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Abstract

Working in the setting of quasi-Banach couples, we establish a formula for
the measure of non-compactness of bilinear operators interpolated by the
general real method. The result applies to the real method and to the real
method with a function parameter.
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1. Introduction

In recent years it has been shown that compact bilinear operators occur
rather naturally in harmonic analysis. See, for example, the papers by Bényi
and Torres [4], Bényi and Oh [3] and Hu [32]. In particular, it has been
established in [4] that commutators of bilinear Calderén-Zygmund operators
and multiplication by functions in the subspace CMO of BMO are compact
bilinear operators from L, x Ly — L, for 1 < p,q < oo and % = % + % <1
These results have motivated the research on interpolation properties of
compact bilinear operators, a problem already considered by Calderén [7] in
his pioneering paper on the complex interpolation method. The case of the
real interpolation method has been studied more recently by Ferndndez and
Silva [25], Fernandez-Cabrera and Martinez [27, 28], Mastylo and Silva [37]
and Cobos, Fernandez-Cabrera and Martinez [12]. It is shown in [12] that
commutators of bilinear Calderén-Zygmund operators and multiplication by
functions in CMO are also compact for % <r<l
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Once the behaviour under interpolation of compact bilinear operators
is understood, it is time to enquire for quantitative results. This leads
naturally to investigate how the measure of non-compactness of a bilinear
operator behaves under interpolation.

In the case of linear operators, interpolation formulae for the measure of
non-compactness §(T") have attracted the attention of a number of authors.
Let us recall that 5(T") = limy, o0 €,(T"), where (e, (7)) is the sequence of
entropy numbers of the operator 7. Peetre, Triebel and Pietsch (see [47,
1.16.2] and [42, 12.1]) started the study of the interpolation properties of
entropy numbers. They considered the case when one of the Banach couples
degenerates to a Banach space, i.e. Ag = Ay or By = Bj. Similar results in
the quasi-Banach case can be found in the book by Edmunds and Triebel [22,
1.3.2]. As for the measure of non-compactness, the first results were obtained
by Edmunds and Teixeira [46]. They work with Banach spaces and assume
that one of the couples degenerates to a space, or the couples are arbitrary
but the target couple satisfies a certain approximation condition. For the
real interpolation method (Ao,Al)eyq, these assumptions were removed in
the work of Cobos, Ferndndez-Martinez and Martinez [13], who proved the
following logarithmically convex inequality

ﬁ (T : (AO’Al)O,q — (30,31)97(]) < Cﬂ (T :Ag — Bo)l_gﬁ (T A — Bl)e.

(1.1)
Similar formulae to (1.1) hold for two important extensions of the real
method: the real method with a function parameter (Ao, 41),, and the
general real method (Ao, A1) (definitions of these constructions are recalled
in Section 2 below). See the papers by Cordeiro [16] and by Szwedek [43].
See also the papers by Cobos, Ferndndez-Cabrera and Martinez [10, 11].
An extension of (1.1) to linear operators between quasi-Banach couples has
been done by Ferndndez-Martinez [29]. Other quantitative results can be
found in the more recent papers by Edmunds and Netrusov [19, 20] and by
Szwedek [44, 45].

Returning to bilinear operators, in a recent paper Mastylo and Silva
[37] have shown an abstract approach that allows to lift (1.1) to bilinear
operators between Banach couples. Among other things, they have proved
that

B (T (Ao, A)g gy % (Bo, i)y, = (o, En)g,) (1:2)
§Cﬁ(TAQ XB()—>E0)1_05(TZA1 X By _>E1)9

provided that 1 < gg,q1 < 00, 1 < ¢ < 00 and é = q% + qil — 1. Their
arguments are based on duality and on formula (1.1).

In this paper we study the behaviour of the measure of non-compactness
of bilinear operators among quasi-Banach spaces interpolated by the general



real method. We follow a direct approach based on properties of the vector-
valued sequence spaces that come up with the construction of the general
real method. These techniques have their origin in the papers by Cobos
and Peetre [15] and Cobos, Kithn and Schonbek [14] on compact linear
operators. They were also used by Cobos, Fernandez-Cabrera and Martinez
[12] to establish the result on interpolation of compact bilinear operators.
We split the operator in pieces by using certain families of projections on
the sequence spaces and then we proceed to estimate the measure of non-
compactness of these pieces. There are important differences between the
arguments in [12] and here. First we work with a more refined decomposition
of the operator than in [12]. We use projections of different order which helps
in computations. Most of the time, our estimates are based on the properties
of the projections and the norm estimate given by the bilinear interpolation
theorem, but for one of the pieces we must construct a suitable e-net for the
image of the product of the unit balls (see Step 2 in the proof of Theorem
3.3 below). For this aim we rely on the description of the general real
interpolation method in terms of the J-functional and compactness in R" of
certain subsets connected with the sequence lattices used in the interpolation
methods.

Writing down our result for the special case of the real method, we
obtain an extension of (1.2) to couples of quasi-Banach spaces (A, 41),
(Bo, B1), (Eo, E1), with (Ep, E1) being r-normed (0 < r < 1). Moreover,
parameters qo, g1 can now move in the interval (0, o], with % = q% + qil — %
if go,q1 > r and 1/¢ = 1/ max(qo,q1) if go < r or g1 < r. See Theorem 3.5
below. In the special case of Banach couples and 1 < ¢g,q1,¢ < oo with
1/¢ = 1/q0 + 1/q1 — 1, we show that (1.2) still holds in any of the cases
go = 00, q1 = 00, ¢ = 1 or ¢ = o0, cases which are not covered by the
techniques based on duality of Mastylo and Silva [37].

2. Preliminaries

Let (A, |||l 4) be a quasi-Banach space with constant c4 > 1 in the quasi-
triangle inequality and let 0 < p < 1 be such that ¢4 = 2/7~1. Tt is well
known that there is another quasi-norm |||-|| on A which is equivalent to ||-|| ,
and such that ||-||” satisfies the triangle inequality (see [35, §15.10] or [34,
Proposition 1.c.5]). We say that ||-|| is a p-norm and that A is a p-normed
quasi-Banach space. Note that if 0 < r < p then A is also an r-normed
quasi-Banach space.

We put Uy = U(A, ) = {xeA: |z, <1}

A quasi-Banach space (I', ||-||) of real valued sequences with Z as index
set is said to be a quasi-Banach sequence lattice if I" satisfies the following
properties:

(i) T contains all sequences with only finitely many non-zero co-ordinates.



(i) Whenever [£,,| < |nm| for each m € Z and (n,,) € T, then (&,) € T
and [|(&m)llr < [ (7m) |-

Let A, B, E be quasi-Banach spaces and let T : Ax B — E be a bilinear
operator. We say that T is bounded if

1T axp, & =suwp{lIT(a,0)|g: llalls <1, [[bllp < 1} < o0

We put B(A x B, E) for the set of all bounded bilinear operators from
A x Binto E.

The operator T' € B(A x B, E) is said to be compact if for any bounded
sets V. C A, W C B we have that the closure of the set T (V,W) =
{T(a,b) :a€V,be W} is compact in E. This condition is equivalent to
the fact that T (Ua, Up) is precompact in E.

