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Nota sobre la terminologia

scribir una memoria de investigacién cientifica en castellano reporta nu-
E merosas satisfacciones: por un lado, escribir en la lengua materna de uno
mismo es siempre mas comodo y permite mds capacidad de flexionar el signifi-
cado para otorgar a los escrito una variedad de matices que, personalmente, no
podria cubrir escribiendo en cualquier otra lengua. Sin embargo, como en todo,
esta eleccion trae asociada consigo ciertas responsabilidades. De entre ellas, creo
que la que mas me ha preocupado durante la redaccion de esta memoria es el
problema de la traduccién de términos.

Resulta indudable que, hoy por hoy, el inglés es el idioma en el que se trans-
mite el conocimiento cientifico en todo el mundo, por lo que no es casual que
practicamente todo el léxico técnico pertenezca a esta lengua. La conveniencia
de una traduccion literal o, por el contrario, la inclusiéon desmedida de présta-
mos plantea un falso dilema que los representa como mutuamente excluyentes.
A pesar de ello, después de probar las dos opciones —y buscando una suerte de
punto medio— he creido conveniente mezclar ambas propuestas. El fundamento
de esta decision reside en el intento de buscar, por un lado, la familiaridad del
lector con los vocablos anglosajones presentes de manera practicamente ubicua
en la literatura; y, por otro, la homogeneidad con respecto a términos de impor-
tancia fundamental en las publicaciones que presento, escritas integramente en
inglés.

De este modo escribiré Cromodinamica Cuantica, Teoria Quiral de Pertur-
baciones 6 Método de la Amplitud Inversa, por ejemplo, como traducciones li-
terales de Quantum Chromodynamics, Chiral Perturbation Theory e Inverse Amplitude
Method, respectivamente; pero mantendré la representacion anglosajona a la hora
de enunciar las siglas por las que se conocen', vid.: QCD, ChPT e IAM, asi como
préstamos de uso consuetudinario como gauge o lagrangiano. Incluso seguiré con-
servando el término workshop en lugar de hablar de talleres.

Con este mismo espiritu tomaré a modo de préstamo muchas otras palabras
técnicas, como por ejemplo los numeros cuanticos de sabor asociados a los quarks®.

' Seflalando, por supuesto, su cardcter de préstamo mediante el uso de tipografia oblicua.
* Palabra que, por ubicua y genuina, respetaré hasta el punto de no poner en cursiva.
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Escribiré entonces quark up, quark down y quark strange, en lugar de optar por
la traduccioén literal. Este mismo criterio lo aplicaré al nombre de formalismos
y expresiones concretas como staggered o model-independent, que de otro modo
podrian dar una idea no demasiado concreta y desenfocada en relacion con la
literatura especializada. Como toda regla tiene sus excepciones, a lo largo de la
memoria el lector podra comprobar la presencia de las palabras isoespin, pién, o
pionio; e incluso expresiones como a nivel drbol, traduccion completamente literal
del tree level inglés.

Reconozco que la justificacion que puedo ofrecer para estos casos dista de ser
completamente racional o sistematica: las escribo de esta manera a causa de la
costumbre, o por alguna conveniencia fonética que sera, las mas de las veces,
fuertemente dependiente del observador.

Quiza la expresion mas llamativa —por infrecuente en la literatura técnica
actual— sea aquélla de aforar una simetria global, en alusién al proceso a través del
cual la accion de los elementos de un grupo asociado a una simetria global de-
pende ahora de las coordenadas espacio-temporales. La introduccién del campo
semantico asociado a gauge se basa en una traduccion libre de la voz alemana
eichinvarianz al inglés hecha por H. Weyl a principios del siglo pasado al con-
siderar transformaciones de la métrica dependientes del punto. El intento por
respetar el concepto original asi como de evitar una castellanizacion forzada me
lleva a creer que, de entre todas las opciones traducidas que he tenido la ocasion
de consultar, nuestro aforar3 es una buena manera de referirse al significado que
encierra la expresidon inglesa to gauge a group.

Sirva entonces esta nota como descargo y anuncio de un cierto eclecticismo
léxico que espero no conlleve mas dificultades que las meramente estéticas.

3 Segun RAE.: ajustar las indicaciones de un instrumento de medida con los valores de una magnitud.
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Introducciéon

L objetivo de este capitulo es el de ofrecer un breve sustento teérico a los
E contenidos y técnicas mas signiﬁcativas que han sido utilizados en la ela-
boracién de las publicaciones recogidas en los siguientes capitulos.

He agrupado los puntos a tratar en cuatro secciones pertenecientes a un unico
capitulo titulado Interaccion Fuerte a baja energia y simetria quiral. En la primera
seccion expondreé las principales caracteristicas del espectro de hadrones ligeros
tal y como se conoce en la actualidad, junto con las herramientas de clasificacion
y catalogacién que son de uso ubicuo en la fisica de particulas; asi como el patrén
de ruptura de la simetria quiral en la Cromodindmica Cudntica (QCD).

Posteriormente sefialaré los fundamentos teoricos en los que se basa la Teoria
Quiral de Perturbaciones (ChPT), y después introduciré los temas fundamen-
tales que constituyen el leitmotiv de esta memoria, a saber: la implementacion de
efectos de ruptura de isoespin y la evolucion de éstos a temperatura finita.

Alolargo de estos dos epigrafes expondré, también y de modo breve, distintos
métodos usados en la investigacion que da lugar a esta memoria en relacién con
la incorporacion de fisica de resonancias, i.e. el llamado Método de la Amplitud
Inversa (IAM) y el modelo de acoplo de resonancias de espin 1 al lagrangiano
quiral.



2 Introduccién

Interaccion Fuerte a bajas energ{as
y simetria quiral

1.1.1 QCD a bajas energias y simetria quiral

QCD es, hoy por hoy, la teoria comunmente aceptada y usada para la des-
cripcion a través de campos locales del sector de Interaccion Fuerte en el Modelo
E.standar.

Durante los afios cincuenta se reconocia ya una plétora abundante de ha-
drones que mostraban —gracias a la aparicion de factores de forma en procesos
como la dispersién eldstica efe™— la existencia de una cierta subestructura en
ellos. Sin embargo, la constante de acoplo necesaria para explicar estos procesos
a través de una descripcion en términos de una Teoria Cudntica de Campos era
demasiado alta para permitir una expansion en serie perturbativa al uso. Duran-
te los afios setenta, la idea de que existian bloques fundamentales —o quarks—
a partir de los que estaban formados todos los hadrones comenzo a ganar adep-
tos, al menos desde un punto de vista formal y con vistas a la catalogaciéon del
espectro de particulas conocido [1,2].

Hoy en dia estos bloques constituyentes son interpretados como grados de li-
bertad fisicos de una teoria gauge no abeliana renormalizable: la Cromodinamica
Cudntica. Esta teoria posee ocho bosones gauge vectoriales sin masa correspon-
dientes a cada uno de los ocho generadores del grupo gauge SU(3) de color. En
ella los quarks son fermiones de espin !/2 que se transforman como los multipletes
a los que da lugar la representacién fundamental de dicho grupo. Existen seis
tipos de quarks o sabores diferentes: up, down, strange, charm, beauty y top, que se
transforman como tripletes bajo SU(3), aunque los tltimos tres son considerados
pesados y no juegan un papel relevante en el rango de energias que nos ocupara a
lo largo de esta memoria puesto que sus efectos pueden ser desacoplados [3] al
estudiar el sector mesénico de baja energia.

QCD se encuentra respaldada ampliamente por evidencias experimentales
en procesos de colisiones fuertemente inelasticas hadrén-leptén, produccion de
hadrones en aniquilacién e*e™ y procesos de tipo Drell-Yan', e implementa dos
caracteristicas fundamentales de la interaccion fuerte, a saber: confinamiento y
libertad asintética.

La libertad asintética aparece en fenomenos de muy alta energia, donde los

* Consultar, por ejemplo [, 5].
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quarks interactian muy débilmente. Fue descubierta en los afios setenta por D.
Politzer, F. Wilczek y D. Gross [6-8], cuyos trabajos les valieron el premio Nobel
de Fisica en 2004. La interpretacion fisica de este mecanismo puede efectuarse
a través del anti-apantallamiento que se produce debido a la auto-interaccion de
los gluones, opuesta al apantallamiento provocado por los pares Gq [g]. Es, por
tanto, una propiedad inherente al caracter no abeliano de la teoria.

El confinamiento es el responsable de que a bajas energias los quarks se en-
cuentren ligados formando hadrones. Aunque se han propuesto numerosos es-
cenarios teodricos®. todavia no ha sido demostrado analiticamente. Su existencia,
sin embargo, es ampliamente aceptada debido a dos razones: hasta el momento,
no se han encontrado estados de quarks o gluones libres; y parece aparecer de
forma natural en modelos basados en simulacién en reticuloss.

QCD presenta —como teoria gauge renormalizable en cuatro dimensiones con
libertad asintética [12,13]— una dependencia en la constante de acoplo, g, res-
pecto a la escala de energias o transferencia de momento. El cardcter no abeliano
de la teoria es precisamente el que hace que la constante de acoplo tienda a cero
a altas energias. A un loop, la funcién 3 en QCD toma la forma

d > (11 2
/3(/1):,U gifl) :_(fﬂ)Q <8NC_8Nf)+O(g5), (11)

donde N¢ y Ny representan el numero de colores y de sabores en la teoria.

Para Nc = 3 y Ny < 16, la solucion de esta ecuacion hace que la constan-
te de acoplo vaya como la inversa del logaritmo de la escala de energia cuando
ésta tiende a infinito, implementando asi la libertad asintética y permitiendo
una expansién en serie de potencias respecto a la constante de acoplo g(¢?) pa-
ra fenémenos de alta energia (alta transferencia de momentos: energias tipicas
superiores a 1 GeV 0, si se quiere ver de otro modo, distancias cortas de aproxi-
madamente r < 0.1 fm).

Cuando la escala de energias decrece, la constante de acoplo aumenta impi-
diendo un tratamiento perturbativo en potencias de g(?). Los llamados procesos
de baja energia (energias menores de 1 GeV, distancias grandes r > 1 fm) son
fenodmenos con baja transferencia de momento, o que involucran propiedades
hadroénicas como la masa, la temperatura, anchuras de resonancia, longitudes de
dispersion, etc. en el régimen de baja energia. Han de ser estudiados median-
te técnicas no perturbativas, principalmente a través de modelos efectivos que
incorporan las simetrias relevantes del lagrangiano de QCD, o mediante simula-
ciones en el reticulo.

* Puede acudirse a [10] para saber mds a este respecto.
3 Consultar [11] para una revision mas pormenorizada de esta cuestion.
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Sabor up down strange

Masa 18—83.0MeV 45-55MeV 90-100 MeV
Carga 2/3 —1/3 —1/3
Hipercarga 1/ -1/9 0

Cuadro 1.1: Valores para la masa [1 4], carga (en unidades de ¢?) e hipercarga de los quarks
ligeros y del quark strange.

Como ya he comentado anteriormente —en lo que a la dindmica de mesones
ligeros se refiere—, es posible ignorar en un sentido practico la existencia de los
quarks charm, bottom y top. En esta misma linea practica, el cuadro 1.1 indica que
debido al tamafio de las masas de los quarks ligeros e, incluso, del quark strange
respecto de la escala tipica de energia en QCD —que podemos situar de modo
informal en el valor Agep ~ 217722 MeV calculado en [15] usando el esquema M S
y en la escala de la masa del bosén Z— es posible tratar los valores fisicos de estas
masas como perturbaciones al problema de masa quark nula, también llamado
limite quiral.

La parte fermidnica del lagrangiano de QCD en este limite es —omitiendo
explicitamente subindices de color—

Lio =141 g, (1.2)

donde g es un doblete (triplete) de cuadriespinores de Dirac que contiene los
sabores asociados a los quarks en la teoria de dos (tres) sabores, y D, = d, —ig A,
es la derivada covariante, que actua en el espacio de sabor como la identidad e
incluye la conexion asociada a los campos de gluones A, =}, %"/(a,y a través del

acoplo gauge dado por g.

Antes de hablar del grupo quiral, es conveniente descomponer los campos
espinoriales asociados a los quarks en sus componentes de quiralidad right y left,
a través de los proyectores quirales I, y Iy,

1— 1+
Y =B = 275 ¢, Ypi=Pryg= 275 . (1.3)

El lagrangiano de QCD en el limite quiral no mezcla campos de quarks con
quiralidad contraria debido a que §7,,75¢ = O, por lo que se tiene

Lio =1qrllqr +iq.10 q, (1.4)

que es invariante bajo las llamadas transformaciones quirales pertenecientes al gru-
po quiral SUL(N ) x SUr(Ny), y definidas a través de las siguientes asignaciones
globales en el espacio de sabor

qL — exp (—iZH}jFa) qL, qr —~ €Xp (—iZHﬁFG) qr, (1.5)
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donde I’y € §7,, As4, i.e. una matriz de Pauli o de Gell-Mann, dependiendo de que
Ny =206 Ny =3, respectivamente.

La simetria bajo el grupo quiral da lugar, en virtud del Teorema de Noether,
a seis (dieciséis) corrientes conservadas cldsicamente4 definidas a través de

a,L q re a,R = re
S =g g i =Ry (1.6)

que son cantidades conservadas en la evolucidn, i.e.
i raL — g a,R —
d jp d J# 0.

Cualquier combinacién lineal de corrientes conservadas es también una corrien-
te conservada, de modo que las llamadas corrientes vectorial y axial

V"Ua :Jpa,L _I_Jpa,R — q%l?q’ (1 )
a a,R a,L = re 7
A= I = I =g g

son también conservadas y se transforman bajo paridad como verdaderos objetos
vectoriales y axiales, respectivamente, i.e.

P: Vp“(aa, t) — Vp“(—f, t), (1.8)
P 1 Ag(oc, t) > —Ad(—oc, 1), (1.9)

Ademas de las corrientes conservadas asociadas a la invariancia global bajo
el grupo quiral que se han analizado anteriormente, existen dos corrientes adi-
cionales vinculadas a la simetria bajo los grupos unitarios de fase global Uy (1) y
Ua(1). Resulta, de este modo, que el lagrangiano de QCD posee una invariancia
global cldsica bajo

SUL(Nf) X SUR(NJ‘) X Uv(l) X U4(1) ~ UL(NJF) X UR(Nf)

Las corrientes conservadas correspondientes son los singletes vectorial y
axial-vectorial: V¥ = g7#q, que permite —a través de la conservacion del numero
bariénico B— catalogar a los hadrones en mesones (B = 0) y bariones (B =1); y
Al = G7"75q, cuyo cardcter conservado no se preserva en el proceso de cuantiza-
cién dando lugar a la anomalia axial bajo U(1) [16-19].

éQué cambia de todo esto cuando perturbamos el lagmngiano en el limite
quiral afiadiendo las masas de los quarks ligeros? Los quarks adquieren masa
de modo explicito a través de un término lineal que da lugar a la mezcla de

4 Tres (ocho) corrientes por cada grupo SU(N s).
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campos con quiralidad contraria; en efecto, utilizando la notacién de multipletes
espinoriales

LM = —qu = —quqR — q_quL, (1.10)

donde M = Diag(m,, mq) 6 M = Diag(m,, mg,m;), es la matriz de masa de los
quarks. Si se analizan nuevamente las variaciones del lagrangiano L o, + Ly bajo
las transformaciones quirales (1.5) resulta que las divergencias de las corrientes
son ahora

N
¢V o= g {M, Q} q, (1.11)
a . = r
d#A/J = lq gg, M%'th q, (1.12)

es decir, ya no son nulas —no son corrientes exactamente conservadas— sino
que son lineales en la masa de los quarks.

Para hacer completo el analisis veamos qué sucede con las cantidades con-
servadas a través de la invariancia bajo las transformaciones globales correspon-
dientes a los grupos unitarios vectorial y axial.

Para ellas —sin considerar los términos que proceden de la anomalia axial—
tenemos

¢V, = 0, (1.13)
dtA, = 2igM7ysq. (1.14)

A la luz de estos resultados se concluye que la invariancia bajo el grupo
quiral sélo es exacta en el limite quiral. Sin embargo, si la matriz de masa es
proporcional a la identidad en el espacio de sabor, se tiene [I'?,Idy,] = O, por lo que
la corriente asociada a la simetria bajo el grupo vectorial tiene divergencia nula
y es conservada. No sucede lo mismo con la parte asociada a las transformaciones
axiales, por lo que resulta que las tres (ocho) corrientes A;‘j ya no son conservadas
y la simetria correspondiente queda rota explicitamente por la masa.

Es evidente que una asuncion general de la simetria bajo el grupo vectorial no
es demasiado practica debido a que en el mundo real m, >> m,, m,4. Sin embargo,
considerar que m, & my parece ser una buena estrategia de cara a afrontar un
analisis fenomenoldgico general, y no es casual que la mayor parte de los trabajos
acerca de propiedades asociadas a mesones ligeros se hagan en este escenario
simétrico bajo el grupo vectorial.

La correspondencia con el concepto de espin isotopico en la fisica nuclear
hace que se denomine simetria de isoespl'n a la invariancia aproximada bajo el
grupo vectorial SUy(2), que resulta ser un subgrupo del grupo quiral completo
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en la teoria de tres sabores. Las desviaciones respecto a este escenario deben
evaluarse a través de la dinamica de la teoria, pero —debido a que el subgrupo
vectorial no puede romperse espontaneamente [20]— deben ser proporcionales
al parametro de ruptura m4 — m,. El analisis de las correcciones a este limite de
isoespin en lo tocante al calculo de condensados de quarks y susceptibilidades
quirales escalares serd el tema central del capitulo .

Hasta ahora hemos incluido sélo la ruptura intrinseca —debida a la diferen-
cia entre las masas de los quarks ligeros— como fuente de ruptura explicita en
QCD. Sin embargo también la ruptura electromagnética induce una ruptura
explicita de la simetria de isoespin, aunque es de naturaleza completamente dis-
tinta debido al cardcter vectorial de la corriente electromagnética que se acopla
a los quarks.

En efecto, la interaccion electromagnética se acopla al lagrangiano a través de
la inclusion del fotén como un campo gauge externo5 en la forma

Leym =—47"AQ 4,

donde A, es el campo externo del fotén® y Q = Diag(qy,qa4) para Ny =2,6 Q =
Diag(qu,q4,qs) para Ny = 3, es la matriz de carga.

El cardcter vectorial del acoplo de la interaccion electromagnética le hace
conectar campos de quarks con la misma quiralidad. La divergencia de las co-
rrientes asociadas a las transformaciones de esta parte del lagrangiano bajo el
grupo quiral son

1"(1

V= Q{Q,Q}#‘Am (115)
1"(1

AL = q[Q,Q}#‘Aﬂ‘gq, (1.16)

lo que muestra que si las cargas de los quarks son iguales, i.e. Q « Idy;, entonces
la simetria de Lgy bajo el grupo quiral completo permanece inalterada.

En cualquier otro caso —incluyendo, por supuesto, el caso fisico— tanto el
subgrupo vectorial como el conjunto de transformaciones axiales quedan rotos
explicitamente, haciéndose imposible un analisis estimativo a partir de conside-
rar una simetria aproximada puesto que las diferencias relativas de las cargas de
los quarks up y down son muy diferentes entre si (ver cuadro 1.1).

Para resumir estos resultados y dar una idea global del estado de la cuestion,
analicemos en conjunto el comportamiento de la simetria quiral del lagrangiano
de QCD bajo la inclusién de efectos de ruptura intrinseca y electromagnética.

No trataremos esta cuestién en detalle ahora puesto que se verd con més profusién en el apartado
dedicado a la inclusién de fuentes externas en ChPT.
A diferenciar del campo gauge de los gluones, denotados como A,.
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El caso mads claro es aquél en el que tanto las masas de los quarks como sus
cargas son cero. Ein este escenario la simetria quiral SUy(Ny) X SU4(Ny) es una
simetria exacta del lagrangiano. Para el escenario con dos sabores, la inclusion de
masas distintas para los quarks ligeros hace que esta simetria se rompa explici-
tamente. No obstante —debido a la similitud numeérica de ambas masas— puede
considerarse que la simetria bajo el subgrupo de isoespin se conserva aproxi-
madamente y asumir que las correcciones seran proporcionales a la diferencia
mg — My, esperando que éstas resulten perturbativamente controlables. Debido a
que m, >> m,, Mg, la incorporacién del sector de extrafieza no nula no permite de
modo inmediato considerar una simetria aproximada bajo el subgrupo vectorial
SUv(8) , por lo que ha de considerarse este escenario como uno con dos sabores
ligeros idénticos y un sabor pesado, Ny =2+ 1.

Si bien es cierto que hemos dicho que los efectos de carga no rompen la si-
metria de isoespin siempre que g, = qq, €s evidente que el sistema completo,
Lo + La + Lewm, pierde esta invariancia siempre que las masas sean diferentes
y distintas de cero, por lo que en el caso fisico —hacia el que siempre ha de ten-
der todo supuesto tedrico— sélo deja margen para considerar que la simetria de
isoespin es una buena simetria de la Interaccién Fuerte, y a evaluar las correc-
ciones que se derivan del caracter aproximado de esta asuncion. Naturalmente,
esta hipdtesis es mucho mads razonable en el caso de dos sabores que en el de
tres debido a que la masa del quark strange es significativamente mayor que la de
cualquiera de los quarks ligeros, induciendo, por ende, correcciones mucho mas
grandes.

El espectro de hadrones ligeros

Hagamos ahora un pequefio paréntesis para comentar —de forma breve—
las propiedades espectroscépicas de los mesones ligeros y aprovechar para cata-
logarlos haciendo uso de la simetria aproximada SUy(8) del lagrangiano de QCD.

Segun el modelo quark [1,2], los mesones son estados ligados formados por
un quark y un anti-quark, no necesariamente del mismo sabor. Una clasifica-
cién posible se hace atendiendo a su comportamiento bajo paridad (P) y bajo
conjugacién de carga (C'), ademas de por su momento angular total (/).

Estas cantidades pueden relacionarse con el momento angular orbital (I) y
con el espin (s) del par Gq' a través de
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K°(500)  K*(500) K*0(892) K**(892)

71~ (140) 7+ (140)

o= (770) ot (770)

17(550),11"(958) w(782), ¢(1020)

K™(500)  K%(500) K*—(892) K*0(892)

@ (b)

Figura 1.1: Nonete de mesones pseudoescalares 0" (a) y vectoriales 17~ (b).

donde ha de tenerse en cuenta que s sélo puede valer 1 (espines paralelos) 6 0
(espines anti-paralelos).

Siguiendo este procedimiento, los mesones pueden clasificarse mediante la
notacién espectroscépica JFC . De este modo se distinguen, por ejemplo, mesones
pseudoescalares O~ y wvectoriales 17~ como estados con momento angular orbital
[ = 0; o las excitaciones orbitales [ = 1: mesones escalares 0™, axiales-vectoriales 11+
y 1*7, y tensoriales 27+,

Como ya hemos dicho, el modelo quark explota la simetria aproximada de
QCD bajo el grupo vectorial —sdlo rota significativamente por la masa del quark
strange— y registra el espectro de mesones en forma de multipletes de SUy(3)
degenerados en masa. Es claro que la diferencia de masa entre aquellos estados
en los que haya extrafieza no nula respecto de otros en los que no esté presente
el quark strange sera grande?.

Este estructuracion en multipletes se cumple razonablemente bien para el
caso de los multipletes 8 & 1 pseudoescalares (0~*) y vectoriales (17~), represen-
tados respectivamente la figura 1.1, y cuyas propiedades se detallan en el cuadro
1.2; pero no es tan util en el caso de las primeras resonancias ligeras escalares O**
(ver cuadro 1.3), donde la naturaleza §q’ no es tan clara y sigue siendo objeto de
intenso debate en la comunidad cientifica®.

En la secciéon 2.3 de esta memoria tendremos ocasion de ver que la gene-
racion dinamica de la f5(500) a través de la Teoria Quiral Unitarizada juega
un papel decisivo en la descripcién del escenario de restauracion de la simetria

Existe una diferencia de entre 150-300 MeV por cada quark o anti-quark strange de valencia
presente en la composicién del mesdn.
Para una revisién de este tema ver la Note on Scalar Mesons en [1.4].
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JEE ¥, 1=1 I=1/2 I=0 =0

id,ud, =(dd — u us, ds, ds, —us f 1!

o+ 15, 7(140) K(496) 7}(548) 7]/(958)

1— 135 p(7'70) K*(892) ¢(1OQO) (782)

1~ 1B b1(1285) K, hi(1880) hy(1170)

ott 18R ap(1450) K;(1430) ﬁ)(1710) fo(1870)

1 13R a1(1260) KIA ﬁ(1490) ﬁ(1285)

2tt 18R a2(1320) K:(1430) fQ'(ISQS) ﬁ(19'70)
Cuadro 1.2: Asignaciones sugeridas en [1,] para la clasificacién de las primeras resonan-

cias I = 0 y | = 1. El namero n hace referencia al numero cuantico radial, los valores
entre paréntesis representan la masa en MeV, y la segunda fila indica la composicién de
las funciones de onda (Ibid. para ver la definicién de 'y f.). Notese que no se incluyen
los mesones ap(980), f0(980) y fo(500) por ser considerados resonacias mesén-mesoén o
estados tetraquark.

JPC

I=1

1=1/2

I=0

o+t

a0(980)  K;(800)  f5(980), f(500)

Cuadro 1.3: Resonancias 0" por debajo de 1 GeV, no incluidas en la tabla 1.2. La jerarquia
de masas en este caso puede explicarse asumiendo una naturaleza de tetraquark, aunque
lo mds probable es que resulten una mezcla de todos estos estados [21—23].
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quiral propuesto a través de la degeneracion de las susceptibilidades escalar y
pseudoescalar.

La ruptura espontanea de la simetria quiral

Si la simetria bajo el grupo quiral se implementara bajo el modo de Weyl-
Wigner —y no tuviéramos en cuenta el hecho de que la simetria bajo el grupo
unitario axial es anémala— entonces el espectro hadrénico consistiria en mul-
tipletes de isoespin degenerados en masa con sus compafieros quirales, es decir,
existirian —dejando a un lado los efectos procedentes de la anomalia axial— gru-
pos de particulas degenerados en masa con los mismos numeros cuanticos que
diferirian sélo en el comportamiento bajo paridad.

Enel peor de los casos posibles uno esperar{a encontrar al menos una simetria
de isoespin aproximada, rota tanto mds cuanto mayor sea la diferencia en masa
de los quarks considerados en la composicion de los hadrones.

Sin embargo, lejos de evidenciar esta naturaleza, la diferencia de masas de los
multipletes 17~ y 17" no puede explicarse a través de una ruptura explicita de
la simetria quiral debida al caracter finito de las masas. En efecto, la resonan-
cia p(770) es alrededor de 490 MeV mas pesada que su hipotético compafiero
quiral, la a;(1260); diferencia que es considerablemente mayor para el caso del
pion 7(140) y la ap(1450) debido a la anomalia de la simetria Us(1), o para las
componentes del campo (0, vect) en modelos de tipo O(4).

Una posible explicaciéon tedrica de este comportamiento es que —pese a la
existencia de una simetria a nivel lagrangiano en el limite quiral— el vacio no es
invariante bajo la parte axial del grupo quiral. En efecto, actualmente se asume
que la simetria quiral se implementa en QCD mediante el llamado modo de
Nambu-Goldstone [2.,4—28], dando lugar a un patrén de ruptura espontanea en
la forma

SUR(N ) X SUL(Nf) - SUy(Ns),  Np=2,3. (1.17)

El triplete (octete) de mesones pseudoescalares O * ha de ser identificado,
entonces, con los bosones de Goldstone resultantes de la ruptura espontanea de
la parte axial en la teoria de dos (tres) sabores, a razén de uno por cada generador
de la simetria espontaneamente roto por el vacio, y con sus mismos numeros
cuanticos. Por razones que ya he tratado anteriormente, estas aseveraciones son
tanto mas puras cuando mas nos acercamos al supuesto de una simetria exacta,
es decir, serd una hipdtesis mas acertada respecto a la observacion el considerar
a los piones como bosones de Goldstone que hacer lo propio con las particulas
presentes en el esquema de tres sabores, donde —una vez mds— la gran masa
del quark strange distorsiona el planteamiento tedrico.
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Sin embargo, incluso en el caso mds favorable desde este punto de vista,
los piones presentan una masa de aproximadamente 140 MeV que, si bien es
considerablemente menor que la masa de las restantes particulas del espectro
hadronico, no puede considerarse nula. :Qué sucede? La respuesta es sencilla si
se advierte que la hipdtesis de partida, es decir, que los piones son bosones de
Goldstone, presupone la existencia de una simetria exacta en la que los quarks
ligeros tienen masa nula.

En una situacién real —como ya he indicado anteriormente— esto no es
cierto debido a que los quarks ligeros tienen masa, asi que la simetria quiral es
solo aproximada: se encuentra rota explicitamente por el término de masas y
las corrientes asociadas a la invariancia quiral ya no se conservan. El hecho de
que los bosones de Goldstone de la teoria tengan masa (constituyendo en sentido
estricto pseudobosones de Goldstone) se debe a la ruptura explicita inducida por
las masas de los quarks ligeros up y down9.

A pesar de ello, la masa de estos quarks es pequefia comparada con la escala
A, —por debajo de la cual tiene sentido tomar un limite de baja energia en QCD
y cuyo valor puede fijarse aproximadamente en 1 GeV-—, por lo que puede consi-
derarse nula en primera instancia (limite quiral), suponiendo exacta la simetria
de isoespin asi como la ruptura espontdnea de la parte axial del grupo quiral.
Este serd el punto de partida que tomaremos para la construccién del lagrangiano
efectivo.

El Teorema de Goldstone también permite ver que la ruptura espontanea de
la simetria quiral implica que las cargas Noether axiales no aniquilan el vacio. A
consecuencia de esto el elemento de matriz que conecta los estados de bosones
de Goldstone con el vacio™ tiene la forma

(01A%(x)[¢%(p)) = ipyd*de ™ F, (1.18)
donde Fj es la constante de desintegracion de cada uno de los bosones de Golds-
tone procedentes de la ruptura espontdnea, asociado a la combinacion de iso-
espin dada por lo indices ¢,d. Para Ny = 3 y a muy baja energia se cumple
Fg = F(14 0(m)) ~ 93 MeV, siendo O(m) términos que van con la masa de los
quarks, es decir, la constante de desintegracién de todos y cada uno de los boso-
nes es, al orden mas bajo, igual a la constante de desintegracién del pion en el
limite quiral, F.

Tomando la divergencia de la ecuacién (1.18) obtenemos
(0[d" A (x)[¢%(p)) = 3%~ #* MR F, (1.19)

considerando que el meson estd en la capa de masas, i.e. pQ = M2, con Mg la masa
del boson.

9 Y del quark strange en el caso de la teoria de tres sabores.
' Este elemento controla, por ejemplo, la desintegracién debida a Interaccion Débil del pidn.
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A pesar de que el elemento de matriz (1.18) es distinto de cero en el limite
quiral, la ecuacién (1.1g) indica que la violacién de la corriente asociada a la
invariancia bajo el conjunto axial de transformaciones es tanto menor cuanto
menor sea la masa asociaciada a los bosones de Goldstone generados durante
la ruptura espontdnea. Por esta razén se la conoce como Conservacién Parcial
de la Corriente Axial (PCAC). Nuevamente, el escenario mas favorable para este
supuesto es aquél en el que la ruptura debida a masas de quarks sea minima, es
decir, en el caso de dos sabores.

La ruptura espontanea SUy(Ny) X SUs(Ny) » SUy(Ny) puede ser caracteri-
zada por un pardmetro de orden asociado a valores esperados en el vacio para
operadores invariantes bajo el grupo SUy(Nr) pero que se transforman de for-
ma no trivial bajo el grupo quiral completo. Si este valor esperado es no nulo, el
vacio no puede ser invariante bajo el grupo quiral y se obtiene de esta manera un
objeto que da cuenta de la ruptura de simetria, tanto explicita como espontanea.

El operador gq es invariante bajo las transformaciones de fase global g —
e 1l g\a'raq, asociadas al grupo de isoespin SUV(Nf); pero no lo es bajo las corres-

pondientes a la parte axial g — e~ L Pilakq, por lo que es sensible a rotaciones
quirales. En efecto, bajo SUy(Ny) x SUA(N¢) = SUy(Ny) se tiene, infinitesimal-
mente,

Gq — 4q —2i) T.067 G759 (1.20)

El valor esperado en el vacio de este operador es el llamado condensado escalar de
quarks, y su calculo con ruptura de isoespin —asi como de sus derivadas respecto
de la masa quark (susceptibilidades quirales escalares)— en el escenario efectivo
proporcionado por la Teoria Quiral de Perturbaciones tanto a temperatura cero
como en un bafio térmico— ha sido uno de los objetivos fundamentales de esta
investigacion.

La 7/(960) y la anomalia axial

Como ya se ha dicho anteriormente, el modelo quark acomoda los estados O~*
de acuerdo a la suma directa 8 ® 1 en que se descompone el producto de repre-
sentaciones 3®3 en la teoria de tres sabores. Mediante la ruptura espontanea de
simetria es posible explicar la diferencia en las naturalezas del (triplete) octete
de mesones pseudoescalares y el resto de mesones ligeros.

No obstante, ;qué tiene que decir la simetria acerca del estado singlete restan-
te cuando se consideran tres sabores? Echando un vistazo al espectro hadrdnico
conocido, la particula mas ligera con los numeros cuanticos apropiados es la lla-
mada 7/(960), demasiado masiva incluso habida cuenta de los efectos asociados a
la extrafieza.
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Sin entrar en demasiados detalles debido a que no es parte fundamental en
el desarrollo tedrico que debe acompafiar a los resultados, la gran masa de esta
particula es debida a la presencia de la llamada anomalia axial [16-19)]: la corriente
(1.14) asociada a la invariancia global bajo el grupo Ua(1), cldsicamente conser-
vada, deja de serlo durante el proceso de cuantizacion.

Si esta anomalia no estuviera presente, el patron de ruptura del grupo seria
similar al de la parte axial de la simetria quiral y daria lugar a una novena
pseudoparticula de Goldstone', que habria de ser identificada’ con la 7.

1.1.2 Teoria Quiral de Perturbaciones

La Teoria Quiral de Perturbaciones (ChPT) es la teoria efectiva mds general
compatible con las simetrias del lagrangiano de QCD a bajas energias [2g-31]. En
ella —a diferencia de lo que sucede en la Cromodindmica Cuantica— los grados
de libertad son bosones de Goldstone, y permite un método sistematico para
describir las consecuencias de las simetrias globales de sabor de QCD a bajas
energias.

Su caracter perturbativo se sustenta en una doble expansién en momentos
externos de los bosones y en masas de los quarks, respecto a una escala tipica de
energias A, ~ 4nl; ~ 1 GeV, que —como ya hemos visto— distingue de forma
aproximada el régimen de baja energia. Se espera, entonces, que a baja energia
s6lo unos pocos términos de la serie sean relevantes.

Debido a que basa su efectividad en la reproduccién de las propiedades de si-
metria del lagrangiano de QCD —mads, por supuesto, la invariancia bajo simetrias
C, P, T y Lorentz— funciona mejor en el caso en que se considere la teoria de
dos sabores frente a la de tres debido, nuevamente, a que la introduccion de la
masa del quark strange empeora la convergencia.

De cualquier forma, esta expansién falla al llegar a momentos o energias del
orden de la masa de las primeras resonancias ligeras (alrededor de M, = 770
MeV), cuyos efectos en este régimen de energia aparecen en la teoria a través
de las constantes de acoplo de los diferentes términos del lagrangiano (llamadas
constantes de baja energia: en adelante LECs). Para poder hacer predicciones
con la teoria efectiva estas constantes deben determinarse a partir de datos ex-
perimentales u otros argumentos teéricos como la saturacién por resonancias
(ver subseccién 1.1.3 en este mismo capitulo), cdlculos en el limite de gran N¢ o
resultados en el reticulo, por poner algunos ejemplos.

** Recuérdese que la masa finita de los quarks también rompe explicitamente la simetria bajo Ua(1).
** En rigor la ausencia de la anomalia introduciria una nueva particula conocida como 79, que
vendria a mezclarse con la 73 del octete dando lugar a la mezcla n—17'.
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Es facil darse cuenta de que las unicas posibles contribuciones al lagrangiano
efectivo sin campos externos tienen un numero par de derivadas de campos de
bosones de Goldstone, de modo que el lagrangiano quiral efectivo mds general
adopta la forma

Leg= Z L(Qn) = L(Q) + L(4) + ... (1.21)
n=1

donde el subindice entre paréntesis hace referencia al numero de derivadas o
potencias de masa en cada término.

El lagrangiano contiene, entonces, infinitos términos que dan lugar a infinitos
vértices de interaccidon entre los bosones de Goldstone. Sin embargo el punto
fundamental en el que reside la utilidad practica de ChPT es que se trata de
una expansion en momentos y masas, es decir, esencialmente se trata de una
serie perturbativa en escalas de energia. A consecuencia de esto no todos los
diagramas contribuyen al mismo orden para un cierto proceso, por lo que en el
contexto de una teoria efectiva de baja energia bastara — como ya se ha dicho—
con considerar sélo los términos con un numero reducido de derivadas.

El efecto de un vértice correspondiente a un término de n derivadas para un
cierto diagrama es de orden p”/A;J‘, por lo que términos con un numero mayor
de derivadas tendran un efecto muy pequefio sobre los calculos a baja energia.
Llamaremos en adelante contribuciones O(p") a aquellos términos que involu-
cren n derivadas o potencias de la masa'3. Las correcciones mas importantes a
estos seran de orden O(p™*?).

En érdenes superiores el lagrangiano incorpora muchas mas constantes de aco-
plamiento para cada término compatible con las simetrias, por lo que la capacidad
predictiva util de la teoria queda restringida a érdenes bajos de la expansion.

Teoria Quiral de Perturbaciones a leading order

Comenzaremos por exponer el lagrangiano quiral efectivo a leading order en
el limite quiral, es decir, sin incluir por el momento los términos de masa y elec-
tromagnético que implementan la ruptura explicita de la simetria quiral. Estos
se incluirdn mediante el llamado Método de las Fuentes Externas, planteado de
forma sistematica por Gasser y Leutwyler en [31] y para el caso electromagnético

en [32] .

Al orden mds bajo el lagmngiano efectivo en el limite quiral consiste sélo en

el término cinético .

Lio = i (qUuarUT), (1.22)

'3 Ha de considerarse siempre, pese a la notacién usada, que la expansion se realiza en momentos
o energias respecto a la escala tipica de perturbaciones quirales A,
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donde I es una constante con dimensiones de energia que se identificard, como
veremos, con la constante de desintegracion del pién en el limite quiral, <>
representa la traza en el espacio de sabor; y U(x) es la matriz de campos en la
llamada parametrizacion exponencial, definida por

U(x) = exp (1?) € SU(Ny), (1.23)

donde ® es la matriz que reune los campos locales de bosones de Goldstone. En
SU(2), y en la base de carga, toma la forma

«/§ﬂ+>

P :(«/g77 0 (1.24)

mientras que en SU(8)

10+ 5 V21t J2K*
&= Vor— —n° +_%7] V2K . (1.25)
VoK VK0

El prefactor del término cinético ha sido elegido convenientemente de tal
modo que —al expandir la matriz de campos— se obtenga el término cinético
habitual para un bosoén.

La invariancia de este lagrangiano frente a las rotaciones quirales (1.5) deter-
mina las propiedades de transformacion de la matriz de campos. En efecto, la
matriz de campos U(x) ha de transformarse bajo el grupo quiral como

U(x)—~ LU(x)R, (1.26)

donde L, It € SULr(Ny). Nétese que esta transformacién lineal en U(x) induce
un cambio no lineal en los campos de bosones de Goldstone ® ~ ¥, ¢be.

En este nuevo lenguaje las corrientes conservadas asociadas a la invariancia
bajo el grupo quiral completo del lagrangiano (1.22) se escriben como

Vi = _7:29 (Tau.aU),
2

Ab = —7;}; (Toiu,aUth), (1.27)

y permiten calcular el elemento de matriz de la corriente axial entre un estado
de un boson de Goldstone y el vacio mediante la expansion de la matriz U en
términos de los campos en ®. Con todo, resulta

(OIAL|gn) = ip!F o, (1.28)
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que es la traduccidn al lenguaje de la teoria efectiva de la relacion de PCAC que
ya escribimos en (1.18). Aqui —nuevamente— a,b son indices de isoespin y ¢
hace referencia a cada uno de los bosones de Goldstone }; <;5be ~ @, Particula-
rizando la ecuacidén (1.28) en el caso de dos sabores se entiende el porqué de la
identificacion de la constante F del lagrangiano (1.22) con la constante de desin-
tegracion del pién al orden mas bajo.

El Método de las Fuentes Externas

El objetivo fundamental del Método de las Fuentes Externas es el de en-
contrar un método funcional sistematico para el cdlculo de funciones de Green.
La idea fundamental sobre la que se basa fue enunciada por Leutwyler en [33]:
si la teoria esta libre de anomalias, la construccién de un lagrangiano con aco-
plo a corrientes externas consistente con la invariancia bajo el grupo quiral es
equivalente a exigir la invariancia de la accién asociada cuando se consideran
rotaciones quirales locales, es decir, cuando se afora el grupo quiral haciéndolo
depender del punto.

Las posibles corrientes a las que puede acoplarse el lagrangiano fermiénico
original de QCD, L%CD ,—que tomamos como punto de partida— son las cuatro
(nueve) fuentes vectoriales: tres (ocho) corrientes externas vectoriales denotadas
por v#{(x), y una asociada al singlete, v} (x); tres (ocho) fuentes axiales-vectoriales,
a#(x); y las fuentes escalares, s(x); y pseudoescalares, p(x).

Consideremos el lagmngiano

1
Locp [4,9,v,v5,a,5,p) = L%CD + gy, + 3 Vs +95a,)q — G(s —iysp)g

1
= Loop + 407 L+ Gy ngn + 5 (97 0 + 47" 05,)
— q_R(S + "Lp)qL — q_L(S — Ip)qH, (1.29)
donde
TZ=vuta,  lLi=v,—a,

son combinaciones lineales de las fuentes externas. De la misma manera en que
surgian a la hora de calcular las corrientes conservadas asociadas a la invariancia
bajo el grupo quiral, estas fuentes son matrices hermiticas de dimensién Ny XN
en el espacio de sabor'4.

4 Por supuesto han de ser también singletes de color. Por poner un ejemplo, en el caso de tres
sabores las fuentes externas se escriben como

8 1a 8

a 8 8
vi=) grh @= Y gah = YN p= )N (:30)
a=0 a=0

a=1 a=1
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Para que el lagrangiano (1.29) sea invariante bajo rotaciones quirales locales
se han de cumplir dos premisas. La primera es que a la par que se efectuan los
cambios en los dobletes (tripletes) de sabor de quiralidad definida definidos por
las asignaciones

O(x)

q. = exp(—i )L(x)qL,

qr eXp(—iG(Sx))R(x)qR, (1.31)

se cumplan las siguientes leyes de transformacién para los campos externos

L= L0o)1, LY (o) +(d, L)) LT (),
r = R() 1, R (o) + i(d,R(20)) R (2x),
Voy = Uy — 0,0(x),
(s—ip) = L{x)(s—ip)R'(x), (1.32)

donde ' 4
§L(5c) = e Wit R(oc) = e ¥t € SUL(N¢) X SUR(N ),

son elementos del grupo quiral aforado.

La segunda es que las derivadas que aparecen actuando sobre los espinores
sean derivadas covariantes que incorporen la conexién definida a través de

Dyq=d,—inq+iql,, (1.33)

que se transforma de la misma manera que el campo bajo rotaciones quirales
locales.

La similitud con la construcciéon de una teoria gauge es ahora claramente
perceptible. Los acoplos de las fuentes externas via la derivada covariante son
el analogo a la introduccion de los campos gauge, mientras que los términos con
derivadas en las transformaciones (1.32) constituyen —tomando a la mano el
ejemplo de QED— el equivalente al término de compensacién que se introduce
en la ley de transformacion del campo del fotén al asumir la invariancia de los
espinores bajo cambios de fase local. Esta analogia se ofrece fundamental a la hora
de implementar los efectos de la ruptura electromagnética puesto que permite
de manera natural el acoplo de campos gauge externos a la teoria efectiva.

donde {A.$%_ es el conjunto de matrices 3 x 3 de Gell-Mann.

Nétese que no se incluye aqui el singlete axial debido a que en QCD esta simetria es anémala,
siendo la ausencia de éstas requisito fundamental para la aplicacién del Método de las Fuentes
Externas. Ademas, ha de tenerse en cuenta que el singlete vectorial entra en el acoplo de forma

proporcional a Ag = +/2/3Ids.
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En este sentido, consideremos ahora el aditamento al lagrangiano (1.22) de
nuevos términos que implementen las fuentes de ruptura de isoespin intrinseca
y electromagnética. Es claro que debemos seguir exactamente el mismo proceso
que hemos efectuado anteriormente. De este modo, al final habremos obtenido
una forma elegante de obtener funciones de Green en las que intervengan las
corrientes externas dentro del marco de la teoria efectiva a través de derivar la
accion con fuentes, e igualdndolas —después— a su valor fisico. Estd claro que
un enfoque perturbativo de este tipo requiere tacitamente que las fuentes sean
pequetias, en un sentido practico determinado por el acoplo y por la escala de
energia tipica de la expansion.

El esquema de trabajo en nuestra investigacién serd entonces el siguiente:
acéplese a la teoria efectiva la matriz de masa y el campo del fotén a través de
la consideracién de las siguientes fuentes externas

, Tu=l,=0QA, p=0, a,=v,=0. (1.34)

Después, construyase el lagrangiano efectivo mads general mediante la con-
sideracion de todos los términos posibles invariantes bajo las simetrias ¢, P, T,
Lorentz y bajo el grupo quiral, lo que implica la ley de transformacion (1.26)
para la matriz de campos y las transformaciones (1.32) para las fuentes externas.

Naturalmente, las fuentes M y QA, son matrices constantes en el espacio
de sabor y no cambian cuando la matriz de campos U(x) se transforma ba-
jo SUL(Ny) x SUR(Ny). No obstante —de acuerdo al resultado anteriormente
expuesto— a la hora de afladir nuevos términos al lagrangiano efectivo es ne-
cesario respetar la simetria bajo el grupo quiral aforado si se quieren introducir
fuentes externas de una manera consistente.

¢Como solucionar este problema? La solucién es sencilla: basta hacer que el
campo local M(x), y los campos espureos de quiralidad definida Q. (x) y Qr(x)
se transformen bajo el grupo quiral aforado como
M(2c) = Loc) M(xc) R (),
Qw(x) = L(x) Qr(x) LT (x), (1.35)
Qr(x) = R(x) Qr(x) R (x),
que es precisamente el comportamiento que exigen las leyes de transformacion

(1.32) para la eleccién de campos externos (1.34) relevante para este trabajos.

Con esta prescripcion en mano, deben afnadirse al lagrangiano (1.22) todos los
términos posibles para U(x), Qr,Qr Y M; de modo que sean invariantes bajo las

15 Nétese que no se incluyen en (1.35) los términos con derivadas de los campos espureos Qy, g(x)
tal y como exige (1.32). Essto es debido a que —al final del proceso de construccién del lagrangiano
con fuentes externas— la matriz de carga debe ser una matriz constante, por lo que todos los
nuevos términos a proporcionales a d,Qr,r(x) = d,Q son idénticamente nulos.
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transformaciones (1.35) y bajo aquélla correspondiente a la matriz de campos, i.e.

U(x) = L{oc) U(ac) R (x), (1.36)

sin olvidar que es necesario incorporar a las derivadas parciales las conexiones
que acoplan los campos externos a la matriz de campos

DU = d,U —ir, U +iUl, )
= 4,U —iQpA, U +iUQLA,, 37

satisfaciéndose D, U ~ L(x)(D,JU)RT(x) bajo transformaciones quirales depen-
dientes del punto.

Al final del proceso, por supuesto, habra que volver a escribir

QL,R(X) - Qv S(X) - M7 (138)

de modo que los términos rompan explicitamente la simetria bajo el grupo quiral:
tal y como ha ser.

Con todo, el lagrangiano quiral efectivo a leading-order convenientemente ex-
pandido a través de la implementacién de efectos de ruptura intrinseca y elec-
tromagnética resulta

2

Loy = ig (DU DU + (x(U + UT)>§ +c(Quau), (1.39)

donde se han introducido sendas constantes de baja energia asociadas a los nuevos
términos de ruptura: ¢ para introducir el término electromagnético leading-
order, y By —que tiene dimensiones de energia— a través de la matriz y =

2Bo(s + ip)|p=o, que refleja la dependencia lineal en la masa quark observada en

el cuadrado de la masa de los bosones de Goldstone.

La constante (! puede determinarse aproximadamente, por ejemplo, mediante
la sustitucién de los valores fisicos para la masa de los piones cargados (M2, =
185 MeV y M7, =139,6 MeV, [15]) en la expresién para la diferencia de masas
electromagnética a nivel drbol en SU(2)—ChPT

2 9 Ce? 4
Mﬂi_MWOZQW—l_O(p ), (1.40)
de donde ' ~ (104.13 MeV)*  si se tiene en cuenta que F ~ F, = 92,4 MeV a ese
orden. Por su parte, By puede relacionarse con el condensado escalar de quarks
a leading order a través de

(39) = F*Bo (1+0(p*)). (1.41)
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Si mas alla de la simple consideracion de efectos de carga se requiere la pre-
sencia de fotones como grados de libertad adicionales —como de hecho sera ne-
cesario al calcular las correcciones a la auto-energia de un gas de piones debido al
intercambio de fotones en el capitulo 3— habra que afladir a este lagrangiano los
términos asociados a su dindmica y aquél de fijacidn del gauge; i.e., para un gauge
covariante: — F" F,, — $A(d,A")?, donde F/ es el tensor campo electromagnéti-
co y A, el pardmetro de gauge. Observese que estos términos no modifican el
comportamiento bajo el grupo quiral por ser identidades en el espacio de sabor.

Una vez seguidos todos estos pasos ya se estd en condiciones de calcular valores
esperados asociados a estas corrientes: simplemente derivese la accion respecto
de las fuentes externas auxiliares, y evaluense éstas al final del cdlculo en su
valor fisico.

Como se ha comentado anteriormente, este procedimiento implica que las
fuentes externas vienen introducidas por acoplos numeéricos que admiten una
expansion perturbativa controlable respecto a la escala tipica de energia de la
teoria. Ein el caso de la masa, esto es cierto para los quarks ligeros up y down frente
alaescala A\ ~1GeV,y algo menos confiable en el caso de que se incluya el sector
de extrafieza no nula. Para la carga, la serie perturbativa se hace controlable
debido a las potencias de la carga eléctrica del electron e, a través de la carga de
los quarks presentes en la matriz de carga.

Renormalizacidén y contaje quiral

ChPT es una teoria no renormalizable en el contexto habitual en que se
tratan las teorias cuanticas de campos, puesto que incorpora un numero infinito
de contratérminos a través de los infinitos términos de que consta el lagrangiano
quiral efectivo. Sin embargo, admite una renormalizacién ligada a un concepto
mads amplio y que requiere la prescripcion tanto del proceso como del orden al
que se llevaran los calculos: la renormalizacion orden a orden (30, 31].

Como es bien conocido, los diagramas con loops dan lugar a integrales di-
vergentes. Sin embargo, fijado un cierto orden para un determinado proceso, es
posible resolver el problema absorbiendo las contribuciones infinitas de los loops
del orden principal con la ayuda de las constantes de acoplo de los términos
del lagrangiano next-to-leading order. Mediante la regularizaciéon dimensional de
las integrales divergentes es posible renormalizar las constantes de baja energia
redefiniéndolas —para célculos a un loop— como

12
Si(/lx) = (/1)() + 327

es decir, mediante su descomposicién en una parte finita, §/(j ), y una parte
divergente, ;.

A, (1.42)
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La parte finita tiene cardcter fenomenolégico, ya que codifica la fisica sub-
yacente a la teoria Completa16, y depende—en general— de la escala de renor-
malizacion quiral, j1,. La parte divergente es —en el esquema de regularizacion
dimensional— proporcional a

pito 1
A= 1672 (M—Q(log4ﬂ+r‘(1)+1)), (1.43)

donde d es el numero de dimensiones del espacio en el que se calcula la integral
asociada al diagrama y I"(1) es la constante de Euler. Esta parte puede cancelar
las divergencias procedentes de los loops, obteniéndose de esta manera resultados
finitos para los observables.

Existe una dificultad importante de indole practica para la ejecuciéon de es-
te esquema de trabajo: a medida que calculamos correcciones procedentes de
ordenes mayores, aparecen muchisimas mds constantes de energia procedentes
de los contratérminos que hay que determinar de forma fenomenoldgica —lo
que resulta altamente no trivial en muchas ocasiones— restando efectividad a la
capacidad predictiva de ChPT.

Como ya se ha apuntado anteriormente, la clave en el manejo de la teoria
efectiva de baja energia es el contaje de las potencias de momentos transferidos
y masas de piones con las que contribuye cada diagrama a un cierto proceso.
Si los momentos transferidos o las masas en el proceso son mucho menores que
la escala A, se espera que contribuciones de orden superior sean cada vez mas
pequefias haciendo que el principal aporte al proceso provenga de los términos
con pocas derivadas o potencias de masas.

Sea un diagrama genérico que contiene Ny vértices contribuyendo cada uno
como O(p?), con d el numero de derivadas del término considerado en el lagran-
giano efectivo. Sea, ademas, [ el numero de loops que posee el diagrama, e I el
numero de lineas internas.

Por analisis dimensional, el orden en momentos total para el diagrama es
D = 41-21+}7 , dNg4, ya que cada loop introduce un p4 a través de la integracion
Jd*p, cada vértice introduce introduce un factor p? y cada propagador interno
va con un 1/p9. Ademads, el numero de lineas internas esta relacionado con el
numero de loops y el numero de vértices de todo diagrama conectado a través
del=14+1—-Y, ;N4 esdecir, I =1—1+Y,;N,.

A partir de estas consideraciones, el orden total de momentos asociado al

6 No todas las LECs pueden fijarse directamente mediante métodos experimentales. Algunas nece-
sitan de escenarios tedricos adicionales como el limite de N¢ grande o la inclusién de resonancias
vectoriales. Consultar, por ejemplo, [34-36].
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diagrama —también llamado grado de divergencia superficial— resulta ser

D=91+2+ Y (d— 2N, (1-44)
d=2

lo que constituye el Teorema de Contaje de Potencias de Weinberg [20], imple-
mentado a un loop en ChPT [33,37].

Elincremento de los érdenes de los momentos a través de los loops esta siempre
compensado por las constantes con dimension procedentes de los vértices: de
ahi el cardcter relativo respecto a la escala A, ~ 4rl". En efecto, los vértices
procedentes de términos con dos derivadas aportan el factor F# al denominador
para mantener las dimensiones del observable inalteradas. Ademas, cada loop
introduce un factor 1/(4n)?, por lo que resulta justificada la eleccidn de la escala
de perturbaciones quiral como 47F, cuyo valor numérico es comparable al de la
masa de las primeras resonancias ligeras.

Un ultimo comentario es pertinente a la hora de establecer sistematicamente
un método de contaje quiral en presencia de un acoplo electromagnético ex-
terno: debido a la ecuacién (1.37) la inclusion de ruptura electromagnética en el
lagrangiano quiral efectivo puede considerarse de orden O(p) a efectos de contaje,
es decir,

O(e) ~ O(p)- (1.45)

Ordenes superiores en el lagrangiano quiral efectivo
En la siguiente memoria sdlo estaremos interesados en calculos a un loop de
bosones de Goldstone, por lo que sélo necesitamos los érdenes L), y L4) a nivel
drbol. Para Ny = 2, los términos del lagrangiano next-to-leading-order incluyendo

ruptura intrinseca fueron publicados por primera vez en [30] y toman la forma

Ly = 2<(D,JU)(DPU)T> + Z (DDLU W (DFUYD'U))

+ f;(XU* U + Z‘ (D)D) +(D)(DFU))
(RO U + L)) =l B+ L)
+ ilQG (fHDrU)D U + fLDIU) (D'U))

B 1ZZ;<XUT _UX1->9 n hl;:hs <XXT>
h1 - h3

- <<XUT U + (U= Uy —2(yUTUT + UX*UX*>), (1.46)
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donde
fL’” =g’ — " IF —i[lM, 1], ( )
ﬁ{w =gty = ' rH —d[rt "], 47
son los tensores de intensidad asociados a los campos externos.

El lagrangiano (1.46) incluye las constantes de baja energia $L3, y los térmi-
nos de contacto hy, hy y hs que acompafian términos del lagrangiano en los que no
estd presente la matriz de campos y cuyo valor, por tanto, no puede ser determi-
nado por el experimento. La renormalizacion de las constantes de baja energia
que aparecen puede encontrarse también en [30].

Para Ny = 3, los términos del sector puramente fuerte pueden encontrarse
en [31]
- 2
L)~ = Li((DUYDU)) + Lo ((DFUTYD'U)) (DU NDLU))
+ Ls (DU DUND'UY(D,U)) + Lo (DFUND,U)) (U + xUT)
+ Lo {((DPU)DU) U +UT)) + L (U + yUT)
Ly (U = xU'Y + Ly (Y UXTU + xUTyU")
—iLo ((FDU)YD'UT) + FL(DUYD'UT)))

+ Lio (UTFEUFS® ) 4 Hy (FRF + FEFA) + Hy (v x), (1.48)
siendo FL#; el equivalente a ﬁ#}; en tres sabores. El lagrangiano (1.48) incluye las

LECs $Li$° y los términos de contacto H; y Hy, y una vez mas se remite al lector
a [31] para su separacién en partes divergente y finita.

Los acoplos electromagnéticos a estos lagrangianos fueron calculados en [38,
39] para Ny = 2, donde introducen las constantes de baja energia electromagnéti-
cas (EM LECs) $ki}!*,. Por completitud los incluimos también a continuacién

N;=2

Loy = F9<Ie1 (DMU) (DU)){(Q) + ke ((DU)(D,U)) (QUQUT)

+ ks ((D'U) QUY((D,U) QU ) + ((D*U)QU ) (D, U)QU™T))
+ ki (D) QU {((D,U)QUTY + ks (x'U + Uy )(Q?)
+ks (YU + U )(QUQUT)
+k (YUT+UxNQ+ (U +UT)Q)(Q)

+ ks (\UT = Uy )QUQU™ + ('U U y)QUTQU)

+ ko ((D,U) [k Q, QU + (D,U)[c}Q. QIUT)
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+km<k%QﬂquQﬂﬂ>+ku«m&»-kﬁQ%ﬂmeﬁaQ»)
P (i (Q2) + ks (QUOUTNQ?) + ki (QUQU™Y), (1.49)
donde ¢ vienen definidos a través de su actuacidn sobre la matriz de carga

hQ=3,0-il1,.Q),

cfQ=d,0—ilr, Q) (1.50)

Para Ny = 3 el lagrangiano electromagnético fue publicado en [40, 41], y
recoge las EM LECs {K;$*,. Con todo

Nf:3

Lo = FQ(K1 (DFU) (D)) (@) + Ka ((DU)(D,U))(QUQUT)
+ K3 (((D'U) QUY((D,U) QU ) + ((DU)QU (D, U)QUT))
+ K4 ((DFU) QU){((D,U)QU ™) + K5 ((DHU) (D)
+ (D'U)(D,U)')Q?) + Ko ((DFU) (D, U)QUT QU +
(DMUYDU) QUQUTY + K7 (xUT + Uy ")) (Q?)
+Ks (y'U+UT)Q)(Quou™)
+ Ko ((\'U+U Ty + U+ Ux")Q?)
+ Ko ((yU +UT)QUTQU + (yUT + Uy )QUQU™)
+Ku ((yUT = Ux"QUQU™ + (y'U - U y)QU'QU)
+ Ko ((DU)'[efQ, QU + (DFU)[ch 0, QU

+ K3 <C%QUC]/;QUT> + K4 <CéQCﬁQ + CiQCﬁQ>)
+1 (n{QUQUTY + (QUOUT) (@) + K (7)) (150

Las condiciones de renormalizacion para las constantes de baja energia en Nyr=
2,3 pueden encontrarse en la bibliografia citada anteriormente.
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1.1.3 Resonancias

Método de la Amplitud Inversa y Teoria Quiral Unitarizada

Las resonancias mesénicas mas ligeras, vid. la f3(500)/0 y la p(770), juegan
un rol crucial en la descripcidn a bajas energias de la Interaccion Fuerte para
procesos relacionados con temperatura o densidad finita, ambos escenarios que
se dan en las Colisiones Relativistas de Iones Pesados.

