i.e. �l;s � �P (T )=�P (0)| y la susceptibilidad escalar normalizada a trav�es
del valor de la susceptibilidad pseudoescalar a temperatura cero obtenida
mediante el uso de ChPT, podemos reproducir en el ret��culo el escenario
de degeneraci �on que ya observ�abamos en el contexto de la Teor��a Quiral.

En unmodeloO(4) ideal, la degeneraci �on habr��a de producirse cerca del
m�aximo para la susceptibilidad quiral escalar, lo que se ve perfectamente
en la gr�a�ca derecha de la Figura 1 de la publicaci �on 2.3.1. La temperatura
cr��tica obtenida a partir de la susceptibilidad escalar en [86] es de TC ' 155
MeV, y |como puede verse en la �gura| la degeneraci�on se ha hecho
completamente efectiva a una temperatura unos 20 MeV por encima de
este valor, manteni�endose incluso para temperaturas mayores.

El uso de UChPT para el c�alculo del condensado escalar de quarks y la
susceptibilidad quiral escalar a trav�es de la incorporaci�on de efectos asociados a
las resonancias m�as ligeras muestra que la descripci�on de los resultados mejora
aqu�ellos obtenidos usando s�olo ChPT, en el sentido de que su comportamiento
cr��tico se hace m�as parecido al previsto por las simulaciones en el ret��culo. Pese a
esto, ha de tenerse en cuenta que|debido al conjunto de hip�otesis de partida que
hemos asumido, as�� como al propio car�acter efectivo de laTeor��a Unitarizada| el
acercamiento a la regi�on cr��tica puede estar fuera del alcancedel rango t�ermicode
aplicabilidad, por lo que hay que ser cautos a la hora de extrapolar los resultados
en esta zona.

8 Es necesario hacer notar aqu�� que el condensado escalar que se calcula en el ret��culo siempre
se presenta sustra��do. Sin embargo, el efecto de esta sustracci �on puede estimarse entre un 6% a
temperatura cero y un 15% cerca de TC (ver publicaci �on 2.3.1 para m�as detalles al respecto).
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Con todo, los resultados m�as importantes de la publicaci �on que presento ob-
tenidos mediante el uso de UChPT son los siguientes:

§ La susceptibilidad escalar unitarizada coincide |a bajas energ��as{ con la des-
cripci�on que aporta ChPT, y complementa y mejora su comportamiento
en un entorno de temperaturas cercano a la temperatura prevista para la
transici �on de restauraci�on de la simetr��a quiral.

Como puede verse en la Figura 4 de la publicaci �on 2.3.1, �U
S (T ) presenta

unm�aximo ubicado en una temperatura de TC;U := 157MeV, compatible con
los resultados [86] obtenidos mediante simulaci�on en el ret��culo. Tanto el
r�apido crecimiento como elm�aximo en la susceptibilidad escalar unitarizada
son herencia directa del m��nimo que desarrolla la parte real del polo t�ermico
en el canal escalar al aplicar el IAM a la amplitud de dispersi �on de piones a
un loop.

§ La susceptibilidad escalar unitarizada respeta tambi�en las predicciones de
[68,145,149] respecto al comportamiento cerca del l��mite quiral, vid. fuerte
incremento en el ritmo de crecimiento y reducci�on de la temperatura cr��tica;
como hemos podido constatar mediante el uso de una masa para el pi�on de
M� = 10MeV, que da lugar a un valor nulo para la parte real del polo t�ermico
en el canal escalar a una temperatura de 118 MeV y |por tanto y a trav�es
de la ecuaci�on (2.1)| provoca una susceptibilidad escalar divergente para
esa temperatura.

§ El condensado de quarks unitarizado|calculado como anticip�abamos al inicio
de esta secci �on| coincide con las predicciones de ChPT a bajas tempera-
turas y mejora la predicci �on de ChPT cerca de la regi�on cr��tica de tempe-
raturas, en el sentido de que se acerca a los resultados obtenidos en [86].

§ A trav�es de la asunci�on de la validez |tambi�en en el contexto dado por la
Teor��a Quiral Unitarizada| de la relaci �on que liga la susceptibilidad pseu-
doescalar con el condensado de quarks ligeros, podemos estudiar el patr�on
de degeneraci �on de las susceptibilidades escalar y pseudoescalar.

Como puede verse tambi�en en la Figura 4 de 2.3.1, la intersecci �on en-
tre ambas se produce unos 20 MeV por encima de la temperatura asociada
al m�aximo de la susceptibilidad escalar unitarizada y |a diferencia de lo
que suced��a utilizando los datos obtenidos en el ret��culo| no permanecen
iguales para valores t�ermicos por encima de la temperatura cr��tica, donde
nuestras extrapolaciones son ya demasiado forzadas.

Aunque la justi�caci�on de todas las hip�otesis efectuadas en los c�alcu-
los se hace de manera ad hoc, los resultados que de�endo muestran que la
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introducci�on del estado t�ermico de la f0(500)=� es esencial para una correc-
ta descripci�on de la susceptibilidad escalar y, por tanto, del escenario de
degeneraci �on que se plantea en este trabajo. Adem�as revelan que no es ne-
cesaria una descripci�on en t�erminos de estados asint�oticos para la � , sino
que el an�alisis de las funciones de correlaci �on asociadas al canal escalar a
trav�es de la Teor��a Quiral Unitarizada es adecuado en el r�egimen de trabajo
considerado.
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We describe scalar-pseudoscalar partner degeneration at the QCD chiral transition in terms of the

dominant low-energy physical states for the light quark sector. First, we obtain within model-independent

one-loop chiral perturbation theory that the QCD pseudoscalar susceptibility is proportional to the quark

condensate at low T. Next, we show that this chiral-restoring behavior for �P is compatible with recent

lattice results for screening masses and gives rise to degeneration between the scalar and pseudoscalar

susceptibilities ð�S; �PÞ around the transition point, consistently with an Oð4Þ-like current restoration

pattern. This scenario is clearly confirmed by lattice data when we compare �SðTÞ with the quark

condensate, expected to scale as �PðTÞ. Finally, we show that saturating �S with the �=f0ð500Þ broad
resonance observed in pion scattering and including its finite temperature dependence, allows us to

describe the peak structure of �SðTÞ in lattice data and the associated critical temperature. This is carried

out within a unitarized chiral perturbation theory scheme which generates the resonant state dynamically

and is also consistent with partner degeneration.
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I. INTRODUCTION AND MOTIVATION

Chiral symmetry breaking SUVðNfÞ � SUAðNfÞ !
SUVðNfÞ and its restoration, with Nf light quark flavors,

has been a milestone in our present understanding of the
quantum chromodynamics (QCD) phase diagram and had-
ronic physics under extreme conditions of temperature T
and baryon density, as those produced in heavy-ion and
nuclear matter experimental facilities such as RHIC,
CERN (ALICE), and FAIR. Lattice simulations support
that deconfinement and chiral restoration take place very
close to one another in the phase diagram. In the physical
case Nf ¼ 2þ 1 (0 � mu ¼ md � mq � ms) and for

vanishing baryon chemical potential, they point towards
a smooth crossover transition at pseudocritical temperature
Tc � 145–165 MeV [1,2], the results being fairly consis-
tent with the Oð4Þ universality class [3], which would hold
for two light flavors in the chiral limit mq ¼ 0. The cross-

over nature of the transition means, in particular, that there
is no unique way to identify the transition point, the most
efficient one in lattice being the scalar susceptibility peak
position, rather than the vanishing point for the quark
condensate h �qqiT , the order parameter, which decreases
asymptotically with T for mq � 0.

The equivalence with the Oð4Þ ! Oð3Þ breaking pattern
for Nf ¼ 2 led to early proposals of �� � meson degen-

eration (‘‘chiral partners’’) at chiral restoration [4] which,
in its simplest linear realization, takes place through the �
component of the Oð4Þ field ð�;�aÞ acquiring a thermal
vacuum expectation value and mass both vanishing at the

transition in the chiral limit. Degeneration in the vector-
axial vector sector (� and a1 states) as a signature of
chiral restoration has also been thoroughly studied [5].
Nowadays, we know that the � state is well established
as a �� scattering broad resonance for isospin and angular
momentum I ¼ J ¼ 0, known as f0ð500Þ [6], which is
then difficult to accommodate as an asymptotically free
state, like in the linear model. Precisely, one of our main
conclusions here will be that this asymptotic description is
not needed. In fact, in order to study chiral partner degen-
eration in the scalar-pseudoscalar sector, it is more appro-
priate to analyze the corresponding current correlation
functions [7] which can be derived from a chiral effective
Lagrangian without introducing explicitly a particlelike �
degree of freedom. The scalar and pseudoscalar suscepti-
bilities in terms of the corresponding QCD SUð2Þ currents
are given by

�SðTÞ ¼� @

@m
h �qqiT

¼
Z
E
d4x½hT ð �qqÞðxÞð �qqÞð0ÞiT �h �qqi2T�

¼
Z
E
d4x

�
�

�sðxÞ
�

�sð0ÞZ½s;p�js¼mq;p
a¼0

�
; (1)

�PðTÞ�ab¼
Z
E
d4xhT PaðxÞPbð0ÞiT ��ab

Z
E
d4xKPðxÞ

¼
Z
E
d4x

�
�

�paðxÞ
�

�pbð0ÞZ½s;p�js¼mq;p
a¼0

�
; (2)

where q ¼ ðu; dÞ is the quark field, PaðxÞ ¼ �q�5�
aqðxÞ

and KPðxÞ are, respectively, the pseudoscalar current

and its correlator, the Euclidean measure
R
E d

4x ¼R�
0 d�

R
d3 ~x with � ¼ 1=T, and h�iT denotes a thermal
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average. For �P, parity invariance of the QCD vacuum
(hPaiT ¼ 0) and isospin symmetry have been used. In
the above equation, Z½s; p� is the QCD generating func-
tional with scalar and pseudoscalar sources ðs; paÞ coupled
to the massless Lagrangian in the light sector as �sðxÞ�
ð �qqÞðxÞ þ ipaðxÞPaðxÞ, so that Z½mq; 0� is the QCD parti-

tion function.
Thus, should the scalar and pseudoscalar currents be-

come degenerate at chiral restoration, �PðTÞ and �SðTÞ
would meet at that point. Since �S is expected to increase,
as a measure of the fluctuations of the order parameter, at
least up to the transition point, it seems plausible that they
meet near the transition. In an ideal Oð4Þ pattern, the
matching should take place near the maximum of �S.

Since Pa has the quantum numbers of the pion field �a,
its correlators, like KPðxÞ, are saturated by the pion state at
low energies. Let us first review the prediction arising from
the low-energy theorems of current algebra, equivalent to
the leading order (LO) in the low-energy expansion of
chiral Lagrangians. At that order, one has Pa � 2B0F�

a

(from partial conservation of axial current (PCAC) theo-
rem) with B0 ¼ M2=2mq and where F and M are the pion

decay constant and mass, respectively, so that �P �
4B2

0F
2G�ðp ¼ 0Þ þ � � � from Eq. (2), being G�ðpÞ the

pion propagator in momentum space p � ði!n; ~pÞ and
!n ¼ 2�nT the Matsubara frequency with integer n.
Thus, the pseudoscalar correlator, saturated with the domi-
nant pion state, is just proportional to the pion propagator at
this order. In addition, to LO the Euclidean propagator is
just the free oneGLO

� ðpÞ ¼ 1=ð�p2 þM2Þ (interactions are
suppressed at low energies) with p2 ¼ ði!nÞ2 � j ~pj2, so
that using also the Gell-Mann-Oakes-Renner (GOR) rela-
tion M2F2 ¼ �mqh �qqi, valid at this order, we would get

�P ��h �qqi=mq, as a first indication of the relation

between the pseudoscalar susceptibility and the quark
condensate at the LO given by current algebra.

The latter result can actually be obtained formally as a
Ward identity (WI) from the QCD Lagrangian [8], in
connection with the definition of the quark condensate
for lattice Wilson fermions [9]. However, both sides of
the identity suffer from QCD renormalization ambiguities,
so that thisWI is formally well defined only for exact chiral
symmetry [9,10]. It is therefore interesting to study, and so
we will do in the next section, how this identity is realized
within chiral perturbation theory (ChPT) [11], which
describes the low-energy chiral symmetry broken phase
of QCD in a model-independent framework where sym-
metry breaking is realized nonlinearly and pions are the
only degrees of freedom in the Lagrangian. The previous
current-algebra results are actually just the LO in the ChPT
expansion in powers of a generic low-energy scale p,
denoting pion momenta or temperature, relative, respec-
tively, to �� � 1 GeV and Tc. These are nothing but

indicative natural upper limits for the chiral expansion
in terms of scattering (typical resonance scale) and

thermodynamics (critical phenomena), respectively,
although both are treated on the same foot in the chiral
expansion. In particular, the LO prediction for �P is tem-
perature independent, so it is not obvious that it can be
simply extrapolated as, say, h �qqi ! h �qqiT . Actually, all the
quantities involved change with temperature due to pion
loop corrections, namely, M�ðTÞ, F�ðTÞ and h �qqiðTÞ [12].
Similarly, from Eq. (1), one can relate �S with the

propagator of a ‘‘�-like state’’ such that it couples linearly
to the external scalar source sðxÞ in an explicit symmetry-
breaking term LSB ¼ 2B0FsðxÞ�ðxÞ. Without further
specification about its nature and its coupling to other
physical states such as pions, one already gets �S �
4B2

0F
2G�ðp ¼ 0Þ, suggesting a growing behavior in-

versely proportional to M2
� as the sigma state reduces its

mass to become degenerate with the pion.
We also recall that the problem of �S � �P degeneration

has been studied in nuclear matter at T ¼ 0 in [13], to linear
order in nuclear density. In that work, current algebra is
assumed to hold through PCAC in the operator representa-
tion and other low-energy theorems such as GOR, which as
discussed in the previous paragraphs, leads to the pseudo-
scalar correlator KPðxÞ being directly proportional to the
pion propagator. The authors in [13] work within low-
energy models at finite density for which this PCAC real-
ization holds, so that by including the proper finite-density
corrections to G�, which carries out all the density depen-
dence of KP through an in-medium mass, and to h �qqi, the
relation �P ��h �qqi=mq is found to hold in the nuclear

medium. This result provides another supporting argument
for the relation between the condensate and the pseudosca-
lar susceptibility and represents an additional motivation
for our present ChPT analysis, where we do not need to
make any assumption about the validity of current algebra.

II. STANDARD CHPTANALYSIS OF THE
PSEUDOSCALAR CORRELATOR AND

SUSCEPTIBILITY

The next to leading order (NLO) corrections to �P can
be obtained systematically and in a model-independent
way within ChPT, where one can also calculate the scalar
susceptibility �S to a given order only in terms of pion
degrees of freedom. The price to pay is that we expect to
reproduce only the behavior of �S;PðTÞ for low and mod-

erate temperatures. However, since �P is dominated by
pions, whose dynamics are well described through ChPT,
we expect to obtain a reasonable qualitative description of
its T behavior, whereas standard ChPT misses the peak
structure of �S near the transition. We note in turn that the
LO for �S vanishes, unlike that of �P. The ChPT NLO
result for �SðTÞ can be found in [14,15].
For �PðTÞ we consider the effective Lagrangian L2 þ

L4 þ � � � , where L2n ¼ Oðp2nÞ, including their depen-
dence on the pseudoscalar source pa as given in [11]. We
follow similar steps as in [15,16], now for the pseudoscalar
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correlator KPðxÞ. The LO comes from L2 only and repro-
duces the current-algebra prediction. The NLO corrections
to KPðxÞ are of the following types:

(i) the NLO corrections to the pion propagatorGNLO
� ðxÞ,

which come both from L2 one-loop tadpolelike
contributions GLO

� ðx ¼ 0Þ and from tree-level L4

constant terms,
(ii) pion self-interactions Oð�pa � �3pbÞ in L2 con-

tributing as GLO
� ðxÞGLO

� ðx ¼ 0Þ,
(iii) crossed terms L2 ¼ Oðpa�Þ �L4 ¼ Oðpb�Þ

giving GLO
� ðxÞ multiplied by a NLO contribution,

(iv) L4 ¼ OðpapbÞ terms giving rise to a contact

contribution proportional to �ð4ÞðxÞ.
The final result for the pseudoscalar correlator in

momentum space for Euclidean four-momentum p can
be written as

KPðpÞ¼ aþ4B2
0F

2GNLO
� ðp;TÞþcðTÞGLO

� ðpÞþOðF�2Þ;
(3)

where subleading terms are labeled by their F2 depen-
dence. The NLO propagator includes wave function and
mass renormalization (at this order in ChPT there is no
imaginary part for the self-energy):

GNLO
� ðp; TÞ ¼ � Z�ðTÞ

p2 �M2
�ðTÞ

; (4)

where the LO propagator corresponds to Z� ¼ 1,M� ¼ M
and is temperature independent.F andM are the Lagrangian
pionmass anddecay constant, related to thevacuum(T ¼ 0)
physical values M�ð0Þ � M� ’ 140 MeV, F�ð0Þ � F� ’
93 MeV, byOðF�2Þ corrections [11].

The constanta inEq. (3) is temperature independent and is
a finite combination of low-energy constants (LECs) of L4

[11]. In the ChPT scheme, the divergent part of theL4 LEC
cancels the loop divergences fromL2 such that pion observ-
ables are finite and independent of the low-energy renormal-
ization scale. ToNLO inChPTall the pion loop contributions
in Eq. (3) are proportional to the tadpolelike contribution
GLO

� ðx ¼ 0; TÞ ¼ GLO
� ðx ¼ 0; T ¼ 0Þ þ g1ðM;TÞ with the

thermal function:

g1ðM;TÞ ¼ T2

2�2

Z 1

M=T
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � ðM=TÞ2p
ex � 1

; (5)

which is an increasing function of T for any mass. Thus, the
pion thermal mass in the NLO propagator is given at this
order by M2

�ðTÞ ¼ M2
�ð0Þ½1þ g1ðM;TÞ=2F2� and is finite

and scale independent. The same holds for F2
�ðTÞ ¼

F2
�ð0Þ½1� 2g1ðM;TÞ=F2� and for h �qqiT ¼ h �qqi0 �

½1� 3g1ðM;TÞ=2F2� [12]. Note that M�2
� ðTÞ decreases

with T a factor of 3 slower than the condensate h �qqiT . In
addition, to this order it holds F2

�ðTÞM2
�ðTÞ=h �qqiT ¼

F2
�ð0ÞM2

�ð0Þ=h �qqi0 � �mq. That is, the GOR relation is

broken at finite temperature to NLO by the same T ¼ 0

terms, given in [11]. GOR holds to NLO only in the chiral
limit, including temperature effects [17].
The constant cðTÞ in Eq. (3) includes both LEC contri-

butions and loop functions and the same happens with the
wave function renormalization constant Z�ðTÞ. Both are
divergent, but the combination 4B2

0F
2Z�ðTÞ þ cðTÞ turns

out to be finite and scale independent. Note that if we
replace GLO

� ¼ GNLO
� in the last term in Eq. (3), which is

allowed at this order since cðTÞ ¼ OðF0Þ is of NLO, that
combination is precisely the one multiplying the NLO
propagator, i.e, it is the T-dependent residue at the
M2

�ðTÞ pole (when the Euclidean propagator is analytically
continued to the retarded one). That finite residue, being
finite, has to be then a combination of the finite observables
involved. Actually, it happens to be

4B2
0F

2Z�ðTÞ þ cðTÞ ¼ F2
�ðTÞM4

�ðTÞ
m2

q

þOðF�2Þ: (6)

Thus, the expression in Eq. (6) represents the residue
of the NLO KP correlator (3) at the thermal pion pole.
Note that by showing explicitly that the residue can be
expressed as (6) we obtain that the thermal part of
the pseudoscalar susceptibility �PðTÞ is the same as that
in �mqh �qqiT , since F2

�ðTÞM2
�ðTÞ=m2

q þOðF�2Þ ¼
ðh �qqiT=h �qqi0ÞðF2

�M
2
�=m

2
qÞ þOðF�2Þ, so that

�PðTÞ ¼ KPðp ¼ 0; TÞ ¼ KPðp ¼ 0; T ¼ 0Þ

þ F2
�M

2
�

m2
q

h �qqiT � h �qqi0
h �qqi0 þOðF�2Þ: (7)

Now, since h �qqiT � h �qqi0 ¼ OðF0Þ, at the NLO order
we are working, we can replace in Eq. (7) F2

�M
2
� ¼

�mqh �qqi0 þOðF0Þ so that we get �PðTÞ � �Pð0Þ ¼
�mqðh �qqiT � h �qqi0Þ þOðF�2Þ. Furthermore, the con-

stant a appearing in Eq. (3) contains precisely the LEC
combination that combines with that in the residue (6) to
give the same scaling law, now including the T ¼ 0 part.
Thus, our final result for the pseudoscalar susceptibility in
ChPT to NLO (finite and scale independent) is

�ChPT
P ðTÞ¼ 4B2

0

�
F2

M2
þ 1

32�2
ð4 �h1� �l3Þ� 3

2M2
g1ðM;TÞ

�

þOðF�2Þ

¼�h �qqiChPTT

mq

þOðF�2Þ; (8)

where the first term inside brackets is the LO current
algebra OðF2Þ and �l3, �h1 are renormalized scale-
independent LECs [11].
Therefore, we have obtained theWI connecting h �qqi and

�P to NLO in model-independent ChPT, including finite-T
effects. Furthermore, the mq dependence cancels in

�PðTÞ=�Pð0Þ¼h �qqiT=h �qqi0, where only meson parame-
ters show up. To this order, �PðTÞ=�Pð0Þ ¼ 1�
3g1ðM;TÞ=ð2F2Þ so that the LEC dependence also
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disappears. Recall that �h1 comes from a contact term inL4

and is therefore another source of ambiguity in the NLO
condensate [11].

Note also that, unlike the approach followed in [13], we
have arrived to the result (8) without relying on the validity
of current algebra, which actually holds only in ChPT to
the lowest order. Actually, as explained, our result takes
into account NLO corrections to F�ðTÞ, M�ðTÞ, h �qqiT
through GOR breaking terms, both at T ¼ 0 and T � 0,
which turn out to be crucial to obtain the correct scaling
law given in Eq. (8).

III. LATTICE DATA ANALYSIS

We can draw some important conclusions from the
previous results. First, �PðTÞ scales like the order parame-
ter h �qqi, instead of the much softer behavior 1=M2

�ðTÞ.
This scaling suggests a chiral-restoring nature for the
pseudoscalar susceptibility, although we cannot draw any
definitive conclusion about chiral restoration just from our
standard ChPT analysis, which makes sense only at low T.
Its behavior for higher T approaching the transition should
be considered merely as indicative extrapolations, pretty
much in the same way as the ChPT prediction for the
vanishing point of the quark condensate is just a qualitative
indication that the restoring behavior goes in the right
direction. For this reason, in the following we will comple-
ment our standard ChPT calculation with a direct lattice
data analysis, and later on with a unitarized study which, as
we will see, incorporates the relevant degrees of freedom to
achieve a more precise description near the transition point.

One can actually observe a clear signal of a critical
chiral-restoring behavior for �P, consistent with our pre-
vious ChPT result, in the lattice analysis of Euclidean
correlators, which determine their large-distance spacelike
screening mass Msc in different channels [18]. From

Eq. (2) we expect �P¼KPðp¼0Þ�ðMpole
P Þ�2 with Mpole

P

the pole mass associated to KPðpÞ in a general parametri-

zation of the form K�1
P ð!; ~pÞ ¼ �!2 þ A2ðTÞj ~pj2 þ

Mpole
P ðTÞ2 with AðTÞ ¼ Mpole

P ðTÞ=MscðTÞ [19]. Here, ! ¼
i!n would correspond to the thermal Euclidean propagator

and! 2 Rþ i	 to the retarded Minkowski one setting the
dispersion relation. Assuming a soft temperature behavior
for AðTÞ, which is plausible below Tc [for instance, A ¼ 1
for the NLO ChPT propagator in Eq. (4)], we can then
explain the sudden increase of Msc

P ðTÞ=Msc
P ð0Þ observed in

this channel [18] since we expect that ratio to scale like

½�Pð0Þ=�PðTÞ�1=2 � ½h �qqi0=h �qqiT�1=2. We show in Fig. 1
(left panel) these two quantities. The correlation between
them is notorious, given the uncertainties involved, and the
mentioned increase is clearly observed. Data are taken
from the same lattice group and under the same lattice
conditions [18,20]. Note that in the lattice works,
ð2mq=msÞh�ssi is subtracted from h �qqiT in order to avoid

renormalization ambiguities. Estimating the T ¼ 0 con-
densates from NLO ChPT,1 this subtraction gives a 6%
correction and, from the lattice values, it is about a 15%
correction near Tc. Apart from the screening versus pole
mass and the strange condensate corrections, one should
not forget about the typical lattice uncertainties, like reso-
lution, choice of action, staggered taste breaking, and large
pion masses [1,20].
Another important conclusion of our analysis is that the

decrease of �P and the increase of �S as they approach the
critical point, lead to scalar-pseudoscalar susceptibility
partner degeneration, which in an idealOð4Þ pattern should
take place near the �S peak. Once again, this behavior is
observed in lattice data. In Fig. 1 (right panel) we plot the
subtracted condensate, expected to scale as �PðTÞ=�Pð0Þ
according to our previous ChPTand lattice analysis, versus
�SðTÞ=�Pð0Þ, both from the lattice analysis in [1]. The
T ¼ 0 values are taken from ChPT. The current degenera-
tion is evident, not only at the critical point but also above
it, where those two quantities remain very close to one
another.
Recall that both the analysis of the correlation between

screening masses and inverse rooted condensate and that of
scalar versus pseudoscalar (condensate) susceptibilities,
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FIG. 1 (color online). Left: Comparison between the pseudoscalar screening mass ratio and ��1=2
l;s , where �l;s ¼ rðTÞ=rð0Þ with

r ¼ h �qqi � ð2mq=msÞh�ssi, for the lattice data in [18] (masses) and [20] (condensate) with the same lattice action and resolution and

Tc ’ 196 MeV. Right: Scalar susceptibility versus �l;s � �PðTÞ=�Pð0Þ from the data in [1] for which Tc ’ 155 MeV.

1For standard ChPTwe use the same LEC values as in [14,15].
Their influence is more important in �S, due to the vanishing of
the LO, than in �P, h �qqi.
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although elaborated from available lattice data, have not
been presented before, to the best of our knowledge. As
commented above, this analysis has been motivated by our
ChPT results in Sec. II and it gives strong support to the
scalar-pseudoscalar degeneration pattern at the transition,
as well as providing a natural explanation for the behavior
of lattice masses in this channel.

IV. UNITARIZED CHPTAND RESULTS

A. Extracting the f0ð500Þ thermal pole from
unitarized ChPT

Since the scalar susceptibility is dominated by the I ¼
J ¼ 0 lightest state, which does not show up in the ChPT
expansion, let us consider its unitarized extension given by
the inverse amplitude method (IAM) [21] which generates
dynamically in SUð2Þ the f0ð500Þ and �ð770Þ resonances
and has been extended to finite temperature in [22–24].
Thus, before proceeding to derive the unitarized suscepti-
bility in Sec. IVB, let us review briefly here, for the sake of
completeness, some of the more relevant aspects of the
thermal IAM, particularly in the scalar channel. We refer to
[22–25] for a more detailed analysis.

The IAM scattering amplitude is constructed by demand-
ing unitarity and matching with the low-energy expansion,
for which all the ChPT scattering diagrams at finite tem-
perature are included up to one-loop [22]. The different
types of those diagrams are represented in Fig. 2. The
T-dependent corrections to the scattering amplitude come
from the internal loop Matsubara sums in the imaginary-
time formalism of thermal field theory. The external pion
lines correspond to asymptotic T ¼ 0 states. The thermal
amplitude is defined after the application of the T ¼ 0
Lehmann-Symanzik-Zimmermann reduction formula,
which allows us to deal just with thermal Green functions.
After the Matsubara sums are evaluated, the external lines
are analytically continued to real frequencies. The full result
for the thermal amplitude to NLO in ChPT is given in [22].

