RINGS OF DIFFERENTIABLE SEMIALGEBRAIC FUNCTIONS
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ABSTRACT. In this work we analyze the main properties of the Zariski and maximal spectra of a
ring 8" (M) of differentiable semialgebraic functions of class C” on a semialgebraic set M C R™.
Denote S°(M) the ring of semialgebraic functions on M that admit a continuous extension to
an open semialgebraic neighborhood of M in C1(M), which is the real closure of S"(M). Despite
S"(M) it is not real closed for » > 1, the Zariski and maximal spectra are homeomorphic to
the corresponding ones of the real closed ring SO(M ). Moreover, we show that the quotients
of 8"(M) by its prime ideals have real closed fields of fractions, so the ring S"(M) is close
to be real closed. The equality between the spectra of ST(M) and S°(M) guarantee that the
properties of these rings that depend on such spectra coincide. For instance the ring 8"(M) is
a Gelfand ring and its Krull dimension is equal to dim(M). If M is locally compact, the ring
S"(M) enjoys a Nullstellensatz result and Lojasiewicz inequality. We also show similar results
for the ring 8™ (M) of differentiable bounded semialgebraic functions.

CONTENTS

1. Introduction
Rings of 8™ functions
2.A. Differentiability for semialgebraic functions
2.B.  §" maps and embeddings
2.C. Rings of 8™ functions as direct limits
2.D. Comparison between S°(M) and S(M)
3. Zariski spectra of rings of §™® functions
3.A. Lojasiewicz’s Nullstellensatz.
3.B. Zariski and maximal spectra of rings of S” functions
3.C. Zariski and maximal spectra of rings of ™ functions
4. Residue fields of rings of 8™ functions
4.A. The locally compact case of Theorem 1.4

4.B. General case of Theorem 1.4
5. The ring of §° functions

5.A. Real closed rings and real closure
5.B. The proof of Theorem 1.5
References

1. INTRODUCTION
S

= o Ot Ot =

15
15
17
18
21
22
23
27
27
30
32

Recall that a semialgebraic set M C R™ is a set that can be described as a finite boolean
combination of polynomial equalities and inequalities. A map f : M — N between semialgebraic
sets M C R™ and N C R" is semialgebraic if its graph is a semialgebraic subset of R™ x R™.
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However, in order to lighten notation we call semialgebraic the functions f : M — R that are
continuous and have semialgebraic graph.

Let » > 1 be a positive integer. An initial problem when dealing with differentiable semial-
gebraic functions of class C" on a semialgebraic set M C R™ is to find an intrinsic definition
of such type of functions. If M C R™ is an open subset, f : M — R is a & function if it is
a differentiable function of class C" with semialgebraic graph. In [KP2, ATh, Th] the authors
made a careful analysis of an intrinsic definition of S” function in terms of jets of order r of
(continuous) semialgebraic functions [ATh, Def.1.1], in order to achieve a semialgebraic Whit-
ney’s extension theorem when M is closed in R™, that is, if f : M — R is an 8" function on a
closed semialgebraic subset of R™, there exists an 8" function F : R™ — R such that F|y = f,
see [ATh, Thm.1.2]. This approach follows the same kind of ideas developed when proving
Whitney’s extension theorem (see for instance [M, §1]) adapted to the semialgebraic case.

In case r = 1 the authors go beyond and prove, following the strategy developed in [F1, F2]
adapted to the semialgebraic case, that a semialgebraic function f: M — R on a closed semi-
algebraic subset of R™ is S' if and only if for each point x € M there exists a (non-necessarily
semialgebraic) C" extension F : W* — R to an open neighborhood W* C R™ of the restriction
flarawe, see [ATh, Cor.7.14]. The authors hope that a suitable adaptation to the semialgebraic
case of the very sophisticated techniques developed in [F1] will allow to prove the analogous
result for each positive integer r > 1.

In this work we adopt the definition of 8" functions proposed in [ATh] in terms of jets of
order r of (continuous) semialgebraic functions and we denote S" (M) the set of S™ functions on
M, which is an R-algebra with respect to the usual sum and product of functions (see Definition
2.1). We will denote by S(M) the set of continuous functions on M, and by S°(M) the set of
continuous functions on M that can be extended to an open semialgebraic neighborhood of M
in C1(M), or equivalently, to an open semialgebraic neighborhood of M in R™ (see Lemma 2.10).
For r > 0 we denote by 8™ (M) and S*(M) the corresponding bounded functions. We will use
also the notation S (M) to refer indistinctly to both rings S"(M) and S™* (M), and similarly
with §¢(M).

In Section 2 we undertake a development of &™ functions for » > 0. One of our first observa-
tions (Lemma 2.12) is that even though the definition of S" function on an arbitrary semialge-
braic set M is intrinsic in nature, it enclose a Lipschitz condition and therefore they own a S"~!
extension to an open semialgebraic neighborhood of M. In particular, we have the following
inclusion of rings:

S™ (M) — 8% (M) — S°(M).

If M is locally compact then it is well-known that S% (M) = S°(M). In this paper we are also
interested in arbitrary semialgebraic sets, and therefore it is natural to ask in which situations
the equality S% (M) = S°(M) holds. To that aim, we introduce the following definitions. Let
M C R™ be a semialgebraic set. We say that a semialgebraic set M C R" is problematic at
x € M if there exist a sequence of points {zj}r C Cl(M) converging to x such that each germ
M, is disconnected. Observe that if M is locally compact at x € M then there is an open ball
B centered in x such that M N B = ClI(M) N B and therefore M is not problematic at z. In
particular, locally compact semialgebraic sets are non-problematic.

On the other hand, as it is well-known, given the set of points of M of dimension k is a
semialgebraic subset M. Denote My, ..., M, the closures in M of those which are non empty and
with dim(M;) > dim(M;41). Each M; is a pure dimensional semialgebraic set and M = [ J;_; M;.
The semialgebraic sets M; are univocally determined by M. Note also that M is locally compact
at x € M if and only if each M; is locally compact at . Thus, M is locally compact if and only
if each M; is locally compact.

Theorem 1.1. Let M C R™ be a semialgebraic set. The following assertions are equivalent:

(i) M is either locally compact or the set § of the indexes i = 1,...,s such that M; is
non-locally compact is a singleton {io}, dim(M;,) = 2 and M,;, is non-problematic.

(i) S (M) = S°(M).
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(iii) The map ¢ : Spec® (M) — Spec®® (M), p — p NS (M) is a homeomorphism.

Another key result from Section 2 is that if M C R™ is a semialgebraic set, then
S"(M) = lin(S"(E), ) (1.1)

where £ C R™ is a locally compact semialgebraic set and j := (j1,...,jm) : M — E is an
S" embedding such that £ C Cl(j(M)) (and a similar result holds in the bounded case). We
will show also how some of the properties of 8" functions on locally compact semialgebraic sets
transfer through the direct limit. This transfer method has limitations: for instance, in [FG5] it
is shown that Lojasiewicz’s inequality [BCR, Cor.2.6.7] hold in the R-algebra S(M) if and only
if M is locally compact.

In Section 3 we analyze the Zariski spectra of the ring S"°(M). Given a commutative ring
A, we denote Spec(A) its Zariski spectrum endowed with the Zariski topology, which has as a
subbasis of open sets the family of basic open sets given D(a) := {p € Spec(4) : a & p} for
a € A. The constructible subsets of Spec(A) are the Boolean combination of the latter basic
open sets. To lighten notations, for each r > 0 we write

Spec”® (M) := Spec(S™(M)).

and Spec®(M) := Spec(S°(M)). The main result of this section is that the Zariski spectra of
S™(M) and SY (M) are homeomorphic.

Theorem 1.2. Let M C R™ be a semialgebraic set. Then the map
¢ : Spec® (M) — Spec™ (M), p > pNS™(M)
is a homeomorphism, whose inverse map is

¥ : Spec”™ (M) — SpecOO(M), q+— /qS%(M).

The previous result implies in particular that for each r > 0, the rings S" (M) and S"™*(M) are
Gelfand rings and their Krull dimensions coincide with the dimension of M. Denote 5.°M the
maximal spectra of S™(M). As homeomorphism between topological spaces map closed points
to closed points, the restriction

Ylgoops : BO°M — M, m = mNS™(M)
is also a homeomorphism.

The proof of Theorem 1.2 relies on the fact that each ring S"(M) enjoys a Lojasiewiz’s
Nullstellesatz if M is locally compact. Denote Z(f) the zero-set of a function f € S"(M). We
have the following.

Theorem 1.3 (Lojasiewicz’s Nullstellensatz). Let M C R™ be a locally compact semialgebraic
set and let f,g € S"(M) with Z(f) C Z(g). Then there exist an integer £ > 0 and h € S"(M)
such that g* = hf and Z(g) = Z(h).

In Section 4 we analyze next the fields of fractions of the quotients S"(M)/q of the a ring
S"™(M) of 8™ functions on a semialgebraic set M modulo a prime ideal q and we prove the
following.

Theorem 1.4. Let p be a prime ideal of S° (M) and consider the natural inclusion
31 ST (M)/(p 1 S™(M)) — S (M) fp.

Then the inclusion j induces an isomorphism between the field of fractions k(p NS™(M)) and
k(p) of the integral domains S (M)/(p NS™(M)) and SU*(M)/p. In particular, the field k(p N
S"°(M)) is real closed.

In the final Section 5 of this paper we contextualise the ring of " functions within the theory
of real closed rings (Definition 5.1), introduced by Schwartz in the 80’s of the last century [S1].
As it is well-known, the rings S°(M) are particular cases of the such real closed rings. The
theory of real closed rings has been deeply developed till now in a fruitful attempt to establish
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new foundations for semi-algebraic geometry with relevant interconnections to model theory,
see [CD1, CD2], [S1, S2, S3, S4], [PS, SM, ST] and [T1, T2, T3]. In addition, this theory,
which generalizes the classical techniques concerning the semi-algebraic spaces of Delfs-Knebusch
(see [DK2]), provides a powerful machinery to approach problems concerning certain rings of
real-valued functions and contributes to achieve a better understanding of the algebraic and
topological properties of such rings. We highlight some of them:

e Rings of real-valued continuous functions on Tychonoff spaces.
e Rings of semi-algebraic functions on semi-algebraic sets of an arbitrary real closed field.
e Rings of definable continuous functions on definable sets in o-minimal expansions of

fields.

Every commutative unital ring A has a so-called real closure rcl(A) and this is unique up
to a unique ring homomorphism over A. This means that rcl(A) is a real closed ring and
there is a (not necessarily injective) ring homomorphism i : A — rcl(A) such that for every
ring homomorphism f : A — B to some other real closed ring B there exists a unique ring
homomorphism f : rcl(A) — B satisfying f = f o i. Moreover, the real spectra of rcl(4) and A
are homeomorphic. For instance, the real closure of the polynomial ring R[x| := R[xq,...,%,] is
the ring of continuous semialgebraic functions S°(R"). More generally if Z C R is an algebraic
set, the real closed ring S°(Z) is the real closure of the ring of polynomial functions on Z.

In our setting, we show that the real closure of the ring S"(M) is S° (M), see Proposition 5.6.
In case that M is locally compact, the latter can be deduced almost directly from the results by
Schwartz and Tressl, so even from the very beginning we know that the real spectra of S™ (M)
and 8% (M) are homeomorphic (and the residue fields of the latter are the real closures of the
former). We would like to stress that in Theorem 1.2 and 1.4 we are giving more (explicit)
information about the Zariski spectra and the residue fields of S™ (M), an information that
suggests that the ring S (M) is closed to be a real closed ring. Furthermore, we would like to
point out also that the only proof we know of Proposition 5.6 for an arbitrary M is the one we
provide here, that uses in a crucial way Theorems 1.2 and 1.4.

Finally, we consider the ring S*°(M) = (1,5, 8" (M), which we can also describe as the
inverse limit of the family of rings {S"(M)},>o with respect to the inclusion relation. It is
natural to compare the ring S (M) with its subring of Nash functions N'(M), i.e., the collection
of functions f : M — R that admit a Nash extension to an open semialgebraic extension to an
open semialgebraic neighborhood U C R"™ of M. Recall that a real function g on an open
semialgebraic set U C R™ is Nash if it is semialgebraic and smooth on U. This property is
equivalent to be an analytic function and algebraic over the polynomials, that is, there exists
a polynomial P € R[x1,...,Xm,y| such that P(z, f(x)) = 0 for each € U. We show that the
rings S(M) and N (M) are different in general (Example 5.8), and they coincide if M is a Nash
coherent set (Corollary 5.10). Recall that a semialgebraic set M C R™ is a Nash set if it is locally
compact and there exists a Nash function f on the open semialgebraic set U := R™\ (C1(M)\ M)
such that M = Z(f), see [FG2|. The coherent condition refers to Serre’s notion, see [BFR, §2.B].

On the other hand, it is not true that the real closure of an inverse limit is the inverse limit
of the real closures, and therefore we study in which situations the real closure of S>°°(M) is
the ring S%(M).

Theorem 1.5. Let M C R™ be a semialgebraic set. Consider the following assertions:

(i) There exists an open semialgebraic neighborhood U C R™ of M such that CI{(M)NU is
a coherent Nash set.
(i) The inclusion j : S®°(M) < SY (M) provides the real closure of S™°(M).
(iii) For each x € M the germ CY(M), is a Nash germ.

Then (i) implies (ii), and (ii) implies (iii).

An easy consequence of these results is that given an open semialgebraic subset U of R", the
real closure of N'(U) is S(U) if and only if U is dense in R™.
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2. RINGS OF 8" FUNCTIONS

If U C R" is an open semialgebraic set and r > 0 is an integer, we say that a semialgebraic
function on U is an 8" function if it is a function of class C" in the classical sense. Our purpose
next is to extend the previous definition for functions on an arbitrary semialgebraic set. In the
literature the 8" functions are considered over closed semialgebraic subsets and are introduced as
the restriction of an S§" function defined on an open semialgebraic neighborhood of the original
set. The existence of a (continuous) semialgebraic extensions is never an obstacle: any locally
compact semialgebraic set M C R™ is the semialgebraic retract of an small open neighborhood
V C R™ of M, see [DK1, Thm 1]. In the general case of a non locally compact subset even
the existence of a semialgebraic extension map is a delicate point [Fe2]. As we see below, if
f M — R is a semialgebraic function, there exists a semialgebraic embedding j : M — RP and
a semialgebraic function F': W — R on an open semialgebraic neighborhood W C RP? of j(M)
such that F'oj = f.

2.A. Differentiability for semialgebraic functions. Our purpose is to work in the differ-
entiable case as in the continuous one, where we always deal with the classical intrinsic notion
of continuity that avoids the intricate extension aspect. This is a classical problem that goes
back to Whitney’s extension theorem. Inspired on the latter and based on jets of semialgebraic
functions, we recall and develop a notion of differentiable semialgebraic function of intrinsic
nature proposed in [ATh] motivated by the proof of Whitney’s extension theorem collected in
[M, §1]. We denote N :={0,1,2,...} the set of natural numbers including 0.

Definitions 2.1. Fix a semialgebraic set M C R™ and denote x := (x1,...,%y). A semialge-
braic jet on M of order v > 0 is a collection of semialgebraic functions F' := (fa)|aj<, on M.
Here we denote o := (o, ...,0,) € N and |a| :== a; + -+ - + ap,. For each a € M write

r o\l a - -
T F = Z fof! )(x—a) and R F := fo—1T,F.
|a|<r

Denote the set of all semialgebraic jets on M of order r with J" (M), which has a natural
structure of R-vector space. For every 5 € N™ such that || < r we denote

DF J" (M) — jr*lﬁ'(M% F = ((fa)\a|gr) = Fg = (f’y+ﬁ)|’y|§rf|,8|a
that is a linear map.