ChPT esincapaz de tener en cuenta este tipo de estados mas alld de la fisica
encriptada en las constantes de baja energia de la teoria. Debido a que la Teoria
Quiral constituye una expansion perturbativa en la energia, viola la cotas de
unitariedad exacta, por lo que necesita de métodos adicionales para conseguir
su unitarizacion. Estos métodos se han mostrado satisfactorios y confiables a
temperatura cero describiendo las interacciones mesén-mesén o meson-barion,
generando dinamicamente las resonancias mas ligeras [12-¢] incluso a tempe-
ratura y densidad finitas [50-53].

A continuacién presentaré el llamado Método de la Amplitud Inversa (IAM),
usado para conseguir la unitarizacién de las amplitudes de dispersién en la
Teoria Quiral de Perturbaciones. Como veremos, sera de grande y amplia utili-
dad en la seccion 2.3 en lo relativo a la presentacion del escenario de restauracion
de la simetria quiral dado por la degeneracién de las susceptibilidades escalar
y pseudoescalar, ésta ultima caracterizada a través del condensado escalar de
quarks.

Su nombre proviene del hecho de que la imposici(')n de la condicién de unita-
riedad implica que el inverso de cualquier onda parcial con isoespl'n I y momento
angular total J bien definidos, t;;, en el proceso de dispersién mm —» 7w, debe sa-
tisfacer

Imtr; = 00(5)|t1j(5)|Q — Im o = —0o(s), (1-59)
1]
donde s > (2M,)? es la energia en el centro de masas y do(s) es el espacio de fases
para el canal de dos particulas, |[r7>, a la energia s, definido como

oo(s) =+/1— 4M”. (1.53)

S

Consideremos ahora la expansién next—to—leading—order para la onda parcial de
dispersion del proceso mencionado

() = 17() + 117 () + 0(p°), (154)
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IJ 167F2A;; s/ /M2

m

00 1 1/2
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Cuadro 1.4: Valores numéricos que permiten calcular las ondas parciales de dispersion

de dos piones a dos piones a leading-order en ChPT a través de t(f,) =Ap(s— sé‘]).

donde —como ya he dicho en secciones previas— p hace referencia a un momento
externo, una temperatura o una masa en relacién con la escala de energia que
controla la expansion quiral, A, ~1 GeV.

En la seccion 2.3 estaremos interesados en la aplicacion del IAM para dos
piones idénticos, i.e. en el limite de isoespin, por lo que I + ] debe ser par debido
al requerimiento de que la amplitud total de dispersion sea totalmente simétrica;
ademads —para las energias y temperaturas de interés en cuanto a aplicabilidad
de la Teoria Quiral— sélo las ondas parciales con J <1 son relevantes.

De acuerdo al contaje quiral que ya hemos discutido en apartados previos,

tﬁ da cuenta de los diagramas a nivel drbol que involucran vértices proceden-

tes de L9, de caracter independiente de la temperatura, y cuyos valores estan

. . e . 4
recogidos en el cuadro 1.4. El mismo analisis puede aplicarse a t(U): en este caso

contribuyen los diagramas a un loop que contienen vértices procedentes de Lo
mds los términos a nivel drbol procedentes de L4, necesarios para renormalizar

las divergencias. Un analisis numérico de los valores de tﬁ) puede encontrarse,
por ejemplo, en [49)].

La expansion (1.54) satisface una versiéon perturbativa de la relacién de uni-
tariedad completa. En efecto se cumple

Im ] = a0(s) |¢57(s)I*, (1.55)

y de modo similar para érdenes superiores, mutatis mutandi; lo que implica que la
expansion quiral no es completamente compatible con las condiciones impuestas
por la condicién de unitariedad global (1.52) debido a que crece ilimitadamente
con la energia —comportamiento caracteristico en las interacciones fuertes—y
es, por tanto, incapaz de reproducir resonancias. Los métodos de unitarizacion
permiten precisamente construir amplitudes de dispersion basadas en expan-
siones perturbativas de modo que sean exactamente unitarias.

En concreto, el IAM [42-/44] se construye a partir de la demanda de uni-
tariedad exacta y de la compatibilidad de los resultados a baja energia con las
predicciones provistas por ChPT. De acuerdo a este método, las ondas parciales
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a orden O(p*) vienen dadas por

N i
tr(s)= W. (1.56)

Los efectos derivados de la aparicion de resonancias ligeras se advierten a
traveés de la presencia de picos en la seccion eficaz de dispersion. Ademads, éstas
pueden ser identificadas como polos en la amplitud de dispersion una vez que
han sido continuadas analiticamente a la segunda hoja de Riemann (la condicién
de causalidad impide su presencia en la primera hoja).

La amplitud (1.56) es analitica en todo el plano complejo salvo en el eje real y
tiene un corte derecho de unitariedad que comienza en el umbral de produccién
de dos piones, s = (2M,)? asi como un corte izquierdo para s < O procedente de
diagramas en el canal t —u [19)].

Estas propiedades analiticas permiten definir de modo completo la amplitud
unitarizada en la segunda hoja de Riemann, mediante el empalme de su parte
imaginaria en la primera hoja a través del corte derecho. Si denotamos mediante
t0) 1a amplitud de dispersién en la primera hoja de Riemann —fuera del eje real—
, entonces la amplitud de dispersion en la segunda hoja viene dada a través de
la condicion de empalme

Im tY9(s —i0%) = Im V(s +i07), s> (2M,)% (1.57)
De esta manera se COHCIUY@ que

B t(s)
11— Qigo(s)t(s)’

tUD(s) (1.58)

La masa 'y la anchura de una resonancia parametrizada ala Breit-Wigner pue-
den relacionarse [5.] con el polo, s;, de la expresién (1.58) en el semiplano com-
plejo inferior a través de

. 2
1
Sp = (MR - QFR) ) (159)

expresion que en el limite de resonancias estrechas, Mz >>I'g, define la masa y la
anchura (en reposo) de las resonancias que obtengamos a partir de la dispersion
de piones. Ha de notarse que el uso de una parametrizacion de tipo Breit-Wigner
no esta exclusivamente reservado para particulas estrechas. Tendremos ocasién de
comprobar esto al mostrar los resultados atinentes a la_f(500)/¢ —unaresonancia
particularmente ancha— en la publicacién 2.3.1.
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Modelo de intercambio de resonancias

En el capitulo g discutiremos la estabilidad de los resultados de ChPT frente a
la inclusion de resonancias ligeras a través de un modelo de intercambio basado
en un lagrangiano [32, 55] que incluye los términos O(p?) del lagrangiano quiral
efectivo y le aflade términos O(p*) resultantes del acoplo de campos de tipo
vectorial (J¥“=17") y de tipo vectorial-axial (J¥“ = 1**) —ademads de incluir
acoplo electromagnético explicito—.

Una vez fijadas las constantes de acoplo que introduce cada uno de los nuevos
términos de interaccion con los bosones de Goldstone y que deben determinarse
a través de métodos auxiliares —ya sean de caracter experimental o asuncio-
nes teoricas adicionales—, la descripcion que proporciona este modelo se estima
como razonablemente precisa para energias bajas e intermedias, i.e. hasta apro-
ximadamente 1 GeV.

El lagmngiano del modelo puede escribirse como sigue:
1 77 FQ prrt T T 1 A v
L= F,F¥ + —Tr(DUDM" + xU" +x'U) - §Tr(v Vi V,V
1

5 iTr (Vwﬂw) + iiTr (V,wu"u”)

2v2 V2
L (via, voam - a2 ama Fa rfa o 6
_5 T vV —5 A v +ﬁ I'( ,JVL](‘_ ), (1. O)

M%VP"V,W> +

donde U y y son las matrices de campos y de masa usuales de ChPT, My y M 4 son
las masas de las resonancias que saturan los canales vectorial y vectorial-axial,
respectivamente; y Fy, )y y Gy son las constantes que introducen los acoplos con
las resonancias y cuyo valor numérico puede consultarse en, por ejemplo, [32].

En realidad sélo es necesario uno de los parametros —Fy, por ejemplo—
debido a que los restantes pueden obtenerse a partir de las llamadas reglas de
suma de Weinberg [56], que en el limite quiral toman la forma

F}—F; = F;
KM} —FIM% = 0, (1.62)

(1.61)

y de hipétesis adicionales como vector resonance dominance approximation [57], que
—aplicada al calculo del factor de forma del pién— da lugar a la aproximacién
FyGy ~ F?; o la llamada relacién KSRF, Fy = VF, [58,509]

Por ultimo, la derivada covariante, D, incorpora el acoplo vectorial al campo
externo del fotoén, v, = QA,, y viene d.ada por la. expresion (1.33). Ademds —
respecto a los acoplos con las resonancias y considerando fuentes externas de
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tipo vectorial y axial-— tenemos

w, = w(DU)u’ = u;, (1.63)
) SR VUSRS VAN O
Fl, = o'+ a)— (0" +a')—i[vF £ a',v" £ '],

con u? = U, y siendo v, y a, los posibles acoplos externos de tipo vectorial
y vectorial-axial, respectivamente. Nétese que si s6lo se incluye —como sera,

de hecho, el caso que nos ocupe— el campo electromagnético, entonces ha de
escribirse a, =0, v, =eQA,.

Las matrices que contienen los campos de las resonancias son:

atE g KT
Vw=| o -H+% K° |, (1.64)
K*= K0 —%@8 »
S af Kt
Aw=| a —}i fg Ky ; (1.65)
K™ KY  —%fi w

mientras que el operador V viene definido a través de su accién sobre un campo
tensorial completamente covariante como

V?\R;ﬂ/ = dAR/ﬂ/ + [F?\v R/JV]v (166)

SiﬁndO RIUI/ - ‘/plly Ayl/’ y

T, = ; guT[éA —i(vy + an)]u + uldh — i(vr — aA)]uT}. (1.67)

Con todo esto ya estamos en condiciones de calcular el propagador de Feyn-
man de cualquier resonancia. En efecto, en el espacio de posiciones —y haciendo
uso de la invariancia de los campos bajo traslaciones— puede escribirse

—ixk

-1 [ d'k e
(O (R 00)10) = 375 [ s 3=, Ll = )
+gppk1/ka - gyakl/kp - (/1 « V)}1 (168)

donde S €S el tensor asociado a la métrica de Minkowski y M es la masa de la
resonancia definida a través del campo Ry,
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En el capitulo g estaremos interesados en el cdlculo de las correcciones a la
auto-energia de un pién a un loop en un contexto de dos sabores, por lo que los
términos relevantes del lagrangiano (1.60) —una vez expandido— son

Ly =ieAl(ntdn —n dn) + e AFA T

1 Gy _ _
—§FVFW()W (1—FQYT T ) FQ pl?y((?Vﬂ+dV7r — ' d"n™)

Gy F,
—Qe—A“pM( T 4w )—162F9F (aipuﬂ+—afyy7r_). (1.69)

Ha de tenerse en cuenta que el cdlculo perturbativo dentro de este modelo
debe realizarse con un cierto cuidado puesto que no disponemos de un esquema
de contaje de potencias que permita una expansion controlada en las constantes
de acoplo de las interacciones entre resonancias y piones. Tendremos ocasion de
ver esto mds detenidamente en la seccion 3.1, al presentar la publicacién g.1.1.

Saturacidn por resonancias

Como ya se ha dicho con anterioridad, el lagrangiano quiral efectivo depende
— a cualquier orden— de un numero determinado de constantes de baja energia
que un enfoque basado en simetrias no puede determinar. Estas LECs vienen
determinadas por la dindmica de la teoria subyacente a través de la escala de
renormalizacién y de efectos asociados a la masa de las particulas pesadas.

Sin embargo, no es posible calcularlas mediante procedimientos perturbativos
en QCD, sino que —como también dijimos— deben ser obtenidos a partir de
informacién experimental en el sector de baja energia de la Interaccién Fuerte,
o mediante métodos auxiliares como, por ejemplo, el limite de gran N¢.

Estas constantes reciben contribuciones de diversas fuentes, entre ellas los
efectos debidos a resonancias ligeras, aunque también de otros estados hadréni-
cos. Aunque es posible mostrar [30] que los valores observados para las LECs
pueden reproducirse razonablemente bien si se asume que su valor esta com-
pletamente dominado, por ejemplo, por el intercambio de una particula p(770)
—lo que se conoce como vector meson dominance— [57], también otras resonancias
ligeras contribuyen.

En el capitulo 2 —al hablar de las constantes electromagnéticas de baja
energia relevantes en el cdlculo de los condensados— y en el capitulo 3 —en re-
lacién con las contribuciones de los mesones a,(1260) y p(770) a la auto-energia
de un gas de piones— haremos uso de la llamada hipdtesis de saturacion por reso-
nancias, que establece que las LECs estan saturadas por las primeras resonancias
ligeras.
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A lo largo de toda esta subseccion estudiaremos como pueden éstas ser in-
cluidas en el lagrangiano quiral vy, asi, estimar su contribucién a las constantes
de baja energl'a. Escribamos las LECs renormalizadas como

Li(p) = YLE+Li(p), (1.70)

RejV, A8, P}

siendo i, la escala quiral de renormalizacion'7; LE, con Re iV, A, S, P4, las contri-
buciones a las mismas asociadas a los canales vectorial, axial-vectorial, escalar y

pseudoescalar, respectivamente; y ﬁi(yx) la parte restante.

A partir del modelo (1.60) e introduciendo —ademds de las interacciones con
los campos vectorial y vectorial-axial— los acoplos (lineales) leading-order con el
octete y singlete escalar, S y Si; y el octete y singlete pseudoescalar, P y F; a
través de

Ls: = ¢4 <Suyu"> +cm <SX+> + 45 <u,1u/*> + CrSt <X+>’
Lp: = idu(Py-)+idn(Py-), (1.71)

con ¢4, Cd, Cm, Cm, Am Y d ciertas constantes de acoplo, y
R S o
Ne=u yu Fuy'w (1.72)

es posible determinar [32] las contribuciones resonantes a las constantes de baja
energia comparando con el lagrangiano L) de SU(3)-ChPT. Nétese que esto
es asi debido a que los acoplos son de orden O(p?) y, por tanto, el intercambio
de resonancias produce contribuciones de orden O(p*). Ademas, debido a este
contaje, las unicas contribuciones relevantes para el calculo de las LECs son las
que proceden de las partes sin derivadas de los propagadores de las resonancias.

Las contribuciones de las resonancias vectoriales a las LECs vienen dadas
por [32,60]

2
v _ Gv V_orVv V_ _ @IV
L = SN Ly =2L7, Ly =—6L4
vV _ G Ry v _ R v _ K
L9 oM LlO - aMy Hl - 8MY
La resonancia axial contribuye como
F? F?
A A A A
L =—+ H =— ) 1.
0= 4m2 T e (1.73)

'7 Es natural suponer que, si las resonancias ligeras dominan la cantidad Lf(j ), entonces la escala
de renormalizacién quiral ha de estar en un entorno cercano a esta zona del espectro.
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Li(M,) v A S S g Total
L] 074+03 0.6 o -02 02 o 06
Ly 13+£07 1.2 0 0 o o 1.2
Ly —-444+25 36 o 06 o o -30
L, —-03+05 o.0 0 -0.5 0.5 O 0.0
L 14405 0.0 0 1.4 O 0 14
Lg —-024+£083 o.0 0 -083 08 0 00
L; -04+£02 o.0 0 o o0fF o -03
L 09+03 0.0 0o 09 0 0 09
Ly 69+07 6.9 o 0 o o 069
L, —52+03 -100 40 o o o -6.o

Cuadro 1.5: Contribuciones V, A, S, S1 y 71 a las LECs en unidades de 1073, y renormali-
zadas a la escala M, =770 MeV. Las entradas de la segunda columna pertenecen a [31].
Las entradas a partir de la sexta columna proceden de [32].

Las partes asociadas al octete y al singlete escalar son:

L§=—li  L§=-8L5 L$=-%, L[$=-8L}

T 6M2 sM2

VI :

S__ ¢ S__718 S_ors$

Lg = T Lg=-Lg, Hj;=2Lg, (1,74)

~9 - o~ ~0

S Cq S &4¢ S e
L YV L - MIo Li — oMl
01 01 01

Finalmente las contribuciones del octete y el singlete pseudoescalar son

2
LE = 6‘17? LE=—-8LF HE=-6LF

L1Pl _ d? (1'75)

—2
2M,

Donde quiera que aparezcan, las contribuciones asociadas a los canales vecto-
rial y axial-vectorial dominan sobre todas las demas en el sector de baja energia,
dejando muy poco protagonismo a contribuciones adicionales. Como H{ no pue-
de ser determinada fenomenolégicamente pero aparece en el calculo de los con-
densados escalares —como veremos en el capitulo 2—, asumiremos dominancia
escalar con el fin de utilizar la aproximacion Hj = 2Lg. En el cuadro 1.5 mos-
tramos las diferencias entre los resultados obtenidos en [32] y los valores experi-
mentales en [31].

Puede aplicarse el mismo razonamiento para resonancias en distintos cana-
les con objeto de obtener valores numéricos de las constantes de baja energia
electromagneéticas, incluyendo la constante ( que corrige la masa de los piones
cargados a nivel drbol y que estd practicamente dominada por el intercambio de
una p(770) y una a,(1260) [61].
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Por mor de la concisidn, referimos aqui al lector a la literatura especializada
para un tratamiento mds extenso de estas cuestiones —asi como para consultar
la procedencia de la mayor parte de los resultados numéricos que utilizamos para
verificar los resultados de la publicacién 2.1.1—. De este modo puede consultarse
la discusién acerca de los valores para las EM LECs de 2.1.1, o los trabajos [62—6 5].
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1.1.4 Temperatura finita: fenomenologia y formalismo

Con el fin de estudiar la evolucién térmica de los observables que estudiemos
en los capitulos 2.1 y 3, analizaremos brevemente las implicaciones que surgen al
considerar la simetria quiral en un escenario térmico, asi como las propiedades y
resultados fundamentales a la hora de realizar la extension de la Teoria Quiral de
Perturbaciones a temperatura finita a través del llamado Formalismo de Tiempo
Imaginario (ITF) [66,67].

Al introducir la temperatura, se introduce una nueva escala de energia que
influye en la expansion perturbativa que se hacia en ChPT. En efecto, ademas
de la escala de masas o momentos externos que situabamos en A\ ~ 47F ~1GeV
hay ahora una escala de expansion térmica, Ar, que se situa aproximadamente
en unos 150 — 200 MeV, valor del orden de la temperatura asociada al cambio de
fase que se produce entre la fase hadrodnica y la fase parténica del diagrama de
fases de QCD a potencial quimico nulo™® [68,6¢)].

De esta manera, distinguiremos tres regimenes térmicos en relacion con esta
nueva escala térmica.

i) Régimen de bajas temperaturas, T<<Ar. En este rango todos los efectos térmi-
cos debidos a particulas pesadas (es decir, asociados a particulas que no son
bosones de Goldstone y que seran, tipicamente, resonancias) pueden ser
despreciados debido a que estan suprimidos exponencialmente a través de

Iy

factores de Boltzmann de la forma e~ 7, donde M}, es la masa del hadrén
pesado considerado. El lagrangiano quiral efectivo permanece inalterado al
considerar efectos térmicos, pero sera necesario modificar los propagado-
res asociados a los bosones de Goldstone de modo que den cuenta de la
evolucion térmica [70].

ii) Régimen de temperaturas intermedias, T' < Ar. Las particulas pesadas co-
mienzan a ser importantes y sus efectos han de tenerse en cuenta. El rango
térmico de este régimen acaba en la llamada transicién quiral, proceso en
el que la simetria quiral se restaura y deja de estar espontaneamente rota.

iii) Régimen de temperaturas altas, T >Ar. Se produce a temperaturas mayores
que la temperatura asociada a la restauraciéon de la simetria quiral y a la

Puede también identificarse a A7 como la temperatura tal que el promedio térmico de la energia
para un gas de bosones de Goldstone coincide con la escala de energia A,. En este caso, y a
partir del uso del Teorema de Equiparticion para un gas relativista, el valor obtenido es un
poco mayor: At ~ 300 MeV, pero se convendra en que —de cara a un tratamiento perturbativo
de baja energia— los resultados serdn mds confiables eligiendo el valor mds conservativo, i.e. el
valor numérico mas bajo. Ademas, parte de los resultados mostrados muestran comportamientos
cualitativos compatibles con la restauracién de la simetria quiral.
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transicion de desconfinamiento?9. Los quarks y los gluones se convierten en
los grados de libertad relevantes y se forma el denominado genéricamente
Plasma de Quarks y Gluones (QGP) [72,73].

Parece claro que la region de interés para la memoria de investigacion que ocupa
estas lineas es aquélla en la que la temperatura es lo suficientemente baja como
para suponer que las particulas pesadas se hallan térmicamente desacopladas y
que la convergencia de la serie perturbativa quiral en Ay sea razonable. Esto se
consigue para temperaturas por debajo de los 100 MeV, de interés fenomenoloégi-
co debido a que no estan muy lejos de las temperaturas asociadas al freeze-out
térmico en Colisiones Relativistas de Iones Pesados [74—76] (ver comentario en
la subseccion 1.1.4).

En cualquier caso, las predicciones de ChPT pueden ser extrapoladas cuali-
tativamente por encima de este valor de T ~ 100 MeV con el fin de colegir pro-
piedades que puedan ayudar a explicar rasgos del comportamiento de la materia
hadrénica en regiones cuya temperatura es ligeramente inferior a la transiciéon
de restauracion de simetria quiral.

Naturalmente, el caracter critico de la transicién de fase no podra ser repro-
ducido utilizando un esquema de cdlculo basado inicamente en ChPT, asi que
los resultados cuyas graficas se continten hasta regiones térmicas por encima
de los valores estandar que garantizan la convergencia de la serie quiral térmica
en la seccién 2.2 y en el capitulo g deben tomarse como predicciones cualitativas
model-independent a partir de una teoria efectiva de baja energia.

No obstante —tal y como veremos en la seccion 2.3— la implementacién
en ChPT de los efectos causados por las resonancias mas ligeras del espec-
tro hadronico a través del IAM permite cambiar el comportamiento cualita-
tivo de observables como la susceptibilidad escalar o el condensado de quarks,
acercandolos a la descripcion que de ellos hacen cerca de la region critica los
estudios basados en simulacion en el reticulo a temperatura finita.

Motivacidn (i): Colisiones Relativistas de Iones Pesados

Como ya se ha visto, QCD provee un escenario teoérico adecuado para el estu-
dio de la Interaccion Fuerte a través de un numero reducido de parametros que
deben determinarse experimentalmente. Sin embargo, los grados de libertad a
través de los cuales se estructura no permiten estudiar el comportamiento de la
materia confinada mas alld del limite en donde el acoplamiento es lo suficiente-
mente débil como para poder utilizar métodos perturbativos.

*9 Las simulaciones en el reticulo muestran que ambas transiciones ocurren a la misma temperatura
o con unos pocos MeV de diferencia [771].
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Figura 1.2: Mapa de fases de QCD en funcién del potencial quimico y temperatura para

valores fisicos de las masas de los quarks.
Fuente: GSI.

Las colisiones entre iones pesados a energias relativistas y ultrarelativistas
permiten producir materia en condiciones extremas de densidad y temperatura
cuyo comportamiento puede predecirse con QCD. Este tipo de experimentos
permite probar la teoria subyaciente mediante el estudio de las transiciones de
desconfinamiento y de restauracion quiral —propiedades de cardcter fundamen-
tal en QCD— asi como el comportamiento de la materia en las fases hadronica
y desconfinada (QGP). Ademds de esto, el estudio de colisiones entre iones pe-
sados también permite caracterizar la dinamica de la materia nuclear en base a
variables macroscépicas, tales como temperatura y densidad, y a partir de ellas
estudiar la correspondiente ecuacion de estado.

A energias en el centro de masas de entre unos pocos y unas decenas de GeV
por nucledn (/s << 100A-GeV), los iones que coliden se frenan mutuamente y se
consiguen altas densidades baridnicas, mientras que para energias mucho mas
altas (v/s 2 100A-GeV), los dos iones se atraviesan el uno al otro y la regién de
colision adquiere cotas bajas de densidad baridnica, pero alcanza temperaturas
muy altas. Ambos escenarios pueden encontrarse en la figura (1.2): mientras
que RHIC*° y LHC* mantienen una linea destinada a experimentos de muy
alta energia por nucléon en el centro de masa, GSI SIS goo planea estudiar
la region de alta densidad baridnica®**. Esta figura distingue una zona de fase
hadrénica para bajas temperaturas y bajo potencial quimico, separada de las
zonas en las que la materia se encuentra desconfinada en forma de QGP, y la

** BNL, Nueva York, Estados Unidos. Colisiones Au-Au con una energia en centro de masa de
/s =200 GeV por nucledén, Ty ~ 230 MeV.

** CERN, Ginebra, Suiza. Colisiones Pb-Pb con una energia en centro de masa de /s = 5500 GeV
por nucledn, Trey ~ 260 MeV.

?? Darmstadt, Alemania. Colisiones Au-Au con una energia en centro de masa de /s = 40 GeV por
nucleon.
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fase de superconductividad de color (SCC), caracterizada por bajas temperaturas
y alto potencial quimico [777,78].

A partir de la figura (1.2), puede verse que para potencial quimico nulo la
transicion de desconfinamiento se produce avanzando a través del eje de orde-
nadas en sentido creciente de temperatura, hasta una densidad baridnica critica
de po = 0,125 GeV/fmS, lo que se cree que podria suceder en los nucleos de
ciertas estrellas de neutrones. Por otro lado, para potenciales quimicos bajos, la
transicion podria conseguirse aumentando la temperatura hasta un valor critico
de Tr; =150 — 200 MeV= (1,8 — 2,4) x 10" K, condiciones que pudieron darse a
partir de los dos primeros microsegundos de existencia del universo tras el Big
Bang.

La evolucion espacio-temporal de una colision ultrarrelativista de iones pe-
sados puede catalogarse en tres etapas: el momento de la colision, el proceso
de termalizacién, y la hadronizacién (seguida de un desacoplo o freeze-out). Du-
rante la colisién, un gran numero de partones se producen determinando las
condiciones inciales de toda la evolucién posterior. Existen varios modelos®3 pa-
ra explicar esta etapa inicial, aunque los mecanismos todavia no se comprenden
perfectamente.

Inmediatamente después de la colisidn el gas de partones esta fuera del equi-
librio, hasta que las colisiones secundarias entre ellos conducen a un estado de
equilibrio y a la posibilidad de describir el sistema mediante un enfoque hidro-
dinamico. La temperatura del gas comienza a decrecer en el transcurso de su
expansion hasta que la temperatura critica de confinamiento se alcanza. En ese
momento el sistema hadroniza y, después, atraviesa una etapa de desacoplo en el
que el gas se halla diluido y las interacciones entre particulas cesan (freeze-out).

Este freeze-out se define en las RHIC como el tiempo propio a partir del cual el
tiempo medio caracteristico entre colisiones de las particulas del plasma es mayor
que el del tiempo caracteristico asociado a la expansién en el seno del plasma;
y a partir del cual, también, el equilibrio térmico local se rompe. Existen dos
tipos de freeze-out: por un lado se puede hablar de freeze-out quimico, tras el que
el numero de especies en el plasma queda fijo; y el freeze-out térmico, a partir del
cual el equilibrio cinético cesa [72].

Motivacidn (ii): resultados en el reticulo

En esta seccion presentaré los conceptos bdsicos que seran utilizados en la
seccion 2. Ello incluira una breve introduccion al cardcter de la transicion quiral

*3 I£.g.: Color Glass Condensate [7q], color-string percolation [30], 6 modelos perturbativos basados en

QCD [72]. Para una revisién de los distintos escenarios: ver [81].
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en funcion de las masas de los quarks, una pequefia resefia del formalismo stag-
gered para fermiones y, finalmente, la descripcién de los observables relevantes
para nuestro trabajo, en concreto los condensados y la susceptibilidad sustraidos,
y las masas de screening.

Si consideramos QCD con dos sabores y en el limite quiral, la transicion
de restauracion de la simetria quiral es un cambio de fase de segundo orden
y pertenece a la clase de universalidad O(4), caracteristica de los modelos de
espin en tres dimensiones [82]. Por debajo de la curva que separa las dos fases la
simetria quiral estd espontdneamente rota y existen tres piones sin masa.

Sin embargo —como ya se ha tenido oportunidad de mostrar al analizar el
patron de ruptura de la simetria quiral en QCD— en el mundo fisico que nos
alberga los quarks up y down tienen una masa distinta de cero. En ese caso el
caracter de la transiciéon pasa a ser un crossover analitico [68,83]: se producen,
en efecto, variaciones importantes en ciertos observables, pero —a diferencia de
lo que sucede en una transicion de segundo orden— no hay discontinuidades
asociadas a su descripcion.

La naturaleza de la transicién quiral en funcién de los valores de las masas
ligeras m, = my y la masa del quark strange para potencial quimico nulo puede
bosquejarse en la llamada grdfica de Columbia [8 4], ilustrada en la figura 1.3.

‘f N=2 Pure
Gauge
mS
2" order
0(2)/0(4)
-—— s
physical g
. point L, N=3
I

g crossover

Figura 1.3: Grdfica de Columbia: Cardcter de la transicion de fase quiral en funcién de la

masa de los quarks para potencial quimico nulo. El punto fisico estd incluido en la region

que indica un crossover. Las flechas rojas indican el desplazamiento esperado cuando nos
acercamos al limite quiral.

En la seccidén 2 compararemos los resultados calculados mediante ChPT con
aquéllos que pueden obtenerse mediante simulacién en el reticulo. El condensa-
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do total de quarks a temperatura finita, <C]q>T, contiene una parte de temperatura
cero que presenta divergencias ultravioletas, asi como términos de contacto pro-
cedentes de la ambiguedad inherente a su definicién [31]. Con el fin de obtener
resultados finitos en el reticulo se han propuesto diversos métodos de renormaliza-
cién. El que mds serd usado en nuestros resultados consiste (ver —por ejemplo—
[85,86] y la discusion en la seccién III de la publicacién 2.2.1) en utilizar el
condensado asociado al quark strange para calcular el condensado sustraido, A,
definido a través de
<qq>T - QnTZ[ (55)r

19) > Ay = T 176
(99) > doei= o S (79)

My

A

donde m; es la masa asociada a un sabor ligero genérico (0 a cada uno de los
condensados ligeros por separado) y m; es la masa del quark strange.

De un modo parecido se procede para renormalizar las susceptibilidades. Por
ejemplo, en [86] —y para la susceptibilidad escalar total— se procede a la sustrac-
cion de la parte de temperatura cero dando lugar a la susceptibilidad sustraida,
Ay, definida como

Ax(T) = x(T)— x(0). (177)
El hecho de que esta cantidad sea directamente medible en el reticulo permite
tanto la comprobacion de la regla de suma que serd mostrada en la seccién 2 y

que representa uno de los resultados de la publicacién 2.2.1, como de varios de
los resultados de 2.3.1.

Debido a que, como ya hemos dicho, para valores fisicos de las masas de
los quarks la transicion quiral es un crossover analitico, el analisis de distintos
parametros de orden da lugar a distintos valores de la temperatura critica®4.

Al presentar algunos de los resultados en la seccién 2.1 hablaremos de forma-
lismo de fermiones staggered o de Kogut-Susskind [87]. Este formalismo pretende
arreglar el problema del doble conteo de fermiones (fermion doubling) que viene
asociado a la discretizacion de la accion para fermiones libres. Puede probar-
se [88] que es imposible poner en el reticulo fermiones quirales sin producir este
problema de doble conteo. El formalismo de Kogut-Susskind es uno de los varios
métodos*5 que se han propuesto para intentar reducir el numero de fermiones
espureos por cada grado de libertad real.

Este procedimiento, entonces, introduce copias espureas para cada sabor de-
nominadas tastes [92] que presenta ciertas similitudes con las violaciones a la
simetria de isoespin que se analizan en esta memoria. Las nuevas copias ha-
cen que la accion en el reticulo sea invariante bajo un grupo quiral aumentado

*4Notese que en rigor debiéramos hablar de pseudotemperatura critica debido a la inexistencia de
una transicién de fase en sentido riguroso.
*5 £.g. fermiones de Wilson [8g], fermiones de Ginsparg-Wilson [o], domain wall fermions [g1].
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SU(4) x SU(4) cuya ruptura da lugar a quince pseudo-bosones de Goldstone
(més un estado de tipo 7)) por cada sabor quark. Todos estos nuevos mesones se
degeneran en el limite del continuo (al que se llega cuando el espaciado de la red
tiende a cero).

En la seccion 2.1, a la hora de hablar de los resultados de la publicacién 2.2.1,
tendremos ocasion de ver la relacion entre los resultados que hemos calculado
usando ChPT Yy las contribuciones espureas a las componentes conexa y dis-
conexa de la susceptibilidad quiral escalar que se producen para reticulos de
espaciado no nulo.

Formalismo de Tiempo Imaginario

De entre los varios métodos enfocados a extender a temperatura finita una
teorfa cudntica de campos?®, el formalismo de tiempo imaginario (ITF) es el m4s
antiguo. Permite calcular fuciones de Green a temperatura finita explotando la
analogia entre el operador de Boltzmann y el operador de evolucidon temporal
para tiempos imaginarios [66].

Como no se ha considerado potencial quimico distinto de cero, todos los re-
sultados que aparezcan a continuacién habran de entenderse en el contexto de
una colectividad canonica. En ella —como es bien sabido— la descripcion de un
sistema en equilibrio térmico a temperatura T se realiza a través de la llamada
funcién de particion

Z(B) = Tr (e=), (1.78)
donde 3 =1/T y H es el hamiltoniano del sistema cudntico de muchas particu-
las, independiente del tiempo®7, y la traza se toma sobre una base completa de
autoestados.

Naturalmente, en la colectividad sélo son importantes los promedios térmicos
definidos, para un operador genérico A(t,x) en imagen de Heisenberg, a través

de

(A),=Tr L(fﬂHA : (1.70)
VA 7

Debido a la ciclicidad de la traza involucrada en la anterior ecuacion es posible
escribir, ademas,

(A(t)A(t2))y = (Alt: +B)A(t2) ), (1.80)

que expresa la periocidad en el tiempo imaginario de cualquier observable térmi-
co y conocida como relacion de Kubo-Martin-Schwinger (KMS) [g5,96]. N6tese que

20 Véase, por ejemplo, [93,04].
*7Dar cabida a un intercambio adicional de particulas desde un reservorio involucraria el reem-
plazo de H por H —iN, donde N es el operador numero de particulas y ;1 es el potencial quimico.
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se ha se ha utilizado formalmente lo que ya se mencionaba anteriormente: la

semejanza del operador de Boltzmann e, con el propagador temporal e=! en
t=—ir _p idea fundamental sobre la que recae el formalismo ITF.
En efecto
e PHA(t —1iB, )™ = A(t, x). (1.81)

A través de la ecuacién (1.79) es posible calcular el propagador de Feynman
térmico asociado al campo escalar a través de

Gt—t', 6 — ') : =(T (¢(t’f)¢(t/v°5'))>ﬁ

(1.82)
=0t —t)G(t—t,x—x)+ 0 —t)G(t —t', ¢ — '),
siendo 7" el producto cronolégico usual y
G (t,5) = (9(t,%)9(0,0)),.
C(6,50) = (9(0,0) (6, 9)), = G (1,0, 5)
que, debido a la relacion KMS satisfacen, ademads,
G (t,x) = G=(t + 13, x). (1.84)

Las transformadas de Fourier asociadas a los operadores G”y GT en la variable
temporal son

G ko, %) = [ dteci=e, %), (1.85)
objetos que, debido a la ecuacién (1.84), cumplen

G (ko, %) = e PR G (K, x). (1.86)

El propagador de Feynman G(t, x) y los propagadores G (t, x), G<(t, x), pueden
escribirse en términos de una sola funcion: la llamada funcion espectral térmica
p(ko), definida a través de

o(ko) = G (ko) — G=(ko) = /_ Z dt e ([(t,%), $(0, 96)]>ﬁ . (1.87)

Puede demostrarse [g] que se trata de una funcién real, impar en ko y que ve-
rifica la llamada condicién de positividad: Sgn(ko)p(ko) > O. Ademas, en términos
de la funcién espectral, puede escribirse

G (ko) = (1 + np(ko))p(ko),
G

“(ko) = mu(ko)p(ko), (1-88)
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donde ng es la funcién de Bose-Einstein definida a través de

1

= 7@(1} o1 (1.89)

ng(wy) :

Es posible [g7] construir la teoria cudntica del campo escalar ¢ mediante
la descripcion de la funcidn de particidn a través de una integral euclidea de
caminos en tiempo imaginario r = it, con 7 € R,

2000 [ lastexp(s:09)+ [ sonorar (.90

donde Sg(j3) es la accion euclidea del lagrangiano integrada sobre [0 <7 < 3, —00 <
x; < 00, y el subindice p en la integral hace referencia a que ha de integrarse
sobre caminos que satisfagan la condicion de periocidad

(8, ) = $(0,x), (1.91)

traduccién al lenguaje de integral de caminos de la relacién (1.80), que indica
que los observables son periédicos en tiempo imaginario con periodo j.

El segundo término de la exponencial da cuenta de posibles fuentes externas
con las que calcular, previa diferenciacién, funciones de Green libres a través de

VPR S LN
(7 (00 00)), = 0" S0 57 70— 00 (1.92)

siendo 7T, el operador de ordenacién de los campos en la variable 7, definido —por
ejemplo y por simplicidad— a través de la funcion de dos puntos

o(r, %) d(ro, ), s1 7 >1
Tr (¢(n, 0)p(re, 3)) = (1.93)
(10, ) o(r1, %), si >

A continuacion, caractericemos el pmpagador en tiempo imaginario 0 propagador
de Matusbara del campo escalar ¢ como el objeto

A(r,) = (T (¢(r. ) 9(0,0))),. (1.94)

definido en el intervalo 7 € [}, 3]. Debido a su periocidad en el intervalo [0, 3]
su transformada de Fourier resulta

Ao, k) = /0/3 dr exp (iwnr)A(r, k), (1.95)
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que lleva asociada la transformacién inversa
Al k)= 7Y exp (—iwnr)Alio,), (1.96)

donde las frecuencias @, son las llamadas frecuencias de Matsubara

2mn
w,=——, nez. (1.97)

En términos de la llamada funcién espectral el propagador de Matsubara puede
escribirse como

. X © dky P(ko)
A = — )
(120, k) —w 2T Ry — iy, (1.98)
cuya expresién para un campo escalar libre de masa m es
] 1
Aoliv,) = ——=—— (1.99)

@%%—EQ—I-mQ'

Con ayuda de esta funcién espectral térmica podemos calcular también los pro-
pagadores avanzado , A 4, y retardado, Ag, a través de

Ag(ko) =1 _Z s;ko—ps(izi(ﬁ’
eds ol 100)
A (ko) =—1 L m ke —s— 0+
lo que conduce a la identificacion
Ar(ko) = —1A(ko +107),  Aul(ko) = iA(ko —107). (1.101)

Con objeto de hacer una interpretacion fisica del propagador de Feynman a
temperatura finita calculémoslo escribiendo los campos a través de su expansion
en modos de Fourier y usando la ecuacién (1.7¢). En este caso resulta

1

i = 3) = 7 Z(T (906 (3) ), e

dk | |
:f (@n) ;@k ((1 + nB(@k))e—lK(x—y) + nB(@k))ezK(x—y))’ (1.102)

donde T es el operador de ordenacién cronoldgica en las variables xg e yo, K =
(ko, k) es el cuadrimomento del escalar, y wy, := ko.

La ecuacidén (1.102) tiene una interpretacién fisica en términos de propaga-
cion de particulas. En efecto, los tres sumandos representan, respectivamente, la
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emision espontanea a temperatura cero de una particula en p y su absorcion en
x (para xo > Yo), la emision inducida de particulas en y, y la absorcién en x; estos
dos ultimos proporcionales a funciones de Bose y concomitantes a la presencia
de un bano térmico.

Ademas, a la vista de esta ecuaciéon puede verse que la unica modificacion
a la hora de considerar la evolucion térmica de los valores esperados es la del
afadir dos contribuciones térmicas en el propagador, libres de divergencias, y
que se anulan a temperatura cero. Es precisamente por esto que no es necesario
modificar el esquema de renormalizacidn.

Para escribir reglas de Feynman con las que acometer el calculo diagramatico
a temperatura finita, sera necesario continuar el tiempo analiticamente hacia va-
lores puramente complejos que satisfagan —a consecuencia de la relacién (1.80)—
la desigualdad O < r := it < 3, y cambiar las integrales en la energia por sumas
sobre frecuencias discretas (de Matsubara), kg = i, = Qﬂinﬂ_l, con la medida
apropiada, i.e.

dko R L
fQ—wL/% Yo (1.103)

Ademas, las condiciones de conservacion de la energia escritas a través de deltas
de Dirac para los momentos en cada vértice han de reemplazarse por funciones
delta de Kronecker para las frecuencias de Matsubara.

Con estos cambios el propagador térmico puede escribirse como

Bki
iG(o) = 1471 Y f o (1104)

donde ha de entenderse Ky = iw,, % = (7,x); con lo que en el espacio de momentos
viene dado por

) 1
- . E]
K?—m? k2 —k2—m?

iG(K) = (1.105)

con ko = iw, = 2minT, n € Z.

Notese que los vértices y los factores de simetria de cada diagrama perma-
necen inalterados: sélo se modifica, como ya se ha dicho, la expresién para las
funciones de Green. Ademads, el formalismo de Matsubara sdlo es aplicable a pro-
blemas en equilibrio, puesto que la variable temporal ha sido eliminada del juego
y sdlo es posible describir propiedades estaticas.

Debido a la inclusién del sumatorio en la expresion (1.104), serd necesario
evaluar sumas sobre frecuencias de Matsubara. En este sentido serd particu-
larmente util usar el Teorema de Cauchy aplicado a un recinto de integracion
apropiado®®.

* Ver [g4], por ejemplo.
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Sea f(z) una funcién compleja sin ningun corte, que va a cero suficientemente
rapido cuando |z| — 0, entonces

y Res(f;z:zi)‘

R 1 (1.106)

AT flio) =—

lceros

En nuestra memoria de investigacidon apareceran tres tipos distintos de funcio-
nes térmicas. Por un lado, para el calculo del condensado sera necesario evaluar
loops o tadpoles térmicos de bosones de Goldstone, apareciendo la expresion

dek A( E) / d3k TY 1
— AR = _
(2m)? (2r)? " 4 2 4+ m? + k2

B d’k 1 d’k ng(E:) (1.107)
_f (2m)3 2L, +f (27)®  E
=G(e=0)""+g(m,T),

donde E? =m? + k2 y la funcién térmica gi(m, T') estd definida por

1 o k2
almT)= 5 fo Ak s (Ex). (1.108)

El segundo objeto aparece en las susceptibilidades quirales escalares y, por tanto,
es precisamente la derivada de la funcién gi(mn,T') respecto de la masa m del
escalar. Se tiene entonces

dg1 m,T)
ga(m. T) = dm? 4779f k

(1.109)

El tercer objeto es la llamada funcién J, que aparece de forma natural en la
dispersion de dos particulas en dos particulas o en el analisis de la auto-energia
que se discutira al hablar de los resultados en 3.1.1. Puede definirse, a temperatura
finita y para masas arbitrarias my y Mg, COMO

1 1

TY | e = pop—gy o)

L[T(7n477n97‘fﬂvicon)
con E? := mi+q* y E2 = (¢—p)*+m2. Un andlisis pormenorizado de las propiedades

analiticas y asintoticas de esta funcién puede encontrarse en el apéndice B de

ES.]_.l.

IAM a temperatura finita

La introduccién de interacciones unitarizadas para los piones mejora las pre-
dicciones de ChPT a través de una descripcién mas precisa de algunos de
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los fendmenos de interés en el estudio de las Colisiones de Iones Pesados co-
mo, por ejemplo, el analisis térmico de resonancias o coeficientes de transpor-
te [50,08-101]. Ademads, el uso de la llamada Expansién del Virial dentro del
contexto de la Teoria Quiral —incluyendo correcciones debidas a unitariza-
cién— permite parametrizar de modo consistente las desviaciones respecto al
comportamiento mostrado por las contribuciones de tipo gas libre incluidas en

la descripcidon a través del llamado Hadron Resonance Gas [102-104].

El IAM puede extenderse a temperatura finita incluyendo las correcciones
térmicas correspondientes al proceso de dispersion de piones, calculadas en [105]
a un loop en GhPT. La unica dependencia térmica estd contenida en ¢*(s, T)
debido a que —como ya he comentado con anterioridad— la amplitud t®(s)
no contiene diagramas con loops y, por tanto, no contiene funciones de Green
térmicas. Las relaciones de unitariedad perturbativas andlogas a la relacién (1.55)
siguen siendo vélidas una vez se haya modificado el espacio de fases por el co-
rrespondiente espacio de fases térmico definido por

or(s) = Uo(s)g 1+ 9np (f) % (1.111)

y que resulta amplificado respecto al espacio de fases a temperatura cero a través
de un factor que tiene en cuenta la diferencia entre la contribucién por emisiéon
inducida por el incremento de estados de dos piones salientes, (1 + ng(E;))(1 +
np(Es)), y la absorcién que se produce toda vez que los piones coliden con
particulas procedentes del bafio térmico, ng(Ei)ns(Es); con E; y Es las energias
de los dos piones externos que colisionan?.

La moraleja que debemos extraer de todo esto es que podemos seguir utili-
zando el IAM a temperatura finita siempre que reemplacemos el espacio de fases
do(s) por el espacio de fases térmico or(s), y las ondas parciales por sus correspon-
dientes a temperatura finita a través de la consideracion de funciones de Green
térmicas para los diagramas asociados. Debido a que las colisiones de orden su-
perior estdn muy suprimidas en el bafio térmico, se admite que en este ultimo
paso solo es necesario considerar estados intermedios de dos piones, lo que da
lugar a la llamada descripcién de medio diluido.

Con todo, la expresién general para la amplitud térmica unitarizada a O(p?)
es, prescindiendo en beneficio de la simplicidad de los indices de isoespin y

momento angular,
9
(2)
{HAM (t (S))

NLO = 4@ (5) — t)(s, T)

(1.112)

*9 Nétese que las ondas parciales siempre estan definidas en el centro de masa, razén por la que

Ey=Eq = TX y el espacio de fases térmico resulta ser precisamente el definido por la ecuacién
(1.111).
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Por ultimo, para un breve resumen acerca de las propiedades mas relevantes de
las resonancias p(770) y fo(500)/0 generadas a través de la aplicacién del IAM
en ChPT puede encontrarse en la seccion I'V.A de la publicacion 2.5.1.



Introduccion a los resultados

ALO largo de los capitulos 2 y 3 presentare los principales resultados de la
investigacion que ha dado lugar a la presente memoria. Todos ellos con-
ciernen al estudio de las propiedades térmicas de gases de bosones de Goldstone
a través de un enfoque efectivo que tiene a la Teoria Quiral de Perturbaciones
como principal herramienta de estudio.

Las modificaciones sufridas por un observable debidas a la ruptura de isoespin
—tanto intrinseca como electromagnética— pueden considerarse en la mayor
parte de los casos como pequefias correcciones numeéricas. Sin embargo en deter-
minadas parcelas de conocimiento se han mostrado como un factor relevante —e
incluso fundamental— a la hora de explicar la fenomenologia de ciertos procesos.
Tal es el caso del estudio de las correcciones electromagnéticas a las masas de los
mesones ligeros y las correcciones al llamado Teorema de Dashen [40,106-110],
las amplitudes de scattering pion-pion [38,39] o pién-kadén [111-113], asi como a
posibles escenarios para violacién de la simetria CP [114], mixing de las particulas
foy ao [115] y decaimiento de kaones [116-118], o el analisis de observables aso-
ciados precisamente a la ruptura como la regla de suma [31] que permite conectar
los cocientes de los condensados asociados a los quark down y strange frente al mas
ligero quark up. Una lista mas pormenorizada y actualizada de procesos hadroéni-
cos en los que la ruptura de isoespin juega un rol importante puede consultarse
en la referencia [119].

El capitulo 2 consta de tres secciones. En las dos primeras, vid. 2.1 y 2.2, se
estudiaran los efectos de la ruptura de isoespin de la simetria quiral sobre los
pardmetros de orden (condensado de quarks y susceptibilidades quirales esca-
lares) de un gas de mesones ligeros (piones, kaones y etas) tanto a temperatura
cero como a temperatura finita. Para ello se implementaran los efectos de carga
electromagnética y de ruptura intrinseca a través de la inclusién de fuentes
externas en los canales vectorial y escalar, respectivamente. La seccién 2.3 estu-
diard la relacion entre la susceptibilidad pseudoescalar y el condensado escalar
de quarks, asi como el escenario de restauracion de simetria quiral basado en
la degeneracion de las susceptibilidades escalar y pseudoescalar en el marco de
ChPT y de ChPT unitarizada.
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En el capitulo g analizaré las correcciones a la auto-energia de un gas de pio-
nes inmerso en un bafio térmico permitiendo el intercambio de fotones virtua-
les. Eisto conducira —previa definicién— a la posibilidad de establecer una masa
térmica para los piones de la colectividad, asi como al estudio de las propiedades
exhibidas por observables asociados a la parte imaginaria de la auto-energia,
como por ejemplo la anchura térmica o el recorrido libre medio.

Parte del interés fenomenoldgico de este estudio reside en que, debido al aco-
plo con la interaccion electromagnética, la parte real de la auto-energia de piones
cargados y neutros —asi como la anchura de desintegracion térmica asociada a
procesos de dispersiéon con particulas del medio— exhibe diferencias. Aunque
creemos que estas diferencias son numéricamente pequefias podrian, en princi-
pio, ser detectadas en los experimentos de Colisiones de Iones Relativistas y, por
tanto, su consideracién puede ayudar a arrojar algo mas de luz acerca de las fases
hadroénica y de termalizacion en este tipo de procesos.

En este mismo capitulo revisaré qué modificaciones a los resultados que he
obtenido previamente en ChPT y qué nueva informacién se obtiene cuando se
incluye la fisica de resonancias ligeras. Esta extension se efectuard a través de
la inclusion explicita de las primeras particulas pesadas del espectro hadrénico
mediante la saturacion de los canales vectorial y axial por las particulas p y a;
en forma de estados asintéticos via un modelo de resonancias.

Es precisamente este contexto mds alld de la fisica de piones el que permite
establecer una relacion entre los capitulos 2 y g por medio del andlisis de dos
escenarios de restauracion de simetria quiral relacionados con la degeneracion
en masa de las corrientes asociadas a los canales escalar-pseudoescalar y axial-
vectorial, respectivamente.



Ruptura de isoesp{n sobre parémetros
de orden asociados a la restauracion
de la simetria quiral

ste capitulo esta formado por las secciones 2.1, 2.2 y 2.3, que contienen las
E publicaciones 2.1.1, 2.2.1 y 2.3.1, respectivamente.

Los principales objetivos de esta investigacion en relacion con los procesos de
baja energia que se producen durante la fase hadrénica de la Colisién de Iones
Relativistas han sido el estudio sistematico a través de ChPT —y de su extension
unitarizada en el caso de la seccién 2.3— de los parametros de orden asociados a
la ruptura espontanea y a la restauracion de la simetria quiral, asi como la com-
paracion de estos resultados con los que aparecen en la literatura publicada sobre
el tema hasta la fecha usando tanto teorias efectivas [120-12,] como estudios en
el reticulo [125-127].
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Pardametros de orden a temperatura cero

La publicacién 2.1.1 analiza el comportamiento del condensado de quarks a
temperatura cero en SU(2)-ChPT, asi como para los mesones ligeros procedentes
de la ruptura espontdnea de la simetria SU.(8) x SUr(8), vid.: piones, kaones y
etas.

Las correcciones debidas a la ruptura de la simetria de isoespin a través de la
Teoria Quiral de Perturbaciones en el cdlculo de condensados de quarks han sido
realizadas mediante un analisis sistematico a partir del lagrangiano quiral efectivo
para el caso de dos sabores en [30], y a través de la introduccién de correcciones
electromagnéticas a la masa de kaones y piones en [121]. En este ultimo caso
solo las constantes de baja energia electromagnéticas que intervienen en en el
calculo de las masas son tomadas en cuenta.

El interés inicial de esta investigacion fue el de complementar estos resulta-
dos y confirmar que la ruptura de isoespin sobre estos observables representa
una pequefia correccion. En efecto, el analisis sistematico en la teoria de dos y
tres sabores que presento aborda el estudio completo y sistematico de la sen-
sibilidad de los condensados con efectos de ruptura de isoespin intrinseca y
electromagnética al cambio en las constantes de baja energia, y permite ana-
lizar la compatibilidad de nuestros resultados con anteriores trabajos. Ademas,
de esta manera, puede evaluarse la importancia de considerar o no este tipo de
correcciones en relacién con los errores que actualmente presentan las técnicas
de simulacion en el reticulo.

Asimismo, los resultados que defiendo plantean el uso de una hipétesis acer-
ca del comportamiento del vacio de QCD respecto de la inclusiéon de efectos
de ruptura electromagnética. Debido a que el condensado de quarks, <Gg>, es
un parametro de orden de la simetria quiral; exhibe un valor no nulo como
consecuencia de la ruptura explicita y espontanea de esta simetria. Por este mo-
tivo resulta natural esperar que cualquier nuevo término que venga a romper
explicitamente la simetria quiral —por ejemplo los términos de ruptura de iso-
espin— contribuyan a hacer que su valor absoluto aumente, en analogia con el
comportamiento de la magnetizacion espontdnea en un material ferromagnético
bajo la influencia de un campo magnético externo.

No es posible esgrimir un argumento que asegure, a priori, el comportamiento
ferromagnético del vacio de QCD. Sin embargo, existen varios indicadores que
evidencian un comportamiento similar como respuesta ante estimulos analogos.
Sirvan a modo de ejemplo la modificacién del condensado debida exclusivamente



Ruptura de isoespin y parimetros de orden 53

a ruptura intrinseca a érdenes O(p*) y O(p°) en ChPT [120], el cambio de la
temperatura critica de restauracion quiral al aumentar la masa de los piones
[70,128] o el hecho de que los resultados del reticulo® para el condensado sean
sistemdticamente mayores [125] que los obtenidos por estimacién directa [123].
Todos ellos indican que existen indicios de una respuesta ferromagnética del
vacio de QCD bajo cambios en la masa.

Es claro, no obstante, que existen diferencias importantes entre ambas fuen-
tes de ruptura que hacen que el problema deba tratarse con cuidado. En el
capitulo 1 ya he hablado acerca del problema de la incorporacién de fuentes ex-
ternas al lagrangiano de ChPT, y del hecho de que la ruptura electromagnética
tiene una naturaleza distinta a la ruptura intrinseca en tanto que se acopla al
canal vectorial en lugar de ser una fuente de tipo escalar. Al estudiar el patron
de ruptura explicita debida a la presencia de carga mostré como —incluso en el
hipotético caso de que los valores de las cargas de los quarks ligeros sean iguales—
la simetria quiral se rompe en presencia de una fuente externa escalar (necesaria
para calcular los condensados), asi que es, también, un factor que contribuye a
aumentar el valor absoluto del condensado de quarks.

A través de la asuncién de esta hipétesis hemos obtenido mas informacién
acerca de los valores numéricos que toman estas mismas combinaciones de cons-
tantes electromagnéticas de baja energia que aparecen en el calculo de los con-
densados. El conocimiento general de estas constantes en la literatura es —hasta
donde he podido consultar— bastante limitado, siendo considerablemente mas
abundante en la teoria de tres sabores, donde han sido calculados a partir de satu-
racion de resonancias [130], y en modelos de gran N¢ y de Nambu-Jona-Lasinio [131]
complementados a partir de informacién obtenida mediante métodos de QCD
perturbativa [132] y el uso de reglas de suma [133,13/4] a partir de resonancias
ligeras.

Esto no deja, sin embargo, en una posicién de marcada inferioridad a la teoria
de dos sabores puesto que —a este orden y mediante un proceso de desacoplo
del quark strange— es posible relacionar las combinaciones de constantes de baja
energia en las dos teorias a costa de introducir una dependencia explicita a
través de masas de mesones. Este desacoplo ha sido ya realizado parcialmente
para ciertas combinaciones de LECs que aparecen en el calculo de la masa del
pion neutro [135], en dispersién de piones [31,135,136] y en el analisis de la
vida media del pionio [135,137]; y de modo exhaustivo a partir de un analisis
del lagrangiano utilizando métodos funcionales en el limite quiral [138]. En este
sentido los resultados que presento constituyen un analisis complementario a los

Aunque a fecha de hoy la técnica de estas simulaciones ha conseguido trabajar de modo controlado
con masas de piones similares a las fisicas [129], en el trabajo citado las masas para el pién
permanecen por encima del valor fisico.
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ya existentes para las relaciones de desacoplo del quark strange en el marco de la
Teoria Quiral de Perturbaciones.

De cualquier modo, la separacion de las contribuciones electromagnéticas
e intrinsecas en cualquier observable es siempre ambigua [108,131,133,139] y
depende de la prescripcion que se utilice. Esto es debido a que observables
que pertenecen de modo genuino a QCD (como por ejemplo las masas de los
quarks) dependen implicitamente de correcciones electromagnéticas a través de
las ecuaciones de evolucion del Grupo de Renormalizacion en la teoria completa

(QCD+EM).

No existe una prescripcién unica y general que permita separar los efectos
electromagnéticos de los de ruptura intrinseca y, por tanto, la identificacién de
EM LECs de forma independiente a las LECs de naturaleza no electromagnética
no esta asegurada en general para todo orden.

Pese a esto, debido a que las LECs que aparecen en el lagrangiano quiral O(p*)
son, por definicién, independientes de la carga y de las masas de los quarks, es
posible extraer la correspondencia entre las EM LECs a nivel drbol haciendo
m, = mq en la condicion general. Una vez hecha esta identificacién, hemos rea-
lizado también la correspondencia entre las LEC no electromagnéticas a nivel
drbol, obteniendo a este orden la separacién completa de efectos de carga (per-
fectamente coincidente con los resultados de [138]). Hay que notar, no obstante,
que este método de aproximacion no es necesariamente valido para érdenes su-
periores debido a la existencia de términos en el lagrangiano que mezclan las dos
fuentes de ruptura de isoespin.

A pesar de esta separacion, los resultados presentes en la literatura calculan las
constantes de baja energia electromagnética a partir de analisis experimentales,
por lo que estas LECs experimentales distan de tener una naturaleza indepen-
diente de la carga y de la masa. La voluntad de comparar nuestros resultados
con estas ultimas hace necesario tener en cuenta esta posible fuente de errores a
la hora de estimar la conveniencia del uso de las relaciones de correspondencia
entre constantes de baja energia a nivel drbol.

En este punto entra en juego un nuevo argumento para la discusion de los
resultados: si bien es posible llegar a separar las LEECs a través una nueva apro-
ximacidn basada en el hecho de que las correcciones electromagnéticas son pe-
quefias en el caso del condensado ligero total, en general habra que utilizar la
relacion completa que incluye la mezcla entre los distintos tipos de constantes
de baja energia.

En efecto, esta aproximacién no es confiable en el caso del parametro de
orden de la ruptura de isoespin, vid. <tiu — dd>, donde los efectos de ruptura
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intrinseca y electromagnética son los unicos que contribuyen, siendo formal y
numeéricamente comparables.

Resulta entonces que las condiciones de correspondencia sobre los grupos
de constantes de baja energia que aparecen en este ultimo han de tomarse cum
grano salis a la hora de comparar con las EM LECs de la literatura debido a
que la separacién directa de la parte electromagnética haciendo m, = mg no es
numeéricamente confiable.

La existencia de esta ambiguedad sumada, por supuesto, a la distinta preci-
sion numérica de cada trabajo, hace que los datos obtenidos para las EM LECs
en la literatura no sean completamente compatibles entre si: los resultados de-
penden forzosamente de la prescripcion usada para la separacidn, y ésta afecta
de modo necesario a la dependencia con la escala de renormalizacion de QCD y
con el gauge.

A pesar de esta dificultad existe un rango de de estabilidad en el que la
variacion con esta escala de renormalizacion es suave y compatible con los errores
tedricos [131,132]. Ademds, el hecho de que los resultados para SU(3)-ChPT se
escriban en términos de los grupos de constantes KZ, Ki(y) y Kg(p) + K{p(p),
todos ellos independientes del gauge [132,133], refuerza su cardcter predictivo,
toda vez que ya fueron comprobadas —al igual que todos y cada uno de los
observables que presento en este trabajo— como independientes de la escala de
renormalizacion de la Teoria Quiral.

Desde un punto de vista pragmdtico, muchos de los trabajos de investigacion
consultados asumen la llamada hipdtesis de valores naturales, segun la cual cualquier
constante de baja energia yace en el intervalo [—1/1672,1/167?] cuando se evalua
la escala de renormalizacion quiral en la masa de la primera resonancia ligera,
ie |, = M, [39, 10]. La publicacién 2.1.1 muestra que —mediante el uso de la
hipétesis ferromagnética— se obtienen ligaduras (independientes del gauge y de
la escala quiral) que constrifien el intervalo en el que yace el valor numérico de
las combinaciones de constantes de baja energia que aparecen en los resultados
que expongo.