The scattering amplitude can be projected into partial
waves tIJðsÞ in the reference frame ~p1 ¼ � ~p2 where the
incoming pions 1,2 are at rest with the thermal bath, so that

s ¼ ðE1 þ E2Þ2. The NLO partial waves have the
generic form (we drop in the following the IJ indices for
brevity) tðs;TÞ ¼ t2ðsÞ þ t4ðs;TÞ, where t2ðsÞ is theOðp2Þ
tree-level T-independent scattering amplitude fromL2 and
t4 is Oðp4Þ including the tree level from L4 plus the
one-loop from the diagrams in Fig. 2. Each partial wave
satisfies Im t4ðsþ i	;TÞ ¼ �TðsÞt2ðsÞ2 for s > 4M2

� with

�TðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2

�=s
p ½1þ 2nBð

ffiffiffi
s

p
=2;TÞ� and nBðx;TÞ ¼

½exp ðx=TÞ � 1��1, the Bose-Einstein distribution. This is
the perturbative version of the unitarity relation for partial
waves Im tðsþ i	;TÞ ¼ �TðsÞjtðs;TÞj2 and �T is the two-
pion phase space, which at finite T receives the thermal
enhancement proportional to nB which has a neat interpre-
tation in terms of the emission and absorption scattering
processes allowed in the thermal bath [22,25]. Precisely
imposing that the partial waves satisfy the above unitarity
relation exactly while matching the ChPT series at low s
and low T leads to the thermal unitarized IAM amplitude:

tIAMðs;TÞ ¼ t2ðsÞ2
t2ðsÞ � t4ðs;TÞ : (9)

When the IAM amplitude is continued analytically to
the s complex plane [23], it presents poles in the second
Riemann sheet tIIðs;TÞ ¼ t2ðsÞ2=½t2ðsÞ � tII4 ðs;TÞ� with
tII4 ðs;TÞ ¼ t4ðs;TÞ þ 2i�Tt2ðsÞ2 so that Im tIIðs� i	Þ ¼
Im tIAMðsþ i	Þ for s > 4M2

�. Those poles correspond to
the physical resonances, which in the case of pion scatter-
ing are the f0ð500Þ (I ¼ J ¼ 0) and �ð770Þ (I ¼ J ¼ 1).
The T-dependent poles can be extracted numerically by
searching for zeros of 1=tIIðs;TÞ in the s complex plane.
We denote the pole position by spðTÞ ¼ ½MpðTÞ �
i�pðTÞ=2�2. The LEC for the IAM are chosen so that,

within errors, they remain compatible with the standard
ChPT ones and with the T ¼ 0 pole values for the � and
f0ð500Þ listed in the PDG [6].
Let us comment now on the thermal evolution of the

resonance poles, whose main features for this work are
represented in Fig. 3. Since t2ðsÞ ¼ aðs� s0Þ with real a
and s0, the thermal dependence spðTÞ is governed by that

of tII4 at the pole.
In the vector-isovector channel, �p � Mp for all tem-

peratures of interest here and therefore the � can be con-
sidered a narrow Breit-Wigner (BW) resonance with Mp

and �p its mass and width respectively. Actually, M2
pðTÞ

decreases very slightly with T for the relevant temperature
range. Hence, the T-dependent contribution of the real part
of tII4 is almost negligible compared to its T ¼ 0 part, due to
the large � mass value. The latter gives roughly the T ¼ 0
rho mass, so the real part of the denominator of tII behaves
dominantly as s�M2

pð0Þ. In particular, the tadpole con-

tributions of diagrams (d) and (e) in Fig. 2 are suppressed
in this channel typically by OðT2=M2

�Þ. However, the

thermal effect in �pðTÞ=�pð0Þ is much more sizable,

increasing with T. Its dominant contribution comes fromFIG. 2. One-loop diagrams for T-dependent pion scattering.
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the imaginary part of the amplitude. The imaginary part of
the tII denominator at the pole behaves like Mp�pðTÞ and,
up to T ’ 100 MeV �pðTÞ=�pð0Þ � �T=�0, which for sp
near the real axis comes essentially from diagram (a) in
Fig. 2 (which would give the only imaginary part for real
s > 4M2

�) so the broadening can be explained just by a
thermal phase space increase up to that temperature. Note

that, although this effect is formallyOðe�M�=TÞ, it activates
below the transition because of the relative small value of
�pð0Þ. Above that, there is an additional increase of the

effective ��� coupling with T [23], to which tadpoles
contribute, which explains a further increase of the width.
This behavior is represented in Fig. 3. Observe the softer
behavior of the mass as compared to the width in this
channel, and the correlation with the real and imaginary
parts of the amplitude at the pole position.

In the scalar-isoscalar channel, the one we are interested
in here, the behavior is remarkably different. We rather talk
of a broad resonance pole, since Mp and �p are compa-

rable, so that the f0ð500Þ pole is away from the real axis.
As a consequence, all thermal contributions from diagrams
(a)–(e) in Fig. 2 to tII4 become complex at the pole and the

real and imaginary parts of the pole equations do not have
the simple form of a BW resonance. In addition, due to
the lower value of M2

pð0Þ as compared to the � case, the

thermal dependence is much more stronger, both for the
real and imaginary parts, and all contributions from those
diagrams become equally relevant. In particular, the tad-
poles in diagrams (d) and (e) in Fig. 2 now come into play.

The numerical solution of the pole equations show that
M2

pðTÞ in this channel decreases significatively, while

�pðTÞ increases up to T ’ 120 MeV and decreases from

that point onwards, as seen in Fig. 3. Note that this non-
monotonic behavior for �p cannot be explained now just in

terms of phase space or vertex increasing. On the other
hand, a possible interpretation of the decreasing M2

p is a

chiral-restoring behavior. Actually, in Fig. 3(a) we also
represent Re spðTÞ ¼ M2

pðTÞ � �2
pðTÞ=4 � M2

SðTÞ, which
would correspond to the self-energy real part of a scalar

particle with energy squared s and ~p ¼ ~0, exchanged
between the incoming and outgoing pions. This �-like
squared mass not only drops faster but it develops a mini-
mum at a certain temperature, which as we will see below
corresponds to a maximum in the scalar susceptibility. In
the � channel, there is almost no numerical difference
between M2

p and Re sp. Thus, a qualitative explanation

for the �pðTÞ change from a increasing to a decreasing

behavior in the scalar channel would be the influence of the
strong mass decreasing of the decaying state.

B. Unitarized scalar susceptibility and
quark condensate

In order to establish a connection between the scalar
susceptibility and the scalar pole, we construct a unitarized
susceptibility by saturating the scalar propagator with the
f0ð500Þ thermal state and assuming that its p ¼ 0 mass
does not vary much with respect to the pole mass. Thus, we

FIG. 3 (color online). Thermal pole evolution (a)–(b) and contributions from the second sheet amplitude (c)–(d) for the scalar-
isoscalar (I ¼ J ¼ 0) and vector-isovector (I ¼ J ¼ 1) channels.
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identify the pole of a scalar state exchanged in pion scat-
tering with the thermal pole in the scalar channel discussed
in the previous section. Therefore, we have

�U
S ðTÞ ¼

�ChPT
S ð0ÞM2

Sð0Þ
M2

SðTÞ
; (10)

where we have normalized to the T ¼ 0 ChPT value, since
we are demanding that all our T ¼ 0 results match the
model-independent ChPT predictions. This normalization
compensates partly the difference between the p ¼ 0 and
pole masses. Under this approximation, the self-energy
real part is the squared scalar mass M2

SðTÞ ¼ M2
pðTÞ �

�2
pðTÞ=4, as discussed in the previous section, and the

self-energy imaginary part vanishes at p ¼ 0.
The quark condensate cannot be extracted directly from

the unitarized susceptibility. However, we can obtain an
approximate description by assuming that the relevant
temperature and mass dependence, as far as the critical
behavior is concerned, comes from pion loop functions as
�h �qqiUðT;MÞ ¼ B0T

2gðT=MÞ and ��S ¼ B2
0hðT=MÞ,

with �fðTÞ ¼ fðTÞ � fð0Þ. This T=M dependence holds
actually to NLO ChPT, as in Eq. (5). Then, from Eq. (1),
since ��S ¼ �@�h �qqi=@mq, we get

gðxÞ ¼ gðx0Þ þ
Z x

x0

hðyÞ
y3

dy for x > x0; (11)

with T0 ¼ x0M � M a suitable low-T scale below which
we use directly NLO ChPT, which has a better analytic
behavior near T ¼ 0. The h function is obtained from the T
dependence of �S in Eq. (10).

C. Results

Our theoretical results based on effective theories are
plotted in Fig. 4. First, ChPT to NLO gives an increasing
�SðTÞ, intersecting �PðTÞ at Td ’ 0:9Tc, where h �qqiChPTT �
ðTcÞ ¼ �ChPT

P ðTcÞ ¼ 0. Once again, this result should be
considered just as an extrapolation of the model-
independent expressions for �SðTÞ and �PðTÞ beyond their
low-T applicability range. With this caution in mind, stan-
dard ChPT supports the idea of partner degeneration.
Actually, near the chiral limit M� � T, where critical
effects are meant to be enhanced, the degeneration point
Td ¼ Tc � 3M�=4�þOðM2

�=TcÞ, approaching the chiral
restoration temperature in that limit.

We also plot �U
S ðTÞ in Fig. 4. The result agrees with

standard ChPT at low T and improves remarkably the
behavior near the transition. It actually develops a maxi-
mum at Tc ’ 157 MeV.We show for comparison the lattice
data of [1]. Furthermore, approaching the chiral limit by
taking theM� ¼ 10 MeV poles from [24] gives a vanishing
MSðTÞ at Tc ’ 118 MeV and hence a divergent �U

S from

Eq. (10) at Tc. Thus, we get, at least qualitatively, the Tc

reduction and stronger �S growth near the chiral limit
expected from theoretical [26] and lattice [2,3] analysis.

The clear improvement of the unitarized approach with
respect to the standardChPTone for the scalar susceptibility
is essentially due to the introduction of the thermal f0ð500Þ
state, whose importance in this case is clearly seen from the
dependence �S � 1=M2

S, rather than to an enlargement of

the applicability range in the unitarized approach. Actually,
even within the unitarized description, we should be cau-
tious when extrapolating it to near Tc since we may be
strictly beyond the effective theory range.
The resulting h �qqiUT is plotted in Fig. 4 with

T0 ’ 12 MeV.2 The critical behavior is again nicely
improved compared to the ChPT curves and is in better
agreement with lattice data in that region. In addition, we
obtain once more a scalar-pseudoscalar intersection near
the �S peak and hence of chiral restoration. The corre-
sponding h �qqiUT near the chiral limit (M�¼10MeV) is
much more abrupt, vanishing and meeting �S at Tc as
expected.
Recall that in the above unitarized analysis, we are not

performing a fit to lattice points. We just use the same
LECs which generate the T ¼ 0 physical f0ð500Þ, � states
[24] and then provide our results for the susceptibility and
condensate. The theoretical uncertainties in the LEC, as
well as the lattice errors already discussed, should be taken
into account for a more precise comparison. Besides, our
effective theory analysis is not expected to reproduce the
chiral restoration pattern above Tc. In any case, apart from
the important consistency obtained for chiral restoration
properties, such as the �S peak and the �S=�P matching,
an important point we want to stress is the crucial role of
the f0ð500Þ=� state to describe the scalar susceptibility.
Since �S � 1=M2

S, this observable is much more sensitive

to this broad state, so that a physically realistic description,
including its thermal effects, turns out to be essential.
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FIG. 4 (color online). Scalar versus pseudoscalar susceptibili-
ties in ChPT and in our unitarized description. We show for
comparison the lattice data of Fig. 1 (right).

2We find very small numerical differences changing T0 be-
tween 10–60 MeV.
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This may not be the case for other thermodynamical
observables, for which other approaches may provide a
much better description. For instance, the hadron resonance
gas (HRG) framework gives very accurate results compared
to lattice data [27,28] and particle distributions [29,30]
below the transition, by including all known hadronic states
as free particles in the partition function, often including
small interaction corrections. Within the HRG approach,
hadron interactions are generically encoded in the resonant
states. This framework works for most thermodynamic
quantities, which are obtained, by construction, as mono-
tonic functions of T, and generally increasewith the mass of
the states considered. For instance, the scalar susceptibility
within that approachwould increasewithT, as it happens for
other quantities such as the trace anomaly. Thus, the effect of
a properly included broad� T-dependent state arising from
pion scattering in order to describe chiral restoring proper-
ties such as the susceptibility peak, is oncemore highlighted.
In fact, the � state is just not included in many HRG works
[28] or, at most, considered as a BW state [29,30] with its
T ¼ 0 mass and width, which, as we have commented
above, does not provide an entirely adequate description.
Finally, let us comment that apart from higher mass states,
inclusion of higher order interactions may also be important
for certain hadronic observables. For instance, including��
interactions in the vector channel are essential to describe
properly the dilepton spectra [5].

V. CONCLUSIONS

Summarizing, we have analyzed the scalar-pseudoscalar
Oð4Þ-like current degeneration pattern at chiral symmetry
restoration, from lattice simulations and effective theory
analysis. The pseudoscalar susceptibility scales as the
quark condensate, which we have explicitly shown in
ChPT to NLO at low temperature, and becomes degenerate
with its ‘‘chiral partner’’ scalar susceptibility close to the
scalar transition peak. The lattice data and the unitarized
ChPT analysis support this picture and are well accounted
for by the dominant physical states: pions and the f0ð500Þ
scalar resonance generated in pion scattering at finite tem-
perature. In turn, we have provided a natural explanation
for the sudden growth of lattice masses observed in the
pseudoscalar channel. Although we have restricted here,
for simplicity, to the Nf ¼ 2 case, the analysis can be

extended to Nf ¼ 3, where the role of other scalar states

such as the a0ð980Þ can also be studied [31].
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3
Intercambio de fotones virtuales y

resonancias en el c�alculo de la
diferencia de auto-energ��as de piones

cargados y neutros

E
ste cap��tulo est�a formado por los resultados 3.1.1 y la publicaci �on 3.1.2, en-
raizados en una sola secci �on que tiene como objeto el estudio de la auto-

energ��a de un gas de piones en equilibrio t�ermico, de modo complementario
al an�alisis de los condensados y las susceptibilidades quirales que se hizo en la
secci �on previa.

Los resultados que conforman 3.1.1 llevan a cabo un estudio de los efectos
electromagn�eticos debidos a la inclusi �on de fotones virtuales sobre la parte real
e imaginaria de la auto-energ��a dentro de la Teor��a Quiral de Perturbaciones
a temperatura �nita. Asimismo, con el �n de comprobar la robustez de estas
predicciones frente a la incorporaci�on de part��culas m�as pesadas y estudiar la
restauraci�on de la simetr��a quiral hemos calculado las correcciones debidas a la
incorporaci�on de resonancias ligeras mediante un modelo [110] que implemente
su intercambio a trav�es de la saturaci�on de los canales axial y vectorial por la
a1(1260) y la �(770), respectivamente.

La publicaci �on 3.1.2 se corresponde con un trabajo previo que revisa los resul-
tados para la parte real de la auto-energ��a de un gas de piones a temperatura cero



128 Resultados

y anticipa algunas de las conclusiones de temperatura �nita que aparecen en los
resultados correspondientes al ep��grafe 3.1.1. Debido a esto, tanto la introducci�on
como la motivaci�on |as�� como las conclusiones fundamentales| expuestas en
la secci �on 3.1 son compartidas por las publicaciones 3.1.1 y 3.1.2.

An�alisis de la diferencia de auto-energ��as para piones
cargados y neutros a un loop en ChPT.

Los piones son las part��culas m�as abundantes despu�es de una Colisi �on Re-
lativista de Iones Pesados y sus propiedades, desde el proceso de hadronizaci�on
al freeze-out t�ermico, pueden ser descritas a trav�es de ChPT de modo razonable
debido a que |como se indic�o en el cap��tulo 1|las temperaturas involucradas
en estos procesos no est�an demasiado lejos de las temperaturas para las que la
expansi�on perturbativa de la Teor��a Quiral tiene sentido. De esta manera, las
predicciones model-independent de ChPT sobre el gas de mesones permiten re-
producir las caracter��sticas principales en los momentos posteriores a la colisi �on
|como por ejemplo el comportamiento tendente a la restauraci�on de la simetr��a
quiral basado en el condensado de quarks [70]|.

Las modi�caciones de las propiedades espectrales de las part��culas que cons-
tituyen el ba~no t�ermico durante las Colisiones Relativistas de Iones Pesados
pueden dar lugar a importantes correcciones, por ejemplo en el caso de la �(770)
y su in
uencia en el espectro de dileptones [50,157{159]. Por contra, el papel de
las correcciones t�ermicas a la masa de los piones y otros mesones ligeros no se
incluye, habitualmente, en los an�alisis fenomenol�ogicos [160] a pesar de que la
relaci �on de dispersi �on de los mismos contribuye de forma directa a la distribu-
ci �on del n �umero de part��culas. Adem�as, su estudio es importante para el c�alculo
de la presi �on y la ecuaci�on de estado del gas de hadrones en expansi�on, como ha
sido discutido en [161].

En [162] se muestra que el efecto que sobre los par�ametros de freeze-out tienen
las correcciones t�ermicas a la masa del pi�on es muy peque~no, toda vez que estas
modi�caciones se tomen directamente de los trabajos en ChPT a un loop. En
efecto, a bajas temperaturas, la masa M� (T ) sufre peque~nos cambios y, seg �un la
temperatura se va haciendomayor y los efectos t�ermicos suponenmodi�caciones
importantes respecto al valor a temperatura cero, los momentos de los piones
est�an distribuidos en la zona p � T , lo que hace que los t�erminos de masa sean
despreciables.
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En este contexto, nuestro inter�es a la hora de estudiar este tema se centra en
las posibles correcciones que tienen lugar en la auto-energ��a a leading order en
ChPT de un gas de piones (tanto en la parte real como en la parte imaginaria)
al incluir la posibilidad de intercambiar fotones virtuales. Adem�as, estos efectos
electromagn�eticos dan lugar a una parte imaginaria procedente de un corte
de Landau |y, por consiguiente, de car�acter puramente t�ermico| que podr��a
dar lugar a diferentes anchuras t�ermicas para piones cargados y neutros. Estos
efectos podr��an ser detectados experimentalmente a trav�es de la observaci�on
de diferencias en los tiempos de termalizaci �on y en los recorridos libres medios
para las dos distribuciones de part��culas [163, 164]; o mediante la medida de
coe�cientes de transporte [98] ya que si las diferencias en la anchura t�ermica
de piones cargados y neutros fueran signi�cativas, podr��a haber correcciones
importantes a la conductividad el�ectrica, relacionada con el espectro de fotones
[99] o con las viscosidades de cizalla y de volumen (necesarias para explicar
observables como la anomal��a de traza o el 
ujo el��ptico) [98,100,101].

El estudio de las correcciones a la relaci �on de dispersi �on en un ba~no t�ermico
dentro del contexto de ChPT sin fotones virtuales ha sido analizado a un loop
en [165], resultando s�olo en una ligeramodi�caci�on de lamasa del pi�on a trav�es de
undiagramade tipo tadpole; y a dos loops en [166], donde aparecen contribuciones
a la parte imaginaria de la auto-energ��a que permite de�nir un recorrido libre
medio [167] y que se incluye de modo natural en el c�alculo de los coe�cientes de
transporte [98].

Los resultados que presentamos incluyen |como ya se ha dicho| efectos
de ruptura de isoesp��n debida a fotones virtuales a un loop as�� como las mo-
di�caciones t�ermicas a la auto-energ��a para una masa de pi�on distinta de cero,
con lo que se complementan tanto los resultados de ChPT que se mencionaron
anteriormente, como aqu�ellos en los que se calculan las correcciones en el l��mite
quiral a la masa del pi�on [168,169] o usando un enfoque basado en la relaci �on de
Cottingham en el contexto de un modelo de intercambio de resonancias [170].

La consideraci�on de un escenario fuera del l��mite quiral introduce la depen-
dencia de la auto-energ��a en el tri-momento del pi�on externo y hace que las
reglas de suma basadas en t�ecnicas de tipo soft-pion dejen de ser v�alidas for-
malmente. Adem�as nuestro enfoque resulta m�as realista para su descripci�on en
el r�egimen de temperaturas bajas e intermedias. Esto es debido a dos razones
fundamentales: a que el rango de temperaturas para el que el l��mite quiral se
presupone una buena aproximaci�on (T >>M� ) no se alcanza de facto en el gas de
mesones; y debido al car�acter model-independent de la Teor��a Quiral, que lo dis-
tingue de otros tratamientos basados en modelos. Debido a que el gas de piones
formado tras la colisi �on est�a en equilibrio t�ermico, losmomentos de las part��culas
del gas siguen una distribuci�on de Bose-Einstein, por lo que la descripci�on de
las propiedades de la parte real de la auto-energ��a a trav�es de la masa promediada
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en momentos resulta m�as acertada a la hora de intentar explicar lo que sucede
en este escenario. Esta distribuci�on de tri-momentos var��a con la temperatura
de modo que, al tomar �esta un cierto valor, s �olo una parte de los piones del ba~no
t�ermico permanecen termalmente activos. Para bajas temperaturas, T <<M� , los
momentos se distribuyen en torno a los valores p � p

M�T , mientras que para
altas temperaturas, T >>M� , lo hacen alrededor del valor p� T .

Aparte de las implicaciones fenomenol�ogicas que acabamos de comentar, exis-
ten otras de car�acter m�as formal relacionadas con la restauraci�on de la simetr��a
quiral y la saturaci�on por resonancias. A temperatura cero y en el llamado
soft-pion limit |consistente en tomar piones externos con masa y tri-momento
nulos| y a leading order en la carga electromagn�etica, es posible conectar [61]
la diferencia de masas electromagn�etica de los piones con las diferencias de fun-
ciones espectrales vectorial y axial a trav�es de la siguiente regla de suma

l��m
p!0

�M2
� = l��m

p!0
(M2

�~ xM2
�0) = x

3e2

16� 2F 2
�

Z 1

0
ds log

�
s
h
�V (s)x �A(s)

i �
: (3.1)

resultado que |una vez saturados los canales axial y vectorial por las resonan-
cias m�as ligeras del espectro hadr�onico, i.e. a trav�es de la a1(1260) y la �(770),
respectivamente| muestra que la diferencia de masas electromagn�etica de los
piones est�a dominada en este r�egimen por el intercambio de resonancias.

Debido a que los canales axial y vectorial se degeneran durante la transi-
ci �on quiral, la diferencia de masas del pi�on cargado respecto al neutro podr��a
funcionar como un par�ametro de orden de la restauraci�on de la simetr��a quiral.
Esta es la raz�on por la que es importante extender la regla de suma (3.1) fuera
del l��mite quiral y teniendo en cuenta efectos electromagn�eticos. Sin embargo,
como fue mostrado por primera vez en [166], la masa del pi�on cargado recibe
siempre una contribuci�on de apantallamiento de la forma � e2T 2 que provoca
que la diferencia crezca en lugar de disminuir. Cuando a la regla de suma (3.1)
se le a~naden correcciones puramente t�ermicas es necesario modi�car las funcio-
nes espectrales a trav�es de factores multiplicativos proporcionales, a leading order
y en el l��mite quiral, a T 2 [158]. Estos cambios dan lugar a un t�ermino que se
opone al de apantallamiento y que provocan un decrecimiento neto muy suave
con la temperatura para la diferencia de masas de piones cargados y neutros en
el l��mite quiral, resultado en perfecta consonancia con [168].

Con todo, las principales conclusiones de los resultados 3.1.1 y publicaci �on
3.1.2 son los siguientes:

Parte real de la auto-energ��a

§ Hemos calculado las correcciones a la parte real de la auto-energ��a de un gas
de piones fuera del l��mite quiral debidas a la ruptura de isoesp��n exclusiva-
mente procedentes del intercambio de fotones virtuales en el ba~no t�ermico.
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Los resultados son �nitos e independientes de la escala quiral, lo que los
convierte en verdaderos observables.

La p�erdida de invariancia Lorentz debida a la existencia de un sistema
de referencia preferente (el asociado al ba~no t�ermico) introduce una depen-
dencia en el tri-momento del pi�on externo. De�niendo, como suele hacerse,
la masa como el valor de la parte real de la auto-energ��a en el l��mite est�atico
( �pext = �0) observamos1 que la parte real de las masas corregidas de piones
cargados y neutros no muestran grandes correcciones debidas a tempera-
tura, as�� como tampoco la diferencia de masas entre ambos. Esta diferencia
es creciente con la temperatura para piones masivos (incluso asumiendo
mu =md = 0 y considerando las correcciones de carga a nivel �arbol), llegando
a ser un 24% mayor que el valor de temperatura cero a unos � 150MeV.

Este crecimiento observado fuera del l��mite quiral |m�as realista habida
cuenta de las temperaturas de freeze-out que se manejan en los momentos
posteriores de colisiones RHIC| es cualitativamente opuesto al obtenido
en el l��mite quiral [168] donde, de hecho, la diferencia decrece. Hay varias
comprobaciones que nos sirven para veri�car nuestros resultados: por un la-
do nuestro c�alculo para las masas de los piones cargados y neutros coinciden
con los calculados en [168] si nos vamos al r�egimen en el que el l��mite quiral
se presupone una buena descripci�on, i.e.M�=T ! 0. Este hecho nos lleva a la
segunda veri�caci�on: incluso en el caso de piones masivos, al subir su�cien-
temente la temperatura encontramos que la diferencia de masas comienza a
decrecer y se acerca al comportamiento esperado en el l��mite quiral. Desde
luego el valor de temperatura para el que este decrecimiento se produce
est�a muy lejos de considerarse dentro de los l��mites predictivos de ChPT,
pero es importante recuperar este comportamiento desde un punto de vista
te�orico.

Unade las conclusionesm�as importantes de este trabajo es que el t�ermino
de apantallamiento de Debye procedente de los diagramas con fotones vir-
tuales, junto con los que proceden de considerar pionesmasivos en el resto de
diagramas, es capaz de oponerse a la tendencia hacia la restauraci �on quiral
que se esperar��a si la regla de suma (3.1) fuera aplicable en este r�egimen.

§ Los resultados para las masas promediadas en tri-momentos son los siguien-
tes: a bajas temperaturas, los promedios para la masa del pi�on cargado y
para la diferencia de masas electromagn�etica, hM�~ xM�0

�
, indistinguibles

respecto a los valores calculados en el l��mite est�atico. Al llegar al rango de
temperaturas moderadas-altas (� (100x150)MeV) la diferencia experimen-
ta un crecimiento mucho m�as lento que su equivalente est�atica, lo que se

1 Para este c�alculo hemos usado masas f��sicas de piones en lugar de las correspondientes a nivel
�arbol debido a que la diferencia es de orden superior. Asimismo, donde ha sido necesario, hemos
utilizado los mismo valores num�ericos que en la publicaci �on 2.1.1.
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explica debido a dos razones: por un lado el hecho de que la sustracci �on en
este observable de las contribuciones de temperatura cero provoca que las
diferencias respecto al l��mite est�atico sean m�as perceptibles; y, por otro, la
observaci�on |ya comentada| de que la distribuci�on de momentos tienen
un pico en torno a valores p� T cuando aumenta la temperatura, por lo que
es de esperar que los efectos sobre el promedio aumenten con la temperatura.