Definition 2.2. Let f € S(M) be a semialgebraic function. We say that f is a 8" function if
there exists a semialgebraic jet I := (fa)|q|<r 00 M of order 7 such that fo = f and

2.A.1. For each  with |B| < r and every point a € M it holds ]R;_W'Fg(y)] = o(||z — y|"~ 18
for x,y € M when x,y — a,

IRy P syl

that is, the function 7 : (0,+00) — R defined by 7(t) := sup s yem, vy [ gr1al 1S an

lz—all<t, |ly—all<t
increasing function that can be continuously extended to ¢ = 0 by 7(0) =0

We denote by 8" (M) the collection of all the S™ functions on M.
Remarks 2.3. (i) Condition 2.A.1 is equivalent by [M, I.Thm.2.2] to the following one.

2.A.2. For every point a € M there exists an increasing, continuous and concave function
ag : [0, +00) = [0, +00) such that a,(0) =0 and for each z € R™ it holds

T F(z) = T F(2)| < aa(llz —yl) - (Ilz = 2" + |z — ylI")
for x,y € M when x,y — a.
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(ii) The definition introduced is consistent with the continuous case, that is, a function is S°
if and only if it is semialgebraic. Therefore the forthcoming results apply also to continuous
functions.

(iii) Definition 2.2 coincides, if M C R™ is an open semialgebraic subset, with the expected
one. That is, f is an 8" function on M if and only if f is a C" function and a semialgebraic

function. Indeed, if f € S(M) is a C" function the semialgebraic jet (f, := %)Ia\ﬁ of
order 7 on M satisfies by Taylor’s Theorem the condition 2.A.1. Conversely, condition 2.A.1

straightforward implies that f, = aaljlf if |a| <7, so fis a C" function. In addition, f = fy is

semialgebraic.

(iv) It follows directly from the definition that if M; C My C R™ are semialgebraic sets and
fis an 8" function on My, then f|ys, is an 8" function on M.

Whitney already proved in his pioneer work that jets on closed subsets satisfying condition
2.A.1 are restrictions of global differentiable functions (Whitney’s extension theorem). The first
result in a tame category, the subanalytic one, can be found in [KP1]. Recently, this has been
generalized to o-minimal structures in [KP2, Th]. Specifically, in our setting we have:

Fact 2.4 ([Th]). Let M C R™ be a closed semialgebraic set and let f be an 8" function on M.
Let (fo)ja|<r be a semialgebraic jet of order r on M satisfying condition 2.A.1. Then there eists

an 8" function F' on R™ such that F|y = f and 8(‘9?{LF\M = fo for|a| <r.

In particular, our definition of an S function on a closed subsets coincides with the one
concerning extensions that can be found in the literature. However, as we point out in the
introduction we will not focus our study to just closed or locally compact semialgebraic subsets
of R™.

2.B. §" maps and embeddings. We deal next with maps instead of functions. This allows
to work with locally compact semialgebraic sets as closed subsets (see Corollary 2.10).
Definition 2.5. Let M C R™ be a semialgebraic set. A map

©:=(p1,...,pn) : M - R"
is a 8" map if each component ¢; is an 8" function. In addition, ¢ is a §" embedding if it is
injective and ¢! : (M) — R™ is an S” map. In such a case we say that ¢ : M — (M) is a
S" diffeomorphism, and that M and (M) are 8" diffeomorphic.

The following composition result is crucial.

Theorem 2.6. Let M C R™ be a semialgebraic set, ¢ := (p1,...,¢n) : M — R™ an 8" map
and let N := @(M). Let f be an 8" function on N. Then g := f oy is an 8" function on M.

Proof. We deal with the case r > 2; the case r = 1 follows with the obvious modifications.

As ¢ is an 8" map, for i = 1,...,n there exists a semialgebraic jet ®; := (¢j.a)ja|<r o0 M of
order r such that ;9 = ¢; and for each a € M it holds |R,®;(y)| = o(||z — y||") for z,y € M
when z,y — a. Denote @o = (¢1,0:---,¥na) for [af < rand @ 1= (pa)<r- We also write

I := (T ®q,...,T.®,) and RLP := (R, Py,...,RLD,).

As fis an §" function on N, there exists a semialgebraic jet I := (fa)|a|< on N of order r
such that fo = f and for every b € N there exists an increasing, continuous, concave function
ap : [0, +00) — [0, +00) such that a;(0) = 0 and for each w € R and u,v € N with u,v — b,

ToF(w) = Ty F(w)] < ap(flu—oll) - ([w = ul" + [Jw —o]").

Consequently, for every a € M there exists an increasing, continuous and concave function
Qp(a) * [0,+00) — [0,+00) such that a,)(0) = 0 and for each z € R™ and x,y € M with
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x,y — a,
T2y F(TE0(2)) — Ty, F(TL0(2)
< ag(a) (@) — o)) - (1T 2(2) — e()I” + [ T72(2) — eW)[I")  (2.1)
Let us construct a suitable semialgebraic jet G := (ga)|o|<, 00 M of order r such that go = g.

Write y := (y1,...,¥m) and z := (21, ...,2y). Let Q(z,y) € S(M)[y] be a polynomial of degree
< r2 such that for each 2z € M we have

Let go € S(M) be a! times the coefficient of @) corresponding to y®. Note that g, is a finite sum

of finite products of some of the semialgebraic functions fo 0 ¢ and ¢; . Thus, G := (ga)ja|<r
is a semialgebraic jet on M of order r. Observe that go = foo ¢ = f o = g. Notice that

ga

* e Rlz — 7]
la|<r

and let S(x,y) € S(M)[y|] be such that T/ G(z) = S(z,z — x). Define P := Q — S. For each
x € M the polynomial P,(z) := P(z,z — z) € R[z — ] has no non-zero monomial of degree < r
and has degree < r2. As the coefficients of P are continuous functions, for every a € M there
exists a constant K, > 0 such that

|Po(2)] < Ko ) Iz —2|* (2.2)

k=r+1

for x close to a and z € R™. Consequently, there exists a constant K > 0 such that
Pe(2)] < Ko+ (|2 — 2l + ]|z — 2]). (2.3)
For z € R™ and z,y € M with x,y — a we have, by (2.1) and (2.3),
T7G(2) = Ty G(2)| < [T F(Tr ®(2)) — T F(Ty2(2) + [Pe(2)| + [By(2)]
< ap)(lle@) —e@)) - (T2 2(2) — e@)" + [T72(2) — e@)")
+ Ky (2 =2 ™+ lle =l + 2 =yl e =yl (24)
As the equality

T, ®(z) SOa (z —x)”,
1<|B8|<r
holds for each a € M there exists a constant L, > 0 such that for z € R™ and x close to a,

imee) - el < Y el e wpcn, Y el @)
1<|p|<r ' 1<j<r
Consequently, there exists a constant L/, > 0 depending on a such that
2
1T @(2) — ()" < L - (llz = l" + |z — «]). (2.6)

In addition, as ¢ is an 8" map, it is straightforward to check that for every a € M there exist a
constant B, > 0 such that |p(z) — ¢(y)| < B, - ||z — y|| for x,y € M close to a. By inequalities
(2.4) and (2.5)

2 2
ITIG(2) — TIG(2)| < aa(Balle — yll) - Ll - (12 — 2" + |z — 2" + |z = ylI” + Iz — y])
+ KL (I — 2| flz =2 =yl 2 - yl). (27)

Let us prove: For every point a € M and each B € N™ with || < r it holds |R27|B‘Gﬂ(y)\ =
o(||z —y||""1) for z,y € M when z,y — a.

ineq
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We follow, slightly modified, the strategy employed in the proof of implication (2.2.3) =
(2.2.2) of [M, L.Thm. 2.2]. Using [M, 1.(1.5)&(1.6)] we have

zZ—XT B
T;G(2) —TyG(2) = ) (BI)R;c;ﬁ(x).

|BI<r

Consequently, by (2.7)

(Z_‘T)B r r r2 r r?
|3 Eo T RGs@)| < au(Bas e —yl) - L (1= =2l + =l + 12 = 9l + 12 = 1)

|
|B<r &
+ Ko (2=l + e —all” +llz =yl e —yl). (28)
Write A := ||z — y|| and define z — 2 = A(2' — z). Note that we are only interested in the case
x # y and therefore \ # 0. Consequently,

Iz = yll < llz =zl + A= Allz" = =]l + 1). (2.9)
We may assume that A < 1 and from (2.8) and (2.9) there exists C;, > 0 such that
)“m / B pr T / r2 r+1 / r2
\ 3 S =2 RiGa(a)| < Cu (aa(Ba)N (1412 o] )+ N (1 + 12— 2|™))

|8|<r
= Co - (a(BA) + DA (1 + [|2' — xH’"Q).
Fixing = and y and treating the sum on the left as a polynomial in 2’ — x (taking into account

that the coeflicients are linearly determined in terms of the values of the polynomial at a suitable
finite collection of points) we see that there exists a constant C!, such that

L R'G(x)| < C - (aa(Ba)) + M)A

~ |RyGa()] < BY- Cp - (aa(Ballz = yll) + lle = ylDllz =y,

Consequently, |R}Gg(z)| = o([|x — y||"~18y if |B| <7, x,y € M and x,y — a. Thus, g is an S”
function, as required. O

Straightforward consequences of the theorem above are the following.
Remarks 2.7. (i) Let f € S8"(M) with empty zero set. Then |f| € S"(M) because f(M) C R\{0}
and g : R\ {0} = R, x> |z| is an 8" function.

(ii) Let f € S"(M) and ¢ > r + 1. Then |f|’ € S"(M) because R — R, ¢t ~ [t|' is an S"
function.

(iii) Let M C R™ and N C R" be semialgebraic sets and let ¢ : M — R™ and ¢ : N — RP be
S" maps such that (M) C N. Then ¢pop: M — RP is an S" map.

Next, let us show how can we represent closed semialgebraic subsets of a semialgebraic set
M C R™ as zero-sets of ™ functions on M.

Lemma 2.8. If Z is a closed semialgebraic subset of M there exists g € S™(M) such that
Z=127g).

Proof. Since N := Cl(Z) is a closed semialgebraic subset of R™ and Z = M N N, there exists
by [Sh, 1.4.5] or [vdDM, Thm C.11] an 8" function f € S"(R™) such that N = Z(f). Thus,

Z =Z(f|m) and flpr € S"(M). Consequently, g := H{JL]‘”L)Q € S™(M) and Z = Z(g). O

The following is a direct consequence.

Corollary 2.9 (Urysohn’s separation). Let My, My C M be closed and disjoint semialgebraic
subsets of M. Then there exists f € S™ (M) such that f|a, =0 and f|p, = 1.
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Proof. By Lemma 2.8 there exist g, h € 8™ (M) with M, = Z(g) and My = Z(h). As MiNMy =
@, the sum g2 + h? never vanishes and f := ¢%/(g? + h?) € 8™ (M) satisfies the statement. [J

As mentioned above, it follows from Theorem 2.6 that the S” functions on a locally compact
semialgebraic set M are the restrictions to M of S" functions on open semialgebraic neighbor-
hoods of M.

Lemma 2.10. Let M C R™ be a locally compact semialgebraic set. Then M is 8" -diffeomorphic
to a closed semialgebraic subset of R™. In addition, if f is an S function on M then there
exists an 8™ function F on the open semialgebraic neighborhood U := R™ \ (Cl(M)\ M) of M
such that F|p = f.

Proof. By [BCR, 2.7.5] there exists h € S(R™) such that h|y is Nash and strictly positive and
Z(h) =R™\ U = Cl(M) \ M. The image of the Nash map ¢ : U — R™", 2+ (z, ﬁ) is the
closed semialgebraic set C := p(U) = {(x,y) € R™"! : yh(x) = 1} and the projection

7R S R™, (2, 241) i= (21, ..o, Ty Ty 1) — T
induces by restriction a Nash map p := 7|c : C — U. Observe that ¢ : U — C and p: C — U
are mutually inverse homeomorphisms. Thus, as M is closed in U, it holds that N := p(M) is
closed in C.

Finally, let f € 8™(M) and note that by Theorem 2.6 the function g := f o p|y is 8™ on
N. By Fact 2.4, combined with Lemma 2.9 in the bounded case, there is an ™ function G on
R™*! such that G|y = ¢g. The function F := G oy € S™(U) satisfies F|y; = f, as required. O

Remark 2.11. If M C R™ is a Nash manifold, then S"(M) coincides with the usual ring of
S" functions on M, which are (via Nash tubular neighborhoods) the restrictions to M of S”
functions on neighborhoods of M in R™.

Lemma 2.12. Let f: M — R be an 8" function with v > 1. Let (fa)|a|<r be the semialgebraic
jet associated to f. Then

(i) fa s locally Lipschitz on M for each o with |a| < 7.
(ii) There exists an open semialgebraic neighborhood N C CI(M) of M such that f, admits
a continuous extension Fy, to N, which is locally Lipschitz on N for each o with |a| < 7.
In particular, f, € SY(M) for each a with |a| < 7.
(iii) After shrinking N if necessary, we may assume that Fy is an 8"~ extension of f.

Proof. (i) Pick a point @ € M. As f is a S' function, there exists ¢ > 0 such that
n
[f(@) = F(y) = D fes ) (@i = i)l < Il —yll
i=1

’fei(y) - fei(a)| <1
for each x,y € M N B(a,¢). Thus,

@)= F@)] < (n+ 1+ 3 | fe@)]) 2 =yl
i=1

for each z,y € M N B(a,¢), so f is locally Lipschitz at a € M. Analogously, each f, is locally
Lipschitz at a € M for each a with || < r, as required.

(ii) Let N C CI(M) be the set of points x € CI(M) such that f is locally Lipschitz in the
intersection with M of a neighborhood of z, that is, there exist ¢ > 0 and K > 0 (depending on
x) satisfying

|f(y1) = f(y2)| < Kllyr — w2
for each y1,y2 € M NB(x,¢). Clearly, N is an open semialgebraic subset of C1(M) that contains
M. For each point x € N there exists an open neighborhood V¥ C N C Cl(M) of x such that
flvenar is Lipschitz, so in particular f|yenas is uniformly continuous. Thus, f|yznps admits a
unique continuous extension to CI(V* N M). For each x € N we have that V* C CI(V* N M)
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and therefore there is a (unique) continuous extension F of f to N. Moreover, the function F
is semialgebraic because for all x € N there is a unique y € R such that (z,y) € CI(I'(f)).

Next, let us show that F' is locally Lipschitz. Fix point « € N and let K > 0 and € > 0 be
such that

|f(@) = fy)l < Kz -yl
for each z,y € M N B(a,e) and N N B(a,e) = CI(M) N B(a,e). Pick two points u,v € CI(M) N
B(a, &) with u # v. Since F' is a continuous extension of f there is x € M such that max{|f(z)—
F(u)l, ||z —u|} < ||lu—v|. Similarly, there is y € M such that max{|f(y) — F(v)|, ||y — v||} <
|lu — vl|. Therefore,
[F(u) = F(u)| < [F(u) = f(2)] + [f(z) = f)| + [/ (y) = F(v)]

< 2w — ol + Kllz — yl| < 2[ju — vl + K([lz — ull + [lu — vl + [lo — yl))

= (BK +2)|lu—1|.
and F : N — R is locally Lipschitz at a. Consequently, the same happens for each o with
|a] < r and statement (ii) holds, as required.