The concept and properties of the measure of non-compactness for bounded
linear operators can be seen, for example, in the books [18, 8]. We shall need
the corresponding notion for bilinear operators.

The (ball) measure of non-compactness 5(T) = (T : Ax B — E) of
T € B(A x B, FE) is defined to be the infimum of the set of all o > 0 for
which there exists a finite subset {wy,...,ws} C E such that

T (Ua,Ug) C | J{w; +oUs}.
j=1

The following properties of the measure of non-compactness can be easily
checked and will be used freely in our later computations:

(iii) If T € B(Ax B, E), then 3(T: Ax B = E) < |T|[ sy p g

(iv) T is compact if and only if 5 (T : Ax B — E) =0.

(v) If F is another quasi-Banach space and R is a bounded linear operator
Re L(E,F), then for RT = RoT we have

B(RT :AxB—F)<|R[|gpB(T:AXxB—E).
Moreover, if ||Rv|| = ||v|| 5 for any v € E, then
B(T:AxB—FE)<2cpf(RT:AxB—F).
(vi) If X,Y are quasi-Banach spaces and R;, Re are bounded linear opera-

tors Ry € L (X, A), Re € L(Y, B), then the operator To(Ry, Re) (z,y) =
T (Ry, R2) (z,y) =T (Rix, Roy) belongs to B(X x Y, E) and

B(T(Ri,Ra): X xY = E) < |Rilx 4| Rally 5 8(T: Ax B — E).

Moreover, if for any a € A,b € B with |lal| 4 < 1,||b]| 5 < 1 there exists
r e X,y €Y with ||z]|y <1, lyly <1 and (Ri,R2) (z,y) = (a,b),
then

B(T:AxB— E)<B(T(Ri,R): X xY = E).



(vii) If S € B(A x B, E) then

BS+T:AxB—E)<cp(B(S:AxB—E)+3(T:Ax B — E)).

Let A = (A4g, A1) be a (p-normed) quasi-Banach couple, that is, two
(p-normed) quasi-Banach spaces Ag, A; which are continuously embedded
in the same Hausdorff topological vector space. For t > 0, Peetre’s K- and
J-functionals are defined by

K (t,a) = K (t,a; Ag, A1) = inf{HaoHAo —‘rtHalHAl ta=ag+ai, a; € Aj}
where a € Ag + A1, and
J(t,a) = J (t,a; Ap, A1) = max{||aHA0 ,t ||aHA1}, a€ AypNA.

Note that K (1,-) coincides with the quasi-norm of Ay + A; and J(1,-)
with the quasi-norm of Ag N A;. Functionals K (¢,-) and J (t,-) are equiv-
alent quasi-norms in Ag + A; and Ag N Aq, respectively, and quasi-triangle
inequality is satisfied with constant c; = max {c4,, ca, }.

If [|-[| ,, and [|-|| 4, are p-norms then J (¢,-) is also a p-norm on Ag N Aj.

Let I' be a quasi-Banach sequence lattice. We say that I' is K-non-trivial
if (min (1,2™)) € T'. The lattice I is said to be (p, J)-non-trivial, 0 < p <1,
if

> 1
sup{ (30 (min (L2 6 ) "5 6l <1} < .
m=—0o0
Note that if I' is (p, J)-non-trivial then I' is also (r,J)-non-trivial for any
p<r<L

Let ' be a K-non-trivial quasi-Banach sequence lattice and let A =
(Ap, A1) be a quasi-Banach couple. The general real interpolation space
realized by means of the K-functional Ap,x = (Ag,Al)F;K consists of all
a € Ap+A; such that (K (2™,a)) € I'. The quasi-norm on Ar, is Ha||ADK =
1K (2, a))|p- _

IfTis a (p, J)-non-trivial quasi-Banach sequence lattice and A = (A, A1)
is a p-normed quasi-Banach couple, the general real interpolation space re-
alized by means of the J-functional Ar,; = (Ao, A1)p.; is defined as the
collection of all sums a = > °° U, (convergence in Ay + A1) where

m=—0Q

(um) € AgN Ay and (J (2™, uy,)) € I'. The quasi-norm on Ar.; is given by

o0

lallar,, = inf { 17 @™ un)lp: a= 3 .

m=—0Q

We have

AgNA; — (AO’Al)F;K — (AOaAl)F;] — Ag + Al,



where — means continuous inclusion. Embedding (Ao, A1)p,; < (Ao, A1)
holds provided that the Calderén transform

Ap(&m) = (( i (min(172m—k) |§k|)p>1/p>
mez

k=—o0

is bounded in T'.

Hence, if
I' is K-non-trivial, (p, J)-non-trivial and A, is bounded in T', (2.1)

then for any p-normed quasi-Banach couple A we have that /_111; K = f_lp; J
with equivalence of quasi-norms. In this case we write Ar for any of the
spaces Ar;x or Ar,; and we put |-[| 5. for any of the two quasi-norms. This
will not cause any confusion.

We refer to the books by Peetre [40] and Brudnyi and Krugljak [6] and
the paper by Nilsson [38] for the basic theory on the general real interpolation
method. Other properties of this method can be found, for example, in the
papers by Cwikel and Peetre [17], Nilsson [39], Cobos, Ferndndez-Cabrera,
Manzano and Martinez [9], Ferndndez-Cabrera and Martinez [26] or Cobos,
Fernédndez-Cabrera and Martinez [10].

For k € Z, the shift operator 1 is defined by 7§ = (§mak)mez for
€ = (&m)mez- Assume that the quasi-Banach sequence lattice I' satisfies
that 7, is bounded in I' for all £ € Z and

Tim 27 |7l = 0 and T ||l = 0. (2.2)

We put
fr(t) = HT[logzt}Hr,r’ t>0,

where the logarithm is taken in base 2 and [-] is the greatest integer function.
Let My = max(1, |71y ), M2 =sup{fr(t): 0 <t <1} =sup{||7_nllpp
n > 0} and Mz = sup{fr(t)/t: 1 <t < oo} =sup{27"||7[lpr: n > 0}
The following properties hold for the function fr:

fr(t) = o(max(1,t)) as t — 0 and ¢t — oo. (2.3)
For any s,t > 0, fr(st) < M fr(s)fr(t). Hence, if s < ¢ then
fr(s) < MlMQfF(t) and fr(t)/t < MlMgfp(S)/s. (2.4)

Let A = (Ao, A1), B = (Bo, B1), E = (FEy, E1) be quasi-Banach couples.
By T : Ax B — E we mean that T is a bounded bilinear operator T' €
B((Ag+ A1) x (Bo + B1) — Ey + E1) such that the restriction of T" to A; x
B; defines a bounded bilinear operator T' € B(A; x Bj, E;), for j = 0 and

§ =1 We put |T]|; = |Tll 4,5, - = 0. 1.



Next we recall an interpolation property for bilinear operators which has
been established in [12, Theorem 3.1].