El comportamiento creciente con la temperatura que encontr�abamos
para la diferencia de masas electromagn�etica de piones masivos a este orden
se suaviza y acerca m�as al comportamiento en el l��mite quiral si se calcula
el promedio en momentos en lugar de los observables directamente en el
l��mite est�atico.

Parte imaginaria de la auto-energ��a

§ El efecto m�as importante de este c�alculo es la aparici �on de una parte absortiva
directamente relacionada con el diagrama de photon-exchange a temperatura
�nita, aun a pesar de que el bremmstrahlung en el vac��o para un escalar
radiando un fot�on es un proceso prohibido. La auto-energ��a, como funci�on
de la variable p0 2 C, se vuelve no-anal��tica en el eje real y da lugar a un
corte al atravesar esta l��nea. La parte imaginaria est�a asociada a un corte
de Landau, por lo que su naturaleza es puramente t�ermica, siendo nula a
temperatura cero.

Suponiendo la existencia de un r�egimen de oscilaciones peque~nas en el
plasma t�ermico, es posible desacoplar la relaci �on de dispersi �on del gas de
piones y asociar la parte imaginaria con la anchura t�ermica perturbativa,

( �p;T ) como funci�on del tri-momento externo del pi�on y la temperatura.

Es importante notar la sutileza de este c�alculo puesto que |aunque
hemos demostrado que el resultado no depende del gauge siempre que se
usen gauges covariantes| encontramos resultados que no est�an f��sicamente
bien de�nidos. En efecto, calcul�andolo en el gauge de Feynman llegamos a la
conclusi �on |utilizando la prescripci�on habitual de usar el propagador re-
tardado, i.e. una vez prolongada anal��ticamente la auto-energ��a calculada en
el formalismo de tiempo imaginario hacia valores retardados de la variable
p0, es decir, p0 ! p0 + i�| de que la parte imaginaria es positiva. Este re-
sultado provocar��a la aparici �on de una anchura t�ermica negativa, resultado
f��sicamente inaceptable.

Este mismo problema ha sido ya encontrado en el c�alculo de la parte
imaginaria de la auto-energ��a asociada a campos gauge [171,172] trabajando
en gauges covariantes. El problema puede evitarse trabajando en el gauge de
Coulomb, donde uno s�� encuentra resultados f��sicos [173].
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El problema tiene que ver con el hecho de que el c�alculo de la parte
imaginaria a temperatura �nita implica la consideraci�on de que los fotones
virtuales se hallan en la capa de masas, por lo que la elecci �on de gauges
covariantes implica suponer que grados de libertad que no son f��sicos se
encuentran en equilibrio t�ermico. Esta es la raz�on por la que estos trabajos
apuestan por la elecci �on del gauge de Coulomb estricto, que s�olo propaga los
modos f��sicos del fot�on.

Procediendo de este modo, hemos calculado enChPT la anchura t�ermica
fuera del l��mite quiral a orden O(p4) en el gauge de Coulomb, y la hemos
comparado con los resultados promediados en tri-momentos para la anchura
t�ermica de car�acter electromagn�etico procedente de nuestro c�alculo con la
obtenida a next-to-leading order en ChPT [166].

Llegados a este punto es necesario hacer notar que la parte real de la
auto-energ��a que hemos obtenido, calculada originalmente en el gauge de
Feynman, no se ve afectada por el uso de uno u otro gauge y da lugar al
mismo resultado que ya se expuso.

Nuestro c�alculo arroja un resultado �nito, model-independent e indepen-
diente, tambi�en, de la escala quiral. La anchura t�ermica es lineal en la tem-
peratura, anul�andose para j �pj := p ! 0 y que tiende a 
(T;p ! 1) = e

2
T=4� .

Esta dependencia en el tri-momento es similar a la que se muestra en [174]
al calcular la parte transversal de la anchura t�ermica de un escalar en QED
a temperatura �nita2.

La comparaci�on de los valores promediados en tri-momentos con el va-
lor promediado para la anchura de dispersi �on next-to-leading order [166,167]
indica que la contribuci�on dominante hasta una temperatura de aproxima-
damente 50 MeV procede de la parte electromagn�etica O(p4), pero a partir
ese valor la contribuci�on O(p6) procedente de la dispersi �on de piones es
claramente dominante (es aproximadamente ocho veces mayor que la elec-
tromagn�etica a una temperatura de 80MeV).

Con objeto de estimar de manera fenomenol�ogica esta contribuci�on a la
anchura |y a modo de aproximaci�on| hemos usado el promedio en mo-
mentos para la anchura t�ermica para medir las correcciones sobre el c�alculo
de la conductividad el�ectrica y las viscosidades de cizalla y volumen, esti-
madas en aproximadamente un 10% para una temperatura de entre 80 y 100
MeV, rango de temperaturas para el que la expansi�on en el plasma relativista
resultante de la Colisi �on de Iones Pesados cesa (freeze-out t�ermico). En un in-
tento de mejorar num�ericamente los resultados num�ericos, hemos utilizado
el valor unitarizado de [166] para la anchura t�ermica no electromagn�etica.

2 N�otese que all��, debido a la presencia de divergencias infrarrojas asociadas al revestimiento del
fot�on, el resultado depende tambi�en del cut-o� infrarrojo. En el esquema de c�alculo que hemos
usado, a este orden, no existen divergencias infrarrojas.
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Asimismo, debido a que la interacci �on electromagn�etica s�olo se acopla a
corrientes cargadas, los recorridos libres medios para piones cargados y neu-
tros calculados seg �un este enfoque son distintos. Esto da lugar a diferentes
temperaturas de freeze-out t�ermico para piones cargados y neutros, aunque
los efectos sonm�as peque~nos que en el caso de los coe�cientes de transporte:
la diferencia entre las temperaturas de freeze-out t�ermico asociadas a las dos
especies es de aproximadamente 2MeV.

Resonancias, regla de suma y restauraci�on de simetr��a quiral

El trabajo en este sentido sigue dos direcciones: por un lado se estudian las
modi�caciones a la regla de sumaque relaciona las funciones espectrales asociadas
a los canales vectorial y axial con la diferencia de masas electromagn�etica de los
piones cuando se consideran piones fuera del l��mite quiral a temperatura �nita.
Por otro se analiza la robustez de las prediccionesmodel-independent deChPT para
la parte real de la diferencia de auto-energ��a para el pi�on cargado y el neutro
cuando se incluyen las part��culas a1(1260) y �(770) a trav�es de un modelo con
los canales vectorial y axial saturados por estas primeras resonancias ligeras.

Debido a la ausencia de un contaje formal en este modelo los resultados ser�an
obtenidos s�olo a leading order, es decir, considerando s�olo correcciones a un loop
para la diferencia de auto-energ��as de piones cargados y neutros.

Con todo:

§ Encontramos que la regla de suma original no es aplicable en este r�egimen
debido a que fue originalmente concebida en el llamado soft pion limit, que
considera piones sinmasa. Es posible, no obstante, a~nadir los t�erminos nece-
sarios para completarla a partir de la comparaci �on con los resultados model-
independent proporcionados por ChPT. Estos cambios se traducen en la in-
corporaci�on de los resultados del diagrama de photon exchange con un pi�on
masivo as�� como de las correcciones multiplicativas de las contribuciones
V xA. Los resultados se han efectuado a leading y next-to-leading order en el
par�ametro x � T 2=M2

R � M2
� =M

2
R, siendo MR la masa gen�erica de las reso-

nancias en cuesti �on (� 1 GeV).

§ El efecto de la consideraci�on de piones masivos contribuye a ampli�car la di-
ferencia electromagn�etica de las masas de los piones, es decir, a emborronar
el comportamiento tendente a la restauraci�on quiral que parec��a predecir la
estructura de la regla de suma V xA. No es posible, por tanto, reconocer un
efecto de restauraci�on quiral asociada a la diferencia de masas de los piones
cargados y neutros fuera del l��mite quiral.
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§ Mediante el estudio de un modelo de intercambio de resonancias en el l��mite
de saturaci�on de las mismas, encontramos que las correcciones a la masa
(de�nida como la parte real de la auto-energ��a en el l��mite est�atico) debidas
a las resonancias son num�ericamente peque~nas, siendo la contribuci�on de
la �(770)mayor que la de la a1(1260) en el rango t�ermico considerado. Este
resultado no debiera sorprender puesto que la masa de la a1 hace que los
efectos asociados a ella hagan su aparici �on a temperaturas considerablemente
mayores que para la �.

§ En general los efectos resonantes se activan a una temperatura de entre 170 y
200MeV, por lo que las predicciones de ChPT pueden considerarse �ables
para un rango t�ermico considerable, siempre por debajo de la transici �on
quiral.

§ Hemos comprobado que las partes imaginarias asociadas con algunos de los
diagramas con resonancias que contribuyen a leading order a la diferencia de
auto-energ��a est�an exponencialmente suprimidas a trav�es de funciones de
Boltzmann y, por tanto, son subdominantes en comparaci�on con la anchura
t�ermica electromagn�etica calculada con anterioridad.

§ El t�ermino x4Ze2g1(T;M� ) y el correspondiente a la diferencia g1(T;M~
� ) x

g1(T;M0
� ) que se obtienen en ChPT a partir de diagramas de tipo tadpole

de piones y que est�a directamente relacionado con la estructura V xA de la
regla de suma (y por tanto con la restauraci�on de la simetr��a quiral) no puede
reproducirse a partir de un an�alisis en el contexto del modelo de resonancias
a leading order. Esto pone de mani�esto la inequivalencia entre los contajes
en la Teor��a Quiral y en el modelo de resonancias. De hecho este modelo
carece de una expansi�on perturbativa controlable en los acoplos de piones
con resonancias y s�olo un esquema basado en gran NC nos ha permitido
clasi�car los diagramas leading order de un modo �able.



136 Resultados

3.1.1 Preprint:
A. G�omez Nicola, R. Torres Andr�es,
Electromagnetic e�ects in the pion
dispersion relation at �nite temperature,
arXiv:1404.2746



Electromagnetic effects in the pion dispersion relation at finite temperature
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I. INTRODUCTION AND MOTIVATION

The study of hadronic properties at finite temperature T is one of the theoretical ingredients needed to understand
the behaviour of matter created in Relativistic Heavy Ion Collision experiments, such as those in RHIC and LHC
(ALICE), as it expands from the onset of local equilibrium to the final freeze-out regime [1, 2]. This is especially
relevant for chiral symmetry restoration and deconfinement, for which the lattice groups have explored exhaustively
the phase diagram and other thermodynamical properties [3–7]. For the case of vanishing baryon chemical potential,
the QCD transition becomes a crossover for the physical case of 2+1 flavours, which makes it especially important to
define observables which would behave as order parameters, since different quantities would point to different critical
temperatures. Thus, the critical range from the latest lattice simulations lies within Tc ∼ 150-170 MeV.

Several hadron gas features have been studied in different approximations. The Hadron Resonance Gas (HRG)
describes the system through the statistical ensemble of all free states thermally available and provides a good
description both of lattice thermodynamical data and of experimental hadron yields, when some corrections due to
interactions and lattice masses are accounted for [8, 9]. On the other hand, effective chiral models including explicitly
vector and axial-vector resonances have been successfully used to describe several hadron thermal properties relevant
for observables such as the dilepton and photon spectra and ρ − a1 mixing/degeneration at the chiral transition
[10–13].

A systematic and model-independent framework to take into account the relevant light meson degrees of freedom
and their interactions is Chiral perturbation Theory (ChPT) [14, 15]. The effective ChPT lagrangian is constructed as
an expansion of the form L = Lp2 +Lp4 + . . . where p denotes a meson energy scale compared to the chiral scale Λχ ∼
1 GeV. Pions are actually the more copiously produced particles after a Heavy Ion Collision and their properties from
hadronization to thermal freeze-out can be reasonably described within ChPT. The temperatures involved in that
regime are not far from the ChPT applicability range and ChPT has the added value of providing model-independent
results. Thus, the meson gas description based on ChPT reproduces fairly well the main qualitative features of
the system, such as the chiral restoring behaviour given by the quark condensate [16]. The introduction of realistic
(unitarized) pion interactions improves ChPT, providing a more accurate description of several effects of interest in a
Heavy-Ion environment, such as thermal resonances and transport coefficients [17–21]. This approach has also given
rise to a deeper understanding of the scalar-pseudoscalar degeneration pattern taking place at chiral restoration, in
agreement with lattice data for meson masses and susceptibilities [22]. In addition, the virial expansion approach
within ChPT, including unitarized corrections, allows to parametrize consistently the deviations from the HRG-like
free gas contributions [23–25].

The modification of the pion dispersion relation in the thermal bath has been also analyzed within ChPT. Pertur-
batively, to one loop the only modification is a shift in the pion mass coming from a tadpole diagram, softly increasing
with T [26]. At two loops, pions develop a more complicated dispersion relation [27] including an absorptive imaginary
part, which defines a mean collision rate [28] responsible for the thermalization mean time and the mean free path of
pions in the thermal bath. This rate is also essential to describe correctly the transport coefficients of the pion gas
[19]. Corrections to the dispersion relation due to nonzero pion chemical potential during the chemical nonequilibrium
phase have also been studied [29].

In this work we will continue with this program by studying the modifications of the pion dispersion relation due
to electromagnetic (EM) isospin-breaking corrections, including virtual photon exchange, during the hadronic phase
at finite temperature. We will work within ChPT but corrections due to resonance exchange will also be considered,
within the framework of a sum rule connecting the self-energy difference with vector and axial spectral functions to
evaluate the possible impact on chiral symmetry restoration, and explicitly in a resonance saturation model to estimate
the range of validity of the ChPT analysis. Electromagnetic corrections are the main source of the charged-neutral
mass (or more general, the self-energy) difference and can be consistently studied within ChPT by introducing the
relevant lagrangian terms of orders Le2 , Le2p2 and so on, with e the electric charge considered formally in the chiral
expansion as e2 = O(p2/F 2), with F the pion decay constant in the chiral limit.

Our analysis extends, on the one hand, the previously mentioned ChPT studies on the thermal pion dispersion
relation and, on the other hand, previous partial analysis of the isospin breaking of such relation, namely, in the chiral
and soft pion limit [30, 31] and using a Cottingham-like approach within resonance exchange in [32]. We will consider
physical pion masses, which will give rise to new effects such as the momentum dependence of the self-energy (a pure
thermal effect) and a nonzero imaginary part. In addition, the departure from soft-pion sum rules will complicate
the connection with spectral functions. Our analysis provides more realistic results regarding heavy-ion and lattice
phenomenology, since the chiral limit is intended to be valid only for temperatures T � Mπ, which are not reached
in the hadron gas. In addition, our ChPT analysis will ensure the model independency of the results at low and
moderate temperatures taking into account all relevant thermal contributions, which is a benchmark when comparing
to resonance exchange models. Besides, as we will explain here, the ChPT leading correction includes certain tadpole-
like terms which are not present in the leading resonance saturation diagrams and play an important role at the
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temperatures considered. We will concentrate first on the corrections to the real part of the self-energy, including
its momentum dependence, but we will see that the nonzero pion mass also induces imaginary parts coming from
Landau pure thermal cuts of diagrams both with photon and resonance exchange, the latter remaining as a subleading
contribution. Our present work complements and extends also our previous studies of isospin-breaking corrections in
the meson gas [33, 34].

Let us discuss some additional motivations to perform this analysis.
The spectral properties of the particles which constitute the thermal bath are in principle subject to modifications

with respect to the vacuum, due to their mutual interactions. These modifications might lead to important observable
effects, as it is indeed the case with the ρ(770) meson and its influence in the dilepton spectrum[10–12, 17]. However,
the temperature dependence of the masses of pions and other light mesons is usually not included in phenomenological
analysis of hadron yields [8] despite the fact that the dispersion relation enters directly in the particle number
distribution. In addition, the very same expansion dynamics is also in principle influenced by the thermal change in
the pion dispersion relation.

The importance of the pion dispersion relation in the pressure and equation of state and thus in the hadron gas
expansion has been discussed in [35]. On the other hand, a detailed analysis of the impact of the thermal pion
mass shift in freeze-out parameters [36] shows a tiny effect from Mπ(T ), taken as that predicted by one-loop ChPT
and hence very soft and increasing. The reason is that at low temperatures the shift is negligible while at higher
temperatures, when it becomes sizable, pion momenta are distributed near p ∼ T so that the mass terms become
small in the dispersion relation. In [36] it is also pointed out that an increasing temperature-dependent pion mass is
consistent with the existence of hadron-like states prior to hadronization, with a mass larger than their vacuum value,
which could explain the experimentally observed quark number scaling in elliptic flow.

What we intend to address here in this phenomenological context is, first, how EM corrections modify the prediction
of a slowly increasing pion mass, at leading order in ChPT. In addition, we want to examine possible sizable differences
between neutral and charged self-energies with temperature and momentum, which could be of phenomenological
interest when comparing charged and neutral pion distributions.

Neutral pion distributions have been measured experimentally in recent Heavy Ion Collisions experiments at RHIC
in PHENIX [37, 38] and STAR [39] as well as in more recent ALICE (LHC) measurements [40, 41]. The comparison
between neutral and charged pion spectra for STAR data [39] shows that, although they are compatible within errors,
the central values for the π0 lie systematically below the π± for low pT in the central region. The difference is
much larger when nuclear modification factors of neutral pions and total charged hadrons are compared in central
events, which comes basically from the baryon excess of p/π in the intermediate momentum region 2 GeV < pT < 4
GeV, where different hadron production mechanisms such as recombination come into play [42, 43]. At high enough
pT , say above 4-5 GeV, hadron production comes mainly from fragmentation mechanisms and the neutral- charged
hadron yields tend to be similar. The experimental difficulties of accessing the low momentum region are evident
and hence, the lowest point to which the yields are compared is pT = 0.5 GeV in the ALICE analysis [40]. At those
lower momenta, the neutral-charged yields are compatible within errors, although the central π0 value at pT = 0.5
GeV is slightly above the charged one. Overall, the above phenomenological data indicate compatibility with isospin
symmetry within errors for the observed pion spectrum.

In this experimental context, it makes sense to explore possible differences in the charged-neutral pion masses, or
more generally in their dispersion relation, which can include momentum dependent corrections coming from thermal
effects, as we will see. At the very least, this analysis should serve to confirm the very small charged-neutral deviations
observed in particle distributions and would certainly be more useful to explore the low momentum region, where
soft thermal pions are dominant, so that more precise experimental points at low pT , as expected from ALICE data,
would be welcome.

Moreover, the possible modifications in the imaginary part would give rise to differences in the thermal width
between charged and neutral pions. These differences could in principle be observable at least in two phenomenological
contexts. One could be differences in thermalization times and mean free path and hence in kinetic freeze-out
temperatures for the charged and neutral pion components, estimating kinetic freeze-out as the temperature for
which the mean free path becomes of the order of the system size, or equivalently for the mean collision time [29, 44].
The other one is in transport coefficients, for which the inverse thermal width of the internal lines enters in the
integrals of the relevant loop diagrams [19]. If there are significative differences between charged and neutral thermal
widths, there could be sizable corrections e.g. to the electrical conductivity, related to the photon spectrum [18] or to
the shear and bulk viscosities needed to explain correctly observables such as the elliptic flow or the trace anomaly
[19–21].

Besides the possible phenomenological implications, there are other, more theoretical, aspects of our analysis,
mostly in connection with chiral symmetry restoration and resonance saturation. At T = 0, in the soft pion limit,
i.e. vanishing external pion four-momentum pπ (consistent only in the chiral limit of vanishing pion masses), and
to leading order in e2, the following sum rule connects the EM pion mass difference with the vector-axial spectral
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function difference [45]:

lim
pπ→0

∆M2
π = lim

pπ→0

(
M2
π± −M2

π0

)
= − e2

16π2

3

F 2
π

∫ ∞

0

ds ln s [ρV (s)− ρA(s)] (1)

A natural question in this context is therefore the possible connection to chiral symmetry restoration at finite
temperature. Since vector and axial channels (saturated by the ρ and a1 resonances respectively) are meant to
degenerate at the transition, the pion mass difference could then behave as an order parameter. However, as pointed
out first in [31], at finite temperature, the charged pion mass always receives a contribution ∆M2(T ) ∼ e2T 2/4,
similarly to Debye screening for the longitudinal photon field, which actually would make the pion mass difference
grow instead. That contribution alone would be comparable to the T = 0 value near Tc. However, when the sum rule
(1) is corrected at T 6= 0 one has to take into account also the modifications of the spectral functions ρV,A → ρV,A(T ),
which in the chiral limit and to leading T 2 order are given simply by a multiplicative T -dependent renormalization that
mixes the vector and axial spectral functions, predicting that they become degenerate at T '

√
3Fπ [46]. That term

gives rise to a decreasing correction to ∆M2(T ) which added to the Debye-like one gives a net very soft decreasing
behaviour for the pion mass difference, in agreement with the ChPT calculation in the chiral limit [30].

All these aspects already studied in the chiral limit are meant to change considerably when nonzero physical pion
masses are considered. First of all, the soft pion limit will not be applicable because it only makes sense in the
chiral limit. Second, for the relevant temperatures involved near chiral restoration and in heavy-ion collisions, T and
Mπ effects are comparable, so that new mass-dependent and momentum-dependent terms are expected, which could
change the previous chiral restoring and not-restoring balance. One of our purposes in this work will be precisely to
analyze those aspects related to the connection of the self-energy electromagnetic difference with the vector and axial
spectral functions when the pion mass is taken at its physical value.

Moreover, since the previous sum rule arguments and their finite-T extensions are not directly applicable out of
the chiral limit, we will find useful also to appeal to models based on resonance exchange, for which the pion mass
difference has been calculated at T = 0 [47], in order to identify the leading and subleading contributions for physical
masses in the resonance saturation limit. Also within this framework we will establish the validity limit of our
pure-ChPT calculation.

Taking all these considerations into account, the structure of this work is the following: In section II we will carry
out the ChPT analysis of the self-energy, the real part contribution being discussed in section II A and the imaginary
one in section II B. In both cases we will discuss several aspects such as the differences with the chiral limit, gauge
invariance, the momentum dependence and possible phenomenological consequences. Section III will be devoted to
the discussion of the extension of the sum rule connecting the pion electromagnetic self-energy difference with the
vector-axial vector spectral function difference. We will review the main aspects of previous derivations, both at
T = 0 and T 6= 0 in the chiral limit and analyze the main differences arising for physical pion masses and the formal
implications regarding chiral symmetry restoring and not-restoring terms. In section IV we will consider the pion
self-energy calculation in a resonance saturation framework including the ρ and a1 resonances explicitly and will
examine the size of the different corrections within the context of the present work. In Appendices A and B we will
clarify several properties, definitions and conventions used throughout this work regarding spectral functions and loop
integrals.

II. CHPT ANALYSIS FOR PHYSICAL PION MASSES

The effective chiral lagrangian up to fourth order in p (a meson mass, momentum, temperature or derivative)
including EM interactions proportional to e2 is given schematically by Leff = Lp2+e2 + Lp4+e2p2+e4 . The second
order lagrangian corresponds to the familiar non-linear sigma model plus the addition of the gauge coupling of mesons
to the photon field via the covariant derivative, and an additional term proportional to a low-energy constant C
compatible with the e 6= 0 symmetries of the QCD lagrangian [48–51].

Lp2+e2 =
F 2

4
tr
[
DµU

†DµU + 2B0M
(
U + U†

)]
+ Ctr

[
QUQU†

]
. (2)

Since we are dealing only with pions, the Goldstone Boson field matrix takes the form U(x) = exp[iΦ/F ] ∈ SU(2),
being

Φ =

(
π0

√
2π+

√
2π− −π0

)
(3)
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the pion field matrix.
The covariant derivative is Dµ = ∂µ + iAµ[Q, ·] with Aµ the EM field and Q = (e/3)diag(2,−1) andM = m̂12 are

respectively the quark charge and mass matrices, where we will take the QCD isospin limit mu = md = m̂, since as
explained in the introduction, we are interested in the dominant EM isospin breaking effect in the pion masses. Thus,
from the lagrangian (2) we read off the tree level neutral and charged pion masses, which we denote by a hat:

M̂2
π± = 2m̂B0 + 2C

e2

F 2
,

M̂2
π0 = 2m̂B0. (4)

The above squared tree level pion masses are then, consistently, O(p2) quantities independent of temperature, which

are related to the physical pion masses formally as M2
π = M̂2

π +O(p4). We will be interested here in the calculation
of those p4 corrections, since they include the leading temperature dependence coming from pion loops. Similarly, the
pion decay constant F 2

π = F 2 +O(p4) and the quark condensate 〈q̄q〉 = 2B0F
2[1 +O(p2)].

Physical predictions are rendered UV finite by renormalization of the low-energy constants (LEC) multiplying the
different terms of the lagrangian. Thus, the fourth order lagrangian consists of all possible terms compatible with the
QCD symmetries to that order, including the EM ones, and can be found for SU(2)-ChPT, for instance, in [51]. It
introduces a set of EM and non-EM LEC which appear in the calculation of the masses by instance of Lp4+e2p2+e4 ,
when renormalizing the T = 0 divergences coming from the loops.

At finite temperature T 6= 0, we will work in the Imaginary Time (IT) formalism [1, 52] in which the correlators

corresponding to propagators are obtained by replacing in the action t→ −iτ , i
∫
d4x→

∫
T
d4x ≡

∫ β
0
dτ
∫
d3~x. The

vertices remain the same as at T = 0 and the Feynman rules are modified according to the replacements indicated
in (B1). Once the internal loop sums over Matsubara frequencies ωn are performed, the result for a given correlator
can be analytically continued to external frequencies ω + iε to obtain the retarded propagator, which contains the
information about the dispersion relation. The details and definitions of the various propagators and spectral functions
are given in Appendix A while in Appendix B we collect the results for the typical thermal loop integrals that we will
need throughout this work.

The dispersion relation is set up by the poles of the retarded propagator at ω = ±ωp − iγp with γp the damping
rate in the thermal bath. It is obtained from the self-energy Σ, which in imaginary time is defined in (A1). As we will
work perturbatively within ChPT, Σ = O(p4) so that the dispersion relation is perturbed around the vacuum value,

i.e, ω2
p = E2

p + Re Σ(Ep; |~p|;T ) and γp = −Im Σ(Ep + iε; |~p|;T )/(2Ep) where E2
p = |~p|2 + M̂2, M̂ is the tree level mass

and the T -dependent and ~p dependent self-energy has been analytically continued from the IT one as iωn → ω + iε
to obtain the retarded propagator GR(ω, |~p|) (see Appendix A for more details). Recall that at T 6= 0, Σ(ω, |~p|)
depends separately on ω and |~p| as a result of the Lorentz Symmetry breaking due to the choice of the reference
system associated with the thermal bath.

If EM isospin breaking is considered, the dispersion relation is different for charged and neutral pions already at
tree level, as indicated in (4). To one loop, the diagrams contributing to the charged pion self-energy in ChPT
are showed in Fig.1. To the neutral pion self-energy, only diagrams of type (a) and (b) contribute. The numbers
between brackets in those diagrams denote the momentum order of the lagrangian that gives the corresponding vertex.
Diagrams (c) and (d) involve virtual photons. It is important to note that apart from the charged-neutral differences
in the self-energy coming from diagrams (c) and (d), there are others contributing at the same chiral order from
diagrams of tadpole type (a). Thus, on the one hand, a four-pion vertex coming from the F 2 term in (2) gives rise

to a contribution of the type G(M̂π±) − G(M̂π0) to the self-energy charged-neutral difference, with G the tadpole
function defined in (B2). On the other hand, a four-pion vertex coming from the C term in (2) only contributes to

the charged pion self-energy proportionally to CG(M̂π±).
We will discuss separately the real and imaginary contributions to the pion self-energy within our ChPT approach.

We will refer to the Appendices for details of the calculation. All the T = 0 contributions will be regularized in the
dimensional regularization (DR) scheme throughout this work.