(iii) Pick a point a € M. As f is an 8" function, there exists ¢ > 0 such that
fa(y)
F@) = 3 =@y <l -yl
ja<r

[fa(y) = fa(a)] <1

for each =,y € M N B(a,¢) and each § € N® with |5| = r. Let R be the cardinal of the set
{peN": |B] =r}. Thus,

s 3 WGyl (10 Y ELON Gy )

laf<r—1 |8l=r
for each x,y € M N B(a,¢).

Let Ny be an open semialgebraic subset of C1(M) containing M such that each f, with |o| <7
admits a locally Lipschitz (continuous) semialgebraic extension Fy, to Ny, and whose existence
is guaranteed by (ii). Let N be the set of points z € Ny such that there exists ¢ > 0 and K > 0
(depending on x) satisfying

‘f(yl)— > fa(?z)(yl—yz)“

o
lof<r—1

< Kljy1 — y2"

for each y1,y2 € M N B(x,¢). Clearly, N is an open semialgebraic subset of C1(M) that contains
M. Let us show that F := Fy is S ! on N. Fix a point @ € N and let ¢ > 0 and K > 0 be
such that

faly a
- Y W6y
|o|<r—1
fy(y) = f(a@) < 1
for each x,y € M N B(a,¢) and each v € N" with |y| < r and N N B(a,e) = CI(M) N B(a,¢).
Note that

< Kllz—yl",

W) <1+ fy(a)l
for all v € N with || < r.

We must show that there is a constant K’ > 0 such that for any two fixed points u,v €
Cl(M) N B(a,e) with u # v, we have

Fu) = X jaj<r-1 Lol (y — e

= < K'flu— ]| (2.11)

lu —ofI"
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To that aim, let x,y € M N B(a,¢) be such that
|Fa(u) = Fo(z)| < [lu—ol",
|Fa(v) = Fa(y)] < [lu— o1,
[(uw—=v)* = (z—y)* <[lu—2|",
Ju—z] <|lu—wvl,
o=yl <[lu—v

for each v € N™ with |a| < r (to prove the existence of z, y it is enough to consider the continuous
map N? — R® whose function coordinates are the left hand expressions of the above inequalities
and to note that the image of (u,v) is 0 € R%). In particular,

|z =yl < llz —ul + lu—vl + |lv —yl| < 3[ju—v].
We deduce

Py - Y e <pp - g+ Y | T e
|| <r—1 || <r—1

+ Y ‘f‘);f!y)‘|(uv)a(wy)al+)f(x) > fa(,y)(x*y)a

(6%
0<]ar|<r—1 la|<r—1

1 1+ |fa(a)]
<fu—ol"+ Y Sl —vl"+ > — o Mlu=ol"+ Kz —y|"

laf<r—1 7 laf<r—1

< <1+37‘K+ Z 2+|fa(a)|)”u—UHT,

al
la]<r—1

and therefore to get inequality (2.11) it suffices to define K’ := (1 4+ 3"K + 2 lal<r—1 2+|f°‘(a)|),
as desired. ]

2.C. Rings of §™ functions as direct limits. Let M be a semialgebraic set, » > 0 an
integer. The collection S"(M) of all the S” functions on M is a subring of S(M) whose units
are those f € S"(M) with empty zero-set. Indeed, given f,g € S"(M) we must prove that
fo,f+g € S"(M) and that % € S"(M) if Z(f) = @. Consider the 8" functions hy : R? —
R, (z,y) = zy, he :R? - R, (z,y) = z +y,

1

hs : R\ {0} - R\ {0}, z+— —,

x
and the 8" map ¢ : M — R?, o — (f(z),g(x)). By Theorem 2.6, fg = hiop, f+g=hoogp
and % = hgo f are 8" functions (the latter if Z(f) = @).

The set S™(M) := S"(M)NS*(M) of bounded 8" functions on M is a subalgebra of S"(M),
that coincides with S"(M) if M is compact. The multiplicatively closed subset

WHM) :={f € §"(M) : Z(f) = &}

of 8™ (M) contains 1 but not 0, so S™(M)wry = {f/g : [ € S*(M) & g € W'(M)}
is an R-algebra and it coincides with S"(M). The inclusion 8" (M )yyry C S"(M) follows
from the above, where we noted that each g € S"(M) with empty zero-set is a unit in S"(M).
Conversely, each h € S"(M) can be written as h = f/g, where f := h/(1 + h?) € S™*(M) and
g:=1/(1+h?% € W'(M).

Let us present the rings ™ (M) and S"(M) as a direct limit of rings of S" functions on
compact and locally compact semialgebraic sets, respectively. In the sequel we will prove some
nice properties of the ring of §" functions on a locally compact semialgebraic set, and we will

show how some of them transfer through the direct limit (with limitations, as we already pointed
out in the introduction).
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An 8" local compactification of M is a pair (E,j) where j : M — R™ is an 8" embedding
such that £ = CI(j(M)), so that E is a locally compact semialgebraic set. If in addition each
coordinate function of the map j is bounded then we say that (E, j) is a 8™ local compactification
of M (note that in this case E is compact). We denote by €"(M) and €™*(M) the collection
of all 8™ and §™ local compactifications of M respectively. Henceforth, we will write € and
€™ hopefully without ambiguity. We will also write €™ to refer indistinctly to the previous two
collection of maps, when a result is valid for both of them.

For the elements of € we define (E1, j1) < (F2, jo) if there exists an 8" map po1 : Fa — Fy
with j; = p21 0 jo. As j;(M) is dense in E; the map p9; is determined by pglle(M) = jio
jott j2(M) — j1(M) and pgi(Es) is dense in E;. The R-homomorphisms pb; : ST(E;) —
S"(E3), f+— fopo and 35 : S"(E) — S"(M), f — f o j are always injective. In addition, if
(E1,j1) < (F2,j2) = (Es, j3), then p3; = pa1 o p3a. We are ready to prove equation (1.1).

Lemma 2.13. The family (€™, <) is a directed set and 8" (M) coincides with the direct limit
lingm(E) where (E,j) € €.

Proof. Let (F1,j1), (Fa,j2) € €° with E; C R™ | n := ny + ng, the 8" embedding (j1, j2) :
M — R™ and the projections 7; : E1 X Fs — FE;. Define E3 := Cl((Jl,JQ)(M)) N (El X Eg)
and let js : M — E3, = — (ji(x),j2(z)), which is an 8" embedding. Then the restriction
p3i = Ti|p, s an 8" map and ps3; o j3 = j;. Thus (E3, j3) € € and (E;, ji) < (Es,j3) for
i = 1,2. Consequently, (€™, <) is a directed set.

To prove that S™(M) = hngTQ(E) it is enough to show: For each f € §"(M), there exist

(E,j) € € and F € S™(E) such that f = F o j. We may assume that M C R™ is bounded.
Indeed, let N := ¢~ (M), where B is the open ball of radius 1 in R™ centered at the origin and
© is the Nash diffeomorphism

x

V1=l
It induces an R-algebra isomorphism 8™ (M) — S™(N), f — foe. Solet f € (M) and
consider the closure E in R™*! of the graph of f. Notice that j : M — R™ ! 2+ (z, f(z)) is an
S" embedding with E = CI(j(M)). The function F := 7|g, where 7 : R™"! — R, (2, 2,41) —
Tm+1, belongs to S™(F) and f = F o j, as required. O

v:B—=>R" z+— (2.12)

2.D. Comparison between S°(M) and S(M). A consequence of one of the main results of
[Fe2] is Corollary 6 which establishes that if M is a 2-dimensional semialgebraic set such that
the germ M,, is connected for each € CI(M) then S(M) = S°(M). The following result, which
is the 2-dimensional version of Theorem 1.1, is a generalization of the latter:

Proposition 2.14. Let M C R™ be a 2-dimensional semialgebraic set. If M is non problematic
then S°(M) = 8% (M). Conversely, if the map ¢ : Spec®(M) — Spec® (M), p +— pNS%(M) is
injective then M s non-problematic.

Proof. We give the proof for the S case, the bounded one is the same mutatis mutandis. Suppose
that M is not problematic. Then for each x € M there is an open ball B of R™ such that
for all y € CI(M) N B the germ M, is connected. By [Fe2, Cor.6] there is € > 0 such that
for N* := B(x,¢) there is an S-function F* : N* — R that extends f|ynp(s,e)- Note that
M N B(z,¢) is dense in N® and so F* is unique. In particular, this is a first order statement
and therefore we can choose € semialgebraically uniform on x. Thus, the set N := (J ;s N*
is an open semialgebraic neighborhood of M in Cl(M) and the function F' : N — R given by
F(y) = F*(y) if y € N* is an S extension of f, as required.

Now, let us assume that ¢ is injective, and suppose that M is problematic at a point p € M.
In particular, M is not locally compact at p. Without loss we can assume that M is bounded.
Denote X := CI(M), which is a compact set. Let (K, ®) be a semialgebraic triangulation of
X compatible with M and {p}, i.e., K is a finite simplicial complex and ® : |[K| — X is a
semialgebraic homeomorphism such that both M and {p} are union of images of simplices.
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Henceforth, we identify X with |K| and the involved objects M and {p} with their inverse
images under .

Since M is problematic at p there is a sequence of points {xj}r>1 C X \ M converging to
p such that the germ M,, is disconnected. Since dim(X \ M) = 1, there are two 2-simplices
01,09 € K such that a? C M for j = 1,2 with a common 1-simplex face 7 which satisfies that

7 C X\ M and p is a vertex of 7.

Next, consider the closed semialgebraic subset T; := M N o; of M for j = 1,2. We define p;
as the set of functions f € S(M) satisfying that there is a semialgebraic neighborhood U of p
in 7 and a continuous semialgebraic function F': T; UU — R extending f|r, and with F|y = 0.

Claim. p; € Spec(M) for j =1,2.

Proof. Fix 7 = 1,2. Let R be a real closed field extension of R such that there is a positive
element € € R with € < z for all positive z € R. Let us construct a morphism

¢;: S(M) = R

whose kernel is p;. Denote by 78 the 2-simplex in R™ that defines the vertices of 7. Pick
a point py € 7% such that |p — pg| < e. By [Fe2, Cor.6] we have that S(T;) = S%(T}) and
therefore for any S function f : T; — R there is a neighborhood N of T} in Cl(7}) and an S
extension F : N — R of f. Take the realization of N and F in R, which we denote by N and
FE . NE 5 R respectively. Since pg € N we can consider the evaluation morphism

Y :S(T;) = R: fr FR(pO).

Note that it is well-defined: if we pick another extension of f then both extension will coincide in
a neighborhood of p because M is dense in C1(M). Finally, as Tj is closed in M, the restriction
map S(M) — S(Tj) is surjective and therefore the kernel of the morphism

¢j : S(M) = R: f e i(flr;)

is exactly p;, as required. O

Let us show that p; # po. Denote by vg = p, v1, v9 € o1 the vertices of 1. Any point z € R™
is of the form x = tgvg + t1v1 + tovs for some tg,t1,t5 € R with tg +¢1 + to = 1. Consider the &
function

f1:T1—>R2$0—>1—t0.
On the other hand, by Urysohn’s separation lemma 2.9 there is an S-function fs : T — R such
that fo = 0 in a neighborhood of p and fo = 1 in a neighborhood of the other vertex of 7.
Consider the S function fy : 71 UTy — R such that fo(z) = fi(x) if x € T} and fo(z) = fa(z) if
x € Ty. Since Ty U T is closed in M, there is an S function f : M — R such that f|n,un, = fo.
Clearly, we have that f € ps \ p1, as desired.

Finally, we note that f € p; N SY(M) if and only if there is an open neighborhood N of M
in CI(M) and a semialgebraic S-extension F' : N — R of f such that f|;ny = 0. Therefore
p1 NSO(M) = pa NS°(M) and so ¢ is not injective, a contradiction. O

Essentially, the idea of the proof of Theorem 1.1 is to reduce the problem to the 2-dimensional
case. For that aim, we recall from [Fel, Prop. 3.2] the following decomposition of M as an
irredundant finite union of closed pure dimensional semialgebraic subsets of M as well as some
of its main properties. There exists a unique finite family {Mj, ..., M, } of semialgebraic subsets
of M satisfying the following properties:

(i) Each M; is the closure in M of the set of points of M whose local dimension is equal to
some fixed value. In particular, M; is pure dimensional and closed in M.
(i) M =U;_; M;.
(iti) M; \ U, M; is dense in M;.
(iv) dim(M;) > dim(M;4q) for i =1,...,r — 1. In particular, dim(M;) = dim(M).

We call the sets M; the bricks of M and denote the family of bricks of M.
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Proof of Theorem 1.1. Once again, we give the proof for the S case, the bounded one is similar.

To show that (i) implies (i), pick f € S(M) and let us show that f € S°(M). If M is
locally compact then it is clear. Assume that M is not locally compact and denote M; the
2-dimensional brick of M. Since M; and M’ are closed in M, we have C1(M;) " M' = M; n M’
and M; NCI(M') = M;NM’. By hypothesis M; is not locally compact and it is not problematic.
Therefore, by Proposition 2.14 there is an open semialgebraic neighborhood N; of M; in C1(M;)
and an S-extension F; : N; — R of f|a,. We can assume that N; satisfies N;NCl(M') = M;NM'.
Indeed, it suffices to replace N; by N; := N; \ (C1(M’) \ M’). Since M’ is locally compact, the
set C1(M’)\ M’ is closed R™ and so N is open in Cl(M;). Note that N; also contains M;. For,
if x € M; belongs to CI(M') \ M’ then x € CI(M') N M; = M' N M; C M’, a contradiction. On
the other hand,

M;n\M' c N;nCY(M') = N;n M’ c CI(M;) N\ M’ = M; N M’
and so N; N CLI(M’) = M; N M'.
Next, consider the semialgebraic set N := M’ U N;. Note that
CI(N;) NN = (CI(N;) " M) U N;) C (CL(M;) " M')U N; = M; UN; = N;
and therefore IV; is closed in N. Moreover,
CIM"YNN =M U(C(M"YNN;) =M U (M NM;)=M
and so M’ is also closed in N. Hence, the function

f(z) ifzeM,

F:N—->R z~ .
Fl(x) lf.%'ENi

is a semialgebraic extension of f to the locally compact set N, so that f € SY(M), as desired.

We prove that (iii) implies (i), the fact that (ii) implies (iii) is trivial. Suppose first that
there exists a brick M, of dimension k£ > 3 that is not locally compact. Note that the canonical
diagram

Spec(My) —— Spec(M)

|+ |+
Spec’(M;) — Spec’(M)

commutes. Moreover, the map Spec(My) — Spec(M) is injective because the restriction homo-
morphism S(M) — S(My) is surjective [DK1]. By hypothesis ¢ is injective and therefore we
deduce that ¢y is also injective. Thus, we can assume that M is not locally compact and pure
dimensional with dim(M) =k > 3.