If £ = (&m)mez and 1 = (m)mez are sequences of non-negative scalars,
we write £ xn = (Zz‘;foo fk”m*k)mez for their convolution. If » > 0, we
put £" = (S:n)mez

Theorem 2.1. Let A = (Ag, A1) be a quasi-Banach couple, let B = (By, By)
be a p-normed quasi-Banach couple and let E = (Ey, E1) be an r-normed
quasi-Banach couple (0 < p,r < 1). Assume that I'y and 'y are K-non-
trivial quasi-Banach sequence lattices and T'1 is a (p,J)-non-trivial quasi-
Banach sequence lattice satisfying (2.2). Assume in addition that there is a
constant M > 0 such that for all non-negative scalar sequences & € I'y and
n € I'y we have

[ smyr| < M lel, nle, (2:5)

Then, for each T : Ax B — E the restriction of T to Ar,.x X Br,.; defines
a bounded bilinear operator T : Ar,.x X Br,.; — Er,.x with

TATHTS & if T =0 for j=0or1,
o v > C||THOfF1(HT||1/||TH0) otherwise.

Here C is a constant independent of T'.

We close this section with some examples. For 0 < g < oo let £, be the
usual space of g-summable real valued sequences with Z as index set. Given
any sequence (wyy,) of positive numbers, we put £;(wy,) for the corresponding
weighted space of those sequences (&,,) for which (wn&m) € ¢4.

In what follows, (€2, 1) is a measure space. For 0 < p < oo, we put L,(2)
for the usual Lebesgue space. If 0 < p,q < oo and a € R, we recall that the
Lorentz-Zygmund space L, 4(log L) () is formed by all (equivalence classes
of) measurable functions f on {2 having a finite quasi-norm

qﬂ)l/q‘

||f||L,,,q<1ogL)a<Q)=(/0 (/71 + [log t])*f*(1)) "~

Here f* is the non-increasing rearrangement of f and the integral should
be replaced by the supremum if ¢ = oo (see [1]). When o = 0 we get the
Lorentz spaces Ly 4(2).

Example 2.2. For' = £,(27%) with0 < ¢ < 00 and 0 < 0 < 1, K- and J-
spaces coincide and they are equal to the real interpolation space (A, A1)97q
(see [36, 5, 47, 2]). When we interpolate a couple of Lebesgue spaces by this
method, we obtain Lorentz spaces: If0 < pg # p1 < 00,0 < ¢ <00,0<6 <1
and 1/p = (1 = 0)/po + 0/p1 then (Lyy(2), Ly, (2))o.q = Lpq(Q) (see [31,
Theorem 4.3]).



Example 2.3. Let p : (0,00) — (0,00) be a function parameter, that is to
say, p(t) increases from 0 to oo, p(t)/t decreases from oo to 0 and, for every
t >0, s,(t) =sup{p(ts)/p(s) : s> 0} is finite and s,(t) = o(max{1,t}) as
t—0andt— oco. For0<q<ooandI' =£,(1/p(2™)), K- and J-spaces
also agree and they are equal mow to the real interpolation method with
function parameter (AOaA1>p7q = A,, (see [30, 33, 41]). Shift operators
in Lq(1/p(2™)) satisfy (2.2) because ||Tklly, (1 /p2m)),0,(1/p(2m)) < sp(2F). This
inequality allows to replace fy, (1/p2m)) by sp in Theorem 2.1. It follows
from the properties of p and definition of s, that s,(t) is submultiplicative,
non-decreasing and s,(t)/t is non-increasing. Hence s, satisfies (2.4) with
My = My = Ms = 1. Interpolating a couple of Lebesgque spaces by this
method we obtain

(L) L @ga = {171 = ([~ (et 0)"F) " <oc}.

Here 0 < pg # p1 < 00,0 < q < 00 and @(t) = tY/Po/p(tt/Po=1/P1) (see [41,
Proposition 6.2]).

Example 2.4. Let A = (ap, as) € R? and

(I —=logt)* if 0<t<I,

1+ |logt|)* =
(1+[logt) {(1—|—logt)a°° if 1<t<oo.

For 0 < 0 <1 and —A = (—ag, —awo), put g(t) = t%(1 + [logt|)™. The
function g is equivalent to a function parameter p, meaning that there are
positive constants ¢y, cy such that

c1g(t) < p(t) < cag(t) for allt > 0.

Let 0 < g < oo and I' = £4(1/g(2™)), then K- and J- spaces agree again,
being now equal to logarithmic interpolation spaces (AO,A1)97q7 A (see [23,
24, 21]). Interpolating a couple of Lebesque spaces by this method we obtain
Lorentz-Zygmund spaces: (Lp,(2), Lp, (2))6,q.(a,0) = Lp,q(log L)a(2) where
0<po#p1<00,0<qg<00,0<0<1,1/p=(1-6)/po+6/p1 and o € R
(see [41, Proposition 6.2/(c)]).

3. Interpolation of the measure of non-compactness

We start with two auxiliary results. The first one correspond to [12,
Lemma 3.2] but dispensing the operator T' with the compactness assumption
used there.

Lemma 3.1. Let A, B, E, Z be quasi-Banach spaces, let D be a dense sub-
space of A and let V' be a dense subspace of B. Let T € B(A X B, E),
put = B(T: Ax B — E) and assume that there exists (S,) C L(E,Z)
with sup,ey ||[Snllp, = M < oo and lim, o ||SpT (u,v)||, = 0 for all
(u,v) e Dx V. Then the following holds.



a) If =0, then lim, o0 [|SnT'|| px g z = 0.

b) If B > 0, then there is a constant C' independent of T and there is N € N
such that
[SnT | axp,z < CB for alln > N.

PRrROOF. Take o > [3. There exists a finite set {w1,...,ws} C E such that

T(Ua,Us) C | J{wr + oUz}.
k=1

If {wg + ocUg} NT(Ua,Up) # O, choose ar, € Uy, by € Up such that
T(ak,bk) € wi + oUg. Then

T(UA, UB) - U {T(ak, bk) + QCEUUE}.
k=1

By the density assumption, there are uyp € D, v € V such that

g

law —uslla < 50— and
ok —vkllp < . '
2cpea T\ axp,e (1 t M)
Hence
oLy < el —axlly + llag]L) < ea (U + 1)
2cg T x5,
and so

1T (ak, br) — T (ug, vie) | g = | T (ar — wg, br) + T(ug, by — vi) || g

< cg Tl axp,e (lax — uklla 0cll 5 + lukll 4 [1bx = vell 5)
<o.

It follows that

T(Ua,Up) € |J{T (ur, vr) + ce(2cs + 1)oUg}.
k=1

Let C = 2cz(Mcg(2cg+1)+1) and let N € N such that for any n > N
we have [|.S,T (ug, vx)| , < o forany 1 < k < s. Given any (a,b) € Ug x Up,
we can find k such that ||T'(a,b) — T'(ug, vi)|| 5 < ce(2cg + 1)o. Therefore,
we obtain

15nT (a, b)|l 2 cz (15a(T (a, 0) = T (uk, vr)ll 7z + 10T (u; vi ) 2)
Cyz (MCE(2CE + 1) + 1) o

= Co/2.