Estas cotas mejoran la aproximacion de valores naturales, si bien es cierto
que al incluir el sector de extrafieza no nula (SU(3)-ChPT) la hipétesis pierde
efectividad —incluso al considerar sdlo el condensado ligero <tu+dd>— debido
a que la masa del quark strange es considerablemente mas grande que cualquiera
de las masas ligeras m,, m, y distorsiona la serie perturbativa quiral. En cualquier
caso, y debido a que los valores calculados para estas constantes en la literatura
son aproximadamente del mismo orden, he asumido valores naturales siempre
que sea necesario extraer informacion numérica de los resultados.

Aunque la descripcion de baja energia de los pardmetros de orden que se
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efectia en el presente trabajo puede escribirse en términos de cantidades fisicas
como masas y constantes de desintegracion de grados de libertad confinados
evitando —al menos inicialmente— su relacién con parametros tipicos de QCD,
estos comentarios son utiles debido a que una parte de los objetivos tiene como
finalidad la comparacién entre las estimaciones de EM LECs procedentes de la
Teoria Quiral a través de cotas basadas en la de respuesta ferromagnética del
vacio y EM LECs obtenidas mediante rastreo bibliografico, obtenidas a partir
de diversos métodos. Es de vital importancia, entonces, ser consistente con la
prescripcion de separacion de efectos de carga e intrinsecos que se usen en esos
trabajos.

La equivalencia formal entre los grupos de constantes de baja energia tam-
bién permite analizar las diferencias entre los condensados totales en la teoria
de dos y tres sabores de una forma auto-contenida y homogénea, permitiendo
mostrar que los resultados obtenidos —al menos en el contexto de Teoria Quiral
de Perturbaciones estindar®*— indica que los condensados de quarks ligeros, u'y
d, toman practicamente el mismo valor numeérico cerca del limite quiral.

Existe una dificultad afiadida en la evaluacion de los condensados a partir
de este analisis efectivo: es bien sabido [31] que la definicién del condensado de
quarks, <gg>, adolece de una ambiguedad que se refleja en la Teoria Quiral de
Perturbaciones a través de su dependencia en los llamados términos de contacto:
constantes que, al igual que las LECs, son necesarias para absorber las divergen-
cias procedentes de los diagramas de loops pero que, sin embargo, —vy a diferencia
de lo que sucede con las constantes de baja energia— no tienen contenido fisico
en tanto que no es posible su determinacion a partir de experimentos.

Resulta, por tanto, altamente deseable encontrar resultados que no dependan
de este tipo de término, y eso es precisamente lo que se consigue a través de
la regla de suma que relaciona las cantidades <dd>/<uu> y <§s>/<uu> con
parametros fisicos de la teoria directamente vinculados a la ruptura de isoespin.

Con todo, los principales resultados de la publicacion 2.1.1 pueden resumirse
como sigue:

@ El calculo de los condensados de quark a un loop incorporando las modifica-
ciones debidas a la ruptura, tanto intrinseca como electromagnética, en la
Teor{a Quiral de Perturbaciones para dos y tres sabores proporciona resul-
tados finitos, model-independent e independientes, también, de la escala de
renormalizacion de la Teoria Quiral.

Los resultados numéricos se han calculado exclusivamente en SU(3)-ChPT
debido a la falta de informacién inicial sobre las EM LECs en SU(2)-ChPT.

* Ver referencias [1,,0-1,42] para encontrar diversos andlisis en diferentes escenarios de ruptura de
simetria quiral.
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Las correcciones son pequenas (~ 1%) respecto a la asuncién de la simetria
de isoespin desde el principio, y compatibles con los errores actuales que
presentan los calculos en el reticulo [125].

Asumiendo, a efectos numeéricos, la aproximacién de valores naturales
encontramos que las diferencias en los condensados <uu>, <dd> y <§s>
—convenientemente normalizados a su valor leading order— respecto de los
que aparecen en [121], varian entre un 2 % para los condensados ligeros, y el
4 % para el strange. Aunque estos valores representan pequefias correcciones,
son numéricamente relevantes debido a la precisién con que se calculan estas
cantidades en la citada publicacion.

En cuanto a la asimetria de vacio, <dd>/<au>—1, cuyo valor es nulo
en el limite de isoespin (y por tanto debiera reflejar mayor sensibilidad): las
diferencias entre considerar apropiadamente las contribuciones de todas las
EM LECs e incluirlas a través de correcciones procedentes de términos que
violan el Teorema de Dashen se situan entre un 15% y un 24 %, segun se
escojan las cotas inferior o superior de la aproximacion de valores naturales.
Esto indica que el tratamiento completo a nivel lagrangiano de los efectos
de carga es importante para el estudio de observables que son idénticante
nulos en el limite de isoespin.

@ La asuncién de la hipotesis de respuesta ferromagnética para el vacio —
junto con una prescripcién adecuada para la separacion de la parte elec-
tromagnética de la no electromagnética en el calculo de los condensados—
da lugar a distintas cotas inferiores para el valor numérico de las combina-
ciones de constantes electromagnéticas de baja energia que aparecen en el
calculo del parametro de orden asociado a la restauracion de simetria quiral,
<Gq>, tanto en dos como en tres sabores.

La restriccién es mayor en el caso de condensados ligeros en SU(3)-ChPT,
pero asimismo menos confiables debido a la distorsion que introduce la masa
del quark strange en la serie perturbativa quiral.

Estas cotas inferiores son independientes de la escala de renormalizacién
de la Teoria Quiral y, por tanto, representan verdaderas predicciones model
independent en el sector de baja energia de la Interacciéon Fuerte. A la hora de
comparar estos resultados con el resto de valores presentes en la literatura
especializada —basados en calculos de QCD— es necesario indicar qué tipo
de prescripciéon de separacion entre efectos electromagnéticos y no electro-
magnéticos se usa. Esta misma prescripcion introduce indefectiblemente
una dependencia en la escala de renormalizacion de QCD y en el gauge.

Con estos resultados en mano —y utilizando la misma prescripcion3 que
en los trabajos consultados— se ha comprobado que las constantes de baja

3 Consistente en la separacién directa de la parte e =0.
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energia que toman parte en el calculo de las ligaduras presentadas en este
trabajo son independientes del gauge. También se ha probado que todos y
cada uno de los valores de las constantes de baja energia electromagnéti-
cas que se han consultado en la literatura cumplen estas ligaduras, lo que
constituye una comprobacién de consistencia a los resultados que defiendo.

@ Las correcciones a la regla de suma que conecta los cocientes <dd>/<uu>
y <$s>/<uu> debidas a ruptura electromagnética son del mismo orden
numérico que las debidas a ruptura intrinseca (las tnicas consideradas en
el articulo original [31]), y han de ser incluidas, por tanto, en un anélisis
consistente de la violacién de isoespin. Esta regla de suma permite calcular
la asimetria de vacio, arrojando un resultado compatible con los que he
encontrado en la literatura.

El resultado final es independiente de la escala de renormalizacion de la
Teoria Quiral y de términos de contacto, por lo que constituye un genuino
observable en el sector de baja energia de la Interaccion Fuerte.

@ De modo complementario a los resultados en el limite de isoespin que apa-
recen en [138], se ha efectuado una correspondencia entre el condensado
ligero calculado en SU(2)-ChPT y en SU(3)-ChPT a partir del desacoplo en
masa del quark strange. Esta correspondencia se extiende a las constantes de
baja energia de ambas teorias, donde las de naturaleza electromagnética se
mezclan —en pie de igualdad— con aquéllas de cardcter no electromagnéti-
co. Esto indica que al considerar los valores fisicos para la masa y carga de los
quarks es necesario acometer nuevas aproximaciones si se pretende separar
ambos grupos de constantes y hacer explicita la correspondencia entre EM
LECs de las teorias de dos y tres sabores.

Considerando formalmente las constantes de baja energia electromagneéti-
cas que aparecen en el lagrangiano como independientes de la masa y la carga
si es posible separar ambos efectos y escribir relaciones de correspondencia
entre grupos de constantes homdlogas de SU(2)-ChPT y SU(3)-ChPT a partir
de expandir en 1/m, las expresiones para el condensado ligero total y el
parametro de orden de la ruptura de isoespin. Sin embargo estas relaciones
pueden no ser numéricamente confiables a la hora de compararlos con los
resultados para las constantes de baja energia que aparecen en la literatura
debido a que los métodos que se usan para su determinacién distan mucho
de considerar unas LECs a nivel drbol.

Una cierta solucion intermedia para la separacion de estas LEECs consiste
en asumir, en la relacion de correspondencia completa, la hipotesis adicional
de que las correcciones electromagnéticas dan lugar solo a una pequefia
modificacion. Aunque esta hipotesis es verdaderamente razonable en el caso
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del condensado total, dista bastante de ser numéricamente confiable en el
caso de la diferencia de condensados ligeros.
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Abstract

We analyze the isospin-breaking corrections to quark condensates within one-
loop SU(2) and SU(3) chiral perturbation theory including m, # my, as well
as electromagnetic (EM) contributions. The explicit expressions are given and
several phenomenological aspects are studied. We analyze the sensitivity of
recent condensate determinations to the EM low-energy constants (LEC).
If the explicit chiral symmetry breaking induced by EM terms generates a
ferromagnetic-like response of the vacuum, as in the case of quark masses, the
increasing of the order parameter implies constraints for the EM LEC, which
we check with different estimates in the literature. In addition, we extend the
sum rule relating quark condensate ratios in SU(3) to include EM corrections,
which are of the same order as the m, # m; ones, and we use that sum rule
to estimate the vacuum asymmetry within ChPT. We also discuss the matching
conditions between the SU(2) and SU(3) LEC involved in the condensates,
when both isospin-breaking sources are taken into account.

(Some figures may appear in colour only in the online journal)

1. Introduction

The low-energy sector of QCD has been successfully described over recent years within the
chiral Lagrangian framework. Chiral perturbation theory (ChPT) is based on the spontaneous
breaking of the chiral symmetry SUp(Ny) x SUr(Ny) — SUy(Ny) with Ny = 2,3 light
flavours and provides a consistent and systematic model-independent scheme to calculate
low-energy observables [1-3]. The effective ChPT Lagrangian is constructed as the more
general expansion £ = L, + L+ + - -- compatible with the QCD underlying symmetries,
where p denotes derivatives or meson mass and external momentum below the chiral scale
Ay ~1GeV.

The SUy (Ny) group of vector transformations corresponds to the isospin symmetry for
Ny = 2. In the Ny = 3 case, the vector group symmetry is broken by the strange-light quark
mass difference m; — m,, 4, although m; can still be considered as a perturbation compared to
Ay, leading to SU(3) ChPT [3]. In the Ny = 2 case, the isospin symmetric limit is a very good
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approximation in nature. However, there are several known examples where isospin breaking
is phenomenologically relevant at low energies, such as sum rules for quark condensates [3],
meson masses and corrections to Dashen’s theorem [4], pion—pion [5, 6] and pion—kaon [7, 8]
scattering in connection with mesonic atoms [9, 10], CP violation [11], ag — fy mixing [12],
kaon decays [13, 14] and other hadronic observables (see [15] for a recent review).

The two possible sources of isospin breaking are the m; — m, light quark mass
difference and electromagnetic (EM) interactions. Both can be accommodated within the
ChPT framework. The former is accounted for by modifying the quark mass matrix and
generates a 7’1 mixing term in the SU(3) Lagrangian [3]. The expected corrections from
this source are of order (my; — m,)/ms. On the other hand, EM interactions, which in
particular induce mass differences between charged and neutral light mesons, can be included
in ChPT via the external source method and give rise to new terms in the effective Lagrangian
[4-6, 16-18] of order L,., L, P and so on, with e the electric charge. These terms fit into
the ChPT power counting scheme by considering formally e? = O(p?/F?), with F the pion
decay constant in the chiral limit.

The purpose of this paper is to study the isospin-breaking corrections to quark condensates,
whose main importance is their relation to the symmetry properties of the QCD vacuum.
The singlet contributions (uu + dd) for SU(2) and (iu + dd + §s) for SU(3) are order
parameters for chiral symmetry, while the isovector one (uu — dd) behaves as an order
parameter for isospin breaking, which is not spontaneously broken [19]. We will calculate the
condensates within one-loop ChPT, which ensures the model independence of our results, and
will address several phenomenological consequences. The two sources of isospin breaking
will be treated consistently on the same footing, which will allow us to test the sensibility
of previous phenomenological analysis to the EM low-energy constants (LEC). Moreover,
the EM corrections induce an explicit breaking of chiral symmetry which will lead to lower
bounds for certain combinations of the LEC involved, provided the vacuum response is
ferromagnetic, as in the case of quark masses. In addition, in SU(3) one can derive a sum
rule relating the different condensate ratios for m, # my [3] which, as we will show here,
receives an EM correction not considered before and of the same order as that proportional
to m, — my. The latter is useful to estimate the vacuum asymmetry (dd) /{uu) reliably within
ChPT. An additional aspect that we will discuss is the matching of the SU(2) and SU(3) LEC
combinations appearing in the condensates when both isospin-breaking sources are present,
comparing with previous results in the literature. The analysis carried out in this work will
serve also to establish a firm phenomenological basis for its extension to finite temperature, in
order to study different aspects related to chiral symmetry restoration [20].

With the above motivations in mind, the paper is organized as follows: in section 2 we
briefly review the effective Lagrangian formalism needed for our present work, paying special
attention to several theoretical issues and to the numerical values of the parameters and LEC
needed here. Quark condensates for SU(2) are calculated and analyzed in section 3, where
we discuss the general aspects of the bounds for the EM LEC based on chiral symmetry
breaking. In that section we also comment on the analogy with lattice analysis. The SU(3)
case is separately studied in section 4. In that section, we first perform a numerical analysis
of the isospin-breaking corrections, paying special attention to the effect of the EM LEC in
connection with previous results in the literature. In addition, we obtain the EM corrections
to the sum rule for condensate ratios, which we use to estimate the vacuum asymmetry
within ChPT. We also provide the LEC bounds for this case, checking them with previous
LEC estimates and, finally, we discuss the matching conditions for the LEC involved. In the
appendix we collect the Lagrangians of fourth order and the renormalization of the LEC used
in the main text.
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2. Formalism: effective Lagrangians for isospin breaking

The effective chiral Lagrangian up to fourth order is given schematically by
Lot = £p2+ez + £p4+ezpz+e4. (1)

The second-order Lagrangian is the familiar nonlinear sigma model, including now the gauge

coupling of mesons to the EM field through the covariant derivative, plus an extra term:
F2
Lipte = 0[DUD"U +2BoM(U +U") + CalQUQU". )

Here, F is the pion decay constant in the chiral limit and U(x) € SU(Ny) is the Goldstone
boson (GB) field in the exponential representation U = exp[i®/F] with
0 2rt
SU 2 : CD == )
@) (ﬁn_ —n°

7-[0—'—%77 \/E]T+ \/EK+
SUB): & = | V2r~ —no—l—%n V2K° |, (3)
V2K~ V2K° Nl

with 1 the octet member with I3 = § = 0. The covariant derivative is D, = 9, +1A,[Q, -]
with A the EM field. M and Q are the quark mass and charge matrices, respectively, i.e. in
SU(3) M = diag(m,,, my, m;) and Q = diag(e,, e, e;) with e, = 2¢/3, e, = e = —e/3 for
physical quarks. The additional term in (2), the one proportional to C, can be understood as
follows: the QCD Lagrangian for m, = m, coupled to the EM field is not invariant under an
isospin transformation ¢ — gg with g € SU(Ny) and g the quark field. However, it would be
isospin invariant if the quark matrix Q is treated as an external field transforming as Q — g Qg.
Therefore, the low-energy effective Lagrangian has to include all possible terms compatible
with this new symmetry, in addition to the standard QCD symmetries. The lowest order O (e?)
is the C-term in (2), since U transforms as U — g'Ug. Actually, one allows for independent
‘spurion’ fields Q; (x) and Qg (x) transforming under SU; (Ny) x SUgr(Ny) so that one can
build up the new possible terms to any order in the chiral Lagrangian expansion, taking in the
end Op = Or = Q [4].

In the previous expressions, F, Bom, 45, C are the low-energy parameters to this order.
Working out the kinetic terms, they can be directly related to the leading-order (LO) tree-level
values for the decay constants and masses of the GB. In SU(2), the tree-level masses to LO

are
2

M2, = M? = 2By + 205
Tt — T mb F2s
M2, = 2By, (4)

with m = (m, + my)/2 the average light quark mass. Note that both terms contributing to the
charged pion mass are of the same order in the chiral power counting, although numerically
(MZ. —M2,) /M2, ~ 0.1, which we will use in practice as a further perturbative parameter
to simplify some of the results.

In the SU(3) case, the mass term in (2) induces a mixing contribution between the 7° and
the n meson fields given by L,ix = (By/ V3)(mg — m, )7 °n. Therefore, the kinetic term has
to be brought to the canonical form before identifying the GB masses, which is performed by
the field rotation [3]:

0

7% =70

cose — nsineg,

0

n = sine + ncose, &)
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where the mixing angle is given by
«/§ mg — my,

tan2e = —,
2 mg—m

(6)

Once the above 777 rotation is carried out, the SU(3) tree-level meson masses to LO read
2 2 ~ ¢’
M., =M, =2mB,+ 2Cﬁ’

) 2 . sin’ &
M, =2By|m— =(m; —m) ,
T 3 cos 2¢

2
e
Mg, = Mg_ = (my+m,)By + ZCE, (7)

Mz, = (mg+ mg)Bo,

M =2B |:1(ﬁ1+2m ) 2 (my — 1) Sinz‘g}
U ) U cos2e |

The above five equations are the extension of the Gell-Mann—Oakes—Renner (GOR)
relations [21] to the isospin asymmetric case and allow us to relate the four constants Bym,, 4
and C (¢ is given in terms of quark masses in (6)) with the five meson masses or their
combinations. The additional equation provides the following relation between the tree-level
LO masses:

(MEe — M2.)" = 3(M2 — M2,) (M2 — M2,) = 0. ®)

Y1

The above equation is compatible with the one obtained in [22] neglecting O (m,, —my)? terms.
Actually, note that although all terms in (7) are formally of the same chiral order, numerically
(see below) we expect & ~ (V3 /4)(my—my,)/mg < 1 and hence the mixing-angle corrections
to the squared masses to be O(M,zte) and O(M%sz) for the neutral pion and eta, respectively.
On the other hand, in the isospin-symmetric limit (m,, = m, and e = 0), (8) is nothing but the
Gell-Mann-Okubo formula 4M12( — 3M$ — Mfr = 0 [23]. Neglecting only the m; — m, mass
difference in (7) leads to Dashen’s theorem My, — My, = M. — M2, [24] and then equation
(8) reduces to 4M, — 3M; — M2, = 0, i.e. the Gell-Mann—-Okubo formula for neutral states.
However, the violation of Dashen’s theorem at tree level due to those quark mass differences
is significant numerically for kaons. In our present treatment we consider those differences
on the same footing as the EM corrections to the masses. For pions, the main effect in the
79 — 77 mass difference comes from the EM contribution [25].

All the previous expressions hold for tree-level LO masses Mg with a = 7+, 79, K*, n,
in terms of which we will write all of our results. They coincide with the physical masses
to LO in ChPT, i.e. Maz’phys = M2(1 + O(M?)). Calculating the ChPT corrections to a given
order then allows us to determine the numerical values of the tree-level masses, knowing their
physical values and to that order of approximation. The same holds for F, which coincides
with the meson decay constants in the chiral limit Fa%phys = F?(1 + O(M?)). Next to leading
order (NLO) O (M?) corrections to meson masses and decay constants were given in [2, 3] for
e?> = 0. EM corrections to the masses can be found in [4] for SU(3) and in [6, 18] for SU(2)
including both e? # 0 and m,, # m, isospin-breaking terms.

The fourth-order Lagrangian in (1) consists of all possible terms compatible with the
QCD symmetries to that order, including the EM ones. The £+ Lagrangian is given in [2] for
the SU(2) case, h; 3 (contact terms) and /; 7 denoting the dimensionless LEC multiplying
each independent term, and in [3] for SU(3) the LEC named H; and L;..10. The EM L.,

and L, for SU(2) are given in [5, 6], k;__13 denoting the corresponding EM LEC, and in [4]

4
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for SU(3) with the K; 17 EM LEC. For completeness, in the appendix we give the relevant
terms needed in this work. The LEC are renormalized in such a way that they absorb all the
one-loop ultraviolet divergences coming from £,» and L., according to the ChPT counting,
and depend on the MS low-energy renormalization scale . in such a way that the physical
quantities are finite and scale independent. The renormalization conditions for all the LEC can
be found in [2, 4, 6, 17] and in the appendix we collect only those needed in this work.

As customary, we denote the scale-dependent and renormalized LEC by a superscript ‘r’.
The renormalized LEC are independent of the quark masses by definition, although their finite
parts are unknown, i.e. they are not provided within the low-energy theory. The numerical
values of the LEC at a given scale can be estimated by fitting meson experimental data,
theoretically by matching the underlying theory under some approximations, or from the
lattice. These procedures allow us to obtain estimates for the ‘real-world’” LEC at the expense
of introducing residual dependences of those LEC on the parameters of the approximation
procedure, which typically involves a truncation of some kind. Examples of these are the m;
dependence on the SU(2) LEC when matching the SU(3) ones, the correlations between LEC,
masses and decay constants through the fitting procedure, the QCD renormalization scale and
gauge dependence of some of the EM LEC or the dependence with lattice artifacts such as
finite size or spurious meson masses. We will give more details below, specially regarding the
EM LEC which will play an important role in our present work. An exception to the LEC
estimates are the contact LEC 4; and H;, which are needed for renormalization but cannot
be directly measured. The physical quantities depending on them are therefore ambiguous,
which comes from the definition of the condensates in QCD perturbation theory, requiring
subtractions to converge [2]. It is therefore phenomenologically convenient to define suitable
combinations which are independent of the #4;, H;. We will bear this in mind throughout this
work, providing such combinations when isospin breaking is included.

We will analyze in one-loop ChPT (NLO) the quark condensates, which for a given flavour
g; can be written at that order as

0L,
(qiqi) = —< ff>-

8mi

9)

The above equation is nothing but the functional derivative with respect to the ith
component of the scalar current, particularized to the values of the physical quark masses,
according to the external source method [2, 3]. Therefore, we will be interested only in the
terms of the fourth-order Lagrangian containing at least one power of the quark masses.
These are the operators given in equations (A.1) and (A.2) for SU(2) and SU(3), respectively.
Thus, the LEC that enter our calculation are I3, hy, h3, ks, kg, k7 in SU(2), and Lg, Lg, H>,
K7, Kg, Ky, K19 in SU(3). Besides, up to NLO, only tree-level diagrams from the fourth-order
Lagrangian can contribute to the condensates, so that in practice it is enough to set U = 1 in
(A.1)-(A.2) for getting those tree-level contributions from (9).

2.1. Masses and LECs

For most of the numerical values of the different LECs and parameters in the SU(3) case, we
will follow [26], where fits to Kj4 experimental data are performed in terms of O(p®) ChPT
expressions, including the isospin mass difference m, /m,; # 1 and EM corrections to the meson
masses, extending a previous work [27] where isospin breaking was not considered. Those fits
have been improved in a recent work [28], which takes into account new phenomenological
and lattice results. We will however stick to the values of [26], since our main interest is to
compare the isospin-breaking condensates with the two sources included and to estimate the

5
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effect of the EM LEC. In the new fits [28] isospin breaking is included only to correct for
the charged kaon mass and the condensate values are not provided. For a review of different
estimates of the quark masses and condensates see also [29] and [30]. In addition, in [31] a
recent update of lattice results for low-energy parameters can be found, including LEC and
the quark condensate. We will use the central values of the main fit in [26]. The value of
my /i = 24 [29, 30] is used as an input in [26], as well as L{ = 0, as follows e.g. from OZI rule
or large-N, arguments [3]. The more recent fits [28] consider an updated value of m,/m = 27.8
in accordance with recent determinations [31] and a nonzero value of L is obtained as an
output. The suppression of L; has been questioned in connection with a reduction of the light
quark condensate when the number of flavours is increased [32], within the framework of
generalized ChPT. In that context, the chiral power counting is modified due to the smallness
of the condensate. Here, we will adhere to the standard ChPT picture, where the condensate
and the GOR-like relations are dominated by the LO [33], sustained by the recent lattice LEC
estimates [31]. The values of F = 87.1 MeV, 2By = 0.0136 GeV?, m,/my = 0.46 and
Lg(i = 770 MeV) = 0.62 x 1073 are outputs from the main fit in [26]. With those values we
obtain from (6) ¢ = 0.014 and from (7) the tree-level masses of 7°, K, .

To calculate the tree-level charged meson masses, we also need the value of the C constant,
which can be inferred also from the results in [26] since the EM correction is numerically very
small in the charged kaon mass with respect to the pure QCD contribution. This allows us to
extract the tree-level charged kaon mass directly from the expressions for Mg+ /Mk+ qcp in
[26], approximating Mg+ ocp by the full physical mass. From there we extract the value of C
by subtracting the tree-level QCD part in (7) calculated with the above given quark masses.
In this way we obtain C = 5.84 x 107 MeV*, which is very close to the values obtained
simply from the charged—neutral pion mass difference in (7) setting the masses and F to their
physical values [6] or from resonance saturation arguments [4]. From that C value we obtain
the tree-level charged pion mass, using again (7). Nevertheless, to the order we are calculating
we could have used the physical meson masses and decay constants instead of the tree level
ones as well, since formally the difference is hidden in higher orders. The main reason why we
choose the values in [26] is to compare directly with their numerical quark condensates and
estimate the importance of the K] corrections (see section 4.1 for details). The constant H, will
also appear explicitly in quark condensates. Since it cannot be fixed with meson experimental
data, when needed we will estimate it from scalar resonance saturation arguments as H; = 2Lg
[16, 26], although we will comment below more about the H; dependence of the results and
provide physical quantities which are independent of the contact terms.

Regarding the EM LEC, the SU(3) K have been estimated in the literature under different
theoretical schemes. Resonance saturation was used in [35], large-N, and NJL models in [34],
complemented with QCD perturbative information in [36] and a sum-rule approach combined
with low-lying resonance saturation has been followed in [37, 38]. The works [34, 36-38]
have in common the use of perturbative QCD methods for the short-distance part of the
LEC and different model approaches for the long-distance part. This procedure implies that
the LEC estimated in that way depend (roughly logarithmically) in general on the QCD
renormalization scale, which we call wy to distinguish it from the low-energy scale u, as
well as on the gauge parameter. A closely related problem is that the separation of the
strong (e = 0) and EM contributions for a given physical quantity is in principle ambiguous
[34, 37, 39, 40]. The origin of this ambiguity [40] is that QCD scaling quantities such as quark
masses also contain EM contributions through the renormalization group evolution in the full
QCD+EM theory. Thus, a particular prescription for disentangling those contributions must be
provided. In addition, when matching such quantities between the low-energy sector and the
underlying theory, the choice of a given prescription will necessarily affect the scale and gauge

6
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dependence of the EM LEC. These theoretical uncertainties, as well numerical ones, make
those theoretical EM LEC estimates not fully compatible. For these reasons, in many works
analyzing EM corrections, the LEC are simply assumed to lie within ‘natural’ values |K |, |k]|
<7 6171 > ~6.3x 103 atthescaleu ~ M » [4, 6]. The above theoretical issues will be addressed
in more detail in sections 3 and 4.4. The LEC dependences on the QCD scale and on the gauge
parameter do no affect our results directly, being only relevant when comparing them with
approaches where those LEC are obtained by matching the underlying theory. In that context
we will see that the LEC combinations that we will deal with are gauge independent and lie
within the stability range where the dependence on ¢ is smooth and the matching makes
sense [34, 36]. The theoretical errors quoted, e.g., in [34] account for the uncertainty related
to the 1o dependence.

As for the SU(2) kI, no direct estimate is available to our knowledge, although one can
relate them to the K] by performing formally a 1/m, expansion in a given physical quantity
calculated in SU(3) and comparing to the corresponding SU(2) expression, similarly as the
l; <> L; conversion given in [3]. This has been done partially for some combinations of the
LEC, namely those appearing in the neutral pion mass [41], in pion scattering [ 9, 41] and in the
pionium lifetime [41, 42]. More recently, a full matching of the EM SU(2) and SU(3) LEC at
the Lagrangian level has been performed in [43] using functional integral methods in the chiral
limit. In this work, we will provide a complementary analysis. Namely, in section 4 we will
obtain the matching relations between the LEC involved in the quark condensates, including
both m,, — m,; and EM contributions. Those relations will be consistent with the results in [43]
and phenomenologically useful when dealing with approximate LEC determinations where
isospin and mass corrections may be entangled.

3. Two-flavour quark condensates and bounds for the EM LEC

We start by giving the explicit one-loop ChPT expressions for the quark condensates in SU(2)
with all the isospin-breaking corrections included, which we derive from (9):

(Gq) = (iu + dd)

2 M7210 r r 211 4
= —2F7Bo | 1 = jugo = 2t + 27 (500) + B () + @K50) £ O | (10)
(i — dd) = 4B§(my — m,)hs — $F?Bye’k; + O (p?) (11)
where
4
Ky () = 5[5(k§(u) + kg (1)) + k71, (12)
and throughout this work we will follow the same notation as in [2, 3]:
Miz 1 Miz ! 1+1 M? (13)
i = og —, Vv, = og——1.
Hi= 3o02p2 08 u? 3272 g u?

The w; arise from the finite part of the one-loop tadpole-like contribution G;(x = 0),
with G the free meson propagator [2]. The renormalization conditions for the LEC involved
in (10)—(11) can be found in [2] and [6] and we give them in the appendix. With that
LEC renormalization, one can check that the condensates in (10)—(11) are finite and scale
independent, which is a nontrivial consistency check. Recall that s3 and k7 do not need to be
renormalized. The condensates still depend on the 4; and A3 contact LEC, which, as explained
above, yield an ambiguity in the determination of the condensates. The result (10) for e # 0
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and m, # my reduces for e = 0 to the expressions given in [2]. The condensate difference (11)
is given in [2] for e = 0, which we agree with, and in [6] for e # 0, which we also agree with,
except for the relative sign between the two terms, which should be a minus in their equation
(3.12) [44].

Let us now argue on how the EM corrections to the condensates may lead to constraints
for the EM LEC. Those corrections come directly from the coupling of the EM field to the
quarks in the QCD action, which break chiral symmetry. Actually, to understand better the
origin of the different sources involved in chiral symmetry and isospin breaking, it is useful to
keep the charges of the u and d flavours arbitrary and to separate the isoscalar and isovector
contributions of the charge matrix in SU(2):

e, t+ey e, — ey
= 1 , 14
o > + TG (14)

with 73 = diag(1, —1) corresponding to the third isospin component. The EM part of the QCD
Lagrangian gy*A, Qq breaks the explicitly chiral symmetry SU; (2) x SUR(2) if e, # ey,
through the isovector part in (14). The isovector also breaks the isospin symmetry SUy (2)
(L = R) except for transformations in the third direction, which corresponds to electric charge
conservation. On the other hand, the mass term gAMgq breaks chiral symmetry for any nonzero
value of the quark masses, preserving isospin symmetry if m, = m,. Altogether, the conclusion
is that the QCD Lagrangian is chiral invariant only if e, = e; and m, = my; = 0. Thus, chiral
symmetry is explicitly broken even if e, = e,, as long as any of the quark masses m, # 0, or
equivalently, in the presence of an external scalar source, as needed to derive the condensates.
If e, = ¢4 and m, = my # 0, chiral symmetry is broken but isospin symmetry is conserved.

Now, let us recall how this charge and mass symmetry-breaking pattern translates into the
low-energy sector. The LO £z > in (2) contains separate combinations of the charge and mass
terms, both sharing the QCD pattern. Thus, the charge contribution proportional to C in (2) can
be decomposed according to (14), giving a constant term proportional to (e, +e4)? independent
of masses and fields, plus the term C [(eu —ey)? /4] tr [r3 UtnsU T], which contributes directly
to the pion EM mass difference in (4). Therefore, in the second-order Lagrangian all the EM
chiral symmetry-breaking terms are proportional to (e, — e4)?. This is no longer true for the
fourth-order Lagrangian in (A.1), for which the symmetries of the theory allow for crossed
mass-charge terms, like those proportional to ks, k¢ and k7. Those crossed terms break chiral
symmetry even for e, = e, for any nonzero quark mass, the strength of chiral breaking being
proportional both to the quark charge e and to the quark mass . Consequently, they contribute
to (qgq) = —2(dL/d(m, + my)), the expectation value of the SUy (2) singlet behaving as an
order parameter for chiral symmetry breaking. Setting U = 1 in the Lagrangian gives a piece
proportional to ks + ke yielding (e, + e;)? and (e, — e4)? contributions to (§g) and another
one proportional to k; contributing both to (gg) and to (i — dd) = —2(d.L/d (m, — my)), the
isotriplet order parameter of isospin breaking:

LY = 2FBo{(ks + ko)l ey + €a)* + (e — €)™V (my + my) + 2Kkl (e + €a)> (m + ma)
+ (eu —eq)(ey + eq) (my —mg)]} + - - -,

where the dots indicate terms not contributing to the condensates at this order.

Thus, we see how the two sources of isospin breaking show up in the order parameter (11),
which does not receive pion loop contributions in SU(2). The latter is the explicit confirmation
that isospin symmetry is not spontaneously broken in QCD [19], since all the contributions to
this order parameter vanish for m, = m, and e = 0.

On the other hand, the quark condensate (gg) behaves as an order parameter for chiral
symmetry and therefore measures the different sources of symmetry breaking: spontaneous and
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explicit. Thus, it is naturally expected that its absolute value increases when a new symmetry-
breaking source, such as the EM contribution, is switched on. This increasing behavior is
what we denote as ferromagnetic, in analogy with the behavior of the magnetization in a
ferromagnetic material under an external magnetic field.

There is no a priori formal argument to ensure the ferromagnetic-like nature of the
QCD low-energy vacuum. We can nevertheless learn from the response of the system to the
light quark mass m, which is the actual counterpart of the magnetic field in a ferromagnet,
since it breaks the chiral symmetry explicitly by coupling to the order parameter. For the
mass, this ferromagnetic behavior is actually followed by the e = 0 condensates in the
standard ChPT framework, both to O(p*) and to O(p®) with the LEC in [27], although
assuming Lg suppression and the dependence on contact terms still introducing a source
of ambiguity. With the recent fit giving nonzero Ly and a new value also for Lg [28] we
also get that (iu + dd) increases with light quark masses, from our O(p*) expressions.
The same ferromagnetic effect implies the increasing of the critical temperature of chiral
restoration when increasing the pion mass, confirmed by ChPT calculations [45] and lattice
simulations [46]. Finally, lattice results for the condensate [31] reveal a systematic increase of
its absolute value with respect to direct estimates [29], reflecting again the same behavior,
since the pion masses used in the lattice remain above the physical values. The EM
symmetry breaking is of different nature from the mass, the former coming from vector-
like interactions while the latter is of scalar type. However, as we have discussed in the
previous paragraphs, their symmetry-breaking effects on certain observables are similar. Thus,
the isovector part in (14) increases the masses of the charged mesons, according to (4) and
(7), while the isovector and isoscalar both mix with the mass and contribute to (gq). There
are other arguments pointing in the same direction when EM interactions are switched on.
At finite temperature, the EM pure thermal corrections to the condensate also increase its
absolute value for any temperature [20]. On the other hand, the condensate increases under
the influence of an external magnetic field eH, which can be also understood as the reduction
of the free energy € ~ m,{(gq) < 0 (to LO) needed to compensate for the EM energy increasing
Aepy ~ (eH)?/2 > 0 [47].

Our purpose here will be to explore the consequences of that EM ferromagnetic behavior
to LO. If the vacuum response is ferromagnetic, certain bounds for the EM LEC involved
should be satisfied. We will derive those bounds and show that they are independent of the
low-energy scale and thus can be checked in terms of physical quantities. Next we will check
that the bounds are satisfied for the different estimates available for the EM LEC, with more
detail for the SU(3) case in section 4.4, where we also discuss the gauge independence of our
results. This will provide a consistency check for the ferromagnetic behavior.

An important comment is that we will discuss the ferromagnetic-like condition on the
EM correction to (gq) and, as explained above, the splitting of the ¢ = 0 and e # 0 parts in
QCD+EM is ambiguous [39, 40]. This does not affect the low-energy representation of the
condensates, which can be written in terms of physical quantities such as meson masses and
decay constants. However, we will test our bounds with the EM LEC estimates obtained by
matching low-energy results with the underlying theory [34-37]. Therefore, we have to be
consistent with the prescription for charge splitting followed in those works. This amounts
to the direct separation of the ¢ = 0 part, which still may contain residual charge and g
QCD scale dependence through running parameters. The consequence is that the EM LEC
thus defined are in general po-dependent, as discussed in [40]. Therefore, those estimates are
reliable only if there is a stability range where the dependence on i is smooth and lies within
the theoretical errors [34]. Actually, such stability range criteria are met for the LEC involved
in our analysis (see section 4.4). Within that range, our identification of the ¢?>-dependent part
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in {gq) is consistent with the splitting scheme followed in those works. Actually, in that scheme
Fp 1s pp-independent and the ez—dependent part of the 1o running of Bym,, 4 is the same as that
of my, 4 in perturbative QCD+EM [40]. Hence, it is consistent to assume that the ChPT LO of
(qq) = —2BOFO2 + - .- does not introduce any residual ¢> dependence when performing the
charge splitting in the low-energy expression. Using a different splitting prescription would
lead in general to different bounds and a different definition of the EM LEC. For instance, an
alternative splitting procedure is introduced in [40] by matching running parameters of the >
theory with those of the ¢> = 0 one at a given matching scale j1;. In that way, the EM part can
be chosen as po-independent but it depends on the matching scale ©;. We will not consider
that splitting here, since there are no available theoretical estimates for the LEC defined with
that scheme. The scale dependence for the LEC in either scheme is roughly expected to be
logarithmic.

Having the above considerations in mind, and going back to the case of physical quark
charges, we separate the EM corrections to the condensate through the ratio

(qq)7°

G0 = 1+ 2 [pp0 — pat | + K5 () + O(p*)

2y 4C€2 2 4
=1+e ]Cz(,u)— FUNO+O(6”)+O(10 ), (15)

with v; defined in (13) and where we have expanded in 8, = (M2, —M2,) /M%, ~ 0.1, as
Unt — g0 = SHMJZTO(v,,o /F?) 4+ O(82), which is numerically reliable and can be performed
in addition to the chiral expansion, in order to simplify the previous expression.

We note thatin SU(2) and to this order, the ratio (15) is not only finite and scale independent
but it is also independent of the not-EM LEC, including the contact £, h3, and therefore free
of ambiguities related to the condensate definition. In fact, this ratio is also independent of
By, unlike the individual quark condensates, which only have physical meaning and give rise
to observables when multiplied by the appropriate quark masses, since m;By ~ Miz. InSU(2),
the above ratio does not depend on the mass difference m,; — m,, either, i.e. it depends only
on the sum m and its deviations from unity are therefore purely of EM origin. All these
properties make the ratio (15) a suitable quantity to isolate the EM effects on the condensate.
Thus, the ferromagnetic-like nature of the chiral order parameter (gq), within its low-energy
representation, would require that this ratio is greater than 1, or equivalently to this order,
d(gq)/de* > 1. That condition leads to the following lower bound for the combination of
EM LEC involved to this order, neglecting the (’)(672,) in (15) which changes very little the
numerical results:

r r r 9C
5[Ks () + kg(w)] + k5 > 77Vt (16)

We remark that the bound (16) is independent of the low-energy scale p at which the
LEC on the left-hand side are evaluated as long as the same scale is used on the right-
hand side. Thus, it provides a well-defined low-energy prediction, expressed in terms of
meson masses. The LEC on the left-hand side could be estimated by fitting low-energy
processes or theoretically from the underlying theory, with all the related subtleties commented
above.

Condition (16) and the corresponding ones for SU(3) that will be derived in section 4.4
are obtained as a necessary condition that the LEC should satisfy if the QCD physical vacuum
is ferromagnetic. This positivity condition on the quark condensate probes the vacuum by
taking the mass derivatives (9) through the external source method so that the quark masses
have to be kept different from zero and in that way the explicit symmetry-breaking corrections
are revealed in the condensate. If one is interested in the chiral limit, it must be taken only

10
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after differentiation, i.e. directly in equation (15). In that case, it is not justified to perform
the additional §, expansion in the charge because the e = 0 masses vanish and one would be
left only with the i+ contribution in the rhs of (15), now with szri = 2Ce?/F?. That would
actually give a larger negative value for the lower bound, coming from the smallness of the
charged part of the pion mass (see details below) so that the bound in the chiral limit is less
predictive. The fact that our bounds depend on quark masses is similar to other bounds on
LEC obtained from QCD inequalities [48].

Nevertheless, the main physical interest is to test this bound for physical masses, using
different estimates of the LEC in the literature. Thus, as a rough estimate, setting u = M, =~
770 MeV and with the physical pion masses M+ =~ 139.57 MeV, M0 ~ 134.97 MeV, the
bound (16) gives 5 [kg M,) + kg(Mp)] + kK > —6.32(5.62) x 1072 taking F =
87.1(92.4) MeV. This is a bit more restrictive than the ‘natural’ lower bound —6.93 x 102 for
the above LEC combination, obtained by setting all of them to —1/(162). The chiral limit
gives —0.17 (with the value of C discussed in section 2.1 and F' = 87.1 MeV), i.e. much less
restrictive, as commented above. More detailed numerical analysis will be done for SU(3) in
section 4.4.

On the other hand, the maximum value for the ratio (15) for the k] within ‘natural” values

is obtained by setting the three of them to k/ (u = M,) = 1/(16x?), giving ggi:iﬁ = 1.0054,
which gives an idea of the size of this correction. We remark that the term proportional to
v; on the ratio (15) comes directly from the dependence of the pion masses on €2, so that it
parametrizes the corrections in the condensate coming from any source of pion mass increasing,
not only the EM one. Therefore, the same result can be used in order to provide a rough estimate
of lattice errors in the condensate due to including heavier pion masses as lattice artifacts. In
some lattice algorithms like the staggered fermion one, the situation is very similar to the mass
differences induced by the charge terms. In that formalism, the finite lattice spacing induces
terms [49] that break explicitly the so-called taste symmetry (four different quark species or
‘tastes’ are introduced for every quark flavour) leaving a residual U (1) symmetry, pretty much
in the same way as the charge term in (2). As a rough estimate, we can then replace 2Ce? /F*
by the corresponding §,, from the lattice, obtained as the difference between the mass of the
lightest lattice meson and the true pion mass. For a lattice pion mass of about 300 MeV, the
v, term in (15) gives a correction of about 6%, which for a condensate value of (250 MeV)?
represents about (5 MeV)?, which is within the order of magnitude quoted in [31]. Nevertheless,
it should be taken into account that the staggered ChPT [49] has a much richer structure than
the EM terms considered here and in particular there will be other operators contributing to
the condensates at tree level, multiplied by the pertinent LEC. If those constants are of natural
size, we expect the size of the corrections to the condensate to remain within the range quoted
above.

4. Three flavour quark condensates

4.1. Results for light and strange condensates

In the SU(3) case, we derive to one loop in ChPT the light condensate (q); = (iiu + dd) and
the strange one (ss), taking into account both m, — m,; and e # 0 corrections. Apart from the
kaon and eta loops, an important distinctive feature in this case is the appearance of the 7%y
mixing term with the tree-level mixing angle ¢ defined in (6) which is one of the sources of
isospin-breaking corrections. The results we obtain for the condensates with all the corrections

11
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included are the following:
= \SUB) _ /= 7 n\SU@3) 2 8By | . r r
(qg),”" = (iu + dd) = —2F°By {1+ - [/ (L5 () + Hj (1))

. 1 .
+ 42w+ m)Ly ()] + K5, (n) — 3 (3 —sin® &) fn0 — 2pdnt — o

— g — %(1 +sin’ e), + 0<p4>} (17)
_ 4B
(iiu — dd)>’® = 2F*B, {F—f (mg — my) (2Lg() + Hj (1)) — €K5_ (1)
in2
Slj;; [1z0 =ty ] + pge — uKo} + O (p*) (18)

8B
(5s) = —F’B, {1 + F—ZO [m, (2L5 (k) + Hy (w)) + 42w+ my) L (1)] + €KL (1)

4 .
-3 [100 sin® & + 1, cos® ] — 2 [ug+ + pgol + O (p4)} , (19)
where we use the notation (13) and

K5, () =5 [6 (K7 + K5 () + 5 (K5 () + Ky ()] .
K5_(w) = 5 [K§(w) + K{py(w)] . (20)
Kiuw) =2[3(Kr+Ki(w) + K5(n) + Ky (w)] -

Note that in some of the above terms we have preferred, for simplicity, to leave the results
in terms of quark instead of meson masses. An important difference between the SU(2) and
SU(3) cases is that now there are loop corrections in (uu — dd), where eta and pion loops enter
through the mixing angle and kaon ones through the charged-neutral kaon mass difference.
We have checked that the results are finite and scale independent with the renormalization
of the LEC given in the appendix and that they agree with [3] for ¢ = 0. Some unpublished
results related to the SU(2) and SU(3) isospin-breaking condensates can also be found in [50].

Numerical results for the condensates to this order can be found in [26]. As explained in
section 2.1, the effect of the K] constants (20) in the condensates is not fully considered in that
work, where the EM contributions are included through the corrections of Dashen’s theorem
[34], so that only the K] combinations entering mass renormalization appear. Then, we will
use our results with all corrections included to estimate the range of sensitivity to the K! of
the condensates, analyzing the possible relevance for the fit in [26]. Our results are displayed
in table 1. As discussed in section 2.1, we take the same input values Lg = 0, my /m = 24 as
in [26] as well as the assumption H; = 2Lg, and the output values of Bom, 45, m,/mg, F, Lg
from their main fit. In the second and third columns of table 1, we give the results with
all the EM K! fixed to their minimum and maximum ‘natural’ values. Since the K appear
all with positive sign in (20), the absolute values of the condensates obtained in this way
are, respectively, lower and upper bounds within the natural range. We compare with the
results quoted in [26] to the same O(p*) order (fourth column) for their main fit and we
also show for comparison the results in the isospin limit ¢ = 0, m, = my (fifth column).
Our results agree reasonably with [26], although we note that the values in that work lie
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Table 1. Results for quark condensates. We compare with the values of [26] to O(p*) using the
same set of low-energy parameters as in the main fit of that work, except the K], which we consider
at their lower (second column) and upper (third column) ‘natural’ values. We also quote the values
in the isospin limit to the same chiral order.

K o= —# K o= @ [26] value (’)(p4) Isospin limit
(ﬂu)o/(BOFz) 1.278 1.292 1.271 1.290
(d Yo/(BoF?)  1.297 1.305 1.284 1.290
—(38)0/(BoF?) 1.899 1.907 1.964 1.904
dd) _ 0.015 0.010 0.013 0

(tau)

outside the natural range for the individual condensates. The largest relative corrections are
about 2% for the light condensates and about 4% for the strange one. These isospin-breaking
corrections are significant given the precision of the condensates quoted in [26]. On the other
hand, the corrections lie within the error range quoted by lattice analysis [31]. In turn, note
the bad ChPT convergence properties of the strange condensate, somehow expected since
(ss) is much more sensitive to the strange quark mass m, than the light condensate [27] and
therefore the large strange explicit chiral symmetry breaking m; is responsible in this case
for the spoiling of the ChPT series, based on perturbative mass corrections. For the vacuum
asymmetry <_ ) — 1, the natural value band covers the result in [26], although the numerical
discrepancies in that case are relatively larger, between 15% and 24% for the lower and upper
limits of the K], respectively. Recall that this quantity vanishes to LO in ChPT, according to
(18), so that we expect it to be more sensitive to the K] correction, which in this case comes
mostly from the combination Kg + K7j,. Nevertheless, it is worth noting that the results [26]
imply (dd) /{uu) > 1 and (ss)/(uu) > 1, both in disagreement with many sum rule estimates
of the condensate ratios [29]. Not surprisingly, we have the same discrepancy, since we use
the same ChPT approach and the same numerical constants, except for the K[ corrections.
The discrepancy in the relatively large value of (ss)/(uu) comes possibly from the bad
convergence of the ChPT series for the strange condensate, which in addition is very sensitive to
the choice of HJ [26]. The light condensates converge much better and although the sign of
(d_d) /{uu) — 1 is under debate, its magnitude is very small. In the latter case, our present
calculation may become useful since the Ky + Kj, contribution may change the sign of the
vacuum asymmetry, although its precise value to fit a given prediction for (dd)/(iu) — 1
would still be subject to the H] value. For this reason, it is important to make predictions
for quantities which are independent of this ambiguity, as we have done in section 3 and as
we will do in section 4.2, where the sum rule for condensate ratios will allow us to make a
more reliable estimate of the vacuum asymmetry including both sources of isospin breaking.
Finally, we comment on the numerical differences by considering the more recent low-energy
fits in [28]. Still keeping H; = 2L, these new values for the low-energy parameters increase
considerably the total and strange condensates, which to O(p*) give (gq)/(2BoF?) ~ —2.15
and (5s)/(BoF?) = —2.79. These higher values are mostly due to the much smaller F =
65 MeV, obtained in the main fit of [28] to accommodate a rather high L) also with a large
error L), = (0.75+0.75) x 1073 (an output result in [28]). With the previous value F = 87.1
MeV but keeping the rest of LEC and masses as in [28] we obtain (gq)/(2BoF?) ~ —1.63 and
(55)/(BoF?) = —1.99. The EM corrections remain of the same size and therefore their
relative effect is somewhat smaller. As commented before, m, # m,; isospin breaking
is not implemented in those new fits and EM corrections are included only in kaon
masses.
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4.2. Sum rule corrections

As noted in [3], for m, # m,; one can combine the isospin-breaking condensates into a sum
rule relating the isospin asymmetry (dd) /(uu) with the strange one (ss)/(uu). Such relation is
phenomenologically interesting because it does not include contact terms and hence is suitable
for numerical estimates on the size of the isospin-breaking corrections. Our purpose in this
section is to discuss the EM e # 0 contribution to that sum rule. To LO in m,, — m, and e we
find

_ (dd) [ ma = (5S)
(uu) my —m (uu)
y— 1 M?
L [M,"; — M2 + M2 log —g]
MK

C M2 8
+ & [W <1 + log /,L_é() — g (Kgr(ﬂ) + Klro(ﬂ))] . 2D

The last term proportional to ¢ is scale independent and is the charge correction to the
result in [3]. With the numerical set we have been using, the m; —m,, term on the right-hand side
gives —3.3x 1073, whereas the e? term gives —3.37 x 1072 with K (M) + K, (M) = 1/(87?)
and —9.4 x 10~* with Ky(M,) + Kjy(M,) = 2.7 x 1073, the central value given in [34].
Therefore, the charge term above is of the same order as the pure QCD isospin correction and
must be included when estimating the relative size of condensates through this sum rule. In
fact, using the values quoted in [29] m, /my; = 0.55, m;/my; = 18.9 and (ss) /(uu) = 0.66, we
obtain from (21) with physical pion and kaon masses

(dd)
—0.015 < —— — 1 < —0.009,

(uu)
where the lower (upper) bound corresponds to the natural value Kg + K{, = +(—)1/ (872),
while the value without considering the charge correction is —0.012 and the value quoted in [29]
collecting various estimates in the literature is —0.009. The inclusion of the charge corrections
may then help to reconcile this sum rule with the different condensate estimates available.
In fact, through this sum rule we see that ChPT is also compatible with the asymmetries
(d_d )/ (uu) and (ss) /(uu) both being smaller than 1 (see our comments in section 4.1). Note that
the ferromagnetic-like arguments used in sections 3 and 4.4 cannot be applied to (i — dd),
which does not behave as an order parameter under chiral transformations, since it is not
invariant under SUy (2). Finally, we recall that estimates based on the sum rule (21) are more
precise than the ones we have made directly from the condensates in section 4.1, since this
sum rule is free of the H; ambiguity.

4.3. Matching of LEC

Our aim in this section is to explore the consequences of including the two sources of
isospin breaking for the matching of the LEC involved in the condensates. For that purpose,
we perform a 1/m; expansion in the SU(3) sum and difference condensates given in
(17)-(18). Matching the O(1) and O (log m;) terms with the corresponding SU(2) expressions
in (10)—(11) yields the following relations between the LEC, for the sum and difference of
condensates respectively:

V Vgo
2M2 [15G0) + 1 ()] + € () = 2M20 [ 161 (1) + 4L (0) + 2H3 (1) — T %]
2C
+e2F? [/cg+(m - ﬁv,@} , 22)
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Bo(mg — my)hz — 262F2k7 = Bo(my — my) [4L§(M) +2H, (1) — DK L]
3 2 9672
26°F? K . 3C
T3 |: o(m) + Kijp(u) — WVKU:| . (23)

In the above expressions, we have displayed the SU(2) contribution on the left-hand side
and the SU(3) ones on the right-hand side, with X (u) and K5 () given in (12) and (20).
Note that the 1/m, expansion has been implemented also in the tree-level relations (7), so
that M,2,0 = (my, + mg)By + O(1/my), MIZ(O = Bomy; + O(1) and M?] = 4Bym,/3 + O(1). It
is important to point out that the pion mass charge difference is not negligible in the 1/my;
expansion, and for that reason we keep M0 in (22). For kaons, it is justified to consider the
charge contribution negligible against the dominant m, term, so that at this order Mg+ and Mgo
are not distinguishable.

In the sum matching relation (22), the isospin corrections are not very significant. The
mass difference m, — m,; does not appear in the neutral and kaon masses to LO in 1/my
and the charge correction, although of the same chiral order as the MJZTO term, numerically
e’F? /Myzr(, ~ Ce?/(F 2M7210) ~ 0.05. However, in the difference matching (23), the m, — my
corrections contribute on the same footing as the EM ones and are numerically comparable.

The above matching relations can be used directly for the approximated LEC (estimated
theoretically or fitted to data) and for physical masses, since the difference from the tree-level
masses and LEC is hidden in higher orders. On the other hand, for the tree-level LEC, i.e. the
ChPT O(p*) Lagrangian parameters, since they are formally independent of the light quark
masses, we can just take the chiral limit m, = m; = 0 in the above expressions (22)—(23)
and read off the corresponding matching of the e® contributions. Using the latter again in
(22)—(23) then gives independent relations between the tree-level LEC involved at ¢> = 0 and
the EM ones. Doing so, the EM and not-EM LEC combinations decouple and the results are
compatible with those obtained in [3] for e = 0 and in [43] for e # O (setting m, = my = 0
from the very beginning):

() + K () = 161 (1) + 4L5 () + 2HS () — — — &2

V Vo
18 27

s = AL (o) + 25 o) — 22— 0y ]
3T e e N MR T

3C 24
5(ks () + ke () = 6(K7 + Kg (1)) +4(Kg () + Kjp(p)) — T VKOs

3C
ks = Kg(u) + Kjo(i) — e K

where the v functions are evaluated exactly in the chiral limit, i.e. for MIZ(0 = Bom, and
M,ZI = 4Bymy/3, the first and third equations coming from (22) and the second and fourth
from (23).

Then, our first conclusion is that to this order of approximation, the formal matching of
the condensates is consistent with the matching relations previously obtained. In other words,
mass and charge terms can be separately matched. This would be no longer true at higher
orders where for instance e (m, — my) contributions may appear.

Although relations (22) and (23) reduce to (24) in the chiral limit for the tree-level LEC, it
is better justified to use the original expressions (22)—(23) when dealing with physical meson
masses and when the LEC are obtained either from phenomenological or theoretical analysis.
The LEC obtained in that way are approximations to the Lagrangian values and consequently
they depend on mass scales characteristic of the approximation method used. For instance, the
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LEC obtained by phenomenological fits are sensitive to variations both in 7 and in m, — my
[26], in resonance saturation approaches they depend on vector meson masses [37, 38] which
themselves depend on quark masses and in the NJL model some LEC such as Kj, depend on
the scale where the quark masses are renormalized [34]. We do not expect large differences
between using the general matching relation (22) or the first and third equations in (24), since
the latter can also be understood as the e = 0 limit of the former and we have seen that
this is numerically a good approximation. However, that is not so clear for (22) where the
two isospin-breaking contributions are of the same order, both in the chiral expansion and
numerically.

Finally, we can use the previous matching relations to estimate numerically the SU(2)
condensates in (10)—(11) without having to appeal to the values of the SU(2) LEC. Doing so
we obtain —(iiu + dd)U® /ByF? ~ (2.16, 2.18) and (i — dd)U® /ByF? ~ (0.014, 0.02)
where we indicate in brackets the natural range of the EM LEC, to be compared to
—(iu + dd)SU® JByF?* ~ (2.58,2.6) and (iiu — dd)SV® /ByF? ~ (0.013,0.018) from
table 1. The larger difference in (uu + d_d) comes from the O(my) and O (mylogmy) terms
in the 1/m, expansion, which were separated when doing the matching and which are
absent in the condensate difference. In fact, the numerical contribution of those terms to
—(itu + dd)SU® /ByF? is about 0.41, which explains perfectly the numerical differences and
confirms the idea that in standard ChPT the light condensates calculated either in the SU(2)
or in the SU(3) cases give almost the same answer near the chiral limit. This may be not the
case in other scenarios of chiral symmetry breaking [32].

4.4. EM corrections and SU(3) LEC bounds

We have seen in the SU(2) case that the EM ratio given in (15) is a relevant physical quantity
allowing us to establish a constraint for the EM LEC based on explicit chiral symmetry
breaking. The same argument applied to the SU(3) case also leads to a constraint on the
EM LEC obtained from the full condensate (qq) = (uu + dd + §s), which behaves as an
order parameter, being an isosinglet under SUy (3). In addition, we can still consider the light
condensate (gq); as the order parameter of chiral transformations of the SU(2) subgroup,
which in principle will lead to a different constraint. In fact, the latter is nothing but the
constraint obtained in the SU(2) case (16), once the equivalence between the LEC obtained
in section 4.3 is used. As for the full condensate, it should be kept in mind that the large
violations of chiral symmetry due to the strange quark mass may spoil our simple description
of small explicit breaking. As commented above, this reflects to the strange condensate in
the large NLO contributions, which in the standard ChPT framework depends strongly on m,
unlike the light condensate. Therefore, the bounds of the LEC obtained for the full condensate
are less trustable, since neglecting higher orders, say of O (e?my), is not so well justified for
(ss). Proceeding then as in section 3, where the same prescription of charge splitting when
comparing with QCD approaches is understood, we calculate the ratios

el 4> 20
[ gﬂi =1+ —[6(K7 4+ Kz (1) + 5 (K3 (w) + Ko ()] — [2v7+ + vg+]

<éCI>1 9 F4
+0(82,8%) + O0(ph (25)
= \e0 SU(3) 8 8C 2
[ggﬁﬁ = 14 5 20650 + Kiy () + 3K + K§ ()] = S s + vie]
+ 082, 82) +O0(ph, (26)
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Figure 1. Regions in the LEC space constrained by the bounds on the light condensate (27), above
the full blue line, and the full one (28), above the dashed red line. The LEC are renormalized at
1 = M, and are plotted within the natural range.

where, as in the SU(2) case, we have expanded in §,; and alsoin §x = (MIZ(i _Mlz(i,e=o) /MIZ<i ~
0.008, which allows us to express the results in terms of the full 7+ and K* masses. Otherwise
we should take into account that now M =(e = 0) # Mo, unlike the SU(2) case, and
Mg+ (e = 0) # Mgo, by terms of order m; — m,,. This is important when using this result for
numerical estimates, since, as discussed before, the separation of the e = 0 correction to the
masses is formally not unique. As in SU(2), the ratios (25)—(26) are finite and independent of
the scale u, of By and of the not-EM LEC, so they are free of contact ambiguities.

As in section 3, we want to explore the consequences of the ferromagnetic nature of
the physical QCD vacuum under explicit chiral symmetry breaking for the EM LEC. Here,
also the charge-mass crossed terms in the fourth-order Lagrangian (A.2) give explicit breaking
contributions to the quark condensate coming now from the isoscalar, isovector and strangeness
part of the charge matrix. For physical quark charges, demanding that the ratios (25)—(26) are
greater than 1 we obtain the following EM bounds, to LO in the chiral expansion and in §,, §k:

9C
(Gq) — 6 (K7 + Kz (1)) + 5 (K5 (1) + Kjp () = SF4 Qugs +vg=)  (27)

3C
(qq) — 2 (K7 + Kz (W) + 3 (K5 (1) + Kjp(w)) = g (W vs). (28)

We remark that these constraints are independent of the low-energy scale w. It is also
clear that the light bound (27) is nothing but the one obtained in the SU(2) case (16) once the
equivalence between the LEC given in the third equation of (24) is used. In figure 1, we have
plotted these two constraints in the (K7 + Kg) — (Kg + Kj,)) plane at u = M, and within the
natural region. We have used the same numerical values for the tree-level LO masses C and F'
as in previous sections. We observe that the bound on the full condensate is more restrictive
than the light one in that range. However, as we have commented above, it is also less trustable,
due to the large distortion of the chiral invariant vacuum due to the strange mass. Both bounds
also give a more restrictive condition than just the natural size.