Pick a point p € M such that M is not locally compact at p. Let (K, ®) be a semialgebraic
triangulation of X := Cl(M) compatible with M and {p}. For the sake of simplicity, we identify
X with |K| and the involved objects M and {p} with their inverse images under ®. Let 7 be
a simplex of K such that p € 7 and 7 C X \ M. The existence of 7 is guaranteed because M
is not locally compact at p (otherwise, the star of p in X would be contained in M). Since M
is pure dimensional, there is a k-simplex ¢ C M such that 7 is a face of 0. Denote vy := p and
take a point v; € 79. Next, pick a point vo € ¢ and consider the 2-simplex o spanned by
the affinely independent points v, v1,ve. Since dim(o) > 3, there is a point v € 0¥ such that
v is not contained in the plane spanned by vg,v1,v2. Consider the 2-simplex oy spanned by
Vg, U1, v3 and note that o1 N o9 is the 1-simplex spanned by vg and v;. Let us define the closed
semialgebraic subset T := (o1 Uoe) M of M. As above, the canonical map Spec(T") — Spec’(T)
is injective and therefore by Proposition 2.14 the 2-dimensional set T is not problematic. This
is a contradiction because T is clearly problematic at p.

Hence, we can assume that the only non-locally compact brick of M is the 2-dimensional M;,.
As before, since M;, is closed in M, we deduce that ¢;, : Spec(M;,) — Spec®(M;,) is injective.
By Proposition 2.14 it follows that M;, is non-problematic, as required. O
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3. ZARISKI SPECTRA OF RINGS OF 8" FUNCTIONS

In this chapter we compare the Zariski and maximal spectra of the ring of the §" functions
with that of the SY functions of a semialgebraic set M. In Section 3.A we first prove the
Lojasiewicz’s Nullstellensatz in the locally compact case, and a weak version of the latter in the
non-locally compact case. Both results will be crucial to prove the comparition Theorem 1.2 in
Section 3.B for the 8" case and 3.C for the & case.

3.A. Lojasiewicz’s Nullstellensatz. First, we analyze the Nullstelensatz for S” functions.
We need some preliminary results. Along this section we fix integers r,m with r > 0 and m > 1
and a semialgebraic set M C R™. For our convenience we introduce more notation. For each
f e 8"(M) we denote

D(f):=M\Z(f) and U(f) :={x € M : f(x) >0}
The following result is a generalization of [BCR, 2.6.4].

Proposition 3.1. Let G € S"(R™) and let F € S"(D(G)). Then there exists an integer £ > 1
such that the function

. GYx)F(z) if G(z)#0
Hy:R —>R,xr—>{ 0 if Gla) = 0

belongs to S™(R™).

Proof. Using a recursive argument it is enough to study the case r = 1. For simplicity we will
prove the existence and continuity of the partial derivative d., Hy of H, with respect to the first
variable at every point a € Z(G). By [BCR, 2.6.4] we can apply the case r = 0 of the statement
simultaneously to the functions

F|D(G) : D(G) — R and d61F|D(G) : D(G) — R.

Hence, there exists a positive integer k£ such that the function Hy in the statement and the
function N .
G*(z)de, Flp(ey(z) if G(z) #0

0 if G(z) =0
are continuous. We claim that Hy, € S!(R™). Clearly Hy, 1 is a semialgebraic function. Let
us show first that de, Hx41(a) = 0 for each a € Z(G). Indeed,
Hy1(a+tey) — Hiyq(a) . GF (a4 tey)F(a + tey)

ferHigale) = iy t 1 t

_ (%g% G(a—Ft@lle)_G(a)) . (%%Gk(a_l_tel)F(a_{_tel))

=d,G(a) - (%%Hk(a +te1)) = de, G(a) - Hy(a) = 0.

ﬁk:RmeR,w»—){

On the other hand, for each point a € D(G) we have
de, He+1(a) = (k+1)G(a)"de, G(a)F(a) + G**!(a)d,, F(a)
= (k + 1)Hy(a)de, G(a) + G(a) Hy(a),
and so Hiy1 € SY(D(G)) because Hy, Hy,,d,G and G are continuous on D(G). Since both Hj,
and Hy vanish on Z(G) it also follows that Hyy; € S'(R"), as required. O
We are now ready to prove the Lojasiewicz’s Nullstellensatz in the locally compact case for

S7 functions.

Theorem 3.2. Let M be a locally compact semialgebraic set and let fi,fo € S"(M) with
Z(f1) C Z(f2). Then there exist an integer £ > 1 and g € S"(M) such that fs = gf1 and
Z(f2) = Z(g)-
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Proof. By Corollary 2.10 we may assume that M is closed in some R™, so by Fact 2.4 there
exist F; € S"(R™) with Fj|p = fi for ¢ = 1,2. Moreover, by Lemma 2.8 there is L € S"(R™)
such that M = Z(L). Then

Z(I2 + F2) = Z(L?) N Z(F2) = MO\ Z(Fy) = Z(h) C Z(f2) = Z(L* + F}).

Therefore )

12(z) + F2(x)
is an 8" function and by Proposition 3.1 there exists a positive integer k such that

(L2(@) + F}(2))"®(z) if L3(z) + F2(x) #0
0 if L?(x) + F2(x) =0

belongs to S"(R™). Since (L% + FZ)* = V. (L? + F?) and L[y = 0 we get
2= (Tl - 7.
Therefore, ¢ := 2k and g := (V]p)f1 € S"(M) do the job because
2(9) = (Z2(L* + F)n M) U Z(h) = Z(f2) U Z(fr) = Z(}2)

as required. O

®:D(L*+ F?) - R, z+—

\If:]Rm—HR,a:l—){

Ezample 3.3. The local compactness of M is essential in Lojasiewicz’s Nullstellensatz (see Re-
mark [FG6, 1.2]).

The Nullstelensatz has a useful consequence in the study of the ideal structure of rings of S™
functions. Recall that a classical concept to analyze this structure is the following:

Definition 3.4. Let M be a semialgebraic set. An ideal a in §"(M) is a z-ideal if for every
g€ S"(M) and f € a such that Z(f) C Z(g) it follows that g € a.

It is easy to prove that in general a z-ideal of S"(M) is a real radical ideal. Reciprocally, in
the locally compact case we have:

Lemma 3.5. Let M be a locally compact semialgebraic set. Each radical ideal a in S"(M) is a
z-ideal and a real ideal. In particular, each prime ideal of S"(M) is a z-ideal and a real ideal.

Proof. Let g € S"(M) and f € a such that Z(f) C Z(g). By Theorem 3.2 there is a positive
integer £ and h € S"(M) such that ¢ = hf € a and so g € a, as required. O

Ezample 3.6. Again local compactness is crucial in Lemma 3.5, see [FG5, 3.4.1].

We finish with a weak version of the Nullstelensatz in the non-locally compact case which will
be crucial in the next sections.

Proposition 3.7. Let M C R™ be a semialgebraic set and f1, fo € S"(M). Consider the semi-
algebraic set S = {x € R" : (x,0) € CUT(f1)) \ C(T'(f2))}. The following assertions are
equivalent:

(i) MNCIS) =2.
(ii) There exists an open semialgebraic neighborhood N of M in Cl(M) and semialgebraic
functions Fy, Fy € STY(N) such that Z(Fy) C Z(F») and Fy|pr = f; fori=1,2.
(iii) There exists an integer £ > 1 and g € ST"1(M) such that f§ = frg and Z(f2) = Z(g).

Proof. (i) = (ii) By Lemma 2.12 there is an open semialgebraic neighborhood N C Cl(M)
of M in CI(M) such that f; extends to semialgebraic functions F; € S !(N) for i = 1,2. As
F; is a continuous extension of f; and N is dense in Cl(M), we have I'(F;) C CII'(f;)) and
Z(F;) c {x e R": (x,0) € CI(I'(f;))}. We claim:

Z(F)\ Z(Fy) CS.
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Pick a point z € Z(F1)\ Z(F3). Assume ¢ := Fy(z) > 0 and let U C R™ be an open neighborhood
of x such that Fy(y) > £ for each y € U N N. Thus,

c c

e (v (-5 9) =
o (2, Fy(2)) = (2,0) € CUT(f1)) \ CUT(f2)), as claimed.

Thus, by hypothesis M N CI(Z(F1) \ Z(F2)) = @. Substitute N by N\ CI(Z(F1) \ Z(F3)).

(ii) = (iii) As N is locally compact and Z(Fy) C Z(F3), by Theorem 3.2 there exists G €
S™Y(N) and £ > 1 such that Fy = F1G and Z(Fy) = Z(G). Observe that g := G|y € S" (M)
satisfies Z(f2) = Z(g) and f§ = fi1g.

(ili) = (i) Let N be an open semialgebraic neighborhood N of M in Cl(M) where f1, fa, g
have semialgebraic extensions Fi, Fy, G € S""!(N) by Lemma 2.12. Since M is dense in N we

have Ff = FiG, and so Z(F,) C Z(F,). Consider the closed set C' := CI(M)\ N and let us
show that

> £
2

SccC.
This finishes the proof since M N CI(S) C M NC = @. Pick z € S C CI(M) and suppose that
x € N. Then (z,0) € CI(T'(f1))\CUT'(f2)), so Fi(z) = 0 and Fy(x) # 0, which is a contradiction
because Z(Fy) C Z(F»), as required. O

3.B. Zariski and maximal spectra of rings of &” functions. In this section we prove
Theorem 1.2 in the 8" case and we give some consequences.

Proof of Theorem 1.2 in the 8" case. Let us prove first that the map

¢ : Spec (M) — Spec™ (M), p— pNS"(M)
is bijective. Let p1,ps € Spec’(M) be distinct prime ideals. We may assume that there exists
f € p2\p1. Let N C CI(M) be an open neighborhood of M such that f extends to a semialgebraic
function F' on N. By Lemma 2.8 there is G € S"(N) such that Z(F) = Z(G) and denote
g := G| By Proposition 3.7 there exist £, 05 > 1 and hy, hy € S(M) such that g" = fh; and
f% = gho. Consequently, g € (po NS”(M))\ (p1 NS”(M)) and (p1) # p(p2).

Let q be a prime ideal of S"(M). Let p be the set of all f € S°(M) for which there is g € q
such that there exist extensions F' € S(N) and G € S°(N) of f and g respectively to some
open neighborhood N of M in CI(M) with Z(G) C Z(F'). Next, we show that p is a prime ideal
of S%(M) equal to 1/qS°(M) and such that pNS" (M) = g.

Let f1, fo € S%(M) be such that fifo € p. We show that f; € p or fo € p. Let N C CI(M) be
an open semialgebraic neighborhood of M such that there exists semialgebraic extensions Fi, Fb
to N of fi1, fo. We may assume that there exists H € S"(N) such that Z(H) C Z(F1F3) and
h:= H|y € q. Let G1,Go € 8"(N) be such that Z(F;) = Z(G;) for i = 1,2. Thus,

Z(H) C Z(FlFQ) = Z(Fl) U Z(FQ) = Z(Gl) @] Z(Gz) = Z(Gng)
and by Theorem 3.2 there exist £ > 1 and A € S"(N) such that (G1G2)" = HA. Denote
gi := Gi|lp € S"(M) and a := Ay € S"(M). We have (g1g2)° = ha € q. Since q is prime we
may assume that g; € q and so f; € p, as required.

Now, let us prove that p = 1/qS%(M), so in particular p is a prime ideal. Pick f € \/qS(M).
Then for some £ > 1 there are g1,...,gs € qand hy,...,hs € S°(M) such that f* = gihy+---+
gshs. Let N be an open neighborhood of M in CI(M) and let F,G;, H; € S°(N) be extensions
of f,gi, hi respectively for each i = 1,...,s. Note that F* = G1H; + --- + G H, and define
G = G2 + -+ G% We clearly have that G|y € q and Z(G) C Z(FZ), so that f* € p. In
particular, f € p, as required. To prove the other inclusion, let f € p. Then there exists g € q
and there is an open semialgebraic neighborhood N C C1(M) of M and extensions F, G € S°(N)
of f,g such that Z(G) C Z(F). Thus, there exists £ > 1 and H € S(N) such that F'=GH.
Denote h := H|y; € S°(M) and observe that f* = gh € ¢S%(M), so f € \/qSO
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To finish let us check that pNS™ (M) = q. The inclusion right to left is clear. Let f € pNS”(M).
Then there exists g € g and an open neighborhood N C CI(M) of M with extensions F,G €
SO(N) of f,g such that Z(G) C Z(F). By Theorem 3.2 there exist £ > 1 and H € S"(M) such
that F* = GH € q, so F € q, as required.

Finally, the map ¢ is continuous because it is induced by the ring inclusion j : S"(M) —
SO(M). It suffices to check that ¢ is an open map. Let D := {p € Spec?(M): f ¢ p} for some
f € S%M). Let N C CI(M) be an open semialgebraic neighborhood of M such that there exists
a continuous semialgebraic extension F of f to N. Take G € S"(N) be such that Z(F) = Z(G).
Define g := G|y € S"(M) and let us prove that

¢(D) = {q € Spec" (M) : g & q}-
Note that there are £1,fs > 1 and hy, hy € SY(M) such that & = ghy and g* = fhy. Thus,
if pe D then g¢ pnNS" (M) = p(p). Conversely, let q € Spec” (M) be such that g ¢ q and let

us show that f ¢ \/qS%(M). Note that g ¢ \/qS°(M) because /qS°(M) N S"(M) = q. Since
g2 = fhy and \/qS9(M) is prime, we deduce f ¢ \/qSO(M), as required. O

Remark 3.8. Along the proof above we have shown that for any semialgebraic set M and q €
Spec” (M), the prime ideal \/qS%(M) equals the set of functions f € S°(M) for which there is
an integer £ > 1, g € q and h € S®(M) such that f* = gh. Moreover, \/qS9(M) is exactly
the set of all f € S°(M) for which there is g € q such that there exist extensions F' € S°(N)
and G € S%(N) of f and g respectively to some open neighborhood N of M in CI(M) with
Z(G) C Z(F).

In particular, if q is a z-ideal then \/qS%(M) is a z-ideal. Indeed, let f1, fo € S°(M) be such
that f1 € /qS%(M) and Z(f1) C Z(f2). Then, there is g1 € q such that there exist extensions
Fy € S%N) and G1 € S°(N) of f; and g; respectively to some open neighborhood N of M
in CI(M) with Z(G1) C Z(F1). Without loss of generality, we can assume that there is an

S-extension Fy of fy to N. Moreover, by Lemma 2.8 we can pick a function Go € S"(N) such
that Z(G2) = Z(F3). Let us denote ga := Ga|, so that

Z(g1) C Z(f1) C Z(f2) = Z(g2)

and therefore we deduce that g, belongs to the z-ideal q. In turn, we get that fo € \/qS°(M),
as desired.

3.C. Zariski and maximal spectra of rings of S functions. Lojasiewicz’s Nullstellensatz
3.2 has played a crucial role in the proof of Theorem 1.2 in the §” case. Since Theorem 3.2 does
not have a bounded counterpart, we need to develop another tool in order to give a proof of
Theorem 1.2 in the 8™ case.

Lemma 3.9. Let M C R™ be a semialgebraic set and let a be a (proper) ideal of S™(M). Then
the set

a:={feS8™M): Ve e S”™(M), € >03g € a such that |f — g| < &}
is a (proper) ideal of S%*(M).