<
<



This yields that [|S,T||gxp 7 < Co/2 for n > N.
If B =0, we derive that limp o0 |53 T 44 p g = 0. If B > 0, the choice
o = 203 gives that ||S,T|| x5 7 < CB for any n > N. O

When (T : A x B — E) = 0then Lemma 3.1 coincides with [12, Lemma
3.2].

In what follows, we shall work with spaces of vector-valued sequences.
Let 0 < ¢ < o0, let (A\y,) be a sequence of positive numbers and let (W)
be a sequence of quasi-Banach spaces with the same constant in the quasi-
triangle inequality for all W,,,. We put

LyAmWin) ={w = (wm) 1 wm € Wiy, and (A [|[wim|ly, Jmez € £q}-

We endow £q(Am Wi, ) with the quasi-norm [|w|l,, \, w,.) = H()\m meHWm)qu'
The space I'(A\,,,W,,,) is defined similarly.

Given a quasi-Banach couple E = (Ey, E1), let W,,, = (Eo + E1, K (2™, -)).
We denote by ¢ the linear operator assigning to any w € Ey + E7, the se-
quence tw = (..., w,w,w,...) with all co-ordinates equal to w. For j = 0,1,
it is easy to check that ¢ : Ej — loo(27™W,,) is bounded with norm less
than or equal to 1.

The following result is related with [12, Lemma 3.3] but now we allow
that T': A; x B; — E; might not be compact.

Lemma 3.2. Let A = (AQ,Al), B = (BQ,Bl), E = (EQ,El) be quasi—
Banach couples and let T : A x B — E. Fiz j € {0,1} and put 8; =
B(T:Aj x Bj = Ej). Assume that there are quasi-Banach spaces X,Y
and bounded linear operators R, € L(X,A;), S, € L(Y,B;) such that
”RnHX,Aj <1 ”Sn||Y,Bj < 1 and limp—o0 | T(Rp, Sn)ll x xv,5+5, =0- Then
the following holds.

a) If B; = 0, then there is a subsequence (n') such that

i ([T (R Spo) | ey 2 miw) = 0

b) If B; > 0, then there is a constant C independent of T and a subsequence
(n') such that

nlgnoo [T (R, Sn’)HXxY,éoo@*ijm) < Cp;.

PROOF. Since sup,en [T (Rn, Sn)ll x xv e 2-miw,,) < IT]l; < oo, there ex-
ists a subsequence (n') such that

Hm e T (R, Swr) || x wy oo (2-miwi) = A 2 0
n'—oo
Let (x,/) C Ux, (yn/) C Uy so that

HLT(Rn’xnla Sn’yn’)Hfoo(Qfijm) — )\ as n’ — OQ.

10



Take any o > f3;. There exists a finite set {z1, ..., 2,} C Ej; such that

T(Ua;,Us,) C | {2k + oUg, }.
k=1

Passing to another subsequence if necessary that we continue denoting by
(n'), we may find k € [1, s] such that

T(Ry @y, Spryns) € 25 + oUg, for all n'. (3.1)

Now we estimate the quasi-norm of 1(2) in £oo (27" W,,). Take any m € Z.
Using that lim,—e0 [|T'(Rn, Sn)ll x xy gys 5, = 0, we can find n belonging to
the subsequence and sufficiently large so that

2—Im maX(l, 2m) HT(Rn’u Sn’)||X><Y,Eo+E1 <o

Whence,
27K (2™ ) < cp (Q_jmK (2™, 2k — T(Ry sy SprYnt))
+27M K (2™, T(Ry s, Sty )) )
< CE‘( l2x = T(Rups, Sy )| g,
+277M max(1,2™) | T(R,, Sl xxv Byt 2y )
< 2cpo.

This yields that [|czk([,_(o-miw,,) < 2cgo. Consequently, using that \\L\|Ej7eoo(2_mjwm) <
1 and (3.1), we obtain with C' = 2¢z(1 4 2¢5) that

nll_rfloo HLT(Rn’7 Sn’) HX><Y,ZOO(2*’”7Wm)
< CE( [T (R @y Spryns) — LZk”eoo(zfijm) + ||LZkHeoo(27ijm)>
< Co/2.

Bj > 0, then taking o = 23; we conclude that

Hm (e (Brs Sw)l x ¢yt (2-miw,) < OB

n

O]

Given n € N, if x = (zp)j__,, € R*"! we write 7 = Y }__ xpex,
where e, = (5fn)m ¢z and 6k is the Kronecker delta. If T' is a quasi-Banach
sequence lattice and ||-|[r is a p-norm, then the functional ||z|z = [|Z[p
defines a p-norm on R?"'. It is not hard to check that [-||f is equivalent
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to ||z, = DDy |xk|p)1/p on R?"*1 and that U(Ran, I2) is compact in

(RQ"H, HHf) This yields that for any quasi-Banach sequence lattice I' and
for any € > 0, there exists an e-net for U(Ran Hlg)* That is to say, there is
» Ml

a finite set {vy,...,vs} € R?"*! such that for any x € U(Ran Iz) e have
» e

i — = <e. 3.2

min o —ogflp < (32)

This remark will be useful in the proof of the next theorem, which is the
main result of the paper.

Theorem 3.3. Let A = (Ag, A1), B = (By, B1) be p-normed quasi-Banach
couples (0 < p < 1), let E = (Ey, E1) be an r-normed quasi-Banach couple
(0<r<1)andletTy,I'1,Ty be quasi-Banach sequence lattices. We assume
that T'o,I'1 satisfy (2.1) and (2.2) and that 'y satisfies (2.1) with parame-
ter r. Suppose also that the sequence spaces satisfy the condition (2.5) on
convolutions. Let T : Ax B — E and put 3; = B(T : A; x Bj — Ej),
7 =0,1. Then

) B n 0 7 =0 for j =0 orl,
B(T: Ar, x Br, — Er,) < f 53. for j
CPBofr,(B1/Bo) otherwise.
(3.3)
Here C' is a constant independent of T'.

PROOF. Step 1. Since A and B are p-normed, the spaces Fj, = (4o N
Ay, J (2™, Ag, A1) and G,,, = (ByN By, J (2™, +; By, B1)) are also p-normed
for each m € Z. Consider the couples

Fp= (p(Fim) p(27 " F)), Gp = (Up(Gm), (27" Gm)).-
According to [12, Lemma 2.4], we have with equivalence of quasi-norms

(ﬁp(Fm)7£p(2_mFm))Fo =To(Fm), (€p<Gm)v€p(2_me))F1 =T'1(Gm).
(3.4)
Let m(um) = > o-__ . Um be the linear operator assigning to any sequence
(t) its sum in Ag+A;. Realizing A, by means of the J-functional, the map
7 :To(Fm) — Ar, is bounded and for any a € Ar, with HaHAFO;J < 1 there
is (um) € Lo(Fm) with || (um)||p,(p,,) < 1 such that 7(um) = a. Moreover,
7 y(27™F,,) — A; is bounded with norm less than or equal 1 for j = 0, 1.
Similar properties hold for 7 : 'y (Gy,) — Br, and 7 : £,(27™G,,) — B;.
As for the r-normed couple (Ey, E1), put Wy, = (Eo+FE1, K(2™, -; Eg, E1)),
consider the couple Woo = (loo(Win), loo (27" W,y,)) and the linear opera-
tor 1w = (...,w,w,w,...) introduced before Lemma 3.2. If we realize Er,
by means of the K-functional, then ¢ : Er, — I's(W,,) is bounded with
lewllp, (w,,) = ||wHEF2;K. Moreover, if we consider ¢ : E; — loo(27™W,,)
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then its norm is less than or equal to 1 for j = 0, 1, and the following interpo-
lation formula holds (Yoo (Win), oo (27" Win))r, = Da(Wy,) (see [12, Lemma
2.4]).