Let us now check these bounds against some estimates of the K| in the literature. We
start with the sum rule approach for K7 ,, in [37]. In that work, K7 = Kg(M,) = 0, but what
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is more relevant for us is that the combination Kg + K], at any scale is gauge independent
despite being both Kg, K|, dependent on the gauge parameter &, as one can readily check from
the explicit expressions given in [37] (cf their equations (94) and (95)). This is an interesting
consistency check of our present bounds (27) and (28), which are gauge independent in
addition to their x low-energy scale independence commented previously, supporting their
validity and predictive character. Numerically, the constant K could not be estimated in [37]
due to the slow convergence of the integrals involved, but they provide a numerical estimate for
K{,(M,) =5.2 % 1073 at o = 0.7 GeV and £ = 1, for which we obtain Ky(M,) = —0.021
from (27) and Kg(M,) > —0.015 from (28). See our comments about the 1o scale dependence
in section 3.

In [35] resonance saturation gives K7 ,,(M,) = 0, which is compatible with our present
bound. This is apparently incompatible with a previous value for K5 (M,) = (—4+1.7) x 1073
obtained in [4]. The possible reasons to explain this difference were discussed in [35]. That
value for Kg is compatible with our bounds as long as 6K7 + 5(Kg + K7)) = —0.05 from (27)
and 2K7 + 3(Kg + K{,) = —0.02 from (28).

In [34], based on large N, and the NJL model, the LEC estimates give K; = 0,
Kg(M,) = (—0.8£2.0) x 1073 (K7 and Ky are O(1/N,.) suppressed) and Ky(M,)+Kj,(M,) =
(2.7 £1.0) x 1073, all of them at sy = 0.7 GeV. These values are also compatible with both
bounds (27) and (28). We note that in [36], where the short-distance contributions are evaluated
as in [34], the explicit expressions given for the LEC again show that K7, Kg and Kg + K7, are
gauge independent. Furthermore, K3 and K7, dominant for large N, in that approach, show a
rather large stability range in the po scale around wy = 0.7 GeV [34, 36]. Since Ky + K, is
the only combination surviving for large N, in our bounds, the comparison with those works
is robust concerning the gauge and QCD scale dependence.

5. Conclusions

In this work, we have carried out an analysis of strong and electromagnetic isospin-breaking
corrections to the quark condensates in standard one-loop ChPT, providing their explicit
expressions and studying some of their main phenomenological consequences for two and
three light flavours.

Our results have allowed us to analyze the sensitivity of recent isospin-breaking numerical
analysis of the condensates to considering all the EM LEC involved. The effect of those LEC
is smaller for individual condensates than for the vacuum asymmetry, where they show up
already in the LO. These corrections lie within the error range quoted in lattice analysis. Our
analysis can also be used to estimate corrections to the quark condensate coming from lattice
artificially large meson masses.

We have shown that if EM explicit chiral symmetry breaking induces a ferromagnetic-
like response of the physical QCD vacuum, as in the case of quark masses, one obtains useful
constraints as lower bounds for certain combinations of the EM LEC, both in the two and three
flavour sectors. We have explored the consequences of this behaviour for the ratios of e # 0 to
e = 0 light and total quark condensates, which are free of contact-term ambiguities, and for a
given convention of charge separation. The large ChPT corrections to the strange condensate
make the constraints on the full condensate less reliable. In this context, we have discussed
the different sources for EM explicit chiral symmetry-breaking and isospin-breaking terms, by
considering formally arbitrary quark charges. Thus, there are chiral symmetry-breaking terms
proportional to the sum of charges squared, coming from crossed charge-mass contributions
in the effective action, which show up in the vacuum expectation value. In accordance with
the external source method, we keep the quark masses different from zero to account correctly
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for all the explicit symmetry-breaking sources. The chiral limit can be taken at the end of the
calculation. The bounds obtained are explicitly independent of the low-energy scale w, then
providing a complete and model-independent prediction at low energies. However, when this
low-energy representation is compared with theoretical estimates based on QCD, one has to
take into account that due to the convention used in the charge separation, the estimated LEC
depend on the QCD renormalization scale p, as well as being gauge dependent. Our bounds
are numerically compatible with those estimates, based on sum rules, resonance saturation
and QCD-like models, within the stability range of o where those approaches are reliable.
Furthermore, the LEC combinations appearing in our bounds are gauge independent. We
believe that our results can be useful in view of the few estimates of the EM LEC in the
literature.

We have found that the EM correction to the sum rule relating condensate ratios is of the
same order as the previously calculated e = 0 one, and therefore must be taken into account
when using this sum rule to estimate the relative size of quark condensates. We have actually
showed that using the complete sum rule, which is also free of contact terms, yields a ChPT
model-independent prediction for the vacuum asymmetry compatible with the results quoted
in the literature.

Finally, we have performed a matching between the SU(2) and SU(3) condensates,
including all isospin-breaking terms. Matching the sum and difference of light condensates
gives rise to matching relations between the LEC involved, where EM and not-EM LEC enter
on the same footing in the chiral expansion. These matching relations may be useful when
working with physical masses and LEC estimated by different approximation methods. In the
case of the sum, the charge contribution is numerically small with respect to the pion mass
one, but in the difference the two sources of isospin breaking are comparable. Taking the chiral
limit, EM and not-EM constants decouple and the matching conditions are compatible with
previous works for the LEC in the Lagrangian, which are defined in this limit.
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Appendix. Fourth-order Lagrangians and renormalization of the LEC

Here, we collect some results available in the literature and needed in the main text. To

calculate the quark condensates to NLO one needs the £ 2, .+ Lagrangians to absorb the

divergences coming from loops with vertices from £ ... We denote by a superscript gq the

relevant terms in the Lagrangian, which are those containing the quark mass matrix. For SU(2)

they are [5, 6]

ag _ b typ2 o L 2 |

Lh= 1—6tr[X(U + U+ Z(hl + h3)tlx "1+ 5(h1 — h3) det(x),

L%, = F2(kstrlx (U + UNIQ] + kstrlx (U + UNIGIQUOU™ + kytrl (xUT + U x)Q
+(xU +U" )0l QD), (A.1)
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where y = 2By M, whereas for SU(3) [4]
L% = Lot x (U + UNP + Lste[x U xU + xU' xU'1 + Hotel 1,
L%, = F?(Kytrlx (U + UNeQ] + Kstelx (U + U 1alQUQU']
+ Kotr[(xU + U x 4+ xUT + Ux)Q*1 + Kiotr[(xU + U x)QU' QU
+ U+ UQUQUT, (A2)

and L% = 0 for both cases.

In order to renormalize the meson loops it is necessary to separate the LECs appearing in
the NNLO Lagrangian into finite and divergent parts. The renormalization of the LEC involved
in the calculation of the SU(2) condensates is given by [2, 5, 6]

li =L () + yik,

hi = hi () + A,

ki = ki () + o,
with y3 = —%, 61 =2,63 =0,and o5 = —%—%Z, O = i+2Zanda7 = 0, for physical quark
charges e, = 2¢/3, e, = —e/3, being Z := 1% The part that diverges in d = 4 dimensions is

isolated from the loop integrals and is expressed as
d—4
7 1 1 ,
=—— | —— — -[log4 r'ay+1y),
o (d_4 Sllogdm +17(1) + ])
where —I''(1) is the Euler constant. As for the SU(3) ones, we have [3, 4]
L = Li(un) + T,
K = Ki (n) + XA,

with'6 = 4, s =2, Ay =2, and 7 =0, 83 =Z, g = —1, Byg = § + 3Z.
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Pardametros de orden a temperatura finita

El estudio a temperatura cero realizado en la seccién anterior sirve de base
para el tratamiento térmico del problema, objeto de estudio de la publicaciéon
2.2.1. En ¢l presento un estudio termodinamico de los pardmetros de orden de la
ruptura de simetria de isoespin y la restauracion de la simetria quiral a través
del analisis de condensados de quarks asociados a diferentes combinaciones de
sabores y de sus correspondientes susceptibilidades quirales escalares.

Como ya se ha comentado al hablar de la publicacién 2.1.1, el condensado
total es el pardmetro de orden de la restauracion quiral. Sin embargo —tal y
como se entiende actualmente [83]— la transicién quiral es un crossover suave
para el caso fisico Ny = 2 + 1, asi que resulta que es posible obtener diferentes
temperaturas criticas dependiendo de qué observable se examine. Es por esto
que el estudio model-independent de las susceptibilidades dentro del contexto de
ChPT también aporta una informacién valiosa acerca de la transicion y de su
naturaleza. Las predicciones de la Teoria Quiral demuestran ser compatibles con
las predicciones originales acerca de la restauracion de la simetria quiral [143] y
con recientes calculos en el reticulo [86,128,14].

La principal motivacion a este respecto en el trabajo que presento se cen-
tra en la posibilidad de establecer un analisis en el continuo de caracter model-
independent para las susceptibilidades quirales escalares conexa, disconexa y to-
tal; asi como su comparacién con los resultados obtenidos mediante el formalismo
staggered en el reticulo. Como mostraré, la consideracion de un escenario que in-
cluya la ruptura de isoespin consistentemente es fundamental para la obtencién
de las contribuciones dominantes de cada una de las partes de la susceptibilidad
y, por consiguiente, de su scaling con los parametros de masa quark y tempera-
tura. Esto resulta de todo punto esencial incluso cuando el interés final sea un
estudio en el limite de isoespin.

De acuerdo al esquema seguido para la anterior publicacidn, analizaré punto
por punto los principales resultados de la publicacién 2.2.1:

@ El condensado total de quarks en SU(2) sélo recibe correcciones térmicas
debidas a ruptura electromagnética, mientras que en SU(8) tanto la parte
de ruptura intrinseca, asociada en este caso a la dependencia cuadratica en el
angulo de mezcla e ~ ™"~ como la ruptura electromagnética contribuyen.

my

En ambos casos, estas correcciones se traducen en una modificacién de
la temperatura critica respecto al limite de isoespin de menos de un 1 %. Un
punto importante en este aspecto es la direccion en la que esta modifica-
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cién se produce cuando se consideran o no los efectos de ruptura electro-
magneética. En efecto al comparar la temperatura de restauracion obtenida
formalmente al anularse el condensado e # O con aquélla obtenida para el
caso ¢ = 0 encontramos que se produce un aumento, hecho que refuerza la
hipétesis de respuesta ferromagnética del vacio que se presentd al analizar
la publicacion 2.1.1.

El pardmetro de orden de ruptura de isoespin no recibe correcciones
térmicas en SU(2) (las contribuciones procedentes de los loops de piones los
condensados <@iu> y <dd> son iguales y se cancelan en la diferencia) por
lo que ambos condensados se anulan a la misma temperatura. Sin embar-
go, cuando se incluyen efectos asociados a kaones y etas, este observable se
amplifica suavemente a través de una dependencia cuadratica en la tempe-

2 . .
ratura: (m,—mg)1. Aunque las desviaciones respecto al valor a temperatura
]

cero son apreciables para temperaturas altas, estdn controladas por una es-
cala de energia mucho mayor que la dependencia en 1/F7? caracteristica del
parametro de orden de la restauracion quiral.

Esta amplificacion térmica de los efectos de ruptura de isoespin no se
muestra en los condensados asociados a los quark up y down debido a que
en esos casos hay una supresion en ¢ que hace que las temperaturas criticas
de ambos sean practicamente iguales. Ademads se comprueba, como en el
caso a temperatura cero, que el parametro de orden asociado a la ruptura
de isoespin, i. e <tiu — dd>, es cero en el caso de que la masas de los quarks
ligeros y sus cargas sean iguales entre si. Este resultado constituye una com-
probacién del Teorema de Vafa-Witten [20], en virtud del cual la simetria
bajo el subgrupo quiral de isoespin no puede estar rota espontdneamente.

@ Diversos grupos fenomenolégicos especializados en simulaciones en el reticu-
lo a temperatura finita han estudiado el modo de evitar la ambigtiedad intro-
ducida en el calculo de los condensados a través de, por ejemplo, la sustrac-
cién de la parte de temperatura cero [86], o de una combinacién adecuada
dependiente de las masas de los quarks y del condensado strange [128].

En este contexto, en la presente publicacion muestro que la regla de su-
ma de [31] —que ya analicé a temperatura cero incluyendo consistentemente
ambas fuentes de ruptura de isoespin— puede extenderse sin problemas a
temperatura finita puesto que las funciones térmicas que corrigen los con-
densados entran de igual modo que los logaritmos quirales, lo que hace que
se siga manteniendo la independencia respecto de términos de contacto.

Debido a que las correcciones atinentes a la ruptura de isoespin en el
cociente <qu>/<dd> son grandes para temperaturas moderadas, las modi-
ficaciones térmicas a esta regla de suma son importantes dentro del rango
de temperaturas en las que ChPT arroja predicciones razonables, llegando a
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ser formalmente comparables al valor de temperatura cero cerca de laregion
critica4.

Hasta aqui he presentado los principales puntos en relacion al tratamiento
térmico de los condensados. A partir de ahora trataré los resultados concernientes
al estudio de las susceptibilidades quirales escalares.

Lainclusién de diferentes masas para los quarks ligeros lleva directamente a la
definiciéon de tres susceptibilidades escalares distintas e independientes: y,u, Y44
Y Xud = Xdu, Obtenidas a partir de la derivacion de cualquiera de los condensados
respecto de la masa asociada a cada uno de los quarks ligeros.

Estas tres pueden ser relacionadas entre si para dar lugar a las llamadas
susceptibilidades conexa y disconexa —segun el cardcter de los diagramas de
lineas quark asociados a cada una—. Junto a la susceptibilidad escalar total, todas
ellas son observables de uso frecuente en las simulaciones en el reticulo debido
a que incluyen informacién acerca de los polos de mesones en distintos canales.

El escenario basado en el andlisis de la ruptura de isoespin para definir de una
forma natural las susceptibilidades disconexa y conexa ha sido analizado inicial-
mente para el limite quiral en [1,5] y, mas adelante, en [146] al estudiar la pola-
rizacion del vacio. El trabajo [1,5] muestra —de una forma model-independent—
que es posible identificar las susceptibilidades conexa y disconexa con combina-
ciones de las derivadas de los condensados asociados a diferentes sabores respecto
de la masa de los quarks ligeros; de modo que, al final, —al tomar el limite de
isoespin m, — ms— las expresiones conduzcan a los resultados conocidos para la
susceptibilidad total5.

La susceptibilidad disconexa representa una medida de las fluctuaciones del
pardmetro de orden de la restauracion de la simetria quiral, mientras que la cone-
xa lo es del parametro de orden de la ruptura de isoespin. Un andlisis de érdenes
en el angulo de mezcla (que es esencialmente tanto como hacer un analisis en
m, — my) indica que el condensado total de quarks es cuadrético en e mientras
que la componente del iso-triplete <tiu — dd> depende linealmente.

Este comportamiento provoca que las correcciones debidas a ruptura explici-
ta para la susceptibilidad disconexa sean proporcionales a m, —m4, mientras que
para la conexa los efectos sean 0(1), de modo que no se anulan en el limite de
isoespin, contrariamente a lo que pudiera parecer haciendo m, = m4 desde el

A este respecto considero importante recalcar una vez mas lo dicho en la seccién 1.1.4: como sea
que ChPT no permite un tratamiento cuantitativo de los resultados por encima del régimen
de baja temperatura, toda extrapolacién o mencién a esta region ha de entenderse de manera
cualitativa.

El criterio de similitud con el resultado en el limite quiral permite que esta identificacién no
sea unica: existe una cierta libertad residual uniparamétrica para elegir la separacién conexa-
disconexa.
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principio. Es, por tanto, fundamental considerar m, # m4 desde el comienzo aun
cuando el interés principal se halle en el cdlculo de cantidades definidas en el
limite de isoespin.

Con todo, la publicacién 2.2.1 llega a las siguientes conclusiones:

@ Las correcciones electromagnéticas al condensado total de quarks en la teoria
de dos sabores pueden relacionarse directamente con la diferencia y(7')*Y?—
y(0)5Y® para la susceptibilidad escalar total a través de una regla de suma,
finita e independiente de la escala de renormalizacién quiral y de términos
de contacto. De hecho este observable ha sido directamente calculado en el
reticulo por distintos grupos (e.g. [86,147]).

Extrapolando las predicciones de ChPT hacia el régimen de altas tem-
peraturas puede colegirse que —con el crecimiento de las fluctuaciones que
se espera para este observable cerca del punto critico y aunque las correccio-
nes debidas a la ruptura de isoespin no son numéricamente importantes—
podrian esperarse efectos de amplificacion apreciables cerca de la region
critica.

Para el caso de tres sabores la situacion es algo mas complicada debido
a que las masas de kaones y etas también dependen de las masas de los
quarks up y strange. En esta situacion la regla de suma contiene una parte
directamente relacionada con y(T)V®)— y(0)V®)| y otra parte con derivadas
del condensado strange respecto de la masa de quarks ligeros. Con todo —
debido a la supresion a través de funciones de Boltzmann de los grados
de libertad pesados— el condensado asociado al quark strange varia mds
suavemente con la temperatura que los ligeros, por lo que también en la
teoria de tres sabores los resultados para la regla de suma estan dominados
por la susceptibilidad escalar total.

Un punto importante en el analisis de esta regla de suma en relacién
con las simulaciones en el reticulo —vy, en concreto, con el formalismo stag-
gered— reside en que en este esquema de calculo existen correcciones de
espaciado finito debido a la presencia de copias espureas (tastes) asociadas a
cada sabor [86,80,148]. Debido a que la masa de las copias se corrige con el
espaciado de la red de forma similar a como entran las correcciones electro-
magnéticas a nivel drbol en la masa de los bosones de Goldstone, la regla de
suma permite comparar las diferencias entre los resultados para los conden-
sados en el limite del continuo y los obtenidos mediante simulacion en el
reticulo usando acciones de tipo staggered.

Basandome en los parametros usados en [86], las publicaciones que de-
fiendo arrojan un resultado para el condensado en el continuo que difiere un
20 % respecto a un reticulo con extensién temporal N, =12 [86], y un 12%
para el caso de un reticulo con Ny = 16 [147]. A partir de este argumento
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de extrapolacién se colige, también, que las correcciones debidas a efectos
de taste-breaking son susceptibles de verse ampliﬁcadas en un entorno de la
temperatura critica de restauracién.

En el contexto de una teoria de Ny = 2 +1 sabores con masas lige-
ras no nulas no es facil asociar estas variaciones en los condensados con el
consiguiente cambio asociado a la temperatura critica a través de expresio-
nes analiticas cerradas. Esto se debe a la presencia de funciones térmicas,
g21(M,T) y go(M,T), que establecen dependencias no triviales con la tempe-
ratura.

A modo de andlisis aproximado, la publicacion 2.2.1 indica que, a través
del uso de las expresiones para los condensados en el limite quiral, el cambio
respecto al valor en el continuo de la temperatura critica—tomando los datos
que aparecen en la publicacidn [86]— se situaria mds o menos en los 10 MeV.

Aunque a fecha de hoy se estan realizando importantes esfuerzos para
reducir esta fuente de incertidumbres a través del uso de reticulos mas
finos y de la mejora de las acciones utilizadas, creo que la estimacion y el
control de estos errores mediante comparacion con los resultados en el limite
del continuo es esencial debido a que sigue constituyéndose como uno de
los principales factores que explican las discrepancias en la estimacion de
la temperatura critica de restauracion quiral en los diferentes grupos de
investigacion.

@ La publicacion que presento analiza de modo sistematico las correcciones a
un loop para las susceptibilidades conexa y disconexa en la Teoria Quiral
de Perturbaciones para tres sabores con ruptura de isoespin, tanto a tempe-
ratura cero como a temperatura finita. Las susceptibilidades calculadas son
finitas e independientes de la escala de renormalizacién de la Teoria Quiral.
Ademas, como los términos asociados a las EM LECs no llevan asociadas
masas de quarks, también son independientes de éstas.

El analisis del comportamiento en el régimen infrarrojo (m<<m,, M,<<
T'<<Mk,) es una herramienta util para el estudio formal de los scalings de
las susceptibilidades con la masa de los quarks ligeros y la temperatura.
La susceptibilidad disconexa a temperatura cero diverge logaritmicamente
(~ log M;) en el infrarrojo como producto de su dependencia en las fun-
ciones go(M,,T) y v ~ logM2, y diverge también como T/M, cuando se
considera su equivalente sustraido yais(T') — yais(0) en las mismas condicio-
nes, predicciones ambas que ya fueron presentadas en [1,5] usando este
mismo esquema efectivo.

En este sentido los resultados de nuestra publicacion constituyen una
prueba de consistencia de aquéllos, extendiéndolos fuera del limite quiral
y permitiendo —a través de un analisis consistente y sistematico a partir
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de la Teoria Quiral— corroborar la idea de que la susceptibilidad disco-
nexa estd dominada en este régimen por loops de bosones de Goldstone,
como cabria esperar debido a que este observable mide las fluctuaciones del
parametro de orden asociado a la restauracion de simetria quiral.

El caracter lineal de la dependencia respecto del angulo de mezcla en el
iso-triplete <iu — dd> da lugar a correcciones de 0(1) en ¢ para la suscepti-
bilidad conexa que no desaparecen tomando el limite de isoespin. La parte
de temperatura cero depende del término de contacto H{ por lo que soélo
tiene sentido fisico® considerar sustracciones del tipo Yeon(T") = Ycon(0).

El estudio de la susceptibilidad conexa a temperatura cero en el limite
infrarrojo indica que —de modo andlogo a como sucedia con los resultados
obtenidos en ChPT para tres sabores con ruptura de isoespin— ésta no tiene
parte divergente cuando se considera el caso de dos sabores ligeros idénticos,
p-¢j. Ny = 2+1, en consonancia también con el estudio de [1,5]. Ademas,
nuestro analisis permite afirmar que —como herencia del comportamiento
del condensado iso-triplete que ya hemos analizado— la susceptibilidad co-
nexa tiene una dependencia cuadratica en la temperatura sobre la masa M%

cuando se considera la cantidad Ycon(T") = Ycon(O)-

Aunque en el caso de tres sabores con ruptura de isoespin la parte co-
nexa contiene términos subdominantes en e con divergencias infrarrojas
proporcionales a e?go(M,, T) y e?3,(M,), estos estdn controlados perturbati-
vamente por la escala de ruptura intrinseca; de tal modo que en el limite
Ny =2+1 su comportamiento infrarrojo es perfectamente regular.

Este andlisis en ¢ indica también que los efectos de ruptura de isoespin
son mayores para la parte disconexa que para la conexa, y se amplifican con
la temperatura. En efecto, aunque los términos subdominantes en el &ngulo
de mezcla son en ambas partes de orden O(e?), en la parte disconexa hay
contribuciones de tipo e?dgo(M,, T)/dM, y e*dv(M,)/dM?2, més divergentes.

Como acabamos de ver, en el limite quiral la parte divergente infrarroja
de este observable es proporcional a n% — 4, con ny el numero de sabores
ligeros idénticos en el gas [1,5]; y por tanto se anula en el caso ny =2 dan-
do lugar a un comportamiento perfectamente regular. Obtener este tipo
de scalings con m, y T" en el limite del continuo a partir de esquemas de
trabajo model-independent es especialmente importante para detectar y ex-
plicar ciertos comportamientos anémalos que aparecen al usar el formalismo
staggered. Uno de ellos tiene que ver con el hecho de que esta técnica intro-
duce dependencias espureas para reticulos de volumen finito que provocan

6 Las estimaciones numéricas a temperatura cero que aparecen en la publicacidn se han efectuado
considerando el valor numérico para Hj que aparece en [32,121] a partir de argumentos basados
en saturacion de resonancias.
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la aparicién de contribuciones artificiales en el infrarrojo susceptibles de
alterar sus resultados [1.40,150].

Por otro lado, los términos dominantes O(1) en € para ycon(T) son propor-
cionales a 1/m, y por tanto explican por qué esta parte de la susceptibilidad
incrementa en los cdlculos en el reticulo [149] al disminuir m, frente a las
masas de los quarks ligeros. Este comportamiento no se aprecia en sus re-
sultados para los condensados debido a que en ellos este efecto se encuentra
suprimido por potencias de e.

Como acabamos de ver, el calculo en el continuo que aparece en la pu-
blicacién 2.2.1 revela que la parte finita de ycon(7) no es nula en el limite de
isoespin y permite relacionar las propiedades de scaling térmico de la sus-
ceptibilidad conexa cerca del limite quiral como directamente vinculadas
con la mezcla no—q. Al igual que sucedia con la componente qrgq del iso-
triplete, la dependencia cuadratica en la temperatura esta controlada por un
parametro genuinamente asociado a la ruptura intrinseca de isoespin, vid.
la masa M,, que es mucho mayor que el parametro quiral tipico, F;, asociado
a las variaciones térmicas de la susceptibilidad disconexa.

Por este motivo el comportamiento de la susceptibilidad conexa esta numeéri-
camente dominada por su valor a temperatura cero, lo que explica también
por qué las simulaciones en el reticulo presentan un scaling en 1/m, mucho
mads parecido a los de modelos O(IN) —tomados como referencia para el ajuste
de sus datos— cuando se sustrae la parte de temperatura cero, con respecto
al caso sin sustraer.

Ademas de todo esto, el hecho de que los efectos de taste-breaking se
analicen de una manera mucho mds cémoda utilizando un sélo sabor abre
la puerta a la posibilidad de que se haga una interpretacion demasiado
simplista de la situacion, es decir, asumir simplemente que la susceptibilidad
total es cuatro veces la susceptibilidad asociada a un sélo sabor genérico
tomando el limite de isoespin desde el principio. Como ya hemos comentado,
este esquema de trabajo es incorrecto puesto que no permite calcular las
contribuciones dominantes para la susceptibilidad conexa.

Pese a que las correcciones debidas a ruptura de isoespin son numérica-
mente pequefias en la susceptibilidad total, esta vision demasiado simplista
exhibe también diferencias numeéricas importantes con respecto a la con-
sideracion de la situacion de asimetria de isoespin desde el principio: las
desviaciones de 4 y,, — y respecto de cero son numeéricamente computables
en un 30% a temperatura cero, y de hasta un 10% cuando se analiza la
variacién térmica de sus respectivos valores sustraidos, i.e.

qu(T) - qu(o)
X(T)=x(0)



Qo Resultados

@ LKl escenario propuesto por ChPT reproduce el comportamiento creciente
para las susceptibilidades a temperaturas bajas e intermedias de una forma
model-independent, aunque es evidente que por si sola es incapaz de dar cuenta
de efectos criticos como la presencia de un maximo en las susceptibilidades
escalares conexa y disconexa cerca de laregion térmica critica. En la seccion
2.3 —concretamente en la publicacion 2.3.1— se verd como la extension
unitarizada de ChPT permite la reproduccion de ciertos comportamientos
criticos para el condensado y las susceptiblidades.

Los resultados en el régimen infrarrojo permiten afirmar que el compor-
tamiento critico que se espera en el caso de la susceptibilidad disconexa sea
mucho mds pronunciado que el de la conexa. Resulta natural asociar este
comportamiento —una vez mas— a la naturaleza misma de cada observable:
la susceptibilidad conexa est4 directamente relacionada con efectos de rup-
tura intrinseca a través de las fluctuaciones del parametro de orden de la
ruptura de isoespin, mientras que la parte disconexa mide las fluctuaciones
del condensado total de quarks. Diversos calculos en el reticulo [1.,9,150]
reflejan estas predicciones.

En cualquier caso, debido al orden de las correcciones que se desprecian
—V a pesar de constituir una interesante herramienta a la hora de aproxi-
marnos al estudio de las propiedades criticas— nuestros resultados sugieren
que los términos dominantes en el régimen infrarrojo no son una buena
aproximacion numeérica en el caso de que se trate con piones de masa igual
al valor fisico, lo que indica que un estudio fuera del limite quiral como el
que hemos realizado aporta valiosa informacion al campo.
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We analyze quark condensates and chiral (scalar) susceptibilities including isospin-breaking effects at
finite temperature 7. These include m, # m, contributions as well as electromagnetic (e # 0) correc-
tions, both treated in a consistent chiral Lagrangian framework to leading order in SU(2) and SU(3)
chiral perturbation theory, so that our predictions are model-independent. The chiral restoration
temperature extracted from (gq) = {iiu + dd) is almost unaffected, while the isospin-breaking order
parameter {iiu — dd) grows with T for the three-flavor case SU(3). We derive a sum rule relating the
condensate ratio {(Gg)(e # 0)/{(gg)(e = 0) with the scalar susceptibility difference y(T) — x(0), directly
measurable on the lattice. This sum rule is useful also for estimating condensate errors in staggered
lattice analysis. Keeping m, # m, allows one to obtain the connected and disconnected contributions to
the susceptibility, even in the isospin limit, whose temperature, mass, and isospin-breaking dependence
we analyze in detail. The disconnected part grows linearly, diverging in the chiral (infrared) limit as
T/M,, while the connected part shows a quadratic behavior, infrared regular as 72/M?, and coming
from 7707 mixing terms. This smooth connected behavior suggests that isospin-breaking correlations are
weaker than critical chiral ones near the transition temperature. We explore some consequences in
connection with lattice data and their scaling properties, for which our present analysis for physical
masses, i.e. beyond the chiral limit, provides a useful model-independent description for low and

moderate temperatures.

DOI: 10.1103/PhysRevD.83.076005

I. INTRODUCTION

The low-energy sector of QCD has been successfully
described over recent years within the chiral Lagrangian
framework. Chiral perturbation theory (ChPT) is based on
the spontaneous breaking of chiral symmetry SU,(N;) X
SUR(Ny) — SUy(N;) with Ny = 2,3 light flavors and
provides a consistent, systematic, and model-independent
scheme to calculate low-energy observables [1-3]. The
effective ChPT Lagrangian is constructed as an expansion
of the form L= L, + L4+ -+, where p denotes a
meson energy scale compared to the chiral scale A, ~
1 GeV. For the N; = 3 case, the vector group symmetry is
broken by the strange-light quark mass difference
mg — m, 4, although m can still be considered as a pertur-
bation compared to A,, leading to SU(3) ChPT, which
reduces formally to SU(2) in the m; — oo limit [3]. The
formalism can also be extended to finite temperature 7', in
order to describe meson gases and their evolution toward
chiral symmetry restoration for 7 below the critical tem-
perature 7, [4,5], where T, = 180-200 MeV from lattice
simulations [6-9]. The use of ChPT in this context is
important in order to provide model-independent results
for the evolution of the different observables with 7,
supporting the original predictions for chiral restoration
[10]. The latter are confirmed by lattice simulations, which
are consistent with a crossover-like transition for N, = 3
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(2 + 1 flavors in the physical case), which becomes of
second order for Ny = 2, in the O(4) universality class,
and first order in the degenerate case of three equal flavors.

The SUy(2) vector group is the isospin symmetry, which
is a very good approximation to nature. However, there are
several examples where isospin-breaking corrections are
phenomenologically relevant, such as sum rules for quark
condensates [3], meson masses [11], or pion scattering
[12,13]. For a recent review see [14]. The two possible
sources of isospin breaking are the QCD m, — m, light
quark mass difference and electromagnetic interactions.
Both can be accommodated within the ChPT framework.
The expected corrections from the first source are of order
(my — m,)/m, and are encoded in the quark mass matrix,
generating also a 7'n mixing term in the SU(3)
Lagrangian [3]. The electromagnetic interactions are in-
cluded in the ChPT effective Lagrangian via the external
source method and give rise to new terms [11-13,15] of
order L, L, ,» and so on, with e the electric charge.
These terms are easily incorporated into the ChPT power
counting scheme by considering formally e = O(p?/F?),
with F the pion decay constant in the chiral limit.

The purpose of this paper is to study within ChPT
isospin-breaking effects related to the thermodynamics of
the meson gas. We will be particularly interested in the
physical quantities directly related to spontaneous chiral
symmetry breaking and its restoration, namely, the quark
condensates and their corresponding susceptibilities at fi-
nite temperature. The quark condensate is the order
parameter of chiral restoration, but since the transition is

© 2011 American Physical Society
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a smooth crossover for the physical case, different observ-
ables can yield different transition temperatures. Thus, the
susceptibilities, defined as derivatives of the condensates
with respect to the quark masses, provide also direct infor-
mation about the transition and its nature, since they tend to
peak around the transition point reflecting the growth of
correlations.

Let us mention some of the motivations we have in mind
for the present analysis. For the physical values of quark
and meson masses, we are interested in the effect of the
isospin-breaking terms in the light quark condensate
(iiu + dd) and therefore on the ChPT estimates of the
critical temperature. In addition, in the isospin asymmetric
case, one has (iiu) # (dd) and in fact (iiu — dd) can be
considered an order parameter for isospin breaking.
Actually, isospin is not spontaneously broken in QCD
[16], which means that this order parameter should vanish
for m, = m, and e = 0. This is an important difference
with the scalar condensate (iiu + dd), which is nonzero in
the chiral limit. It is relevant to estimate the thermal
evolution of (iiu — dd), since in principle the two conden-
sates melt at different critical temperatures. A further
motivation is the analysis of the three independent suscep-
tibilities, directly related to the isosinglet, connected
(isotriplet), and disconnected susceptibilities [17] often
discussed in lattice analysis [18-21]. Including properly
the m, — m, dependence of condensates is then essential
to analyze the temperature and mass evolution of the
connected and disconnected pieces measured in the lattice.
In particular, the linear m,; — m, corrections to conden-
sates survive the m, = m, limit in the susceptibilities. The
contributions coming from 7% mixing in the SU(3) case
belong to this type and are particularly important regarding
the temperature dependence. This is not only interesting
for physical masses but also to explore the scaling near the
chiral limit, which in lattice studies has been used to
investigate the nature of the transition [20]. In the lattice
works, this scaling may be contaminated by lattice artifacts
such as taste breaking in the staggered fermion formalism,
which can generate contributions to susceptibilities mask-
ing the true scaling behavior [20,21]. Our study provides
then a model-independent setup for disentangling these
effects and establishes the expected results in the contin-
uum limit.

We will work in ChPT to one loop, considering on the
same footing the two sources of isospin breaking. In a
previous work [22] we have studied the quark condensates
at 7 = 0 and several related phenomenological aspects of
the isospin asymmetric case. We will refer to that work for
more details about the formalism, the numerical values of
the low-energy constants, and other related issues.

The paper is organized as follows. In Sec. II we will
review the main aspects of the isospin-breaking ChPT
formalism related to the present work. Our results for the
quark condensates at finite 7 both in the SU(2) and SU(3)
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cases are given and analyzed in Sec. III. In that section we
explore the temperature dependence of isospin breaking, as
well as that of the sum rule relating condensate ratios.
Section IV is devoted to the analysis of the different
isospin-breaking scalar susceptibilities and their relation
to the connected and disconnected ones. In Sec. IVA we
provide an interesting sum rule relating the electromag-
netic differences in the condensates with the total suscep-
tibility. We explore the possibility of using that sum rule to
estimate the errors in the staggered fermion lattice analysis
of the condensates, in connection with the taste-breaking
effect. In Sec. IVB we make a thorough study of the
connected and disconnected contributions to the suscepti-
bility and their dependence with temperature, the quark
mass, and the isospin ratio m,,/m . We pay special atten-
tion to the connection of our results with different lattice
analysis in the literature.

II. FORMALISM

The effective chiral Lagrangian up to fourth order in p (a
meson mass, momentum, temperature, or derivative) in-
cluding electromagnetic interactions proportional to e? is
given schematically by Loy = L2, 20 + L4y 2,04 ,4. The
most general second-order Lagrangian is the familiar non-
linear sigma model, including the gauge coupling of me-
sons to the electromagnetic field through the covariant
derivative, plus an additional term proportional to a low-
energy constant C compatible with the ¢ # 0 symmetries
of the QCD Lagrangian [11,15],

2
Lypp= % tu[D,U'D*U + 2By M(U + U1)]
+ cu[QUQU] (1)

Here, U(x) = exp[i®/F] € SU(N;), with @ the
Goldstone boson (GB) matrix field for pions (N = 2) plus
kaons and n (Ny = 3), the latter being the octet member with
I; =S8 =0. The covariant derivative is D, = d, +
iA,[Q, -] with A, the electromagnetic (EM) field. M and
Q are the quark mass and charge matrices, i.e., in SU(3)
M = diag(m,, my, m;) and Q= (e/3)diag(2,—1,—1).
Both the mass term and the charge one proportional to C in
(1) break explicitly the chiral symmetry SU;(N;) X
SUR(N¢) under which U — LUR' with L, R € SU(Ny).
The vector symmetry L = R is also broken for unequal quark
masses and charges. Thus, in the light sector (1, d) the part of
the mass term proportional to i = (m,, + my,)/2, the aver-
age light quark mass, is also proportional to the identity flavor
matrix and therefore invariant under SUy(2), while the part
proportional to the mass difference ms = (m, — m,)/2 and
T3, the third isospin generator, is the one carrying out the
QCD isospin breaking. The only remaining symmetry of the
Lagrangian (1) is the U(1) L = R = exp(iAQ) correspond-
ing to charge conservation.
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Working out the kinetic terms in (1) allows one to relate
the low-energy parameters F, Bym, 4, C to the leading-
order tree-level values for the decay constants and masses of
the pseudo-Goldstone bosons. For SU(2) the masses read

2
M2, = M2 = 2B, + 20%, M2, = 2By (2)

In the SU(3) case, the mass term in (1) induces a mixing
between the 7% and the n fields given by L, ., =
(By/\3)(my — m,)7w®xn. This mixing between the two
states with /3 = § = 0 will play an important role in
what follows. The kinetic term has then to be brought to
the canonical form before identifying the GB masses,
which can be easily done by the field rotation [3]

0 0

m° = 7% cose — 7 sine, n = 7¥sine + jcose, (3)

where the mixing angle is given by

émd—mu
2

tan2e = — .
mg — M

“4)

Once the above 77°7 rotation is performed, the SU(3)
tree-level meson masses to leading order read

2

M2, = M2 = 2B, + 20—,
m F
2 sin’e
M2, = 230[;& — = (m; — m) ]
™ 3 cos2e

2

e
M. = Mg_ = (m; + m,)By + zcﬁ,
M2, = (mg + my)By,

)
M2 = 230[1(,41 +om) + 2 (m, — ) 08 ] )
3 3 cos2e

For pions, the main effect in the 7° — 7% mass differ-
ence comes from the EM contribution [23], while in the
kaon and eta cases the violations of Dashen’s theorem
M3 — M7, = M2. — M2, [24] (m, = m, limit) indicate
that m, — m, corrections are relevant and must be kept on
the same footing as the EM ones [11,25]. We emphasize
that all the previous expressions hold for tree-level leading-
order masses M2 with a = 7=, 7%, K=, 5, in terms of
which we will express all our results. They coincide with
the physical masses to leading order in ChPT, i.e.,
M2 phys = = M2(1 + O(M?)) and so on for the meson decay
constants F2 = F2(1 + O(M?)).

The fourth-order Lagrangian consists of all possible
terms compatible with the QCD symmetries to that order,
including the EM ones. The £« Lagrangian is given in [2]
for the SU(2) case, hy 53 (contact terms) and /;_; denoting
the dimensionless low-energy constants (LEC) multiplying
each independent term, and in [3] for SU(3), the LEC
named H;, and L; ;o. The electromagnetic L, »» and
L, for SU(2) are given in [12,13], k13 denotrng the
corresponding LEC, and in [11] for SU(3) with the K; 5
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LEC. The relevant terms needed for this work are given
in [22].

The LEC are renormalized in such a way that they
absorb all the one-loop ultraviolet divergences coming
from £ »» and L, according to the ChPT counting, ren-
dering the observables finite and scale-independent. The
numerical values of the LEC at a given scale can be fitted to
meson experimental data, except the contact /; and H;. The
latter are needed for renormalization but cannot be directly
measured, reflecting an ambiguity in the observables de-
pending on them. The origin of this ambiguity is in the very
same definition of the condensates in perturbation theory
[2]. It is therefore convenient to define suitable combina-
tions which are independent of those constants and there-
fore can be determined numerically. We will bear this in
mind throughout this work and we will try to provide such
combinations when isospin breaking is included. The
numerical values we will use for masses and low-energy
constants in the SU(3) case are the same as in [22] unless
otherwise stated. In SU(3) they come from the fits
performed in [26].

III. QUARK CONDENSATES AT
FINITE TEMPERATURE

The quark condensates for a given flavor ¢; at finite

temperature 7' are given by
1 9 oL
_ logZ = <_eff> ) (6)
,BV ('*)mi 6ml~ T

(Gigidr = —

where B = 1/T, V is the system volume, Z the partition
function, and (-); denotes a thermal average We will
denote by (gq)r = (uu + dd); = — ,BV 2
parameter of chiral symmetry, while (iiu — dd); =

- BV am logZ behaves as an order parameter of isospin

breaking, since it is the expectation value of the part of
the mass term in the QCD Lagrangian proportional to
m, — my and e(q, — q,), respectively. It is still invariant
under transformations in the third direction of isospin,
which reflects electric charge conservation.

In ChPT to one loop we obtain then the SU(2) finite
temperature extension of the 7 = 0 results in [22], which
we give also for consistency,

(Gq)r = (iiu + dd)y
=(Gq)o + Bolg1(M 0, T) + 2g1(M7rr, T)] + O(p?),

(Gg) = —2FZBO[1 s = 2 + 2 = (15(u)

+ hi(w)) + e2.7<£(,u) + @(p4)], @)
<IZM - d_d>T = <IZM - &d)o

—-—m )h3 §F230€2k7 + O(pZ) (8)
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where
Kiw) = SIS05) + k) + kL ©)
and
2 M?
Mi = 32#721172 IOg,u,—é’
an.n = [ dpg—i e (10)

with E2 = p? + M>.

The expression (7) contains the leading-order tree-level
term from L, given by {Gq), = —2F?B,, the one-loop
tadpolelike contribution G;(x = 0), with G the free meson
thermal propagator, whose finite part yields the combina-
tions u; + g,(M;, t)/(2F?) (we follow the same finite-T
notation as in [5]) and the tree level from the fourth-order
Lagrangian. The latter shows up only at 7 = 0, which
contains the LEC renormalized at the scale u of dimen-
sional regularization in the MS scheme [2,13] so that the
full expressions for the condensates are finite and scale-
independent. Note that (Gq), includes the contact term h.
The isospin breaking in (Gq); for SU(2) is purely electro-
magnetic, showing up explicitly in the e terms and im-
plicitly through the pion mass differences. The temperature
dependence is encoded in the functions g,(M, T) which
increase with 7" and behave near the chiral limit (7" > M)
as g;(M, T) = Z[1 + O(M/T)].

Note that the effect of the electromagnetic corrections is
to decrease the thermal part of (Gq)7, since M= > M 0.
On the other hand, {Gq), increases for the available esti-
mates of the EM LEC, reflecting its ferromagnetic nature
[22]. Our first conclusion is then that the critical tempera-
ture, estimated as that for which the condensate vanishes,
increases with respect to the ¢ = 0 case, which is also a

(@i’ = Gau + ddy"?
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ferromagnetic-like behavior induced by the explicit chiral
symmetry breaking of the EM quark coupling in the QCD
action. A simple estimate of the size of this effect can be
obtained by taking the chiral limit m, = m; =0 so

that Mo = =0, M2.=2Ce*/F? and T, =

\/S_F\/l + 2Ky —2u,=, which gives T¢*0/T¢=0 ~
1.003 with the parameters used in [22] and setting the
involved k; to their maximum expected “‘natural” values
k; = 1/(167%). Thus, in principle we expect rather small
corrections to chiral restoration from the electromagnetic
breaking. Nevertheless, in Sec. [IVA we will go back to this
point in connection with a sum rule relating the charge
breaking with the susceptibility, suggesting larger correc-
tions either for higher order transitions or for finite lattice
spacing.

The two sources of explicit isospin breaking in the
Lagrangian show up in the condensate difference (8),
which depends linearly on m, — m, with the contact h5
and vanishes for m, = m, and e = 0 in accordance with
the absence of spontaneous isospin breaking [16] men-
tioned in the introduction. Recall that 45 and k; do not
need to be renormalized and are therefore finite and scale
independent. An important point is that {(iu — dd) does not
receive pion loop corrections in the two-flavor case and it is
therefore temperature-independent to the one-loop order.
In other words, isospin breaking in SU(2) does not change
with 7 and the two condensates melt at the same tempera-
ture. This picture will change for Ny = 3 due to kaon loops
and 7°7 mixing.

In the SU(3) case, we calculate to one loop at finite
temperature the light and strange condensates, taking into
account both m, — m,; and e # O corrections. The con-
densates read now

1
= @00 + Bo| 3 — sin’e)g (Mo, T) + 261 (M, T) + 1My, )

+ oMy, T) + %(1 + sine)g, (M, T)] + o),

8B,
Gt = —2F230{1 + F—;’[m(ngw) + Hj(p)) + 4@ + mg)Li(w)] + 2 K5, ()

r L
3B s ~ 2 — g — e — 51+ sine), + O] (11

sin2e
V3

(itu — ddys?’ = (au — ddyS' + BO{

4B,

[g/(M 0, T) — (M, T)] + g (Mg, T) — g1(Myo, T)} + 0(p?),

sin2e

(au — ddy,"® = 2F2190{—2 (mg — m,) QL) + Hy(w) — I () + —=[pm0 — py] + pg= — Mko} +0(p?),

F

NG}
(12)
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2 .
(5s)7 = (Ss)p + Bo{g [81(M 0, T)sin*e + g1(M,, T)cos’e] + g (M=, T) + g, (Mo, T)} + O(p?),

(5530 = ~FBof1 + S22 Im, (LY(w) + H() + 420 + m)Li(w)] + @530

4
- g[uﬂosinzs + pycosie] = 2Lugs + pgo] + (9(174)}, (13)

where
54 () = 60K, + Ki() + (K5 () + Kig(e)
54 40) = 5 TK5 ) + Kiglpo)
i) = I3(K, + Kglye)) + K3(w) + Kig(w)]. (14)

In some of the above terms we have preferred to leave
the results in terms of quark instead of meson masses. As in
the SU(2) case, the results are finite and scale-independent,
which concerns only the 7 = 0 part [22].

There are some important differences with respect to the
Ny = 2 case which deserve to be mentioned. First,
the presence of the 77 mixing angle & (4) and the more
complicated dependence of meson masses with quark
masses (5), imply that now m, — m, corrections show up
in (Gg), apart from the EM ones. Note also that these
corrections in (Gq) and (3s) are at least O(£?) in the mixing
angle, or equivalently in m, — my, except for an O(e’¢)
term in the kaon contribution. This is so because, apart
from the explicit & dependence, one has to expand also
the meson masses in (5) around & = 0. All the masses
depend quadratically on & except M;.. ~ —ag, My, ~ ag
with a = (2B,/+/3)(m, — ). Since, in addition, M2. =
M3, +2Ce?/F* for & =0, we end up with the above-
mentioned term.

Another important difference between the two cases is
that for SU(3) there are loop contributions to (iiu — dd); in
(12). Kaon loops arise from the charged-neutral kaon mass
difference, while neutral pion and eta ones from 77'07)
mixing. When expanding in & now, the leading order is
O(e) even for e = 0. These linear terms will be crucial
for our analysis of susceptibilities in Sec. IV. Those loop
corrections introduce now a T dependence in (iiu — dd)r,
unlike the SU(2) case. As it happened in the SU(2) case,
we see that (iu — dd)y in (12) vanishes for e? and
m, = my, in agreement with [16], which still holds includ-
ing thermal corrections.

At low and moderate temperatures g;(M o, T) domi-
nates over the kaon and eta contributions in (12), but it
should be remembered that & in (4) brings up a 1/my
dependence which reduces the size of the pion term. In
order to make a crude estimate, let us consider again the
chiral limit, but keeping now the leading order in m, — my,
which we take then very small but nonzero while taking

M — 0", In this limit the kaon masses are roughly
kept to their physical values, which are well above the
critical temperature. Thus, we consider the regime
M, < T < Mg, in which the pion term behaves as
By(mg — m,)T?/(24my) = B§(m, — m,)T*/(18M%). The

kaon and eta contributions go like ByT?[(m, — m,)/m,] X

1/MKJI/Te_I""M/T [5], where we have taken also ¢ = 0 for

simplicity. The pion term is still dominant due to the
exponential suppression of K,7. However, when compared
to the T = 0 part in that regime, which goes like (m,; —
m,)B}, we see that the quadratic growth with temperature
is controlled by the scale M%, instead of, say, the chiral
restoring behavior of (§¢); which is controlled by F? in the
chiral limit. Therefore, the order parameter for isospin
breaking (iiu — dd); grows with T, although it does so
rather softly. Therefore, we do not expect big differences in
the melting temperatures of the u and d condensates. This
is also consistent with the expectation that in the limit
where my, is arbitrarily large, say compared to i, the
SU(2) result should be recovered, for which there is no
temperature dependence for the condensate difference.

The evolution with temperature of the condensate dif-
ference is shown in Fig. 1 for the full case of finite pion
mass and both e # 0 and m,, # m,. We have used the same
set of low-energy constants and parameters as in [22], in
particular m,/m,; = 0.46 and m,/m = 24. For the EM
LEC K; involved, we have displayed in the figure the
two curves corresponding to their maximum and minimum
expected natural values. We also show for comparison the
result for m,, = m,, which shows that the charge contribu-
tion is actually of the same order as the one proportional to
m, — m . We see that the T-dependent amplification of the
isospin difference is rather large. In fact, this order parame-
ter reaches values comparable to its 7 = 0 value near the
critical temperature, which is about 7, =265 MeV in
SU(3) ChPT. Nevertheless, due to the additional & sup-
pressing factor discussed above, this enhancement is not
enough to produce a sizable difference in the melting
temperature of the u, d condensates, as it is clearly seen
in Fig. 1 (right), where we plot the two thermal condensates
separately. The two plots shown in Fig. 1 correspond then,
respectively, to the two order parameters involved here:
isospin breaking and chiral restoration. In turn, note that
the curves on the right plot are independent of the choice
of LEC since to this order (G;qi)r/{Giqi)o =1—
(@i —<@iq9:)0)/(BoF?) + O(p*) for i = u, d.
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FIG. 1 (color online).

The individual condensates in (11)—(13) contain the
contact terms H,. These terms reflect an ambiguity in the
quark condensates, inherent to their renormalization in
QCD. It is therefore very important to deal with combina-
tions of condensates which are free of this ambiguity. This
very same source of ambiguity is also present in lattice
simulations at finite 7. A simple way to get rid of it is to
subtract the 7 = 0 contribution. This is the approach fol-
lowed by the authors of Ref. [8] both for condensates and
for susceptibilities. A different possibility is to consider the
combination {Gg) — (/11)/m(3s) [9], or for individual con-
densates in the isospin-breaking case, {(g;q,) — (m;/m,) X
(5s) with i = u, d. Another sum rule free of contact ambi-
guities often used in 7 = 0 phenomenology to relate con-
densate ratios [3] is the following combination:

<d_d>T mg — my <§S>T
= — 1+ —
a0 = it =1+ 1]
myg—m, 1
= Ag(0) + % —leiMg, T) — g(M, T)
mg—m F
2Ce?
+ (Mg — M7) g (Mg, T)] — 782(1‘41{, T),

15)

where O(m, — m,)?, O(e*) O(e*(m, — m,)?*) have been
neglected and Agg(0) is given in [22] with both sources of
isospin breaking contributing at the same order, not only in
the chiral counting but also numerically.

We have seen in Sec. III that the (dd);/{iiu); ratio
receives significant corrections at finite temperature. On
the other hand, we expect the strange condensate to vary
slowly with T, from chiral symmetry breaking due to the
strange quark mass. Therefore, we expect that the thermal
corrections to this sum rule are also sizable. These correc-
tions are plotted in Fig. 2 for K + K}, = 1/(87?). They
become comparable to the 7 = 0 sum rule near the critical
temperature.

100 150 200 250
T(MeV)

Left: the u — d condensate difference (isospin-breaking order parameter) at finite temperature in SU(3),
relative to its 7 = 0 value. Right: the two condensates separately.

12F
Lol As(T) = A (0)
As (0)
0.8
0.6
04t
02
0.0 k: ‘ L L L L 1
0 50 100 150 200 250 300

T MeV

FIG. 2 (color online). Thermal corrections to the sum rule
relating condensate ratios.

IV. SCALAR SUSCEPTIBILITIES
AND ISOSPIN BREAKING

In the isospin-breaking case, the scalar susceptibilities
are defined as

1 92

—_— IOgZ

J _
Xij = _W@ﬂjﬁ =
1

- [0 ?ar [ Fi(3:9)G D@)0,0)r  (16)

= BVXG:997$a;9,)1»

L j=ud,s,

so that in the light sector, the relevant one concerning chiral
restoration, we have three independent scalar susceptibil-
ities Xuus Xdd» and Xud = Xdu-

At this point, it is instructive to recall the definition of
the connected and disconnected parts of the susceptibility.
Consider the isospin limit with two light identical flavors
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of mass m = m, = m, and e = 0. There is only one light
susceptibility in this case, which can be written as

a 1 02
X== %@@T = BY o’ logZ = 4xgis + 2Xcon, (17)
with
Xais = {(TtD; ")), — (TrD; 1), (18)
Xcon — _<TrD;2>A) (19)

where D; = id — m is the Dirac operator for every light
flavor in the QCD Lagrangian and (-), denotes integration
over the gluon fields, so that formally Z =
(exp.;TrlogD;),, where j runs over flavor and Tr runs
over the space-time, Dirac, and color indices. This separa-
tion is important for lattice analysis, as we will discuss
below, and reflects the contributions with connected and
disconnected quark lines, since D; ! is the quark propaga-
tor. However, when considering the low-energy represen-
tation for the partition function and the susceptibilities in
terms of GB fields, it is not so simple to separate the
connected and disconnected parts if we take the isospin
limit from the very beginning. A possible approach to
perform such separation is to work within the partially
quenched ChPT framework, as discussed in [27] for the
vacuum polarization. We will however work within the
isospin-breaking scenario we are considering here, which
is very useful for this purpose, as noted first in [17] for the
susceptibilities and used also in [28] for the vacuum po-
larization. The main point is that for m, # my

Xua = {(TtD; ) (TrD; "))y — (TrD, )a(TrD )4 (20)

so that one has ygs = lim,, ., Y. and since 9, =
O, +0p,, from (17) we have also  xeon =
limm,,—wnd[(/\/uu + de)/z - Xud]'

Therefore, with this observation in mind, we define in
the isospin-breaking regime the following basis of total,
connected, and disconnected susceptibilities in terms of the
ij basis in (16):

X:thu+/\/dd+2)(ud’ (21)

1
Xcon = E(qu + de) ~ Xud (22)
Xdis = Xud> (23)

which we can therefore obtain directly from our expres-
sions for the isospin-breaking condensates obtained in the
previous section. Observe that none of the K;-dependent
terms in the condensates depends on the quark masses and
therefore the susceptibilities are independent of the
EM LEC.

Note that according to (16), y in (21) corresponds to the
correlator of the isosinglet condensate (Gg), the order
parameter of chiral restoration, while the connected
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contribution Y.,, 1is the correlator of the isotriplet
fiu — dd, the order parameter for isospin symmetry. A
divergence or sudden growth of these susceptibilities
would indicate then a phase transition for the correspond-
ing order parameter.

We also remark that the definitions of the connected
and disconnected parts in terms of uu, dd, ud ones are
not unique. We could as well have defined ygs as
&(Xuu = Xaa) T Xua for arbitrary «, which also reduces
to the combination (18) in the isospin limit. We are follow-
ing the same convention as [17]. These formulas can be
easily extended to Ny identical flavors, for which
X = Nf/\/con + N]%Xdis'

In the following we will analyze several aspects related
to the above defined susceptibilities in different limits.

A. Sum rule for EM-like corrections to condensates

Before studying in detail the different susceptibilities, in
this subsection we will relate the EM corrections (and
actually any chargelike correction to pion masses) to the
condensates, found in Sec. III, with the total scalar suscep-
tibility. Consider first the condensate calculated in SU(2)
in (7) and let us define the ratio

(Gq)5™°

(@™

Now note that to one loop, the explicit dependence of the
condensate in e is only in the T = 0 part, since the charge
dependence in L, is contained implicitly in the pion mass
differences. Therefore, r(T) — r(0) depends on the charge
only through the parameter 6, = (M2. — M2,)/M?,, in
which we can further expand (for the EM pion mass
difference 6, = 0.1). Taking also into account that the
condensate is just the sum of the tadpole contributions
for the three pions, we can write

r(T) =

24

M2 d
HT) — r(0) = — F(;TFZ(S”@[@@T —{qq9)]
+ 0(8%) + O(p*) (25)
M s Kaah— @]+ 062 + O, (26)
6B2F2 w1 T 0 7 ’

which, from the susceptibility definition in (21) can be
written, to this order, as

2 mw?

r(T)_r(O):§M2F2

8. Lx(T) = x(O1 @7

This sum rule relates then pion mass deviations in the
condensate with the total scalar susceptibility. Note that the
above result is written only in terms of the quark mass,
the pion mass and decay constant, and the charged-neutral
mass difference, without specifying if the latter is of elec-
tromagnetic origin. It states that, even though the mass

076005-7



A. GOMEZ NICOLA AND R. TORRES ANDRES

deviation 6, may be small, the corrections to the conden-
sate may be amplified near the phase transition, where the
susceptibility is maximum, if such transition is sufficiently
strong. Actually, the quantity proportional to &, on the
right-hand side of (27) is directly measurable on the
lattice [8].

For the case of the electromagnetic mass difference in
SU(2) discussed in Sec. 1I, we have 577M7270 = 2Ce?/F?

and

2Ce?
r(T) — r(0) = ?gz(Mwo, T)+ 0(e*), (28)
with
4Ce?
r(()) = 1 + eZKE(,u,) - FVWO, (29)
and
d 1 M?
ST
Tt T el TR
dg/(M,T) 1 [oo o1
MT)=—""->—"=—— dp—————. 30
(M. T) am®> a2 )y VE, P 1 (30)

Note that r(7) is finite, scale-independent, and also
independent of the e = 0 LEC I3, h;, h;. In particular, it
is free of the contact-term ambiguity, which makes it a
quantity suitable for physical predictions. It is also inde-
pendent of B, unlike the individual quark condensates,
which have only physical meaning when multiplied by the
appropriate quark masses, since the m;B, products give
meson masses. In addition, the dependence with the
EM LEC disappears in the difference +(T) — r(0), which
is the quantity directly related to the susceptibility
through (27).

The above relation can also be explored for SU(3).
However, the connection with the susceptibility is not
direct in that case. The e? dependence of {(Gq); — {Gq)o
enters now through M- and Mg-. However, the conden-
sates (11)—(13) depend on the light quark mass through all
the meson masses M,, Mg, M,. The result is that
r(T) — r(0) can be expressed as the susceptibility term in
(27) plus a linear combination of d((5s); — (5s))/dm and
d({(5s)r — (55)9)/dmy, to this chiral order and neglecting
O(e*) and O(m, — m,) isospin-breaking corrections in the
right-hand side. Since the strange quark condensate has a
much weaker dependence on temperature than the light
one (or equivalently, we can approximately neglect the
thermal functions evaluated on kaon and eta masses) we
expect the T behavior of r(T) — r(0) to be dominated by
the light scalar susceptibility also in the SU(3) case and
therefore the sum rule (27) should hold approximately. In
this case we have to one loop

PHYSICAL REVIEW D 83, 076005 (2011)
r(T)SU(S) _ r(O)SU(3)

Ce?
=1+ F[ZgQ(Mwiy T) + gz(MKi, T)] + @(64),

SUB) — 29¢r _ 2L€2 4
r(0) 1+ e K5, () 7 [2v,c + vg=]+ O(e*),
where the expansion in e? to leading order allows one to
express the result in terms of the 7 and K= masses. As in
SU(2), r(T) is finite, scale-independent, and independent
of the e = 0 LEC, so that it is free of contact ambiguities.

We compare the above expression with the susceptibility
in the SU(3) case. As will become clear in Sec. IV B, the
corrections to the total susceptibility y from both sources
of isospin breaking are small. Actually, we will see that the
next-to-leading order correction in the QCD breaking is
O(m, — m,)*. The one-loop result is

X(T) = x(0) _ 4ii?