A. Real part of the dispersion relation. Pion mass difference and momentum dependence

As discussed above, the real part of the self-energy shifts the real part of the pion pole, introducing T and momentum
dependence, perturbatively within ChPT through Re Σ(Ep, |~p|;T ) with E2

p = |~p|2 + M̂2 with M̂2 the corresponding

tree level pion mass. As customary, we will define the pion masses in the static limit ~p = ~0.
The photon-tadpole diagram in Fig.1(c) defines the thermal Debye screening mass for longitudinal modes [1] and

vanishes at T = 0. It is UV finite as it should for a pure thermal contribution. The UV divergences coming from the



6

Figure 1. 1-PI diagrams contributing to the self-energy of a charged pion in SU(2)-ChPT to leading order. Diagrams for neutral
pions are the same removing those in which photons are present.

tadpole diagrams (a) and the photon-exchange diagram (d) are the same as at T = 0 and are absorbed by the tree
level diagrams (b), which include a particular combination of the fourth order LEC. The T = 0 result for the neutral
and charged pion masses taking into account all these diagrams is given in [51].

For the neutral pion mass, the above mentioned tadpole diagrams give to this order:

M2
π0(T ) = M̂2

π0(T = 0)

[
1 +

1

F 2

(
g1(M̂π± , T )− 1

2
g1(M̂π0 , T )

)]
, (5)

with the thermal g1 function defined in (B3). The above thermal neutral pion mass is still increasing with temperature,
as showed in Fig.2.

As for the charged pion self-energy, for the photon-tadpole contribution in Fig.1(c) and the photon-exchange diagram
(d) we will work in the Feynman gauge α = 1 (see our notation for thermal propagators in Appendix A) as in the
T = 0 analysis [47, 51] and previous T 6= 0 ones [30–32]. In that gauge we have for diagram (c):

ΣγTad(T ) = 4e2T
∑

n

∫
d3 q

(2π)3
1

ω2
n + |~q|2 = 4e2g1(0;T ) =

e2T 2

3
(6)

where ωn = 2πnT is the internal Matsubara frequency and we have used (B3) and (B7). As commented above, this
is the typical e2T 2 screening or Debye mass behaviour appearing for longitudinal photon fields in the thermal bath
[1, 53] which holds also for gluons with prefactor corrections. Note also that this is a growing term with T , behaving
then against the naive arguments of chiral restoration mentioned in section I.

The photon exchange term corresponding to diagram (d) in Fig.1 is given in the Feynman gauge as:

ΣγEx(iωm, |~p|;T ) = e2T
∑

n

∫
d3 q

(2π)3
(2p− q)2

q2
[
(p− q)2 − M̂2

π±

] (7)

where p ≡ (iωm, |~p|) and q ≡ (iωn, ~q) are the external and loop IT momenta respectively, with ωk = 2πkT .
Writing in (7), 2p · q = −(p− q)2 + q2 + p2, we have in IT:

ΣγEx(iωm, |~p|;T ) = e2
{
G(M̂π± ;T )− 2G(0;T ) + 2

[
M̂2
π± − ω2

m − |~p|2
]
JT (0, M̂π± ; iωm, |~p|)

}
(8)

where the G and JT functions are defined in (B2) and (B9) respectively. Therefore, performing the analytical

continuation iωm → p0 + iε and for on-shell pions p2 = M̂2
π± (perturbative self-energy), this contribution can be cast

as:

ΣγEx(ω + iε, ω2 = E2
p ;T ) = e2

[
G(M̂π± ;T )− 2G(0;T ) + 4M̂2

π±JT (0, M̂π± ;ω + iε, ω2 = E2
p)
]

(9)

Note that in the chiral limit (m̂ = 0) and neglecting O(e4) we get ΣγTad + ΣγEx = e2T 2

4 which is nothing but
the scalar thermal mass squared obtained to one loop in Scalar QED (SQED) [53]. Note also that, according to our
analysis in Appendix B, the above JT function develops an imaginary part, which we will analyze in section II B.
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At this point, let us discuss the gauge invariance of the previous result in a covariant gauge. The gauge parameter
dependence is in the photon propagator and then it only affects diagrams (c) and (d) in Fig.1. If we add the contri-
bution proportional to (α− 1) of the gauge boson propagator (A9), we obtain the following additional contributions
to those diagrams

δΣγTad(T ) = −e2(α− 1)
T 2

12

δΣγEx(iωm, |~p|;T ) = e2(α− 1)T
∑

n

∫
d3 q

(2π)3
[(2p− q) · q]2

(q2)2
[
(p− q)2 − M̂2

π±

] (10)

Now, let us concentrate on the on-shell point p2 = M2
π± (which will hold after analytical continuation) so that

with similar manipulations as before, we can write the numerator of δΣγEx as (2p · q)
[
−(p− q)2 +M2

π± − q2
]

+

(q2)2 =
[
−(p− q)2 +M2

π±
] [

2p · q − q2
]

so that we get δΣγEx(ω2 = E2
p) = e2(α− 1)T

2

12 = −δΣγTad(T ) since the sum

and integration of p · q/(q2)2 vanishes. Therefore, within our perturbative ChPT scheme, the dispersion relation is
independent of the gauge parameter in covariant gauges. Note that it is crucial that we remain within the strict regime
of perturbation theory to prove this result, since, consistently with that approach, we have taken the self-energy at
the on-shell point.

Therefore, we get, after collecting all the pieces, for the real part of the self-energy difference at finite temperature:

∆Σ(|~p|;T ) = ∆Σ(T = 0) +
M̂2
π0

F 2

[
g1(M̂π0 , T )− g1(M̂π± , T )

]
+ (1− 4Z)e2g1(M̂π± , T )

+
e2T 2

6
+ 4M2

π±Re JT (0, M̂π± ; |~p|) +O(p6), (11)

where the explicit expression for Re JT (0, M̂π± ; |~p|) is given in (B14) and Z = C/F 4. We recover the T = 0 result
of [51] taking into account (B5) and (B15). On the other hand, in the chiral limit m̂ = 0 and neglecting O(e4), we

reproduce the result of [30] for the EM mass difference, namely M2
π± −M2

π0 = (2Ce2/F 2)
(

1− T 2

6F 2

)
+ 1

4e
2T 2. Note

the combination of a first decreasing term, coming from vector-axial mixing towards chiral restoration (as we will
discuss in section III) plus the increasing thermal scalar mass term. The net result in the chiral limit is a slowly
decreasing function as showed in Fig.2.

In our present work, we have additional mass and momentum dependence terms, which should play a relevant role
for the physically realistic temperature regime, where the approach T �Mπ is not justified. In particular, if we define
the mass in the static limit ~p = ~0, using (B16) in (11) we get:

∆M2
π(T ) ≡ ∆Σ(|~p| = 0;T ) = ∆M2

π(0) +
M̂2
π0

F 2

[
g1(M̂π0 , T )− g1(M̂π± , T )

]
+ (1− 4Z)e2g1(M̂π± , T )

+
e2T 2

6
+ 4M2

π±g2(Mπ± ;T ) +O(p6)

= ∆M2
π(0) + e2

[
2(2 + Z)M̂2

πg2(M̂π;T ) + (1− 4Z)g1(M̂π;T ) +
T 2

6

]
+O(e4) +O(p6) (12)

with g2 defined in (B17). Note that, as it is written in the last line in (12), it is clear that all the terms give
contributions increasing with T except for the term −4Zg1 which, as we will show in section III carries out the chiral-
restoring V −A mixing. Note also that apart from the g1(M,T ) terms which become T 2/12 in the chiral limit, there is
also a g2 term which was absent in the chiral limit and receives a contribution from the photon exchange diagram and
another one from the tadpole difference of g1 functions. Taking into account the typical asymptotic behaviours for
these functions described in Appendix B, this new g2 term is comparable to the others for the range of temperatures
considered here, i.e., relevant for a Heavy Ion environment and actually, as we will just see, the net result for the pion
mass difference is now an increasing function of T . Recall that both g1 and g2 are increasing functions of T .

The results for the charged and neutral masses separately and for their difference are displayed in Fig.2. For the
numerical evaluation of our results we will take the same values for the low-energy constants as in [54]. We have used
physical masses for the pions instead of the tree level masses for the numerical results since the difference is encoded
in higher order corrections. In the thermal range considered, and despite the different sign of the various terms, the
increasing terms turn out to dominate the pion mass difference, which is approximately 24% bigger at T = 150 MeV
than the zero temperature value and altogether the variation is quite soft with temperature. Also, when T grows
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Figure 2. Left: Charged (red,dashed line) and neutral (blue,solid line) pion masses in the static limit to leading order in
SU(2)-ChPT for non zero tree level pion masses. Right: Different results for the charged-neutral pion mass difference: (a, solid
line) corresponds to our calculation in the chiral limit keeping corrections e 6= 0 for the tree level charged pion mass inside the
loops; (b, dot-dashed line) corresponds to the same calculation with m 6= 0 and e 6= 0 also inside the loops; (c, dotted line) is
the full result subtracting the chiral restoring term as explained in the text and (d, dashed line) is the result given in [30].

much above the applicability range of these ChPT calculations the mass difference starts to decrease. But this should
be expected since expansions in Mπ±/T → 0 should coincide with the T -decreasing chiral limit behaviour commented
above. It is important to remark though that for low and moderate temperatures our result with physical masses
differs qualitative and quantitatively from the chiral limit one. Finally, we have shown also in the right panel of Fig.2
the results in a modified chiral limit where we set m̂ = 0 but consider EM effects to be still turned on, i.e. e 6= 0,
even inside the loops. In addition, in order to calibrate the importance of chiral symmetry restoration in the obtained
behaviour, we have also plotted in Fig.2 the result for the EM (static) mass difference without including the chiral
restoring term −4Zg1(Mπ, T ) in (12). The effect would be much larger then, giving rise to about a 9 MeV mass
difference around T = 200 MeV, i.e. twice its T = 0 value.

One of the conclusions of this work is then that the scalar mass inherent to the thermal bath plus the massive pion
effects overshadow the restoring terms coming from axial-vector degeneration leaving no trace of a chiral restoring
behaviour as would have been inferred naively from (1). On the contrary, the net result is monotonically increasing.
In section III we will present a more detailed discussion in connection with sum rules and resonance saturation.

Let us analyze now the momentum dependence in the real part of the dispersion relation. The pion gas formed after
a relativistic heavy ion collision is in thermal equilibrium and hence momenta are weighted with the Bose-Einstein
distribution function. Thus, we can define a momentum-averaged mass and compare with the static mass defined
before. This is then a relevant observable when comparing with experimental pion distributions. The distribution
function peaks around some three-momentum value which varies with temperature, in such a way that for a certain
T there are only an effective number of pions with three-momenta around this value which are thermally active.
Actually, for small T � Mπ, momenta are distributed around p ∼

√
MT while in the opposite regime T � M they

do around p ∼ T .
For any ~p-dependent observable, A(~p, T ), we can associate a momentum average taking into account the neat effect

of the thermal bath by weighting over the number of particles present at a given temperature and dividing by the
total number of pions existing in the gas, i.e.

〈A(T )〉p =

∫
d3~p nB(Ep, T )A(~p, T )∫

d3p nB(Ep, T )
. (13)

In Fig.3 we show the results for the averaged charged pion mass (left panel) and for the charged-neutral difference
(right panel) compared with the results in the static limit. Since eq.(5) does not depend on ~p, neutral pions satisfy
〈Mπ0〉 = Mπ0 . As we see there, both pictures show that at very low temperatures the results are almost indis-
tinguishable and, in the case of the charged mass, almost imperceptible, along the range of temperatures at which
ChPT can be still predictive. The departure from the static limit is more perceptible in the mass difference since
we are subtracting the main vacuum contribution to the neutral and charged masses. In that plot, note that even
at moderate temperatures of about T =100 MeV, the effect of the thermal bath makes the averaged curve to grow
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Figure 3. Leading order ChPT result for the static charged pion mass (left) and the charged-neutral pion mass difference (right)
versus the mean value of those same observables over external momenta in the thermal bath.

slower than the static one and, for larger temperatures, we even see a qualitative decreasing, eventually approaching
the chiral limit behaviour faster than in the static case. Since we expect the momentum distribution to be peaked
around p ∼ T as T is increased, it is not surprise that the differences with the p = 0 case become more relevant for
higher temperatures. Note also that from (B14), we obtain that the Re JT term in (11) vanishes asymptotically for
p→∞ as O(M2

π/p
2), so that the importance of that p-dependent term becomes gradually smaller as T increases and

therefore the total result gets closer to the chiral limit.
The main conclusion of this section is that the EM mass difference when physical pion masses are considered is a

softly increasing function of T , pretty much as in the e = 0 case. This behaviour is even softer for the momentum
averaged mass. This result is consistent with the experimental observations in the pion spectra commented in section
I. In this respect, one can actually consider chiral symmetry restoration as being ultimately responsible for charged-
neutral differences not being observed, in view of the results showed in Fig.2.

B. Imaginary part: bremsstrahlung-like IR enhanced contributions

To the order in ChPT that we are considering, the photon-exchange diagram (d) in Fig.1 leads to a nonzero
imaginary part of the self-energy which, according with our previous discussion, allows to define perturbatively a
damping rate for the pion as γEM (|~p|) = −Im Σ(Ep + iε, |~p|)/(2Ep). By the subscript EM we recall that this would
be a pure EM correction felt only by the charged pions and therefore would introduce neutral-charged differences in
the damping effects, as discussed below.

In a covariant gauge, for which we have just showed that the on-shell one-loop Σ is independent of the gauge

parameter α, and according to (9), we would have γEM (|~p|) = − 2M2
π

Ep
Im JT (0,Mπ;ω = Ep, |~p|) with ImJT the function

given in (B18). Note that we get a nonzero answer despite the fact that the vacuum bremsstrahlung process of a
scalar radiating a photon is forbidden. The reason is that, as discussed in Appendix B, the Landau and unitarity cuts
in this case give a contribution for which, respectively, the conditions Ep = |~q|±E|~q−~p|, with |~q| and |~q−~p| the photon
and internal pion momentum respectively, are fulfilled for |~q| = 0. Thus, those terms correspond to the two possible
processes π → πγ arising from cutting diagram (d) in Fig.1, with thermal photons (quasiparticle states) weighted by
n(|~q|) ∼ T/|~q| which enhances this contribution so that

∫
qn(q)δ(q) remains finite according to the prescription for

the δ function arising from the retarded propagator, as we explain in detail at the end of Appendix B.
However, the previous covariant gauge calculation of the damping rate is not well defined. In particular, one readily

realizes that Im Σ thus obtained is positive, so that the damping rate would be negative and then unphysical, the
corresponding retarded propagator not having the correct analytic behavior described in Appendix A. This sign
problem is just a reflection of a deeper issue directly related to the gauge choice. For the imaginary part, we are
putting the internal quasiparticles in the loop on their mass shell, weighted by the different thermal distributions.
That means that in a covariant gauge, we are counting the additional nonphysical gauge degrees of freedom as being
in thermal equilibrium and hence contributing to the damping rate. The problem of introducing the correct degrees
of freedom in hot gauge theories has been actually treated extensively in the literature [1]. For instance, a strict loop
calculation of the gauge field damping rate leads to a dependence on the gauge parameter α when working in covariant
gauges, which may actually result in a wrong sign for the damping rate [55, 56]. This problem is avoided in physical
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gauges such as the Coulomb gauge, where one gets physically meaningful answers [57]. To arrive to the same result
in covariant gauges, alternative approaches have to be used [58, 59] which yield modifications of the naive gauge field
propagator so as to ensure that only the physical gauge degrees of freedom remain thermally active. Actually, as it is
well known in thermal field theory, these kind of difficulties with gauge invariance of the standard loop calculations
was one of the motivations that led to the formulation of the Hard Thermal Loop (HTL) resummation scheme at high
temperatures [60]. However, within the ChPT framework for physical pion masses, we are not in the regime where a
HTL-based approach would be applicable since temperature, mass and momenta are all of the same order, so we have
to ensure that the correct degrees of freedom for thermal quasiparticles are included. For that purpose, we will define
the charged pion damping rate in the strict Coulomb gauge, which free propagator is given in (A10). It contains only
longitudinal D00 and transverse Dij components, the longitudinal one not propagating, since the corresponding free
spectral function vanishes. Note that the previous arguments should not affect the real part calculation performed in
section II A in covariant gauges and actually we have checked that the real part of the perturbative on-shell self-energy
remains the same in the Coulomb gauge. We also point out that previous calculations of the charged scalar damping
rate in SQED, formally similar to ours although within the HTL regime, are also carried out in the Coulomb gauge
[61, 62]. In those works, similarly to QCD, it is found that the transverse part of the HTL-resummed damping rate
is infrared divergent, while the longitudinal part remains finite.

It must be born in mind that the gauge problem mentioned above, as well as the existence of infrared singularities
for the damping rate and a nonzero longitudinal contribution in SQED, are warnings that may indicate the necessity
of considering higher terms also in our ChPT analysis, which is beyond the scope of this work. We consider then
our results in this section as mere estimates of the possible size of this pion damping effect and its consequences,
which have the advantage that, at least to the order considered, the results are guaranteed to be infrared finite, as
well as model-independent. The inclusion of those higher orders could actually amplify some of the phenomenological
consequences that we will just discuss.

Guided by the previous considerations, we will calculate the charged pion damping rate in the strict Coulomb gauge,
with gauge propagator given by (A10). When this propagator is used in diagrams (c) and (d) of Fig.1, we obtain
respectively, in dimensional regularization:

ΣCGγTad(T ) = −e2T
∑

n

∫
d3 q

(2π)3
δijP

ij
T (q)

q2
= −2e2T

∑

n

∫
d3 q

(2π)3
1

q2
=
e2T 2

6
(14)

ΣCGγEx(iωm, |~p|;T ) = e2T
∑

n

∫
d3 q

(2π)3
(2ωm − ωn)2

|~q|2
[
(p− q)2 − M̂2

π±

] − 4e2|~p|2T
∑

n

∫
d3 q

(2π)3
1− cos2 θ

q2
[
(p− q)2 − M̂2

π±

] (15)

where cos θ = ~p·~q
|~p||~q| . Of the above terms, only the second one in the r.h.s. of (15) contributes to the imaginary part

when Σ is analytically continued and taken on the mass shell. This is precisely the transverse contribution, second
term in (A10), to the photon exchange diagram. The longitudinal part does not contribute to the photon spectral
function at this order, consistently with the idea that longitudinal free photons do not propagate.

As commented above, we have explicitly checked that ΣCGγTad(T ) + Re ΣCGγEx(ω2 = E2
p , |~p|;T ) equals the result (11).

As for the imaginary part, which as stated is only well defined in the Coulomb gauge, after analytic continuation and
following the same steps as in Appendix B when analyzing Im JT (0,M), we get:

γEM (p) =
e2

8π

p2

E2
p

∫ ∞

0

dqqn(q)δ(q)

∫ 1

−1
dx(1− x2)

[
1

1− px
Ep

+
1

1 + px
Ep

]

=
e2T

4π

[
1− M2

π

2pEp
log

(
Ep + p

Ep − p

)]
(16)

where we have denoted p ≡ |~p| and we have used the retarded prescription for the δ function discussed in Appendix
B. Once more, the above contribution comes from processes radiating thermal (physical) photon degrees of freedom
at vanishing spatial momentum.

The function γEM (p) in (16) is plotted in Fig.4 (left panel). As it can be directly checked from (16), it is linearly

proportional to T , it vanishes for p→ 0+ for fixed pion mass Mπ, and behaves asymptotically as γEM (p→∞)→ e2T
4π .

This asymptotic value is also the result in the chiral limit M → 0+ or taking directly M = 0 from the start. This
p dependence is indeed very similar to the one found in [61] for the transverse part of the damping, although in
that work γ is logarithmically dependent on the infra-red cutoff, which we do not need to introduce at the order we
are considering. In turn, we mention that we have checked that we arrive also to (16) by replacing in the general
expressions in [61] the free spectral function in the Coulomb gauge.
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Figure 4. Left: The EM damping rate versus momentum. Right: The momentum averaged pion damping rate with e = 0 〈γπ〉
and the EM contribution 〈γEM 〉.

In order to analyze the possible phenomenological effects of this EM contribution to the damping rate, we have
plotted in Fig.4 (right panel) the average 〈γEM 〉 according to (13), compared to the averaged damping rate in ChPT
for e = 0, which we denote γπ which comes from a two-loop sunset diagram [27] and can be obtained also from kinetic
theory arguments [28]. The damping γπ is the leading contribution to the inverse mean collision time and to the
inverse mean free path for pions in the isospin limit, i.e., contributes equally for charged and neutral pions, whereas,
as stated above, γEM would contribute only to the charged ones. We also recall that γπ, within the dilute regime
applicable here, depends linearly on the imaginary part of the ππ scattering forward amplitude and hence on the
total cross section from the optical theorem, which allows to get a unitarized version whose average value grows much
smoothly with temperature due to the unitarity bounds on the amplitude [27]. This unitarized damping is actually
more realistic physically, since it describes scattering more accurately.

From the curve in Fig.4, we observe that, even though in principle γπ is a higher order contribution with respect
to γEM in the ChPT expansion, their numerical values are comparable for low and moderate temperatures and γπ
gets actually much larger as T increases further. This is due on the one hand to the small numerical size of EM
contributions and on the other hand to the large growing with T of the nonunitarized damping discussed above, due
to the strongly interacting character of pion scattering as energy increases. The second effect starts being significant
from about T ' 80 MeV, although the unitarized curve still departs from the EM one above T = 100 MeV.

Thus, within a Heavy-Ion environment, we expect the maximum EM effects to be operative at the end of the
expansion, i.e. around thermal freeze out T ' 100 MeV. As discussed in section I, the thermal damping γ(p) enters
inversely in transport coefficients, inside a p integral corresponding to the leading diagram for conserved current
correlators [18–20]. It is not the purpose of this work to carry out a detailed evaluation of this effect, but in order to
get a rough estimate of the size of the corrections, we can use just the thermal averaged values. In particular, in the
electrical conductivity only the charged pion enters in the dominant loop [18] so that an estimate of the correction
to that coefficient with respect to the isospin limit would be of order 1 − γπ/(γπ + γEM ), which gives, for averaged
values, 0.07 for T = 100 MeV (taking the unitarized value for 〈γπ〉) and 0.13 for T = 80 MeV so in that region the
expected correction to the electrical conductivity is around 10%. Regarding other transport coefficients, such as the
shear and bulk viscosities, since all pion species enter the loop of energy-momentum correlators [19], the correction
will be of order 1− [1 + 2γπ/(γπ + γEM )]/3 which gives 0.05 for T = 100 MeV and 0.09 for T = 80 MeV.

Another consequence of the EM damping effect is that the mean free time τ = 1/γ and the mean free path
λ = p/(Epγ) for charged pions are smaller than for the neutral component. Thus, for neutral pions τ0 = 1/γπ while
for charged ones τch = 1/(γπ + γEM ). This implies for instance a reduction in the thermal or kinetic freeze-out
temperature of the charged pion component with respect to the neutral one, defined as τ(TFO) ' 10 fm/c, the typical
plasma lifetime. This effect is much smaller: we get around 2 MeV reduction in TFO between the neutral and charged
components, using again the unitarized 〈γπ〉.
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III. SUM RULE, RESONANCES AND CHIRAL RESTORATION

The study of sum rules regarding spectral functions in the vector and axial-vector channels and their in-medium
or thermal bath modifications has been the subject of thorough investigation up to very recently [63–65]. We will be
interested here in the sum rule related to the EM pion mass difference and its extension to finite pion masses and
finite temperature. That sum rule was originally derived in [45] and analyzed at finite temperature in the chiral limit
in [30, 31].

The traditional derivation of Das sum rule [30, 45, 47] starts from the O(e2) correction to the pion mass given in
terms of a EM current-current correlator:

∆Σ(|~p|;T ) =
e2

2

∫

T

d4x〈π+(p)|T Jµ(x)Jν(0)|π+(p)〉TDµν
0 (x)

=
e2

2
T
∑

n

∫
d3~q

(2π)3
gµνTµν(q, p;T )

ω2
n + |~q|2 (17)

Here, we have allowed for a ~p dependence on the self-energy, from the loss of Lorentz covariance. The |π〉 states are
meant to be T = 0 free ones with dispersion relation p2 = M2

π(e = 0). The current Jµ is the EM current, whose QCD
representation is Jµ = q̄Qγµq and time ordering is along the imaginary time axis. The subscript T in the matrix
element indicates that the corresponding IT correlators obtained after LSZ reduction formulas are to be averaged in
the thermal bath. After all the Matsubara sums are performed, the result for the self-energy defined in (17) is meant
to be analytically continued to the external p = (ω + iε, ~p) with ω ∈ R, so that this corresponds to the retarded
self-energy, which encodes properly the spectral properties, as discussed in Appendix A.

Since this is just the leading order correction in e2, we can take Dµν
0 as the free photon propagator, which we

consider in the Feynman gauge α = 1. Tµν(q, p) is the Fourier transform of the pion matrix element in the first
equation above and corresponds to Compton scattering. It is useful to split this amplitude into contact and non-

contact terms Tµν = T
(C)
µν + T

(NC)
µν so that the contact contribution corresponds to two photons interacting in the

same vertex (seagull diagram (c) in Fig.1 in our previous ChPT calculation), i.e, T
(C)
µν = 2gµν .

A. T = 0 sum rule in the Soft Pion Limit

In order to relate (17) with vector and axial-vector thermal averages, suitable to connect with chiral restoration,
one possible approach is to take the Soft Pion Limit (SPL) p→ 0 for the pion states and use Current Algebra (CA)
for the current commutators involved. Note that using the SPL implies automatically to work in the chiral limit of
vanishing quark masses m̂ = 0 so that the π0 is massless. Let us first analyze the T = 0 case in the SPL.

In the SPL+CA approach the NC part of the Compton amplitude satisfies:

lim
p→0

T (NC)
µν (q, p) =

2

F 2
π

[
ΠV
µν(q)−ΠA

µν(q)
]

(18)

where ΠV,A
µν (q) are respectively the Fourier transforms of the vector and axial-vector vacuum expectation values

〈0|V 3
µ (x)V 3

ν (0)|0〉 and 〈0|A3
µ(x)A3

ν(0)|0〉 with V aµ (x) and Aaµ(x) the vector and axial-vector currents. Note that here
we do not make any distinction between the physical Fπ and the tree level F appearing in the lowest order chiral
lagrangian (2) since they coincide in the regime of validity of CA, equivalent to the lowest order in the chiral expansion.

For the non-contact contribution we use the standard T = 0 decomposition (see Appendix A):

ΠV
µν =

(
qµqν
q2
− gµν

)
ΠV (q2)

ΠA
µν =

(
qµqν
q2
− gµν

)
ΠA
t (q2) +

qµqν
q2

ΠA
l (q2) (19)

Note that for the axial-vector case, we have added a four-dimensional longitudinal piece, which arises from the partial
conservation of axial current (PCAC) in QCD. We use T, L to denote three-dimensional transverse and longitudinal
contributions (both four-dimensionally transverse) and t, l to denote four-dimensional transverse and longitudinal
ones.
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On the other hand, as customary, we can write for the correlators ΠV and ΠA
t their spectral function representation

at T = 0:

ΠV (q2) = q2
∫ ∞

0

ds
ρ̂V (s)

q2 − s

ΠA
t (q2) = q2

∫ ∞

0

ds
ρ̂A(s)

q2 − s (20)

since at T = 0 they only depend on q2 and there are no cuts for s < 0 (see Appendix A).
To leading order in the low-energy expansion, or equivalently using CA, in the chiral limit and for T = 0 one

has ΠA
l (q) = F 2

πq
2Gπ(q) with Gπ the leading order pion propagator, since the axial-vector current in the low-

energy representation from is just Aaµ = Fπ∂µπ
a + . . . , the dots denoting higher terms in the chiral expansion

(labeled formally by the 1/F in the lagrangian). This is consistent also with the PCAC theorem, valid within CA,
〈0|∂µAaµ|πb〉 = δabFπM

2
π .