Proof. Let f1, fo € dand e € 8% (M) strictly positive. Then there exist g1, g2 € a with |f; —g;| <
e/2fori=1,2andso g:=g1+9g2 € aand |[(fi + f2) —g| < |fi —g1| + |f2 — g2| < e. Thus,
i+ f2 €

Let f € @ and a € 8% (M). We want to show fa € a. Fix ¢ € S (M) strictly positive.
The exists an open semialgebraic neighborhood N C CI(M) of M and semialgebraic extensions
F,A E of f,a,e to N. As M C {E > 0}, we may assume shrinking N that F is strictly positive
on N. Next, by Lemma 2.10 there is an open subset U of R" such that N is closed in U
and there are F’, A’, E' bounded semialgebraic extensions of F, A, E to U. We may assume in
addition that E’ is strictly positive on U. Let L > 0 be such that |F’|,|A'|,|E’| < L. By [BCR,
Thm.8.8.4] there exists H € N(U) such that |[H — A'| < 2% Since H is bounded by L + 1
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we get that h := H[y € S™(M). Since f € a, there exists g € a such that |f — g| < 5755
Consequently, gh € a and

€ 1
_ < _ _ = Z
|[fa—ghl < |flla —h[+|hllf g|<L2L+<L+2)

€
2L+1

=E&.

We conclude fa € a.

Finally, if 1 € @, there exists g € a such that |[g—1| < 1/2,s0 1/2 < g < 3/2. Thus g is a unit
in 8™ (M), which is a contradiction. O

Proposition 3.10. Let q be a prime ideal of S"* (M) that contains a function with empty zero-
set. Then q is a prime ideal of S** (M) such that q =GN S™(M) and q = \/qS%*(M).

Proof. We fix fo € q with Z(fy) = @. By Remark 2.7 the function &y := | fo| is ™ on M. Since
e2 = f2 € q, we have that & € q.

Let us prove that ¢ NS™ (M) C q, the other inclusion is clear. Pick h € ¢NS&™ (M) and let
g € q be such that |h—g| < eg. Thus a := (h—g)/go € S™(M) and h = g+agg € q, as required.
Next, we show that q is prime. First, we need the following:

Claim. Let ¢ € 8% (M) be strictly positive and let f € S%(M) \ q. Then there exists g €
S™(M) \ q such that |f —g| <e.

Proof of the Claim. As f € S (M) \ 4, there exists 1 € 8% (M) strictly positive such that
for each h € q there exists xop € M satisfying |f(xo) — h(zg)| > €1(xg). Let N € Cl(M) be an
open semialgebraic neighborhood of M and semialgebraic extensions F, F1, E of f,e1,e to N
such that Fq, F are strictly positive on IN. By Lemma 2.10 there exists an open subset U of R"”
such that N is closed in U and there exist extensions F', B}, E' € §*(U) of F, E1, E with F{ and
E strictly positive on U. Consider the strictly positive function E) := min{FE’, E1}/2 € S*(U).
By [BCR, Thm.8.8.4] there exists G € N(U) such that |F' — G| < E}, so in particular G is
bounded. Note that g := G|y € S™ (M) satisfies |f — g| < &1 < ¢ and so g ¢ q, as required. O

Suppose that there exist fi, fo € S%(M) \ § such that fifo € . By the claim there exist
91,92 € S™(M) \ q such that |f; — gi| < eo for i = 1,2. Let L > 0 be such that |o], |fi] < L.
We have

|fuf2 = 9192 < |fillf2 = g2l + |g2ll.fr — 1] < Leo + (L + 0)eo = (2L + €0)eo.
Since f1f2 € 1, there exists g € q with |f1f2 — g| < £9. Thus,
19— 192 < lg — fifal + [fife — g192] < (1 +2L + &o)eo.
Define h := g1g2 € 8™ (M) \ q. We have |g — h| < (1 4+ 3L)eo, so
h—g

a: e S™(M) and h—g=¢epacaq.

€0
Thus, h = g 4+ €ga € q, which is a contradiction.
Finally, we show that § = /qS%(M). Since q is a prime ideal which contains q, it follows

that 1/qS8% (M) C q. Conversely, given f € q there exists g € q such that |f — g| < g0. Thus
h:=|f—gl/eo € S®*(M) and |f—g| = ch € S (M). Then f* = |f—g|*~g(g—2f) € a8 (M)

and therefore f € /qS% (M). O

Corollary 3.11. Let M C R™ be a semialgebraic subset. Denote W' (M) := {f € S™(M) :
Z(f) = @} and consider the space X"(M) = {p € Spec"™ (M) : pNW"(M) # @}. Then the

maps
Ty X0(M) = X7(M), p > pNS™(M)
Oy XN(M) = X0(M), g G = /a8 (M)

are mutually inverse.
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Proof. By Proposition 3.10 it suffices to check that if p is a prime ideal of S%* (M) which contains
a function with empty zero-set then q := p N 8™ (M) contains a function with empty zero-set
and q = p. Let fo € p be such that Z(fy) = @, so gg := fZ € p is strictly positive.

We prove first q C p. Given f € q there exists g € q C p with |f —g| < eo, s0 h:=|f —g|/e0 €
S (M). Since f? = (f — 9)*> + g(2f — g) = h*c3 + g(2f — g) € p, we deduce that f € p, as
required. For the converse inclusion suppose that there exists f € p\q. By the claim of the proof
of Lemma 3.10 there exists g € S™(M)\ q with |f — g| < g9. Thus h := |f — g|/e0 € S (M), so
|f — g| = heo € p. Consequently, g2 = |f — g|* +2fg — f% € p and therefore g € pNS™ (M) = q,
which is a contradiction.

Finally, note that since g9 € p = q, there exists g € q with |9 —g| < g, and so Z(g9) = @. O
We are ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 in the 8™ case. By Corollary 3.11 it is enough to show that the maps
@ : Spec™ (M) \ X°(M) — Spec™ (M) \ X" (M), p— pNS™(M)
U :Spec™ (M) \ X" (M) — Spec™ (M) \ X°(M), q— /qS%*(M)
are mutually inverse. Since S°(M) = SO*(M)WO(M) and 8" (M) = 8™ (M )y, by [AM, 3.11
& Ch.3, Ex. 21] the map
~" :Spec” (M) — Spec"™ (M) \ X" (M), p— pNS™ (M)

is a homeomorphism whose inverse is given by q +— qS"(M). On the other hand, by Theorem
1.2 for S" functions we have that the maps

p : Spec’ (M) — Spec” (M), p — pNS"(M)
i:Spec”(M) — Spec® (M), q — /qS°(M)
are mutually inverse homeomorphisms. Thus, the map
n:=7"0po(y")7": Spec® (M) \ X*(M) — Spec™ (M) \ X" (M), p > pN S (M)
is a homeomorphism and the diagram

Spec” (M) Spec™ (M) \ X" (M)

A ) h

Spec® (M) Spec®™ (M) \ X°(M)

commutes. For each q € Spec™ (M) \ X"(M) we have n71(q) = /q8°(M) N S (M), so it only

remains to show that
Vast (M) = /a8 (M) N 8% (M).
First note that by Theorem 1.2 for 8" functions and since qS"(M) € Spec” (M), we get

qSO(M) N S™ (M) = qS"™(M), and so /qSO(M) N S™ (M) = q.

Now, pick f € 1/qSO(M) N SY™(M). Let N C CI(M) be an open semialgebraic neighborhood
of M such that there is a semialgebraic extension F' of f to N. We show that there exists
Q € S™(N) and k > 1 such that 22 ¢ qS%(M), F?**2 < Q and Z(Q) = Z(F). Indeed, by
Lemma 2.8 and Theorem 3.2 thereis k > 1, G € S™(N) and H € S°(N) such that F* = GH and
Z(G) = Z(F). Without loss we can assume that f* € qS°(M). Consider the open semialgebraic
set W= {|FH| < 1} of N that contains Z(F'). As F' is bounded, there exists L > 0 such that
F%+2 < [, and G? < L. Let {o,1—0} be an S partition of unity subordinated to {W, N\ Z(F)}
and define

Q:=G%+L(1—0)eS™*M).
If 2 € W, then F*+2(z) < G2(z) and so F¥+2(z) < G2(x) + (L — G2(2))(1 — o(2)) = Q(x). Tf
x € N\ W, then o(x) =0 and so Q(z) = L > F(x)**2. Clearly, Z(Q) = Z(G) = Z(F).
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Finally, again by Theorem 3.2 there exist £ > 1 and A € S°(NV) such that Q° = F?+2A4 and
so ¢¢ € qS%(M) for q := Q|pr. Thus, ¢ € /qSO(M) ﬂ;S"’*(M) = ¢. On the other hand, since
F242 < @Q and Z(F) = Z(Q), we have that B := F2Q+3 is a S%* function on N. Therefore
243 € g8 (M) and f € /qS9* (M), as required. O

Corollary 3.12. Let M C R" be a semialgebraic set. Then

(i) dim(S™(M)) = dim(M).
(ii) 8™ (M) is a Gelfand ring.

Proof. By Theorem 1.2 it is enough to prove the result for »r = 0. We write down the general
case, the bounded one is similar.

(i) Let pop C --- C ps be a chain of prime ideals in S°(M). Let f; € p; \ p;_q fori =1,...,s.
Let N C CI(M) and an open semialgebraic neighborhood of M and let F; be semialgebraic
extensions of f; to N. Let q; := p; N S(N) and observe that F; € q; \ q;—1 for i = 1,...,s.
The equality dim(S(N)) = dim(N) = dim(M) was proved in [CC, S3, S5, FG6]. Therefore
dim(S°(M)) < dim(M). For the other inequality, by cylindrical decomposition of semialgebraic
sets there is a closed ball B such that
MNnB=Cl(M)NB

is compact and dim(M) = dim(M N B). Since M N B is closed in R", the restriction map
SYU(M) — SY(MNB) is surjective. So dim(S*(M)) > dim(S°(MNB)) = dim(MNB) = dim(M),
as required.

(ii) Let p be a prime ideal in S°(M). We show that the set of prime ideals of S°(M) that
contain q is a spear, i.e., is totally ordered by the inclusion. This clearly implies that p is
contained in a unique maximal ideal, as desired. Assume there exists prime ideals q; and g2
containing p for which there are functions f; € q1 \ q2 and fo € q2 \ q1. Let N C CI(M) be an
open semialgebraic neighborhood of M such that there exist semialgebraic extensions Fi, F» to
N of fi, fo. Consider the prime ideals q := pNS(NV) and q; := m; NS(N) for i = 1,2. Observe
that ¢ C q1 Nq2, F1 € p1 \ p2 and F, € po \ p1. But this is a contradiction because N is locally
compact and therefore the set of prime ideals of S(N) that contain q is a spear, as required. [

Corollary 3.13. Let %M and 37°M be, respectively, the subspaces of Spec® (M) and Spec™ (M)
consisting of the mazimal ideals in S° (M) and S™(M). Then the map

BYM — M, m — mNS™(M)

18 a homeomorphism.

Proof. This is a straightforward consequence of Theorem 1.2 because %M and B7°M are re-
spectively the subsets of closed points of Spec® (M) and Spec™ (M). O

Remark 3.14. It was proved in [FG4, 4.4] that SM is the semialgebraic Stone—Cech compactifi-
cation of M and so Corollary 3.13 states that the same holds true for the space "M of maximal
ideals in 8"(M). This can be seen as the semialgebraic counterpart of the analogous result by
Bkouche [B] for the ring of differentiable functions on a differentiable manifold.

4. RESIDUE FIELDS OF RINGS OF 8™ FUNCTIONS

Our goal in this section is to prove Theorem 1.4, that says that if M is a semialgebraic set
and p is a prime ideal of §"°(M) the fraction field x(p) of S"(M)/p is a real closed field. In
Subsection 4.A we prove it for the ring 8" (M) with M locally compact and in Subsection 4.B
we show it for the ring §"(M) for any semialgebraic set M.
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ocallcompact

4.A. The locally compact case of Theorem 1.4. We will use the notion of semialgebraic
depth of an ideal of a ring of semialgebraic functions firstly introduced in [FG6]. Let M be a
semialgebraic set. The semialgebraic depth of q € Spec” (M) is the nonnegative integer

a(q) = min{dim(Z(f)) : f € q}.
Lemma 4.1. Let M be a semialgebraic set and let q be a prime ideal in S"(M).

(1) d(q) = d(/aS°(M)).
(2) If q1 € Spec” (M) is a z-ideal such that q; C q then d(q) < d(q1).
(3) If M is locally compact then d(q) + ht(q) < dim(M).

Proof. (1) Clearly d(q) > d(1/qS°(M)). Let f € \/qS°(M) such that dim(Z(f)) = d(1/qS°(M)).
By Remark 3.8 there is g € q such that Z(g) C Z(f) and therefore d(q) < dim(Z(g)) <
dim(Z(f)) = d(1/qS°(M)), as required.

Once we have proved (1), by Theorem 1.2 and Remark 3.8 it suffices to prove (2) and (3) for
r = 0. This is the content of Lemma 2.1 and Theorem 2.2 in [FG6] respectively. O

We point out that Lemma 4.1(2) is false if q; is not a z-ideal, see [FG6, Rmk.2.3]. We will
reduce Theorem 1.4 in the locally compact case to a pure-dimensional setting via the following
technical result:

Lemma 4.2. Let M C R™ be a pure dimensional semialgebraic set and f € S(M). Then there
exists g € 8™ (M) such that dim(Z(g)) < dim(M) and fg extends by zero to an 8" function on
R™,

Proof. By [FGR, 2.4.2], M is the disjoint union of finitely many Nash affine manifolds Ny, ..., N,
such that each restriction f|y, is a Nash function and where those N; with dim(/V;) = dim(M)
are open in M. We can assume that dim(N;) = dim(M) if 1 < ¢ < k and dim(V;) < dim(M)
if k+1<4i<s. Since each N;, 1 < i < k, is open in the pure dimensional set M the union
N = Ule N; is an affine Nash manifold and a dense open subset of M. In addition, the
restriction f|xy is a Nash function.

By [BCR, 8.9.5] there exists a Nash tubular neighborhood (V, p) of N in R™. Let us define
F:= fope 8 (V). Since V is an open semialgebraic subset of R™ there exists G € S™*(R")
with Z(G) = R™\ V. By Proposition 3.1 there exists £ > 1 such that G*F extends by zero to an
S" function on R™. As Z(G)N M = M \ V has dimension < dim(M) — 1 and Flyny = flanv,
the function g := G|y € 8™ (M) does the job. O

Proof of Theorem 1.4 in the non-bounded locally compact case. We prove Theorem 1.4 for a prime
p € Spec®(M) where M is locally compact. Denote q := pNS"(M). Let x(p) and x(q) be the
quotient fields of S°(M)/p and S"(M)/q respectively. We have to show that the natural inclusion

j:S"(M)/q— S'(M)/p.
induces an isomorphism between x(q) and x(p). We will make several reductions:
First reduction. We can assume that p is a minimal prime ideal of S°(M).

In the general case, pick f € p with d(p) = dim(N), where N := Z(f) is locally compact
since it is closed in the locally compact set M. By Fact 2.4 the epimorphism ¢q : S°(M) —
SY%(N), g + g|ny induces an isomorphism S°(M)/ker gy — S°(N). As p is a z-ideal we have
that ker g9 C p and therefore the image p; of p/ker ¢y by the latter map is a prime ideal of
SY(N). In particular, we have an isomorphism

Po: SU(M)/p — S°(N)/p1.