B2 W[X(T) — x(0)]
0 T
- 2[3g2(M7,, 1)+ oMy, T+ oM, T)]
L O+ O@) + @(M>2, 31)
mS
0) 42
X = x

= 16[8L¢(u) + 2L§(w) + H5(u)]

- 4[3p,, + ot é”n:l L O + O
+ @<w>2. (32)
mS

The two quantities are compared in Fig. 3. The devia-
tions between them are negligible for the range of relevant
temperatures. Therefore, although for physical masses the
electromagnetic corrections are relatively small, they grow
with the susceptibility, which is a model-independent
prediction. For comparison, taking the value of
(m2) /(M) x(T,.) — x(0)] from the lattice simulations in
[8] for 2 + 1 flavors with the lattice T, value gives r(T,) —
r(0) = 0.013, not far from the higher temperature values in
Fig. 3, although the ChPT curve cannot reproduce the
susceptibility peak, only the low and moderate 7 behavior.
These small EM corrections for the condensate are in
accordance with our simple estimates made in Sec. III
and translate into a few MeV difference in the determina-
tion of the critical temperature from the order parameter.

The sum rule (27) has another interesting consequence,
regarding lattice simulations. In the staggered fermion
lattice formalism, the need to introduce four different
copies (tastes) for every quark flavor leads to the so-called
taste violation [8,19,29]. This is a lattice artifact which in
some aspects is similar to the isospin or flavor violations
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FIG. 3 (color online). The r(T) function in SU(3) encoding the
EM corrections of the quark condensate. We compare it with the
normalized light susceptibility for physical quark and meson
masses. For these values, r(0) =~ 1.01.

we are analyzing here. The new tastes enlarge the chiral
symmetry group to SU(4N) X SU(4N;), producing then
15 pseudo-Goldstone bosons plus one massive state
(n'-like) for every quark flavor. All these new meson states
become degenerate in the continuum limit, where taking
the fourth root of the Dirac fermion determinant is enough
to remove all the spurious copies. However, for finite
lattice spacing a, the tree-level masses of those states
receive O(a?) contributions, which break explicitly the
chiral group in the Lagrangian, only one Goldstone boson
remaining massless in the chiral limit, leaving then a
residual O(2) or U(1) symmetry. The mechanism is similar
to the electric charge one we are analyzing here, by which
the charged states receive (O(e®) corrections and the
U(1) EM symmetry remains. In fact, for the staggered
case one can construct a generalized chiral Lagrangian
including all possible terms compatible with the new
symmetry. This is called staggered chiral perturbation
theory [29,30]. Among the new terms one recognizes con-
tributions of the form Tr[£U&£UT] with £ a given combi-
nation of SU(4) generators, i.e., like the charge term in
(1) in SU(3). Obviously, the staggered case includes addi-
tional operators and the spectrum of states is more com-
plicated. However, we can use the sum rule (27) to estimate
roughly the expected differences between the lattice stag-
gered condensate and the continuum one, considering the
lightest states. For fine-enough lattices, one has 6% =
(MZ%, — M2)/M? = ca? for the lightest tastes of squared
mass qum [8], where from the two smallest lattices in [8]
we get ¢ ~ 140 fm~2. With this 6% we can then use (27)
to estimate r¢(T) — r°(0). Consequently, we expect the
larger errors coming from this taste violation effect to
appear near T.. That is indeed the case when we compare
lattices of decreasing temporal extent N, = a/T for
the condensate data given in [8]. More quantitatively,
taking also the susceptibility values of [8], we get

PHYSICAL REVIEW D 83, 076005 (2011)

r(T,) — r*(0) = 0.07ca”. Estimating the T = 0 part using
(29) with e — 8¢ MZ2F?/(2C), we get a relative correction
for the condensates near T, with respect to the continuum
of about 20% for the N, = 12 data in [8] and about 12% for
the N, = 16 ones in [31]. Following the same idea, we get a
relative difference between the N, = 10 and N, = 12 lat-
tices of around 8% near T., which is actually in good
agreement with lattice data [8]. A direct translation into
an error for the critical temperature is not easy to obtain. If
we simply extrapolate the one-loop chiral limit expression
(Gq)r = {Gq)o(1 — T?/T?), writing the left-hand side of
(27) in the one-loop equivalent form (25), we get a very
rough estimate AT, = 10 MeV for N, = 12 with respect to
the continuum, although the chiral limit is not always
numerically accurate, as we will actually see in the next
section.

Estimating taste-violation effects is important, since
they are one of the main sources of the discrepancies
between different lattice groups for the determination of
the critical temperature. An important effort has been made
over recent years to minimize these effects, not only by
considering finer lattices, but also by introducing lattice
actions where taste symmetry is reduced [31].

B. Temperature and mass dependence of connected
and disconnected susceptibilities. Relation with
chiral restoration and lattice analysis

The behavior of condensates and susceptibilities with
temperature and quark masses is crucial in order to under-
stand the nature of the chiral phase transition when ap-
proaching the chiral region (m,, T) — (0%, T,). Lattice
simulations have addressed the question of how those
quantities scale with m, and T until very recently [20].
An essential part of this program concerns the scaling of
the connected and disconnected parts of the scalar suscep-
tibility. The disconnected piece is given in terms of closed
quark lines and is therefore directly related to (gg) and
expected to be sensitive to chiral restoration. Actually, near
the chiral limit, i.e., the infrared (IR) behavior, it is known
to scale as YR ~logM?2 for T =0 and xR ~T/M, at
finite temperature [17]. The infrared contribution is then
controlled by the GB loop contributions. The situation is
not so clear for the connected part, since its infrared
divergent piece is proportional to n}% — 4, with n; the
number of identical light flavors [17], and therefore it
vanishes for n; = 2. However, its IR finite part contributes
in the physical case of massive pions and is actually an
important difference between QCD and O(N) models, on
which the lattice scaling fits are based [20]. Besides, the
connected contribution receives important ‘““false’” GB-like
corrections coming from taste violation [20,21]. It is there-
fore important for lattice studies to provide the continuum
result for the disconnected and connected susceptibilities
in the physical case of 2 + 1 flavors and massive pions.
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Our present ChPT one-loop analysis allows us to obtain
a model-independent prediction for the low-temperature
and small-mass behavior of the susceptibilities. The inclu-
sion of isospin-breaking effects is crucial. In fact, it will be
useful for the following discussion to note that

1 1
Xcon = E(qu - Xud) + E(de - Xud)
1 _
= =3 O Gl — ) (33)

1 - _
Xdis = — Z[am@_m + dd) — 20, (au — dd)],

with ms = (m, — m,)/2, so that y,, comes only from the
condensate difference in (12) and its leading order is
obtained from the linear terms in m, — my.

Now, from our considerations in Sec. III, if we neglect
for the moment the charge corrections and we take the
quark mass derivatives in (11) we have, to leading order in
Msy Xuu = Xdd> Xuw T Xua = X/27 and Xuu — Xud = Xcon>
where the leading terms X, Xcon» and Xdis = X/4 = Xcon/2
are O(1) in the mg counting and are given in SU(3) by (31)
and (32) and

Xais(T) = xais(0) _ 1
B} 18
. gl(Mﬂn': T) - gl(Mnr T)

3(M3 — M%)

+ @(%)2 + 0(e2), (34)

[27g2(M7T’ T) + gZ(MT]r T)]

+ O(p?)

Xdis(o) _ 1 r o _ . 2F2(M7T - Mn)
+ 0(p?) + @(w)z + O(e?), (35)
mX
Xeon(T) = Xeon(0) _ 2[e1(M,,T)—g(M,,T)]
B—%_gZ(MK:T)+ 3082 — M2)
+ O+ (9<—md - ’”")2 +0(),
mS
(36)
Xeon(0) , , APy — wy)
B = 2(4H;5(p) + 8Lg(u) — vg) + W_Mﬁ
+o(p?) + @(w)z L 0(ed). 37)
mS

Several remarks are in order about the previous expres-
sions. First, we emphasize that all of them are finite and
scale-independent, which can be explicitly checked from
the scale dependence of the LEC [22]. We also note that,
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unlike the disconnected part, the connected susceptibility
does not receive contributions from the mass derivative of
pion tadpoles, i.e., v, or g,(M, T). These turn out to be
the dominant ones in the chiral limit (see below) and this is
what we expected from our previous discussion on
the infrared behavior. Thus, we identify the difference
M7 — My in (37) and the corresponding g, one in (36) as
the contribution of 7°n mixing, while the vg, g,(Mg)
terms come from the expansion of the kaon contribution
in the right-hand side of (12) around the isospin limit. From
(33), the disconnected part receives in addition a contribu-
tion from the sum (11) and hence it incorporates the v,
g,(M ;) terms. Note also that the T = 0 part of y,, de-
pends on the contact term H,, while that dependence
cancels in yg. This means that only quantities such as
Xeon(T) = Xcon(0) can be unambiguously determined,
similar to the quark condensate case (see our discussion
at the end of Sec. III). This is a relevant comment for lattice
evaluations of this quantity. In fact, as a consequence of the
vanishing pion terms, we see that y.on(7) — Xcon(0) van-
ishes formally in the m; — oo limit, recovering the pure
SU(2) result that we would get from (8), which holds also
for the other susceptibilities taking into account the con-
version between the SU(2) and SU(3) LEC [22] (see
below).

Regarding the expansion in (m, — my), as can be seen
from (33), from the condensate expressions (11) and (12)
and from the meson masses and mixing angle dependence
on 11 and m, that the linear order in mg cancels both in the
connected and the disconnected parts and so we have
written in the previous expressions and in the total suscep-
tibility (31) and (32). It is important to remark that the
O(mgs/my)> ~ O(g)* corrections contain “tadpole mass
derivative” terms v, g,(M,) in both x., and xgis-
However, an important difference between them is that
those IR-dominant terms do not appear to leading order
in the connected contribution. In fact, since v o = v, +
(0v,/IM2)O(mgs/m,)?*, where the subscript 77 indicates
just the m, = my and e> = 0 pion, the disconnected part
receives an O(mg/m,)? proportional to the second deriva-
tive of the pion tadpole and hence is more IR divergent, and
so on for the thermal part g,(M o, T). This contribution is
not present in the connected part to that order. Thus, we
expect the isospin-breaking corrections to be larger in the
disconnected than in the connected susceptibility.

Another pertinent comment is that we have been able to
obtain the leading order for y.,, and yg; only after con-
sidering properly all the m, # m, contributions and then
taking the m, = m, limit. However, one can be led to
misleading results by setting m, = m, from the very be-
ginning. For instance, for two equal masses one could think
naively that x,, = Xud = Xaa = Xx/4, from the definition
(21). However, from our previous analysis we see that in
the isospin limit what we get actually is y,; =

X/4 - )(con/2 and Xuu = Xdd = X/4 + /\/con/2 with Xcon
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given in (36) and (37), i.e., not vanishing for m, = m, and
physical m, although formally suppressed in the m, — o
limit. Thus, in the isospin limit taking just one flavor
susceptibility and multiplying by four does not give the
total scalar susceptibility, which should be obtained instead
by considering the derivative of the full sum of # and d
condensates as given by (21). Note that this correction does
not affect condensates, for which the (@u) and (dd) differ-
ence vanishes for m, = my; and e> =0 and therefore
(gg) = 2(iiu) = 2{dd) in the isospin limit. This comment
may be relevant for certain lattice analysis, where working
within the one-flavor equivalent framework is often done,
since in that way it is easy to discuss for instance the taste-
breaking effect. This observation could then help to explain
the worse O(N) scaling properties of the susceptibility with
respect to those of the condensate [20]. In that work, the
lattice data for the susceptibility scaling function in the
2 + 1 case suffer from a sizable increase as the strange
quark mass is decreased relative to the light one. That
increase is not seen in the quark condensate data and could
be due partly to the definition used as we have just ex-
plained, since the positive term proportional to Y., in-
creases with 1/my, from (36) and (37). This is not the only
effect that may cause this “wrong” scaling because, as
pointed out in [20,21], taste breaking induces an artificial
infrared pion contribution in Y., which is not present in
the continuum, as our above expressions show. What we
are pointing out here is that the one-flavor y,, and y,, are
sensitive to isospin-breaking terms even for m, = m, and
in the continuum, unlike considering for instance the total
susceptibility X ~ Xuu T Xuq in (21) for which the x.o,
term cancels. In addition, as we will see below, Yo, is
dominated numerically by its 7 = 0 part, which would
explain why the anomalous scaling is reduced for the
subtracted susceptibility.

The charge corrections to susceptibilities in our previous
expressions (32) and (37) arise only through the mass of
the charged mesons 7= and K*. Thus, including the
charge amounts to replace 3v, — v_o + 2v_= in (32) and
(35) and 2vg — v + vg= in (32) and (37), and so on
for the thermal vparts 3g,(M,, T)— g,(M o, T) +
2g2(M7Tr’ T) and ng(MK) T)_)gZ(MK’ T) + gZ(MKr! T)
Although for physical values of the electric charge and
masses these represent small perturbative corrections, the
fact that near the chiral limit the coefficient of the IR-
dominant v, and g,(M,, T) reduces in 1/3 for ¢? # 0 is
the reflection in the scalar susceptibility of the behavior of
the condensate in terms of &, corrections to the masses
analyzed in Sec. IVA. Thus, when the mass corrections 6 .
become sizable, as in the staggered lattice formalism, the
susceptibility is reduced by that factor, which eventually
would imply that the transition peak or maximum is dis-
placed to a higher temperature, consistent with our analysis
in the previous section about the increasing of 7. in the
condensates. Recall that one cannot just expand the pion
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terms in e¢2 and then take the chiral limit, since that
expansion assumes that the charge part of M= is small
compared to the quark mass one.

Before continuing, we also remark that our above results
are compatible with the recent observation [21] that the
connected and disconnected susceptibilities can be inferred
from the zero momentum limit of the a, and f, correlators
calculated previously in staggered ChPT [32]. The moti-
vation of those works is precisely to estimate the contribu-
tion of heavy pion-like tastes to the IR part of y.,,, which
could mask the scaling behavior. The continuum limit of
the results in [21] reveals the same 7, K, 1 loop contribu-
tions as in our expressions (34)—(37). We provide the full
ChPT result, including the LEC contribution necessary to
guarantee the finiteness and scale independence of the
results, as well as the analysis of the higher order correc-
tions in isospin breaking.

As discussed above, the behavior of the susceptibilities
near the chiral limit (IR regime) is very illuminating re-
garding their approach to chiral restoration within the O(4)
or SU(2) pattern in the continuum, i.e., without taste-
breaking effects. Let us consider this regime first for
T = 0 and only for the leading-order terms in the isospin
expansion in (35) and (36), i.e., we set m, = m, = m and
e?> = 0in the T = 0 susceptibilities and consider /i1 < m.
We denote by a superscript IR the nonvanishing terms in
that limit,

3 M>

IR (7 —
Xas(T =0) 7
= — log—3 + 32L5(w)
B} 327 T u? 6

2

M,
m

el
28872

IR (7 —
%%O) — 8[Hj(u) + 2L§(w)]
1 M} 2. M

67 (1 + 1ogM—§ +3 1ogM—;’). (39)

The IR divergent logM?2 term in (38) coincides with the
one obtained in [17], where a cutoff regularization was
used. Multiplied by 4, this is also the IR-dominant part in
the total susceptibility y. In addition to that term, we
obtain here the regular part, not IR divergent but not
vanishing in the chiral limit, which provides the depen-
dence with the LEC and together with the logarithm gives
the consistent scale-independent ChPT prediction. As for
the connected part, again only the IR-divergent contribu-
tion is given in [17], which as commented above turns out
to vanish exactly for two light fermions. Here we also give
the regular contribution, also scale independent, which
unlike the disconnected part depends on the contact
term Hj. As an interesting consistency check, we can
recover the SU(2) limit from the above expressions, using
the conversion between the LEC of SU(2) and SU(3)
(3] 5+ h} —hy=16L; +5v,/18 = 1/(967*) and

076005-11



A. GOMEZ NICOLA AND R. TORRES ANDRES

hy =4L§ + 2H, — vg/2 — v, /3 + 1/(967%), so that
XoV@ = 3y + 25+ By — hy)  and  x39? = 4hs,
which is the same result that we would have starting
directly from the SU(2) expressions in (7) and (8).

Let us consider now the dominant IR thermal contribu-
tion in the 2 + 1 flavor case, i.e., apart from m << mg we
also consider temperatures M, <K T << Mg, so that
we neglect all the Boltzmann exponentials
exp(—My ,,/T) and expand g,(M,,T) = {—;[1 —-3M,./
(7wT) + O(M%1logM2)] and g,(M,,T)=T/@87M,) +
O(logM?) [5]. Thus, we get

[xais(T) = xais® _ 3T

- 4
B} 167M,,’ “0

[Xcon(T) B Xcon(O)]IR — r
B> 18M2°

(41)

The disconnected part (40) is again the one obtained in
[17] in the IR limit. It diverges more strongly than the
T = 0 contribution in (38) in this limit, revealing its criti-
cal behavior. The growth with T is linear over the GB mass
scale. Recall that, apart from the thermally suppressed
exponentials, we are neglecting also logM . terms in the
disconnected part (40). The situation is completely differ-
ent for the connected contribution, which is regular, albeit
not vanishing, in the chiral limit. The quadratically grow-
ing term in (41) survives for M, — 0 against neglected
O(M ) and is dominant over exp(—My ,,/T). It vanishes
formally as m, — oo, recovering the SU(2) limit. For
physical masses though, a specific and model-independent
difference between the Ny = 2 and Ny = 2 + 1 cases is
the (soft) temperature dependence of the connected sus-
ceptibility, the scale that controls its growth being M%i
instead of the M2 of the connected part. This is a conse-
quence of yg4, measuring the fluctuations of the chiral
restoration order parameter, while y.., is related to those
of the isospin-breaking one, i.e., (iiu — dd), which as we
have seen in Sec. III increases moderately. Note that near
the chiral limit we could as well have written the 72 term
divided by M% just by changing the multiplying factor.
Keeping M%, recalls its 77°7 origin, as is clearly seen in the
original expressions in (36) and (37).

In Fig. 4 we plot our numerical ChPT results for the
susceptibilities, including all the isospin-breaking correc-
tions. The plots in that figure show the difference with
respect to the 7 =0 results, which are collected in
Table I. At T =0 we use the same LEC values as in
[22], which are quoted in the table. Remember that the
susceptibilities are independent of the EM LEC and that
the disconnected one is independent of contact terms. The
contact LEC H7 appearing in the connected contribution is
estimated from resonance saturation arguments [15,26].
The normalization used Bj = M3 /(4/m?) is the same one
used in some lattice works [8].
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We see in the plots that the general features explored in
our previous analytical discussion are well reproduced.
First, the O(e?) and O(m,; — m,)* terms neglected in
(31), (32), and (34)—(37) are numerically small for the
relevant temperature range, for physical values of quark
and meson masses. In fact, as anticipated in our previous
discussion, we see that those isospin corrections are larger
for the disconnected than for the connected part and are
also larger with temperature, all due to the appearance of
IR terms proportional to the second derivative of the tad-
pole in yg4;s- Remember that the leading order in the isospin
limit comes actually from the O(m, — m,) terms in the
condensates. Second, we appreciate qualitatively the linear
and quadratic growth with temperature of the disconnected
and connected parts, respectively, as expected from the
infrared analysis. In fact, we see that although the con-
nected term grows faster, its absolute value is much smaller
due to the M3 scale compared to the M2 of the discon-
nected part. However, it is important to note that the IR
limit expressions (40) and (41) are numerically rather far
from the exact ones for the physical pion mass. The dif-
ference is larger for the disconnected contribution since, as
stated above, in (40) we are neglecting O(logM ) terms,
while in (41) the neglected terms are O(M ). In fact, this
justifies further our present analysis, since we provide the
full expressions beyond the chiral limit. Also as discussed
above, the infrared limit expressions for 7= 0 given in
(38) and (39) survive not only the chiral limit but also the
mg; — 00 one, Y still diverging but only logarithmically,
which for physical masses makes the two susceptibilities
numerically comparable. This is clearly seen in the values
given in the first two rows of Table I. Actually, for this very
same reason, and following our previous discussion, the
deviations of y,, from the naive isospin-limit expectation
x/4 is much more pronounced at 7 = 0 than for finite 7.
This can be seen by comparing the last two columns in
Table I which give about a 30% relative difference, while
the last plot in Fig. 4, where we compare their thermal
differences, gives only corrections below 10%. In fact, this
is consistent with our previous discussion about the influ-
ence of the connected part in the scaling properties ob-
served in the lattice. If we consider the subtracted
susceptibilities as defined in [20] from the subtracted con-
densate (iiu) — (m,/m,)(3s), we see that the dependence
on the LEC disappears in the /i/m; — 0 limit. Remember
that in this limit all the 7 = 0 contribution of the connected
part is absorbed in A% (see our previous comments) and
therefore considering the subtracted susceptibility is
equivalent to switching off the dominant 7 = 0 part of
the connected susceptibility. This is indeed observed in the
lattice [20] since the subtracted susceptibility fits better the
expected O(N) scaling behavior than the unsubtracted one.

The variation with the quark mass is displayed for 7 # 0
in Fig. 5 and for 7 = 0 in Table I. It is important to remark
that we have chosen to keep fixed the ratio m,,/m, = 0.46
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Temperature dependence of disconnected, connected, and total susceptibilities in three-flavor ChPT, for

physical quark and meson masses. The solid blue curves show the results with all the isospin-breaking corrections of higher order
included, while in the dashed red ones we display the leading order in the isospin limit. We also show the IR expressions for the
connected and disconnected parts, as well as the deviations of 4 y,,,, from y,,, in the isospin limit (last plot). The 7" = 0 results are given

in Table I.

(same value used in our previous analysis [22]) and my,
while we vary #i/m, above and below the physical quark
mass ratio. In other words, when 7 — 0, M, — 0" while
M ,, remain fixed. This is meant to be the relevant limit
when approaching chiral restoration. In addition, since we

TABLE I. T = 0 values for the different susceptibilities in
ChPT. The isospin limit (IL) values correspond to m, — my
and e = 0. For the third to sixth rows we fix m,/m, and m, and
vary the light to heavy quark mass ratio. The first and second
rows correspond to the physical values. The LEC values used are
Hj = 2L = 1.24 X 1073, L} = 0 at the scale u = 770 MeV.

Xdis/B% Xcon/B% X/B% 4qu/B(2)
my/m = 24 0.024 0.025 0.146 0.196
mg/m = 24, IL 0.025 0.025 0.148 0.197
my/m = 10 0.016 0.024 0.113 0.163
m,/m = 10, IL 0.017 0.023 0.114 0.161
my/m = 100 0.036 0.026 0.194 0.245
mg/m = 100, IL 0.038 0.025 0.203 0.254

can write (my; —m,)/m; = 2(m/my)(1 — m,/my) X
(14 m,/m,)"", & scales in this limit as O(i1). Recall
that, although the values of the L! are fitted to low-energy
data with physical masses [26], those LEC are formally
independent of the quark masses [3]. The same applies to
the tree-level value of F' we are using.

As we expected from our previous IR analysis in
Egs. (40) and (41), the light quark mass dependence of
the thermal disconnected susceptibility is much stronger
than the connected one, as seen clearly in Fig. 5 and as long
as we take the limit in the order specified above. In terms of
chiral restoration, this anticipates a much stronger growth
or peak near 7T, for the disconnected part. From the same
arguments, the behavior of the connected part is expected
to be softer near the transition, although growing with 7°
for low and moderate temperatures. We also show in the
figure the comparison with the infrared limit for the smaller
A/mg case, where it can be seen that the curves are now
closer than for the physical pion mass case in Fig. 4.

In addition, the isospin corrections are also more im-
portant for the disconnected part, where they actually
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Quark mass dependence of the thermal disconnected, connected, and total susceptibilities in three-flavor

ChPT, for fixed m, and fixed m,,/m,. We also show the isospin limit (IL) n, — m, and ¢* = 0 in the smaller light mass case. The
T = 0 results are given in Table 1. For comparison, we also display the infrared limit in the m,/m = 100 case.

increase as m is decreased, than for the connected one,
where the isospin limit and complete curves are almost
indistinguishable in the figure. The same holds for the
T = 0 contributions in Table I. According to our previous
discussion, this behavior of the isospin corrections arises
from the dominant IR terms yxgs ~ B§(TM2/M3)e* =
O(/i) as compared t0 xcon ~ B(T/M )& = O(i/?).
This effect is weaker for the 7 = 0 contributions since the
IR leading corrections v,&? (in Yo,) and (v, /dM2)e>
(in xqis) diverge softly, namely, as /2 logr and 71 respec-
tively. Thus, although the isospin corrections are amplified
in the disconnected susceptibility for large temperatures
and small masses, they are still perturbatively under con-
trol in the chiral limit.

The limit where 71/m; vanishes not by taking % — 0"
but keeping i fixed and taking m; — o0, is where we
recover the pure SU(2) results, as discussed before. In
that case, it is the connected part which is more sensitive
to the quark mass variation, vanishing for large M2, while
the disconnected one remains invariant. Although this is
formally interesting for connecting the SU(2) and SU(3)
cases, it is not so relevant for studying the critical behavior.

V. CONCLUSIONS

In this work we have analyzed the relevant observables
regarding chiral symmetry restoration, namely, quark con-
densates and scalar susceptibilities, in the presence of
isospin breaking. We have considered on the same footing
the QCD (m,/m,; mass difference) and electromagnetic
corrections, to one loop in chiral perturbation theory, both
in the SU(2) and SU(3) sectors. Our analysis provides
useful and model-independent results regarding several
relevant aspects of isospin breaking and chiral restoration,
which may be particularly interesting for lattice studies.

The sum {iiu + dd)y, the order parameter for chiral
restoration, receives small isospin-breaking corrections
for the physical values of masses and electric charge.
These corrections affect only slightly (less than 1%) the
value of the critical temperature, which they increase as a
ferromagnetic response. The difference (iiu — dd)y is the
order parameter of isospin breaking. It is temperature-
independent in the SU(2) limit, but when kaons and the
eta are included, it shows an increasing behavior, which in
the chiral limit is given by (m, — m,)T*/M3. The devia-
tions with respect to its 7 = 0 value become sizable as the
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temperature is increased, but they are controlled by a larger
energy scale M2 than the typical F2 of (iiu + dd)r. This
large growth of isospin breaking does not reflect in the
chiral restoration temperatures of (iiu); and (dd)y, which
remain close to each other, consistently with the idea that
chiral restoration is little affected. We have also evaluated
the temperature corrections to the sum rule relating the
(5s)7/{iau)y and {au)y/{dd); ratios, which is useful be-
cause it does not involve undetermined contact low-energy
constants. The corrections in this case come directly from
the (dd)/{iiu)y ratio and are therefore rather large for the
temperatures of interest.

A very important part of the present work has been the
analysis of scalar susceptibilities in the isospin asymmetric
scenario. We have related the different flavor susceptibil-
ities with the total, quark connected and quark discon-
nected susceptibilities often used in lattice analysis.
Electromagnetic corrections to the quark condensate turn
out to be directly related by a sum rule to the total suscep-
tibility and then to the growth of fluctuations, which is
meant to be maximum near the critical point. This sum rule
is valid for any small deviation of the pion masses, as for
instance the one arising in the staggered lattice formalism
due to taste-breaking effects. Actually, we have made
rough estimates of the corrections to condensates expected
from this source, comparing lattices of different sizes
among them and with the continuum limit. These estimates
are in good agreement with the errors quoted in the lattice
works.

The isospin asymmetric calculation allows for a direct
extraction of the connected and disconnected susceptibil-
ities, even in the isospin symmetric limit. The terms in
(itu — dd)y linearly proportional to m, — m, give contri-
butions to the connected part not vanishing in the isospin
limit and which affect for instance the naive extrapolation
of a given flavor susceptibility to the total one. Our analysis
provides model-independent predictions for the mass,
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temperature, and isospin dependence of those quantities,
which should be recovered in lattice analysis as they
approach the continuum limit. In accordance with the
behavior of the corresponding order parameters, the dis-
connected susceptibility shows a linear growth at low and
moderate temperatures, infrared divergent near the chiral
limit as 7/M,, whereas the connected one is infrared
regular but survives the chiral limit as a growing 7> /M%,
behavior. The chiral or infrared limit gives qualitatively the
behavior as the temperature approaches chiral restoration
but numerically is not a good approximation for physical
pion masses. The higher order isospin-breaking corrections
are quadratic in m, — m, and are enhanced in the chiral
limit for the disconnected susceptibility, as long as m, and
m,,/my remain fixed. The ChPT susceptibilities reproduce
the growing T-dependence at low and moderate tempera-
tures in a model-independent way. Although they do not
show the peaks expected near the transition, our small mass
analysis allows one to infer that the disconnected part
should have a more pronounced peak than the connected
one, the latter expected to present a rather soft behavior.
This difference can be interpreted from the different order
parameters that fluctuate in each case: the chiral quark
condensate for the disconnected piece and the isospin-
breaking one in the connected case. In the formal SU(2)
limit my; — oo the connected contribution becomes
temperature-independent, like (iiu — dd);. Our analysis
for the susceptibilities is consistent with previous related
work in the literature.
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Compafieros escalares-pseudoescalares en QCD y
restauracion de la simetria quiral

La siguiente seccion ahondara en el estudio de las susceptibilidades quira-
les, proponiendo un escenario de restauracién de simetria quiral basado en la
degeneracién de las susceptibilidades pseudoescalar y escalar.

Los resultados procedentes de simulaciones en el reticulo [68,86] apoyan el
hecho de que la transicién de deconfinamiento y la restauracién de simetria
quiral tienen lugar, si no a la misma temperatura, si en un punto muy préximo
que situan en torno a los 145 — 165 MeV para Ny = 2 +1 y potencial quimico
baridnico nulo. Estos resultados son bastante consistentes con el crossover suave
que predice el patréon de ruptura O(4) - O(8) si se considera el caso de dos
sabores en el limite quiral [83,1.49]. Por otro lado, es natural suponer que —
en el régimen de baja energia— los correladores en términos de los cuales se
definen las susceptibilidades quirales escalar y pseudoescalar estdn saturados por
las particulas asociadas a sus numeros cudnticos, i.e. la _fo(500)/0 en el caso de la
susceptibilidad quiral escalar, y el pion para la susceptibilidad pseudoescalar.

Uniendo estas dos ultimas ideas es licito conjeturar un escenario en el que
la restauracién de la simetria quiral dé lugar a la degeneracion en masa de los
compafieros quirales fo(500) y 7 que se manifiesta —por ejemplo— a través de la
anulacién tanto del valor esperado en el vacio como de la masa del campo (o, 7¢)
del Modelo Sigma Lineal en el limite quiral para una cierta temperatura [151].

Sin embargo, como ya hemos visto en el capitulo 1, la fo(500) es una resonan-
cia cuya interpretacién en término de un estado asintotico es, siendo optimistas,
compleja. Los resultados que defiendo muestran que no sélo no es necesaria esta
descripcidn, sino que este escenario de degeneracion escalar-pseudoescalar en el
sector de baja energia de la Interaccién Fuerte puede explicarse satisfactoriamen-
te a través del analisis de las funciones de correlacion en los canales apropiados
mediante un enfoque efectivo dado por ChPT y su extension unitarizada a
traveés del JAM.

En efecto, el uso del lagrangiano quiral efectivo para dos sabores ligeros nos ha
permitido probar que la susceptibilidad pseudoescalar —esencialmente un corre-
lador de cuatro campos con los numeros cuanticos del pién— es proporcional al
condensado escalar de quarks hasta next-to-leading-order en ChPT considerando
temperatura finita. Resulta entonces que la susceptibilidad pseudoescalar varia
como el parametro de orden de la restauracion de la simetria quiral y, por tanto,
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exhibe un comportamiento critico’ mucho mas acusado que 1/M2(T), resultado
que uno esperaria al saturar el correlador pseudoescalar por un estado de tipo
pion.

En la literatura especializada existen interesantes resultados a este respecto
construidos sobre la base de asunciones menos robustas. Por ejemplo calculos ba-
sados en el dlgebra de corrientes a temperatura cero en medios nucleares [152];
o fundamentados en identidades de Ward para QCD en el limite quiral, en co-
nexion con el condensado escalar de quarks definido para fermiones de Wilson
en el reticulo [153-155]. Estos resultados nos han proporcionado una fuente im-
portante de motivacion para el estudio del tema, a la par que constituyen por
si mismos una prueba del interés que supone la consideracion del problema
desde un punto de vista model-independent en el marco de ChPT.

La aplicacion del IAM [42-4 4] permite la generacién dindmica de las reso-
nancias mas ligeras de los canales vectorial, p(770); y escalar, fo(500)/0, como
polos de la amplitud unitarizada en la segunda hoja de Riemann y puede exten-
derse también a temperatura finita [50,105,156].

Como puede verse en estas ultimas referencias —y también en la publica-
cién 2.3.1, a modo de resumen—, el comportamiento de los canales vectorial-
isovectorial y escalar en UChPT es radicalmente distinto. La posicion del polo
de la amplitud, s, := (M, —1/2T;)*, es tal que la p(770) puede interpretarse satis-
factoriamente como una resonancia estrecha parametrizada d la Breit-Wigner en
la que M{(T)>>T}(T), variando M{(T) con la temperatura de modo muy suave
en el rango térmico de aplicacién de la teorfa y siendo IT'(T)/T'%,(0) proporcional
a or/0o, i.e. a la variacién térmica del espacio de fases (1.111) respecto al valor a
temperatura cero (1.53).

De modo completamente opuesto, la f5(500) esta lejos de poder ser interpre-
tada como una resonancia estrecha puesto que los valores numeéricos de M;(T)
y I‘”p(T) son del mismo orden, es decir, el polo de la amplitud unitarizada no se
encuentra cercano al eje real. Es interesante y, como veremos, fundamental el
hecho de que en este canal la parte real del polo —interpretada como la parte
real de la auto-energia de la resonancia intercambiada en la dispersion— decrece
rapidamente con la temperatura y tiene un minimo.

<Como utilizar este formalismo para estudiar el escenario de degeneracion
de las susceptibilidades escalar y pseudoescalar? Lo primero es asumir que el
propagador escalar estd completamente saturado por la f5(500) y que la masa de
la particula intercambiada en la dispersién de piones a momento nulo —tal y
como exige la definicién de la susceptibilidad en términos del propagador— no

Obsérvese que el término critico ha de entenderse aqui en la linea de lo que ya hemos comentado
anteriormente acerca de la extrapolacion de resultados de ChPT al estudio cualitativo de los
fenémenos relacionados con la restauracidon quiral.
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varia significativamente respecto de la parte real de la auto-energia, M, evaluada
en el polo térmico del canal escalar calculado a partir del IAM.

Bajo estos supuestos es posible obtener la correccion debida a unitarizacion
para la susceptibilidad quiral escalar. En efecto, como ys(T') ~ 1/Ms(T')?, entonces
resulta que

MS(O)XChPT(O), (2.1)

Xéj(T) = Mg(T) S

donde hemos tomado de ChPT el resultado para la susceptibilidad quiral escalar
a temperatura cero. El uso de esta hipétesis convierte el minimo de la parte
real del polo térmico de la amplitud en el canal (I = 0, ] = 0) en un méximo
para la susceptibilidad escalar, lo que puede considerarse como una mejora de los
resultados de ChPT, habida cuenta del comportamiento critico que experimenta
este observable cerca de la region critica en simulaciones en el reticulo.

Puesto que hemos comprobado que la susceptibilidad pseudoescalar es pro-
porcional al condensado escalar de quarks, ya sélo nos queda obtener este ultimo
para emprender el andlisis de nuestro escenario. Lamentablemente, debido a que
desconocemos el modo de obtener el condensado de quarks en el limite quiral
sin perder informacién acerca de su comportamiento critico, éste no puede cal-
cularse directamente a partir de integrar la expresién (2.1) respecto de la masa
quark. Sera necesario, por tanto, obtener una descripcion aproximada.

En la publicacién 2.3.1 hemos asumido la hipdtesis de que la variacion térmica
respecto al valor de temperatura cero para el condensado y para la susceptibili-
dad escalar admite una parametrizacién en términos de funciones térmicas que
solo dependen de T/M —lo que es cierto, de hecho, hasta next-to-leading-order en
ChPT—. De este modo si podemos estar seguros de conocer el valor inicial ne-
cesario para la integracion, puesto que viene dado por el condensado escalar de
quarks en el régimen de muy baja temperatura, i.e. el proporcionado por ChPT.

Con todo, las conclusiones fundamentales de la publicacién 2.3.1 pueden agru-
parse en tres grupos: resultados procedentes de ChPT pura, y una serie de re-
sultados que se obtienen a través de la comparacién con datos procedentes de la
simulacion en el reticulo asi como con predicciones calculadas mediante la ex-
tensién unitarizada de ChPT (que a su vez se comparan también con el reticulo).

En cuanto a los resultados obtenidos a partir de la Teoria Quiral de Pertur-
baciones:

@ ChPT arroja un comportamiento creciente para la susceptibilidad quiral es-
calar, intersectando a la susceptibilidad pseudoescalar a una temperatura de
0,9T¢,, donde T¢,, es la temperatura para la que se anula el condensado de
quarks en la Teoria Quiral. Este resultado ha de ser tomado, nuevamente,
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con cuidado y bajo la advertencia de que se trata de una extrapolacién de los
resultados model—independent mas alla de su régimen térmico de aplicabilidad.

Desde este punto de vista ChPT muestra un escenario posible de restau-
racion de simetria quiral a través del analisis del patron de degeneracion
de las susceptibilidades escalar y pseudoescalar.

El comportamiento de estos dos correladores esta directamente asocia-
do a los canales de la j{)(SOO)/U y al del pién, respectivamente; por lo que
aceptando la hipoétesis de que se hallan saturados a través de esos estados
—algo razonable si se trabaja en el sector de baja energia— su degeneracién
implica la degeneracion en masa del pién y de la o.

En el marco de ChPT a next-to-leading-order hemos demostrado de forma
model-independent que la susceptilidad pseudoescalar a temperatura finita es
proporcional al condensado de quarks y al inverso de la masa de los quarks
ligeros. Esto implica que la susceptibilidad pseudoescalar presenta una na-
turaleza similar a la del condensado escalar, es decir, tiende a reproducir
de modo mucho mds parecido el comportamiento critico predicho por las
simulaciones en el reticulo que el que se obtendria si se asume la saturacién
del correlador pseudoescalar por un estado de un pién (yp ~ 1/M?2), perfec-
tamente valido —por otro lado— para temperaturas suficientemente bajas.
Ademas, es posible escribir esta relacion de modo que no dependa de la masa
de los quarks ligeros ni de términos de contacto, sino sélo de pardmetros de
mesones a través de xp(T)/xp(0) =<qq>r/<Gq>o.

Ha de notarse que, a diferencia de otros acercamientos al problema [152],
este resultado no se basa en la validez del dlgebra de corrientes, sino que
esta calculado en el contexto de una teoria efectiva teniendo en cuenta co-
rrecciones next-to-leading-order a las constantes F,(T'), M,(T) y al condensado
de quarks.

Con el fin de comprobar la validez de la relacion entre la susceptibilidad
pseudoescalar y el condensado de quarks ligeros que he mostrado en el punto
anterior, ésta se ha evaluado a partir de datos extraidos de simulaciones en el
reticulo procedentes de los trabajos [126,127].

A pesar de que los datos estan disponibles, los resultados que presento a
continuacion no han sido publicados con anterioridad, hasta donde hemos podido
consultar.

@ Hemos podido explicar —a través de la relacion entre la susceptibilidad pseu-
doescalar con el condensado escalar de quarks— el rdpido crecimiento ob-
servado [126] para el cociente M3 (T')/Mi(0) de las masas de apantallamiento
asociadas al canal pseudoescalar —definidas en el reticulo a través del com-
portamiento del correlador pseudoescalar a largas distancias—.
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En efecto: la identificacién de las masas de apantallamiento con la masa
asociada al polo del correlador en el canal pseudoescalar —suposicion licita
siempre que la temperatura esté por debajo de la temperatura critica obser-
vada en estos trabajos— conduce a

ME(T) _ ( 22(0) )5 _ (<qq>o )5 (2.
xp(T) <qq>r) '
lo que permite evaluar la utilidad de la relacién que hemos deducido utili-

zando exclusivamente datos en el reticulo obtenidos del mismo trabajo bajo
las mismas condiciones®.

M (0)

El resultado final puede verse en la grafica de la izquierda en la Figura
1 de la publicacién 2.3.1, que corresponde al uso de los datos de [126] para
las masas, y de [127] para los condensados, ambos calculados a partir de la
misma accion y para la misma resolucion.

@ Comparando los datos de la publicacién [86] para el condensado sustraido, —
ie. Ai; ~ xp(T)/xp(0)— y la susceptibilidad escalar normalizada a través
del valor de la susceptibilidad pseudoescalar a temperatura cero obtenida
mediante el uso de ChPT, podemos reproducir en el reticulo el escenario
de degeneracion que ya observabamos en el contexto de la Teoria Quiral.

En un modelo O(4) ideal, la degeneracién habria de producirse cerca del
maximo para la susceptibilidad quiral escalar, lo que se ve perfectamente
en la grafica derecha de la Figura 1 de la publicacién 2.3.1. La temperatura
critica obtenida a partir de la susceptibilidad escalar en [86] es de Te ~ 155
MeV, y —como puede verse en la figura— la degeneracién se ha hecho
completamente efectiva a una temperatura unos 20 MeV por encima de
este valor, manteniéndose incluso para temperaturas mayores.

El uso de UChPT para el cdlculo del condensado escalar de quarks y la
susceptibilidad quiral escalar a través de la incorporacion de efectos asociados a
las resonancias mds ligeras muestra que la descripcion de los resultados mejora
aquéllos obtenidos usando sélo ChPT, en el sentido de que su comportamiento
critico se hace mas parecido al previsto por las simulaciones en el reticulo. Pese a
esto, ha de tenerse en cuenta que —debido al conjunto de hipotesis de partida que
hemos asumido, asi como al propio caracter efectivo de la Teoria Unitarizada— el
acercamiento a laregion critica puede estar fuera del alcance del rango térmico de
aplicabilidad, por lo que hay que ser cautos a la hora de extrapolar los resultados
en esta zona.

Es necesario hacer notar aqui que el condensado escalar que se calcula en el reticulo siempre
se presenta sustraido. Sin embargo, el efecto de esta sustraccién puede estimarse entre un 6% a
temperatura cero y un 15% cerca de T¢; (ver publicacién 2.8.1 para més detalles al respecto).
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Con todo, los resultados mas importantes de la publicacion que presento ob-
tenidos mediante el uso de UChPT son los siguientes:

@ La susceptibilidad escalar unitarizada coincide —a bajas energias— con la des-
cripcién que aporta ChPT, y complementa y mejora su comportamiento
en un entorno de temperaturas cercano a la temperatura prevista para la
transicion de restauracion de la simetria quiral.

Como puede verse en la Figura 4 de la publicacién 2.3.1, y§(T’) presenta
un mdximo ubicado en una temperatura de Ty := 157 MeV, compatible con
los resultados [86] obtenidos mediante simulacién en el reticulo. Tanto el
rapido crecimiento como el maximo en la susceptibilidad escalar unitarizada
son herencia directa del minimo que desarrolla la parte real del polo térmico
en el canal escalar al aplicar el IAM a la amplitud de dispersion de piones a
un loop.

@ La susceptibilidad escalar unitarizada respeta también las predicciones de
[68,145,140] respecto al comportamiento cerca del limite quiral, vid. fuerte
incremento en el ritmo de crecimiento y reduccion de la temperatura critica;
como hemos podido constatar mediante el uso de una masa para el pién de
M; =10 MeV, que da lugar a un valor nulo para la parte real del polo térmico
en el canal escalar a una temperatura de 118 MeV y —por tanto y a traveés
de la ecuacion (2.1)— provoca una susceptibilidad escalar divergente para
esa temperatura.

@ El condensado de quarks unitarizado —calculado como anticipdbamos al inicio
de esta seccion— coincide con las predicciones de ChPT a bajas tempera-
turas y mejora la prediccion de ChPT cerca de la region critica de tempe-
raturas, en el sentido de que se acerca a los resultados obtenidos en [86].

@ A través de la asuncidn de la validez —también en el contexto dado por la
Teor{a Quiral Unitarizada— de la relacion que liga la susceptibilidad pseu-
doescalar con el condensado de quarks ligeros, podemos estudiar el patron
de degeneracion de las susceptibilidades escalar y pseudoescalar.

Como puede verse también en la Figura 4 de 2.3.1, la interseccién en-
tre ambas se produce unos 20 MeV por encima de la temperatura asociada
al maximo de la susceptibilidad escalar unitarizada y —a diferencia de lo
que sucedia utilizando los datos obtenidos en el reticulo— no permanecen
iguales para valores térmicos por encima de la temperatura critica, donde
nuestras extrapolaciones son ya demasiado forzadas.

Aunque la justificacion de todas las hipotesis efectuadas en los cdlcu-
los se hace de manera ad hoc, los resultados que defiendo muestran que la
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introduccién del estado térmico de la f(500)/0 es esencial para una correc-
ta descripcion de la susceptibilidad escalar y, por tanto, del escenario de
degeneracion que se plantea en este trabajo. Ademads revelan que no es ne-
cesaria una descripcion en términos de estados asintdticos para la g, sino
que el andlisis de las funciones de correlacién asociadas al canal escalar a
través de la Teoria Quiral Unitarizada es adecuado en el régimen de trabajo
considerado.
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We describe scalar-pseudoscalar partner degeneration at the QCD chiral transition in terms of the
dominant low-energy physical states for the light quark sector. First, we obtain within model-independent
one-loop chiral perturbation theory that the QCD pseudoscalar susceptibility is proportional to the quark
condensate at low 7. Next, we show that this chiral-restoring behavior for yp is compatible with recent
lattice results for screening masses and gives rise to degeneration between the scalar and pseudoscalar
susceptibilities (s, yp) around the transition point, consistently with an O(4)-like current restoration
pattern. This scenario is clearly confirmed by lattice data when we compare yg(7T) with the quark
condensate, expected to scale as yp(7T). Finally, we show that saturating ys with the o/f,(500) broad
resonance observed in pion scattering and including its finite temperature dependence, allows us to
describe the peak structure of y(7) in lattice data and the associated critical temperature. This is carried
out within a unitarized chiral perturbation theory scheme which generates the resonant state dynamically

and is also consistent with partner degeneration.
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I. INTRODUCTION AND MOTIVATION

Chiral symmetry breaking SUy(N;) X SU4(N;) —
SUy(Ny) and its restoration, with N light quark flavors,
has been a milestone in our present understanding of the
quantum chromodynamics (QCD) phase diagram and had-
ronic physics under extreme conditions of temperature 7'
and baryon density, as those produced in heavy-ion and
nuclear matter experimental facilities such as RHIC,
CERN (ALICE), and FAIR. Lattice simulations support
that deconfinement and chiral restoration take place very
close to one another in the phase diagram. In the physical
case Ny=2+1 (0# m, =my=m; <my) and for
vanishing baryon chemical potential, they point towards
a smooth crossover transition at pseudocritical temperature
T, ~ 145-165 MeV [1,2], the results being fairly consis-
tent with the O(4) universality class [3], which would hold
for two light flavors in the chiral limit m, = 0. The cross-
over nature of the transition means, in particular, that there
is no unique way to identify the transition point, the most
efficient one in lattice being the scalar susceptibility peak
position, rather than the vanishing point for the quark
condensate (Gg)r, the order parameter, which decreases
asymptotically with T for m, # 0.

The equivalence with the O(4) — O(3) breaking pattern
for Ny = 2 led to early proposals of 77 — o meson degen-
eration (“‘chiral partners’) at chiral restoration [4] which,
in its simplest linear realization, takes place through the o
component of the O(4) field (o, 7) acquiring a thermal
vacuum expectation value and mass both vanishing at the
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transition in the chiral limit. Degeneration in the vector-
axial vector sector (p and a; states) as a signature of
chiral restoration has also been thoroughly studied [5].
Nowadays, we know that the o state is well established
as a 7r7r scattering broad resonance for isospin and angular
momentum [ = J = 0, known as f,(500) [6], which is
then difficult to accommodate as an asymptotically free
state, like in the linear model. Precisely, one of our main
conclusions here will be that this asymptotic description is
not needed. In fact, in order to study chiral partner degen-
eration in the scalar-pseudoscalar sector, it is more appro-
priate to analyze the corresponding current correlation
functions [7] which can be derived from a chiral effective
Lagrangian without introducing explicitly a particlelike o
degree of freedom. The scalar and pseudoscalar suscepti-
bilities in terms of the corresponding QCD SU(2) currents
are given by

xs(T) = — %<QQ>T

[E (T (39)x)(Gq)0)r — (Gg%]

6 1)
L B R,

(1) 5% = fEd4x(TP“(x)Pb(0)>T = gab fE & xKp(x)

B 4 o o
Lol

where g = (u, d) is the quark field, P4(x) = gy5;79q(x)
and Kp(x) are, respectively, the pseudoscalar current
and its correlator, the Euclidean measure f £ d*x =
[Bdr [ &% with B=1/T, and (-); denotes a thermal

© 2013 American Physical Society
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average. For yp, parity invariance of the QCD vacuum
((P*)y = 0) and isospin symmetry have been used. In
the above equation, Z[s, p] is the QCD generating func-
tional with scalar and pseudoscalar sources (s, p?) coupled
to the massless Lagrangian in the light sector as —s(x) X
(Gq)(x) + ip,(x)P*(x), so that Z[m,, 0] is the QCD parti-
tion function.

Thus, should the scalar and pseudoscalar currents be-
come degenerate at chiral restoration, yp(T) and yg(T)
would meet at that point. Since ) is expected to increase,
as a measure of the fluctuations of the order parameter, at
least up to the transition point, it seems plausible that they
meet near the transition. In an ideal O(4) pattern, the
matching should take place near the maximum of yj.

Since P* has the quantum numbers of the pion field 7¢,
its correlators, like K p(x), are saturated by the pion state at
low energies. Let us first review the prediction arising from
the low-energy theorems of current algebra, equivalent to
the leading order (LO) in the low-energy expansion of
chiral Lagrangians. At that order, one has P ~ 2B F 7
(from partial conservation of axial current (PCAC) theo-
rem) with By = M?/2m, and where F and M are the pion
decay constant and mass, respectively, so that yp ~
4B3F*G(p = 0) + - - - from Eq. (2), being G,(p) the
pion propagator in momentum space p = (iw,, p) and
w, = 2mnT the Matsubara frequency with integer n.
Thus, the pseudoscalar correlator, saturated with the domi-
nant pion state, is just proportional to the pion propagator at
this order. In addition, to LO the Euclidean propagator is
just the free one GLO(p) = 1/(—p? + M?) (interactions are
suppressed at low energies) with p?> = (iw,)* — |p|%, so
that using also the Gell-Mann-Oakes-Renner (GOR) rela-
tion M*F? = —m,{Gq), valid at this order, we would get
xp~ —{qq)/m,, as a first indication of the relation
between the pseudoscalar susceptibility and the quark
condensate at the LO given by current algebra.

The latter result can actually be obtained formally as a
Ward identity (WI) from the QCD Lagrangian [8], in
connection with the definition of the quark condensate
for lattice Wilson fermions [9]. However, both sides of
the identity suffer from QCD renormalization ambiguities,
so that this W1 is formally well defined only for exact chiral
symmetry [9,10]. It is therefore interesting to study, and so
we will do in the next section, how this identity is realized
within chiral perturbation theory (ChPT) [11], which
describes the low-energy chiral symmetry broken phase
of QCD in a model-independent framework where sym-
metry breaking is realized nonlinearly and pions are the
only degrees of freedom in the Lagrangian. The previous
current-algebra results are actually just the LO in the ChPT
expansion in powers of a generic low-energy scale p,
denoting pion momenta or temperature, relative, respec-
tively, to A, ~1GeV and T,. These are nothing but
indicative natural upper limits for the chiral expansion
in terms of scattering (typical resonance scale) and
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thermodynamics (critical phenomena), respectively,
although both are treated on the same foot in the chiral
expansion. In particular, the LO prediction for yp is tem-
perature independent, so it is not obvious that it can be
simply extrapolated as, say, (Gq) — (Gq)r. Actually, all the
quantities involved change with temperature due to pion
loop corrections, namely, M .(T), F(T) and {gg)(T) [12].

Similarly, from Eq. (1), one can relate yg with the
propagator of a “o-like state” such that it couples linearly
to the external scalar source s(x) in an explicit symmetry-
breaking term Lgg = 2ByFs(x)o(x). Without further
specification about its nature and its coupling to other
physical states such as pions, one already gets yg ~
4B2F?G,(p = 0), suggesting a growing behavior in-
versely proportional to M2 as the sigma state reduces its
mass to become degenerate with the pion.

We also recall that the problem of yg — xp degeneration
has been studied in nuclear matter at 7 = Oin [13], to linear
order in nuclear density. In that work, current algebra is
assumed to hold through PCAC in the operator representa-
tion and other low-energy theorems such as GOR, which as
discussed in the previous paragraphs, leads to the pseudo-
scalar correlator Kp(x) being directly proportional to the
pion propagator. The authors in [13] work within low-
energy models at finite density for which this PCAC real-
ization holds, so that by including the proper finite-density
corrections to G, which carries out all the density depen-
dence of Kp through an in-medium mass, and to {(gg), the
relation yp ~ —(gq)/m, is found to hold in the nuclear
medium. This result provides another supporting argument
for the relation between the condensate and the pseudosca-
lar susceptibility and represents an additional motivation
for our present ChPT analysis, where we do not need to
make any assumption about the validity of current algebra.

II. STANDARD CHPT ANALYSIS OF THE
PSEUDOSCALAR CORRELATOR AND
SUSCEPTIBILITY

The next to leading order (NLO) corrections to yp can
be obtained systematically and in a model-independent
way within ChPT, where one can also calculate the scalar
susceptibility yg to a given order only in terms of pion
degrees of freedom. The price to pay is that we expect to
reproduce only the behavior of x »(7) for low and mod-
erate temperatures. However, since yp is dominated by
pions, whose dynamics are well described through ChPT,
we expect to obtain a reasonable qualitative description of
its T behavior, whereas standard ChPT misses the peak
structure of y¢ near the transition. We note in turn that the
LO for yg vanishes, unlike that of yp. The ChPT NLO
result for ys(T) can be found in [14,15].

For yp(T) we consider the effective Lagrangian £, +
L4+ -, where L,, = O(p*"), including their depen-
dence on the pseudoscalar source p“ as given in [11]. We
follow similar steps as in [15,16], now for the pseudoscalar
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correlator Kp(x). The LO comes from L, only and repro-
duces the current-algebra prediction. The NLO corrections
to Kp(x) are of the following types:

(i) the NLO corrections to the pion propagator GNO(x),
which come both from £, one-loop tadpolelike
contributions GL°(x = 0) and from tree-level L,
constant terms,

(ii) pion self-interactions @(wp® X 73 p’) in L, con-
tributing as G52 (x)GLO(x = 0),

(iii) crossed terms L, = O(p*m) X L, = O(p’m)

giving G5°(x) multiplied by a NLO contribution,

(iv) L4 = O(p°p") terms giving rise to a contact

contribution proportional to 8®(x).

The final result for the pseudoscalar correlator in

momentum space for Euclidean four-momentum p can
be written as

Kp(p)=a+4B3F*GNO(p, T) + c(T)G P (p) + O(F~2),
A3)

where subleading terms are labeled by their F? depen-
dence. The NLO propagator includes wave function and
mass renormalization (at this order in ChPT there is no
imaginary part for the self-energy):

GNO(p, T) = ——5—"T———,
p* — M%(T)

“)

where the LO propagator correspondsto Z,. = 1, M, =M
and is temperature independent. F and M are the Lagrangian
pion mass and decay constant, related to the vacuum (7" = 0)
physical values M (0) = M, ~ 140 MeV, F_(0) = F, =~
93 MeV, by O(F~?) corrections [11].

The constant a in Eq. (3) is temperature independent and is
a finite combination of low-energy constants (LECs) of £,
[11]. In the ChPT scheme, the divergent part of the £, LEC
cancels the loop divergences from L, such that pion observ-
ables are finite and independent of the low-energy renormal-
ization scale. To NLO in ChPT all the pion loop contributions
in Eq. (3) are proportional to the tadpolelike contribution
GOKXx=0T)=Gx=0T=0)+ g,(M,T) with the
thermal function:

V2= (M/T)?

e —1

T? oo
gl(M’ T) :—2 [ dx , (5)
27 vyt

which is an increasing function of 7 for any mass. Thus, the
pion thermal mass in the NLO propagator is given at this
order by M2(T) = M2(0)[1 + g,(M, T)/2F?] and is finite
and scale independent. The same holds for F2(T) =
FZO)[1 —2g,(M, T)/F?] and for {(gq)r = {(Gq) X
[1 —3g,(M, T)/2F*] [12]. Note that M,*(T) decreases
with T a factor of 3 slower than the condensate (Gg)7. In
addition, to this order it holds F2(T)M2(T)/{Gq)r =
F2(0)M%(0)/{gq)y # —m,. That is, the GOR relation is
broken at finite temperature to NLO by the same 7 = 0
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terms, given in [11]. GOR holds to NLO only in the chiral
limit, including temperature effects [17].

The constant ¢(T) in Eq. (3) includes both LEC contri-
butions and loop functions and the same happens with the
wave function renormalization constant Z_(T). Both are
divergent, but the combination 4B3F*Z..(T) + ¢(T) turns
out to be finite and scale independent. Note that if we
replace G50 = GN'O in the last term in Eq. (3), which is
allowed at this order since c(T) = O(F?°) is of NLO, that
combination is precisely the one multiplying the NLO
propagator, i.e, it is the 7-dependent residue at the
MZ(T) pole (when the Euclidean propagator is analytically
continued to the retarded one). That finite residue, being
finite, has to be then a combination of the finite observables
involved. Actually, it happens to be

FT)M3(T)
m

4BYF?Z . (T) + (T) = + O(F2). (6)
Thus, the expression in Eq. (6) represents the residue
of the NLO Kp correlator (3) at the thermal pion pole.
Note that by showing explicitly that the residue can be
expressed as (6) we obtain that the thermal part of
the pseudoscalar susceptibility yp(7) is the same as that
in  —my/gq)r, since FL(T)M%i(T)/mi:+ O(F?) =
(aa)r/{aa))(FaMz/mg) + O(F~2), so that

FIM2 Gq)r — 49
m (@)

Now, since (Gq)r — {Gq)o = O(FP), at the NLO order
we are working, we can replace in Eq. (7) FZM2 =
—m{Gq) + O(F°) so that we get xp(T) — xp(0) =
—m,(Gq)r — {Gq)) + O(F~?). Furthermore, the con-
stant a appearing in Eq. (3) contains precisely the LEC
combination that combines with that in the residue (6) to
give the same scaling law, now including the 7 = O part.
Thus, our final result for the pseudoscalar susceptibility in
ChPT to NLO (finite and scale independent) is

+ O(F2). @)

) 3
XSHPT(T) = 4B(2)|:W 2 —h) — o M, T)]
+ O(F?)
= \ChPT
_ _% + O(F ) 8)

q

where the first term inside brackets is the LO current
algebra O(F?) and [, h, are renormalized scale-
independent LECs [11].

Therefore, we have obtained the W1 connecting (g¢) and
Xp to NLO in model-independent ChPT, including finite-T
effects. Furthermore, the m, dependence cancels in
xp(T)/ xp(0)=(Gq)r/{Gq), where only meson parame-
ters show up. To this order, xp(T)/xp(0)=1-—
3g,(M,T)/(2F?) so that the LEC dependence also
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FIG. 1 (color online). Left: Comparison between the pseudoscalar screening mass ratio and A{Sl/ 2, where A = r(T)/r(0) with
r={(gq) — (2m,/my)(5s), for the lattice data in [18] (masses) and [20] (condensate) with the same lattice action and resolution and
T, =196 MeV. Right: Scalar susceptibility versus A;; ~ xp(T)/xp(0) from the data in [1] for which T, = 155 MeV.

disappears. Recall that /1; comes from a contact term in £,
and is therefore another source of ambiguity in the NLO
condensate [11].

Note also that, unlike the approach followed in [13], we
have arrived to the result (8) without relying on the validity
of current algebra, which actually holds only in ChPT to
the lowest order. Actually, as explained, our result takes
into account NLO corrections to F_(T), M_(T), {Gq)r
through GOR breaking terms, both at T = 0 and T # 0,
which turn out to be crucial to obtain the correct scaling
law given in Eq. (8).

III. LATTICE DATA ANALYSIS

We can draw some important conclusions from the
previous results. First, yp(T) scales like the order parame-
ter (gq), instead of the much softer behavior 1/M2(T).
This scaling suggests a chiral-restoring nature for the
pseudoscalar susceptibility, although we cannot draw any
definitive conclusion about chiral restoration just from our
standard ChPT analysis, which makes sense only at low 7.
Its behavior for higher T approaching the transition should
be considered merely as indicative extrapolations, pretty
much in the same way as the ChPT prediction for the
vanishing point of the quark condensate is just a qualitative
indication that the restoring behavior goes in the right
direction. For this reason, in the following we will comple-
ment our standard ChPT calculation with a direct lattice
data analysis, and later on with a unitarized study which, as
we will see, incorporates the relevant degrees of freedom to
achieve a more precise description near the transition point.