Thus, for T = 0 and in the chiral limit one has:

∆M2
π

∣∣
SPL,T=0

=
3e2

F 2
π

i

∫
d4q

(2π)4
q2

q2 + iε

[
F 2
π

q2 + iε
−
∫ ∞

0

ds
ρV (s)− ρA(s)

q2 − s+ iε

]
(21)

where the momentum integral is in Minkowski space-time. The first term inside the brackets in the above expression
comes from the sum of the contact term TCµν plus the ΠA

l term contribution. Even though that first term would vanish
in DR, we keep it to track more easily the UV behaviour in terms of a cutoff Λ→∞, since in that way one can check
the consistency of the different versions of the sum rule. Actually, and this is an important point, the finiteness of the
result for Λ→∞ is directly connected with the well-known Weinberg sum rules [66] (at T = 0 in the chiral limit):

∫ ∞

0

ds
[
ρV (s)− ρA(s)

]
= F 2

π (22)

∫ ∞

0

ds s
[
ρV (s)− ρA(s)

]
= 0 (23)

Hence, consider the dominant quadratic
∫
d4q(1/q2) ∼ Λ2 divergent UV part in the s integral in (21), which is

given just by the leading order in the expansion q2 � s (formally Q2 � s after Wick rotating the integral so that
the Minkowskian q0 → −iq0 and Q2 = q20 + |~q|2). That leading contribution cancels then exactly with the first term
inside the brackets if (22) holds. The next to leading UV divergence is of order

∫
d4q(1/q4) ∼ log Λ and cancels also

once (23) is used. Once ∆M2
π

∣∣
SPL,T=0

in (21) is shown to be finite, the Q2 Euclidean integral can be performed,

giving rise to the original sum rule in [45]:

∆M2
π

∣∣
SPL,T=0

= − 3e2

16π2F 2
π

∫ ∞

0

dss(ln s) [ρV (s)− ρA(s)] (24)

Thus, at T = 0 and in the chiral limit one gets the typical ρV −ρA contribution which naively would vanish if chiral
symmetry is restored.

For practical purposes, it would be useful to assume that the vector and axial spectral functions are saturated,
respectively, by the ρ(770) and a1(1260) resonances, consistently with Vector Meson Dominance and Resonance
Saturation (RS) [47, 48, 67]. See also our comments in section IV. In this section, this will only used for power
counting arguments regarding the sum rule, rather than to get a numerically accurate prediction. In addition, at least
for a rough estimate, we can in principle neglect the width of those resonances with respect to their mass, so that
at zero temperature ρV,A ∼ F 2

V,Aδ
(
s−M2

V,A

)
where F 2

V and F 2
A are the constant residues of the current correlators.

They correspond respectively to ργπ2n and a1γπ
2n+1 (n ≥ 0) couplings in the spin-1 resonance lagrangian [67]. Recall

that, in that limit, (22) and (23) would give respectively F 2
V − F 2

A = F 2
π and F 2

VM
2
V = F 2

AM
2
A, which are reasonably

fulfilled by the physical values of those constants [47, 48]. When this narrow RS limit is used in (24), one gets

∆M2
π

∣∣
SPL,T=0

' 3e2F 2
VM

2
V

16π2F 2
π

log(M2
A/M

2
V ) which gives Mπ± −Mπ0 ' 4.7 MeV, reasonably close to the experimental

value of 4.594±0.001 MeV.



14

In general, the vector and axial-vector spectral functions should be more elaborated, including nonzero widths,
continuum and excited states contributions, in order to comply with phenomenology data such as τ -decay data (see
[64] for a recent update). This level of precision will not be necessary for our present work.

An important point in our analysis will be to classify the different contributions to the pion mass difference according
to a power counting in terms of typical resonance masses. Thus, we consider a formal expansion parameter:

x ∼M2
π/M

2
R ∼ T 2/M2

R

where MR = O(MV,A). FV,A and Fπ are treated as parameters of the same order in this expansion. Note that we
treat the pion mass and the temperature as being of the same order, which is the main difference of the present work
with [30]. This counting is basically equivalent to the chiral expansion. However, working within the framework of
resonance models will help better to understand the modifications to the sum rule (24) as well as to make numerical
estimates of the accuracy of ChPT, which will be carried out in section IV.

Thus, according to our previous discussion, we can think of the SPL result (24) as the leading O(M2
R) order,

which actually gives the numerically dominant contribution to the constant C in (4), whereas NLO corrections of
O(xM2

R) ∼ O(M2
π , T

2) arise from the ChPT pion loops discussed in section II.

B. T 6= 0 sum rule in the SPL

Let us now still keep the SPL (and therefore the chiral limit) but allow T 6= 0, as in the analysis performed in [30].
One can then assume that the soft pion and current algebra theorems relating the pion expectation value of (17) with
current correlation functions, as in (18) still holds. However, a crucial point is that now ΠV,A

µν (q;T ) are T -dependent

correlation functions corresponding to 〈T V 3
µ (x)V 3

ν (0)〉T and 〈T A3
µ(x)A3

ν(0)〉T .
Those correlators, apart from carrying on T -dependent corrections to the spectral functions, will give rise to a more

complicated tensor structure, as discussed in Appendix A. Thus, the steps leading to the thermal version of (18)
are only valid in the SPL and up to O(T 2) corrections. For instance, F 2

π (T ) defined through the residue of the axial
correlator at the pion pole gives rise to two independent pion decay constants, corresponding to the space and time
components of the axial current, from O(T 4) onwards [68], even in the chiral limit.

Keeping only the leading O(T 2) corrections in the chiral limit, it is well known that the only thermal correction to
axial and vector spectral functions is a multiplicative renormalization with respect to the T = 0 ones, namely [46]:

ΠV
µν(q;T ) = [1− ε(T )] ΠV

µν(q; 0) + ε(T )ΠA
µν(q; 0)

ΠA
µν(q;T ) = [1− ε(T )] ΠA

µν(q; 0) + ε(T )ΠV
µν(q; 0) (25)

where ε(T ) = T 2

6F 2 = 2g1(0, T )/F 2 comes from pion tadpole corrections. Note that this SPL mixing predicts chiral

restoration, in the sense of axial-vector current degeneration, at ε = 1/2, i.e, at T '
√

3F , before the value for which

the quark condensate vanishes in the chiral limit, T '
√

8F [26]. Thus, to this order the only modification is the
residue of the correlators, not their poles. Actually, the temperature corrections to the ρ,a1 meson masses and widths
are expected to be of order O(e−MR/T ) = O(e−1/

√
x) [11, 12, 17, 69].

Therefore, using in (17), the thermal version of (18) with F 2
π → F 2

π (T ) and the VA correlators replaced by (25), we
can write now:

∆M2
π

∣∣
SPL,T 6=0

= 4e2T
∑

n

∫
d3~q

(2π)3
1

ω2
n + |~q|2 −

e2 [1− 2ε(T )]F 2
π

F 2
π (T )

T
∑

n

∫
d3~q

(2π)3
1

ω2
n + |~q|2

−3e2 [1− 2ε(T )]

F 2
π (T )

T
∑

n

∫
d3~q

(2π)3

∫ ∞

0

ds
ρV (s; 0)− ρA(s; 0)

ω2
n + |~q|2 − s+ iε

(26)

where F 2
π (T ) = F 2 [1− ε(T )] in the chiral limit [26].

The first term above comes from the contact term (photon tadpole in Fig.1) and is the Debye screening mass of
the longitudinal photons which will contribute also to the charged thermal mass. In DR, from (B2), is given by

4e2g1(0, T ) = e2T 2

3 , the T = 0 term vanishing identically for a massless particle (in this case the photon) as discussed
already in section II A.
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The second term in (26) comes from the ΠA
l (q2;T = 0) part of the T = 0 axial correlator when using the mixing

(25). Note that to the order T 2 that we are keeping, in the SPL the first and second term in (26) add together giving
a net T 2 contribution.

Finally, the last term in (26) is the reminder of the V − A correlator coming from the non-contact part. Now
the relevant T 2 contribution arises from the multiplicative factor in front of the integrals. The rest of the thermal
contributions coming from that term are the result of evaluating the Matsubara sum, and are essentially of the
order of g1(MR;T ) ∼ e−MR/T if the spectral functions are taken as saturated by the vector and axial-vector lightest
resonances, i.e, those contributions are exponentially suppressed in the x counting that we have introduced in section
III A.

Note also that the formal expression (26) is finite up to O(T 2) in the UV cutoff Λ, by the same reason than for
T = 0, i.e, using the sum rules (22)-(23), taking into account that the infinities are contained only in the T = 0
part of the integrals and that the O(Λ2) is formally O(xM2

R) so that when extracting that contribution one should
not consider the ε(T ) corrections in (26), which would be of higher order, since we are relying on the mixing (25)
which is valid only up to O(xM2

R) = O(T 2). On the other hand, the log Λ is O(M2
R) and then, for that logarithmic

divergence those ε(T ) corrections have to be kept in both the second and third terms in (26). Alternatively, before
using the mixing (25), it can be proven that the expression remains finite, since the Weinberg sum rules hold also at
finite temperature by replacing the s integrals of spectral functions by energy ones at fixed spatial momentum [63],
which is the correct representation for the thermal correlators, as discussed in Appendix A. Recall that in [63], these
sum rules are derived for the full axial spectral function, i.e, including the longitudinal part.

Thus, in the chiral and SPL limits and to O(T 2), using DR one has:

∆M2
π

∣∣
SPL,T 6=0

=
e2T 2

4
+

2Cf(T )e2

F 2
(27)

where f(T ) =
(

1− T 2

6F 2

)
and C given by the leading order (24), i.e., C = F 2

2e2 ∆M2
π

∣∣
SPL,T=0

= O(M2
R). Recall that

(27) includes the corrections of O(xM2
R) to the leading O(M2

R) order, which in the SPL amount either to O(T 2) or
O(ε(T )M2

R). Further corrections would include either O(exp(−1/
√
x)) or O(x2M2

R), the latter entering proportionally
to T 4 in the chiral limit. The above result was obtained in [30] and gives the same answer as taking the chiral and
SPL limits in our general ChPT expression (11) as we have actually shown in section II A.

It is actually instructive at this point to compare the origin of the different terms from the viewpoint of the role of
resonances and possible remnants of the naive chiral-restoring V − A behaviour of the T = 0 expression (24). Thus,
the first term in (26), the Debye screening term, is the one coming from diagram (c) in Fig. 1 as given in (6). The
second term in (26) is nothing but the chiral limit and SPL version of ΣγEx in (9) from diagram (d) in Fig.1. Thus,

when setting ~p = ~0 and M = 0, that contribution becomes proportional to the tadpole T 2, as discussed in section
II A. These two terms combine into the T 2 first term in the r.h.s of (27), the thermal scalar mass. The remaining bit,
i.e, the last term in (26), proportional to the integrated difference of spectral functions, is a tadpole correction coming
from diagrams of type (a) in Fig.1, namely the −4Ze2g1 term in (11). This term gives rise to the second contribution
in the r.h.s of (27) since in the chiral limit, the additional tadpole contribution in (11) vanishes exactly.

Therefore, the chiral restoration V −A behaviour of the mass difference, driven by the function f(T ) in (27), which
in principle makes the EM pion mass difference decrease, is compensated now by the increasing behaviour of the
combined Debye+Photon exchange first term in (27). The numerical size of these two terms are indeed comparable,
and the net result is an almost constant T behaviour which masks then the chiral restoring. This was already noticed
in [30]. Our purpose here is to show that this behaviour remains and is even more pronounced for physically realistic
pion masses, coming from two different sources: the naive extension of the SPL sum rule using now Mπ 6= 0 thermal
functions, plus the O(M2

π) deviations from that sum rule. As discussed above, the chiral limit is nothing but the
leading asymptotic term for T �Mπ. However, for realistic masses, the corrections are important and actually their
analysis allows to understand better the obtained T -dependent behaviour.

C. T 6= 0 analysis for nonzero pion masses and momenta

Most of our previous discussion deals with the SPL pµ → 0 with p the external pion four-momentum. In that limit
it is mandatory to take the chiral limit, i.e, massless pions for e = 0 or vanishing quark masses. However, for realistic
temperatures such as those being reached in Heavy Ion experiments, this is not a good approximation, since T and
Mπ are parameters of the same order, and so they are in the chiral expansion.

If the SPL is abandoned and the quark masses are nonzero, some of the previous arguments in this section have
certainly to be revisited. We can start from the general equation (17), from which we separate the connected part of
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the current correlator. However, for the non-connected part, the relation with the thermal correlators ΠV,A
µν through

the thermal extension of (18) does not necessarily hold for pµ 6= 0. It is also unclear that the V − A mixing effect
(25) is also the dominant one when replacing ε(T )→ 2g1(Mπ;T )/F 2, as it is often considered [64], since the original
mixing theorem [46] was derived precisely assuming the SPL in the connection between pion expectation values and
thermal correlators. Note that this replacement would come just from changing the free pion propagator form the
massless case to the massive one.

One could then wonder whether the thermal SPL sum rule could be naively extended just by changing the free
pion propagator. One way to see that such sum rule extension does not hold, is to look again at the UV behaviour
with a cutoff Λ. Consider then the extension of (26) replacing just (ω2

n + |~q|2) → (ω2
n + |~q|2 + M2

π) in the second
integral, to comply with PCAC at Mπ 6= 0, ε(T )→ 2g1(Mπ;T )/F 2 and the finite mass correction to F 2

π (T ) which is
just F 2

π (T ) = F 2
π (0)

[
1− 2g1(Mπ;T )/F 2

]
[26]. Note that F 2

π (0) receives now corrections of order x ∼M2
π/Λ

2
χ. Taking

now the leading UV terms, as we did in section III A, the infinities do not cancel, since the WSR (22)-(23) are known
to receive O(M2

π) corrections. In particular, (22) remains the same, but (23) changes to [64, 70]:

∫ ∞

0

ds s
[
ρV (s)− ρA(s)

]
= F 2

πM
2
π (28)

Thus, the leading UV Λ2 term corresponding to take s = 0 in the denominator would still cancel with the Debye
term, by the same reasons as discussed in the massless case in the previous section. Note that for this leading term it
is irrelevant to put Mπ 6= 0 in the propagator inside the second integral. However, when the NLO log Λ is considered,
there is no cancelation, since the last integral gives an extra factor of 3 when using (28), with respect to the M2

π term
in the expansion of the second integral. Thus, we expect additional O(M2

π) and O(|~p|2) corrections. Actually, as we
did in the chiral and SPL limits, we can read off the full result for the pion mass difference up to order O(e2xM2

R)
from our previous ChPT analysis in section II since this has to be the model-independent answer to that order.
However, the sum rule analysis presented here will still be useful to keep track of the fate of the chiral-restoring terms,
associated to the V −A spectral function differences in the thermal bath, and of the main differences with the chiral
limit.

Thus, let us consider the different thermal contributions to the mass difference obtained in our previous ChPT
analysis, now for Mπ 6= 0. The Debye term of diagram (c) in Fig.1 is given in (6) and is directly identified with

the T
(C)
µν contact term as in the SPL/chiral limit. The remaining contributions are of three different types, which we

discuss in connection with our analysis in this section:

1. The term with no F 2 dependence, namely the pion-photon exchange contribution ΣγEx(|~p|;T ) given in (7) and
(9), which comes from the photon exchange diagram (d) in Fig.1. We can think of this term as the proper
extension of the second contribution in (26) which, apart from the modification of the pion propagator to the

massive case, includes the insertion of
(2p− q)2

(p− q)2 +M2
π

, which takes into account that the pion-photon vertex also

receives p corrections. Now this term is not simply proportional to T 2 as in the SPL. As discussed in section
II A, its on-shell contribution splits as indicated in eq.(9), giving rise to a T 2 term which adds to the Debye
one to give the positive T 2 term in (11) plus the e2g1 and 4M2

πRe JT terms in (11), which are both increasing
functions of T , as it is clear from the discussion in Appendix B.

2. The −4Ze2g1 term in (11), which comes from tadpoles (a) in Fig.1 and is therefore proportional to the leading-
order EM mass difference as −2g1(Mπ, T )∆M2

π/F
2. Therefore, this term gives the direct Mπ 6= 0 extension of

the T 2 term in f(T ) in (27) and thus inherits the V −A chiral restoring behaviour.

3. The remaining term, i.e, the second one in (11), coming also from tadpoles (a) in Fig.1. It has no counterpart
in the SPL and therefore it is an O(M2

π) modification of the SPL sum rule that has to be taken into account
also to this order. Recall that, as indicated in section II A, this term can be written, to O(e2) and O(xM2

R) as
M2
π

F 2 ∆M2
πg2(Mπ, T ) +O(e4, x2M2

R) with g2 in (B17).

With the above structure, let us consider again the formal cutoff Λ dependence in order to arrive to a consistent
modification of the thermal sum rule. For that purpose, recall the large q2 expansion of the T = 0 part (which
contains the UV divergences) of the pion-photon exchange contribution:

∫
d4q

1

q2
(2p− q)2

(p− q)2 −M2
π

=

∫
d4q

1

q2

[
1 +

4M2
π

q2
− 2

p · q
q2
− 4

(p · q)2
(q2)

2 +O(q−3)

]
(29)
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where the on-shell condition p2 = M2
π has been used. Now, taking into account that, at T = 0:

∫
d4q

1

q2
p · q
q2

= 0

by parity, and

∫
d4q

1

q2
(p · q)2
(q2)

2 = pµpν

∫
d4q

1

q2
qµqν

(q2)
2 =

1

4
pµpνg

µν

∫
d4q

1

q2
q2

(q2)
2 =

M2
π

4

∫
d4q

1

(q2)
2

we find that the log Λ contribution in the photon exchange term (29) equals

3M2
π

∫
d4q

1

(q2)
2

and therefore cancels with the log Λ part of the ρV − ρA contribution

3

F 2
π

∫
d4q

1

(q2)
2

∫ ∞

0

ds s
[
ρV (s)− ρA(s)

]

when using the corresponding O(M2
π) extension (28) of the WSR. Recall that, as we commented before in the SPL

case, when considering the log Λ correction one has to keep the T -dependent function multiplying both the pion-photon
exchange and the ρV − ρA contributions.

Therefore, at least at the order considered here, we find that the thermal part of the sum rule (26)-(27) can be
consistently modified at Mπ 6= 0 by a) Replacing the sum and integral in the second term in the r.h.s. of (26) by the
pion-photon exchange contribution (7) and b) Modifying the T -dependent function multiplying the V − A vacuum
spectral function difference, i.e f(T ) in (27), by:

f(T )→ 1− 2
g1(Mπ, T )

F 2
+
M2
π

F 2
g2(Mπ, T ) (30)

Such modification is consistent with ChPT (model independent) and with the required UV behaviour at this order,
i.e up to O(xM2

R) as explained. We then see, as anticipated in section II, that the ”chiral restoring” function f is
modified by the T -increasing term g2 in (30) which typically for T �Mπ behaves as TMπ instead of the T 2 decreasing
behaviour (restoring) coming from the g1 part, but which for physically realistic masses and temperatures T ∼ Mπ

can be of the same numerical order as the restoring term. In addition, the nontrivial modification of the pion-photon
exchange introduces a p-dependence, a nonzero imaginary part at this order and an additional T -increasing term for
the real part. Recall that the scalar thermal mass coming from the Debye term plus the chiral limit of pion-photon
exchange, is also growing with T against the chiral behaviour, so that our analysis in this section of the structure
of the sum rule shows that introducing Mπ 6= 0 corrections amplifies even further this shadowing effect and there is
finally no trace of a recognizable chiral-restoring effect in the EM pion mass difference. Put in different words, and
as recalled in section II A, chiral symmetry is ultimately responsible for keeping the EM pion mass difference almost
unchanged and softly increasing with T .

The analysis we have just shown clarifies the structure of the sum rule and the formal role of the resonance
contributions, to the order considered, equivalent to that in our previous ChPT calculation. Our next step will be to
explore to what extent we can trust this order for numerically relevant masses and temperatures. For that purpose,
we will consider explicitly a model in which ρ and a1 resonances are coupled explicitly to pion and photon fields,
which allows to estimate the typical size of the corrections to our previous ChPT and sum-rule analysis of the EM
self-energy difference.

IV. EXPLICIT RESONANCE ANALYSIS

In order to estimate the size of the corrections to the ChPT O(p4) result for the EM pion self-energy difference
and also to contrast the previous sum rule analysis of the role of resonances and chiral restoration, we will consider
the self-energy calculation in a model where ρ and a1 resonances are explicitly included in the lagrangian, within the
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Figure 5. Resonance Saturation 1-PI diagrams contributing at leading one-loop order to the charged-neutral pion self-energy
difference. ρ and a1 particles are represented by double and dashed lines, respectively. The relevant vertices including charged
pions, resonances and photons are drawn as grey boxes.

RS approach. In particular, we will take the resonance lagrangian in [48] where resonances are coupled to pions in
the chiral lagrangian. Without electromagnetic contributions, the resonance couplings produce O(p4) contributions
to the non-EM LEC when those resonances are integrated out, saturating completely those LEC in the RS limit.
Actually, we will consider the RS limit for narrow resonances, which is formally well understood in the large-Nc limit
[71] since resonance masses are O(1) but resonance widths as well as pion loops are O(1/Nc) [15, 72]. Actually, we will
formally rely on the large-Nc limit to classify the resonance diagrammatic contributions. We shall see that a consistent
matching with ChPT would require formally higher order diagrams, although RS to leading order would be enough to
estimate the corrections to the ChPT result and hence its validity range. With EM interactions, resonances contribute
already to the C constant in (2), saturating it almost completely [48, 73], which is actually what we have discussed in
section III A in the context of Das sum rule [45]. Therefore, within the RS hypothesis, we start from the lagrangian in
(2) with C = 0 plus the resonance lagrangian in [48], whose relevant propagators and vertices can also be found in that
paper. We consider in this model the diagrams contributing to the EM pion mass self-energy difference. Alternatively,
as done for instance in [32, 47], one can start from (17) and write down the relevant Compton scattering diagrams.
Thus, to leading order in RS and to O(e2), we consider the one-loop diagrams shown in Fig.5 for the charged-neutral
pion self-energy difference, to be added to diagram (c) in Fig.1. We do not need to consider tadpole contributions
(diagram (a) in Fig.1) since, as we have just explained, the tree level charged and neutral pion masses are the same
to leading order in RS. In that sense, note that pion loops carry also additional factors F−2 = O(N−1c ). Diagram
(b) in Fig.1 has to be considered formally to absorb the loop divergences in the corresponding EM LEC [73], which
is a T = 0 contribution not altering our finite T analysis. Actually, by the RS procedure, one finds also the finite
resonance contribution to those LEC [73]. Note also that diagram (e) in Fig.5 represents the extension of diagram
(d) in Fig. 1 when the ππγ vertex is corrected by a form factor coming from ρ exchange.

Let us then consider the contribution to the neutral-charged self-energy difference of the finite temperature integrals
corresponding to the diagrams in Fig.5. After some algebraic manipulations, similar to those performed in section II,
we can write them in terms of the G and JT functions described in Appendix B as follows:

∆Σ(e) = −4e2M4
ρT
∑

n

∫
d3~q

(2π)3
(p · q)2 − p2q2

q2
(
M2
ρ − q2

)2
((p− q)2 −M2

π)
+ e2T

∑

n

∫
d3~q

(2π)3
1

q2

= ΣγEx(ω + iε, ω2 = E2
p ;T ) + e2

[
1−M2

ρ

∂

∂M2
ρ

]
[G(Mρ, T )−G(Mπ, T )

− (4M2
π −M2

ρ )JT (Mρ,Mπ;ω + iε, ω2 = E2
p)
]

(31)

∆Σ(f) = −3e2
(
FV
Fπ

)2

T
∑

n

∫
d3~q

(2π)3
1

M2
ρ − q2

= −3e2
(
FV
Fπ

)2

G(Mρ, T ) (32)
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∆Σ(g) = 3e2
(
FA
Fπ

)2

T
∑

n

∫
d3~q

(2π)3
1

M2
a1 − q2

+ 2e2
(
FA
Fπ

)2

T
∑

n

∫
d3~q

(2π)3
1

M2
a1

(
M2
a1 − (p− q)2

)
(

(p · q)2
q2

− p2
)

=
1

2
e2
(

FA
FπMa1

)2 [(
5M2

a1 −M2
π

)
G(Ma1 , T ) + (M2

a1 −M2
π)G(0, T )

− (M2
a1 −M2

π)2JT (0,Ma1 ;ω + iε, ω2 = E2
p)
]

(33)

with ΣγEx(ω + iε, ω2 = E2
p ;T ) the ChPT contribution in eq.(9), E2

p = |~p|2 + M2
π and we have taken FVGV = F 2 in

the (e) contribution, where GV is the coupling constant entering the ρππ vertex [67, 73]. The T = 0 contributions of
the above diagrams, which include the UV divergent part to be absorbed in the low-energy constants, can be found
in [73].

In connection with our discussion in previous chapters, let us discuss the x-expansion (defined in section III A) of
the different contributions. The leading order O(M2

R) to the self-energy difference comes from the T = 0 part of
diagrams (f) and (g) and one can check that its UV λ-pole contribution in DR cancels precisely using the leading part
of the WSR (28), i.e, F 2

VM
2
V = F 2

AM
2
A +O(xM2

R). Recall that within the RS approach, we are taking the resonance
spectral functions as completely saturated by the ρ and a1 poles. On the other hand, its finite part gives precisely

the narrow resonance limit of (24), i.e, the value for C =
3F 2
VM

2
V

32π2 log(M2
A/M

2
V ) [45] in (4), which saturates the pion

mass difference at T = 0, accordingly with the RS hypothesis and with our discussion in Section III A. In turn, note
that the form factor contribution (f) in (31) is UV finite as can be checked from direct power counting and by the
cancelation of the λ pole in the expression given in (31) in terms of G and JT , recalling the pole contribution of these
two functions given in Appendix B.

To O(xM2
R), the form factor contribution (e) in (31) reduces to the first term Σγex, which is the ChPT result

of diagram (d) analyzed in section II. We have checked that the remaining terms in (31), once their T = 0 par is
separated, do not contribute to this order, expanding the JT term in inverse powers of M2

ρ . On the other hand,

diagrams (f) and (g) both contribute with a zero temperature M2
πλ pole. In the case of diagram (f), that pole comes

from including the M2
π correction in the WSR, i.e, F 2

VM
2
V = F 2

AM
2
A + F 2

πM
2
π according to (28). The T -dependent

part of (32) is exponentially suppressed as O
(
e−Mρ/T

)
= O

(
e−1/

√
x
)

according to (B8), while in (33) we have also

checked that the O(T 2) contributions coming from the M2
a1G(0, T ) and M4

a1JT terms cancel each other, once the JT
is expanded in inverse powers of M2

a1 .
An important comment at this point is that one does not recover from the leading order RS approach the full result

of the ChPT calculation given in (11). The second term and the −4Zg1 contribution in the r.h.s of (11), both coming
from tadpole diagrams of the type (a) in Fig.1, appear in higher order diagrams in the RS expansion. For instance,
diagrams of type (a) in Fig.1 in which one of the internal charged lines is dressed with the resonance diagrams in Fig.5
will contribute to the second term in the r.h.s of (11). Also, diagrams in Fig.5 in which a pion tadpole is attached
to the ργππ or to the a1γπ vertices, would contribute as Zg1. In addition, vector and axial vector propagators are
modified by loop diagrams beyond RS. Their residues are meant to contribute also at O(T 2) ∼ O(xM2

R) via the ρ−a1
mixing effect discussed in section III [10, 46, 74], while the mass and width modifications of the spectral functions are

expected to be of O
(
e−1/

√
x
)

[10–12, 17]. The ργ coupling can also receive finite T corrections [11]. Some of those

corrections to the EM self-energy difference, but clearly not all of them, could be parametrized in a T -dependent form
factor as considered in [32].