The diagram which illustrates the situation is

(m,7)

o(Fr) % Lp(G) Ao x By —— Ey —5  Loo(Wyy)

(27 F) X £p(27 Gl

T, Ay x By s By~ 000 (27 W)

Lo(F) x T1(G) SN Ar, x Br, — Er, —— Ty(Wp).

Put T = T (r, 7). Then T : FpxGp— We.
According to (v) and (vi) and properties of 7 and ¢, we get

B (T : AI‘O X BFl — EFQ) < QCECFQ,B (LT : 1‘_11“0 X Bpl — FQ(Wm))
< 2cgcr, (T :To(Fy) X T1(G) — PQ(Wm)) . (3.5)

It is easier to estimate 3 (f ) than 3 (T') because on the couples Fp, G, Weo
we can use the following families of projections: For n € N, let

Ry(um) = (i 0,0, U—py U—ppg1y ooy Up—1,Up, 0,0, ...),
R;(um) = (...,0,0,un+1,un+2,un+3,...),
R, (um) = (coyUep_3,U_p_2,u_pn_1,0,0,...).

It is clear that the identity operator I on £,(Fy,) + £p(27"F,,) can be de-
composed as I = R, + R + R;;, n € N. These projections are bounded
from £,(27™ F,,,) into £,(27™ F,,) with norm less than or equal to 1 for
j = 0,1, and the same happens on I'g(F,). Moreover, the restrictions R, :
Cp(F) + £p(27™Fy) — Lo(F) N (27 Fy), R 2 £p(Fy) — £p(27™F))
and R, : (,(27"F,,) — {,(F),) are bounded with

1
[ Bl (Eoy - Er ity 2 m ) < €2217727,

— 9—(n+1) _ HR;H@,( (3.6)

HR:HEP(Fm),ep(%mFm) 27m By ) Ly (Fm) *

Let Sy, S;F, S, and P,, P, P, similar sequences of projections defined on
the couples Gp, W, respectively. They satisfy the corresponding version
of (3.6).

Having in mind (3.5), in order to prove (3.3) it suffices to show that if
Bj > 0 for j = 0 and j = 1, then there is a constant C' independent of T’
such that for any € > 0 we have

B (T : To(F) X T1(Gin) = Ta(Win) ) < CBofr, (B1/B0) + .
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and if 8; =0 for j =0 or j = 1, then

3 (f - To(Fp) x T'1(Gr) — PQ(Wm)) ~0.

With this aim, for n € N we decompose T as

T = P3,T+PT+ Py T = P3, T(Rapn, San)
+ Py, T(Run, S,) + P3uT(Ran, Sy,) + PsnT(RY,, San + ST,)
+ Py, T(Ry,,S5) +PhT+ Py T. (3.7)
Step 2. Now we proceed to give a direct estimate for the measure of

non-compactness of the operator Ps,T(Ra4n, S4pn). First note that we have
by (v) that

5 (P3nf(R4n, S4n) : Fo(Fm) X Fl (Gm) — FQ(Wm)>
S B (T(’/TR;m, 7T54n) : Fo(Fm) X Fl(Gm) — EF2)
< Cﬂ (T(7TR4n,7TS4n) : Fo(Fm) X Fl(Gm) — EFQ;J)

where the last target space is provided with the J-quasi-norm.
Consider on R¥"*! the quasi-norms

4an

. — ECEIT; = [[L-s Uy Uy L —dny ooy Ldn, Yy Us o)D) ) =0,1,
lzllg, = 1l zreklr; = [I(--, 0,0,z T4n,0,0,..)[|p,, j=0,1
k=—4n

for & = ()4, Lot = (majmon [SHpen leal, | ) By
(3.2), there exists a finite n-net for U(R8n+17||.Hf0). That is, there is a finite
set Ag = {A!,.., N} C U(R8n+l,||,||f0) such that for any = € R*! with
|zllg, <1 we can find A e Ao with ||z — >‘dHf0 < 7. Similarly, let Ay =
{pt, .. ut} C Ursn+1, Iz, be an n-net for U(RB"“,H'IIfl)' We can associate

to each A4 = (A\$){n _,  the positive numbers

Or =P = (H T |AZ\> 27N, j=0,1
0

In a parallel way, we associate to each p* = (uf)i™_, € A the positive

numbers
Vi = Vb = + |kl 7,j=0,L
lexllr, Hrl
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Let o9 > Bo, o1 > 1 and choose N € Z such that 2V < oy /o < 2N+
There are finite sets

Ao = {hl = 1,...,L0} - E(), Al = {fy Yy = 1,...,L1} - E1

such that
Lo Ll
T(Uon UBO) - U{hl + UOUE0}7 T(UAlﬂ UB1) - U {fy + GlUEl}'
=1 y=1

Take any A\ € Ag, p* € Ay, hy € Ag and fy € Aq. For any —4n < k,s <
4n, take an element g s = gy s \d 4= 5, 5, Delonging to

(Pt {hi + o0Ug, }) N (ertoaf{fy + 01Ug, }) (3.8)

provided the intersection is non-empty. Put gi s = 0 if (3.8) is empty. Let

_ {gk,S if ke [—4n,4n] and s € [—4n,4n],
9k,s =

0 otherwise.

For m € Z, put &m = > pe o Jkm+N—k. This series is convergent, with
Em € EoNEyand &, =0ifm¢ [-8n—N,8n — N|. Put £=>"""_ &
Then £ € EgN E1 C Ep% 7- Let Y be the collection of all elements £ as
constructed above. The set Y is finite because Ag, A1, Ag and A are finite.
Next we show that there is a constant L independent of T" such that T is an
LUofrl (01/00)—net for T(UFO(Fm)a UFl(Gm)) in EFQ.