Similarly, the restriction map ¢, : S"(M) — S"(N) induces an isomorphism S"(M)/ ker ¢, —
S"(N). Since q is clearly a z-ideal, we can consider the image q; € Spec”(N) of q/ ker ¢, by the
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latter map. Then we get an isomorphism
@, : 8" (M)/q— S"(N)/q1.
As the following diagram
- ]
S'(M)/q —— S*(M)/p

\LSOT i‘Po
8" (N) /a1 =~ S"(N) /p1
commutes, to finish this reduction step it suffices to see that p; is a minimal prime ideal of
S°(N). Otherwise there would exist a prime ideal pj C p; in S"(N) and so p’ := ¢, ' (p)) is a
prime ideal of S°(M) such that ker g C p’ C p. Since M is locally compact p’ is a z-ideal and so
d(p) < d(p’) by Lemma 4.1. However, since f € ker ¢y C p’, we have d(p’) < dim(Z(f)) = d(p),
a contradiction.

Second reduction. We can assume that M is pure dimensional.

Let M be a semialgebraic case and let {Mj,..., M} be the bricks of M. By Lemma 2.8
there exist fi,..., fs € 8™ (M) with M; = Z(f;) for 1 <i <'s. Since f := [];_, fi is the zero
function there exists an index i € {1,...,s} such that f; € p. The epimorphism g : S°(M) —
SY(M;), g — g|n, induces an isomorphism S°(M)/ker pg — S°(M;). Since p is a 2-ideal we get
that ker g C p. Denote by p; € Spec’(M;) the image of p/ ker ¢y by the latter map. Arguing
as in the first reduction, it is enough to prove the statement for the prime p; of the ring S°(M;).
As M; is pure dimensional, this follows by assumption.

Final step. All in all, we may assume from the beginning that M is pure dimensional and p is
a minimal prime ideal of S°(M). We have to prove that the homomorphism j : S"(M)/q —
S%(M)/p induces an isomorphism #(q) — #(p), which it will be denoted by j again. To show
the surjectivity, pick f € S°(M). By Lemma 4.2 there are g € S™*(M) and H € S"(R™) such
that dim(Z(g)) < dim(M) and h := H|py = fg. Let us show that g ¢ p. Otherwise, as p is a
minimal prime ideal and by [HJ, 1.1] there would exist v € S"(M) \ p such that gv = 0. Thus,
D(v) C Z(g) and so
dim(D(v)) < dim(Z(g)) < dim(M).

Since M is pure dimensional this implies that v = 0, which is a contradiction because v ¢ p.
Hence g+ p # 0 and so u := (h+p)/(g + p) € k(p). Therefore j(u) = f + p, as wanted.

Finally, it was proved in [S3, Cor. 3.26 §1 & Thm. 1.1] that x(p) is a real closed ring, and so
is k(q) as well. O

Corollary 4.3. Let M be a locally compact semialgebraic set and let q € Spec” (M). Then:

(i) trdegg(k(q)) = d(q).

(ii) Let p : M — M’ be a 8" embedding such that p(M) is dense in the locally compact
semialgebraic set M', and let ' := (p*)~1(q) where p* : S"(M') — S"(M) is the natural
injective homomorphism induced by p. Then the natural inclusion S™(M")/q' — S"(M)/q
induces an isomorphism on the quotient fields k(q") and k(q).

Proof. (i) By Theorem 1.2, the ideal p := 1/qS%(M) belongs to Spec’(M) and by Theorem 1.4
the fields x(q) and x(p) are R-isomorphic. Since d(p) = d(q) by Lemma 4.1(1), it only remains
to prove the result for p, which follows from [FG6, Thm. 1.1].

(ii) It suffices to show that the inclusion x(q’) — x(q) is surjective. Since both x(q") and x(q) are
real closed fields, it is enough if we prove that tr degg (k(q')) > trdegr(x(q)), or equivalently, that
d(q’) > d(q). Since p is injective, for any f € q' we have that dim(Z(f)) > dim(Z(fop)) > d(q),
as required. O

4.B. General case of Theorem 1.4. Along this section we fix a semialgebraic set M C R™
and an integer r > 0. We denote €™ as in 2.C the collection of pairs (F, j) where j : M — R"
is an 8" embedding such that E = CI(j(M)), so that E is a locally compact semialgebraic set
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(even compact in the bounded case). By Theorem 2.6 we have a homomorphism j*: S™(FE) —
S™(M), f +— foj and for every ideal a in 8™ (M) we will denote a N S™(E) := (j*)"!(a) and
we say that a lies over aNS™(E).
Proposition 4.4. (1) Given a subset F := {f1,..., fx} C S"(M) there exist (Eg,j5) € €™
and Fy,...,F, € 8™ (Ey) with F; o j5 = f;.
(2) Given a chain of prime ideals qo C --- C qi in S"(M) there exists (E, j)
the prime ideals Q; := q; N S"°(E) constitute a chain Qo C --- C Qi in S™(E).
(3) There exists (E,j) € € such that dim(S™(M)) < dim(S"™(F)) = dim(M ).

€ ¢ such that

Proof. (1) Consider the 8™ embedding jy : M — R™* 2 (2, f1(2),..., fr(z)) and define
Eg := Cl(jg). Define F; := my,4i|E,, where
Tomti R™F SR, 1= (T1y- oy Tintk) = i

fori=1,...,k. Each F; € 8" (F5) and F; o j§ = f;, as required.

(2) For 1 < < k pick a function f; € q; \ g;—1 and consider the pair (Ey, jy) € €™ provided
by part (1) for the family F := {f1,..., fx}. Clearly, Q; 1 C Q; and each F; € Q; \ Q;_1.

(3) By part (2) there exists (£, j) € €™ such that dim(S"°(M)) < dim(S"(F)). Finally, the
equalities dim(S"°(F)) = dim(E) = dim(M) follow from Corollary 3.12 and [BCR, 2.8.2]. O

Corollary 4.5. Let q € Spec™(M). Then k(q) := qf(S"(M)/q) is a real closed field.

Proof. For each (FE,j) € € and since j(M) is dense in F, the homomorphism j* : S"(F) —
8" (M) is injective. Let Qj := (3*) "' (q) € Spec™®(E) and note that 3* : S"(E)/Q; — S™(M)/q
is also an injective homomorphism. Thus, by Lemma 2.13 it follows that x(q) = hi>n k(LQj). Since
each field k(9;) := qf (S"(E)/Q;) is a real closed ring, by [S3, §1 Thm 4.8] the field x(q) is also
a real closed ring, and so it is a real closed field, as required. O

Remark 4.6. If n is a maximal ideal of 8™ (M) then the field homomorphism j : R < x(n) :=
S™(M)/n, r — r 4+ n is an isomorphism. Indeed, note that the extension of real closed fields
x(n)|R is archimedean because each function in §™* (M) is bounded by a real number. This proves
the surjectivity of the embedding j since R does not admit proper archimedean extensions.

Lemma 4.7. Let q € Spec’®(M). Then there exist (E,j) € € and qp € Spec”™(E) such that
k(q) = k(qe) and q lies over qg. We refer to (E,j) as a brimming S™ local compactification
of M for q.

Proof. We write the proof for the 8" case, the bounded one is similar. Let ¢ : S"(M) —
S"(M)/q — k(q). For each finite subset F of S"(M) let (Eg, j5) € €" as in Proposition 4.4 and
denote

jF: 8"(By) = S"(M), F— Fojsy and ¢g:=poj5:S (Ey) — k(q).

Define qg := ker p5 = ¢ N S"(E5) and d := maxy{d(qs)} where F runs over all finite subsets of
S"(M). Fix a finite subset Fy of S"(M) such that d(qg,) = d. Denote

Eo = Eg,, g, = ker oz, = 8" (Eo) Nq and ko := qf(S"(Eo)/ag,) C #(q)-

Let us prove that x(q) = ko and so (Ep, j¥,) does the job. Since both are real closed fields, it is
enough to show that x(q) is an algebraic extension of kg. For that, it suffices to see that f + q
is algebraic over kg for each f € S"(M)\ q. Let F1 := FoU{f}, E1 := Eg, and (E, jg,) € €.
The projection onto all the coordinates except the last one induces an 8™ map p : By — Ejy
and so po jg, = jg, : M — jg,(M) is an S” diffeomorphism. Consider the R-homomorphism
S"(Ey) — S"(E1), h — hop. Denote qy, := kerpg, = S"(E;) N q and the real closed field
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k1 :=qf(S"(E1)/qs,). We have the following diagrams of ring homomorphisms
S"(Eo) . — S"(E1) S"(Eo)/ds, . —=S"(E1)/as,

.

S"(M) S"(M)/q

and so kg C k1 C k(q). Since f € F; there exists F € S"(E1) such that F o j5, = f and to see
that f + q is algebraic over kg it is enough to prove that F' + qg, is algebraic over xo. To that
end it suffices to see that the transcendence degree over R of kg and x; coincide. This follows
from Corollary 4.3 because

tr degg (ko) < trdegg (k1) = d(qs,) < d = d(qs,) = trdegg(ro)-
Hence, trdegg (ko) = trdegr (1), as wanted. O

Ezample 4.8. Not all pairs (E, j) € €" are brimming S” local compactifications of M for a given
q € Spec” (M), see [FG6, Rmk.3.1].

Corollary 4.9. Let p € Spec?® (M) and q := p N S™(M) € Spec™(M). Then there exist
(E1,j1) € €% and (Ea, jo) € €™ brimming local compactifications of p and q respectively, and
aS" map p: Fw — Ey such that jo =po j1.

Proof. By the proof of Lemma 4.7, there is a finite subset F; of S (M) such that (Ey,,j¥,)
is a brimming S local compactifications of p. Similarly, there is a finite subset F5 of S™(M)
such that (Eg,,jg,) is a brimming 8™ local compactifications of q. Define ¥} = F; U Fa,
and note that by the proof of Lemma 4.7 we have that (Ef,wl, jg'll) is also a brimming S&"° local
compactification of p. Moreover, the projection onto all the coordinates except the last |F|
coordinates induces a 8" map p : Eg; — Eg, such that jg, = po jg, as required. O

We have all the ingredients to give a proof of Theorem 1.4 in the general case.

Proof of Theorem 1.4 in the general case. Let M be a semialgebraic set. We first prove that
given p € Spec?(M), if we denote q := p N S"(M) € Spec” (M) then the natural homomorphism
S"(M)/q — SY(M)/p induces an isomorphism between the quotient fields x(q) and x(p).

Pick (E1,j1) € €° and (E3, jo) € €" brimming 8" local compactifications of M for p and q as
in Corollary 4.9, and let p : £y — E5 an 8" map such that jo = poj;. Denote pg, := pﬁSO(El)
and qg, := qNS"(E>), so that

SUE) /pp, = SU(M)/p & S'(Ez)/ap, — S (M)/q
induce isomorphisms in the quotient fields. Moreover, since js is also a S° map we can consider

pE, :=p NS°(Ey), Note that qo = pa N S"(E2) and therefore by the locally compact version of
Theorem 1.4 proved in subsection 4.A we get that

S"(E3)/qm, — S (E2)/pE,

induces an isomorphism in the quotient fields.

On the other hand, note that for the R-homomorphism p* : SY(Es) — S°(E) we have that
pE, = (p*)"Lpg, ). By Corollary 4.3(ii) we get that

S%(Bs)/pp, — S°(Er)/pE,

induces an isomorphism of the quotient fields. All in all, we have the commuting diagram
S"(E2)/ap, —= S"(M)/q
SU(Es) /b, — S°(B1)/p, — S°(M)/p

where the symbol 2 means that the map induces an isomorphism of the quotient fields. We
deduce that S"(M)/q — S°(M) /p also induces an isomorphism of the quotient fields, as required.

IR
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Similarly, we prove that given p € Spec (M), if we denote q := p N S™ (M) € Spec”™ (M)
then the natural homomorphism S"*(M)/q — S°*(M)/p induces an isomorphism between the
quotient fields x(q) and k(p). We point out that along the adapted proof we will need the fact
that

S™(E2)/qE, — S (E2)/vE,

induces an isomorphism in the quotient fields, where (E2, j2) is a brimming S™ local compact-
ifications of M. This follows again by the locally compact version of Theorem 1.4 in subsection
4.A because Es is compact and therefore S (Ey) = S%(Ey) and 8™ (E») = S™(Es). O

There exist examples of non locally compact semialgebraic sets M for which there is p €
Spec” (M) with d(q) < trdegg(x(q)), see a counterexample in [FG5, 3.4.1]. In general, we have
the following result:

Corollary 4.10. Let q be a prime ideal of S"(M). Then d(q) < trdegr(x(q)). If in addition q
is a z-ideal then the equality holds.

Proof. Pick a brimming S” local compactification (E, j) of M for q and denote qg := qNS"(E).
By Corollary 4.3 and Lemma 4.7, d(qg) = tr degg(k(qr)) = trdegr(x(q)) and so it is enough to
check that d(qg) = d(q). Let F € qp with d(qg) = dim(Z(F)). Then f:= F o j € q and
d(q) < dim(Z(f)) < dim(Z(F)) = d(qg).
For the converse inequality, let A € g be such that d(q) = dim(Z(h)). By Lemma 2.8 there exists
g € S8"(E) such that Clg(j(Z(h))) = Z(g). Hence, Z(h) C Z(g o j) and, since q is a z-ideal,
goj € q,that is, g € qg. Therefore,
d(qe) < dim(Z(g)) = dim(Clg(3(Z(h)))) = dim(Z(h)) = d(q),

as required. O

We finish this section by finding two important classes of ideals which are z-ideals.

Proposition 4.11. Let M be a semialgebraic set.

(1) Let a be a z-ideal of S"(M). Every prime ideal of S" (M) that is minimal among the prime
ideals containing a is a z-ideal. In particular, minimal prime ideals of S" (M) are z-ideals.

(2) Let b be a proper ideal in S"(M). Then there exists a proper z-ideal b* in S"(M) that
contains b. Every proper prime ideal which is mazrimal among the proper ideals containing b is
a z-ideal. In particular, mazimal ideals of S"(M) are z-ideals.

Proof. (1) Let q € Spec” (M) be minimal among the prime ideals containing a. Suppose there
exist f,g € S"(M) with Z(f) C Z(g) and f € qbut g ¢ q. Let T':= S"(M) \ q and consider the
multiplicatively closed subset S := {hf*:h € T, ¢ € Z,¢ > 0} of S"(M). Note that SNa = @.
Otherwise there would exist h € T and ¢ > 0 such that hf’ € a. But a is a z-ideal and

Z(hf*) = Z(h) U Z(f) € Z(h) U Z(g) = Z(hg).
Thus hg € a C q and this is false. Therefore S~!a is a proper ideal of the localization S~1S"(M),
so there is an ideal qo of S"(M) such that S~!qg is maximal and contains S~'a. In particular,

o is a prime ideal such that SN qg = @ and a C qg. Since SNqyp = & and f € S, we have that
qo € g, a contradiction with the minimality of g.

(2) Let us check that the subset
b*:={feS"(M): 3g €b such that Z(g) C Z(f)}

is a z-ideal of 8"(M) containing b. First, given fi, fo € b® and h € S"(M) there exist g1,g2 € b
such that Z(g;) C Z(fi) for i = 1,2. Notice that g2 + g5 € b and hg; € b and

Z(gi+93) CZ(fi+ f2) and  Z(hg1) C Z(hfy).