In any case, what is relevant for our present discussion is that all these higher order diagrams come with prefactors
coming from the vertices, which are formally subleading in the 1/Nc counting, for instance those coming with inverse
powers of F 2 in (11), as compared to those considered in Fig.5. This is the formal way to keep track of the leading RS
contributions. As emphasized above, we will stick here to the strict RS limit, which is consistent with considering free
resonance spectral functions with zero widths, in order to estimate the size of the corrections to the ChPT analysis.
Actually, we recall that due to the model independency of the ChPT framework, we are sure that the final answer
to O(xM2

R) is that given by (11). Therefore, we estimate the corrections as the result of evaluating the thermal
contributions (31)-(33) once the T = 0 and the O(xM2

R) given by the first term in the r.h.s of (31) are subtracted. In
doing so, we note that the next order of correction is actually O(x2M2

R). In particular, there are O(g1(Mπ, T )M2
π/M

2
ρ )

and O(T 2M2
π/M

2
a1) terms arising, respectively, from (31) and (33). Note that these terms are not present in the chiral

limit. As commented above, the contribution (32) is exponentially suppressed, and, we have also checked that the
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Figure 6. Left: The different thermal contributions to the charged pion mass, including the resonance model ones, as explained
in the main text. Right: Comparison between the EM mass difference obtained with just ChPT and that including the
Resonance Saturation leading order contributions.

imaginary part contributions coming from (31) and (33) are also exponentially suppressed with respect to the ChPT
result arising from the first term in (31) and analyzed in section II B.

We have evaluated numerically the resonance contributions to the real part of the self-energy in the static limit, in
order to get an approximate idea of the expected size of the corrections to the ChPT result. The results are showed
in Fig.6. In the left panel of that figure, we show the different thermal contributions to the charged pion mass given
by the diagrams in Figs.1 and 5, all shifted to the T = 0 mass, and discussed here and in section II. Namely, the
pion tadpole loops given generically by diagram (a) in Fig.1, the Debye term from diagram (c) in Fig.1, the photon
exchange term from diagram (d) in Fig.1, the form factor (FF) contribution of diagram (e) in Fig.5 excluding the
ChPT photon exchange term, the ργ photon loop of diagram (f) in Fig.5 and the a1γ exchange of diagram (g) in Fig.5.
In the right panel we show the deviations of the charged-neutral mass difference calculated within the resonance model
with respect to the same ChPT calculation. The numerical values of FV , FA and GV are those of [48], compatible
with FVGV = F 2. There are no significant changes when using values coming from more recent fits like [75, 76]. We
have used the physical masses for the resonances, namely Ma1 = 1260 MeV and Mρ = 770 MeV.

From this plot, we observe that resonant contributions additional to the ChPT result activate thermally around 170-
200 MeV, which leaves big room for the validity range of the ChPT result. We recall that those resonant contributions
do not include ρ− a1 mixing to leading order, which is accounted for already in the ChPT result, as discussed above.
Therefore, the ChPT calculation for this observable is dominant and robust throughout its own applicability range,
i.e, below the chiral phase transition. It must be pointed out that, in addition to the size of the absolute value of
those resonant corrections, there is an approximate numerical cancelation between the FF and ργ terms, as can be
seen in the left panel of Fig.6.

V. CONCLUSIONS

In this work we have performed a thorough analysis of the electromagnetic effects in the pion self-energy at finite
temperature, within Chiral Perturbation Theory to one loop, which allows to obtain model-independent results,
and also including the effect of vector and axial-vector resonant states. The latter have been studied within the
context of sum rules and in a explicit resonance saturation approach and allows to understand in a clearer way which
contributions come from chiral restoration via V −A mixing. Apart from the link with chiral symmetry restoration,
particular attention has been paid to discuss phenomenological effects and gauge invariance.

Within one-loop ChPT we have provided the full expressions for the charged and neutral pion self-energy for physical
pion masses and external momenta. There are important differences with respect to a previous calculation in the
chiral limit and vanishing external momentum. The real part of the self-energy and hence the dispersion relation is
momentum dependent. That dependence is rather soft for the relevant range of temperatures, which we have studied
by comparing the momentum-averaged self-energy, weighted by pion thermal distributions, with the mass defined
in the static limit. Including the physical pion mass gives rise to new terms making the EM pion mass difference
increase with temperature. The net result is a soft increasing behaviour for that difference, which makes it presumably
undetectable in the neutral-charged pion spectra observed in Heavy ion Collisions, as it seems to be the case with
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the measurements performed so far. The increasing is softer for the momentum averaged mass than for the static
one. The important formal point here is that chiral symmetry restoration via vector-axial vector mixing plays an
important role for keeping that difference small, which follows from our combined ChPT and resonance analysis.

Another important conclusion of our present work is the analysis of the EM damping rate for charged pions from
the imaginary part of the self-energy. Here it is crucial to work in a physical gauge, we choose the strict Coulomb
gauge, to get a meaningful answer, since only physical photon degrees of freedom are in thermal equilibrium. Thus,
the contributions to the imaginary part come from bremsstrahlung-like processes with physical quasiparticle thermal
photons at vanishing spatial momentum, whose contribution is thermally enhanced, giving rise to an infrared finite
result at this order for the imaginary part of the retarded self-energy. The result for the EM damping rate comes only
from the transverse modes, it is linearly increasing with temperature, vanishes at zero pion momentum and behaves
asymptotically as a constant for large momentum. We have analyzed possible phenomenological consequences of this
result. The electromagnetic damping is added to the standard ChPT one so that mean free paths and free times of
charged and neutral pions become different. The electromagnetic corrections are comparable in size to the neutral
ones up to T ∼ 60 MeV. Transport coefficients are expected to be reduced by this effect around a 10% near the kinetic
freeze-out region, with a larger effect in the electrical conductivity than in viscosities. The freeze-out temperatures
for charged and neutral components would also be different, although the expected effect is only about 2 MeV.

We have also studied in detail how the sum rule relating the electromagnetic pion mass difference in the soft
and chiral limits with the V − A spectral function difference, is modified by the inclusion of a finite pion mass
and nonzero momentum. The standard derivation of the sum rule is no longer applicable and we have found the
required modifications in order to match the ChPT model-independent result at finite temperature. These are the
modification of the photon-exchange contribution to account for the mass and momentum dependence, as well as
the multiplicative function in the V − A spectral function difference, which acquires an additional mass-dependent
T -dependent increasing term. This analysis has been performed to leading and next to leading order in the expansion
in x ∼ T 2/M2

R ∼M2
π/M

2
R with MR the resonance masses, i.e, including O(M2

R) and O(xM2
R), equivalent to the ChPT

analysis.
In order to confirm the ChPT and sum-rule analysis and also to estimate the next order corrections, we have carried

out a explicit calculation of the corrections to the electromagnetic pion self-energy difference at finite temperature
within a resonance saturation approach. Thus, we have been able to estimate next to next to leading order corrections,
which show up at O(x2M2

R). Those corrections remain numerically small for the range of temperatures relevant within
Heavy Ion Collisions, which results in a rather large applicability range of our ChPT analysis.
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Appendix A: General definitions and properties of spectral functions and dispersion relations

Throughout this work we follow closely [1] and [52] regarding the finite-temperature formalism. We summarize in
these Appendices the most relevant results for our purposes in this work.

For a scalar field or current, the time-ordered version of the propagator in the Euclidean IT Formalism is given by:

G(~x, τ) = 〈T φ(~x,−iτ)φ(0)〉T

where the subscript T indicates a thermal average, ωn = 2πnT is the bosonic Matsubara frequency with n ∈ Z and
time-ordering T is along t = −iτ with τ ∈ [−β, β] (time differences). Its Fourier representation can be written as:

G(iωn, |~p|) =

∫

T

d4xG(~x, τ)e−iωnτe−i~p·~x =
1

ω2
n + E2

p + Σ(iωn, |~p|;T )
(A1)

where
∫
T
d4x ≡

∫ β
0
dτ
∫
d3~x, E2

p = |~p|2 +M2
0 and M2

0 is the tree level mass. We will keep the (+,−,−,−) metric with

the Euclidean pE0 ≡ iωn so that we write for instance p2 = (iωn)2 − E2
p which will become the Minkowski p2 after

analytic continuation (see below). In the above equation, Σ is the IT self-energy function, which in the thermal case
depends independently on frequency and three-momentum and explicitly on T .
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The analytical continuation from external discrete frequencies to continuous ones can be carried out once all the
internal Matsubara sums have been performed and gives rise to the retarded and advanced propagators defined as:

GR,A(ω, |~p|) = ∓iG(iωn = ω ± iε, |~p|) (A2)

with ω ∈ R and ε > 0 and we define from these propagators the spectral function as ρ(ω, |~p|) = 2Im iGR(ω, |~p|;T )
whose main properties we discuss below. The spectral function is odd in ω and in the free case, for which Σ = 0, it
reads ρ0(ω, |~p|) = 2πsgn(ω)δ(ω2 − E2

p).
In the interacting case and in the perturbative regime considered in this paper (see comments below), the self-

energy contributions come from loop diagrams which generate cuts for Im Σ along the real axis, so that we write
Im Σ(ω ± iε, |~p|) = ∓2ωΓ(ω, |~p|) with Γ > 0 along the cuts.

The dispersion relation is determined by the poles of GR(ω, |~p|), which lie below the real axis, or equivalently by
the spectral function. If we denote the position of the poles by zpole = ωp − iγp, with γp > 0 the thermal damping
rate, we have then z2pole = E2

p + Re Σ(zpole, |~p|;T )− 2izpoleΓ(zpole, |~p|;T ).

In this work we will work within the perturbative regime: Σ � E2
p , ω2

p = E2
p(1 + O(Σ/E2

p)), Γp = O(Σ/Ep)

so that the perturbative solution of the pole equations reads ω2
p = E2

p + Re Σ(Ep, |~p|;T ), γp = Γ(Ep, |~p|;T ) =
−Im Σ(Ep + iε, |~p|)/2Ep, where we have made use of the fact that Re Σ(ω, |~p|) and Γ(ω, |~p|) are even functions of ω.
Thus, there are two perturbative poles at ±ωp − iγp.

From the previous properties, one can define a complex function G(z, |~p|) for complex z analytic for z off the real
axis and such that the IT propagator is G(z = iωn, |~p|) and the retarded/advanced propagators are GR,A(ω, |~p|) =
∓iG(z = ω ± iε, |~p|) with ω ∈ R, i,e,

G(z, |~p|) =
−1

z2 − E2
p − Σ(z, |~p|;T )

(A3)

In particular, in the perturbative regime described above, it is easy to check that the above function does not have
(perturbative) poles and has the same cuts as Σ(ω) along the real axis.

Let us comment also on the spectral function representation of the different propagators. Applying Cauchy’s
theorem to G(z) in (A3), with its analytical structure discussed above, on a suitable contour surrounding the real
axis from above and from below, one arrives to a dispersion relation valid for the retarde/advanced propagators and
for the IT one, from the same spectral function, namely:

G(z, |~p|) =

∫ ∞

∞

dω′

2π

ρ(ω′, |~p|;T )

ω′ − z (z 6∈ R) (A4)

Thus, z = iωn correspond to the IT propagator and z = ω ± iε to the retarded/advanced ones.
The above frequency representation is the more adequate one when working at finite temperature. As commented,

the analytical continuation of the IT propagator yields naturally the retarded propagator, which has the correct
analytic structure in terms of the physical states. In addition, it is valid for any cut structure of G along the real
axis, including possible Landau-like purely thermal cuts (see below). It is possible also to define thermal expectation
values of T -ordered products along t ∈ R, within the so-called real-time formalism of Thermal Field Theory [52].
However, those real-time T -ordered products do not have a representation like (A4), not even in the free case, nor
they describe the spectral properties of the theory in the general interacting case. The problem of how to obtain the
retarded correlator from the RT one is discussed in [77].

It is instructive to relate the above ”energy” spectral representation with the usual s-representation used customarily
at T = 0. First, let us write (A4) as:

G(z, |~p|) =

∫ ∞

0

dω′

2π

2ω′ρ(ω′, |~p|;T )

(ω′)2 − z2 (z 6∈ R) (A5)

Now, denoting s = z2−|~p|2 and s′ = (ω′)2−|~p|2 and assuming that the following two conditions hold: i) ρ(ω′ > 0, |~p|)
is a function only of s′, so that G is only a function of s and ii) G(s) is analytic for 0 > s ∈ R, the lower limit of
integration in (A5) can be extended to −|~p| so that by changing variables from ω′ to s′ on ends up at T = 0 with:

G(s) =

∫ ∞

0

ds′
ρ̂(s′)
s− s′ (s 6∈ R) (A6)
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with ρ̂(s′) = (−1/π)ImG(s′ + iε) for ω′ > 0. Note also the 2π factor conventionally included in the normalization
of the spectral function at T = 0. Alternatively, one can arrive to (A6) directly from the analytic properties of G in
the s complex plane. It is important to remark that none of the conditions i) and ii) above are met at T 6= 0 since
Lorentz covariance is broken and Landau cuts may be present. At T = 0, the representation (A6) allows to define the
T -ordered product −iG(s+ iε) with s ∈ R.

For the case of conserved vector and axial-vector current propagators at finite temperature, there are two inde-
pendent tensor structures PµνT , PµνL which are four-dimensionally transverse [1], PT being also three-dimensional
transverse:

P ijT (q) = δij − qiqj

|~q|2 ; P 00
T = P 0i

T = P i0T = 0

PµνL (q) =
qµqν

q2
− gµν − PµνT (A7)

where q0 = iωn. We remind that the metric signature here is (+−−−).
Therefore, any correlator of conserved vector or axial-vector currents can be written as

Πµν(iωn, ~q) = ΠT (q)PµνT (q) + ΠL(q)PµνL (q) (A8)

At T = 0, one has simply ΠT = ΠL ≡ Π so that Πµν(q) =
(
qµqν

q2 − gµν
)

Π(q). 1

For the photon case, its Euclidean propagator in an arbitrary covariant gauge reads:

Dµν(iωn, ~q) =
1

ω2
n + |~q|2 + ΣT (iωn, ~q)

PµνT (q) +
1

ω2
n + |~q|2 + ΣL(iωn, ~q)

PµνL (q) + α
qµqν

(q2)2

Σµν = ΣTP
µν
T + ΣLP

µν
L

so that the free (Σ = 0) Euclidean photon propagator is:

Dµν
0 (iωn, ~q) =

gµν

q2
+ (α− 1)

qµqν

(q2)2
(A9)

As explained in the text, we will also need the free photon propagator in the strict (α = 0) Coulomb gauge, which
reads [1]:

Dµν
0 (iωn, ~q) = −g

µ0gν0

|~q|2 − PµνT
q2

(A10)

Appendix B: Thermal loop functions for self-energies

We describe here the main properties of the typical thermal loop integrals appearing throughout this work. They
come from the corresponding T = 0 one through the replacements

q0 → iωn = i2πnT ,

∫
d4p

(2π)4
→ iT

∑

n

∫
d3~p

(2π)3
(B1)

in the IT formalism, with n ∈ Z.
First, consider the tadpole integral of the free propagator:

1 Our convention for vector and axial-vector current correlators corresponds to that in [45, 63–65] but differs from [30, 47]. The latter
authors include an additional q2 multiplying the Π(q) functions.
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G(M,T ) = T
∞∑

n=−∞

∫
d3~q

(2π)3
1

ω2
n + E2

q

= G(M, 0) + g1(M,T ) (B2)

with:

g1(M,T ) =
1

2π2

∫ ∞

0

dq
q2

Eq
nB(Eq), (B3)

with Eq ≡
√
q2 +M2,

nB(x) =
1

eβx − 1
(B4)

and the T = 0 part containing the UV divergence (T 6= 0 UV divergences are always contained in the T = 0 part) is
given in dimensional regularization D = 4− ε by:

G(M, 0) = 2M2λ+
M2

16π2
log

M2

µ2
χ

(B5)

with

λ =
1

2
(4π)−D/2Γ

(
1− D

2

)
µD−4χ (B6)

being µχ the renormalization ChPT scale and Γ the Euler gamma function. For the T = 0 part we follow the same
notation as in [14, 15].

The g1(M,T ) function has the following asymptotic behaviours:

T �M : g1(M,T ) =
T 2

12

[
1− 6

M

T
+O(

M2

T 2
log

M

T
)

]
(B7)

T �M : g1(M,T ) = (2π)−3/2
(
M

T

)1/2

e−M/T [1 +O(T/M)] +O(e−2M/T ) (B8)

Second, we analyze the one-loop integral appearing in self-energy diagrams:

JT (m1,m2; iωm, |~p|) = T
∞∑

n=−∞

∫
d3~q

(2π)3
1

q2 −m2
1

1

(q − p)2 −m2
2

(B9)

for arbitrary masses m1 and m2.
As discussed above, we are interested in the analytic continuation of the above integral iωm → z for complex z

off the real axis. In particular for z = ω + iε with ω ∈ R, that would give rise to the retarded function appearing
in the retarded self-energy and hence describing the dispersion relation as explained in Appendix A. The analytic
continuation is performed after evaluating the internal Matsubara sum in n, which can be carried out using standard
finite-temperature methods. In fact, inserting the spectral representation (A4) for the two IT propagators inside the
integral and using the formula:

T
∑

n

1

ω1 − iωn
1

ω2 − i(ωm − ωn)
=
nB(ω1)− nB(−ω2)

ω1 + ω2 − iωm
(B10)

we arrive to the retarded continuation of JT :
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Figure 7. Cut structure of the loop integral JT (m1,m2;ω, |~p|) in the ω complex plane with E(m1±m2),p ≡
√
|~p|2 + (m1 ±m2)2

and p ≡ |~p|.

JT (m1,m2; z, |~p|) = −
∫

d3~q

(2π)3
1

4E1E2

{
[1 + nB(E1) + nB(E2)]

[
1

z − E1 − E2
− 1

z + E1 + E2

]

+ [nB(E1)− nB(E2)]

[
1

z + E1 − E2
− 1

z − E1 + E2

]}
(B11)

where we have used nB(x) + nB(−x) + 1 = 0 and, for simplicity, we denote E1 =
√
|~q|2 +m2

1, E2 =
√
|~q − ~p|2 +m2

2.
Thus, setting z = ω + iε with ω ∈ R and separating the real and imaginary parts gives:

Re JT (m1,m2;ω, |~p|) = Re JT=0(m1,m2;ω, |~p|)− 1

2
P
∫

d3~q

(2π)3

{
nB(E1)

E1

[
1

(E1 − ω)2 − E2
2

+
1

(E1 + ω)2 − E2
2

]

+
nB(E2)

E2

[
1

(E2 − ω)2 − E2
1

+
1

(E2 + ω)2 − E2
1

]}
(B12)

Im JT (m1,m2;ω + iε, |~p|) = π

∫
d3~q

(2π)3
1

4E1E2
{[1 + nB(E1) + nB(E2)] [δ(ω − E1 − E2)− δ(ω + E1 + E2)]

+ [nB(E1)− nB(E2)] [δ(ω + E1 − E2)− δ(ω − E1 + E2)]} (B13)

where P denotes Cauchy’s principal value. Note that Re J is even in ω whereas Im J is odd in ω as it corresponds to
a spectral function.

The T = 0 part of the above functions corresponds to take all nB functions as vanishing and is equal to J(s) in the
notation of [15], with s = ω2 − |~p|2. The explicit expression for T = 0 is given in that paper and we do not reproduce
it here. The DR UV pole proportional to λ in (B6) is contained in J(s = 0) = −2λ+ finite terms.

In the general T 6= 0 case, the JT function depends on ω and |~p| separately due to the breaking of Lorentz covariance
in the heat bath. For the case of equal masses m1 = m2, JT reduces to the J0 function analyzed in [78] for thermal
pion scattering.

The imaginary part in (B13) is nonzero along the cuts depicted in Fig.7 in the ω complex plane. A detailed account
of the contributions to the imaginary part for every cut can be found for instance in [79]. The δ(ω − E1 − E2) and
δ(ω+E1 +E2) terms in (B13) require ω2 ≥ |~p|2 + (m1 +m2)2 to be nonzero, for ω > 0 and ω < 0 respectively. Those
two terms account physically for the decay of a particle P with energy and momentum (ω, ~p) into a pair P → 12 and
the inverse process 12→ P , or equivalently to the direct and inverse scattering processes with intermediate states 12
and s = ω2 − |~p|2 the Mandelstam variable. Therefore, this is the usual T = 0 cut giving rise to unitarity, where the
factor nB(E1)+nB(E2) enhance the contribution of the imaginary part due to the presence of 1 and 2 particles in the
thermal bath. On the other hand, the terms proportional to nB(E1)− nB(E2) give rise to the so called Landau cuts,
which are purely thermal, and require ω2 ≤ |~p|2 + (m1 −m2)2. These Landau cuts arise from processes like 1→ P2
and 2 → P1 from thermally distributed states 1 and 2. Thus, the δ(ω − E1 + E2) term produces two contributions,

one for ω ≥
√

(m1 +m2)2 + |~p|2 and another one for −|~p| ≤ ω ≤ |~p|, which are depicted as two overlapping cuts in
Fig.7. The same happens for the δ(ω − E1 + E2) term, giving rise to the remaining cuts.

An important case for this paper is m1 = 0, m2 = M , ω2 = |~p|2 +M2 (on-shell) for which we find, from (B12):

Re JT (0,M ; |~p|) = ReJT=0(0,M) +
1

16π2

1

|~p|P
∫ ∞

0

dqq
nB(Eq)

Eq
log

( |~p|+ q

|~p| − q

)2

(B14)
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where the T = 0 part can be obtained from the expressions for J in [15] and reads:

Re JT=0(0,M) = −2λ+
1

16π2

(
1− log

M2

µ2
χ

)
(B15)

Note that in passing from (B12) to (B14), the nB(E1) = nB(q) term, which contained an integrable singularity at
q = 0, vanishes exactly and in the nB(E2) term, the change of variable ~q → ~q + ~p has been performed, so that the
integrable singularity at q = 0 moves to q = |~p|.

A particularly interesting limit is the static one ~p = ~0. Taking this limit in our previous expression (B14) yields:

Re JT (0,M ; |~p| → 0+) = ReJT=0(0,M) + g2(M,T ) (B16)

with:

g2(M,T ) =
1

4π2

∫ ∞

0

dq
nB(Eq)

Eq
= −dg1(M,T )

M2
(B17)

which behaves asymptotically as g2(M,T ) ' T
8πM for T � M and g2(M,T ) ' (1/2M2)(2π)−3/2(M/T )3/2e−M/T for

T �M .
The analysis of the imaginary part for the case of one vanishing mass and on-shell external line is relevant for our

discussion in section II B. In this case, the Landau and unitarity cuts in Fig.7 meet at the branch points ω2 = |~p|2+M2

(ω = ±Ep) i.e. precisely at the physical on-shell point. Starting from the general expression (B13), the first δ function

requires in that case Ep = q +
√
|~q − ~p|2 +M2. That condition holds only for q = 0, provided M > 0 (so that the

other solution at ~p·~q
|~p|q ≡ cos θ = Ep/|~p| > 1 is discarded). Hence, δ(Ep − q − E2) =

Epδ(q)
Ep−|~p| cos θ so that the angular

integration in θ can be easily performed, and so on for ω = −Ep in the second δ contribution in (B13). The third and
fourth δ contribution for this case require also q = 0, with ω = Ep for the third one and ω = −Ep for the fourth. Now,
because of the δ(q), in all these terms the only surviving contributions are those proportional to nB(q), for which the

integrand behaves near q → 0+ as q2 nB(q)
q ∼ T . In particular, the T = 0 contribution vanishes, as it corresponds to

the absence of bremsstrahlung for a charged scalar particle in vacuum. In addition, we should take into account that
our δ-functions come from the separation in (B11) 1

x+iε = P 1
x − iπδ(x) so that δ(x) = 1

π
ε

ε2+x2 and therefore:

∫ ∞

0

δ(x) = lim
ε→0+

∫ ∞

0

1

π

ε

ε2 + x2
= lim
ε→0+

1

π
arctan

(x
ε

)∣∣∣
∞

0
=

1

2

Altogether, we find:

Im JT (0,M ;ω = Ep, |~p|) =
1

16π

T

p
log

(
Ep + |~p|
Ep − |~p|

)
(B18)

which in the |~p| → 0+ limit becomes ImJT (0,M ; |~p| → 0+) = T
8πM .

An alternative way to arrive to the result (B18) is to calculate ImJT (0,M ;ω+ iε, |~p|) for arbitrary ω off the on-shell
point. Taking then the limit ω → E+

p one can then check that (B18) is recovered.
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a b s t r a c t

We make a thermal analysis of the light scalar susceptibilities using SU(3)-chiral pertur-
bation theory to one-loop order, taking into account the QCD source of isospin breaking
(IB), i.e. corrections coming frommu ≠ md. The value of the connected scalar susceptibility
in the infrared regime, the one relevant when approaching chiral symmetry restoration,
and below the critical temperature is found to be entirely dominated by the π0–η mixing,
which leads to model-independent O(ϵ0) corrections, where ϵ ∼ md − mu, in the combi-
nation χuu − χud of flavour breaking susceptibilities. We also present preliminary results
for the corrections to the real part of the pion self-energy at next-to-leading order in SU(2)-
chiral perturbation theory, taking into account electromagnetic interaction. The results for
zero and finite temperature for the charged and neutral pions are given in terms of the
3-momentum of the external pion, and their difference is calculated to this order, stressing
the fact that, at low and moderate temperature, the mass splittingMπ± −Mπ0 grows with
temperature for, at least, non-zero charged pion mass running inside the loops.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The low energy sector of QCD has been successfully described over recent years within the chiral Lagrangian framework.
Chiral perturbation theory (ChPT) is based on the spontaneous breaking of the chiral symmetry SUV (Nf ) × SUA(Nf ) →

SUV (Nf ) with Nf = 2, 3 light flavours and provides a consistent, systematic and model-independent scheme for calculating
low energy observables [1–3]. The effective ChPT Lagrangian is constructed as an expansion of the formL = Lp2 +Lp4 +· · ·

where p denotes a meson energy scale compared to the chiral scale Λχ ∼ 1 GeV. The formalism can also be extended to
finite temperature T , in order to describe meson gases and their evolution towards chiral symmetry restoration for T below
the critical temperature Tc [4,5], where Tc ≃ 180–200 MeV from lattice simulations [6–8]. The use of ChPT in this context
is important for providing model-independent results for the evolution of the different observables with T , supporting the
original predictions for chiral restoration [9], also confirmed by lattice simulations, which are consistent with a crossover-
like transition for Nf = 3 (2 + 1 flavours in the physical case), a second-order one for Nf = 2 in the O(4) universality class
and a first-order one in the degenerate case of three equal flavours.

The invariance under the SUV (2) vector group is the isospin symmetry, which is a very good approximation to Nature.
However, there are several processes where isospin breaking corrections are phenomenologically relevant, for example
those of sum rules for quark condensates [3], mesonmasses [10] or pion scattering [11,12]. There are two possible sources of
isospin breaking: the QCDmd−mu light quarkmass difference and electromagnetic interactions. Both can be accommodated
within the ChPT framework. From the first source we expect corrections of order (md − mu)/ms, encoded in the quark
mass matrix, which generates also a π0–η mixing term in the SU(3) Lagrangian [3]. On the other hand, the electromagnetic
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interactions are included in the ChPT effective Lagrangian via the external sourcemethod and give rise to new terms [10–13]
of order Le2 , Le2p2 and so on, e being the electric charge. It is possible to accommodate these terms into the ChPT power
counting scheme by considering formally e2 = O(p2/F 2), with F the pion decay constant in the chiral limit.