Given any u = (um) € Ury(p,), v = (vm) € Ur,(Gn), there exists
A = (\r) € Ag, ¥ = (ux) € Ay such that for k = —4n, ..., 4n we have

|J(2k7uk) - )‘k| HekHI‘O < ||(J(2m,um) - )\m)”f‘o =,
172 o) — gl lleelly, < 1(TE™,0m) = o), < 0.
Hence,

n
lexlir,

Ul
lexllr,

J(2F, up) < + Al J(2F, ) < + | -

This yields that
lurlla, < @ho lorllp, < ¥y 5=0,1, —4n <k < 4n.
Therefore,
up € ¢2UA0 N @/%;UAN vg € ﬂ}SUBO ﬂ@ZJ;UBl, —4n < k,s < 4n.
We can find h; € Ay, fy € Ay such that
| T (g, vs) — winthEO oy,
1T (uk, 05) = ohtbs fyll g, < phtbion, (3.9)

IA
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and so the intersection (3.8) is non-empty. Let £ € T the vector associated
to X%, u?, h; and fy- Put

_ Uy, if m € [—4n,4n],
U, =
0 if m¢[—4n,4n],

define ,,, @in, @Zﬁn similarly, and write
o0
Ti(u,v) = Y T(m, Vrn-m) € BoN By, k € Z.

m=—0oQ

We have -
T (7 Ranu, mSanv) = Z T (u,v).

k=—o00

Since E is r-normed, using (3.9) we get

J (25 T, 0) — &) = J<2’“, > (T(um,vkw_m)—gm,kw_m))

m=—0o0

~ 1/r
r

< ( Z J<2k,T(’l_Lm,Q_1k+N—m) _gm,k+N—m) >

m=—00

~ i ) . 1/r

< ( Z max <2959n¢2+]\[_m0'0’22k@%nwli+N—mo-1) >

m=—o0
<

00 1/r
1oy ( > @mgmmf)

m=—0oQ

where in the last inequality we have used that @l = 2‘"‘@9,1,1% ANem =
27k NFmyd v and that 27y < 20¢. Consequently, by condition (2.5)
on convolutions and definition of fr,, we obtain

1T Rant, 7800) = €l g, < || (J25, Tl v) = &)

Iy

00 1/r
4o (Z (‘P?nd—)/g+N—m)T>

m=—00

IN

Iy

IN

4Maq H(@%)Hro (ol
4n

> ol

2, Tl |

IA

AMoo || |lp, ryerg | 1+

an

> T

' lexllr, r

><Cr1 1+77

IN

Lo fr,(o1/00)
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where L = c16Mecr,cr,.
It follows that

B (P3nT\(R4na San) : To(Fim) X T1(Gm) — F2(Wm)) < Loofr,(01/00).
If Bo =0 or 51 =0, then (2.3) implies that
B (PonT (Rans Sin) : To(Fin) X T1(Gin) = Ta(Win) ) = 0.
Otherwise, the choice o = (1 + ¢)3; with € > 0 yields that

8 (PonT(Rans Stn) : To(Fm) X T1(Gim) = Ta(Win) ) < L(1+2)Bofr, (B1/Bo).

Letting ¢ — 0 we conclude that

8 (PsnT (Ran, Sin) : To(Fm) X T1(Gn) = T2(Win)) < Lbofr, (B1/Bo)-

Step 8. Now we show that each one of the other six operators involving
P, in the decomposition (3.7) has norm which tends to 0 as n — oco. To
establish it we will use the norm estimate given by Theorem 2.1 and also
the fact that T': (Ag + A1) x (Bo + B1) — Ep + Ej is bounded. Hence,
T:A; x Bj = Ey+ FEy is also bounded for i = 0,1, j =0, 1.

Consider, for example, Pgnf(RIn, Sin+S;). The following commutative
diagram holds:

P3nf(RIn7 Sun + Si)

Cp(Fm) X £y(Gin) Loo(Win)
(Ré—l’;w S4n + Sz;z) P3n
0p(27™F) X £y(Gl) T oo (W) + Lo (27 W),

Moreover, by (3.6), we know that

+ —4 +
HR47’LH£I,(FM)7gp(27mFm) <27 ||Sun + S4nH£p(Gm),zp(Gm) <1
and HPB”Hfoo(Wm)+foo(2_me),foo(Wm) < CEQ?m-

Hence,

n—o0

Hpgn:f(R;fn, Sun + St) no ),

<cp2™"||T
Zp(Fm)XZp(Gm,),eoo(Wm) =ty H HA1><B(),E0+E1

On the other hand,

| Pon T (B, S0+ S1,) <ITl = T arxs 5

Kp(gimF"L)Xfp(ziman)joo (27mW'm)
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Using the interpolation formulae (3.4), the corresponding formula for I's(W,,)
and Theorem 2.1, we conclude that

B (PouT (R}, Sin + 57,) : To(Fm) X T1(Gn) = Ta(Win) )

< || PouT (BT, San + S5

FO(F'm) ><1—‘1 (G’"L)7F2(W‘"L)
<C27"fpr,(2") — 0 as n — oo.

Operators P, T(Run, i), PsnT(Ran, S3,,), PsnT(Ry,, San+55,), PsnT(RL,, S5,
Ps, T (R},,,Si.) can be treated similarly.

Step 4. Next we work with the other two operators P;;f , P?;lf in the
decomposition (3.7). It is convenient to split them as follows

PiT+ P, T = PiT(Ry+Ry,S.+S;)+ Py T(R,+ R, S, + S

+ P{T(R,+R,,S})+P; T(R,+R},S;)
+ PAT(RE D)+ Py T(R;,, ).
Factorization
PiT(R,+ Ry, 5.+ S7)
(27 F) X (27" Gy) loo (27 W)
(R, + R, S, +S,,) Py
T
bp(Fn) X £p(Gim) loo(Win)

and the fact that HP;IHEOO(WW),ZOO(Q—’”WWL) <273 ||R, + R lle, 2-m )y (F) <

HP::,ﬁ(Rn +R;, S, +5)

Lp(27 M F ) X p (27 G ) oo (27 Win)
< 221273 |7, — 0 as n — oc.

Since

Hpggf(Rn + R, S, +57)

<|[Tl,
Ly (Fim) xLp(Gm) loo (W)

it follows from Theorem 2.1 and properties of fr, that
B (PET(Ry + Ry, S+ 57)  To(Fyn) X T1(G) = Ta(Wi) )

n—oo

Fo(Fm) xI'1 (Gm),FZ(Wm)

< HPQ:F(R,LJFR;,STﬁSg) 0.
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With the operator Pgnf(Rn + R}, S, + S;F) we can proceed in a similar
way.

For the four remaining operators we shall need Lemmata 3.1 and 3.2. In
applications of Lemma 3.1, as dense subspace of £,(27™ F,,,) (respectively,
0,(27™G,y,)) for j = 0,1, we take the subspace of all sequences having only a
finite number of co-ordinates different from 0. Besides, if S : F’p X Gp — W,
we put

15115 = 1S1le, 2-m3 By x £, (27 G ) oo (2= W) » 5 = 05 1.
Consider P T(R, + R;;,S;). Factorization
T(x(Rn+ Ry), 75,

bp(Fim) X £p(Gin) Ey+ Ey
(R, + R, ,ST) T
(m, )
Ep(Fm) X Ep(Q_me) Ag x By
shows that

n—oo

— + —
HT(W(R” +R,), 7S, )Hép(Fm)xép(Gm),Eo—i-El <2 ||T||A0><BLEO+E1 0.