This proves that b* is an ideal and clearly it is a z-ideal containing b. Finally, if b* = S"(M)
there exists g € b such that Z(g) C Z(1) = @. Thus g is a unit in S"(M), a contradiction since
b is proper.
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Finally, if m is a proper prime ideal which is maximal among the proper ideals containing b,
then m* = m, as required. U

5. THE RING OF S8 FUNCTIONS

The main purpose of this final section is to study the ring S*(M) of a semialgebraic set M.
To that aim, we need to recall the machinery of real closed rings.

5.A. Real closed rings and real closure. Let A be a commutative ring with unity. The set
Sper(A) is the collection of prime cones of A, i.e., subsets a of A such that p, == a N —ais a
prime ideal of A and «a/p, is the positive cone of a total order of A/p,. We denote by p(c) the
real closure of the quotient field of A/p,. Let po : A — p(«) be the natural homomorphism and
denote a(a) := pq(a) for each a € A. The subsets

D,(a) := {a € Sper(4) : a(a) > 0}

for a € A, called basic open subsets, form the basis of the spectral topology on Sper(A). A
boolean combination of sets of the latter form is called a constructible set. We refer the reader
to [BCR, §7.1] for further details concerning the real spectrum of a ring A and its constructible
subsets.

Definition 5.1. [S2] A commutative ring with unity A is real closed if it satisfies the following
conditions:

(i) A is a reduced ring,

(ii) The support map supp : Sper(A4) — Spec(A), a — po = a N (—a) is identifying, that is,
it is a homeomorphism, which induces a bijection between the constructible subsets of
Sper(A) and those of Spec(A),

(iii) For each p € Spec(A) we have:

(a) The quotient field R := qf(A/p) is a real closed field and A/p is integrally closed in
R and
(b) Each Q € Spec(A/p) is convex with respect to the unique ordering of A/p,
(iv) A finite sum of radical ideals of A is a radical ideal of A.

We will need a number of well-known facts by the experts. For the sake of completeness, we
give the proof of those which do not appear in the literature.

Fact 5.2. If {A;}icr is a direct system of rings, then the real closure of A := hj}lAi equals

liglrcl(Ai) where rcl(A;) denotes the real closure of A;.

Proof. Indeed, since we have the canonical homomorphisms A; — A for each i € I, we obtain
a homomorphism rcl(A4;) — rcl(A) and so a homomorphism liglrcl(Ai) — rcl(A). On the other

hand, we also have a natural homomorphism from A to liglrcl(Ai) and since the latter is real
closed, by [S3, Ch.I, Thm. 4.8] we obtain a homomorphism rcl(4) — ligwcl(Ai) as desired. [

Recall that given an open semialgebraic set U of R", a Nash function f : U — R is by
definition a C*° semialgebraic function. If M is a semialgebraic subset of R™, we denote by
N (M) the collection of all functions f : M — R that admit a Nash extension to an open
semialgebraic neighborhood of M in R™. Recall that a semialgebraic set M C R™ is a Nash
set if it is locally compact and there exists a Nash function f on the open semialgebraic set
U:=R™\ (Cl(M)\ M) such that M = Z(f), see [FG2, 2.12].

Fact 5.3. Let X be a closed Nash subset of R™. Then S%(X) is the real closure of N°(X).

Proof. 1t suffices to prove it for X = R". For, consider the surjective homomorphism ¢ :
SY(R") — SY(X) given by the restriction to X. Then by [Sh, ThmII.5.2] and Lemma 2.10 we
have N°(X) = N°(R")/I(X) and S (X) = S (R")/ ker(¢) where I(X) = ker(¢) N N°(R™).
Thus, by [S3, Ch.I, Lemma4.5] we get the result.
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Now, the ring of polynomial functions R[x] := R[x,...,x,] is contained in N (R™) and so
SY(R™) is the real closure of N'(R™) by [S3, Ch.III §1]. It only remains to prove the bounded
case. Since §%*(R") is convex in the real closed ring S(R™), it is also real closed. Thus, the real
closure A of the ring N*(R™) is contained in S*(R™). Note that g := ﬁ e N*(R") C A and
the localization 4, C S°(R") is a real closed ring which contains N'(R") = N*(R"),, so that
A, = S°(R™). Therefore by [S6, Prop.29] it suffices to show that for every n € N and a € A
with 0 < a < ¢" we have that a € g"A. Indeed, since 1 g > 0 there is a Nash function N*(R"™)

such that |h — (a+§92” )| < 1 g*", and so 0 < h—a < g*. Since h < ¢?" + a < 2g" we get
h/g™ € N*(R™) C A. On the other hand, since A is real closed, by [PS, Thm]| there is b € A such
that (h — a)? = ¢*"b, and therefore h — a = ¢"v/b. We deduce that a € g"A, as required. O

The following is a direct consequence of the fact that S*(R) is the real closure of N*(R").
However, since it is a relevant effect that concerns the real spectra of both rings, we also give a
direct proof with explicit computations.

Fact 5.4. The inclusion j : N*(R™) — S*(R") induces a homeomorphism

Sper(j) : Sper(S*(R™)) — Sper(N*(R™)), a— aNN*(R").
In addition, for each o € Sper(S*(R™)) the quotient field k() = qf(S*(R™)/pa) is the real
closure of the quotient field k(B) := qf(N*(R™)/qg) where B := Spec,.(j)(®), pa = a N (—a)
and qg == SN (=p).

Proof. Consider the Nash function g := HHxHQ € N*(R™). Recall that for any f € N(R™)

there exists a non negative integer ¢ such that h := fg* € N*(R"), see [BCR, Prop.2.6.2].
Thus, N (R") = N*(R"),. Analogously, S(R") = S*(R”)g. Define the open constructible sets
U = {a € Sper(S*(R™)) : g(a) > 0} and V := {B € Sper(N*(R™)) : g(8) > 0}. Similarly as in
[AM, 3.11 & Ch.3, Ex. 21] , we have the following commutative diagram,

Sper(S(R™)) = Sper(S*(R"),) <= U Sper(S*(R")) (5.1)
gi lSperunv Islaerm
Sper(N(R™)) = Sper(A*(R™),) <= V> Sper(N*(R™)).

Now, pick @ € U and let us show that x(«) is the real closure of k(3) where 8 := aNN*(R"™).

Indeed, note that the injective ring homomorphism
N*(R")/a5 = S*(R")/pa

induces a homomorphism x(8) — k(a). Since S*(R") is a real closed ring, the field k()
is real closed. Thus, it only remains to prove that any other homomorphism i : x(8) — R
into a real closed field R extends to k(a). To that aim, consider the ring homomorphism
¢ :=1iom: N*(R") — R where m : N*(R") — N*(R")/qp is the canonical projection. Since
g ¢ qp, the previous homomorphism extends to ¥ : N(R") = N*(R"), — R. Finally, the ring
S(R™) is the real closure of N(R™), so we obtain a homomorphism ® : S(R") — R extending ®,
which in turn induces a homomorphism x(5) — R extending i, as required.

To show that Sper(j) is surjective it suffices to find a preimage of 3 € Spec(N*(R™)) with
g(B) <0. Since g > 0 in R™, we must have g(3) =0 and so g € qg. Denote q := qg and define

q:={f € S™R"): Ve € S™R"), £ >0 3h € q such that |f — h| < &}.

Similarly as in Lemma 3.9 and Proposition 3.10, we obtain that g is a prime ideal of S*(R")
and g NN*(R"™) = q. Moreover, the injective homomorphism

¢ N*(R")/q = S*(R")/q, h+as —h+7
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is an isomorphism. For, pick f € S*(R") and let h € N*(R") be an approximation of f such
that |f — h| < g, see [BCR, Thm.8.8.4]. As Z(g) = @, the function

—h
_f-h e N*(R"),

g
so f—h=ga€ qS*(R") C qand ¥(h+q) = f + 7. Therefore, a := ¥(3) € Sper(S*(R")) and
Pa =, as required.

a

Next, let us show that Sper(j) is injective. Take oy, as € Sper(S*(R™)) with g(ay) = g(ae) =
0 and such that a; N Sper(N*(R™)) = ag N Sper(N*(R™). Assume that there exists f € a1 \ ae.
Let h € N*(R™) be such that |f — h| < g. Then

h—f
a:=
g
and so h — f = ag € pgo, for i = 1,2. Thus, h € po, N N*(R?) = p,, N N*(R™) and so
f=h—ag € pg,, a contradiction.

e S*(R"),

All in all, we have that the continuous real spectral map (see [BCR, Prop.7.1.7])
Spec,.(j) : Spec, (S*(R™)) — Spec, (N*(R")), B+ SNN*(R").
is bijective, and it only remains to prove that Sper(j) is an open map. We already know that the
restriction Sper(j)|y is open. As V is an open subset of Sper(S*(R™)), it only remains to show
that: if ap € Sper(S*(R™)) \ V = {« € Sper(S*(R")) : g(a) = 0} then the image by Sper(j) of
an open neighborhood of oy contains an open neighborhood of Sper(j)(ag) in Sper(N*(R™)).

Let f € S*(R") such that ag € Dy := {a@ € Sper(S*(R")) : f(a) > 0}, and let us show that
Sper(3)(Do)
is a neighborhood of Sy := Sper(j)(ap) in Sper(N*(R™)). Note that
ag € Dy :={a € Sper(S*(R")) : (f —2g)(«) > 0} C Dy.
By [BCR, Thm.&8.8.4] there exists h € N*(R™) such that |h—(f —g)| < g, that is, f—2g <h < f
on R™. Define Dy := {a € Sper(S*(R"™)) : h(a) > 0}, so that
apg € Dy C Dy C Dy.
Since By € Sper(Dy) = {B € Sper(N*(R™)) : h(B) > 0} C Sper(Dy), we are done. O

We would like to stress that in turn, the fact that S°*(R) is the real closure of N*(R") could
be deduce from Fact 5.4 and the following:

Fact 5.5. [SM, Thm. 5.2] Let A be a commutative ring with unity and let B be a real closed
ring. Let i : A — B be an injective homomorphism of rings such that

(i) the map i* : Sper(B) — Sper(A), B+ i~1(B) is a homeomorphism, and
(ii) for each 8 € Sper(B) the field qf (B/qg) is the real closure of qf (A/pa), where o := 1*(53),
Po i =aN(—a) and qg := BN (=PH).
Then B is the real closure of A.

We finish this section with a result the involves the central object of our work:

Proposition 5.6. Let v > 1 be an integer and let M C R™ be a semialgebraic set. Then the
ring 8™ (M) is not a real closed ring and the natural inclusion S™ (M) — S% (M) provides its
real closure.

Proof. By Theorems 1.2 and 1.4 and Fact 5.5 it is enough to show that S (M) is a real closed
ring for every semialgebraic set M. The case M = R" is well-known, see [S3, Ch.III §1] and
[T2, Thm.10.5]. If M is a closed subset of R", then the restriction map S%(R") — S%(M)
is an epimorphism and therefore S% (M) is a real closed ring by [S5, Thm.3.8]. If M C R" is
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locally compact, then it follows from Lemma 2.10. Finally, for any arbitrary semialgebraic set
M C R™ it follows from Lemma 2.13 that

8% (M) = lim(8*(E), j)

where (E, j) € €%. Since the direct limit of real closed rings is real closed [S3, Ch.I, Thm 4.8],
we are done. O

Remark 5.7. Some particular cases of the above lemma can be deduced from the general theory
of real closed ring developed in [S3] and [T2]. Indeed, if M is a semialgebraic set, then clearly
the real closure of S"(M) is contained in SY(M). To show that they are equal, pick f € S°(M),
so that f can be extended to an open semialgebraic neighborhood U of M in C1(M). By Lemma
2.10, we can assume that U is closed in R”. Thus, there is an extension F' € S°(R") of f. Since
zilpm € S"(M) for each i = 1,...,n, by [T2, Lem. 2.10] we have that F o (x1|ar,...,Zn|lm) = f
is in the real closure of S" (M), as desired.

If M is a locally compact semialgebraic subset of R™ then it could be possible to deduce that
S% (M) is the real closure of S™(M) using [S6, Prop.29] as we did in the proof of Fact 5.3.
However, for an arbitrary semialgebraic set M the only proof we know is the one we wrote above
and which depends on our results in this paper.

5.B. The proof of Theorem 1.5. The first natural question we must answer concerning the
ring of S functions on a semialgebraic set M, §°(M) := (1,5 8"(M), is whether it coincides
with the ring N (M) of Nash functions on M. Of course, this is false even if M is compact or
Nash.

Ezample 5.8. 1) Let M C R? be the (compact) semialgebraic set
(=2, -1 % (=1, 1)) U([1,2) x [-1,1)) U{y = 0,~1 < x < 1}

and consider the semialgebraic function f : M — R, (z,y) — y|/(x,y)|. The function f is
S because f is the restriction to M of a continuous semialgebraic function which is Nash on
R2\ {(0,0)} and flvnB(0,0),1/2) = 0. However, by the identity principle f does not admit a
Nash extension to an open neighborhood of M in R2.

2) For the umbrella X := {z(2? + 32) — 2 = 0} C R3 it turns out that the function f: X — R
defined by f(x,y,2)=(z —1)2/[(z—1)2 + 22 +y?] if zy # 0 and f(z,y, 2) = 1 otherwise, is a S®
function but not a Nash one, see [CRS, §3].

However, as we now show, it is true that S* functions are locally Nash functions:

Lemma 5.9. Let M C R" be a semialgebraic set and let f € S*°°(M). For each v € M there
exists an open semialgebraic neighborhood V* C R™ of x and a Nash function F,, € N°(V®) such

that Fy|pave = flunve.

Proof. 1t suffices to prove it for f € S*(M), and we can assume that © = 0 € M. For
each r there is a semialgebraic jet F" = (f7) of order r such that fo = f. In fact, we can
assume that f7(0) = f¥(0) =: f,(0) for any pair of numbers & > 7 and any o € N with
la| < r. For, it is enough to note that recursively we can replace F,q by Fry1 = (f7T1) where
Frl(z) == frHl(z) — (f771(0) — £7(0)) for any |a| < r. In particular, we can consider the formal
series hg := Y, 2 fa(0)x® € R[[x]]. Next, consider the Nash closure Z of the germ My of M at
the point 0. Let I(Z) := {n € N(R}) : n|z = 0}. Henceforth, we identify N (Rf) with R[[x]]als.
Let X also be the Nash closure of I'(f|a,) = I'(f)o, and note that dim(X) = dim(M). Let
9(x,y) € R[[x, y]]alg be such that its zero set is X.

Claim. We have that g(x, ho(x)) € I(Z)R][x]].

Proof. Let T be the collection of all continuous semialgebraic curves v : [0,1) — M such that
7(0) = 0. Recall that we can identify each germ o with a Puiseux series R[[t*]]. For each v € T,
define the homomorphism

7" R[] = R[], ¢—= (o
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Since Mo = U, er Im(7)o, it holds I(Z) = (o ker(v*) N N(RE). The completion of the local
noetherian ring N(RY) is R[[z]] and therefore

1(Z = ([ ker(v*) NNV RE))R[[z]] = () (ker(v*) NN (RG))R[[z]] = (] ker(y
yerl vyel vyerl
Assume & = g(x, ho(x)) € I(Z)R[[x]], so that there is v € I" such that £ ¢ ker(y*). Without
loss, we can identify v with an element in R[[t*]]};,. Moreover, if we reparametrise the variable

t we can assume that v € R[[t]]}},. Let k € N be the order of the series £(vy). Write hp = a +b
where a 1= 37, < 1 f(0)x® € R[x] has degree < k and b has degree > k. We have

g(x,ho) = g(x,a) + bs(x,a,b)
for some s € R[x, z1,z3]. Thus,

£(v) = g(x,a)(v) + bs(x,a,b) (7).