The purpose of this paper is to calculate the leading thermal contributions to the connected and disconnected scalar
susceptibilities, taking into account isospin breaking, and to show our preliminary results concerning the thermal evolution
of the masses of the charged and neutral pions.

2. Light scalar susceptibilities and the role of the π0–η mixing

Calculations for light quark condensates, ⟨ūu⟩ and ⟨d̄d⟩, at zero and finite temperature have been made to one-loop in
[14,15], respectively, within the framework of SU(3)-ChPT taking into account both sources of IB. The main feature that we
want to stress is that there is a π0–η mixing term appearing through the tree level mixing angle ε defined by tan 2ε =
√
3
2

md−mu
ms−m̂ .
Different light quark masses allow us to consider three independent light scalar susceptibilities defined as

χij = −
∂

∂mi
⟨q̄jqj⟩ =

∂2

∂mi∂mj
log Z(mu ≠ md). (1)

From now on in this section, we will neglect the electromagnetic corrections because they are small and not relevant
for our present discussion, so we will put e = 0. Then, to leading order in the mixing angle, the contribution of the
π0–η mixing in the quark condensate sum is of order ϵ2, whereas for the difference it goes like ε. The thermal functions
gi(T ,Mi), i = π0, η, defined as gi(T ) =

1
4π2F2


∞

0 dp p2

Ep
1

eβEp−1
, with E2

p = p2 + M2
i and β = T−1, are suppressed by those

coefficients and the quark condensates do not receive important corrections. The important point is that differentiatingwith
respect to a light quark mass is essentially the same as differentiating with respect to ε ∼

md−mu
ms

, so the suppression of the
thermal functions is smaller in the case of the susceptibilities than in the quark condensate case.

Because of the linearity in ε in ⟨uu − dd⟩ for a small mixing angle, the combinations χuu − χud and χdd − χdu receive an
O(1) IB correction due to π0–η mixing, which would not be found if mu = md was taken from the beginning. The analysis
of the ε-dependence of ⟨uu− dd⟩ shows that, up to O(ϵ), χuu ≃ χdd, so combinations like χuu −χdd, which also vanish with
mu = md, are less sensitive to IB.

One can also relate these flavour breaking susceptibilities to the connected and disconnected ones [16], often used in
lattice analysis [17,18]: χdis = χud, and χcon =

1
2 (χuu + χdd − 2χud). From the previous analysis, we get χcon ≃ χuu − χud.

Therefore, our model-independent analysis including IB effects provides the leading non-zero contribution for the
connected susceptibility which arises partially from π0–η mixing. This is particularly interesting for the lattice, where
artefacts such as taste breaking mask the behaviour of χcon with the quark mass and T when approaching the continuum
limit [18]. In fact, our ChPT approach is useful for exploring the chiral limit (mu,d → 0) or infrared (IR) regime, which gives
a qualitative picture of the behaviour near chiral symmetry restoration. In this regime Mπ ≪ T ≪ MK , and therefore we
can neglect thermal heavy particles, which are exponentially suppressed.

The leading order results for the connected and disconnected susceptibilities at zero temperature are the following:

χ IR
con(T = 0) = 8B2

0[2L
r
8(µ) + Hr

2(µ)] −
B2
0

16π2


1 + log

M2
K

µ2


−

B2
0

24π2
log

M2
η

µ2
+ O(ϵ2), (2)

χ IR
dis(T = 0) = 32B2

0L
r
6(µ) −

3B2
0

32π2


1 + log

M2
π

µ2


+

B2
0

288π2


5 log

M2
η

µ2
− 1


+ O(ϵ2), (3)

where B0 is the parameter which relates masses and quark condensates at tree level via the Gell-Mann–Oakes–Renner
formula, and L6, L8, H2 are low energy constants.

The log term in Eq. (3) is the dominant one at T = 0 and can be found in [16], but the connected IR susceptibility (2) is
not zero at T = 0, because it receives contributions of order O(1) in the mixing angle.

If we consider the pion gas in a thermal bath, then expressions (2)–(3) are modified according to

[χcon(T ) − χcon(0)]IR =
B2
0

18
T 2

M2
η

+ O


ϵ2B4

0
T 4

M4
η


+ O


exp


−

Mη,K

T


, (4)

[χdis(T ) − χdis(0)]IR =
3B2

0

16π
T
Mπ

+ O


ϵ2B4

0
T 4

M4
η


+ O


exp


−

Mη,K

T


. (5)

Note that, as we have already mentioned, the eta mass term in Eq. (4) and in the subleading corrections in the mixing
angle comes from the ϵ-analysis and the IR expansion of the g1(Mπ ), and does not have anything to do with thermal etas.
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Fig. 1. Connected IR susceptibility normalized to B2
0 , for fixed tree level eta mass andms = 80 MeV.

Fig. 2. Disconnected IR susceptibility normalized to B2
0 , for several light quarkmass ratios and fixed tree level eta mass (m/ms = 0.05 is the physical case).

Figs. 1 and 2 show, respectively, the connected susceptibility (4) for fixed tree level eta mass (proportional to
√
B0ms in

the IR regime), and the disconnected one (5) for several values of the light quark mass ratio m/ms, and also with fixed tree
level eta mass. The leading scaling with T and the light quark mass in this regime for the disconnected piece goes like T

√
m ,

i.e. with the same scaling as was calculated in [16,17], whereas the connected susceptibility grows quadratically in T over
a mass scale much greater than the SU(2) Goldstone boson’s one. Therefore, in the continuum limit, we only expect χdis to
peak near the transition, as them → 0+ limit in Fig. 2 clearly shows.

3. Charged and neutral thermal pion masses in SU(2)-ChPT at O(p4)

If we consider virtual photons in the calculation of the real part of the self-energy in themass shell, there are four relevant
diagrams that correct themasses at orderO(p4): there are pion tadpoles, diagram (a) in Fig. 3, and the tree level NLO diagram
needed for renormalization, (b), where both charged and neutral pions participate; and diagrams with virtual photons, (c)
and (d), which only modify the charged pion mass.

The photon tadpole diagram (c) is proportional to the photonmass and therefore vanishes at zero temperature,while pion
tadpoles (a) and the photon exchange diagram (d) are finite and chiral scale independent once regularized and combined
with diagram (b). The LO corrections to the masses of the SU(2) NGB are calculated as M2

= M̂2
+ Σ(M̂2), where M̂ is the

respective tree level mass. At zero temperature the neutral and charged pion masses are [11]

M2
π0 = M̂2

π0


1 + 2µ± − µ0 + e2Kπ0 + 2lr3

M̂2
π0

F 2


− 2

B2

F 2
lr7(md − mu)

2
−

4
3
Be2k7(md − mu), (6)

where µ±,0 =
M2

π±,π0

32π2F2
log

M2
π±,π0

µ2
χ

, and Kπ0 = −
20
9


kr1 + kr2 −

9
10 (2k

r
3 − kr4) − kr5 − kr6 −

1
5k

r
7


, with ki being electromag-

netic low energy constants, Z the parameter that corrects the leading order charged pion mass, and

M2
π± = M̂2

π0


1 +

e2

4π
+ µ0 + e2KA

π± + 2lr3
M̂2

π0

F 2



+ 2e2F 2

Z

1 +

e2

4π


+ e2KB

π± − (3 + 4Z)µ±


−

4
3
Be2k7(md − mu), (7)
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Fig. 3. Diagrams for the pion self-energy at orderO(p4). (a) and (b) represent pion tadpole contributions and the tree levelNLOdiagramwhich renormalizes
the loops, respectively. (c) (photon tadpole) and (d) (one-photon exchange) only correct the charged pion self-energy.

with the definitions

KA
π± = −

20
9


kr1 + kr2 − k5 −

1
5
(23kr6 + 18kr8 + kr7)


,

and

KB
π± = −

10
9


2Z(kr1 + kr2) −

1
2
k13 − k14


.

There is a factor 1/2 in the coefficient of k7 for bothmasseswhich does not appear in [11], and thatwas also noted by [19].
At this point the total mass difference between charged and neutral pions becomes

M2
π± − M2

π0 = 2M̂2
π0(µ0 − µ±) + 2

B2

F 2
lr7(md − mu)

2
+ 2e2F 2


Z

1 +

e2

4π


+ e2KB

±


+ M̂2

π0e2


1
4π

+ KA
±

− Kπ0


− 2e2F 2(3 + 4Z)µ±, (8)

which has pure strong, pure EM and mixed EM–strong contributions.
If the pions are immersed in a thermal bath, there appear new contributions with no UV divergences, since these only

appear in the zero-temperature part and they have already been renormalized. The pion tadpoles, charged or not, give rise
to g1(M, T ) thermal functions. For the neutral pion mass we get

M2
π0 = M̂2

π0(T = 0)

1 +

1
F 2


g1(M2

π± , T ) −
1
2
g1(M2

π0 , T )


, (9)

where it is worth noting that the neutral pion mass decreases with T , contrary to what happens if we do not consider
electromagnetic effects, as can be seen if we putM2

π± = M2
π0 in the last expression.

As for the charged pion, we can separate the contributions coming from pion tadpoles, M2
π tadpoles, and the two different

contributions from the virtual photon diagrams: one coming from the photon tadpolewhich is not zero at finite temperature
and gives a typical thermal screening contribution,M2

Ph. tadpole; and the other due to the one-photon exchange,M2
Ph. Exchange.

For the first two ones we getM2
π Tadpoles =

M̂2
π0

2F2
−4Ze2g1(M2

π± , T ) andM2
Ph. Tadpole =

1
3 e

2T 2. The latter has the typical form
of a Debye or screening mass of the electric field in a thermal bath [20], which always grows with T .

The one-photon exchange diagram is more complex and its contributions to the real part depend, in general, on the
3-momentum of the external pion, which is a direct consequence of the Lorentz symmetry breaking in the thermal bath. The
Matsubara sums can be performed in the standard way, before performing the analytic continuation to external continuous
frequencies:

Re

ΣPh. Exchange


= e2


d3k

(2π)3

n(ω)

2ω
(2q − k)2|k0=ω

(q0 − ω)2 − ω′2
+


d3k

(2π)3

n(ω)

2ω
(2q − k)2|k0=−ω

(q0 + ω)2 − ω′2

+


d3k

(2π)3

n(ω′)

2ω′

(2q − k)2|k0=q0−ω′

(q0 − ω′)2 − ω2
+


d3k

(2π)3

n(ω′)

2ω′

(2q − k)2|k0=q0+ω′

(q0 + ω′)2 − ω2


,

with ω2
= k⃗2 the photon energy squared inside the loop and ω′2

= (q⃗− k⃗)2 +M2
π± the pion energy squared, also inside the

loop; here k is the virtual photon 4-momentum. The above 3-momentum integrals can be written as

Re

ΣPh. Exchange


=

e2

2π2


∞

0
dk
 π

0
dφ n(k) sinφ

×

M2
π±


E2 − M2

π± cosφ − k(E2 sin2 φ + M2
π± cos2 φ)

E2 sin2 φ + M2
π± cos2 φ

+
e2

4π2


∞

0
dk
 π

0
dφ

n(ω′)

ω′

× sinφ
k2(M2

π± cos2 φ + E2 sin2 φ) + 2M2
π±(E2

− k

E2 − M2

π± cosφ)

E2 sin2 φ + M2
π± cos2 φ

. (10)
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Fig. 4. Preliminary results for the charged (dashed line) and neutral (solid line) masses and their difference (dot–dashed line) at LO in the static limit.

Fig. 5. Different results for the charged–neutral pion mass difference: (a) (solid line) corresponds to our preliminary results in the chiral limit keeping
corrections e ≠ 0 for the tree level charged pion mass inside the loops; (b) (dot–dashed line) corresponds to the same preliminary calculation with
mu = md ≠ 0 and e ≠ 0 also inside the loops; and the full dashed line is the result given in [21].

It is clear now that the charged pion real part of the self-energy depends on the energy of the external pion E2
= |q⃗|2 +M2

π± ,
and, therefore, on the external 3-momentum.

The final result will take the form M2
π± = M̂2

π±(T = 0) + M2
π Tadpoles + M2

Ph. Tadpole + Re

ΣPh. Exchange


. In Fig. 4 we have

plotted our preliminary results for the neutral and charged pion real masses as a function of the temperature of the thermal
bath, taking physical values for the pion masses and calculating M2

Ph. Exchange in the static limit, i.e., for E = Mπ± . Once we
have the thermal and isospin breaking corrections to themasses separately for any value of the external momentum,we can
calculate it in the limit where temperatures are (i) much greater than the masses and the external momenta (which means
thatwehave to set themasses inside the loops to zero), and (ii) sizablewith respect to themomenta running inside the loops,
T ∼ k ≫ m, q. With these assumptions, we are led to the HTL result given in [21], M2

π± − M2
π0 = M̂2

π±


1 −

T2
6


+

1
4 e

2T 2,
which serves as a consistency check.

Moreover, our low temperature analysis allows us to assume a slightly different chiral limit, in the sense that we can still
assumemu = md = 0 and consider e ≠ 0 inside the loops. In Fig. 5 we show the plot of our preliminary calculation both in
this latter limit, and also consideringmu = md ≠ 0, e ≠ 0, to be comparedwith those appearing in theHTL result [21]where
the contributions from the screening-like term, always increasing with T and inherent to the thermal bath, are responsible
for the final growth of the mass difference, contrary to what one would expect naively from the sum rule relating the axial
and vector spectral functions [20] applying chiral symmetry restoration arguments.
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4
Conclusiones

L
a investigaci�on que he llevado a cabo ha tenido como objetivo principal el
estudio de ciertas propiedades t�ermicas de gases de bosones de Goldstone a

trav�es del enfoque efectivo provisto por la Teor��a Quiral de Perturbaciones, ex-
tendida puntualmente a trav�es de m�etodos de unitarizaci �on ymodelos auxiliares
con el �n de incorporar a sus predicciones el efecto de la inclusi �on de resonancias
ligeras en diversos canales.

A continuaci�on expondremos de modo resumido las principales conclusiones
que ya han sido mostradas de modo detallado a lo largo de los cap��tulos 2 y 3.

En las dos primeras secciones del cap��tulo 2 de esta tesis se han estudiado
los efectos de la inclusi �on de t�erminos de ruptura de la simetr��a de isoesp��n
|intr��nseca y electromagn�etica| sobre los par�ametros de orden asociados a la
restauraci�on de la simetr��a quiral, en concreto sobre los condensados escalares
de quarks ligeros y sobre el condensado strange en la teor��a de tres sabores.

A temperatura cero nuestros resultados muestran que el c�alculo de estos efec-
tos de modo sistem�atico, partiendo de la Teor��a Quiral para tres sabores, se dife-
rencia |respecto al esquema de c�alculo de [121] basado en la inclusi �on de efectos
de ruptura a trav�es de t�erminos que violan el Teorema de Dashen para las masas
de mesones| en un 2%, en el caso del condensado de quarks ligeros y hasta un
4% para el strange. Esto muestra que, aunque relativamente peque~na, la diferen-
cia entre considerar todas las constantes de baja energ��a a trav�es de un enfoque
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efectivo basado en el lagrangiano quiral es importante si uno tiene en cuenta la
precisi �on con la que se dan los resultados en [121].

Nuestra asunci�on de la hip�otesis de respuesta ferromagn�etica para el vac��o
|junto con la especi�caci�on de la prescripci�on para la separaci �on de la parte
electromagn�etica de la no electromagn�etica en el c�alculo de los condensados
consistente en tomar directamente el l��mite e = 0| es el origen de distintas
cotas inferiores para las combinaciones de EM LECs que aparecen en el c�alculo
del condensado total tanto en SU(2)xChP T como en SU(3)xChP T . Hemos com-
probado que estas condiciones son satisfechas por todos y cada uno de los valores
de las EM LECs relevantes que hemos consultado en la literatura especializada
(obtenidas a partir de diversos m�etodos); y son m�as restrictivas para tres sabores
que para dos, pero menos con�ables debido a la presencia de la masa del quark
strange en la serie perturbativa quiral.

El conocimiento general de las constantes de baja energ��a electromagn�etica
en la literatura es |hasta donde hemos podido consultar [130{134]| bastante
limitado, particularmente para el caso de la teor��a de dos sabores. A trav�es de un
proceso de desacoplo del quark strange| hemos relacionado las combinaciones
de constantes de baja energ��a en las teor��as de dos y tres sabores a costa de
introducir unadependencia expl��cita a trav�es demasas demesones. Sin embargo,
debido a que la separaci�on de las contribuciones electromagn�eticas e intr��nsecas
en cualquier observable es siempre ambig�ua [108, 131, 133, 139], no existe una
prescripci�on �unica y general que permita |para todo orden en ChPT| separar
EM LECs de las LECs de naturaleza no electromagn�etica.

A temperatura �nita, el condensado total recibe, tanto en SU(2) como en
SU(3), peque~nas correcciones a causa de la violaci �on de la simetr��a de isoesp��n.
�Estas se traducen en un aumento de la temperatura cr��tica respecto al l��mite de
isoesp��n de menos de un 1%. De esta manera |aunque represente una modi�ca-
ci �on peque~na| s�� se presenta en la direcci �on correcta y de forma consistente con
la hip�otesis de respuesta ferromagn�etica asumida en la obtenci�on de ligaduras
para las EM LECs.

En cuanto al par�ametro de orden de la ruptura de la simetr��a de isoesp��n
|relacionado, como ya dije, con la asimetr��a de vac��o| hemos mostrado que no
recibe correcciones t�ermicas para dos sabores, mientras que en SU(3)xChP T se
ampli�ca suavemente a trav�es de una dependencia cuadr�atica en la temperatura
de la forma (muxmd)

T 2

M2
�
. N�otese que, aunque la dependencia con la temperatura

es cuadr�atica, es O(") en el �angulo de mezcla y est�a controlada por una escala
de energ��a mucho mayor que la dependencia caracter��stica 1=F 2

� |asociada al
par�ametro de orden de la restauraci �on quiral|.

Las diferencias (� 1%) entre considerar o no efectos de ruptura de isoesp��n a
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temperatura cero en el condensado ligero y el strange son tales que pueden ser
despreciadas en comparaci�on con las incertidumbres asociadas a los c�alculos que
se obtienen mediante simulaci�on en el ret��culo [125].

Pese a esto, existen observables para los que este tipo de correcciones son
importantes, tanto desde un punto de vista formal como desde una perspectiva
num�erica. Es el caso de cantidades que se anulan en el l��mite de isoesp��n, como
por ejemplo el par�ametro de orden de la ruptura de isoesp��n < �uu> x < �dd>, o
la llamada asimetr��a de vac��o que se de�ne a partir de este �ultimo y que arroja
correcciones |a temperatura cero| que van desde un 15% hasta un 24% de-
pendiendo de que se use la cota inferior o superior de valores naturales para las
constantes de baja energ��a electromagn�eticas|. Existen tambi�en modi�cacio-
nes importantes a la regla de suma [31] que conecta los cocientes < �dd>=< �uu>
y < �ss>=< �uu> |libre de t�erminos de contacto| puesto que los efectos de rup-
tura electromagn�etica (calculados en este trabajo por vez primera) son formal y
num�ericamente comparables a los de ruptura intr��nseca.

Esta regla de suma puede ser extendida de forma natural a temperatura �-
nita manteniendo su car�acter independiente de t�erminos de contacto. Debido a
que las correcciones que experimenta el cociente < �uu>=< �dd> son grandes para
temperaturas moderadas, las modi�caciones a esta regla de suma asociadas a la
presencia del ba~no t�ermico son signi�cativas en este rango de temperaturas (e.g.:
de aproximadamente un 20% para T � 100MeV respecto al valor a temperatura
cero), llegando incluso |y siendo conscientes de que se trata de una extrapo-
laci �on de los resultados de ChPT| a ser formalmente comparables al valor de
temperatura cero en el rango de temperaturas altas.

Hemos relacionado, adem�as, las correcciones electromagn�eticas al condensa-
do total de quarks en la teor��a de dos sabores con la diferencia �(T )SU(2)x�(0)SU(2)
|directamente medible en el ret��culo [86,147]| para la susceptibilidad escalar
total a trav�es de una regla de suma. La extrapolaci �on cualitativa de los resultados
proporcionados por esta regla de suma hacia temperaturas cercanas al valor cr��ti-
co permite inferir un crecimiento importante de los efectos debidos a la ruptura
electromagn�etica sobre el condensado total, habida cuenta del comportamiento
que se presupone para la susceptibilidad escalar cerca de la transici �on.

Para la Teor��a Quiral con tres sabores es posible concluir que |pese a que la
interpretaci �on ahora no es tan clara como en el caso anterior| las correcciones
sobre el condensado total tambi�en se hallan dominadas por la susceptibilidad
escalar sustra��da debido a la supresi �on Boltzmann de los grados de libertad aso-
ciados al quark strange.

Esta regla de suma ha llevado a conectar nuestros resultados con aqu�ellos
obtenidos a trav�es del formalismo staggered en el ret��culo. En efecto, debido
a que la masa de las copias se corrige [86, 89, 148] con el espaciado de la red
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de forma similar a como entran las correcciones electromagn�eticas a nivel �arbol
en la masa de los bosones de Goldstone, la regla de suma permite comparar
las diferencias entre nuestros resultados para los condensados en el l��mite del
continuo y los obtenidos mediante simulaci�on en el ret��culo usando acciones de
tipo staggered. Adem�as, a partir de este la extrapolaci �on de los resultados se colige
que las correcciones debidas a efectos de taste-breaking son susceptibles de verse
ampli�cadas en un entorno de la temperatura cr��tica de restauraci�on.

El c�alculo de las susceptibilidades quirales escalares a un loop en SU(3)xChP T
permite la obtenci�on de las llamadas susceptibilidades conexa y disconexa, can-
tidades que |junto a la susceptibilidad escalar total| son de uso habitual en las
simulaciones en el ret��culo.

En este trabajo se ha mostrado c�omo la consideraci�on de un escenario que in-
cluya la ruptura de isoesp��n consistentemente es fundamental para la obtenci�on
de las contribuciones dominantes de cada una de las partes de la susceptibilidad.
Estos resultados permiten obtener el scaling de estos observables en relaci �on con
los par�ametros de masa quark y temperatura desde un punto de vista model-
independent en el continuo, importantes para explicar ciertos comportamientos
an�omalos que aparecen en el formalismo staggered del ret��culo. En relaci �on a
esto, es vital la advertencia de que considerar un s�olo sabor puede dar lugar
a una interpretaci �on demasiado simplista del problema, puesto que asumir la
existencia de una sola susceptibilidad asociada a un s�olo sabor ligero |tomando
el l��mite de isoesp��n desde el principio del c�alculo| no permite obtener las con-
tribuciones dominantes para la susceptibilidad conexa y da lugar, tambi�en, a
importantes diferencias a la hora de calcular el valor num�erico de la susceptibi-
lidad total (cuanti�cadas en un 30% a temperatura cero, y en hasta un 10% en
la diferencia relativa para su valor t�ermico sustra��do).

El an�alisis de lo que sucede en el llamado r�egimen infrarrojo (m̂<<ms;M�<<
T <<MK;�) es verdaderamente �util para el estudiar los scalings de las susceptibili-
dades con la masa de los quarks ligeros y la temperatura.

El c�alculo en el continuo que hemos realizado satisface las predicciones de
c�alculos anteriores [145] para las partes divergentes de la susceptibilidad conexa
y disconexa, y las complementa indicando que la parte �nita de �con(T ) no es
nula en el l��mite de isoesp��n, lo que nos ha permitido interpretar las propiedades
de scaling a temperatura �nita de la susceptibilidad conexa cerca del l��mite quiral
a trav�es de su relaci �on con la mezcla �0x�.

Los resultados en el r�egimen infrarrojo nos permiten a�rmar que el compor-
tamiento cr��tico que se espera en el caso de la parte disconexa de la susceptibil-
diad escalar sea mucho m�as acusado que el de la parte conexa. Al hilo de todo
lo que hemos dicho, es natural asociar este comportamiento a la naturaleza de
cada observable. En efecto, la susceptibilidad conexa puede asociarse con efectos
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de ruptura intr��nseca a trav�es de las 
uctuaciones del par�ametro de orden de
la ruptura de isoesp��n, mientras que la disconexa representa una medida de las

uctuaciones del par�ametro de orden asociado a la restauraci�on quiral, vid. el
condensado total de quarks.

Pese a su indudable utilidad formal a la hora de describir los scalings de las
susceptibilidades|y debido al orden de las correcciones que se desprecian| los
c�alculos de la investigaci�on que de�endo muestran que los t�erminos dominantes
en el r�egimen infrarrojo no son una buena aproximaci�on num�erica en el caso de
que se usenmasas f��sicas para losmesones. Es por esto que un an�alisis sistem�atico
fuera del l��mite quiral como el que aqu�� se ha realizado aporta una informaci�on
especialmente �util al problema.

En la tercera secci �on del cap��tulo 2 se amplia el estudio acerca de las suscep-
tibilidades incluyendo el an�alisis en ChPT de la susceptibilidad pseudoescalar,
as�� como su relaci �on con el condensado de quarks y con la susceptibilidad esca-
lar. El estudio conjunto de estos dos correladores lugar a un posible escenario de
restauraci�on quiral en ChPT manifestado a trav�es de la degeneraci�on de ambas
susceptibilidades, lo que resulta respaldado tambi�en por nuestros c�alculos en
UChPT y por datos procedentes de simulaciones en el ret��culo.

A trav�es del an�alisis del patr�on de degeneraci�on de las susceptibilidades es-
calar y pseudoescalar en el contexto de la Teor��a Quiral de Perturbaciones de
dos sabores en el l��mite de isoesp��n, hemos mostrado la existencia de un posi-
ble escenario de restauraci�on de simetr��a quiral a una temperatura ligeramente
inferior (0;9TC) a la temperatura cr��tica proporcionada por la anulaci �on del con-
densado de quarks. Debido a que, a bajas energ��as, es razonable suponer que el
comportamiento de estos correladores est�a saturado por las part��culas asociadas a
los n �umeros cu�anticos del canal correspondiente, este comportamiento conduce
a un escenario de degeneraci �on de los correladores de dos campos asociados a los
compa~neros quirales f0(500)=� y pi�on.

Adem�as, tambi�en hemos comprobado |en ChPT a next-to-leading-order y
a temperatura �nita| que la susceptibilidad pseudoescalar es proporcional al
condensado de quarks, y tiende a reproducir de modo mucho m�as parecido el
comportamiento cr��tico predicho por las simulaciones en el ret��culo que el que se
obtendr��a si se asume la saturaci�on del correlador pseudoescalar por el inverso
de la parte real de la auto-energ��a para el pi�on calculada a trav�es de ChPT
(�P � 1=M2

� (T )).

Para comprobar este patr�on en un contexto m�as amplio que el de la Teor��a
Quiral efectiva, hemos procedido a a trav�es de dos medios distintos. Por un lado,
hemos recopilado datos para las masas de apantallamiento en el canal pseudo-
escalar y el condensado de quarks sustra��do, procedentes de simulaciones en el
ret��culo bajo las mismas condiciones [126, 127]. Asumiendo que estas masas de
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apantallamiento se comportan |por debajo del valor de temperatura cr��tico de
restauraci�on quiral| como las masas asociadas al polo del correlador pseudoes-
calar comprobamos que la relaci �on entre la susceptibilidad pseudoescalar y el
condensado se cumple de modo satisfactorio tambi�en para estos resultados en el
ret��culo.