One can actually observe a clear signal of a critical
chiral-restoring behavior for yp, consistent with our pre-
vious ChPT result, in the lattice analysis of Euclidean
correlators, which determine their large-distance spacelike
screening mass M*¢ in different channels [18]. From
Eq. (2) we expect xp=Kp(p=0)~(M>"*)~2 with M}
the pole mass associated to Kp(p) in a general parametri-
zation of the form K,'(w, p) = —w? + A%2(T)|p|*> +
MP(T)? with A(T) = M"*(T)/M*(T) [19]. Here, » =
iw, would correspond to the thermal Euclidean propagator

and w € R + i€ to the retarded Minkowski one setting the
dispersion relation. Assuming a soft temperature behavior
for A(T), which is plausible below T, [for instance, A = 1
for the NLO ChPT propagator in Eq. (4)], we can then
explain the sudden increase of M5 (T)/M5s(0) observed in
this channel [18] since we expect that ratio to scale like
[xp(0)/xp(T)]'* ~ [{Gg)e/{Gq)r]"/*. We show in Fig. 1
(left panel) these two quantities. The correlation between
them is notorious, given the uncertainties involved, and the
mentioned increase is clearly observed. Data are taken
from the same lattice group and under the same lattice
conditions [18,20]. Note that in the lattice works,
(2my/m,)(3s) is subtracted from (gq); in order to avoid
renormalization ambiguities. Estimating the 7 = 0 con-
densates from NLO ChPT,! this subtraction gives a 6%
correction and, from the lattice values, it is about a 15%
correction near T.. Apart from the screening versus pole
mass and the strange condensate corrections, one should
not forget about the typical lattice uncertainties, like reso-
lution, choice of action, staggered taste breaking, and large
pion masses [1,20].

Another important conclusion of our analysis is that the
decrease of xp and the increase of ) as they approach the
critical point, lead to scalar-pseudoscalar susceptibility
partner degeneration, which in an ideal O(4) pattern should
take place near the yg peak. Once again, this behavior is
observed in lattice data. In Fig. 1 (right panel) we plot the
subtracted condensate, expected to scale as yp(T)/xp(0)
according to our previous ChPT and lattice analysis, versus
xs(T)/xp(0), both from the lattice analysis in [1]. The
T = 0 values are taken from ChPT. The current degenera-
tion is evident, not only at the critical point but also above
it, where those two quantities remain very close to one
another.

Recall that both the analysis of the correlation between
screening masses and inverse rooted condensate and that of
scalar versus pseudoscalar (condensate) susceptibilities,

'For standard ChPT we use the same LEC values as in [14,15].
Their influence is more important in yg, due to the vanishing of
the LO, than in yp, (3q).
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although elaborated from available lattice data, have not
been presented before, to the best of our knowledge. As
commented above, this analysis has been motivated by our
ChPT results in Sec. II and it gives strong support to the
scalar-pseudoscalar degeneration pattern at the transition,
as well as providing a natural explanation for the behavior
of lattice masses in this channel.

IV. UNITARIZED CHPT AND RESULTS

A. Extracting the f,(500) thermal pole from
unitarized ChPT

Since the scalar susceptibility is dominated by the I =
J = 0 lightest state, which does not show up in the ChPT
expansion, let us consider its unitarized extension given by
the inverse amplitude method (IAM) [21] which generates
dynamically in SU(2) the f,(500) and p(770) resonances
and has been extended to finite temperature in [22-24].
Thus, before proceeding to derive the unitarized suscepti-
bility in Sec. IV B, let us review briefly here, for the sake of
completeness, some of the more relevant aspects of the
thermal IAM, particularly in the scalar channel. We refer to
[22-25] for a more detailed analysis.

The IAM scattering amplitude is constructed by demand-
ing unitarity and matching with the low-energy expansion,
for which all the ChPT scattering diagrams at finite tem-
perature are included up to one-loop [22]. The different
types of those diagrams are represented in Fig. 2. The
T-dependent corrections to the scattering amplitude come
from the internal loop Matsubara sums in the imaginary-
time formalism of thermal field theory. The external pion
lines correspond to asymptotic 7 = 0 states. The thermal
amplitude is defined after the application of the 7 = 0
Lehmann-Symanzik-Zimmermann reduction formula,
which allows us to deal just with thermal Green functions.
After the Matsubara sums are evaluated, the external lines
are analytically continued to real frequencies. The full result
for the thermal amplitude to NLO in ChPT is given in [22].

The scattering amplitude can be projected into partial
waves 1;;(s) in the reference frame p, = —p, where the
incoming pions 1,2 are at rest with the thermal bath, so that

(a) (b) (©)
(d) (©)]

FIG. 2. One-loop diagrams for T-dependent pion scattering.
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s =(E, + E,)*>. The NLO partial waves have the
generic form (we drop in the following the /J indices for
brevity) 1(s; T) = t,(s) + t4(s; T), where t,(s) is the O(p?)
tree-level T-independent scattering amplitude from £, and
t, is O(p*) including the tree level from L, plus the
one-loop from the diagrams in Fig. 2. Each partial wave
satisfies Im t4(s + ie; T) = o7(s)t,(s)* for s > 4MZ% with
or(s) =1 —4MZ%/s[1 + 2ng(/s/2;T)] and ng(x; T) =
[exp (x/T) — 1]7!, the Bose-Einstein distribution. This is
the perturbative version of the unitarity relation for partial
waves Im (s + ie; T) = o4(s)|t(s; T)|?> and o is the two-
pion phase space, which at finite T receives the thermal
enhancement proportional to nz which has a neat interpre-
tation in terms of the emission and absorption scattering
processes allowed in the thermal bath [22,25]. Precisely
imposing that the partial waves satisfy the above unitarity
relation exactly while matching the ChPT series at low s
and low T leads to the thermal unitarized IAM amplitude:

1(s)?

D = - e

€))

When the IAM amplitude is continued analytically to
the s complex plane [23], it presents poles in the second
Riemann sheet (s;7) = t,(5)*/[t,(s) — #il(s; T)] with
f1(s; T) = t4(s; T) + 2iopt2(s)? so that Im (s — ie) =
Im /"AM(s + j€) for s > 4M>2. Those poles correspond to
the physical resonances, which in the case of pion scatter-
ing are the f,(500) (I = J = 0) and p(770) I = J = 1).
The T-dependent poles can be extracted numerically by
searching for zeros of 1/¢(s;T) in the s complex plane.
We denote the pole position by s,(T) =[M,(T) —
il ,(T)/2]*. The LEC for the IAM are chosen so that,
within errors, they remain compatible with the standard
ChPT ones and with the T = 0 pole values for the p and
f0(500) listed in the PDG [6].

Let us comment now on the thermal evolution of the
resonance poles, whose main features for this work are
represented in Fig. 3. Since 7,(s) = a(s — so) with real a
and s, the thermal dependence s ,(T) is governed by that
of 7 at the pole.

In the vector-isovector channel, I <M, for all tem-
peratures of interest here and therefore the p can be con-
sidered a narrow Breit-Wigner (BW) resonance with M,
and I, its mass and width respectively. Actually, M7 (T)
decreases very slightly with T for the relevant temperature
range. Hence, the T-dependent contribution of the real part
of Al is almost negligible compared to its 7 = 0 part, due to
the large p mass value. The latter gives roughly the 7 = 0
rho mass, so the real part of the denominator of I behaves
dominantly as s — M3(0). In particular, the tadpole con-
tributions of diagrams (d) and (e) in Fig. 2 are suppressed
in this channel typically by O(T?/M?2). However, the
thermal effect in I',(7)/I',(0) is much more sizable,
increasing with 7. Its dominant contribution comes from
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FIG. 3 (color online).

the imaginary part of the amplitude. The imaginary part of
the " denominator at the pole behaves like M,I",(T) and,
up to 7 = 100 MeV I' ,(T)/T',(0) ~ o1/ oy, which for s,
near the real axis comes essentially from diagram (a) in
Fig. 2 (which would give the only imaginary part for real
s >4M?2) so the broadening can be explained just by a
thermal phase space increase up to that temperature. Note
that, although this effect is formally @(e~M,/T), it activates
below the transition because of the relative small value of
I',(0). Above that, there is an additional increase of the
effective parr coupling with 7 [23], to which tadpoles
contribute, which explains a further increase of the width.
This behavior is represented in Fig. 3. Observe the softer
behavior of the mass as compared to the width in this
channel, and the correlation with the real and imaginary
parts of the amplitude at the pole position.

In the scalar-isoscalar channel, the one we are interested
in here, the behavior is remarkably different. We rather talk
of a broad resonance pole, since M, and I, are compa-
rable, so that the f;,(500) pole is away from the real axis.
As a consequence, all thermal contributions from diagrams
(a)—(e) in Fig. 2 to 7! become complex at the pole and the
real and imaginary parts of the pole equations do not have
the simple form of a BW resonance. In addition, due to
the lower value of M7(0) as compared to the p case, the
thermal dependence is much more stronger, both for the
real and imaginary parts, and all contributions from those
diagrams become equally relevant. In particular, the tad-
poles in diagrams (d) and (e) in Fig. 2 now come into play.

0 50 100 150 200
T (MeV)

Thermal pole evolution (a)-(b) and contributions from the second sheet amplitude (c)—(d) for the scalar-
isoscalar (I = J = 0) and vector-isovector (/ = J = 1) channels.

The numerical solution of the pole equations show that
MIZ,(T) in this channel decreases significatively, while
I',(T) increases up to 7' =~ 120 MeV and decreases from
that point onwards, as seen in Fig. 3. Note that this non-
monotonic behavior for I',, cannot be explained now just in
terms of phase space or vertex increasing. On the other
hand, a possible interpretation of the decreasing M,z, isa
chiral-restoring behavior. Actually, in Fig. 3(a) we also
represent Re s, (T) = M%(T) — I'3(T)/4 = M3(T), which
would correspond to the self-energy real part of a scalar
particle with energy squared s and p = 0, exchanged
between the incoming and outgoing pions. This o-like
squared mass not only drops faster but it develops a mini-
mum at a certain temperature, which as we will see below
corresponds to a maximum in the scalar susceptibility. In
the p channel, there is almost no numerical difference
between MIZ7 and Res,. Thus, a qualitative explanation
for the I',(T) change from a increasing to a decreasing
behavior in the scalar channel would be the influence of the
strong mass decreasing of the decaying state.

B. Unitarized scalar susceptibility and
quark condensate

In order to establish a connection between the scalar
susceptibility and the scalar pole, we construct a unitarized
susceptibility by saturating the scalar propagator with the
f0(500) thermal state and assuming that its p = O mass
does not vary much with respect to the pole mass. Thus, we
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identify the pole of a scalar state exchanged in pion scat-
tering with the thermal pole in the scalar channel discussed
in the previous section. Therefore, we have

xs"T(0)M5(0)

MUT) 10

x$(T) =

where we have normalized to the T = 0 ChPT value, since
we are demanding that all our 7 = 0 results match the
model-independent ChPT predictions. This normalization
compensates partly the difference between the p = 0 and
pole masses. Under this approximation, the self-energy
real part is the squared scalar mass M2(T) = Mlz,(T) -
I'2(T)/4, as discussed in the previous section, and the
self-energy imaginary part vanishes at p = 0.

The quark condensate cannot be extracted directly from
the unitarized susceptibility. However, we can obtain an
approximate description by assuming that the relevant
temperature and mass dependence, as far as the critical
behavior is concerned, comes from pion loop functions as
8qq)V (T, M) = ByT*¢(T/M) and x5 = Bih(T/M),
with 8 f(T) = f(T) — f(0). This T/M dependence holds
actually to NLO ChPT, as in Eq. (5). Then, from Eq. (1),
since 8 ys = —a6(qq)/dm,, we get

xh
g(x) = glxg) +[ %dy for x > x, (11)

Xo
with Ty = xoM < M a suitable low-T scale below which
we use directly NLO ChPT, which has a better analytic
behavior near T = 0. The & function is obtained from the T
dependence of yg in Eq. (10).

C. Results

Our theoretical results based on effective theories are
plotted in Fig. 4. First, ChPT to NLO gives an increasing
xs(T), intersecting xp(T) at T, = 0.9T,, where (Gg)$"T X
(T,) = xS"PT(T.) = 0. Once again, this result should be
considered just as an extrapolation of the model-
independent expressions for ys(T) and yp(T) beyond their
low-T applicability range. With this caution in mind, stan-
dard ChPT supports the idea of partner degeneration.
Actually, near the chiral limit M, << T, where critical
effects are meant to be enhanced, the degeneration point
T,=T,—3M,/4m + O(M?2/T.), approaching the chiral
restoration temperature in that limit.

We also plot x¥(7) in Fig. 4. The result agrees with
standard ChPT at low 7 and improves remarkably the
behavior near the transition. It actually develops a maxi-
mum at 7. = 157 MeV. We show for comparison the lattice
data of [1]. Furthermore, approaching the chiral limit by
taking the M. = 10 MeV poles from [24] gives a vanishing
M(T) at T, =~ 118 MeV and hence a divergent x¥ from
Eq. (10) at T,.. Thus, we get, at least qualitatively, the T
reduction and stronger ygs growth near the chiral limit
expected from theoretical [26] and lattice [2,3] analysis.
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FIG. 4 (color online). Scalar versus pseudoscalar susceptibili-
ties in ChPT and in our unitarized description. We show for
comparison the lattice data of Fig. 1 (right).

The clear improvement of the unitarized approach with
respect to the standard ChPT one for the scalar susceptibility
is essentially due to the introduction of the thermal f,(500)
state, whose importance in this case is clearly seen from the
dependence yg ~ 1/M3, rather than to an enlargement of
the applicability range in the unitarized approach. Actually,
even within the unitarized description, we should be cau-
tious when extrapolating it to near 7, since we may be
strictly beyond the effective theory range.

The resulting (Gq){ is plotted in Fig. 4 with
Ty =12 MeV.? The critical behavior is again nicely
improved compared to the ChPT curves and is in better
agreement with lattice data in that region. In addition, we
obtain once more a scalar-pseudoscalar intersection near
the ys peak and hence of chiral restoration. The corre-
sponding (Gq)¥ near the chiral limit (M,=10MeV) is
much more abrupt, vanishing and meeting yg at 7, as
expected.

Recall that in the above unitarized analysis, we are not
performing a fit to lattice points. We just use the same
LECs which generate the T = 0 physical f(500), p states
[24] and then provide our results for the susceptibility and
condensate. The theoretical uncertainties in the LEC, as
well as the lattice errors already discussed, should be taken
into account for a more precise comparison. Besides, our
effective theory analysis is not expected to reproduce the
chiral restoration pattern above 7'... In any case, apart from
the important consistency obtained for chiral restoration
properties, such as the yg peak and the ys/xp matching,
an important point we want to stress is the crucial role of
the f,(500)/0 state to describe the scalar susceptibility.
Since yg ~ 1/M3, this observable is much more sensitive
to this broad state, so that a physically realistic description,
including its thermal effects, turns out to be essential.

*We find very small numerical differences changing T, be-
tween 10-60 MeV.
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This may not be the case for other thermodynamical
observables, for which other approaches may provide a
much better description. For instance, the hadron resonance
gas (HRG) framework gives very accurate results compared
to lattice data [27,28] and particle distributions [29,30]
below the transition, by including all known hadronic states
as free particles in the partition function, often including
small interaction corrections. Within the HRG approach,
hadron interactions are generically encoded in the resonant
states. This framework works for most thermodynamic
quantities, which are obtained, by construction, as mono-
tonic functions of 7', and generally increase with the mass of
the states considered. For instance, the scalar susceptibility
within that approach would increase with 7', as it happens for
other quantities such as the trace anomaly. Thus, the effect of
a properly included broad o T-dependent state arising from
pion scattering in order to describe chiral restoring proper-
ties such as the susceptibility peak, is once more highlighted.
In fact, the o state is just not included in many HRG works
[28] or, at most, considered as a BW state [29,30] with its
T = 0 mass and width, which, as we have commented
above, does not provide an entirely adequate description.
Finally, let us comment that apart from higher mass states,
inclusion of higher order interactions may also be important
for certain hadronic observables. For instance, including p 7
interactions in the vector channel are essential to describe
properly the dilepton spectra [5].

PHYSICAL REVIEW D 88, 076007 (2013)
V. CONCLUSIONS

Summarizing, we have analyzed the scalar-pseudoscalar
O(4)-like current degeneration pattern at chiral symmetry
restoration, from lattice simulations and effective theory
analysis. The pseudoscalar susceptibility scales as the
quark condensate, which we have explicitly shown in
ChPT to NLO at low temperature, and becomes degenerate
with its “chiral partner” scalar susceptibility close to the
scalar transition peak. The lattice data and the unitarized
ChPT analysis support this picture and are well accounted
for by the dominant physical states: pions and the f;,(500)
scalar resonance generated in pion scattering at finite tem-
perature. In turn, we have provided a natural explanation
for the sudden growth of lattice masses observed in the
pseudoscalar channel. Although we have restricted here,
for simplicity, to the Ny = 2 case, the analysis can be
extended to Ny = 3, where the role of other scalar states
such as the a,(980) can also be studied [31].
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Intercambio de fotones virtuales y
resonancias en el calculo de la
diferencia de auto-energias de piones
cargados y neutros

Este capitulo estd formado por los resultados g.1.1 y la publicacién g.1.2, en-
raizados en una sola seccion que tiene como objeto el estudio de la auto-
energia de un gas de piones en equilibrio térmico, de modo complementario
al andlisis de los condensados y las susceptibilidades quirales que se hizo en la
seccion previa.

Los resultados que conforman g.1.1 llevan a cabo un estudio de los efectos
electromagnéticos debidos a la inclusion de fotones virtuales sobre la parte real
e imaginaria de la auto-energia dentro de la Teoria Quiral de Perturbaciones
a temperatura finita. Asimismo, con el fin de comprobar la robustez de estas
predicciones frente a la incorporacién de particulas mas pesadas y estudiar la
restauracion de la simetria quiral hemos calculado las correcciones debidas a la
incorporacién de resonancias ligeras mediante un modelo [110] que implemente
su intercambio a través de la saturacion de los canales axial y vectorial por la
a;(1260) y la p(770), respectivamente.

La publicacién 3.1.2 S€ corresponde con un trabajo previo que revisa los resul-
tados para la parte real de la auto-energl'a de un gas de piones a temperatura cero
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y anticipa algunas de las conclusiones de temperatura finita que aparecen en los
resultados correspondientes al epigrafe 3.1.1. Debido a esto, tanto la introduccion
como la motivacién —asi como las conclusiones fundamentales— expuestas en
la seccion 3.1 son compartidas por las publicaciones 3.1.1 y 3.1.2.

Analisis de la diferencia de auto-energ{as para piones
cargados y neutros a un loop en ChPT.

Los piones son las particulas mas abundantes después de una Colision Re-
lativista de Iones Pesados y sus propiedades, desde el proceso de hadronizacion
al freeze-out térmico, pueden ser descritas a través de ChPT de modo razonable
debido a que —como se indicé en el capitulo 1—las temperaturas involucradas
en estos procesos no estan demasiado lejos de las temperaturas para las que la
expansion perturbativa de la Teoria Quiral tiene sentido. De esta manera, las
predicciones model-independent de ChPT sobre el gas de mesones permiten re-
producir las caracteristicas principales en los momentos posteriores a la colisiéon
—como por ejemplo el comportamiento tendente a la restauracion de la simetria
quiral basado en el condensado de quarks [70]—.

Las modificaciones de las propiedades espectrales de las particulas que cons-
tituyen el bafio térmico durante las Colisiones Relativistas de Iones Pesados
pueden dar lugar a importantes correcciones, por ejemplo en el caso de la p(770)
y su influencia en el espectro de dileptones [50,157-150]. Por contra, el papel de
las correcciones térmicas a la masa de los piones y otros mesones ligeros no se
incluye, habitualmente, en los andlisis fenomenolégicos [160] a pesar de que la
relaciéon de dispersién de los mismos contribuye de forma directa a la distribu-
cion del numero de particulas. Ademads, su estudio es importante para el calculo
de la presién y la ecuacién de estado del gas de hadrones en expansién, como ha
sido discutido en [161].

En [162] se muestra que el efecto que sobre los pardmetros de freeze-out tienen
las correcciones térmicas a la masa del pion es muy pequefio, toda vez que estas
modificaciones se tomen directamente de los trabajos en ChPT a un loop. En
efecto, a bajas temperaturas, la masa M,(T') sufre pequefios cambios y, segun la
temperatura se va haciendo mayor y los efectos térmicos suponen modificaciones
importantes respecto al valor a temperatura cero, los momentos de los piones
estan distribuidos en la zona p ~ T', lo que hace que los términos de masa sean
despreciables.
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En este contexto, nuestro interés a la hora de estudiar este tema se centra en
las posibles correcciones que tienen lugar en la auto-energia a leading order en
ChPT de un gas de piones (tanto en la parte real como en la parte imaginaria)
al incluir la posibilidad de intercambiar fotones virtuales. Ademas, estos efectos
electromagnéticos dan lugar a una parte imaginaria procedente de un corte
de Landau —y, por consiguiente, de caracter puramente térmico— que podria
dar lugar a diferentes anchuras térmicas para piones cargados y neutros. Estos
efectos podrian ser detectados experimentalmente a través de la observacion
de diferencias en los tiempos de termalizacion y en los recorridos libres medios
para las dos distribuciones de particulas [163,164]; o mediante la medida de
coeficientes de transporte [g8] ya que si las diferencias en la anchura térmica
de piones cargados y neutros fueran significativas, podria haber correcciones
importantes a la conductividad eléctrica, relacionada con el espectro de fotones
[99] o con las viscosidades de cizalla y de volumen (necesarias para explicar
observables como la anomalia de traza o el flujo eliptico) [98,100,101].

El estudio de las correcciones a la relacion de dispersién en un bafio térmico
dentro del contexto de ChPT sin fotones virtuales ha sido analizado a un loop
en [165], resultando sélo en una ligera modificacion de la masa del pién a través de
un diagrama de tipo tadpole; y a dos loops en [166], donde aparecen contribuciones
a la parte imaginaria de la auto-energia que permite definir un recorrido libre
medio [167] y que se incluye de modo natural en el calculo de los coeficientes de
transporte [98].

Los resultados que presentamos incluyen —como ya se ha dicho— efectos
de ruptura de isoespin debida a fotones virtuales a un loop asi como las mo-
dificaciones térmicas a la auto-energia para una masa de pién distinta de cero,
con lo que se complementan tanto los resultados de ChPT que se mencionaron
anteriormente, como aquéllos en los que se calculan las correcciones en el limite
quiral a la masa del pion [168,16¢] o usando un enfoque basado en la relacion de
Cottingham en el contexto de un modelo de intercambio de resonancias [170].

La consideracién de un escenario fuera del limite quiral introduce la depen-
dencia de la auto-energia en el tri-momento del pién externo y hace que las
reglas de suma basadas en técnicas de tipo sofi-pion dejen de ser validas for-
malmente. Ademas nuestro enfoque resulta mas realista para su descripcion en
el régimen de temperaturas bajas e intermedias. Esto es debido a dos razones
fundamentales: a que el rango de temperaturas para el que el limite quiral se
presupone una buena aproximacién (T >> M, ) no se alcanza de facto en el gas de
mesones; y debido al caracter model-independent de la Teoria Quiral, que lo dis-
tingue de otros tratamientos basados en modelos. Debido a que el gas de piones
formado tras la colision esta en equilibrio térmico, los momentos de las particulas
del gas siguen una distribucion de Bose-Einstein, por lo que la descripcion de
las propiedades de la parte real de la auto-energia a través de la masa promediada
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en momentos resulta mas acertada a la hora de intentar explicar lo que sucede
en este escenario. Esta distribucion de tri-momentos varia con la temperatura
de modo que, al tomar ésta un cierto valor, sélo una parte de los piones del bafio
térmico permanecen termalmente activos. Para bajas temperaturas, T << My, los
momentos se distribuyen en torno a los valores p ~ /M, T, mientras que para
altas temperaturas, T' >> M,, lo hacen alrededor del valor p ~ T.

Aparte de las implicaciones fenomenoldgicas que acabamos de comentar, exis-
ten otras de caracter mas formal relacionadas con la restauracion de la simetria
quiral y la saturacion por resonancias. A temperatura cero y en el llamado
sqﬂ—pion limit —consistente en tomar piones externos con masa y tri-momento
nulos— y a leading order en la carga electromagnética, es posible conectar [61]
la diferencia de masas electromagnética de los piones con las diferencias de fun-
ciones espectrales vectorial y axial a través de la siguiente regla de suma

3¢? o
Lim AM; = %%(Mﬁi —M7) = —167791;7?[0 ds 108(3 v (s) — PA(S)])- (3-1)

resultado que —una vez saturados los canales axial y vectorial por las resonan-
cias mas ligeras del espectro hadrénico, i.e. a través de la a,(1260) y la p(770),
respectivamente— muestra que la diferencia de masas electromagneética de los
piones esta dominada en este régimen por el intercambio de resonancias.

Debido a que los canales axial y vectorial se degeneran durante la transi-
cién quiral, la diferencia de masas del pion cargado respecto al neutro podria
funcionar como un pardmetro de orden de la restauracion de la simetria quiral.
Esta es la razon por la que es importante extender la regla de suma (g.1) fuera
del limite quiral y teniendo en cuenta efectos electromagnéticos. Sin embargo,
como fue mostrado por primera vez en [166], la masa del pién cargado recibe
siempre una contribucién de apantallamiento de la forma ~ e?T? que provoca
que la diferencia crezca en lugar de disminuir. Cuando a la regla de suma (3.1)
se le afladen correcciones puramente térmicas es necesario modificar las funcio-
nes espectrales a través de factores multiplicativos proporcionales, a leading order
y en el limite quiral, a T? [158]. Estos cambios dan lugar a un término que se
opone al de apantallamiento y que provocan un decrecimiento neto muy suave
con la temperatura para la diferencia de masas de piones cargados y neutros en
el limite quiral, resultado en perfecta consonancia con [168].

Con todo, las principales conclusiones de los resultados 3.1.1 y publicacién
3.1.2 son los siguientes:

Parte real de la auto-energia

& Hemos calculado las correcciones a la parte real de la auto-energl'a de un gas
de piones fuera del limite quiral debidas a la ruptura de isoespl'n exclusiva-
mente procedentes del intercambio de fotones virtuales en el bafio térmico.
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Los resultados son finitos e independientes de la escala quiral, lo que los
convierte en verdaderos observables.

La pérdida de invariancia Lorentz debida a la existencia de un sistema
de referencia preferente (el asociado al bafio térmico) introduce una depen-
dencia en el tri-momento del pién externo. Definiendo, como suele hacerse,
la masa como el valor de la parte real de la auto-energia en el limite estético
(Pext = 0) observamos? que la parte real de las masas corregidas de piones
cargados y neutros no muestran grandes correcciones debidas a tempera-
tura, asi como tampoco la diferencia de masas entre ambos. Esta diferencia
es creciente con la temperatura para piones masivos (incluso asumiendo
m, = mg = 0 y considerando las correcciones de carga a nivel drbol), llegando
a ser un 24 % mayor que el valor de temperatura cero a unos ~ 150 MeV.

Este crecimiento observado fuera del limite quiral —mas realista habida
cuenta de las temperaturas de freeze-out que se manejan en los momentos
posteriores de colisiones RHIC— es cualitativamente opuesto al obtenido
en el limite quiral [168] donde, de hecho, la diferencia decrece. Hay varias
comprobaciones que nos sirven para verificar nuestros resultados: por un la-
do nuestro calculo para las masas de los piones cargados y neutros coinciden
con los calculados en [168] si nos vamos al régimen en el que el limite quiral
se presupone una buena descripcidn, i.e. M, /T — 0. Este hecho nos lleva a la
segunda verificacion: incluso en el caso de piones masivos, al subir suficien-
temente la temperatura encontramos que la diferencia de masas comienza a
decrecer y se acerca al comportamiento esperado en el limite quiral. Desde
luego el valor de temperatura para el que este decrecimiento se produce
estd muy lejos de considerarse dentro de los limites predictivos de ChPT,
pero es importante recuperar este comportamiento desde un punto de vista
teorico.

Una de las conclusiones mas importantes de este trabajo es que el término
de apantallamiento de Debye procedente de los diagramas con fotones vir-
tuales, junto con los que proceden de considerar piones masivos en el resto de
diagramas, es capaz de oponerse a la tendencia hacia la restauracion quiral
que se esperaria si la regla de suma (3.1) fuera aplicable en este régimen.

@ Los resultados para las masas promediadas en tri-momentos son los siguien-
tes: a bajas temperaturas, los promedios para la masa del pién cargado y
para la diferencia de masas electromagnética, (M= — M,0), indistinguibles
respecto a los valores calculados en el limite estatico. Al llegar al rango de
temperaturas moderadas-altas (~ (100 —150) MeV) la diferencia experimen-
ta un crecimiento mucho mds lento que su equivalente estdtica, lo que se

' Para este cdlculo hemos usado masas fisicas de piones en lugar de las correspondientes a nivel
drbol debido a que la diferencia es de orden superior. Asimismo, donde ha sido necesario, hemos
utilizado los mismo valores numéricos que en la publicacién 2.1.1.
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explica debido a dos razones: por un lado el hecho de que la sustraccion en
este observable de las contribuciones de temperatura cero provoca que las
diferencias respecto al limite estatico sean mas perceptibles; y, por otro, la
observacion —ya comentada— de que la distribucion de momentos tienen
un pico en torno a valores p ~ T cuando aumenta la temperatura, por lo que
es de esperar que los efectos sobre el promedio aumenten con la temperatura.

El comportamiento creciente con la temperatura que encontrdbamos
para la diferencia de masas electromagnética de piones masivos a este orden
se suaviza y acerca mds al comportamiento en el limite quiral si se calcula
el promedio en momentos en lugar de los observables directamente en el
limite estdtico.

Parte imaginaria de la auto-energl'a

@ El efecto mas importante de este cdlculo es la aparicion de una parte absortiva
directamente relacionada con el diagrama de photon-exchange a temperatura
finita, aun a pesar de que el bremmstrahlung en el vacio para un escalar
radiando un fotén es un proceso prohibido. La auto-energia, como funcién
de la variable pg € C, se vuelve no-analitica en el eje real y da lugar a un
corte al atravesar esta linea. La parte imaginaria estd asociada a un corte
de Landau, por lo que su naturaleza es puramente térmica, siendo nula a
temperatura cero.

Suponiendo la existencia de un régimen de oscilaciones pequefias en el
plasma térmico, es posible desacoplar la relacién de dispersion del gas de
piones y asociar la parte imaginaria con la anchura térmica perturbativa,
7(p,T) como funcién del tri-momento externo del pién y la temperatura.

Es importante notar la sutileza de este cdlculo puesto que —aunque
hemos demostrado que el resultado no depende del gauge siempre que se
usen gauges covariantes— encontramos resultados que no estan fisicamente
bien definidos. En efecto, calculandolo en el gauge de Feynman llegamos a la
conclusion —utilizando la prescripcion habitual de usar el propagador re-
tardado, i.e. una vez prolongada analiticamente la auto-energia calculada en
el formalismo de tiempo imaginario hacia valores retardados de la variable
po, es decir, pg = po +ie— de que la parte imaginaria es positiva. Este re-
sultado provocaria la aparicion de una anchura térmica negativa, resultado
fisicamente inaceptable.

Este mismo problema ha sido ya encontrado en el calculo de la parte
imaginaria de la auto-energia asociada a campos gauge [1771,1772] trabajando
en gauges covariantes. El problema puede evitarse trabajando en el gauge de
Coulomb, donde uno si encuentra resultados fisicos [173].
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El problema tiene que ver con el hecho de que el cdlculo de la parte
imaginaria a temperatura finita implica la consideraciéon de que los fotones
virtuales se hallan en la capa de masas, por lo que la eleccién de gauges
covariantes implica suponer que grados de libertad que no son fisicos se
encuentran en equilibrio térmico. Esta es la razon por la que estos trabajos
apuestan por la eleccion del gauge de Coulomb estricto, que sélo propaga los
modos fisicos del fotén.

Procediendo de este modo, hemos calculado en ChPT la anchura térmica
fuera del limite quiral a orden O(p*) en el gauge de Coulomb, y la hemos
comparado con los resultados promediados en tri-momentos para la anchura
térmica de caracter electromagnético procedente de nuestro cdlculo con la
obtenida a next-to-leading order en ChPT [166].

Llegados a este punto es necesario hacer notar que la parte real de la
auto-energia que hemos obtenido, calculada originalmente en el gauge de
Feynman, no se ve afectada por el uso de uno u otro gauge y da lugar al
mismo resultado que ya se expuso.

Nuestro calculo arroja un resultado finito, model-independent e indepen-
diente, también, de la escala quiral. La anchura térmica es lineal en la tem-
peratura, anuldndose para |p| := p - O y que tiende a (T, p > o0) = T/ar.
Esta dependencia en el tri-momento es similar a la que se muestra en [17 /]
al calcular la parte transversal de la anchura térmica de un escalar en QED
a temperatura finita®.

La comparacion de los valores promediados en tri-momentos con el va-
lor promediado para la anchura de dispersién next-to-leading order [166,167/]
indica que la contribucién dominante hasta una temperatura de aproxima-
damente 50 MeV procede de la parte electromagnética O(p*), pero a partir
ese valor la contribucién O(p®) procedente de la dispersién de piones es
claramente dominante (es aproximadamente ocho veces mayor que la elec-
tromagnética a una temperatura de 80 MeV).

Con objeto de estimar de manera fenomenoldgica esta contribucién a la
anchura —y a modo de aproximacién— hemos usado el promedio en mo-
mentos para la anchura térmica para medir las correcciones sobre el cdlculo
de la conductividad eléctrica y las viscosidades de cizalla y volumen, esti-
madas en aproximadamente un 10 % para una temperatura de entre 80 y 100
MeV, rango de temperaturas para el que la expansion en el plasma relativista
resultante de la Colisién de Iones Pesados cesa (freeze-out térmico). En un in-
tento de mejorar numéricamente los resultados numéricos, hemos utilizado
el valor unitarizado de [166] para la anchura térmica no electromagnética.

> Noétese que alli, debido a la presencia de divergencias infrarrojas asociadas al revestimiento del
fotén, el resultado depende también del cut-off infrarrojo. En el esquema de cdlculo que hemos
usado, a este orden, no existen divergencias infrarrojas.
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Asimismo, debido a que la interaccién electromagnética solo se acopla a
corrientes cargadas, los recorridos libres medios para piones cargados y neu-
tros calculados segun este enfoque son distintos. Esto da lugar a diferentes
temperaturas de freeze-out térmico para piones cargados y neutros, aunque
los efectos son mas pequefios que en el caso de los coeficientes de transporte:
la diferencia entre las temperaturas de freeze-out térmico asociadas a las dos
especies es de aproximadamente 2 MeV.

Resonancias, regla de suma y restauracion de simetria quiral

El trabajo en este sentido sigue dos direcciones: por un lado se estudian las
modificacionesa laregla de suma que relaciona las funciones espectrales asociadas
a los canales vectorial y axial con la diferencia de masas electromagnética de los
piones cuando se consideran piones fuera del limite quiral a temperatura finita.
Por otro se analiza la robustez de las predicciones model-independent de ChPT para
la parte real de la diferencia de auto-energia para el pion cargado y el neutro
cuando se incluyen las particulas a;(1260) y p(770) a través de un modelo con
los canales vectorial y axial saturados por estas primeras resonancias ligeras.

Debido a la ausencia de un contaje formal en este modelo los resultados seran
obtenidos sdlo a leading order, es decir, considerando sélo correcciones a un loop
para la diferencia de auto-energias de piones cargados y neutros.

Con todo:

@ Encontramos que la regla de suma original no es aplicable en este régimen
debido a que fue originalmente concebida en el llamado soft pion limit, que
considera piones sin masa. Eis posible, no obstante, afiadir los términos nece-
sarios para completarla a partir de la comparacién con los resultados model-
independent proporcionados por ChPT. Estos cambios se traducen en la in-
corporacion de los resultados del diagrama de photon exchange con un pién
masivo asi como de las correcciones multiplicativas de las contribuciones
V — A. Los resultados se han efectuado a leading y next-to-leading order en el
parametro x ~ T?/M% ~ M2/M3, siendo My la masa genérica de las reso-
nancias en cuestién (~ 1 GeV).

@ El efecto de la consideracion de piones masivos contribuye a amplificar la di-
ferencia electromagnética de las masas de los piones, es decir, a emborronar
el comportamiento tendente a la restauracion quiral que parecia predecir la
estructura de la regla de suma V' — A. No es posible, por tanto, reconocer un
efecto de restauracion quiral asociada a la diferencia de masas de los piones
cargados y neutros fuera del limite quiral.
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# Mediante el estudio de un modelo de intercambio de resonancias en el limite
de saturacion de las mismas, encontramos que las correcciones a la masa
(definida como la parte real de la auto-energia en el limite estdtico) debidas
a las resonancias son numéricamente pequefias, siendo la contribucion de
la p(770) mayor que la de la ,(1260) en el rango térmico considerado. Este
resultado no debiera sorprender puesto que la masa de la a; hace que los
efectos asociados a ella hagan su aparicion a temperaturas considerablemente
mayores que para la p.

@ In general los efectos resonantes se activan a una temperatura de entre 170 y
200 MeV, por lo que las predicciones de ChPT pueden considerarse fiables
para un rango térmico considerable, siempre por debajo de la transicion
quiral.

@ Hemos comprobado que las partes imaginarias asociadas con algunos de los
diagramas con resonancias que contribuyen a leading order a la diferencia de
auto-energia estdn exponencialmente suprimidas a través de funciones de
Boltzmann vy, por tanto, son subdominantes en comparacion con la anchura
térmica electromagnética calculada con anterioridad.

@ El término —4Ze?g(T,M,) y el correspondiente a la diferencia g(T, M) —
21(T,M?) que se obtienen en ChPT a partir de diagramas de tipo tadpole
de piones y que estd directamente relacionado con la estructura V — A de la
regla de suma (y por tanto con la restauracién de la simetria quiral) no puede
reproducirse a partir de un analisis en el contexto del modelo de resonancias
a leading order. Esto pone de manifiesto la inequivalencia entre los contajes
en la Teoria Quiral y en el modelo de resonancias. De hecho este modelo
carece de una expansion perturbativa controlable en los acoplos de piones
con resonancias y sélo un esquema basado en gran N¢ nos ha permitido
clasificar los diagramas leading order de un modo fiable.
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We investigate the charged-neutral difference in the pion self-energy at finite temperature 7.
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I. INTRODUCTION AND MOTIVATION

The study of hadronic properties at finite temperature T is one of the theoretical ingredients needed to understand
the behaviour of matter created in Relativistic Heavy Ion Collision experiments, such as those in RHIC and LHC
(ALICE), as it expands from the onset of local equilibrium to the final freeze-out regime [1, 2]. This is especially
relevant for chiral symmetry restoration and deconfinement, for which the lattice groups have explored exhaustively
the phase diagram and other thermodynamical properties [3—7]. For the case of vanishing baryon chemical potential,
the QCD transition becomes a crossover for the physical case of 2+1 flavours, which makes it especially important to
define observables which would behave as order parameters, since different quantities would point to different critical
temperatures. Thus, the critical range from the latest lattice simulations lies within T, ~ 150-170 MeV.

Several hadron gas features have been studied in different approximations. The Hadron Resonance Gas (HRG)
describes the system through the statistical ensemble of all free states thermally available and provides a good
description both of lattice thermodynamical data and of experimental hadron yields, when some corrections due to
interactions and lattice masses are accounted for [8,; 9]. On the other hand, effective chiral models including explicitly
vector and axial-vector resonances have been successfully used to describe several hadron thermal properties relevant
for observables such as the dilepton and photon spectra and p — a; mixing/degeneration at the chiral transition
[10-13].

A systematic and model-independent framework to take into account the relevant light meson degrees of freedom
and their interactions is Chiral perturbation Theory (ChPT) [14, 15]. The effective ChPT lagrangian is constructed as
an expansion of the form £ = £,2 4+ L,+ 4. .. where p denotes a meson energy scale compared to the chiral scale A, ~
1 GeV. Pions are actually the more copiously produced particles after a Heavy Ion Collision and their properties from
hadronization to thermal freeze-out can be reasonably described within ChPT. The temperatures involved in that
regime are not far from the ChPT applicability range and ChPT has the added value of providing model-independent
results. Thus, the meson gas description based on ChPT reproduces fairly well the main qualitative features of
the system, such as the chiral restoring behaviour given by the quark condensate [16]. The introduction of realistic
(unitarized) pion interactions improves ChPT, providing a more accurate description of several effects of interest in a
Heavy-Ion environment, such as thermal resonances and transport coefficients [17-21]. This approach has also given
rise to a deeper understanding of the scalar-pseudoscalar degeneration pattern taking place at chiral restoration, in
agreement with lattice data for meson masses and susceptibilities [22]. In addition, the virial expansion approach
within ChPT, including unitarized corrections, allows to parametrize consistently the deviations from the HRG-like
free gas contributions [23-25].

The modification of the pion dispersion relation in the thermal bath has been also analyzed within ChPT. Pertur-
batively, to one loop the only modification is a shift in the pion mass coming from a tadpole diagram, softly increasing
with 7' [26]. At two loops, pions develop a more complicated dispersion relation [27] including an absorptive imaginary
part, which defines a mean collision rate [28] responsible for the thermalization mean time and the mean free path of
pions in the thermal bath. This rate is also essential to describe correctly the transport coefficients of the pion gas
[19]. Corrections to the dispersion relation due to nonzero pion chemical potential during the chemical nonequilibrium
phase have also been studied [29].

In this work we will continue with this program by studying the modifications of the pion dispersion relation due
to electromagnetic (EM) isospin-breaking corrections, including virtual photon exchange, during the hadronic phase
at finite temperature. We will work within ChPT but corrections due to resonance exchange will also be considered,
within the framework of a sum rule connecting the self-energy difference with vector and axial spectral functions to
evaluate the possible impact on chiral symmetry restoration, and explicitly in a resonance saturation model to estimate
the range of validity of the ChPT analysis. Electromagnetic corrections are the main source of the charged-neutral
mass (or more general, the self-energy) difference and can be consistently studied within ChPT by introducing the
relevant lagrangian terms of orders L2, L.2,2 and so on, with e the electric charge considered formally in the chiral
expansion as €2 = O(p?/F?), with F the pion decay constant in the chiral limit.

Our analysis extends, on the one hand, the previously mentioned ChPT studies on the thermal pion dispersion
relation and, on the other hand, previous partial analysis of the isospin breaking of such relation, namely, in the chiral
and soft pion limit [30, 31] and using a Cottingham-like approach within resonance exchange in [32]. We will consider
physical pion masses, which will give rise to new effects such as the momentum dependence of the self-energy (a pure
thermal effect) and a nonzero imaginary part. In addition, the departure from soft-pion sum rules will complicate
the connection with spectral functions. Our analysis provides more realistic results regarding heavy-ion and lattice
phenomenology, since the chiral limit is intended to be valid only for temperatures T' > M., which are not reached
in the hadron gas. In addition, our ChPT analysis will ensure the model independency of the results at low and
moderate temperatures taking into account all relevant thermal contributions, which is a benchmark when comparing
to resonance exchange models. Besides, as we will explain here, the ChPT leading correction includes certain tadpole-
like terms which are not present in the leading resonance saturation diagrams and play an important role at the



temperatures considered. We will concentrate first on the corrections to the real part of the self-energy, including
its momentum dependence, but we will see that the nonzero pion mass also induces imaginary parts coming from
Landau pure thermal cuts of diagrams both with photon and resonance exchange, the latter remaining as a subleading
contribution. Our present work complements and extends also our previous studies of isospin-breaking corrections in
the meson gas [33, 34].

Let us discuss some additional motivations to perform this analysis.

The spectral properties of the particles which constitute the thermal bath are in principle subject to modifications
with respect to the vacuum, due to their mutual interactions. These modifications might lead to important observable
effects, as it is indeed the case with the p(770) meson and its influence in the dilepton spectrum|[10-12, 17]. However,
the temperature dependence of the masses of pions and other light mesons is usually not included in phenomenological
analysis of hadron yields [8] despite the fact that the dispersion relation enters directly in the particle number
distribution. In addition, the very same expansion dynamics is also in principle influenced by the thermal change in
the pion dispersion relation.

The importance of the pion dispersion relation in the pressure and equation of state and thus in the hadron gas
expansion has been discussed in [35]. On the other hand, a detailed analysis of the impact of the thermal pion
mass shift in freeze-out parameters [36] shows a tiny effect from M, (T'), taken as that predicted by one-loop ChPT
and hence very soft and increasing. The reason is that at low temperatures the shift is negligible while at higher
temperatures, when it becomes sizable, pion momenta are distributed near p ~ T so that the mass terms become
small in the dispersion relation. In [36] it is also pointed out that an increasing temperature-dependent pion mass is
consistent with the existence of hadron-like states prior to hadronization, with a mass larger than their vacuum value,
which could explain the experimentally observed quark number scaling in elliptic flow.

What we intend to address here in this phenomenological context is, first, how EM corrections modify the prediction
of a slowly increasing pion mass, at leading order in ChPT. In addition, we want to examine possible sizable differences
between neutral and charged self-energies with temperature and momentum, which could be of phenomenological
interest when comparing charged and neutral pion distributions.

Neutral pion distributions have been measured experimentally in recent Heavy Ion Collisions experiments at RHIC
in PHENIX [37, 38] and STAR [39] as well as in more recent ALICE (LHC) measurements [40, 41]. The comparison
between neutral and charged pion spectra for STAR data [39] shows that, although they are compatible within errors,
the central values for the n¥ lie systematically below the 7% for low pr in the central region. The difference is
much larger when nuclear modification factors of neutral pions and total charged hadrons are compared in central
events, which comes basically from the baryon excess of p/7 in the intermediate momentum region 2 GeV < pr < 4
GeV, where different hadron production mechanisms such as recombination come into play [42, 43]. At high enough
pr, say above 4-5 GeV, hadron production comes mainly from fragmentation mechanisms and the neutral- charged
hadron yields tend to be similar. The experimental difficulties of accessing the low momentum region are evident
and hence, the lowest point to which the yields are compared is pr = 0.5 GeV in the ALICE analysis [40]. At those
lower momenta, the neutral-charged yields are compatible within errors, although the central 7% value at pr = 0.5
GeV is slightly above the charged one. Overall, the above phenomenological data indicate compatibility with isospin
symmetry within errors for the observed pion spectrum.

In this experimental context, it makes sense to explore possible differences in the charged-neutral pion masses, or
more generally in their dispersion relation, which can include momentum dependent corrections coming from thermal
effects, as we will see. At the very least, this analysis should serve to confirm the very small charged-neutral deviations
observed in particle distributions and would certainly be more useful to explore the low momentum region, where
soft thermal pions are dominant, so that more precise experimental points at low pr, as expected from ALICE data,
would be welcome.

Moreover, the possible modifications in the imaginary part would give rise to differences in the thermal width
between charged and neutral pions. These differences could in principle be observable at least in two phenomenological
contexts. One could be differences in thermalization times and mean free path and hence in kinetic freeze-out
temperatures for the charged and neutral pion components, estimating kinetic freeze-out as the temperature for
which the mean free path becomes of the order of the system size, or equivalently for the mean collision time [29, 44].
The other one is in transport coefficients, for which the inverse thermal width of the internal lines enters in the
integrals of the relevant loop diagrams [19]. If there are significative differences between charged and neutral thermal
widths, there could be sizable corrections e.g. to the electrical conductivity, related to the photon spectrum [18] or to
the shear and bulk viscosities needed to explain correctly observables such as the elliptic flow or the trace anomaly
[19-21].

Besides the possible phenomenological implications, there are other, more theoretical, aspects of our analysis,
mostly in connection with chiral symmetry restoration and resonance saturation. At 7' = 0, in the soft pion limit,
i.e. vanishing external pion four-momentum p, (consistent only in the chiral limit of vanishing pion masses), and
to leading order in e?, the following sum rule connects the EM pion mass difference with the vector-axial spectral



function difference [45]:
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A natural question in this context is therefore the possible connection to chiral symmetry restoration at finite
temperature. Since vector and axial channels (saturated by the p and a; resonances respectively) are meant to
degenerate at the transition, the pion mass difference could then behave as an order parameter. However, as pointed
out first in [31], at finite temperature, the charged pion mass always receives a contribution AM?(T) ~ 2T?/4,
similarly to Debye screening for the longitudinal photon field, which actually would make the pion mass difference
grow instead. That contribution alone would be comparable to the T" = 0 value near 7T,. However, when the sum rule
(1) is corrected at T' # 0 one has to take into account also the modifications of the spectral functions py,a — py,a(T),
which in the chiral limit and to leading T2 order are given simply by a multiplicative T-dependent renormalization that
mixes the vector and axial spectral functions, predicting that they become degenerate at T~ v/3F, [46]. That term
gives rise to a decreasing correction to AM?(T) which added to the Debye-like one gives a net very soft decreasing
behaviour for the pion mass difference, in agreement with the ChPT calculation in the chiral limit [30].

All these aspects already studied in the chiral limit are meant to change considerably when nonzero physical pion
masses are considered. First of all, the soft pion limit will not be applicable because it only makes sense in the
chiral limit. Second, for the relevant temperatures involved near chiral restoration and in heavy-ion collisions, T" and
M, effects are comparable, so that new mass-dependent and momentum-dependent terms are expected, which could
change the previous chiral restoring and not-restoring balance. One of our purposes in this work will be precisely to
analyze those aspects related to the connection of the self-energy electromagnetic difference with the vector and axial
spectral functions when the pion mass is taken at its physical value.

Moreover, since the previous sum rule arguments and their finite-7 extensions are not directly applicable out of
the chiral limit, we will find useful also to appeal to models based on resonance exchange, for which the pion mass
difference has been calculated at T = 0 [47], in order to identify the leading and subleading contributions for physical
masses in the resonance saturation limit. Also within this framework we will establish the validity limit of our
pure-ChPT calculation.

Taking all these considerations into account, the structure of this work is the following: In section II we will carry
out the ChPT analysis of the self-energy, the real part contribution being discussed in section II A and the imaginary
one in section IIB. In both cases we will discuss several aspects such as the differences with the chiral limit, gauge
invariance, the momentum dependence and possible phenomenological consequences. Section III will be devoted to
the discussion of the extension of the sum rule connecting the pion electromagnetic self-energy difference with the
vector-axial vector spectral function difference. We will review the main aspects of previous derivations, both at
T =0and T # 0 in the chiral limit and analyze the main differences arising for physical pion masses and the formal
implications regarding chiral symmetry restoring and not-restoring terms. In section IV we will consider the pion
self-energy calculation in a resonance saturation framework including the p and a; resonances explicitly and will
examine the size of the different corrections within the context of the present work. In Appendices A and B we will
clarify several properties, definitions and conventions used throughout this work regarding spectral functions and loop
integrals.

II. CHPT ANALYSIS FOR PHYSICAL PION MASSES

The effective chiral lagrangian up to fourth order in p (a meson mass, momentum, temperature or derivative)
including EM interactions proportional to e? is given schematically by Lerr = Lp21e2 + Lpaqe2p24ea. The second
order lagrangian corresponds to the familiar non-linear sigma model plus the addition of the gauge coupling of mesons
to the photon field via the covariant derivative, and an additional term proportional to a low-energy constant C
compatible with the e # 0 symmetries of the QCD lagrangian [48-51].

2
Lpoier = %tr [DLUTDHU + 2BoM (U + UY)] + Ctr [QUQUT] . (2)

Since we are dealing only with pions, the Goldstone Boson field matrix takes the form U(x) = exp[i®/F] € SU(2),
being

o= (G %)



the pion field matrix.

The covariant derivative is D,, = 0,, +1A4,[Q, ] with A, the EM field and @ = (e/3)diag(2, —1) and M = 71, are
respectively the quark charge and mass matrices, where we will take the QCD isospin limit m, = mg = m, since as
explained in the introduction, we are interested in the dominant EM isospin breaking effect in the pion masses. Thus,
from the lagrangian (2) we read off the tree level neutral and charged pion masses, which we denote by a hat:
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The above squared tree level pion masses are then, consistently, O(p?) quantities independent of temperature, which
are related to the physical pion masses formally as M2 = J\}[E + O(p*). We will be interested here in the calculation
of those p* corrections, since they include the leading temperature dependence coming from pion loops. Similarly, the
pion decay constant F2 = F? + O(p*) and the quark condensate (gq) = 2BoF?[1 + O(p?)].

Physical predictions are rendered UV finite by renormalization of the low-energy constants (LEC) multiplying the
different terms of the lagrangian. Thus, the fourth order lagrangian consists of all possible terms compatible with the
QCD symmetries to that order, including the EM ones, and can be found for SU(2)-ChPT, for instance, in [51]. It
introduces a set of EM and non-EM LEC which appear in the calculation of the masses by instance of L4 c2p2 e,
when renormalizing the 7" = 0 divergences coming from the loops.

At finite temperature T # 0, we will work in the Imaginary Time (IT) formalism [1, 52] in which the correlators
corresponding to propagators are obtained by replacing in the action ¢ — —i7, i [ dix — fT dix = foﬁ dr [ d32. The
vertices remain the same as at T = 0 and the Feynman rules are modified according to the replacements indicated
in (B1). Once the internal loop sums over Matsubara frequencies w,, are performed, the result for a given correlator
can be analytically continued to external frequencies w + ie to obtain the retarded propagator, which contains the
information about the dispersion relation. The details and definitions of the various propagators and spectral functions
are given in Appendix A while in Appendix B we collect the results for the typical thermal loop integrals that we will
need throughout this work.

The dispersion relation is set up by the poles of the retarded propagator at w = tw, — i7y, with 7, the damping
rate in the thermal bath. It is obtained from the self-energy ¥, which in imaginary time is defined in (A1). As we will
work perturbatively within ChPT, ¥ = O(p*) so that the dispersion relation is perturbed around the vacuum value,
i.e, w? = E2+ReX(Ep; |pl; T) and v, = —Im X(E, +i€; |pl; T) /(2E,) where E? = |p> + M?, M is the tree level mass
and the T-dependent and p dependent self-energy has been analytically continued from the IT one as iw, — w + i€
to obtain the retarded propagator Gr(w,|p]) (see Appendix A for more details). Recall that at T # 0, X(w, |p])
depends separately on w and [p] as a result of the Lorentz Symmetry breaking due to the choice of the reference
system associated with the thermal bath.

If EM isospin breaking is considered, the dispersion relation is different for charged and neutral pions already at
tree level, as indicated in (4). To one loop, the diagrams contributing to the charged pion self-energy in ChPT
are showed in Fig.1. To the neutral pion self-energy, only diagrams of type (a) and (b) contribute. The numbers
between brackets in those diagrams denote the momentum order of the lagrangian that gives the corresponding vertex.
Diagrams (c) and (d) involve virtual photons. It is important to note that apart from the charged-neutral differences
in the self-energy coming from diagrams (c) and (d), there are others contributing at the same chiral order from
diagrams of tadpole type (a). Thus, on the one hand, a four-pion vertex coming from the F?2 term in (2) gives rise
to a contribution of the type G(Mﬂ:t) — G(M,To) to the self-energy charged-neutral difference, with G the tadpole
function defined in (B2). On the other hand, a four-pion vertex coming from the C' term in (2) only contributes to
the charged pion self-energy proportionally to CG(M,+).

We will discuss separately the real and imaginary contributions to the pion self-energy within our ChPT approach.
We will refer to the Appendices for details of the calculation. All the T = 0 contributions will be regularized in the
dimensional regularization (DR) scheme throughout this work.

A. Real part of the dispersion relation. Pion mass difference and momentum dependence

As discussed above, the real part of the self-energy shifts the real part of the pion pole, introducing 7" and momentum
dependence, perturbatively within ChPT through ReX(E,,|p]; T) with E? = |p]*> + M? with M? the corresponding
tree level pion mass. As customary, we will define the pion masses in the static limit 5 = 0.

The photon-tadpole diagram in Fig.1(c) defines the thermal Debye screening mass for longitudinal modes [1] and
vanishes at T'= 0. It is UV finite as it should for a pure thermal contribution. The UV divergences coming from the
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Figure 1. 1-PI diagrams contributing to the self-energy of a charged pion in SU(2)-ChPT to leading order. Diagrams for neutral
pions are the same removing those in which photons are present.

tadpole diagrams (a) and the photon-exchange diagram (d) are the same as at T = 0 and are absorbed by the tree
level diagrams (b), which include a particular combination of the fourth order LEC. The T = 0 result for the neutral
and charged pion masses taking into account all these diagrams is given in [51].

For the neutral pion mass, the above mentioned tadpole diagrams give to this order:

M?2,(T) = M2,(T = 0) {1 + % ( V(My,T) — ;gl(M,ro,T)>] , (5)
with the thermal g; function defined in (B3). The above thermal neutral pion mass is still increasing with temperature,
as showed in Fig.2.

As for the charged pion self-energy, for the photon-tadpole contribution in Fig.1(c) and the photon-exchange diagram
(d) we will work in the Feynman gauge o = 1 (see our notation for thermal propagators in Appendix A) as in the
T = 0 analysis [47, 51] and previous T # 0 ones [30-32]. In that gauge we have for diagram (c):

e2T?

Byraa) = 4TS / i +\ 3 = et (0:7) = (6)

where w,, = 2mnT is the internal Matsubara frequency and we have used (B3) and (B7). As commented above, this
is the typical e2T? screening or Debye mass behaviour appearing for longitudinal photon fields in the thermal bath
[1, 53] which holds also for gluons with prefactor corrections. Note also that this is a growing term with T', behaving
then against the naive arguments of chiral restoration mentioned in section I.

The photon exchange term corresponding to diagram (d) in Fig.1 is given in the Feynman gauge as:

(2p—q)°
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where p = (iwm, |p]) and ¢ = (iw,, §) are the external and loop IT momenta respectively, with wy = 27kT.
Writing in (7), 2p- ¢ = —(p — q)% + ¢* + p?, we have in IT:
S gaicom 71 T) = 2 { GWEgs; T) = 2G(0:T) + 2 [ — w2, — 3] T (0, Ngs o, ) } (8)

where the G and Jr functions are defined in (B2) and (B9) respectively. Therefore, performing the analytical

continuation iw,, — py + i€ and for on-shell pions p? = Mii (perturbative self-energy), this contribution can be cast
as:

S pe(w +ie,w? = ELT) = €* |G(Mye;T) — 2G(0; T) + AMZ Jp(0, My w + i€, w?® = E7) (9)

Note that in the chiral limit (rh = 0) and neglecting O(e?) we get X raq + Syps = ? which is nothing but
the scalar thermal mass squared obtained to one loop in Scalar QED (SQED) [53]. Note also that, according to our
analysis in Appendix B, the above Jr function develops an imaginary part, which we will analyze in section IIB.



At this point, let us discuss the gauge invariance of the previous result in a covariant gauge. The gauge parameter
dependence is in the photon propagator and then it only affects diagrams (c¢) and (d) in Fig.1. If we add the contri-
bution proportional to (v — 1) of the gauge boson propagator (A9), we obtain the following additional contributions
to those diagrams

2
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(10)

Now, let us concentrate on the on-shell point p? = Mfri (which will hold after analytical continuation) so that
with similar manipulations as before, we can write the numerator of 6X,g, as (2p - q) [,(p, q)? + M2, — q2] +
(@®)? =[-(p—q)* + M2.] [2p- q — ¢?] so that we get 65, p,(w? = E2) = *(a — 1)%2 = —0%,74a(T) since the sum
and integration of p - ¢/(¢?)? vanishes. Therefore, within our perturbative ChPT scheme, the dispersion relation is
independent of the gauge parameter in covariant gauges. Note that it is crucial that we remain within the strict regime
of perturbation theory to prove this result, since, consistently with that approach, we have taken the self-energy at
the on-shell point.

Therefore, we get, after collecting all the pieces, for the real part of the self-energy difference at finite temperature:

or2

M - - .
AS(FT) = AS(T = 0) + =2 g1 (Mo, T) = g1 (Ms, T)| + (1 = 42)e2g1 (M, T)
e2T? .
+ +4MziReJT(0vMﬂi;‘ﬁ|) +O(p6)a (11)

where the explicit expression for Re Jp(0, My+;|p]) is given in (B14) and Z = C/F*. We recover the T = 0 result
of [51] taking into account (B5) and (B15). On the other hand, in the chiral limit /i = 0 and neglecting O(e?), we

reproduce the result of [30] for the EM mass difference, namely M2, — M2, = (2Ce?/F?) (1 - %) + 1€*T?. Note

the combination of a first decreasing term, coming from vector-axial mixing towards chiral restoration (as we will
discuss in section III) plus the increasing thermal scalar mass term. The net result in the chiral limit is a slowly
decreasing function as showed in Fig.2.