Since R R
|1P$ T (Rn + Ry, S0 < I T(Ra + Ry, S;¥) o

n»~n

it follows from Lemma 3.2 that there are a constant C'; independent of T', a
subsequence (n’) and Ny € N such that for any n’ > N; we have

1P T(Rw + R, S50 < C1fo (3.10)
provided that 8y > 0. If 5y = 0, we obtain that
lim [Py, T(Ry + R, S50 = 0.
n/—o00

On the other hand, if u € £,(27™F},) and v € £,(27™G,,) are sequence
with only a finite number of co-ordinates different from 0, we have

1P, T (w, 0)ll e 2-mwy < 27" 1T (1, 0) oo () — O 28 10— 0.

Moreover, R R
1P, T (R + Ry, Sl < 1P, T

Hence, applying Lemma 3.1, we obtain that there is a constant C indepen-
dent of T" and Ns € N such that for any n > No

1P, T (R + Ry, S < Cof (3.11)
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provided that 51 > 0. If 8, = 0, then we get that

lim ||[PET (R, + Ry, S = 0.

Put L = max{Cy,C3} and take any n’ from the subsequence with n’ >
max{Ny, No}. If g; > 0 for j = 0,1, it follows from Theorem 2.1 and
estimates (3.10), (3.11) that

8 (P T (Rur + Ry, S5)  To(F) X T1(Gon) = To(Win) )

< NP T (R + Ry S5 107 ) < (G Pa (W)
|5, T(Ry + Ry, ST)Ih
|25, T(Ry + Ry, ST)llo

< C||Ps, T(Ry + R, S0 fry <

< CLBofr,(B1/Bo)-
If 3; =0 for j =0 or j = 1, then we obtain

B (P, T (R + Ryp S5) : To(Fn) % T1(Gim) = Ta(Win) ) “=%5 0.

Proceeding similarly, an analogous conclusion holds for each one of the op-
erators P?:nf(Rn + RF, Sy, Py T T(R;,I) and P?jnf(R;, I).

Step 5. Having in mind (3.5), (3.7) and collecting the estimates in the
previous steps, if 3; > 0 for j = 0,1, then we conclude that there is a
constant C' > 0 independent of T" such that for any £ > 0 we can decompose
the operator by (3.7) with n = n/ belonging to the subsequence appeared in
Step 4 and being sufficiently large, with the result that

B (T : Ar, x Br, = En,) < CBofr,(B1/Bo) + ¢

Consequently,
B (T : Ap, x Br, — Er,) < CBofr,(81/Bo) -
If Bj =0 for j =0 or j = 1, then we derive that
B(T: Ap, x Br, = Er,) =0.
This finishes the proof. O

For the case of the real method with a function parameter (Example
2.3), we obtain the following result.

Theorem 3.4. Let A = (Ag, A1), B = (Bo, B1) be quasi-Banach couples
and let E = (Ey, E1) be an r-normed quasi-Banach couple (0 < r < 1).
Suppose that po, p1, p2 are function parameters such that for some constant
L we have

po(t)p1(s) < Lpa(ts), t,s > 0. (3.12)
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Let 0 < qo,q1 < o0 and write

1 1 1 .

1 Jeta—r ¥ @0oa=zr

q m if go<rorq<r.

IfT:fle—)Ecmdﬁj:B(T:AjxBjHEj),j:Ql,thenwehave;

@) 5 (T (Ao, A1)
p1=0.

b) B (T (Ao, A1)y gy X (Bo B1)py gy — (B, B1) ) < sy (51/B0) if
Bo >0 and 81 > 0.

% (B0, B1)p, g — (B0, 1)) = 0, if fo = 0 or

£0,90 £1,491

Here C is a constant independent of T'.

PROOF. Proceeding as in [12, Theorem 4.8], using (3.12) and Young’s in-
equality, one can check that assumptions of Theorem 3.3 hold. Having
in mind that we can replace fy (1/,,(2m)) By Sp;, the result follows from
(3.3). O

For the case of the real method, that is, when po(t) = p1(t) = pa(t) = t?
with 0 < 0 < 1, we get the following result.

Theorem 3.5. Let A = (Ag, A1), B = (Bg, B1) be quasi-Banach couples
and let E = (Ey, E1) be an r-normed quasi-Banach couple (0 <r <1). Let
0<6<1,0<qoq1 < o0 and put

1 .
q max(qoaD) if qo<rorq<r.

1,1 1
1:{%+(11—r if qo,q1 >,

IfT:fle—>Eandﬁj:B(T:Aj><Bj—>Ej),j:O,1, then we have
that

B (T : (Ao, A1)y g % (Boy Br)gg, — (Bo, Br)y,) < CH'BY.

Here C is a constant independent of T'.

Theorems 3.3, 3.4 and 3.5 refine the compactness result for bilinear op-
erators established in [12, Theorems 4.7, 4.8 and 4.9].

When A, B, E are Banach couples, so r = 1, and 1 < ¢g, q1,9 < 0o with
1/¢ =1/q0o + 1/q1 — 1, Theorem 3.5 includes [37, Theorem 3.2] and shows
that the estimate for the measure of non-compactness holds in any of the
cases gy = 00,q1 = 00,q = o0 or ¢ = 1, cases which have not been studied
in [37].
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Remark 3.6. Observe that the assumptions on the quasi-Banach sequence
lattices, function parameters and scalar parameters in Theorems 3.3, 3.4 and
3.5 are the same as in the corresponding interpolation theorems for bounded
bilinear operators (see, for example, [12, Theorem 3.1], [27, Corollary 3.2],
[36, Théoreme 4.1] and [47, 1.19.5]).

Remark 3.7. In the assumptions of Theorem 3.3, if 8; > 0 for j = 0,1,
then it also holds

ﬁ(T : AFO X Bpl — EF2) < Cﬁofro (Bl/ﬁg) . (3.13)

This follows by applying Theorem 3.3 to the operator

T: (B(]—I—Bl) X (A0+A1) — (E0+E1), T(b,a) :T(a, b),
exchanging the roles of A and B, and of I'y and I'y.

Estimates (3.3) and (3.13) are not comparable as we show next with an
example.

Let A, B, E,r,qo,q1,q as in the statement of Theorem 3.4. Assume that
0<6<1,—00<as <0< aga <ooand put pp(t) = t?(1 + |logt])~*
for k = 0,1,2. Then (3.12) is satisfied. Since s,, (t) = t’(1 + |logt|)l**!,
Theorem 3.4 (or Theorem 3.3) yields

B(T - Apo,qo X Bm,cn — Em,q) < Cﬁé_eﬁf(l + [log(B1/Bo)|)™* (3.14)

while it follows from (3.13) that

B(T : Apggo X Bprgs — Epyg) < CB PRI+ |log(Br/Bo))* . (3.15)

Therefore, if ay < g then it is clear that (3.14) is a better estimate than
(3.15), while if ap < ;1 then (3.15) is better than (3.14).

In the special case when we have equality in (3.12), i.e. po(t)p1(s) =
Lpo(ts),t,s > 0, then we have that s,, = s,, and the estimates coincide.
This is the case in the assumptions of Theorem 3.5.

Acknowledgements
The authors would also like to thank the referees for their useful com-
ments which have led to improve the paper.

References

[1] C. Bennett and K. Rudnick, On Lorentz-Zygmund spaces, Disserta-
tiones Math. 175 (1980) 1-72.