Este resultado explica tambi�en tambi�en el r�apido crecimiento observado [126]
para el cociente Msc

P (T )=M
sc
P (0) de las masas de apantallamiento asociadas al ca-

nal pseudoescalar (puesto que �este es inversamente proporcional al cocienteD
�qq
E
0
=
D
�qq
E
T
); y permite reproducir el escenario de degeneraci�on para las dos

susceptibilidades estudiadas. Este enfoque permite adem�as ver que ambas sus-
ceptibilidades, a diferencia de lo que suced��a en el c�alculo enChPT, permanecen
degeneradas incluso para temperaturasmayores a la temperatura cr��tica en [126].

El segundo m�etodo que hemos aplicado consiste en la utilizaci �on de UChPT
y, por tanto, en la implementaci�on de los efectos asociados a las resonancias
m�as ligeras. Asumiendo que la part��cula escalar intercambiada en la dispersi �on
de piones a momento nulo (tal y como exige la de�nici �on de susceptibilidad)
corresponde exclusivamente a la f0(500), y que su masa queda absolutamente
determinada por la parte real del polo t�ermico del canal escalar |calculado a
trav�es del IAM a un loop|,obtenemos unm�aximopara la susceptibilidad escalar
a una temperatura de 157 MeV, compatible con las predicciones del ret��culo y
que est�a ��ntimamente relacionado con el car�acter no estrecho de la �=f0(500).

Para encontrar la degeneraci�on entre las susceptibilidades escalar y pseudo-
escalar, necesitamos asumir que la relaci �on entre �esta �ultima y el condensado
se sigue cumpliendo en la Teor��a Unitarizada. Adem�as |debido a que no dis-
ponemos de informaci�on que nos d�e una idea del comportamiento cr��tico del
condensado en el l��mite quiral| es necesario asumir que la variaci �on t�ermica
del mismo es |a este orden, y tal y como sucede, por ejemplo, a un loop en
ChPT| proporcional al cociente T=M. El resultado es que la intersecci �on entre
ambas susceptibilidades se produce unos 20 MeV por encima de la temperatu-
ra asociada al m�aximo de la susceptibilidad escalar unitarizada, aunque en este
caso no permanecen iguales por encima de esta temperatura, donde nuestras
extrapolaciones son ya demasiado extremas.

Respecto al cap��tulo 3: hemos calculado, participando delmismo enfoque efec-
tivo que en el resto de esta memoria, las correcciones a la auto-energ��a de un
gas de piones fuera del l��mite quiral a temperatura �nita debidas al intercambio
de fotones virtuales. Los resultados para la parte real e imaginaria son �nitos,
independientes de la escala y dependientes en el tri-momento externo como re-
sultado de la existencia de un sistema de referencia privilegiado solidario con el
ba~no t�ermico.

Usando, para los c�alculos, los mismos valores num�ericos que en la publicaci �on
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2.1.1, y de�niendo la masa del pi�on a leading order como la parte real de la auto-
energ��a en el l��mite est�atico (tri-momento externo nulo) hallamos que la masa de
los piones cargados y neutros, as�� como la diferencia entre ellos, sufre peque~nas
modi�caciones t�ermicas respecto al valor su temperatura cero. La diferencia de
masas electromagn�etica es suavemente creciente para piones fuera del l��mite
quiral (incluso asumiendo l��mite quiral intr��nseco y conservando correcciones
de carga a nivel �arbol), y llega a ser hasta un 24%mayor que el valor a temperatura
cero para T � 150MeV.

Este crecimiento para la diferencia de masas es cualitativamente opuesto al
obtenido en otras publicaciones en el l��mite quiral [168], donde de hecho tiene
car�acter decreciente con la temperatura. La inclusi �on de pionesmasivos da lugar
a un escenario m�as realista que el l��mite quiral en cuanto a la descripci�on del gas
de piones que se forma en las Colisiones Relativistas de Iones Pesados, debido
a que la temperatura del sistema no llega a cumplir nunca la condici �on T >>
M� , que determina la regi�on t�ermica en la que el l��mite quiral tiene capacidad
predictiva.

Una de las conclusiones m�as importantes de este trabajo ha sido comprobar
que el t�ermino de apantallamiento de tipo Debye |t��pico t�ermino de revesti-
miento electromagn�etico de un escalar| es capaz de oponerse a la tendencia
hacia la restauraci�on quiral que se esperar��a si la regla de suma (3.1) que conec-
ta la diferencia de masa electromagn�etica de piones con la diferencia entre las
funciones espectrales de los canales vectorial y axial fuera aplicable.

La diferencia de masas, promediada a tri-momentos, aunque indistinguible
de la diferencia calculada en el l��mite est�atico, experimenta un crecimiento m�as
suave al llegar a los 100 x 150 MeV, y comienza incluso a decrecer |si se ex-
trapolan los resultados hacia regiones t�ermicas fuera del alcance predictivo de
ChPT|, acerc�andose m�as r�apido al comportamiento esperado en el l��mite de
altas temperaturas, M�=T , donde el l��mite quiral proporciona una descripci �on
adecuada.

La parte imaginaria presenta un comportamiento mucho m�as interesante
puesto que nuestros c�alculos dan lugar a una nueva contribuci�on absortiva que
no ha sido presentada antes a este orden en el contexto de la Teor��a Quiral.
En efecto, al calcular la parte imaginaria de la auto-energ��a en el r�egimen de
peque~nas oscilaciones del plasma para piones fuera del l��mite quiral, encontra-
mos una contribuci�on puramente t�ermica procedente del diagrama de photon-
exchange. Esta contribuci�on es lineal en la temperatura, nula para p! 0 y tiende
asint�oticamente al valor 
(p!1; T ) = e

2
T=4� .

Es importante notar que el resultado ha sido obtenido a partir de un c�alculo
en el gauge de Coulomb, para el que s�olo los grados de libertad f��sicos del fot�on
contribuyen y est�an, por tanto, en equilibrio t�ermico. Aunque hemos demostra-



180 Conclusiones

do que la parte imaginaria es invariante bajo cambios de gauge covariantes, el
resultado para la anchura en estos gauges no est�a bien de�nido, como ya ha sido
descrito en otros trabajos [171,172].

La comparaci �on de la anchura t�ermica promediada en tri-momentos con la
anchura obtenida en ChPT al orden siguiente (y procedente exclusivamente de
procesos de dispersi �on en el ba~no t�ermico [166]) indica que esta nueva contri-
buci�on es dominante hasta temperaturas de hasta unos 50MeV. A partir de esta
temperatura la anchura debida a dispersi �on de piones es mani�estamente mayor,
llegando a ser hasta ocho veces mayor a unos 80MeV.

Esta contribuci�on a la anchura podr��a inducir correcciones sobre el c�alculo
de la conductividad el�ectrica y las viscosidades de cizalla y volumen. Utilizando
los valores unitarizados [166] para los promedios en tri-momentos de la anchura
t�ermica en ChPT y usando nuestros n �umeros para la anchura electromagn�etica
encontramos diferencias de alrededor de un 10% para una temperatura de entre
80 y 100 MeV, rango de temperaturas para el que la expansi�on en el plasma
relativista resultante de la Colisi �on de Iones Pesados cesa (freeze-out t�ermico).
Respecto a la variaci �on en los tiempos de freeze-out t�ermico: nuestras estimaciones
dan lugar a una diferencia de temperaturas de unos 2MeVpara las distribuciones
de piones cargados y neutros.

Asimismo hemos estudiado la validez de la extensi�on simplista fuera del l��mi-
te quiral y a temperatura �nita de la regla de suma V xA que relaciona (en el
l��mite quiral y a temperatura cero) la diferencia de masas electromagn�etica de
los piones con la diferencia entre las funciones espectrales asociadas a los canales
vectorial y axial. El resultado al que hemos llegado es que esta regla de suma,
per se, no es directamente aplicable cuando se consideran piones masivos y efec-
tos de temperatura �nita. Sin embargo s�� puede modi�carse para dar cuenta de
estas correcciones a trav�es de la incorporaci�on de los t�erminos a que da lugar el
diagrama de photon exchange y unas correcciones t�ermicas multiplicativas para
las contribuciones de tipo V xA.

El efecto de la consideraci�on de piones masivos contribuye a la ampli�ca-
ci �on de la diferencia electromagn�etica de las masas de los piones, por lo que el
comportamiento tendente a la restauraci�on quiral que se observaba en el l��mi-
te quiral queda emborronado. No es posible, por tanto, reconocer un efecto de
restauraci�on quiral asociada a la diferencia de masas de los piones cargados y
neutros a temperatura �nita para piones masivos.

Finalmente, con el �n de comprobar la robustez de los resultados de ChPT
para la diferencia de auto-energ��as de los piones cargados y neutros hemos cal-
culado este observable utilizando un modelo de intercambio de resonancias y
asumiendo saturados los canales axial y vectorial por la a1(1260) y la �(770), res-
pectivamente. En este contexto encontramos que las contribuciones resonantes
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se activan a una temperatura de unos 170x 200 MeV y son num�ericamente pe-
que~nas comparados con los valores obtenidos mediante ChPT. Esto indica que
los resultados model-independent de la Teor��a Quiral son estables frente a la in-
corporaci�on de resonancias, lo que permite pensar en una validez mayor y m�as
contrastada de los resultados de ChPT.

Adem�as, hemos comprobado que las partes imaginarias asociadas a algunos de
los diagramas resonantes que contribuyen a la diferencia de auto-energ��a est�an
exponencialmente suprimidas y son subdominantes frente a la anchura t�ermica
electromagn�etica que ya calculamos previamente.

Por �ultimo: el t�ermino x4Ze2g1(T;M� ) y el correspondiente a la diferencia
g1(T;M~

� ) x g1(T;M0
� ), que se obtienen en ChPT a partir de diagramas de tipo

tadpole que involucran piones y que est�an directamente relacionados con la res-
tauraci �on de la simetr��a quiral, no pueden conseguirse exclusivamente a partir
de usar el modelo de resonancias a leading order, lo que pone de mani�esto la
inequivalencia de los contajes asociados a la Teor��a Quiral de Perturbaciones y
al modelo de resonancias, donde de hecho el �unico contaje que nos ha permitido
clasi�car formalmente los diagramas se basa en gran NC.





5
Resumen en ingl�es

T
he fundamental aim of this research has been the study of the thermal pro-
perties of Goldstone Boson's gases through the e�ective approach provided

by Chiral Perturbation Theory, extended |wherever needed| via unitariza-
tion methods and auxiliar models in order to accomodate to their predictions
the e�ect of the inclusion of the lightest resonances in diverse channels.

In the �rst part of this thesis (chapter 2) we have studied the e�ects of the in-
clusionof isospin symmetrybreaking terms|both intrinsic and electromagnetic|
on the order parameters associated to chiral symmetry restoration, specially on
the light quark condensates and on the strange condensate |when considering
the non vanishing strangeness sector|.

At zero temperature our results show that comparing the systematic calcu-
lation of these e�ects in SU(3)xChP T and in the scheme used in [121] |which
includes the symmetry breaking via mass terms violating Dashen's Theorem|
results into di�erences of 2% in the case of light quark condensates, and up to
4% in the strange one. This shows that, although relatively small, the di�erences
between considering properly all the low energy constants through an e�ective
approach based on the chiral lagrangian is important if one takes into account
the precision of the results given in that work [121].

Our assumption of the ferromagnetic-like response hypothesis for the va-
cuum |in addition to a suitable speci�cation of the splitting prescription bet-
ween the EM and non-EM parts in the calculation of the quark condensates|
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is the origin of the diverse lower bounds we have found for the combination of
electromagnetic low energy constants (EM LECs) appearing in the calculation
of the total quark condensate, both in SU(2)xChP T and SU(3)xChP T .

We have checked that these bounds are satis�ed for each and every value of
the relevant EM LECs we have found on the specialized literature (obtained by
the use of di�erent theoretical tools); and are more restrictive in the case of three

avours than in the two-
avour sector, but also less reliable due to the distortion
caused in the chiral series by the presence of the strange quark mass.

The state-of-the-art concerning the low energy constants in the literature is
|to the best of our knowledge [130{134]{ scarce, specially in the two-
avour
sector.

Integrating out the strange quark by means of an expansion in inverse po-
wers of itsmass, we have related the combination of low energy constants in both
the theory of two and three 
avours at the expense of introducing an explicit de-
pendence in terms with Goldstone boson masses. Nevertheless |due to the fact
that the separation of the contributions from electromagnetic and non electro-
magnetic contribution in anyobservable is always ambiguous [108,131,133,139]|
it doesn't exist one unique and general prescription that allows to disentangle|
to any order in ChPT| the contributions of the EM LECs from the non-EM
LECs.

At �nite temperature the total condensate receives |in SU(2) as well as in
SU(3)| little corrections because of the violation of the isospin simmetry. These
give rise to a larger critical temperature, about a 1% more, with respect to the
isospin limit one. Although this is a small modi�cation, it is produced in the
expected direction, in the sense that it is consistent with the ferromagnetic
response hypothesis assumed in the calculation of the bounds relating the EM
LECs relevant in this calculation.

With respect to the order parameter of the isospin symmetry breaking |
related with the vacuum asymmetry| we have shown that it doesn't receive
thermal corrections for two-
avour ChPT, while in SU(3) x ChP T it su�ers
from a soft enhancement through a cuadratical dependence in the temperature
over the eta mass, vid. (mu xmd)

T 2

M2
�
. Although these corrections are signi�cant

at high enough temperatures, they are controlled by a mass scale much bigger
than that caracteristic scale of the chiral symmetry breaking order parameter,
1=F 2

� .

The di�erences (� 1%) between consider or not isospin breaking e�ects
at zero temperature in the light quark condensate and also in the strange one
indicate that they can be ignored, since they are small when comparing with the
uncertainties associated to lattice calculations [125].
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In spite of this, there exist observables forwhich isospin breaking corrections
are important, from a formal point of view as well as regarding a numerical pers-
pective. This is indeed the case of quantities vanishing in the isospin limit like,
for example, the isospin breaking order parameter, < �uux �dd>, or the vacuum
asymmetry de�ned from the latter and that gives corrections, at zero tempe-
rature, that go from 15% up to 24%, depending on which bound |upper or
lower| we use for the natural approximation of the EM LECs values.

There exist also important modi�cations to the sum rule [31] relating the
ratios < �dd>=< �uu > and < �ss > =< �uu > |both free of contact terms|, for the
electromagnetic breaking e�ects (calculated in this work for the �rst time) are
formal and numerically sizeable with those of the intrinsic breaking.

This sumrule canbe extended in a naturalway to �nite temperature. Because
of the fact that the corrections to the ratio < �uu> = < �dd> are important for
intermediate temperatures, the modi�cations to this sum rule are also signi�cant
in the very same thermal range (for example, they are of about 20% at T � 100
MeV, with respect to the zero temperature value) and become formally sizeable
to the zero temperature value for larger temperatures |although we are not
allowed to extent our ChPT calculation in such a manner and these results
must be taken as qualitative extrapolations|.

We have also related the electromagnetic corrections to the total quark con-
densate in the two-
avour theory with the di�erence �(T )SU(2) x �(0)SU(2) for
the total scalar susceptibility through a sum rule measurable directly in latti-
ce [86, 147]. The qualitative extrapolation of the results provided by this sum
rule towards temperatures near the critical restoration value allow to infer an
important growth of the e�ects due to electromagnetic breaking on the con-
densate, bearing in mind the behaviour supposed for the scalar susceptibility
near the transition. For the three-
avour theory it is also possible to conclude
that |although the interpretation is not as clear as in the latter case| the co-
rrections to the total condensate are also dominated by the scalar susceptibility.
This is due to the thermal suppresion of the strange quark e�ects by means of
Boltzmann exponentials.

This sum rule also connects our results with those obtained via the stagge-
red formalism in lattice calculations. Since the mass of the spureous copies of
Goldstone bosons produced there are corrected with the lattice spacing in the
same manner as electromagnetic corrections enter at tree level in the mass of
the pions and etas in ChPT, our sum rule allows to compare our results for
the condensates in the continuum with the ones obtained in lattice using stag-
gered actions. Furthermore, the extrapolation of our results indicates that the
corrections of taste-breaking e�ects are susceptible of being enhanced in the
neighbourhood of the critical restoration temperature.
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The calculation of the chiral scalar susceptibilities to one loop in SU(3)xChP T
leads to the obtention of the so-called connected and disconnectes susceptibili-
ties, quantities that |with the total scalar susceptibility| are of common use
in lattice simulations.

In this work, we have shown that the consideration of a scenario that in-
cludes isospin breaking in a consistent way is fundamental for the obtention
of the dominant contributions of the connected and disconnected susceptibili-
ties. These results allow to �nd their scaling with the light quark mass and the
temperature, which turns out to be very important in order to explain certain
anomalous behaviours of these quantities when using staggered actions. It is,
then, essential to warn about the fact that considering just one 
avour could
lead to an oversimpli�ed interpretation of the problem. Indeed, assuming just
one susceptibility associated to a just one light quark |i.e. taking the isospin
limit from the very beginning| does not give the dominant contribution for
the connected susceptibility and, also, leads to important di�erences when cal-
culating the numerical value of the total susceptiblity (quanti�ed as a 30% at
zero temperature, and up to a 10% in the relative di�erence with respect to its
thermal substracted value).

The analysis of the infrared regime (m̂<<ms;M�<<T <<MK;�) turns out to be
very useful for the study of the scalings of the di�erent susceptibilities with the
light quark mass and the temperature.

The continuum calculation we have made satis�es previous predictions [145]
for the divergent part of the connected and disconnected susceptibilities in the
chiral limit, and complement themwith non vanishingmesonmasses, indicating
that the �nite part of �con(T ) doesn't vanish in the isospin limit. This has allowed
us tomake an interpretion of its scaling properties at �nite temperature and near
the chiral limit by means of its relation to the �0x� mixing.

The results in the infrared regime have allowed us to infer that the criti-
cal behaviour we would expect for the disconnected piece of the susceptibility
should be more pronounced than that of the connected one. Along these same
lines, it is natural to associate this behaviour to the nature of each observable.
Indeed, the connected susceptibility measures 
uctuations of the order parame-
ter of the isospin symmetry breaking, while the disconnected piece measures
the 
uctuations of the chiral restoration order parameter, vid. the total quark
condensate.

In spite of its undoubted formal usefulness when it comes time to describe the
scaling of the di�erent susceptibilities, our calculations show that the dominant
terms in the infrared regime are not a good numerical approximation when
using physical masses for the di�erentmesons due to the order of the corrections
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neglected. This is why we think our sistematic analysis out of the chiral limit
gives a very useful information about this issue.

In the third section of chapter 2, we have gone in detail about the study of
chiral susceptibilities, specially about the scalar |previously de�ned| and the
pseudoscalar ones.

Through the analysis of the degeneration pattern of the latter in the context
of two-
avourChPT in the isospin symmetric limit,wehave shown the existence
of a possible chiral restoration scenario at a temperature slightly lower (0;9TC)
than the critical temperature at which the chiral condensate vanishes. At low
temperatures and energies, it is reasonable to suppose the behaviour of those
correlators to be saturated by the particles with the quantum numbers of the
corresponding channel; so this scenario leads to a mass degeneration of the
f0(500)=� and the pion.

Moreover, we have also con�rmed that |up to next-to-leading-order ChPT
, and at �nite temperature| the pseudoscalar susceptibility is proportional to
the quark condensate, and tends to reproduce lattice critical results in a manner
more satisfactory than that consisting in saturating the pseudoscalar correlator
by a pion state (�P � 1=M2

� ).

To check this relation in a wider context, we have proceed in two di�e-
rent ways. First, we have compiled data for screening masses in the pseudos-
calar channel and substracted quark condensates from the same lattice calcu-
lations [126, 127]. Assuming this screening mass to behave |below the critical
restoration temperature| as the pseudoscalar pole mass (and assuming also that
this one is saturated by a pion state), we have checked that the relation between
the pseudoscalar susceptibility and the quark condensate is well ful�lled also for
these lattice data.

This result explains, too, the fast growth observed in the pseudoscalar scree-
ning mass quotient Msc

P (T )=M
sc
P (0), and allows to reproduce the degeneration

scenario for scalar and pseudoscalar susceptibilities. Furthermore, this approach
shows that |contrary to what happened in the ChPT calculation| both sus-
ceptibilities remain degenerated even for temperatures greater than the critical
temperature given in [126].

The second way we have choosen to check our results, is the use of UChPT
and, therefore, the dynamic implementation of the e�ects associated with the
lightest hadron resonances. Assuming the scalar particle exchanged in pion scat-
tering at zero momentum (such as the de�nition requires) to be the f0(500), and
that its mass is completely �xed by the real part of the thermal pole in the sca-
lar channel calculated via one-loop IAM, we have obtained a maximum for the
scalar unitarized susceptibility at 157MeV, completely compatible with the pre-
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dictions provided by lattice calculation and essentially due to the non-narrow
character of the f0(500)=� .

To �nd the degeneration pattern in this context, we have to assume that the
relation between the pseudoscalar and the scalar susceptibilities is also satis�ed
in the Unitarized Theory. Furthermore |because we do not have information
about the critical behaviour of the quark condensate in the chiral limit| we
have to assume, in addition, that the thermal variation of the condensate goes
proportional to T=M|which is indeed ful�lled in one-loopChPT|.With these
assumptions in mind, the result we get is that the intersection between the
susceptibilities occurs at a temperature 20 MeV greater than the temperature
associated to the unitarized scalar susceptibility maximum, although in this
case they do not remain degenerated above the critical temperature, where our
extrapolations are not so reliable.

With respect to the conclusiones of chapter 3: we have calculated, within the
same e�ective approach followed in the previous sections of this memory, the
correction to the self-energy of a pion gas out of the chiral limit and at �nite
temperature due to the exchange of virtual photons with the thermal bath. The
results for the real and the imaginary part are all �nite, independent of the chiral
renormalization scale and do depend on the external tri-momentum as a result
of the existence of a special reference frame associated with the thermal bath.

Using, for numerical purposes, the very same numerical values as in publi-
cation 2.1.1, and de�ning the pion mass at leading order as the real part of the
self-energy in the static limit, we found that neutral and charged pion masses,
as well as the di�erence between them, su�er from little thermal modi�cations
with respect to their zero temperature value. The di�erence grows smoothly
with temperature for massive pions, being a 24% greater than the zero tempe-
rature value at T � 150MeV.

This growing behaviour for the mass di�erence is qualitatively opposite to
that obtained in other chiral-limit calculations [168], where it decreases with
temperature.The inclusion ofmassive pions gives rise to amore realistic scenario
than the chiral limit in the context of RHIC, since the temperature of such a
system is never reaching the condition T >>M� , which determines the thermal
region where the chiral limit is supposed to be predictive.

One of the main conclusions of this work has been to check that the Debye-
screening-like term for the mass |a typical EM dressing mass of a scalar| is
able to face the tendency towards chiral symmetry restoration one would expect
if the sum rule (3.1) |connecting the electromagnetic mass di�erence of pions
with the di�erence of the spectral functions associated with the axial and vector
channels| were suitable to be applied also at �nite temperature and out the
chiral limit.
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The tri-momentum-averagedmass diference, although indistinguisable from
the di�erence calculated in the static limit, develops a smoother growth at a
temperature of about 100x 150MeV, and even starts to decrease |if results are
extrapolated to thermal regions far away from the predictive power of ChPT|
, reaching quicker the behaviour expected in the high temperature regime
(M�=T ! 0), where the chiral limit is believed to be a good description.

The imaginary part presents a much more interesting behaviour since our
calculations give rise to anewabsortivepart,which|to thebest of our knowledge|
has never been published yet in the context of ChPT. Indeed, when calculating
the imaginary part of the self-energy in the small oscillations limit of the plas-
ma for pions out of the chiral limit, we �nd a pure thermal contribution coming
from the photon-exchange diagram. This contribution goes like � T , vanishes
for vanishing external pion tri-momentum and goes like 
(p!1)! e

2
T=4� , when

p goes to in�nity.

It is important here to note that our result has been obtained in the Coulomb
gauge, in which only the physical degrees of freedom of the photon are taken
into account and, therefore, assumed in thermal equilibrium. Although we have
demonstrated that this imaginary part is covariant-gauge invariant, the result
in these kind of gauges is sometimes ill-de�ned, as already described in other
previous works [171,172].

The comparation of the thermal width averaged in tri-momenta with respect
to the next-to-leading-order width obtained in ChPT indicates that this new
EM contribution is dominant up to temperatures of about 50MeV. From there,
the width associated with pion scattering in the thermal bath starts to dominate,
becoming approximately eight times greater at a temperature of about 80MeV.

This EM contribution to the thermal width may induce corrections on the
calculation of the electrical conductivity and the sehar andbulkviscosities.Using
the unitarized values [166] for the tri-momentum averaged thermal widths and
our results for the EMwidth we �nd di�erences of about 10% for a temperature
of 80x100MeV, thermal range for which the expansion of the relativistic plasma
produced in the RHIC ceases (thermal freeze-out). Our estimations also show
up thtat a di�erence of 2 MeV in the thermalisation time (thermal freeze-out
temperatures) for charged and neutral pions must be expected.

Moreover, we have studied the validity of the naive extension out of the chiral
limite and at �nite temperature of the V x A sum rule relating (in the chiral
limit and at zero temperature) the electromagnetic mass di�erence of piones
with the di�erence of the spectral functions associated to the vectorial and axial
channels. The result we show is that this sum rule, per se, is no longer valid when
considering massive pions and must be modi�cated.
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The e�ect of including massive piones contributes to the enhancement of
the electromagnetic mass di�erence of the pions, so the chiral restoring beha-
viour we observe in the chiral limit turns out to be smeared. It is not possible,
then, to recognize any chiral restoration e�ect in the charged-neutral pion mass
di�erence at �nite temperature when considering massive pions.

We have also used a resonance exchange model coupling the lightest reso-
nances in the axial and vector channels (i.e. the a1 and the �, respectively) with
photons and pions in order to check if there are important resonant corrections
in the regime of applicability of ChPT. It is important to stress that all the calcu-
lations in this model have been carried out to leading order because of the lack of
a numerically reliable counting scheme besides large-NC-based arguments that
allow us to separate formally the di�erent diagrams.

We have found that altough resonant corrections do exist, they activate ther-
mally at a temperature of about 170x200MeV and are numerically smaller than
theChPT results. Themodel-independent results provided byChPT are, then,
stable with respect to the inclusion of resonances in the sense that there are no
important modi�cations within its applicability thermal range.

Finally, we have checked that the imaginary part associated to some of the
resonant diagrams contributing to the mass di�erence are exponentially sup-
pressed and subdominant with respect to the electromagnetic thermal width
calculated before.



Fe de errores y erratas

Se hacen constar las siguientes erratas y errores:

§ En la publicaci �on 2.2.1, p�agina 8; donde dice

r (T )SU(3) x r (0)SU(3) = 1+
Ce2

F 4

�
2g2(M�~ ; T ) + g2(MK~ ; T )

�
+ O(e4);

debe decir

r (T )SU(3) x r (0)SU(3) =
Ce2

F 4

�
2g2(M�~ ; T ) + g2(MK~ ; T )

�
+ O(e4):

§ En la publicaci �on 3.1.2, p�agina 340, pen �ultimo p�arrafo; donde dice

For the �rst two ones we get M2
�;Tadpoles =

M̂2

�0

2F 2 x4Ze2g1(M2
�~ ; T ) and (...)

debe decir

For the �rst two ones we get M2
�;Tadpoles=

�
M̂2

�0

2F 2 x4Ze2
�
g1(M2

�~ ; T ) and

(...)

§ En la misma publicaci �on 3.1.2, las �guras 4 y 5 no se corresponden con las
expresiones anal��ticas para las masas de los piones cargados y neutros. Estas
�ultimas, no obstante, s�� son correctas. Las gr�a�cas correctas pueden encon-
trarse, por ejemplo, en la �gura 2 de [175].
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