In our present work, we have additional mass and momentum dependence terms, which should play a relevant role
for the physically realistic temperature regime, where the approach T' > M, is not justified. In particular, if we define
the mass in the static limit 7 = 0, using (B16) in (11) we get:

M2, . . .
AMA(T) = AX(|p] = 0;T) = AMZ(0) + Fg {gl(Mﬂo,T) - gl(Mﬂi7T)} + (1 —42)e*g1 (M=, T)
272 ) 6
+ +4AMZL go(My+;T) + O(p°)
. . . T2
= AMZ(0) + € |2(2+ Z)M7go (Mo T) + (1 = 42) 0 (Mo T) + 6} +0(e) +0(p°) (12)

with go defined in (B17). Note that, as it is written in the last line in (12), it is clear that all the terms give
contributions increasing with T' except for the term —4Z¢g; which, as we will show in section III carries out the chiral-
restoring V — A mixing. Note also that apart from the g; (M, T) terms which become T%/12 in the chiral limit, there is
also a gy term which was absent in the chiral limit and receives a contribution from the photon exchange diagram and
another one from the tadpole difference of g; functions. Taking into account the typical asymptotic behaviours for
these functions described in Appendix B, this new g term is comparable to the others for the range of temperatures
considered here, i.e., relevant for a Heavy Ion environment and actually, as we will just see, the net result for the pion
mass difference is now an increasing function of 7. Recall that both g; and go are increasing functions of 7T'.

The results for the charged and neutral masses separately and for their difference are displayed in Fig.2. For the
numerical evaluation of our results we will take the same values for the low-energy constants as in [54]. We have used
physical masses for the pions instead of the tree level masses for the numerical results since the difference is encoded
in higher order corrections. In the thermal range considered, and despite the different sign of the various terms, the
increasing terms turn out to dominate the pion mass difference, which is approximately 24% bigger at T' = 150 MeV
than the zero temperature value and altogether the variation is quite soft with temperature. Also, when T grows
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Figure 2. Left: Charged (red,dashed line) and neutral (blue,solid line) pion masses in the static limit to leading order in
SU(2)-ChPT for non zero tree level pion masses. Right: Different results for the charged-neutral pion mass difference: (a, solid
line) corresponds to our calculation in the chiral limit keeping corrections e # 0 for the tree level charged pion mass inside the
loops; (b, dot-dashed line) corresponds to the same calculation with m # 0 and e # 0 also inside the loops; (¢, dotted line) is
the full result subtracting the chiral restoring term as explained in the text and (d, dashed line) is the result given in [30].

much above the applicability range of these ChPT calculations the mass difference starts to decrease. But this should
be expected since expansions in M+ /T — 0 should coincide with the T-decreasing chiral limit behaviour commented
above. It is important to remark though that for low and moderate temperatures our result with physical masses
differs qualitative and quantitatively from the chiral limit one. Finally, we have shown also in the right panel of Fig.2
the results in a modified chiral limit where we set m = 0 but consider EM effects to be still turned on, i.e. e # 0,
even inside the loops. In addition, in order to calibrate the importance of chiral symmetry restoration in the obtained
behaviour, we have also plotted in Fig.2 the result for the EM (static) mass difference without including the chiral
restoring term —4Zg;(M,,T) in (12). The effect would be much larger then, giving rise to about a 9 MeV mass
difference around T = 200 MeV, i.e. twice its T' = 0 value.

One of the conclusions of this work is then that the scalar mass inherent to the thermal bath plus the massive pion
effects overshadow the restoring terms coming from axial-vector degeneration leaving no trace of a chiral restoring
behaviour as would have been inferred naively from (1). On the contrary, the net result is monotonically increasing.
In section IIT we will present a more detailed discussion in connection with sum rules and resonance saturation.

Let us analyze now the momentum dependence in the real part of the dispersion relation. The pion gas formed after
a relativistic heavy ion collision is in thermal equilibrium and hence momenta are weighted with the Bose-Einstein
distribution function. Thus, we can define a momentum-averaged mass and compare with the static mass defined
before. This is then a relevant observable when comparing with experimental pion distributions. The distribution
function peaks around some three-momentum value which varies with temperature, in such a way that for a certain
T there are only an effective number of pions with three-momenta around this value which are thermally active.
Actually, for small T < M, momenta are distributed around p ~ v MT while in the opposite regime T > M they
do around p ~ T

For any p~-dependent observable, A(p, T), we can associate a momentum average taking into account the neat effect
of the thermal bath by weighting over the number of particles present at a given temperature and dividing by the
total number of pions existing in the gas, i.e.

J & np(Ey, T)A(P, T)
f dgp nB (Epv T)

(A(T))p = (13)

In Fig.3 we show the results for the averaged charged pion mass (left panel) and for the charged-neutral difference
(right panel) compared with the results in the static limit. Since eq.(5) does not depend on p, neutral pions satisfy
(M, o) = Myo. As we see there, both pictures show that at very low temperatures the results are almost indis-
tinguishable and, in the case of the charged mass, almost imperceptible, along the range of temperatures at which
ChPT can be still predictive. The departure from the static limit is more perceptible in the mass difference since
we are subtracting the main vacuum contribution to the neutral and charged masses. In that plot, note that even
at moderate temperatures of about 7' =100 MeV, the effect of the thermal bath makes the averaged curve to grow
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Figure 3. Leading order ChPT result for the static charged pion mass (left) and the charged-neutral pion mass difference (right)
versus the mean value of those same observables over external momenta in the thermal bath.

slower than the static one and, for larger temperatures, we even see a qualitative decreasing, eventually approaching
the chiral limit behaviour faster than in the static case. Since we expect the momentum distribution to be peaked
around p ~ T as T is increased, it is not surprise that the differences with the p = 0 case become more relevant for
higher temperatures. Note also that from (B14), we obtain that the Re Jr term in (11) vanishes asymptotically for
p — oo as O(M2/p?), so that the importance of that p-dependent term becomes gradually smaller as T increases and
therefore the total result gets closer to the chiral limit.

The main conclusion of this section is that the EM mass difference when physical pion masses are considered is a
softly increasing function of T, pretty much as in the e = 0 case. This behaviour is even softer for the momentum
averaged mass. This result is consistent with the experimental observations in the pion spectra commented in section
I. In this respect, one can actually consider chiral symmetry restoration as being ultimately responsible for charged-
neutral differences not being observed, in view of the results showed in Fig.2.

B. Imaginary part: bremsstrahlung-like IR enhanced contributions

To the order in ChPT that we are considering, the photon-exchange diagram (d) in Fig.1 leads to a nonzero
imaginary part of the self-energy which, according with our previous discussion, allows to define perturbatively a
damping rate for the pion as ygu(|p]) = —Im 3 (E, + i€, |p])/(2E,). By the subscript EM we recall that this would
be a pure EM correction felt only by the charged pions and therefore would introduce neutral-charged differences in
the damping effects, as discussed below.

In a covariant gauge, for which we have just showed that the on-shell one-loop ¥ is independent of the gauge

parameter «, and according to (9), we would have vga (|p]) = — 2]];4’% Im J7 (0, My;w = E,, |p]) with Im J7 the function

given in (B18). Note that we get a nonzero answer despite the fact that the vacuum bremsstrahlung process of a
scalar radiating a photon is forbidden. The reason is that, as discussed in Appendix B, the Landau and unitarity cuts
in this case give a contribution for which, respectively, the conditions £, = |q] £ E|z_z, with |q] and |¢— p] the photon
and internal pion momentum respectively, are fulfilled for |g] = 0. Thus, those terms correspond to the two possible
processes m — 7y arising from cutting diagram (d) in Fig.1, with thermal photons (quasiparticle states) weighted by
n(|q]) ~ T/|q) which enhances this contribution so that [ ¢n(q)d(g) remains finite according to the prescription for
the § function arising from the retarded propagator, as we explain in detail at the end of Appendix B.

However, the previous covariant gauge calculation of the damping rate is not well defined. In particular, one readily
realizes that Im ¥ thus obtained is positive, so that the damping rate would be negative and then unphysical, the
corresponding retarded propagator not having the correct analytic behavior described in Appendix A. This sign
problem is just a reflection of a deeper issue directly related to the gauge choice. For the imaginary part, we are
putting the internal quasiparticles in the loop on their mass shell, weighted by the different thermal distributions.
That means that in a covariant gauge, we are counting the additional nonphysical gauge degrees of freedom as being
in thermal equilibrium and hence contributing to the damping rate. The problem of introducing the correct degrees
of freedom in hot gauge theories has been actually treated extensively in the literature [1]. For instance, a strict loop
calculation of the gauge field damping rate leads to a dependence on the gauge parameter o when working in covariant
gauges, which may actually result in a wrong sign for the damping rate [55, 56]. This problem is avoided in physical
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gauges such as the Coulomb gauge, where one gets physically meaningful answers [57]. To arrive to the same result
in covariant gauges, alternative approaches have to be used [58, 59] which yield modifications of the naive gauge field
propagator so as to ensure that only the physical gauge degrees of freedom remain thermally active. Actually, as it is
well known in thermal field theory, these kind of difficulties with gauge invariance of the standard loop calculations
was one of the motivations that led to the formulation of the Hard Thermal Loop (HTL) resummation scheme at high
temperatures [60]. However, within the ChPT framework for physical pion masses, we are not in the regime where a
HTL-based approach would be applicable since temperature, mass and momenta are all of the same order, so we have
to ensure that the correct degrees of freedom for thermal quasiparticles are included. For that purpose, we will define
the charged pion damping rate in the strict Coulomb gauge, which free propagator is given in (A10). It contains only
longitudinal D% and transverse D% components, the longitudinal one not propagating, since the corresponding free
spectral function vanishes. Note that the previous arguments should not affect the real part calculation performed in
section IT A in covariant gauges and actually we have checked that the real part of the perturbative on-shell self-energy
remains the same in the Coulomb gauge. We also point out that previous calculations of the charged scalar damping
rate in SQED, formally similar to ours although within the HTL regime, are also carried out in the Coulomb gauge
[61, 62]. In those works, similarly to QCD, it is found that the transverse part of the HTL-resummed damping rate
is infrared divergent, while the longitudinal part remains finite.

It must be born in mind that the gauge problem mentioned above, as well as the existence of infrared singularities
for the damping rate and a nonzero longitudinal contribution in SQED, are warnings that may indicate the necessity
of considering higher terms also in our ChPT analysis, which is beyond the scope of this work. We consider then
our results in this section as mere estimates of the possible size of this pion damping effect and its consequences,
which have the advantage that, at least to the order considered, the results are guaranteed to be infrared finite, as
well as model-independent. The inclusion of those higher orders could actually amplify some of the phenomenological
consequences that we will just discuss.

Guided by the previous considerations, we will calculate the charged pion damping rate in the strict Coulomb gauge,
with gauge propagator given by (A10). When this propagator is used in diagrams (c) and (d) of Fig.1, we obtain
respectively, in dimensional regularization:

d q (LJP”(q 9 d3q 1 e2T?
SC5a(T) = —e = —2 TZ/ TP 6 (14)
2m " 1 — cos?6
i 5 T) = T3 / el —aeppry [ o (15)
Plae [w- o2 - 2. — ) M2
where cos = £-L. Of the above terms, only the second one in the r.h.s. of (15) contributes to the imaginary part
7111

when ¥ is analytically continued and taken on the mass shell. This is precisely the transverse contribution, second
term in (A10), to the photon exchange diagram. The longitudinal part does not contribute to the photon spectral
function at this order, consistently with the idea that longitudinal free photons do not propagate.

As commented above, we have explicitly checked that Zv d(T) + ReE g (w? = E2,|p|; T) equals the result (11).
As for the imaginary part, which as stated is only well defined in the Coulomb gauge, after analytic continuation and
following the same steps as in Appendix B when analyzing Im Jr (0, M), we get:

o) = = 7 dagn(@)d(a) / D dn(1—a?) | —
EM = — 7 J - T T
87 B2 J, . -E I+ E
2 2
:d 1— Mz log Ep+p (16)
4 2pE, E,—p

where we have denoted p = |p] and we have used the retarded prescription for the ¢ function discussed in Appendix
B. Once more, the above contribution comes from processes radiating thermal (physical) photon degrees of freedom
at vanishing spatial momentum.

The function ygar(p) in (16) is plotted in Fig.4 (left panel). As it can be directly checked from (16), it is linearly
proportional to T, it vanishes for p — 0% for fixed pion mass M, and behaves asymptotically as ygps(p — o0) — %TT.
This asymptotic value is also the result in the chiral limit M — 0% or taking directly M = 0 from the start. This
p dependence is indeed very similar to the one found in [61] for the transverse part of the damping, although in
that work ~ is logarithmically dependent on the infra-red cutoff, which we do not need to introduce at the order we
are considering. In turn, we mention that we have checked that we arrive also to (16) by replacing in the general
expressions in [61] the free spectral function in the Coulomb gauge.
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Figure 4. Left: The EM damping rate versus momentum. Right: The momentum averaged pion damping rate with e = 0 ()
and the EM contribution (year).

In order to analyze the possible phenomenological effects of this EM contribution to the damping rate, we have
plotted in Fig.4 (right panel) the average (ymas) according to (13), compared to the averaged damping rate in ChPT
for e = 0, which we denote ~y, which comes from a two-loop sunset diagram [27] and can be obtained also from kinetic
theory arguments [28]. The damping 7, is the leading contribution to the inverse mean collision time and to the
inverse mean free path for pions in the isospin limit, i.e., contributes equally for charged and neutral pions, whereas,
as stated above, ygps would contribute only to the charged ones. We also recall that ~,, within the dilute regime
applicable here, depends linearly on the imaginary part of the 7w scattering forward amplitude and hence on the
total cross section from the optical theorem, which allows to get a unitarized version whose average value grows much
smoothly with temperature due to the unitarity bounds on the amplitude [27]. This unitarized damping is actually
more realistic physically, since it describes scattering more accurately.

From the curve in Fig.4, we observe that, even though in principle 7, is a higher order contribution with respect
to vgas in the ChPT expansion, their numerical values are comparable for low and moderate temperatures and =,
gets actually much larger as T increases further. This is due on the one hand to the small numerical size of EM
contributions and on the other hand to the large growing with 7" of the nonunitarized damping discussed above, due
to the strongly interacting character of pion scattering as energy increases. The second effect starts being significant
from about T' ~ 80 MeV, although the unitarized curve still departs from the EM one above T' = 100 MeV.

Thus, within a Heavy-Ion environment, we expect the maximum EM effects to be operative at the end of the
expansion, i.e. around thermal freeze out T~ 100 MeV. As discussed in section I, the thermal damping ~(p) enters
inversely in transport coefficients, inside a p integral corresponding to the leading diagram for conserved current
correlators [18-20]. It is not the purpose of this work to carry out a detailed evaluation of this effect, but in order to
get a rough estimate of the size of the corrections, we can use just the thermal averaged values. In particular, in the
electrical conductivity only the charged pion enters in the dominant loop [18] so that an estimate of the correction
to that coefficient with respect to the isospin limit would be of order 1 — 7, /(vx + vEar), which gives, for averaged
values, 0.07 for T = 100 MeV (taking the unitarized value for (7,)) and 0.13 for 7" = 80 MeV so in that region the
expected correction to the electrical conductivity is around 10%. Regarding other transport coefficients, such as the
shear and bulk viscosities, since all pion species enter the loop of energy-momentum correlators [19], the correction
will be of order 1 — [1 + 27, /(vx + YEar)]/3 which gives 0.05 for 7= 100 MeV and 0.09 for 7' = 80 MeV.

Another consequence of the EM damping effect is that the mean free time 7 = 1/v and the mean free path
X = p/(Epy) for charged pions are smaller than for the neutral component. Thus, for neutral pions 79 = 1/, while
for charged ones 7., = 1/(yx + Yem). This implies for instance a reduction in the thermal or kinetic freeze-out
temperature of the charged pion component with respect to the neutral one, defined as 7(Tro) ~ 10 fm/c, the typical
plasma lifetime. This effect is much smaller: we get around 2 MeV reduction in Tro between the neutral and charged
components, using again the unitarized (7).
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III. SUM RULE, RESONANCES AND CHIRAL RESTORATION

The study of sum rules regarding spectral functions in the vector and axial-vector channels and their in-medium
or thermal bath modifications has been the subject of thorough investigation up to very recently [63-65]. We will be
interested here in the sum rule related to the EM pion mass difference and its extension to finite pion masses and
finite temperature. That sum rule was originally derived in [45] and analyzed at finite temperature in the chiral limit
in [30, 31].

The traditional derivation of Das sum rule [30, 45, 47] starts from the O(e?) correction to the pion mass given in
terms of a EM current-current correlator:

AR(AT) = § [ e @I, @ L0 @) g @)

e? ¢ 9" Tw(q.p:T)
=T R 17
TE [ Gt )

Here, we have allowed for a p’ dependence on the self-energy, from the loss of Lorentz covariance. The |r) states are
meant to be T = 0 free ones with dispersion relation p?> = M2(e = 0). The current J,, is the EM current, whose QC D
representation is J, = gQvy,q and time ordering is along the imaginary time axis. The subscript 7" in the matrix
element indicates that the corresponding IT correlators obtained after LSZ reduction formulas are to be averaged in
the thermal bath. After all the Matsubara sums are performed, the result for the self-energy defined in (17) is meant
to be analytically continued to the external p = (w + i€, p) with w € R, so that this corresponds to the retarded
self-energy, which encodes properly the spectral properties, as discussed in Appendix A.

Since this is just the leading order correction in e?, we can take D" as the free photon propagator, which we
consider in the Feynman gauge a = 1. T,,(q,p) is the Fourier transform of the pion matrix element in the first
equation above and corresponds to Compton scattering. It is useful to split this amplitude into contact and non-

contact terms T}, = T,Sg) + T,Ef,vc) so that the contact contribution corresponds to two photons interacting in the

same vertex (seagull diagram (c) in Fig.1 in our previous ChPT calculation), i.e, T,Sg) =29,

A. T =0 sum rule in the Soft Pion Limit

In order to relate (17) with vector and axial-vector thermal averages, suitable to connect with chiral restoration,
one possible approach is to take the Soft Pion Limit (SPL) p — 0 for the pion states and use Current Algebra (CA)
for the current commutators involved. Note that using the SPL implies automatically to work in the chiral limit of
vanishing quark masses 1 = 0 so that the 70 is massless. Let us first analyze the T = 0 case in the SPL.

In the SPL+CA approach the NC part of the Compton amplitude satisfies:

2
. NC v A
]{%wa )(g,p) = 72 [T, (@) — 115, (q)] (18)

where H){;,A(q) are respectively the Fourier transforms of the vector and axial-vector vacuum expectation values

(0[V3()V;3(0)[0) and (0| A (x)A3(0)|0) with V,*(x) and A%(z) the vector and axial-vector currents. Note that here

we do not make any distinction between the physical F; and the tree level F' appearing in the lowest order chiral

lagrangian (2) since they coincide in the regime of validity of CA, equivalent to the lowest order in the chiral expansion.
For the non-contact contribution we use the standard 7' = 0 decomposition (see Appendix A):

Quq
HL/U = ( Iq2 - gMV> HV(QQ)

4.9y quqv
I, — ( ;2 gw) () + 2441 ) (19)

Note that for the axial-vector case, we have added a four-dimensional longitudinal piece, which arises from the partial
conservation of axial current (PCAC) in QCD. We use T, L to denote three-dimensional transverse and longitudinal
contributions (both four-dimensionally transverse) and ¢,! to denote four-dimensional transverse and longitudinal
ones.
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On the other hand, as customary, we can write for the correlators IIV and I1* their spectral function representation
at T'=0:

o0 AV s
HV(qQ):QQ/O dsp (s)

¢ —s
[o'e] AAS

i) = ¢ as2 () (20)
0 q S

since at T = 0 they only depend on ¢? and there are no cuts for s < 0 (see Appendix A).

To leading order in the low-energy expansion, or equivalently using CA, in the chiral limit and for T = 0 one
has 1 (q) = F2¢*G,(q) with G, the leading order pion propagator, since the axial-vector current in the low-
energy representation from is just A? = F;0,m® + ..., the dots denoting higher terms in the chiral expansion
(labeled formally by the 1/F in the lagrangian). This is consistent also with the PCAC theorem, valid within CA,
(0|6“Az\7rb> = 0" F, M2

Thus, for T = 0 and in the chiral limit one has:

AM?

3¢ [ dq ¢ {Fﬁ _/oodspv(s)_pA(s) (21)

=i
‘SPL,T:O F2 (2m)* ¢ +ie [ ¢? + i€ g% —s+ie

where the momentum integral is in Minkowski space-time. The first term inside the brackets in the above expression
comes from the sum of the contact term Tfy plus the II;* term contribution. Even though that first term would vanish
in DR, we keep it to track more easily the UV behaviour in terms of a cutoff A — oo, since in that way one can check
the consistency of the different versions of the sum rule. Actually, and this is an important point, the finiteness of the

result for A — oo is directly connected with the well-known Weinberg sum rules [66] (at 7= 0 in the chiral limit):

| as 6 - o)) = 2 (22)
[ as sl @ = e =0 (23)

Hence, consider the dominant quadratic [ d*q(1/¢*) ~ A? divergent UV part in the s integral in (21), which is
given just by the leading order in the expansion ¢® > s (formally Q% >> s after Wick rotating the integral so that
the Minkowskian gy — —igo and Q% = ¢2 + |¢]?). That leading contribution cancels then exactly with the first term
inside the brackets if (22) holds. The next to leading UV divergence is of order [ d*q(1/q*) ~ log A and cancels also
once (23) is used. Once AME’SPL’T:O in (21) is shown to be finite, the Q? Euclidean integral can be performed,

giving rise to the original sum rule in [45]:

362 o)
AV gy iro = ~Torepz [, As5(ns)[pv(s) = pa(s) (24)

Thus, at T'= 0 and in the chiral limit one gets the typical py — p4 contribution which naively would vanish if chiral
symmetry is restored.

For practical purposes, it would be useful to assume that the vector and axial spectral functions are saturated,
respectively, by the p(770) and a1(1260) resonances, consistently with Vector Meson Dominance and Resonance
Saturation (RS) [47, 48, 67]. See also our comments in section IV. In this section, this will only used for power
counting arguments regarding the sum rule, rather than to get a numerically accurate prediction. In addition, at least
for a rough estimate, we can in principle neglect the width of those resonances with respect to their mass, so that
at zero temperature py 4 ~ Fg 46 (s — M 4) where Fy} and F3 are the constant residues of the current correlators.
They correspond respectively to pym?™ and a;yw?™+! (n > 0) couplings in the spin-1 resonance lagrangian [67]. Recall
that, in that limit, (22) and (23) would give respectively F2 — F% = F2 and FZM2 = F3M?%, which are reasonably
fulfilled by the physical values of those constants [47, 48]. When this narrow RS limit is used in (24), one gets
AM?2 ~ BCEYMY log(M?%/M2) which gives M+ — Mo ~ 4.7 MeV, reasonably close to the experimental

‘SPL,T:O = T16n°F2
value of 4.5944-0.001 MeV.
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In general, the vector and axial-vector spectral functions should be more elaborated, including nonzero widths,
continuum and excited states contributions, in order to comply with phenomenology data such as 7-decay data (see
[64] for a recent update). This level of precision will not be necessary for our present work.

An important point in our analysis will be to classify the different contributions to the pion mass difference according
to a power counting in terms of typical resonance masses. Thus, we consider a formal expansion parameter:

@~ M7 /M ~ T [Mp

where Mp = O(My,4). Fy a and F; are treated as parameters of the same order in this expansion. Note that we
treat the pion mass and the temperature as being of the same order, which is the main difference of the present work
with [30]. This counting is basically equivalent to the chiral expansion. However, working within the framework of
resonance models will help better to understand the modifications to the sum rule (24) as well as to make numerical
estimates of the accuracy of ChPT, which will be carried out in section IV.

Thus, according to our previous discussion, we can think of the SPL result (24) as the leading O(M3) order,
which actually gives the numerically dominant contribution to the constant C' in (4), whereas NLO corrections of
O(xzM3) ~ O(M2,T?) arise from the ChPT pion loops discussed in section II.

B. T # 0 sum rule in the SPL

Let us now still keep the SPL (and therefore the chiral limit) but allow T # 0, as in the analysis performed in [30].
One can then assume that the soft pion and current algebra theorems relating the pion expectation value of (17) with
current correlation functions, as in (18) still holds. However, a crucial point is that now H A(q;T) are T-dependent
correlation functions corresponding to (7V,(x)V;3(0))7 and (T A3 (x)A3(0))r.

Those correlators, apart from carrying on T-dependent corrections to the spectral functions, will give rise to a more
complicated tensor structure, as discussed in Appendix A. Thus, the steps leading to the thermal version of (18)
are only valid in the SPL and up to O(T?) corrections. For instance, F2(T') defined through the residue of the axial
correlator at the pion pole gives rise to two independent pion decay constants, corresponding to the space and time
components of the axial current, from O(T*) onwards [68], even in the chiral limit.

Keeping only the leading O(T?) corrections in the chiral limit, it is well known that the only thermal correction to
axial and vector spectral functions is a multiplicative renormalization with respect to the 7' = 0 ones, namely [46]:

1, (¢;T) = [1 — e(T)]11,,(g; 0) + (T}, (¢; 0)
7, (q; T) = [1 — e(T)] 11, (¢; 0) + (7)1, (¢; 0) (25)

where €(T) = GTTZZ = 2¢1(0,T)/F? comes from pion tadpole corrections. Note that this SPL mixing predicts chiral
restoration, in the sense of axial-vector current degeneration, at € = 1/2, i.e, at T ~ /3F, before the value for which
the quark condensate vanishes in the chiral limit, 7 ~ +/8F [26]. Thus, to this order the only modification is the
residue of the correlators, not their poles. Actually, the temperature corrections to the p,a; meson masses and widths
are expected to be of order O(e=Mr/T) = O(e~1/V7) [11, 12, 17, 69).

Therefore, using in (17), the thermal version of (18) with F2 — F2(T') and the VA correlators replaced by (25), we
can write now:

e [1 26 T)

2 2 _
AMZ|gpp gsg = 4e TZ/ 2r)3 w2 + ‘,ﬂz w2 T |(I12
3¢ [1—2¢(T)] (5; 0) — pA(s;0)
F2(T) Z/ / w% + 41?2 — s + ie (26)

where F2(T) = F?[1 — ¢(T)] in the chiral limit [26].
The first term above comes from the contact term (photon tadpole in Fig.1) and is the Debye screening mass of
the longitudinal photons which will contribute also to the charged thermal mass. In DR, from (B2), is given by
2
4e2g1(0,T) = ¢ g
already in section ITA.

= 0 term vanishing identically for a massless particle (in this case the photon) as discussed
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The second term in (26) comes from the II*(¢%; T = 0) part of the 7' = 0 axial correlator when using the mixing
(25). Note that to the order T? that we are keeping, in the SPL the first and second term in (26) add together giving
a net T? contribution.

Finally, the last term in (26) is the reminder of the V' — A correlator coming from the non-contact part. Now
the relevant T2 contribution arises from the multiplicative factor in front of the integrals. The rest of the thermal
contributions coming from that term are the result of evaluating the Matsubara sum, and are essentially of the
order of g1 (Mp;T) ~ e~ Mr/T if the spectral functions are taken as saturated by the vector and axial-vector lightest
resonances, i.e, those contributions are exponentially suppressed in the x counting that we have introduced in section
ITA.

Note also that the formal expression (26) is finite up to O(T?) in the UV cutoff A, by the same reason than for
T = 0, i.e, using the sum rules (22)-(23), taking into account that the infinities are contained only in the T' = 0
part of the integrals and that the O(A?) is formally O(zM3) so that when extracting that contribution one should
not consider the €(T") corrections in (26), which would be of higher order, since we are relying on the mixing (25)
which is valid only up to O(xzM3) = O(T?). On the other hand, the log A is O(M%) and then, for that logarithmic
divergence those €(T") corrections have to be kept in both the second and third terms in (26). Alternatively, before
using the mixing (25), it can be proven that the expression remains finite, since the Weinberg sum rules hold also at
finite temperature by replacing the s integrals of spectral functions by energy ones at fixed spatial momentum [63],
which is the correct representation for the thermal correlators, as discussed in Appendix A. Recall that in [63], these
sum rules are derived for the full axial spectral function, i.e, including the longitudinal part.

Thus, in the chiral and SPL limits and to O(T?), using DR one has:

T2 20 f(T)e?
AT 2CH(T)e

2 —
A]\4‘IF|SPL,T;¢60 Y E2

(27)

where f(T) = (1 - %) and C given by the leading order (24), i.e., C = % AMﬂSPL o = O(M3). Recall that

(27) includes the corrections of O(z M%) to the leading O(M%) order, which in the SPL amount either to O(T?) or
O(e(T)M3). Further corrections would include either O(exp(—1/y/)) or O(z> M%), the latter entering proportionally
to T* in the chiral limit. The above result was obtained in [30] and gives the same answer as taking the chiral and
SPL limits in our general ChPT expression (11) as we have actually shown in section ITA.

It is actually instructive at this point to compare the origin of the different terms from the viewpoint of the role of
resonances and possible remnants of the naive chiral-restoring V' — A behaviour of the 7' = 0 expression (24). Thus,
the first term in (26), the Debye screening term, is the one coming from diagram (c) in Fig. 1 as given in (6). The
second term in (26) is nothing but the chiral limit and SPL version of ¥, g, in (9) from diagram (d) in Fig.1. Thus,
when setting p' = 0 and M = 0, that contribution becomes proportional to the tadpole T2, as discussed in section
ITA. These two terms combine into the T2 first term in the r.h.s of (27), the thermal scalar mass. The remaining bit,
i.e, the last term in (26), proportional to the integrated difference of spectral functions, is a tadpole correction coming
from diagrams of type (a) in Fig.1, namely the —4Ze2g; term in (11). This term gives rise to the second contribution
in the r.h.s of (27) since in the chiral limit, the additional tadpole contribution in (11) vanishes exactly.

Therefore, the chiral restoration V' — A behaviour of the mass difference, driven by the function f(T) in (27), which
in principle makes the EM pion mass difference decrease, is compensated now by the increasing behaviour of the
combined Debye+Photon exchange first term in (27). The numerical size of these two terms are indeed comparable,
and the net result is an almost constant T' behaviour which masks then the chiral restoring. This was already noticed
in [30]. Our purpose here is to show that this behaviour remains and is even more pronounced for physically realistic
pion masses, coming from two different sources: the naive extension of the SPL sum rule using now M, # 0 thermal
functions, plus the O(M?2) deviations from that sum rule. As discussed above, the chiral limit is nothing but the
leading asymptotic term for T' > M,. However, for realistic masses, the corrections are important and actually their
analysis allows to understand better the obtained T-dependent behaviour.

C. T # 0 analysis for nonzero pion masses and momenta

Most of our previous discussion deals with the SPL p,, — 0 with p the external pion four-momentum. In that limit
it is mandatory to take the chiral limit, i.e, massless pions for e = 0 or vanishing quark masses. However, for realistic
temperatures such as those being reached in Heavy Ion experiments, this is not a good approximation, since T' and
M, are parameters of the same order, and so they are in the chiral expansion.

If the SPL is abandoned and the quark masses are nonzero, some of the previous arguments in this section have
certainly to be revisited. We can start from the general equation (17), from which we separate the connected part of
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the current correlator. However, for the non-connected part, the relation with the thermal correlators HX;,A through
the thermal extension of (18) does not necessarily hold for p, # 0. It is also unclear that the V' — A mixing effect
(25) is also the dominant one when replacing €(T) — 2g1(M,;T)/F?, as it is often considered [64], since the original
mixing theorem [46] was derived precisely assuming the SPL in the connection between pion expectation values and
thermal correlators. Note that this replacement would come just from changing the free pion propagator form the
massless case to the massive one.

One could then wonder whether the thermal SPL sum rule could be naively extended just by changing the free
pion propagator. One way to see that such sum rule extension does not hold, is to look again at the UV behaviour
with a cutoff A. Consider then the extension of (26) replacing just (w2 + |7]?) — (w2 + |§]* + M2) in the second
integral, to comply with PCAC at M, # 0, e(T) — 2g1(M,; T)/F? and the finite mass correction to F2(T) which is
just F2(T) = F2(0) [1 — 2g1(Mx;T)/F?] [26]. Note that F2(0) receives now corrections of order x ~ M?2/AZ. Taking
now the leading UV terms, as we did in section IIT A, the infinities do not cancel, since the WSR (22)-(23) are known
to receive O(M?2) corrections. In particular, (22) remains the same, but (23) changes to [64, 70]:

| s s [0 - 0] = 202 (28)

Thus, the leading UV A? term corresponding to take s = 0 in the denominator would still cancel with the Debye
term, by the same reasons as discussed in the massless case in the previous section. Note that for this leading term it
is irrelevant to put M, # 0 in the propagator inside the second integral. However, when the NLO log A is considered,
there is no cancelation, since the last integral gives an extra factor of 3 when using (28), with respect to the M2 term
in the expansion of the second integral. Thus, we expect additional O(M2) and O(|p]?) corrections. Actually, as we
did in the chiral and SPL limits, we can read off the full result for the pion mass difference up to order O(e?z M%)
from our previous ChPT analysis in section II since this has to be the model-independent answer to that order.
However, the sum rule analysis presented here will still be useful to keep track of the fate of the chiral-restoring terms,
associated to the V' — A spectral function differences in the thermal bath, and of the main differences with the chiral
limit.

Thus, let us consider the different thermal contributions to the mass difference obtained in our previous ChPT
analysis, now for M, # 0. The Debye term of diagram (c) in Fig.1 is given in (6) and is directly identified with

the T;(E) contact term as in the SPL/chiral limit. The remaining contributions are of three different types, which we
discuss in connection with our analysis in this section:

1. The term with no F? dependence, namely the pion-photon exchange contribution ¥, g, (|p]; T) given in (7) and
(9), which comes from the photon exchange diagram (d) in Fig.1. We can think of this term as the proper
extension of the second contribution in (26) which, apart from the modification of the pion propagator to the
(2p—q)*

(p—q)* + M2’

receives p corrections. Now this term is not simply proportional to T2 as in the SPL. As discussed in section

ITA, its on-shell contribution splits as indicated in eq.(9), giving rise to a T2 term which adds to the Debye

one to give the positive T2 term in (11) plus the e?g; and 4M2Re Jr terms in (11), which are both increasing

functions of T', as it is clear from the discussion in Appendix B.

massive case, includes the insertion of which takes into account that the pion-photon vertex also

2. The —4Ze%g; term in (11), which comes from tadpoles (a) in Fig.1 and is therefore proportional to the leading-
order EM mass difference as —2g; (M, T)AM2/F?. Therefore, this term gives the direct M, # 0 extension of
the T2 term in f(T) in (27) and thus inherits the V — A chiral restoring behaviour.

3. The remaining term, i.e, the second one in (11), coming also from tadpoles (a) in Fig.1. It has no counterpart
in the SPL and therefore it is an O(M2) modification of the SPL sum rule that has to be taken into account
also to this order. Recall that, as indicated in section IT A, this term can be written, to O(e?) and O(zM3%) as

A;—;Z'AMﬁgg(MmT) + O(e*, 22 M3) with go in (B17).

With the above structure, let us consider again the formal cutoff A dependence in order to arrive to a consistent
modification of the thermal sum rule. For that purpose, recall the large ¢ expansion of the T = 0 part (which
contains the UV divergences) of the pion-photon exchange contribution:

/d4qi (2p — q)? :/d4qi AM2  p-q  (p-q)?
q* (p—q)? — M2 q?

—ot 4y

1+
q2 q2 (q2)2

+0(q7%) (29)
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where the on-shell condition p? = M2 has been used. Now, taking into account that, at 7' = 0:
lp-q
dq= =0
/ @ ¢
by parity, and

1 (p-q)? 1 g'q” 1 1 ¢ M2 1
d*q— =pupv | d'q= = —pupvg" | d*q= =7 [ d%
/ q2 (q2>2 nrev q2 (q2)2 4 1204 q2 <q2)2 4 (q2)2

we find that the log A contribution in the photon exchange term (29) equals

3M3/d4q . 2
(¢%)

and therefore cancels with the log A part of the pyy — pa contribution

i 4 L OOSS VS—AS
N Ky RO RV

when using the corresponding O(M2) extension (28) of the WSR. Recall that, as we commented before in the SPL
case, when considering the log A correction one has to keep the T-dependent function multiplying both the pion-photon
exchange and the py — pa contributions.

Therefore, at least at the order considered here, we find that the thermal part of the sum rule (26)-(27) can be
consistently modified at M, # 0 by a) Replacing the sum and integral in the second term in the r.h.s. of (26) by the
pion-photon exchange contribution (7) and b) Modifying the T-dependent function multiplying the V' — A vacuum
spectral function difference, i.e f(T) in (27), by:

2
Fr) > 128D M, ) (30)

Such modification is consistent with ChPT (model independent) and with the required UV behaviour at this order,
i.e up to O(xM3) as explained. We then see, as anticipated in section II, that the ”chiral restoring” function f is
modified by the T-increasing term g in (30) which typically for T > M, behaves as T M, instead of the T2 decreasing
behaviour (restoring) coming from the g; part, but which for physically realistic masses and temperatures T' ~ M,
can be of the same numerical order as the restoring term. In addition, the nontrivial modification of the pion-photon
exchange introduces a p-dependence, a nonzero imaginary part at this order and an additional T-increasing term for
the real part. Recall that the scalar thermal mass coming from the Debye term plus the chiral limit of pion-photon
exchange, is also growing with T' against the chiral behaviour, so that our analysis in this section of the structure
of the sum rule shows that introducing M, # 0 corrections amplifies even further this shadowing effect and there is
finally no trace of a recognizable chiral-restoring effect in the EM pion mass difference. Put in different words, and
as recalled in section IT A, chiral symmetry is ultimately responsible for keeping the EM pion mass difference almost
unchanged and softly increasing with 7.

The analysis we have just shown clarifies the structure of the sum rule and the formal role of the resonance
contributions, to the order considered, equivalent to that in our previous ChPT calculation. Our next step will be to
explore to what extent we can trust this order for numerically relevant masses and temperatures. For that purpose,
we will consider explicitly a model in which p and a; resonances are coupled explicitly to pion and photon fields,
which allows to estimate the typical size of the corrections to our previous ChPT and sum-rule analysis of the EM
self-energy difference.

IV. EXPLICIT RESONANCE ANALYSIS

In order to estimate the size of the corrections to the ChPT O(p*) result for the EM pion self-energy difference
and also to contrast the previous sum rule analysis of the role of resonances and chiral restoration, we will consider
the self-energy calculation in a model where p and a; resonances are explicitly included in the lagrangian, within the
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Figure 5. Resonance Saturation 1-PI diagrams contributing at leading one-loop order to the charged-neutral pion self-energy
difference. p and a; particles are represented by double and dashed lines, respectively. The relevant vertices including charged
pions, resonances and photons are drawn as grey boxes.

RS approach. In particular, we will take the resonance lagrangian in [48] where resonances are coupled to pions in
the chiral lagrangian. Without electromagnetic contributions, the resonance couplings produce O(p*) contributions
to the non-EM LEC when those resonances are integrated out, saturating completely those LEC in the RS limit.
Actually, we will consider the RS limit for narrow resonances, which is formally well understood in the large- N, limit
[71] since resonance masses are O(1) but resonance widths as well as pion loops are O(1/N,.) [15, 72]. Actually, we will
formally rely on the large- N, limit to classify the resonance diagrammatic contributions. We shall see that a consistent
matching with ChPT would require formally higher order diagrams, although RS to leading order would be enough to
estimate the corrections to the ChPT result and hence its validity range. With EM interactions, resonances contribute
already to the C' constant in (2), saturating it almost completely [48, 73], which is actually what we have discussed in
section IIT A in the context of Das sum rule [45]. Therefore, within the RS hypothesis, we start from the lagrangian in
(2) with C' = 0 plus the resonance lagrangian in [48], whose relevant propagators and vertices can also be found in that
paper. We consider in this model the diagrams contributing to the EM pion mass self-energy difference. Alternatively,
as done for instance in [32, 47], one can start from (17) and write down the relevant Compton scattering diagrams.
Thus, to leading order in RS and to O(e?), we consider the one-loop diagrams shown in Fig.5 for the charged-neutral
pion self-energy difference, to be added to diagram (c) in Fig.1. We do not need to consider tadpole contributions
(diagram (a) in Fig.1) since, as we have just explained, the tree level charged and neutral pion masses are the same
to leading order in RS. In that sense, note that pion loops carry also additional factors F~2 = O(N1). Diagram
(b) in Fig.1 has to be considered formally to absorb the loop divergences in the corresponding EM LEC [73], which
is a T' = 0 contribution not altering our finite 7" analysis. Actually, by the RS procedure, one finds also the finite
resonance contribution to those LEC [73]. Note also that diagram (e) in Fig.5 represents the extension of diagram
(d) in Fig. 1 when the w7y vertex is corrected by a form factor coming from p exchange.

Let us then consider the contribution to the neutral-charged self-energy difference of the finite temperature integrals
corresponding to the diagrams in Fig.5. After some algebraic manipulations, similar to those performed in section II,
we can write them in terms of the G and Jp functions described in Appendix B as follows:

)2 — 22 Bq 1
Az(e) S 2M4T / (p q) P q 2T / L
€ Z 21)3 g2 2 te zn: (27)3 ¢2

. o)
=Sy pe(w +ie,w? = E2;T) + [1 - M aM2} [G(M,,T) — G(M,T)
— (4MZ — M) Jr(My, My;w + i€, w” = E)] (31)

AR = _3¢2 <V> TZ/ o M2 — = —3¢? (?)QG(M,”T) (32)
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AXt =3 <FA> TZ/(2W3M2 - ¢
(FA> TZ/ 2m)F M2 ( 1<pq>2> <(pé2q>2‘p2>
1

_ .2 2 ar2 2 as2
= e <FﬂMa1> [(BMZ — M2) G(M,,,T) + (M7 — MZ)G(0,T)

.

& \

2
— (M — M2 Jr(0, My, ;w +ie,w® = E})] (33)

with ¥, g, (w + i€,w? = E2; T) the ChPT contribution in eq.(9), E? = |p]*> + M? and we have taken FyGy = F? in
the (e) contribution, where Gy is the coupling constant entering the pmm vertex [67, 73]. The T' = 0 contributions of
the above diagrams, which include the UV divergent part to be absorbed in the low-energy constants, can be found
in [73].

In connection with our discussion in previous chapters, let us discuss the z-expansion (defined in section IITA) of
the different contributions. The leading order O(M3) to the self-energy difference comes from the 7' = 0 part of
diagrams (f) and (g) and one can check that its UV A-pole contribution in DR cancels precisely using the leading part
of the WSR (28), i.e, FEM2 = F3M?% + O(xM3). Recall that within the RS approach, we are taking the resonance
spectral functions as completely saturated by the p and a; poles. On the other hand, its finite part gives precisely
the narrow resonance limit of (24), i.e, the value for C' = 31;‘2%‘% log(M3/M2) [45] in (4), which saturates the pion
mass difference at T' = 0, accordingly with the RS hypothesis and with our discussion in Section III A. In turn, note
that the form factor contribution (f) in (31) is UV finite as can be checked from direct power counting and by the
cancelation of the A pole in the expression given in (31) in terms of G and Jr, recalling the pole contribution of these
two functions given in Appendix B.

To O(zM3), the form factor contribution (e) in (31) reduces to the first term ¥..,, which is the ChPT result
of diagram (d) analyzed in section II. We have checked that the remaining terms in (31), once their 7' = 0 par is
separated, do not contribute to this order, expanding the Jr term in inverse powers of Mp2. On the other hand,

diagrams (f) and (g) both contribute with a zero temperature M2\ pole. In the case of diagram (f), that pole comes
from including the M2 correction in the WSR, i.e, FZ M7 = F3M?% + F2M? according to (28). The T-dependent

part of (32) is exponentially suppressed as O (e=M¢/T) = O (e_l/ﬁ) according to (B8), while in (33) we have also

checked that the O(T?) contributions coming from the M2 G(0,T) and M Jr terms cancel each other, once the Jr
is expanded in inverse powers of Mgl.

An important comment at this point is that one does not recover from the leading order RS approach the full result
of the ChPT calculation given in (11). The second term and the —4Zg; contribution in the r.h.s of (11), both coming
from tadpole diagrams of the type (a) in Fig.1, appear in higher order diagrams in the RS expansion. For instance,
diagrams of type (a) in Fig.1 in which one of the internal charged lines is dressed with the resonance diagrams in Fig.5
will contribute to the second term in the r.h.s of (11). Also, diagrams in Fig.5 in which a pion tadpole is attached
to the pymm or to the a;ym vertices, would contribute as Zg;. In addition, vector and axial vector propagators are
modified by loop diagrams beyond RS. Their residues are meant to contribute also at O(T?) ~ O(z M%) via the p—a;
mixing effect discussed in section III [10, 46, 74], while the mass and width modifications of the spectral functions are

expected to be of O (6_1/‘/5) [10-12, 17]. The py coupling can also receive finite T' corrections [11]. Some of those

corrections to the EM self-energy difference, but clearly not all of them, could be parametrized in a T-dependent form
factor as considered in [32].

In any case, what is relevant for our present discussion is that all these higher order diagrams come with prefactors
coming from the vertices, which are formally subleading in the 1/N. counting, for instance those coming with inverse
powers of F'2 in (11), as compared to those considered in Fig.5. This is the formal way to keep track of the leading RS
contributions. As emphasized above, we will stick here to the strict RS limit, which is consistent with considering free
resonance spectral functions with zero widths, in order to estimate the size of the corrections to the ChPT analysis.
Actually, we recall that due to the model independency of the ChPT framework, we are sure that the final answer
to O(xzM3) is that given by (11). Therefore, we estimate the corrections as the result of evaluating the thermal
contributions (31)-(33) once the T' = 0 and the O(xM3) given by the first term in the r.h.s of (31) are subtracted. In
doing so, we note that the next order of correction is actually O(z?M3%). In particular, there are O(g1 (M, T)M,%/Mg)
and O(T?M2/M? ) terms arising, respectively, from (31) and (33). Note that these terms are not present in the chiral
limit. As commented above, the contribution (32) is exponentially suppressed, and, we have also checked that the
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Figure 6. Left: The different thermal contributions to the charged pion mass, including the resonance model ones, as explained
in the main text. Right: Comparison between the EM mass difference obtained with just ChPT and that including the
Resonance Saturation leading order contributions.

imaginary part contributions coming from (31) and (33) are also exponentially suppressed with respect to the ChPT
result arising from the first term in (31) and analyzed in section IIB.

We have evaluated numerically the resonance contributions to the real part of the self-energy in the static limit, in
order to get an approximate idea of the expected size of the corrections to the ChPT result. The results are showed
in Fig.6. In the left panel of that figure, we show the different thermal contributions to the charged pion mass given
by the diagrams in Figs.1 and 5, all shifted to the 7" = 0 mass, and discussed here and in section II. Namely, the
pion tadpole loops given generically by diagram (a) in Fig.1, the Debye term from diagram (c) in Fig.1, the photon
exchange term from diagram (d) in Fig.1, the form factor (FF) contribution of diagram (e) in Fig.5 excluding the
ChPT photon exchange term, the py photon loop of diagram (f) in Fig.5 and the a;+y exchange of diagram (g) in Fig.5.
In the right panel we show the deviations of the charged-neutral mass difference calculated within the resonance model
with respect to the same ChPT calculation. The numerical values of Fy,, F4 and Gy are those of [48], compatible
with FyGy = F?2. There are no significant changes when using values coming from more recent fits like [75, 76]. We
have used the physical masses for the resonances, namely M,, = 1260 MeV and M, = 770 MeV.

From this plot, we observe that resonant contributions additional to the ChPT result activate thermally around 170-
200 MeV, which leaves big room for the validity range of the ChPT result. We recall that those resonant contributions
do not include p — a; mixing to leading order, which is accounted for already in the ChPT result, as discussed above.
Therefore, the ChPT calculation for this observable is dominant and robust throughout its own applicability range,
i.e, below the chiral phase transition. It must be pointed out that, in addition to the size of the absolute value of
those resonant corrections, there is an approximate numerical cancelation between the FF and pvy terms, as can be
seen in the left panel of Fig.6.

V. CONCLUSIONS

In this work we have performed a thorough analysis of the electromagnetic effects in the pion self-energy at finite
temperature, within Chiral Perturbation Theory to one loop, which allows to obtain model-independent results,
and also including the effect of vector and axial-vector resonant states. The latter have been studied within the
context of sum rules and in a explicit resonance saturation approach and allows to understand in a clearer way which
contributions come from chiral restoration via V' — A mixing. Apart from the link with chiral symmetry restoration,
particular attention has been paid to discuss phenomenological effects and gauge invariance.

Within one-loop ChPT we have provided the full expressions for the charged and neutral pion self-energy for physical
pion masses and external momenta. There are important differences with respect to a previous calculation in the
chiral limit and vanishing external momentum. The real part of the self-energy and hence the dispersion relation is
momentum dependent. That dependence is rather soft for the relevant range of temperatures, which we have studied
by comparing the momentum-averaged self-energy, weighted by pion thermal distributions, with the mass defined
in the static limit. Including the physical pion mass gives rise to new terms making the EM pion mass difference
increase with temperature. The net result is a soft increasing behaviour for that difference, which makes it presumably
undetectable in the neutral-charged pion spectra observed in Heavy ion Collisions, as it seems to be the case with
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the measurements performed so far. The increasing is softer for the momentum averaged mass than for the static
one. The important formal point here is that chiral symmetry restoration via vector-axial vector mixing plays an
important role for keeping that difference small, which follows from our combined ChPT and resonance analysis.

Another important conclusion of our present work is the analysis of the EM damping rate for charged pions from
the imaginary part of the self-energy. Here it is crucial to work in a physical gauge, we choose the strict Coulomb
gauge, to get a meaningful answer, since only physical photon degrees of freedom are in thermal equilibrium. Thus,
the contributions to the imaginary part come from bremsstrahlung-like processes with physical quasiparticle thermal
photons at vanishing spatial momentum, whose contribution is thermally enhanced, giving rise to an infrared finite
result at this order for the imaginary part of the retarded self-energy. The result for the EM damping rate comes only
from the transverse modes, it is linearly increasing with temperature, vanishes at zero pion momentum and behaves
asymptotically as a constant for large momentum. We have analyzed possible phenomenological consequences of this
result. The electromagnetic damping is added to the standard ChPT one so that mean free paths and free times of
charged and neutral pions become different. The electromagnetic corrections are comparable in size to the neutral
ones up to T' ~ 60 MeV. Transport coefficients are expected to be reduced by this effect around a 10% near the kinetic
freeze-out region, with a larger effect in the electrical conductivity than in viscosities. The freeze-out temperatures
for charged and neutral components would also be different, although the expected effect is only about 2 MeV.

We have also studied in detail how the sum rule relating the electromagnetic pion mass difference in the soft
and chiral limits with the V' — A spectral function difference, is modified by the inclusion of a finite pion mass
and nonzero momentum. The standard derivation of the sum rule is no longer applicable and we have found the
required modifications in order to match the ChPT model-independent result at finite temperature. These are the
modification of the photon-exchange contribution to account for the mass and momentum dependence, as well as
the multiplicative function in the V' — A spectral function difference, which acquires an additional mass-dependent
T-dependent increasing term. This analysis has been performed to leading and next to leading order in the expansion
inz~T?/M3 ~ M2/M3 with Mp the resonance masses, i.e, including O(M3%) and O(zM3), equivalent to the ChPT
analysis.

In order to confirm the ChPT and sum-rule analysis and also to estimate the next order corrections, we have carried
out a explicit calculation of the corrections to the electromagnetic pion self-energy difference at finite temperature
within a resonance saturation approach. Thus, we have been able to estimate next to next to leading order corrections,
which show up at O(z2M3). Those corrections remain numerically small for the range of temperatures relevant within
Heavy Ion Collisions, which results in a rather large applicability range of our ChPT analysis.
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Appendix A: General definitions and properties of spectral functions and dispersion relations

Throughout this work we follow closely [1] and [52] regarding the finite-temperature formalism. We summarize in
these Appendices the most relevant results for our purposes in this work.
For a scalar field or current, the time-ordered version of the propagator in the Euclidean IT Formalism is given by:

G(Z,7) = (To(F, —iT)p(0))r

where the subscript T indicates a thermal average, w, = 2anT is the bosonic Matsubara frequency with n € Z and

time-ordering 7 is along ¢t = —iT with 7 € [—3, ] (time differences). Its Fourier representation can be written as:
- i 1
G(iwn, = [ d*2G(&, 1)e WnTe T = - Al
(i, 1) /T (%) wy, + Ef + S(iwn, [p; T) (A1)

where [ d'z = fOB dr [ d*Z, E2 = |p]* + Mg and Mg is the tree level mass. We will keep the (+, —, —, —) metric with
the Euclidean py’ = iw, so that we write for instance p? = (iw,)? — E which will become the Minkowski p? after
analytic continuation (see below). In the above equation, ¥ is the IT self-energy function, which in the thermal case
depends independently on frequency and three-momentum and explicitly on T'.
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The analytical continuation from external discrete frequencies to continuous ones can be carried out once all the
internal Matsubara sums have been performed and gives rise to the retarded and advanced propagators defined as:

Gr.a(w,|p)) = FiG(iw, = w £ ic, |p) (A2)

with w € R and € > 0 and we define from these propagators the spectral function as p(w, [p]) = 2ImiGg(w, |p};T)
whose main properties we discuss below. The spectral function is odd in w and in the free case, for which ¥ = 0, it
reads po(w, |p]) = 2msgn(w)d(w?® — E2).

In the interacting case and in the perturbative regime considered in this paper (see comments below), the self-
energy contributions come from loop diagrams which generate cuts for Im 3 along the real axis, so that we write
Im ¥(w + i¢, |p]) = F2wI'(w, |p]) with T > 0 along the cuts.

The dispersion relation is determined by the poles of Gg(w, |p]), which lie below the real axis, or equivalently by
the spectral function. If we denote the position of the poles by zp0e = wp — #yp, With 7, > 0 the thermal damping
rate, we have then zf)ole = EZ + Re X (zpote; 1P; T') — 2i2poiel (Zpote, [P; T)-

In this work we will work within the perturbative regime: ¥ < E2, w2 = E2(1+ O(Z/E2)), I, = O(X/E,)
so that the perturbative solution of the pole equations reads wf) = Eg + ReX(E,, |pI;T), vp = D(Ep P T) =
—Im X(E, + i¢, |p])/2E,, where we have made use of the fact that Re X(w, |p]) and I'(w, |p]) are even functions of w.
Thus, there are two perturbative poles at +w, — ivy,.

From the previous properties, one can define a complex function G(z, |p]) for complex z analytic for z off the real
axis and such that the IT propagator is G(z = iwy, |p]) and the retarded/advanced propagators are Gg a(w,|p]) =
FiG(z = w t i¢, |p]) with w € R, ie,

—1
Gl = = e

p

(A3)

In particular, in the perturbative regime described above, it is easy to check that the above function does not have
(perturbative) poles and has the same cuts as ¥(w) along the real axis.

Let us comment also on the spectral function representation of the different propagators. Applying Cauchy’s
theorem to G(z) in (A3), with its analytical structure discussed above, on a suitable contour surrounding the real
axis from above and from below, one arrives to a dispersion relation valid for the retarde/advanced propagators and
for the IT one, from the same spectral function, namely:

> dw' p(W', |p1; T)
2r W — =z

Gz, |fl) = / (: ¢R) (Ad)

o

Thus, z = iw,, correspond to the IT propagator and z = w =+ ie to the retarded/advanced ones.

The above frequency representation is the more adequate one when working at finite temperature. As commented,
the analytical continuation of the IT propagator yields naturally the retarded propagator, which has the correct
analytic structure in terms of the physical states. In addition, it is valid for any cut structure of G along the real
axis, including possible Landau-like purely thermal cuts (see below). It is possible also to define thermal expectation
values of T-ordered products along ¢t € R, within the so-called real-time formalism of Thermal Field Theory [52].
However, those real-time T-ordered products do not have a representation like (A4), not even in the free case, nor
they describe the spectral properties of the theory in the general interacting case. The problem of how to obtain the
retarded correlator from the RT one is discussed in [77].

It is instructive to relate the above ”energy” spectral representation with the usual s-representation used customarily
at T = 0. First, let us write (A4) as:

Gl = [ A er) (A5)

Now, denoting s = 22— [p]? and s’ = (w’)? — |p]? and assuming that the following two conditions hold: i) p(w’ > 0, [p])
is a function only of s’, so that G is only a function of s and ii) G(s) is analytic for 0 > s € R, the lower limit of
integration in (A5) can be extended to —|p] so that by changing variables from w’ to s’ on ends up at T'= 0 with:

G(s) = /000 ds’ ﬁ(_s;)l (s € R) (A6)

S
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with p(s') = (—=1/m)Im G(s’ + ie) for w’ > 0. Note also the 27 factor conventionally included in the normalization
of the spectral function at 7' = 0. Alternatively, one can arrive to (A6) directly from the analytic properties of G in
the s complex plane. It is important to remark that none of the conditions i) and ii) above are met at 7' # 0 since
Lorentz covariance is broken and Landau cuts may be present. At T'= 0, the representation (A6) allows to define the
T-ordered product —iG(s + i€) with s € R.

For the case of conserved vector and axial-vector current propagators at finite temperature, there are two inde-
pendent tensor structures Pr”, P¥” which are four-dimensionally transverse [1], Pr being also three-dimensional
transverse:

leg(q):(szj_ 2; POO:POz:Pw:O
4]
v "
Py (Q):7—9 - Pr (AT)
where ¢° = iw,,. We remind that the metric signature here is (+ — ——).

Therefore, any correlator of conserved vector or axial-vector currents can be written as

" (iw,, @) = 17 (q) P2 (q) + 11" (q) P4 (q) (A8)

”w

At T = 0, one has simply II7 = IT* =11 so that 11"V (q) = ("q—;’y — g“”) (q). *
For the photon case, its Euclidean propagator in an arbitrary covariant gauge reads:

1 1
- P (q) +
PR R cw REAC

D* (iwn, q) = P (q) +a

w2 + 1412 + 21 (iwn, @)~ L

YA = ETPIH‘V + ELPEV

so that the free (¥ = 0) Euclidean photon propagator is:

wv B
v 7"q
DY (iwy, §) = qu +(a—1)

(A9)

As explained in the text, we will also need the free photon propagator in the strict (w = 0) Coulomb gauge, which
reads [1]:

©0 0 PHY
A (A10)

D} (iwn, §) = TR

Appendix B: Thermal loop functions for self-energies

We describe here the main properties of the typical thermal loop integrals appearing throughout this work. They
come from the corresponding T' = 0 one through the replacements

. . d'p . d*p
qo — Wy, = 127nT / @) — ZT;/ @)

in the IT formalism, with n € Z.
First, consider the tadpole integral of the free propagator:

(B1)

1 Our convention for vector and axial-vector current correlators corresponds to that in [45, 63—65] but differs from [30, 47]. The latter
authors include an additional ¢? multiplying the II(g) functions.
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d3q 1
GM.T) = TR_ZW | G 52 = O0L0) + 0., (B2)
with:
07) = 55 [ da (e (B3)
g1 ) - 272 0 qEan q)s

with E, = v/¢? + M2,
= ! B4
np(z) = B _1 (B4)

and the T' = 0 part containing the UV divergence (T # 0 UV divergences are always contained in the T' = 0 part) is
given in dimensional regularization D = 4 — € by:

M? M?2
G(M,0) = 2M>\ + 63 o8 oz (B5)
with
1, D
= 5(47r) D/2p (1 5 > pl= (B6)

being p, the renormalization ChPT scale and I' the Euler gamma function. For the T' = 0 part we follow the same
notation as in [14, 15].
The g1 (M, T) function has the following asymptotic behaviours:

T? M M
T>M: g(M,T)=15 { 6?4—0( log T)} (B7)
M\ /2
T < M: gi(M,T) = (2m)~*/* ( T ) ™M/ 14+ O(T/M)] + O(e™>M/7) (B8)
Second, we analyze the one-loop integral appearing in self-energy diagrams:
I =Ty [t ! (89)
my, Mma; iWm,
T 1, 23 D q — m (q p)2 — m

n=—oo

for arbitrary masses mi and mo.