[2] C. Bennett and R. Sharpley, Interpolation of Operators, Academic
Press, New York, 1988.

22



[3]

[11]

[12]

[13]

[14]

[15]

[16]

A. Bényi and T. Oh, Smoothing of commutators for a Hormander class
of bilinear pseudodifferential operators, J. Fourier Anal. Appl. 20 (2014)
282-300.

A. Bényi and R.H. Torres, Compact bilinear operators and commuta-
tors, Proc. Amer. Math. Soc. 141 (2013) 3609-3621.

J. Bergh and J. Lofstrom, Interpolation Spaces. An introduction,
Springer, Berlin, 1976.

Y. Brudnyi and N. Krugljak, Interpolation Functors and Interpolation
Spaces, Vol. 1, North-Holland, Amsterdam, 1991.

A.P. Calderén, Intermediate spaces and interpolation, the complex
method, Studia Math. 24 (1964) 113-190.

B. Carl and I. Stephani, Entropy, Compactness and the Approximation
of Operators, Cambridge Univ. Press, Cambridge, 1990.

F. Cobos, L.M. Ferndndez-Cabrera, A. Manzano and A. Martinez, Real
interpolation and closed operator ideals, J. Math. Pures Appl. 83 (2004)
417-432.

F. Cobos, L.M. Fernandez-Cabrera and A. Martinez, Abstract K and
J spaces and measure of non-compactness, Math. Nachr. 280 (2007)
1698-1708.

F. Cobos, L.M. Fernandez-Cabrera and A. Martinez, Measure of non-
compactness of operators interpolated by limiting real methods, in Op-
erator Theory: Advances and Applications 219 (2012) pp. 37-54.

F. Cobos, L.M. Fernandez-Cabrera and A. Martinez, Interpolation of
compact bilinear operators among quasi-Banach spaces and applica-
tions, Math. Nachr. 291 (2018) 2168-2187.

F. Cobos, P. Fernandez-Martinez and A. Martinez, Interpolation of
the measure of non-compactness by the real method, Studia Math. 135
(1999) 25-38.

F. Cobos, T. Kiihn and T. Schonbek, One-sided compactness results for
Aronszagn-Gagliardo functors, J. Funct. Anal. 106 (1992) 274-313.

F. Cobos and J. Peetre, Interpolation of compactness using Aronszajn-
Gagliardo functors, Israel J. Math. 68 (1989) 220-240.

J.M. Cordeiro, Interpolacion de Ciertas Clases de Operadores por
Meétodos Multidimensionales, Ph. D. thesis, Publicaciones del Depto.
de Matemadtica Aplicada , Universidad de Vigo, 1999.

23



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

M. Cwikel and J. Peetre, Abstract K and J spaces, J. Math. Pures
Appl. 60 (1981) 1-50.

D.E. Edmunds and W.D. Evans, Spectral Theory and Differential Op-
erators, Clarendon Press, Oxford, 1987.

D. E. Edmunds and Yu. Netrusov, Entropy numbers and interpolation,
Math. Ann. 351 (2011) 963-977.

D. E. Edmunds and Yu. Netrusov, Entropy numbers of operators acting
between vector-valued sequence spaces, Math. Nachr. 286 (2013) 614
630.

D. E. Edmunds and B. Opic, Limiting variants of Krasnosel’skii’s com-
pact interpolation theorem, J. Funct. Anal. 266 (2014) 3265-3285.

D.E. Edmunds and H. Triebel, Function Spaces, Entropy Numbers and
Differential Operators, Cambridge Univ. Press, Cambridge, 1996.

W.D. Evans and B. Opic, Real interpolation with logarithmic functors
and reiteration, Canad. J. Math. 52 (2000) 920-960.

W.D. Evans, B. Opic and L. Pick, Real interpolation with logarithmic
functors, J. Inequal. Appl. 7 (2002) 187-269.

D.L. Fernandez and E.B. da Silva, Interpolation of bilinear operators
and compactness, Nonlinear Anal. 73 (2010) 526-537.

L.M. Ferndndez-Cabrera and A. Martinez, Interpolation of Ideal Mea-
sures by Abstract K and J Spaces, Acta Math. Sinica 23 (2007) 1357—
1374.

L.M. Fernéandez-Cabrera and A. Martinez, On interpolation properties
of compact bilinear operators, Math. Nachr. 290 (2017) 1663-1777.

L.M. Fernandez-Cabrera and A. Martinez, Real interpolation of com-
pact bilinear operators, J. Fourier Anal. Appl. 24 (2018) 1181-1203.

P. Ferndndez-Martinez, Interpolation of the measure of non-
compactness between quasi-Banach spaces, Rev. Mat. Complut. 19

(2006) 477-498.

J. Gustavsson, A function parameter in connection with interpolation
of Banach spaces, Math. Scand. 42 (1978) 289-305.

T. Holmstedt, Interpolation of quasi-normed spaces, Math. Scand. 26
(1970) 177-199.

G. Hu, Compactness of the commutator of bilinear Fourier multiplier
operator, Taiwanese J. Math. 18 (2014) 661-675.

24



33]

[34]

[35]
[36]

[37]

[38]

[39]

[40]

S. Janson, Minimal and mazimal methods of interpolation, J. Funct.
Anal. 44 (1981) 50-73.

H. Konig, Figenvalue Distribution of Compact Operators, Birkhauser,
Basel, 1986.

G. Kothe, Topological Vector Spaces I, Springer, Berlin, 1969.

J.-L. Lions and J. Peetre, Sur une classe d’espaces d’interpolation, Inst.
Hautes Etudes Sci. Publ. Math. 19 (1964) 5-68.

M. Mastyto and E.B. Silva, Interpolation of the measure of non-
compactness of bilinear operators, Trans. Amer. Math. Soc. 370 (2018)
8979-8997.

P. Nilsson, Reiteration theorems for real interpolation and approxima-
tion spaces, Ann. Mat. Pura Appl. 132 (1982) 291-330.

P. Nilsson, Interpolation of Calderon and Ovennikov pairs, Ann. Mat.
Pura Appl. 134 (1983) 201-232.

J. Peetre, A theory of interpolation of normed spaces, Lecture Notes,
Brasilia, 1978.

L.-E. Persson, Interpolation with a parameter function, Math. Scand.
59 (1986) 199-222.

A. Pietsch, Operator Ideals, North-Holland, Amsterdam, 1980.

R. Szwedek, Measure of non-compactness of operators interpolated by
the real method, Studia Math. 175 (2006) 157-174.

R. Szwedek, On interpolation of the measure of non-compactness by the
complex method, Quart. J. Math. Oxford 66 (2015) 323-332.

R. Szwedek, Geometric interpolation of entropy numbers, Quart. J.

Math. Oxford 69 (2018) 377-389.

M.F. Teixeira and D.E. Edmunds, Interpolation theory and measures
of non-compactness, Math. Nachr. 104 (1981) 129-135.

H. Triebel, Interpolation Theory, Function Spaces, Differential Opera-
tors, North-Holland, Amsterdam, 1978.

25