As w(é(v)) = k and w bs(x a,b)) > k+ 1, we deduce w(g(x,a)(y)) = k. Next, consider the
semialgebraic curve f(v) € R[[t*]]. Note that if ¢ € Q> satisfies that the limit of f(y)/t? when
t — 0% is zero then the order of f(v) is > q Now, for any r we have that

f@) = _fa = o([l]")

| <r

for ¥ € M when z — 0. Thus, |f(v) — a(y)|/t* — 0 when ¢t — 0% and therefore the order of
f(v) —a(y) is greater than k. In particular,

w(g(x,a)(v) —g(x, f)(7) > k+1,

and so w(g(x, f)(7)) = k, which is a contradiction because g(y(t), f(7(t))) = 0 for each t € [0, 1),
as required. O

Let fi1,..., fm be Nash germs at the origin that generate I(Z2), so there are g1, ..., gm € R[[x]]
such that g(x, ho) = g1f1+- - gmfm. By Artin’s approximation theorem [BCR, Thm. 8.3.1] there
are Nash functions h, g1, ..., gm € N(R}}) such that g(x,h) = g1fi+ - Gm[m- Let us prove that

h‘Mo = f|M0'
Let Z1,...,Zs be the irreducible components of Z, and let Y; C Z; x R be the Nash closure
of T'(f|monz,) for each i =1,...,s. Since X =J;_, Yi, we deduce

XN (Z xR) U N(Z; xR) = (U(ZjﬂZi)xR)UYi.
=1 J#i
We have that dim(Z; N Z;) < dim(Z;) for i # j and dim(Y;) = dim(Z;), so that
dim(X N (Z; x R)) < dim(Z;).

On the other hand, by the Claim it holds g(z, h)|a, = 0 and therefore I'(h) C Z(g) = X. Since
h is Nash and Z; is irreducible we get that I'(h|z,) C X N (Z; x R) is a Nash irreducible set of
dimension dim(Z;). Therefore the irreducible components of X are exactly I'(h|z,),...,'(h|z,).
In particular, since I'(f) € X = UJ;_; I'(h|z,), we get that h[a, = flumy, as requlred O

The following is a direct consequence of Lemma 5.9 and Serre’s coherence condition (see [BFR,
§2.B)).

Corollary 5.10. Let U C R"™ be an open semialgebraic set, and let X C U be a coherent Nash
subset of U. Then N°(X) = §*°(X).

We are now ready to prove Theorem 1.5.
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Proof of Theorem 1.5. Assume first that there exists an open semialgebraic neighborhood U C
R™ such that X := CI(M)NU is a coherent Nash set. By Lemma 5.9 and since X is coherent,
we have that S®°(M) = N(X). Thus, it suffices to show that the real closure of N'(X) equals
SO(M).

We may assume that X is a closed Nash subset of R” and U = R". For, by [FG2, §2.12] we
can assume that U = R™\ (CI(X )\ X). Thus, by [Sh, Thm.II.5.2] it holds N (X) = N(U)/I(X)
where

I(X):={feN({U): flx=0t={feN(U): flu =0}
On the other hand, there exists h € S°(R") such that Z(h) = CI(X)\ X and h|y is Nash (see
[BCR, 2.7.5]). Consider the embedding ¢ : U — R"*1 2+ (z, %) whose image is the closed

semialgebraic set C' := {(z,y) € R"" : yh(x) = 1}. Note that ¢(X) is a closed semialgebraic
subset of R"*! as desired.

Finally, let us show that S%(M) is the real closure of N(X). Let V be the collection of
open semialgebraic neighborhoods of M. Note that for each V' € V the restriction map N (X N
V) — N(M) is injective because CI(M) = X. On the other hand, for each f € N (M) by
definition there is V' € V and a Nash function F € N (V) such that F|y = f. We deduce that
N(M) = lim N(X NV). Since X NV is a Nash subset of V' € V, by Fact 5.3 the real closure of

Vey
N(XNV)is S%(XNV). In particular, by Lemma 5.2 the real closure of (M) is lim S (xnv).
Vey

Since again the map SY(X NV) — S%(M) is injective for each V € V, by the definition of S°
function it follows that SO(M) = lim SY%(X NV), as required.
Vey

Assume next that there is € M such that the germ CI(M ), is not a germ of a Nash set. Let
H‘;“ be the smallest Nash set germ that contains M,. By the curve selection lemma there exists
a Nash arc 7 : [0,1] — R” such that v(0) = z and v((0,1]), € Mo \ CI(M),. Let f € S®(M).
By Lemma 5.9 there exist an open neighborhood V* C R™ of x and a Nash extension F, of
flvenm to V¥ Note that Fy|3n is completely determined by f. Thus, we get a well-defined
homomorphism ’

@ : SF(M) — S™(Im(y)z) : [+ Felim(y),-

Pick an open neighbourhood U of CI(M), and let us consider the restriction homomorphism
S*®(U) - 8®(M) : f — f|m. By the case above, the real closures of S*(U) and S (Im(7),)
are SO(U) and S°(Im(v),.) respectively. Thus, by [S3] we obtain a commutative diagram:

S°(U)

N

S (M) —= S%(Im(7)a)

where the map from S(U) to S°(Im(y),) is the restriction map. The existence of this diagram
is absurd: take f € S%(U) whose zero set is CI(M), so that f|y; = 0 and therefore by the
diagram above f|in (), = 0, a contradiction since then Im(vy), C Z(f), = C1I(M),. O

REFERENCES

[ABR] C. Andradas, L. Brocker, Ludwig, J. Ruiz: Constructible sets in real geometry. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) 33, Springer-Verlag, Berlin (1996).

[AM] M.F. Atiyah, I.G. Macdonald: Introduction to commutative algebra. Addison-Wesley Publishing Co.,
Reading, Mass.-London-Don Mills, Ont. (1969).

[ATh] M. Aschenbrenner, A. Thamrongthanyalak: Whitney’s extension problem in o-minimal structures.
Preprint (2017). http://www.math.ucla.edu/~matthias/pdf/Whitney.pdf

[B] R. Bkouche: Couples spectraux et faisceaux associés. Applications aux anneaux de fonctions. Bull. Soc.
Math. France 98 (1970), 253-295.

[BCR] J. Bochnak, M. Coste, M.-F. Roy: Real algebraic geometry. Ergeb. Math. 36, Springer-Verlag, Berlin
(1998).



Hh
[

Q o
(e]
(e}

[

d

d2

O

[¢]
il

[e]

rs

~

k2

Hh
[N

e

H
[0}
N

Hh
[0}

H,
o ||Hh
ole, =l [
SR @ (8 8]

3

Hh
(0]
=

fgd
fg2

fg3

g

Fh| | Hh| | b
09 09
o || | w

Hh
0]
(=]

-
o
et

W
2] 2] 5] BB 8] @ [ |3

[BFR]
(CC]
[CD1]

[CD2]

RINGS OF DIFFERENTIABLE SEMIALGEBRAIC FUNCTIONS 33

E. Baro, J.F. Fernando, J.M. Ruiz: Approximation on Nash sets with monomial singularities. Adv. Math.
262 (2014), 59-114.

N. Carral, M. Coste: Normal spectral spaces and their dimensions. J. Pure Appl. Algebra 30 (1983)
227-235.

G.L. Cherlin, M.A. Dickmann: Real closed rings. I. Residue rings of rings of continuous functions. Fund.
Math. 126 (1986), no. 2, 147-183.

G.L. Cherlin, M.A. Dickmann: Real closed rings. I1. Model theory. Ann. Pure Appl. Logic 25 (1983), no.
3, 213-231.

M. Coste, M.F. Roy: La topologie du spectre réel. Ordered fields and real algebraic geometry, Contemp.
Math., 8 (1982), 27-59.

M. Coste, J.M. Ruiz, M. Shiota, Global problems on Nash functions. Rev. Mat. Complut. 17 (2004), no.
1, 83-115.

H. Delfs, M. Knebusch: Separation, Retractions and homotopy extension in semialgebraic spaces. Pacific
J. Math. 114 (1984), no. 1, 47-71.

H. Delfs, M. Knebusch: Locally semialgebraic spaces. Lecture Notes in Mathematics, 1173. Springer-
Verlag, Berlin (1985).

G. Efroymson: The extension theorem for Nash functions. Real algebraic geometry and quadratic forms
(Rennes, 1981), pp. 343-357, Lecture Notes in Math., 959, Springer, Berlin-New York (1982).

C. Fefferman: Whitney’s Extension Problem for C™. Ann. of Math. 164 (2006), no. 1, 313-359.
Whitney’s extension problems and interpolation of data. Bull. Amer. Math. Soc. 46 (2009), no. 2, 207—
220.

J.F. Fernando: On chains of prime ideals in rings of semialgebraic functions. Q. J. Math. 65 (2014), no.
3, 893-930.

J.F. Fernando: On the substitution theorem for rings of semialgebraic functions. J. Inst. Math. Jussieu
14 (2015), no. 4, 857-894.

J.F. Fernando: On the size of the fibers of spectral maps induced by semialgebraic embeddings. Math.
Nachr. 289 (2016), no. 14-15, 1760-1791.

J.F. Fernando, J.M. Gamboa: On open and closed morphism between semialgebraic sets. Proc. Amer.
Math. Soc. 140 (2012), no. 4, 1207-1219.

J.F. Fernando, J.M. Gamboa: On the irreducible components of a semialgebraic set. Internat. J. Math.
23 (2012), no. 4, 1250031

J.F. Fernando, J.M. Gamboa: On the spectra of rings of semialgebraic functions. Collect. Math. 63
(2012), no. 3, 209-331.

J.F. Fernando, J.M. Gamboa: On the semialgebraic Stone-Cech compactification of a semialgebraic set.
Trans. Amer. Math. Soc 364 (2012), no. 7, 3479-3511.

J.F. Fernando, J.M. Gamboa: On Lojasiewicz’s inequality and the Nullstellensatz for rings of semialge-
braic functions. J. Algebra 399 (2014), 475-488.

J.F. Fernando, J.M. Gamboa: On the Krull dimension of rings of continuous semialgebraic functions.
Rev. Mat. Iberoam. 31 (2015), no. 3, 753-756.

J.F. Fernando, J.M. Gamboa: On the remainder of the semialgebraic Stone-Cech compactification of a
semialgebraic set. J. Pure Appl. Algebra 222 (2018), no. 1, 1-18.

J.F. Fernando, J.M. Gamboa, J.M. Ruiz: Finiteness problems on Nash manifolds and Nash sets. J. Fur.
Math. Soc. (JEMS) 16 (2014) no. 3, 537-570.

K. Kurdyka, W. Pawtucki: Subanalytic version of Whitney’s extension theorem. Studia Math. 124 (1997),
no. 3, 269-280.

K. Kurdyka, W. Pawtucki: O-minimal version of Whitney’s extension theorem. Studia Math. 224 (2014),
no. 1, 81-96.

M. Henriksen, M. Jerison: The space of minimal prime ideals of a commutative ring. Trans. Amer. Math.
Soc. 115 (1965), 110-130.

B. Malgrange: Ideals of differentiable functions. Tata Institute of Fundamental Research Studies in Mathe-
matics, no. 3. Tata Institute of Fundamental Research, Bombay; Oxford University Press, London (1967).
G. De Marco, A. Orsatti: Commutative rings in which every prime ideal is contained in a unique maximal
ideal. Proc. Amer. Math. Soc. 30 (1971), no. 3, 459-466.

A. Prestel, N. Schwartz: Model theory of real closed rings. Valuation theory and its applications, Vol. I
(Saskatoon, SK, 1999), 261290, Fields Inst. Commun., 32, Amer. Math. Soc., Providence, RI, 2002.

N. Schwartz: Convex Extensions of Partially Ordered Rings. A series of lectures given at the conference
?Géométrie algébrique et analytique réelle”, Kenitra, Morocco, September 13-20, 2004.

N. Schwartz: Epimorphic extensions and Priifer extensions of partially ordered rings. Manuscripta Math.
102 (2000), 347-381.

N. Schwartz: Real closed rings. Habilitationsschrift, Miinchen (1984).

N. Schwartz: Real closed rings. Algebra and order (Luminy-Marseille, 1984), 175-194, Res. Exp. Math.,
14, Heldermann, Berlin (1986).

N. Schwartz: Rings of continuous functions as real closed rings. Ordered algebraic structures (Curagao,
1995), 277-313, Kluwer Acad. Publ., Dordrecht (1997).



vdD1

& mE B R B e

vdD

E. BARO, JOSE F. FERNANDO, AND J.M. GAMBOA

N. Schwartz: The basic theory of real closed spaces. Mem. Amer. Math. Soc. 77 (1989), no. 397.

N. Schwartz, J.J. Madden: Semi-algebraic function rings and reflectors of partially ordered rings. Lecture
Notes in Mathematics, 1712. Springer-Verlag, Berlin (1999).

N. Schwartz, M. Tressl: Elementary properties of minimal and maximal points in Zariski spectra. J.
Algebra 323 (2010), no. 3, 698-728.

M. Shiota: Nash manifolds. Lecture Notes in Math., 1269. Springer-Verlag, Berlin (1987).

A. Thamrongthanyalak: Whitney’s Extension Theorem in o-minimal structures, Ann. Polon. Math. 119
(2017), no. 1, 49-67.

M. Tressl: The real spectrum of continuous definable functions in o-minimal structures. Séminaire de
Structures Algébriques Ordonnées 1997-1998, 68, Mars 1999, p. 1-15.

M. Tressl: Super real closed rings. Fund. Math. 194 (2007), no. 2, 121-177.

M. Tressl: Bounded super real closed rings. Logic Colloquium 2007, 220237, Lect. Notes Log., 35, Assoc.
Symbol. Logic, La Jolla, CA, (2010).

L. Van den Dries: Tame topology and o-minimal structures. London Mathematical Society Lecture Note
Series, 248. Cambridge University Press, Cambridge (1998).

L. Van den Dries, C. Miller: Geometrical categories and o-minimal structures. Duke Math. J. 84 (1996),
497-539.

DEPARTAMENTO DE ALGEBRA, GEOMETRIA Y TOPOLOGIA, FACULTAD DE CIENCIAS MATEMATICAS, UNIVER-
SIDAD COMPLUTENSE DE MADRID, 28040 MADRID (SPAIN)

E-mail address: eliasbaro@pdi.ucm.es, josefer@mat.ucm.es, jmgamboa®mat.ucm.es



	1. Introduction
	2. Rings of Sr functions
	2.A. Differentiability for semialgebraic functions
	2.B. Sr maps and embeddings
	2.C. Rings of Sr functions as direct limits
	2.D. Comparison between S0(M) and S(M)

	3. Zariski spectra of rings of Sr functions
	3.A. Łojasiewicz's Nullstellensatz.
	3.B. Zariski and maximal spectra of rings of Sr functions
	3.C. Zariski and maximal spectra of rings of Sr* functions

	4. Residue fields of rings of Sr functions
	4.A. The locally compact case of Theorem 1.4
	4.B. General case of Theorem 1.4

	5. The ring of S functions
	5.A. Real closed rings and real closure
	5.B. The proof of Theorem 1.5

	References