As discussed above, we are interested in the analytic continuation of the above integral iw,, — z for complex z
off the real axis. In particular for z = w + ie with w € R, that would give rise to the retarded function appearing
in the retarded self-energy and hence describing the dispersion relation as explained in Appendix A. The analytic
continuation is performed after evaluating the internal Matsubara sum in n, which can be carried out using standard
finite-temperature methods. In fact, inserting the spectral representation (A4) for the two IT propagators inside the
integral and using the formula:

TZ w1 _:liwn wa — i 1 = o) nB-(iwz) (B10)

Wi — Wn) W1 4+ wWa — Wy,

we arrive to the retarded continuation of Jr:
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-E
(m1+m2),p _ p
: E(m1-m2)‘p |2
i 0
D L VAVAVAVAVAVAYAN ] ] ANANAAANS D>
e e :
-p '
E(m1-m2),p E (m1+m2),p

Figure 7. Cut structure of the loop integral Jr(m1,ma;w, |p]) in the w complex plane with E(p, +mq),p = V/|P1? + (M1 £ ma)?
and p = |p].

g 1
(271')3 4E1E2

1 1
Z*E17E2_2’+E1+E2

Jr(my1, ma; z, |p]) = — [1+np(E1) + np(E2)]
/ { |

where we have used ng(x) +ng(—z) + 1 = 0 and, for simplicity, we denote Ey = +/|q]2 + m?, Ex = /|7 — p|? + m3.
Thus, setting z = w + ie with w € R and separating the real and imaginary parts gives:

1 B7 (np(E) 1 1
Re Jp(mq, mo;w, |p]) = Re Jr—o(m1, ma;w, [p]) — 5’P/ n e { BE1 1 [(El B . R
np(Es) 1 1
B12
5 et E ) 1
3q 1

Im Jr(my, ma;w + ie, |p]) = 71'/ on) 15, {1+ np(E1) +np(E)][0(w— Ey — Es) — §(w + Ey + E)))
+ [TLB(El) — TLB(EQ)] [5((.4) + E1 - EQ) - (5(&) - E1 + EQ)}} (B13)

where P denotes Cauchy’s principal value. Note that Re J is even in w whereas Im J is odd in w as it corresponds to
a spectral function.

The T = 0 part of the above functions corresponds to take all np functions as vanishing and is equal to J(s) in the
notation of [15], with s = w? — |p]?. The explicit expression for 7' = 0 is given in that paper and we do not reproduce
it here. The DR UV pole proportional to A in (B6) is contained in J(s = 0) = —2A+ finite terms.

In the general T' # 0 case, the Jp function depends on w and |p] separately due to the breaking of Lorentz covariance
in the heat bath. For the case of equal masses m; = ma, Jr reduces to the Jy function analyzed in [78] for thermal
pion scattering.

The imaginary part in (B13) is nonzero along the cuts depicted in Fig.7 in the w complex plane. A detailed account
of the contributions to the imaginary part for every cut can be found for instance in [79]. The é(w — Eq — E3) and
§(w+ E1 + Ey) terms in (B13) require w? > |p]% + (m1 +ma)? to be nonzero, for w > 0 and w < 0 respectively. Those
two terms account physically for the decay of a particle P with energy and momentum (w, ) into a pair P — 12 and
the inverse process 12 — P, or equivalently to the direct and inverse scattering processes with intermediate states 12
and s = w? — |p]? the Mandelstam variable. Therefore, this is the usual T = 0 cut giving rise to unitarity, where the
factor ng(E1)+np(E2) enhance the contribution of the imaginary part due to the presence of 1 and 2 particles in the
thermal bath. On the other hand, the terms proportional to ng(F1) — ng(E2) give rise to the so called Landau cuts,
which are purely thermal, and require w? < |p]? + (m; — m2)?. These Landau cuts arise from processes like 1 — P2
and 2 — P1 from thermally distributed states 1 and 2. Thus, the §(w — E; + F3) term produces two contributions,
one for w > \/(m1 +m2)2 + [p]2 and another one for —|p] < w < |p], which are depicted as two overlapping cuts in
Fig.7. The same happens for the 6(w — E; + F3) term, giving rise to the remaining cuts.

An important case for this paper is m; = 0, mo = M, w? = |p|> + M? (on-shell) for which we find, from (B12):

11, [, np(Ey) <|ﬁ1+Q>2
Re Jr (0, M; = Re Jr=o(0, M) + 773/ d lo B14
(003 1) = ReJro(0, M) + g5 | dag ™ og ( (BT (B14)
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where the T' = 0 part can be obtained from the expressions for J in [15] and reads:

1 M?
Re JT:()(O, M) = -2\ + 1672 1—log ,MT (B15)

X

Note that in passing from (B12) to (B14), the ng(E1) = ng(q) term, which contained an integrable singularity at
g = 0, vanishes exactly and in the np(E2) term, the change of variable § — ¢+ p has been performed, so that the
integrable singularity at ¢ = 0 moves to ¢ = |p].

A particularly interesting limit is the static one 7= 0. Taking this limit in our previous expression (B14) yields:

Re Jr(0, M; |p] — 07) = Re Jp—o(0, M) + go(M,T) (B16)
with:
L[ np(E) dg, (M, T)
M.T) = — = — Bl
92( ’ ) 477'2 /O dq Eq M2 ( 7)

which behaves asymptotically as go(M,T) ~ ﬁ for T > M and go(M,T) ~ (1/2M?)(2m)~3/2(M/T)3/?e=M/T for
T < M.

The analysis of the imaginary part for the case of one vanishing mass and on-shell external line is relevant for our
discussion in section II B. In this case, the Landau and unitarity cuts in Fig.7 meet at the branch points w? = [p]*>+M?
(w= %E,) i.e. precisely at the physical on-shell point. Starting from the general expression (B13), the first § function

requires in that case E, = q + /|7 — p|> + M2. That condition holds only for ¢ = 0, provided M > 0 (so that the

other solution at % = cos® = E,/|p] > 1 is discarded). Hence, §(E, — ¢ — E3) = #&9 so that the angular

integration in @ can be easily performed, and so on for w = —FE,, in the second J contribution in (B13). The third and
fourth 0 contribution for this case require also ¢ = 0, with w = E,, for the third one and w = —FE, for the fourth. Now,

because of the §(¢), in all these terms the only surviving contributions are those proportional to np(q), for which the

integrand behaves near ¢ — 0 as qQRB—(q) ~ T. In particular, the T" = 0 contribution vanishes, as it corresponds to

the absence of bremsstrahlung for a charged scalar particle in vacuum. In addition, we should take into account that

our d-functions come from the separation in (B11) m-il-ie =PL—ind(x) so that d(z) = %ﬁ and therefore:
o *1 1 >~ 1
/ 0(z) = lim ) ‘ 5 = lim — arctan (E)‘ ==
0 e—=0t Jo met+ T e—0+ T €/ 1o 2
Altogether, we find:
1T E, +|p|
Im Jp(0, M;w = E,. | :10g<P B18
( ) = g7 e (2 (B18)

which in the [p] — 0" limit becomes Im Jz (0, M; [p] — 07) = L.

An alternative way to arrive to the result (B18) is to calculate Im J7 (0, M;w+ie, |p]) for arbitrary w off the on-shell
point. Taking then the limit w — E,f one can then check that (B18) is recovered.
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ARTICLE INFO ABSTRACT

Keywords: We make a thermal analysis of the light scalar susceptibilities using SU(3)-chiral pertur-
Chiral symmetry bation theory to one-loop order, taking into account the QCD source of isospin breaking
S;f;;fﬁiiﬁﬁgon theory ([B), i.e: corrections. coming from m, 7 my. The value of the conr}ected scalar susceptibi.lity
Finite-temperature field theory in the infrared regime, the one relevant when approaching chiral symmetry restoration,
and below the critical temperature is found to be entirely dominated by the 7%-» mixing,
which leads to model-independent @ (€°) corrections, where € ~ my — my,, in the combi-
nation x,, — xuq Of flavour breaking susceptibilities. We also present preliminary results
for the corrections to the real part of the pion self-energy at next-to-leading order in SU(2)-
chiral perturbation theory, taking into account electromagnetic interaction. The results for
zero and finite temperature for the charged and neutral pions are given in terms of the
3-momentum of the external pion, and their difference is calculated to this order, stressing
the fact that, at low and moderate temperature, the mass splitting M+ — Mo grows with

temperature for, at least, non-zero charged pion mass running inside the loops.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The low energy sector of QCD has been successfully described over recent years within the chiral Lagrangian framework.
Chiral perturbation theory (ChPT) is based on the spontaneous breaking of the chiral symmetry SUy (N;) x SUa(Nf) —
SUy (Ny) with Ny = 2, 3 light flavours and provides a consistent, systematic and model-independent scheme for calculating
low energy observables [1-3]. The effective ChPT Lagrangian is constructed as an expansion of the form £ = £» +L,a +- - -
where p denotes a meson energy scale compared to the chiral scale A, ~ 1 GeV. The formalism can also be extended to
finite temperature T, in order to describe meson gases and their evolution towards chiral symmetry restoration for T below
the critical temperature T, [4,5], where T, >~ 180-200 MeV from lattice simulations [6-8]. The use of ChPT in this context
is important for providing model-independent results for the evolution of the different observables with T, supporting the
original predictions for chiral restoration [9], also confirmed by lattice simulations, which are consistent with a crossover-
like transition for Ny = 3 (2 4 1 flavours in the physical case), a second-order one for Ny = 2 in the 0(4) universality class
and a first-order one in the degenerate case of three equal flavours.

The invariance under the SUy (2) vector group is the isospin symmetry, which is a very good approximation to Nature.
However, there are several processes where isospin breaking corrections are phenomenologically relevant, for example
those of sum rules for quark condensates [3], meson masses [ 10] or pion scattering [11,12]. There are two possible sources of
isospin breaking: the QCD my—m, light quark mass difference and electromagnetic interactions. Both can be accommodated
within the ChPT framework. From the first source we expect corrections of order (my — m,)/ms, encoded in the quark
mass matrix, which generates also a 77°-7 mixing term in the SU(3) Lagrangian [3]. On the other hand, the electromagnetic

* Corresponding author.
E-mail address: rtandres@fis.ucm.es (R.T. Andrés).
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interactions are included in the ChPT effective Lagrangian via the external source method and give rise to new terms [10-13]
of order L2, £,2,2 and so on, e being the electric charge. It is possible to accommodate these terms into the ChPT power

counting scheme by considering formally e? = @ (p?/F?), with F the pion decay constant in the chiral limit.

The purpose of this paper is to calculate the leading thermal contributions to the connected and disconnected scalar
susceptibilities, taking into account isospin breaking, and to show our preliminary results concerning the thermal evolution
of the masses of the charged and neutral pions.

2. Light scalar susceptibilities and the role of the 7°-7 mixing

Calculations for light quark condensates, (iiu) and (dd), at zero and finite temperature have been made to one-loop in
[14,15], respectively, within the framework of SU(3)-ChPT taking into account both sources of IB. The main feature that we
want to stress is that there is a 7°-n mixing term appearing through the tree level mixing angle ¢ defined by tan2e =
f 3 mg—ny mu

2 mg—m
leferent light quark masses allow us to consider three independent light scalar susceptibilities defined as

D (g =
Bmi q]q] o

Xij = -log Z(my # my). (1)

am;om;

From now on in this section, we will neglect the electromagnetic corrections because they are small and not relevant
for our present discussion, so we will pute = 0. Then, to leading order in the mixing angle, the contribution of the
7%-7n mixing in the quark condensate sum is of order €? Whereas for the difference it goes like . The thermal functions

g(T, M), i = m° n, defined as gi(T) = ze I pE ﬁEp -, with E; = p®+ M7 and 8 = T~', are suppressed by those

coefficients and the quark condensates do not receive important correctlons The important point is that differentiating with
respect to a light quark mass is essentially the same as differentiating with respect to & ~ M , so the suppression of the
thermal functions is smaller in the case of the susceptibilities than in the quark condensate case

Because of the linearity in € in (uu — dd) for a small mixing angle, the combinations y,, — Xuq and x4¢ — Xqu receive an
©(1) IB correction due to 77°-» mixing, which would not be found if m, = my was taken from the beginning. The analysis
of the e-dependence of (uu — dd) shows that, up to @ (€), xuu = Xdd, SO combinations like )., — x44, Which also vanish with
m, = my, are less sensitive to IB.

One can also relate these flavour breaking susceptibilities to the connected and disconnected ones [16], often used in
lattice analysis [17,18]: Xxdis = Xud> and Xcon = %( Xuu + Xdd — 2Xuq)- From the previous analysis, we get xcon 2~ Xuu — Xud-

Therefore, our model-independent analysis including IB effects provides the leading non-zero contribution for the
connected susceptibility which arises partially from 7°-» mixing. This is particularly interesting for the lattice, where
artefacts such as taste breaking mask the behaviour of x., with the quark mass and T when approaching the continuum
limit [18]. In fact, our ChPT approach is useful for exploring the chiral limit (m, 4 — 0) or infrared (IR) regime, which gives
a qualitative picture of the behaviour near chiral symmetry restoration. In this regime M, < T < Mg, and therefore we
can neglect thermal heavy particles, which are exponentially suppressed.

The leading order results for the connected and disconnected susceptibilities at zero temperature are the following:

X B’ M? B? M;
.

Xcon(T = 0) = 8B;[2Lg (1) + Hy(n)] — 62 (1 + log F) = San? log >+ O(€?), (2)
IR 21T 3B(2) M}r B2 MZ 2

where By is the parameter which relates masses and quark condensates at tree level via the Gell-Mann-Oakes-Renner
formula, and Lg, Lg, H, are low energy constants.

The log term in Eq. (3) is the dominant one at T = 0 and can be found in [16], but the connected IR susceptibility (2) is
not zero at T = 0, because it receives contributions of order ¢ (1) in the mixing angle.

If we consider the pion gas in a thermal bath, then expressions (2)-(3) are modified according to

By T? T4 M
_ R _ 20 2p4 _ My
[%con(T) = Xcon(0)] 18 M2 +0 ( B M;,) +0 (eXp[ T :|> ) (4)
= a0 = 22 Lo (a ) +o (e 24
[xdis(T) — xdis(0)] 167 M, + 0 ( B Mn) + O | exp T . (5)

Note that, as we have already mentioned, the eta mass term in Eq. (4) and in the subleading corrections in the mixing
angle comes from the e-analysis and the IR expansion of the g;(M,; ), and does not have anything to do with thermal etas.
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Fig. 1. Connected IR susceptibility normalized to Bé, for fixed tree level eta mass and m; = 80 MeV.
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Fig. 2. Disconnected IR susceptibility normalized to Bg, for several light quark mass ratios and fixed tree level eta mass (m/mg; = 0.05 is the physical case).

Figs. 1 and 2 show, respectively, the connected susceptibility (4) for fixed tree level eta mass (proportional to /Bym; in
the IR regime), and the disconnected one (5) for several values of the light quark mass ratio m/mg, and also with fixed tree
level eta mass. The leading scaling with T and the light quark mass in this regime for the disconnected piece goes like \/Lm

i.e. with the same scaling as was calculated in [16,17], whereas the connected susceptibility grows quadratically in T over

a mass scale much greater than the SU(2) Goldstone boson’s one. Therefore, in the continuum limit, we only expect xqis to
peak near the transition, as the m — 0V limit in Fig. 2 clearly shows.

3. Charged and neutral thermal pion masses in SU(2)-ChPT at ¢ (p*)

If we consider virtual photons in the calculation of the real part of the self-energy in the mass shell, there are four relevant
diagrams that correct the masses at order @ (p*): there are pion tadpoles, diagram (a) in Fig. 3, and the tree level NLO diagram
needed for renormalization, (b), where both charged and neutral pions participate; and diagrams with virtual photons, (c)
and (d), which only modify the charged pion mass.

The photon tadpole diagram (c) is proportional to the photon mass and therefore vanishes at zero temperature, while pion
tadpoles (a) and the photon exchange diagram (d) are finite and chiral scale independent once regularized and combined
with diagram (b). The LO corrections to the masses of the SU(2) NGB are calculated as M? = M2+ 2(1\71 2), where M is the
respective tree level mass. At zero temperature the neutral and charged pion masses are [11]

) MZ, B2 4
M2, = M2, (1 + 20t — o + e Ko + 21 F’; ) — 2F—21;(md —my)? — §Be2k7(md —my), (6)
Mzi 0 Mzi 0 20 9 1
where i o = 7 log nﬂiﬂ cand Kpo = —2 [k + Kk, — = (2K; — k) — ki — ki — 1k. ], with k; being electromag-

netic low energy constants, Z the parameter that corrects the leading order charged pion mass, and

2 M2
2 2 e 2 oA 0
Mﬂi=Mno|:1+E+Mo+€J<ﬂi+21§ sz|

+2e°F* | Z 1+i +e? K8, — (3+42) —‘-1321( —my) (7)
e s M+ 3 e"k7 (Mg —Mmy),
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Fig.3. Diagrams for the pion self-energy at order @ (p*).(a) and (b) represent pion tadpole contributions and the tree level NLO diagram which renormalizes
the loops, respectively. (c) (photon tadpole) and (d) (one-photon exchange) only correct the charged pion self-energy.

with the definitions
2
K:[\i =-3 [Ir + Kk — (23kr + 18kg + kr)}
and
B 10 r r 1
JCﬂi = —E 22(’(1 =+ k2) — 5/(13 — k14 .

There is a factor 1/2 in the coefficient of k; for both masses which does not appear in [11], and that was also noted by [19].
At this point the total mass difference between charged and neutral pions becomes
2

B e?
M2 — M2, = = 2M? 2010 — ps) + 2 S (mg — my)? + 2e°F? [z (1 + E) + ezxi}

+ M2, 1 + X4 — Ko | — 2% F*(3 + 42) (8)
70 47_[ + 70 /’L:I:a

which has pure strong, pure EM and mixed EM-strong contributions.

If the pions are immersed in a thermal bath, there appear new contributions with no UV divergences, since these only
appear in the zero-temperature part and they have already been renormalized. The pion tadpoles, charged or not, give rise
to g1(M, T) thermal functions. For the neutral pion mass we get

2 2 _ l 2 _1 2
M7y =M3(T =0) |1+ — (g (M7=, T) = (M7, T ) | (9)

where it is worth noting that the neutral pion mass decreases with T, contrary to what happens if we do not consider
electromagnetic effects, as can be seen if we put Mzi = M20 in the last expression.

As for the charged pion, we can separate the contributions coming from pion tadpoles, M2 tadpoles» aNd the two different
contributions from the virtual photon diagrams: one commg from the photon tadpole which is not zero at finite temperature

and gives a typical thermal screening contribution, M3, tadpoles aNd the other due to the one-photon exchange, M?

2
For the first two ones we get M? Tadpoles = 257 — 47e°g;(M?,, T) and My, Tadpole — §e T2, The latter has the typical form
of a Debye or screening mass of the electric flefd in a thermal bath [20], which always grows with T.
The one-photon exchange diagram is more complex and its contributions to the real part depend, in general, on the
3-momentum of the external pion, which is a direct consequence of the Lorentz symmetry breaking in the thermal bath. The
Matsubara sums can be performed in the standard way, before performing the analytic continuation to external continuous

frequencies:

Ph. Exchange*

Re (£ ) = e P’k n(w) 2q —k)?liy=o Pk n(w) 2q — k)2[kg—o
Ph. Exchange (272’)3 2w (QO — w)z — w? (271’)3 20 (qo + w)z —w?

/ @k n(@') 2q — k)*lky=gy—o’ N / @k (@) 29 — k)?|ky=go o’

@2n)* 20" (g0 — @) = @? @n)? 20 (Qo+ @) —a? )’

with w? = k? the photon energy squared inside the loop and w2 = (4 — k) + M? . the pion energy squared, also inside the
loop; here k is the virtual photon 4-momentum. The above 3-momentum integrals can be written as

eZ o] b4
Re (EPh. Exchange) = ﬁ / dk/ d¢ n(k) sin ¢
0 0

M2, JE? — M2, cos ¢ — k(E?sin® ¢ + M2, cos® ¢) 2 (w )
x — > + "k d¢ —
E%sin® ¢ + M~ . cos® ¢

k? (M2, cos® ¢ + E? sin® ¢) + 2M? . (E? — k,/E?> — M2 cos ¢)
E?sin® ¢ + M2, cos® ¢ '

X sin¢
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Fig. 4. Preliminary results for the charged (dashed line) and neutral (solid line) masses and their difference (dot-dashed line) at LO in the static limit.
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Fig. 5. Different results for the charged-neutral pion mass difference: (a) (solid line) corresponds to our preliminary results in the chiral limit keeping
corrections e # O for the tree level charged pion mass inside the loops; (b) (dot-dashed line) corresponds to the same preliminary calculation with
m, = my # 0and e # 0 also inside the loops; and the full dashed line is the result given in [21].

It is clear now that the charged pion real part of the self-energy depends on the energy of the external pion E? = |g|> + Mfzi,
and, therefore, on the external 3-momentum.

The final result will take the form M2, = M2, (T = 0) + M2 1,4001es + M3, Tagpote + R€ (Zph. Exchange)- In Fig. 4 we have
plotted our preliminary results for the neutral and charged pion real masses as a function of the temperature of the thermal
bath, taking physical values for the pion masses and calculating Mg, Exchange 111 the static limit, i.e., for E = M =. Once we
have the thermal and isospin breaking corrections to the masses separately for any value of the external momentum, we can
calculate it in the limit where temperatures are (i) much greater than the masses and the external momenta (which means

that we have to set the masses inside the loops to zero), and (ii) sizable with respect to the momenta running inside the loops,
T ~ k > m, q. With these assumptions, we are led to the HTL result given in [21], M?, — Mfro = I\A/Iii (1 — %) + %e2T2,

which serves as a consistency check.

Moreover, our low temperature analysis allows us to assume a slightly different chiral limit, in the sense that we can still
assume m, = my = 0 and consider e # 0 inside the loops. In Fig. 5 we show the plot of our preliminary calculation both in
this latter limit, and also considering m, = my # 0, e £ 0, to be compared with those appearing in the HTL result [21] where
the contributions from the screening-like term, always increasing with T and inherent to the thermal bath, are responsible
for the final growth of the mass difference, contrary to what one would expect naively from the sum rule relating the axial
and vector spectral functions [20] applying chiral symmetry restoration arguments.
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Conclusiones

LA investigacion que he llevado a cabo ha tenido como objetivo principal el

estudio de ciertas propiedades térmicas de gases de bosones de Goldstone a
través del enfoque efectivo provisto por la Teoria Quiral de Perturbaciones, ex-
tendida puntualmente a través de métodos de unitarizaciéon y modelos auxiliares
con el fin de incorporar a sus predicciones el efecto de la inclusién de resonancias
ligeras en diversos canales.

A continuacion expondremos de modo resumido las principales conclusiones
que ya han sido mostradas de modo detallado a lo largo de los capitulos 2 y 3.

En las dos primeras secciones del capitulo 2 de esta tesis se han estudiado
los efectos de la inclusion de términos de ruptura de la simetria de isoespin
—intrinseca y electromagnética— sobre los parametros de orden asociados a la
restauracion de la simetria quiral, en concreto sobre los condensados escalares
de quarks ligeros y sobre el condensado strange en la teoria de tres sabores.

A temperatura cero nuestros resultados muestran que el calculo de estos efec-
tos de modo sistemdtico, partiendo de la Teoria Quiral para tres sabores, se dife-
rencia —respecto al esquema de calculo de [121] basado en la inclusion de efectos
de ruptura a través de términos que violan el Teorema de Dashen para las masas
de mesones— en un 2%, en el caso del condensado de quarks ligeros y hasta un
4 % para el strange. E:sto muestra que, aunque relativamente pequefia, la diferen-
cia entre considerar todas las constantes de baja energia a través de un enfoque
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efectivo basado en el lagrangiano quiral es importante si uno tiene en cuenta la
precisién con la que se dan los resultados en [121].

Nuestra asuncién de la hipétesis de respuesta ferromagnética para el vacio
—junto con la especificacién de la prescripcién para la separacién de la parte
electromagnética de la no electromagnética en el calculo de los condensados
consistente en tomar directamente el limite ¢ = O— es el origen de distintas
cotas inferiores para las combinaciones de EM LECSs que aparecen en el calculo
del condensado total tanto en SU(2)—ChPT como en SU(8)—ChPT.Hemos com-
probado que estas condiciones son satisfechas por todos y cada uno de los valores
de las EM LECs relevantes que hemos consultado en la literatura especializada
(obtenidas a partir de diversos métodos); y son mds restrictivas para tres sabores
que para dos, pero menos confiables debido a la presencia de la masa del quark
strange en la serie perturbativa quiral.

El conocimiento general de las constantes de baja energia electromagneética
en la literatura es —hasta donde hemos podido consultar [130-134]— bastante
limitado, particularmente para el caso de la teoria de dos sabores. A través de un
proceso de desacoplo del quark strange— hemos relacionado las combinaciones
de constantes de baja energia en las teorias de dos y tres sabores a costa de
introducir una dependencia explicita a través de masas de mesones. Sin embargo,
debido a que la separacién de las contribuciones electromagnéticas e intrinsecas
en cualquier observable es siempre ambigua [108,131,133,13¢], no existe una
prescripcidn unica y general que permita —para todo orden en ChPT— separar
EM LECs de las LECs de naturaleza no electromagnética.

A temperatura finita, el condensado total recibe, tanto en SU(2) como en
SU(8), pequefias correcciones a causa de la violacién de la simetria de isoespin.
Estas se traducen en un aumento de la temperatura critica respecto al limite de
isoespin de menos de un 1%. De esta manera —aunque represente una modifica-
cién pequefia— si se presenta en la direccion correcta y de forma consistente con
la hipdtesis de respuesta ferromagnética asumida en la obtencién de ligaduras
para las EM LECs.

En cuanto al parametro de orden de la ruptura de la simetria de isoespin
—relacionado, como ya dije, con la asimetria de vacio— hemos mostrado que no
recibe correcciones térmicas para dos sabores, mientras que en SU(8) — ChPT se
amplifica suavemente a través de una dependencia cuadratica en la temperatura
de la forma (m, — md)%. Notese que, aunque la dependencia con la temperatura

es cuadrdtica, es O(¢) en el dngulo de mezcla y estd controlada por una escala
de energia mucho mayor que la dependencia caracteristica 1/F7,Q —asociada al
parametro de orden de la restauraciéon quiral—.

Las diferencias (~ 1%) entre considerar o no efectos de ruptura de isoespin a
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temperatura cero en el condensado ligero y el strange son tales que pueden ser
despreciadas en comparacién con las incertidumbres asociadas a los calculos que
se obtienen mediante simulacién en el reticulo [125].

Pese a esto, existen observables para los que este tipo de correcciones son
importantes, tanto desde un punto de vista formal como desde una perspectiva
numeérica. Es el caso de cantidades que se anulan en el limite de isoespin, como
por ejemplo el parametro de orden de la ruptura de isoespin <@iu> — <dd>, o
la llamada asimetria de vacio que se define a partir de este ultimo y que arroja
correcciones —a temperatura cero— que van desde un 15% hasta un 24 % de-
pendiendo de que se use la cota inferior o superior de valores naturales para las
constantes de baja energia electromagnéticas—. Existen también modificacio-
nes importantes a la regla de suma [31] que conecta los cocientes <dd>/<uu>
y <§s>/<tu> —libre de términos de contacto— puesto que los efectos de rup-
tura electromagnética (calculados en este trabajo por vez primera) son formal y
numeéricamente comparables a los de ruptura intrinseca.

Esta regla de suma puede ser extendida de forma natural a temperatura fi-
nita manteniendo su cardcter independiente de términos de contacto. Debido a
que las correcciones que experimenta el cociente <@u>/<dd> son grandes para
temperaturas moderadas, las modificaciones a esta regla de suma asociadas a la
presencia del bafio térmico son significativas en este rango de temperaturas (e.g::
de aproximadamente un 20 % para T ~ 100 MeV respecto al valor a temperatura
cero), llegando incluso —y siendo conscientes de que se trata de una extrapo-
lacion de los resultados de ChPT— a ser formalmente comparables al valor de
temperatura cero en el rango de temperaturas altas.

Hemos relacionado, ademas, las correcciones electromagnéticas al condensa-
do total de quarks en la teor{a de dos sabores con la diferencia y(77)V®*)— y(0)5V®
—directamente medible en el reticulo [86,147/]— para la susceptibilidad escalar
total a través de una regla de suma. La extrapolacion cualitativa de los resultados
proporcionados por esta regla de suma hacia temperaturas cercanas al valor criti-
co permite inferir un crecimiento importante de los efectos debidos a la ruptura
electromagnética sobre el condensado total, habida cuenta del comportamiento
que se presupone para la susceptibilidad escalar cerca de la transicién.

Para la Teoria Quiral con tres sabores es posible concluir que —pese a que la
interpretacion ahora no es tan clara como en el caso anterior— las correcciones
sobre el condensado total también se hallan dominadas por la susceptibilidad
escalar sustraida debido a la supresién Boltzmann de los grados de libertad aso-
ciados al quark strange.

Esta regla de suma ha llevado a conectar nuestros resultados con aquéllos
obtenidos a través del formalismo staggered en el reticulo. En efecto, debido
a que la masa de las copias se corrige [86,80,148] con el espaciado de la red
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de forma similar a como entran las correcciones electromagnéticas a nivel drbol
en la masa de los bosones de Goldstone, la regla de suma permite comparar
las diferencias entre nuestros resultados para los condensados en el limite del
continuo y los obtenidos mediante simulacion en el reticulo usando acciones de
tipo staggered. Ademas, a partir de este la extrapolacién de los resultados se colige
que las correcciones debidas a efectos de taste-breaking son susceptibles de verse
amplificadas en un entorno de la temperatura critica de restauracion.

El cdlculo de las susceptibilidades quirales escalares a un loop en SU(8)—ChPT
permite la obtencion de las llamadas susceptibilidades conexa y disconexa, can-
tidades que —junto a la susceptibilidad escalar total— son de uso habitual en las
simulaciones en el reticulo.

En este trabajo se ha mostrado cémo la consideracion de un escenario que in-
cluya la ruptura de isoespin consistentemente es fundamental para la obtencién
de las contribuciones dominantes de cada una de las partes de la susceptibilidad.
Estos resultados permiten obtener el scaling de estos observables en relacién con
los parametros de masa quark y temperatura desde un punto de vista model-
independent en el continuo, importantes para explicar ciertos comportamientos
anomalos que aparecen en el formalismo staggered del reticulo. En relacion a
esto, es vital la advertencia de que considerar un sélo sabor puede dar lugar
a una interpretacion demasiado simplista del problema, puesto que asumir la
existencia de una sola susceptibilidad asociada a un solo sabor ligero —tomando
el limite de isoespin desde el principio del calculo— no permite obtener las con-
tribuciones dominantes para la susceptibilidad conexa y da lugar, también, a
importantes diferencias a la hora de calcular el valor numeérico de la susceptibi-
lidad total (cuantificadas en un 80 % a temperatura cero, y en hasta un 10% en
la diferencia relativa para su valor térmico sustraido).

El andlisis de lo que sucede en el llamado régimen infrarrojo (mm<<m,, M,<<
T<<Mjk,) es verdaderamente 1til para el estudiar los scalings de las susceptibili-
dades con la masa de los quarks ligeros y la temperatura.

El calculo en el continuo que hemos realizado satisface las predicciones de
calculos anteriores [1, 5] para las partes divergentes de la susceptibilidad conexa
y disconexa, y las complementa indicando que la parte finita de Xcon(T) no es
nula en el limite de isoespin, lo que nos ha permitido interpretar las propiedades
de scaling a temperatura finita de la susceptibilidad conexa cerca del limite quiral
a través de su relacién con la mezcla 770—7].

Los resultados en el régimen infrarrojo nos permiten afirmar que el compor-
tamiento critico que se espera en el caso de la parte disconexa de la susceptibil-
diad escalar sea mucho mas acusado que el de la parte conexa. Al hilo de todo
lo que hemos dicho, es natural asociar este comportamiento a la naturaleza de
cada observable. En efecto, la susceptibilidad conexa puede asociarse con efectos
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de ruptura intrinseca a través de las fluctuaciones del parametro de orden de
la ruptura de isoespin, mientras que la disconexa representa una medida de las
fluctuaciones del pardmetro de orden asociado a la restauraciéon quiral, vid. el
condensado total de quarks.

Pese a su indudable utilidad formal a la hora de describir los scalings de las
susceptibilidades —y debido al orden de las correcciones que se desprecian— los
calculos de la investigacion que defiendo muestran que los términos dominantes
en el régimen infrarrojo no son una buena aproximacién numeérica en el caso de
que se usen masas fisicas para los mesones. Eis por esto que un analisis sistemadtico
fuera del limite quiral como el que aqui se ha realizado aporta una informacion
especialmente util al problema.

En la tercera seccion del capitulo 2 se amplia el estudio acerca de las suscep-
tibilidades incluyendo el andlisis en ChPT de la susceptibilidad pseudoescalar,
asi como su relacion con el condensado de quarks y con la susceptibilidad esca-
lar. El estudio conjunto de estos dos correladores lugar a un posible escenario de
restauraciéon quiral en ChPT manifestado a través de la degeneracién de ambas
susceptibilidades, lo que resulta respaldado también por nuestros calculos en
UChPT vy por datos procedentes de simulaciones en el reticulo.

A través del analisis del patron de degeneracion de las susceptibilidades es-
calar y pseudoescalar en el contexto de la Teoria Quiral de Perturbaciones de
dos sabores en el limite de isoespin, hemos mostrado la existencia de un posi-
ble escenario de restauracion de simetria quiral a una temperatura ligeramente
inferior (0,97¢) a la temperatura critica proporcionada por la anulacién del con-
densado de quarks. Debido a que, a bajas energias, es razonable suponer que el
comportamiento de estos correladores esta saturado por las particulas asociadas a
los numeros cuanticos del canal correspondiente, este comportamiento conduce
a un escenario de degeneracion de los correladores de dos campos asociados a los
compafieros quirales fo(500)/0 y pion.

Ademas, también hemos comprobado —en ChPT a next-to-leading-order y
a temperatura finita— que la susceptibilidad pseudoescalar es proporcional al
condensado de quarks, y tiende a reproducir de modo mucho mas parecido el
comportamiento critico predicho por las simulaciones en el reticulo que el que se
obtendria si se asume la saturacion del correlador pseudoescalar por el inverso
de la parte real de la auto-energia para el pion calculada a través de ChPT

(e ~ 1/MA(T)).

Para comprobar este patron en un contexto mds amplio que el de la Teoria
Quiral efectiva, hemos procedido a a través de dos medios distintos. Por un lado,
hemos recopilado datos para las masas de apantallamiento en el canal pseudo-
escalar y el condensado de quarks sustraido, procedentes de simulaciones en el
reticulo bajo las mismas condiciones [126,127]. Asumiendo que estas masas de
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apantallamiento se comportan —por debajo del valor de temperatura critico de
restauracion quiral— como las masas asociadas al polo del correlador pseudoes-
calar comprobamos que la relacion entre la susceptibilidad pseudoescalar y el
condensado se cumple de modo satisfactorio también para estos resultados en el
reticulo.

Este resultado explica también también el rdpido crecimiento observado [126]
para el cociente M (T)/M3(0) de las masas de apantallamiento asociadas al ca-
nal pseudoescalar (puesto que éste es inversamente proporcional al cociente

<q‘q>o/<q'q>T); y permite reproducir el escenario de degeneracién para las dos
susceptibilidades estudiadas. Este enfoque permite ademds ver que ambas sus-
ceptibilidades, a diferencia de lo que sucedia en el calculo en ChPT, permanecen
degeneradas incluso para temperaturas mayores a la temperatura critica en [126].

El segundo método que hemos aplicado consiste en la utilizacién de UChPT
y, por tanto, en la implementacién de los efectos asociados a las resonancias
mas ligeras. Asumiendo que la particula escalar intercambiada en la dispersion
de piones a momento nulo (tal y como exige la definicién de susceptibilidad)
corresponde exclusivamente a la fp(500), y que su masa queda absolutamente
determinada por la parte real del polo térmico del canal escalar —calculado a
través del IAM a un loop—, obtenemos un maximo para la susceptibilidad escalar
a una temperatura de 157 MeV, compatible con las predicciones del reticulo y
que estd intimamente relacionado con el cardcter no estrecho de la g/ f5(500).

Para encontrar la degeneracién entre las susceptibilidades escalar y pseudo-
escalar, necesitamos asumir que la relacion entre ésta ultima y el condensado
se sigue cumpliendo en la Teoria Unitarizada. Ademas —debido a que no dis-
ponemos de informacidon que nos dé una idea del comportamiento critico del
condensado en el limite quiral— es necesario asumir que la variacion térmica
del mismo es —a este orden, y tal y como sucede, por ejemplo, a un loop en
ChPT— proporcional al cociente T/M. El resultado es que la interseccion entre
ambas susceptibilidades se produce unos 20 MeV por encima de la temperatu-
ra asociada al maximo de la susceptibilidad escalar unitarizada, aunque en este
caso no permanecen iguales por encima de esta temperatura, donde nuestras
extrapolaciones son ya demasiado extremas.

Respecto al capitulo 3: hemos calculado, participando del mismo enfoque efec-
tivo que en el resto de esta memoria, las correcciones a la auto-energia de un
gas de piones fuera del limite quiral a temperatura finita debidas al intercambio
de fotones virtuales. Los resultados para la parte real e imaginaria son finitos,
independientes de la escala y dependientes en el tri-momento externo como re-
sultado de la existencia de un sistema de referencia privilegiado solidario con el
barnio térmico.

Usando, para los calculos, los mismos valores numeéricos que en la publicacién
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2.1.1, y definiendo la masa del pidn a leading order como la parte real de la auto-
energia en el limite estdtico (tri-momento externo nulo) hallamos que la masa de
los piones cargados y neutros, asi como la diferencia entre ellos, sufre pequefias
modificaciones térmicas respecto al valor su temperatura cero. La diferencia de
masas electromagnética es suavemente creciente para piones fuera del limite
quiral (incluso asumiendo limite quiral intrinseco y conservando correcciones
de carga a nivel drbol), y llega a ser hasta un 24 % mayor que el valor a temperatura
cero para T ~ 150 MeV.

Este crecimiento para la diferencia de masas es cualitativamente opuesto al
obtenido en otras publicaciones en el limite quiral [168], donde de hecho tiene
cardcter decreciente con la temperatura. La inclusion de piones masivos da lugar
a un escenario mds realista que el limite quiral en cuanto a la descripcion del gas
de piones que se forma en las Colisiones Relativistas de Iones Pesados, debido
a que la temperatura del sistema no llega a cumplir nunca la condiciéon T >>
M;, que determina la region térmica en la que el limite quiral tiene capacidad
predictiva.

Una de las conclusiones mds importantes de este trabajo ha sido comprobar
que el término de apantallamiento de tipo Debye —tipico término de revesti-
miento electromagnético de un escalar— es capaz de oponerse a la tendencia
hacia la restauracién quiral que se esperaria si la regla de suma (3.1) que conec-
ta la diferencia de masa electromagnética de piones con la diferencia entre las
funciones espectrales de los canales vectorial y axial fuera aplicable.

La diferencia de masas, promediada a tri-momentos, aunque indistinguible
de la diferencia calculada en el limite estatico, experimenta un crecimiento mas
suave al llegar a los 100 — 150 MeV, y comienza incluso a decrecer —si se ex-
trapolan los resultados hacia regiones térmicas fuera del alcance predictivo de
ChPT—, acercandose mas rapido al comportamiento esperado en el limite de
altas temperaturas, M,/T, donde el limite quiral proporciona una descripciéon
adecuada.

La parte imaginaria presenta un comportamiento mucho mas interesante
puesto que nuestros calculos dan lugar a una nueva contribucion absortiva que
no ha sido presentada antes a este orden en el contexto de la Teoria Quiral.
En efecto, al calcular la parte imaginaria de la auto-energia en el régimen de
pequenas oscilaciones del plasma para piones fuera del limite quiral, encontra-
mos una contribucion puramente térmica procedente del diagrama de photon-
exchange. Esta contribucion es lineal en la temperatura, nula para p - O y tiende
asintoticamente al valor 7(p — 00, T') = ¢*T/4x.

Es importante notar que el resultado ha sido obtenido a partir de un calculo
en el gauge de Coulomb, para el que sélo los grados de libertad fisicos del foton
contribuyen y estdn, por tanto, en equilibrio térmico. Aunque hemos demostra-
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do que la parte imaginaria es invariante bajo cambios de gauge covariantes, el
resultado para la anchura en estos gauges no estd bien definido, como ya ha sido
descrito en otros trabajos [1771,172].

La comparacion de la anchura térmica promediada en tri-momentos con la
anchura obtenida en ChPT al orden siguiente (y procedente exclusivamente de
procesos de dispersion en el bafio térmico [166]) indica que esta nueva contri-
bucion es dominante hasta temperaturas de hasta unos 50 MeV. A partir de esta
temperatura la anchura debida a dispersién de piones es manifiestamente mayor,
llegando a ser hasta ocho veces mayor a unos 80 MeV.

Esta contribucion a la anchura podria inducir correcciones sobre el calculo
de la conductividad eléctrica y las viscosidades de cizalla y volumen. Utilizando
los valores unitarizados [166] para los promedios en tri-momentos de la anchura
térmica en ChPT y usando nuestros numeros para la anchura electromagnética
encontramos diferencias de alrededor de un 10 % para una temperatura de entre
80 y 100 MeV, rango de temperaturas para el que la expansion en el plasma
relativista resultante de la Colisién de Iones Pesados cesa (freeze-out térmico).
Respecto a la variacién en los tiempos de freeze-out térmico: nuestras estimaciones
dan lugar a una diferencia de temperaturas de unos 2 MeV para las distribuciones
de piones cargados y neutros.

Asimismo hemos estudiado la validez de la extension simplista fuera del limi-
te quiral y a temperatura finita de la regla de suma V — A que relaciona (en el
limite quiral y a temperatura cero) la diferencia de masas electromagnética de
los piones con la diferencia entre las funciones espectrales asociadas a los canales
vectorial y axial. El resultado al que hemos llegado es que esta regla de suma,
per se, no es directamente aplicable cuando se consideran piones masivos y efec-
tos de temperatura finita. Sin embargo si puede modificarse para dar cuenta de
estas correcciones a través de la incorporacién de los términos a que da lugar el
diagrama de photon exchange y unas correcciones térmicas multiplicativas para
las contribuciones de tipo V' — A.

El efecto de la consideracién de piones masivos contribuye a la amplifica-
ciéon de la diferencia electromagnética de las masas de los piones, por lo que el
comportamiento tendente a la restauracion quiral que se observaba en el limi-
te quiral queda emborronado. No es posible, por tanto, reconocer un efecto de
restauracion quiral asociada a la diferencia de masas de los piones cargados y
neutros a temperatura finita para piones masivos.

Finalmente, con el fin de comprobar la robustez de los resultados de ChPT
para la diferencia de auto-energias de los piones cargados y neutros hemos cal-
culado este observable utilizando un modelo de intercambio de resonancias y
asumiendo saturados los canales axial y vectorial por la a;(1260) y la p(770), res-
pectivamente. En este contexto encontramos que las contribuciones resonantes



Conclusiones 181

se activan a una temperatura de unos 170 — 200 MeV y son numéricamente pe-
quefias comparados con los valores obtenidos mediante ChPT. Esto indica que
los resultados model-independent de la Teoria Quiral son estables frente a la in-
corporacion de resonancias, lo que permite pensar en una validez mayor y mads
contrastada de los resultados de ChPT.

Ademas, hemos comprobado que las partes imaginarias asociadas a algunos de
los diagramas resonantes que contribuyen a la diferencia de auto-energia estdn
exponencialmente suprimidas y son subdominantes frente a la anchura térmica
electromagnética que ya calculamos previamente.

Por ultimo: el término —4Zegg1(T, M;) y el correspondiente a la diferencia
a(T, M%) — gi(T, M?), que se obtienen en ChPT a partir de diagramas de tipo
tadpole que involucran piones y que estan directamente relacionados con la res-
tauracion de la simetria quiral, no pueden conseguirse exclusivamente a partir
de usar el modelo de resonancias a leading order, lo que pone de manifiesto la
inequivalencia de los contajes asociados a la Teoria Quiral de Perturbaciones y
al modelo de resonancias, donde de hecho el unico contaje que nos ha permitido
clasificar formalmente los diagramas se basa en gran Ng.






Resumen en inglés

THe fundamental aim of this research has been the study of the thermal pro-

perties of Goldstone Boson’s gases through the effective approach provided
by Chiral Perturbation Theory, extended —wherever needed— via unitariza-
tion methods and auxiliar models in order to accomodate to their predictions
the effect of the inclusion of the lightest resonances in diverse channels.

In the first part of this thesis (chapter 2) we have studied the effects of the in-
clusion of isospin symmetry breaking terms —both intrinsic and electromagnetic—
on the order parameters associated to chiral symmetry restoration, specially on
the light quark condensates and on the strange condensate —when considering
the non vanishing strangeness sector—.

At zero temperature our results show that comparing the systematic calcu-
lation of these effects in SU(3) — ChPT and in the scheme used in [121] —which
includes the symmetry breaking via mass terms violating Dashen’s Theorem—
results into differences of 2% in the case of light quark condensates, and up to
4 % in the strange one. This shows that, although relatively small, the differences
between considering properly all the low energy constants through an effective
approach based on the chiral lagrangian is important if one takes into account
the precision of the results given in that work [121].

Our assumption of the ferromagnetic-like response hypothesis for the va-
cuum —in addition to a suitable speciﬁcation of the splitting prescription bet-
ween the EM and non-EM parts in the calculation of the quark condensates—
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is the origin of the diverse lower bounds we have found for the combination of
electromagnetic low energy constants (EM LECs) appearing in the calculation
of the total quark condensate, both in SU(2) — ChPT and SU(8) — ChPT.

We have checked that these bounds are satisfied for each and every value of
the relevant EM LECs we have found on the specialized literature (obtained by
the use of different theoretical tools); and are more restrictive in the case of three
flavours than in the two-flavour sector, but also less reliable due to the distortion
caused in the chiral series by the presence of the strange quark mass.

The state-of-the-art concerning the low energy constants in the literature is
—to the best of our knowledge [130-134]- scarce, specially in the two-flavour
sector.

Integrating out the strange quark by means of an expansion in inverse po-
wers of its mass, we have related the combination of low energy constants in both
the theory of two and three flavours at the expense of introducing an explicit de-
pendence in terms with Goldstone boson masses. Nevertheless —due to the fact
that the separation of the contributions from electromagnetic and non electro-
magnetic contribution in any observable is always ambiguous [108,131,133,135‘)]—
it doesn’t exist one unique and general prescription that allows to disentangle—
to any order in ChPT— the contributions of the EM LECs from the non-EM
LECs.

At finite temperature the total condensate receives —in SU(2) as well as in
SU(8)— little corrections because of the violation of the isospin simmetry. These
give rise to a larger critical temperature, about a 1% more, with respect to the
isospin limit one. Although this is a small modification, it is produced in the
expected direction, in the sense that it is consistent with the ferromagnetic
response hypothesis assumed in the calculation of the bounds relating the EM
LE.Cs relevant in this calculation.

With respect to the order parameter of the isospin symmetry breaking —
related with the vacuum asymmetry— we have shown that it doesn’t receive
thermal corrections for two-flavour ChPT, while in SU(3) — ChPT it suffers

from a soft enhancement through a cuadratical dependence in the temperature

2
at high enough temperatures, they are controlled by a mass scale much bigger
than that caracteristic scale of the chiral symmetry breaking order parameter,

1/F2.

over the eta mass, vid. (m, — mg);. Although these corrections are significant

The differences (~ 1%) between consider or not isospin breaking effects
at zero temperature in the light quark condensate and also in the strange one
indicate that they can be ignored, since they are small when comparing with the
uncertainties associated to lattice calculations [125].
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In spite of this, there exist observables for which isospin breaking corrections
are important, from a formal point of view as well as regarding a numerical pers-
pective. This is indeed the case of quantities vanishing in the isospin limit like,
for example, the isospin breaking order parameter, <tiu — dd>, or the vacuum
asymmetry defined from the latter and that gives corrections, at zero tempe-
rature, that go from 15% up to 24 %, depending on which bound —upper or
lower— we use for the natural approximation of the EM LECs values.

There exist also important modifications to the sum rule [31] relating the
ratios <dd>/<uu > and <§s>/<uu > —both free of contact terms—, for the
electromagnetic breaking effects (calculated in this work for the first time) are
formal and numerically sizeable with those of the intrinsic breaking.

This sumrule can be extended in a natural way to finite temperature. Because
of the fact that the corrections to the ratio <@iu> / <dd> are important for
intermediate temperatures, the modifications to this sum rule are also significant
in the very same thermal range (for example, they are of about 20% at T ~ 100
MeV, with respect to the zero temperature value) and become formally sizeable
to the zero temperature value for larger temperatures —although we are not
allowed to extent our ChPT calculation in such a manner and these results
must be taken as qualitative extrapolations—.

We have also related the electromagnetic corrections to the total quark con-
densate in the two-flavour theory with the difference y(T)*V® — y(0)V® for
the total scalar susceptibility through a sum rule measurable directly in latti-
ce [86,147]. The qualitative extrapolation of the results provided by this sum
rule towards temperatures near the critical restoration value allow to infer an
important growth of the effects due to electromagnetic breaking on the con-
densate, bearing in mind the behaviour supposed for the scalar susceptibility
near the transition. For the three-flavour theory it is also possible to conclude
that —although the interpretation is not as clear as in the latter case— the co-
rrections to the total condensate are also dominated by the scalar susceptibility.
This is due to the thermal suppresion of the strange quark effects by means of
Boltzmann exponentials.

This sum rule also connects our results with those obtained via the stagge-
red formalism in lattice calculations. Since the mass of the spureous copies of
Goldstone bosons produced there are corrected with the lattice spacing in the
same manner as electromagnetic corrections enter at tree level in the mass of
the pions and etas in ChPT, our sum rule allows to compare our results for
the condensates in the continuum with the ones obtained in lattice using stag-
gered actions. Furthermore, the extrapolation of our results indicates that the
corrections of taste-breaking effects are susceptible of being enhanced in the
neighbourhood of the critical restoration temperature.
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The calculation of the chiral scalar susceptibilities to one loop in SU(8)-ChPT
leads to the obtention of the so-called connected and disconnectes susceptibili-
ties, quantities that —with the total scalar susceptibility— are of common use
in lattice simulations.

In this work, we have shown that the consideration of a scenario that in-
cludes isospin breaking in a consistent way is fundamental for the obtention
of the dominant contributions of the connected and disconnected susceptibili-
ties. These results allow to find their scaling with the light quark mass and the
temperature, which turns out to be very important in order to explain certain
anomalous behaviours of these quantities when using staggered actions. It is,
then, essential to warn about the fact that considering just one flavour could
lead to an oversimplified interpretation of the problem. Indeed, assuming just
one susceptibility associated to a just one light quark —i.e. taking the isospin
limit from the very beginning— does not give the dominant contribution for
the connected susceptibility and, also, leads to important differences when cal-
culating the numerical value of the total susceptiblity (quantified as a 80 % at
zero temperature, and up to a 10 % in the relative difference with respect to its
thermal substracted value).

The analysis of the infrared regime (T?L<<TTLX,M7T<<T<<MK)7]) turns out to be
very useful for the study of the scalings of the different susceptibilities with the
light quark mass and the temperature.

The continuum calculation we have made satisfies previous predictions [145]
for the divergent part of the connected and disconnected susceptibilities in the
chiral limit, and complement them with non vanishing meson masses, indicating
that the finite part of ycon(T') doesn’t vanish in the isospin limit. This has allowed
us to make an interpretion of its scaling properties at finite temperature and near
the chiral limit by means of its relation to the 770—7] mixing.

The results in the infrared regime have allowed us to infer that the criti-
cal behaviour we would expect for the disconnected piece of the susceptibility
should be more pronounced than that of the connected one. Along these same
lines, it is natural to associate this behaviour to the nature of each observable.
Indeed, the connected susceptibility measures fluctuations of the order parame-
ter of the isospin symmetry breaking, while the disconnected piece measures
the fluctuations of the chiral restoration order parameter, vid. the total quark
condensate.

In spite of its undoubted formal usefulness when it comes time to describe the
scaling of the different susceptibilities, our calculations show that the dominant
terms in the infrared regime are not a good numerical approximation when
using physical masses for the different mesons due to the order of the corrections
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neglected. This is Why we think our sistematic analysis out of the chiral limit
gives a very useful information about this issue.

In the third section of chapter 2, we have gone in detail about the study of
chiral susceptibilities, specially about the scalar —previously defined— and the
pseudoscalar ones.

Through the analysis of the degeneration pattern of the latter in the context
of two-flavour ChPT in the isospin symmetric limit, we have shown the existence
of a possible chiral restoration scenario at a temperature slightly lower (0,97¢)
than the critical temperature at which the chiral condensate vanishes. At low
temperatures and energies, it is reasonable to suppose the behaviour of those
correlators to be saturated by the particles with the quantum numbers of the
corresponding channel; so this scenario leads to a mass degeneration of the
fo(500)/0 and the pion.

Moreover, we have also confirmed that —up to next-to-leading-order ChPT
, and at finite temperature— the pseudoscalar susceptibility is proportional to
the quark condensate, and tends to reproduce lattice critical results in a manner
more satisfactory than that consisting in saturating the pseudoscalar correlator
by a pion state (yp ~ 1/M?2).

To check this relation in a wider context, we have proceed in two diffe-
rent ways. First, we have compiled data for screening masses in the pseudos-
calar channel and substracted quark condensates from the same lattice calcu-
lations [126,127]. Assuming this screening mass to behave —below the critical
restoration temperature— as the pseudoscalar pole mass (and assuming also that
this one is saturated by a pion state), we have checked that the relation between
the pseudoscalar susceptibility and the quark condensate is well fulfilled also for
these lattice data.

This result explains, too, the fast growth observed in the pseudoscalar scree-
ning mass quotient M¥(T)/M3(0), and allows to reproduce the degeneration
scenario for scalar and pseudoscalar susceptibilities. Furthermore, this approach
shows that —contrary to what happened in the ChPT calculation— both sus-
ceptibilities remain degenerated even for temperatures greater than the critical
temperature given in [126].

The second way we have choosen to check our results, is the use of UChPT
and, therefore, the dynamic implementation of the effects associated with the
lightest hadron resonances. Assuming the scalar particle exchanged in pion scat-
tering at zero momentum (such as the definition requires) to be the f5(500), and
that its mass is completely fixed by the real part of the thermal pole in the sca-
lar channel calculated via one-loop IAM, we have obtained a maximum for the
scalar unitarized susceptibility at 157 MeV, completely compatible with the pre-
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dictions provided by lattice calculation and essentially due to the non-narrow
character of the fo(500)/0.

To find the degeneration pattern in this context, we have to assume that the
relation between the pseudoscalar and the scalar susceptibilities is also satisfied
in the Unitarized Theory. Furthermore —because we do not have information
about the critical behaviour of the quark condensate in the chiral limit— we
have to assume, in addition, that the thermal variation of the condensate goes
proportional to T/M —which is indeed fulfilled in one-loop ChPT—. With these
assumptions in mind, the result we get is that the intersection between the
susceptibilities occurs at a temperature 20 MeV greater than the temperature
associated to the unitarized scalar susceptibility maximum, although in this
case they do not remain degenerated above the critical temperature, where our
extrapolations are not so reliable.

With respect to the conclusiones of chapter 3: we have calculated, within the
same effective approach followed in the previous sections of this memory, the
correction to the self-energy of a pion gas out of the chiral limit and at finite
temperature due to the exchange of virtual photons with the thermal bath. The
results for the real and the imaginary part are all finite, independent of the chiral
renormalization scale and do depend on the external tri-momentum as a result
of the existence of a special reference frame associated with the thermal bath.

Using, for numerical purposes, the very same numerical values as in publi-
cation 2.1.1, and defining the pion mass at leading order as the real part of the
self-energy in the static limit, we found that neutral and charged pion masses,
as well as the difference between them, suffer from little thermal modifications
with respect to their zero temperature value. The difference grows smoothly
with temperature for massive pions, being a 24 % greater than the zero tempe-
rature value at T ~ 150 MeV.

This growing behaviour for the mass difference is qualitatively opposite to
that obtained in other chiral-limit calculations [168], where it decreases with
temperature. The inclusion of massive pions gives rise to a more realistic scenario
than the chiral limit in the context of RHIC, since the temperature of such a
system is never reaching the condition T >> M,, which determines the thermal
region where the chiral limit is supposed to be predictive.

One of the main conclusions of this work has been to check that the Debye-
screening-like term for the mass —a typical EM dressing mass of a scalar— is
able to face the tendency towards chiral symmetry restoration one would expect
if the sum rule (3.1) —connecting the electromagnetic mass difference of pions
with the difference of the spectral functions associated with the axial and vector
channels— were suitable to be applied also at finite temperature and out the
chiral limit.
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The tri-momentum-averaged mass diference, although indistinguisable from
the difference calculated in the static limit, develops a smoother growth at a
temperature of about 100 —150 MeV, and even starts to decrease —if results are
extrapolated to thermal regions far away from the predictive power of ChPT—
, reaching quicker the behaviour expected in the high temperature regime
(M, /T — 0), where the chiral limit is believed to be a good description.

The imaginary part presents a much more interesting behaviour since our
calculations give rise to anew absortive part, which —to the best of our knowledge —
has never been published yet in the context of ChPT. Indeed, when calculating
the imaginary part of the self-energy in the small oscillations limit of the plas-
ma for pions out of the chiral limit, we find a pure thermal contribution coming
from the photon-exchange diagram. This contribution goes like ~ T', vanishes
for vanishing external pion tri-momentum and goes like 7(p - 00) = ¢*T/ar, when
p goes to infinity.

It is important here to note that our result has been obtained in the Coulomb
gauge, in which only the physical degrees of freedom of the photon are taken
into account and, therefore, assumed in thermal equilibrium. Although we have
demonstrated that this imaginary part is covariant-gauge invariant, the result
in these kind of gauges is sometimes ill-defined, as already described in other
previous works [171,172].

The comparation of the thermal width averaged in tri-momenta with respect
to the next-to-leading-order width obtained in ChPT indicates that this new
EM contribution is dominant up to temperatures of about 50 MeV. From there,
the width associated with pion scattering in the thermal bath starts to dominate,
becoming approximately eight times greater at a temperature of about 80 MeV.

This EM contribution to the thermal width may induce corrections on the
calculation of the electrical conductivity and the sehar and bulk viscosities. Using
the unitarized values [166] for the tri-momentum averaged thermal widths and
our results for the EM width we find differences of about 10 % for a temperature
of 80—100 MeV, thermal range for which the expansion of the relativistic plasma
produced in the RHIC ceases (thermal freeze-out). Our estimations also show
up thtat a difference of 2 MeV in the thermalisation time (thermal freeze-out
temperatures) for charged and neutral pions must be expected.

Moreover, we have studied the validity of the naive extension out of the chiral
limite and at finite temperature of the V — A sum rule relating (in the chiral
limit and at zero temperature) the electromagnetic mass difference of piones
with the difference of the spectral functions associated to the vectorial and axial
channels. The result we show is that this sum rule, per se, is no longer valid when
considering massive pions and must be modificated.
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The effect of including massive piones contributes to the enhancement of
the electromagnetic mass difference of the pions, so the chiral restoring beha-
viour we observe in the chiral limit turns out to be smeared. It is not possible,
then, to recognize any chiral restoration effect in the charged-neutral pion mass
difference at finite temperature when considering massive pions.

We have also used a resonance exchange model coupling the lightest reso-
nances in the axial and vector channels (i.e. the a; and the p, respectively) with
photons and pions in order to check if there are important resonant corrections
in the regime of applicability of ChPT.It is important to stress that all the calcu-
lations in this model have been carried out to leading order because of the lack of
a numerically reliable counting scheme besides large-N¢-based arguments that
allow us to separate formally the different diagrams.

We have found that altough resonant corrections do exist, they activate ther-
mally at a temperature of about 170—-200 MeV and are numerically smaller than
the ChPT results. The model-independent results provided by ChPT are, then,
stable with respect to the inclusion of resonances in the sense that there are no
important modifications within its applicability thermal range.

Finally, we have checked that the imaginary part associated to some of the
resonant diagrams contributing to the mass difference are exponentially sup-
pressed and subdominant with respect to the electromagnetic thermal width
calculated before.



Fe de errores y erratas

Se hacen constar las siguientes erratas y errores:

@ Fn la publicacién 2.2.1, padgina 8; donde dice
SU(3) SU3) _ Ce? 4
r(T)SU® — (0)V® = 1+7(9g9(M,,i T)+ ga(Mg+, T)) + O(e"),
debe decir
(V
F4

(282( M, T) + go( M+, T)) + 0(e*).

@ En la publicacién g.1.2, pagina 34o, pemiltimo parrafo; donde dice

For the first two ones we get M =y —4Ze*gl(M2,T) and (...)

7, Tadpoles QFi’

debe decir

72
For the first two ones we get MﬂTadpoles (];41?8 —4Ze )gl(Mﬂi, ) and

(..)

@ En la misma publicacién g.1.2, las figuras 4 y 5 no se corresponden con las
expresiones analiticas para las masas de los piones cargados y neutros. Estas
ultimas, no obstante, si son correctas. Las gréficas correctas pueden encon-
trarse, por ejemplo, en la figura 2 de [175].
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