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hierarchy, and the quasiclassical  @-dressing method
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The quasiclassical limit of the scalar nonlogaproblem is derived and a quasi-
classical version of the-dressing method is presented. Dispersionless Kadomtsev—
Petviashvili (KP), modified KP, and dispersionless two-dimensional Toda lattice
(2DTL) hierarchies are discussed as illustrative examples. It is shown that the
universal Whitham hierarchy is nothing but the ring of symmetries for the quasi-
classical 9-problem. The reduction problem is discussed and, in particular, the
d2DTL equation of B type is derived. @002 American Institute of Physics.

[DOI: 10.1063/1.1481545

[. INTRODUCTION

Considerable interest has been paid recently to dispersionless or quasiclassical limits of inte-
grable equations and hierarchiee, e.g., Refs. 1-13, and references ther&tudy of disper-
sionless hierarchies is of great importance since they arise in the analysis of various problems in
physics, mathematics, and applied mathematics from the theory of quantum fields and“stfings
to the theory of conformal maps on the complex plahé®

Different methods have been used to study dispersionless equations and hiefatéhies.
particular, several + 1-dimensional equations and systems have been analyzed by the quasiclas-
sical version of the inverse scattering transform, including the local Riemann—Hilbert problem
approactt>1-131° Simjlar study of the 2 1-dimensional equations and hierarchies, like
Kadomtsev—PetviashviliKP) and dispersionless two-dimensional Toda lat2BTL), has been
missing. Recently this problem has been addressed in Ref. 20 and the quasiclassesding
approach to the dispersionless KP hierarchy has been proposed.

In this paper we consider a class of scalar dispersionless integrable hierarchies governed by
the scalard-problem with the dispersionless KEBKP), modified dkP(mdKP), and d2DTL hier-

archies as particular cases. We derived the general form of the quasiclgqsioblem. Itis given
by the system

JS —4S
—=W| \,\;—], (1.1
I\ A
e de [ — S\ éa°S
—=W'[ N\ —+W[ AN, — | — o, (1.2
ON I\ IN] N2

for A e G, whereG is a domain in the complex plari¢andW and W are some functions. The

type of hierarchy is specified by the undressed [$g(i,T) of S and the domairG. A quasi-
claszsicab-dressing method based on the systéam)—(1.2) allows us to construct dispersionless
integrable hierarchies and provides us a method for finding their solutions. The dKP, dmKP, and
d2DTL hierarchies are considered as illustrative examples.
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Symmetries of the quasiclassicaproblem(1.1) and(1.2) are defined by linear Beltrami-type
equations and form an infinite-dimensional ring. It is shown that this ring, parametrized by sym-
metry parameters, is nothing but the universal Whitham hierarchy introduced in Ref. 8. In par-
ticular, the dKP, mdKP, and m2DTL hierarchies are special subrings of symmetries for problems
(1.2) and(1.2.

We also discuss the reduction of the dispersionless hierarchies and present the dispersionless
2DTL equation of B type.

Equations of the fornfl.1) and(1.2) are well-known in the complex-analysis; in particular, in
connection with quasiconformal mappings in the plésee, e.g., Refs. 21-23Thus, there is a
close connection between the theory of quasiclassical integrable hierarchies and the theory of
quasiconformal mappings.

Il. DISPERSIONLESS HIERARCHIES AND UNIVERSAL WHITHAM HIERARCHY

We begin by recalling some relevant formulas for dispersionless hierarchies and choose the
Kadomtsev—PetviashilKKP) hierarchy to illustrate their main features. The usual KP hierarchy is
an infinite set of the compatibility condition for the system

L=\, 2.1
ap
£=(L )+, (2.2

whereL=g+u,0 14+ u,d 2+---,9=dldt,(L"), denotes the pure differential part of the opera-
tor L", \ is a spectral parameter, agds a common KP wave function. The KP equation itself is
the equation for coefficient; as a function of the first three timesg,t,,t;. For the modified KP
(mKP) hierarchy the operatok is of the formL=d+ug+u,d *+uy,d 2+--- while for the
two-dimensional Toda lattic€DTL) hierarchy one needs two operatarsandL ,.°

Thqelodispersionless KRJKP) hierarchy is a formal limite—0 of the KP hierarchy for
which™™

Th
Uk ; _— Uko(T)+O(8), (23)
e—0
and
Th
w( _) e(l/s) S(\,T) +O(s), (24)
€ e—0

whereT, are slow times.
Under such a limit, Eq(2.1) gives rise to the Laurent serigs=p-+X=._, u,(T)p~ ", where
p= dS/dT, while Eq.(2.2) becomes

9P _ 9By(p)
Iy T4

(2.9

where B, (p)=[L"(p)]. and[L"], denotes here a polynomial part 6. The compatibility
conditions for(2.5) are given by the infinite set of equations

'?B“—‘?—B"JF{B B,t=0 (2.6)
T, dTh neem '

where the Poisson brackgt is defined as
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af g af dg
{fol=—=———=—. (2.7

Equation(2.5) or (2.6) represent the dKP hierarchy. Similarly, the dmKP hierarchy is given by
equations of the forn{2.5—(2.7) with L=p+=7_,u,(T)p ".?* The d2DTL hierarchy can be
written by a set of equations similar (8.5—(2.7) for two Laurent seriex; and£, (Ref. 10 with
the substitutiop— eP.

A more general dispersionless-like hierarchy has been introduced in Ref. 8. This universal
Whitham hierarchy is given by the infinite set of equations

90 _ K 0,,0.1=0, AB=1,23 2.8
(9_1-8 (9_1-A+{ A B}_y yL— 4, [l LIRS (')

whereQ ,(p,T) are arbitrary holomorphic functions pf As has been shown in Ref. 8, the dKP,
d2DTL, and Benney hierarchies are particular cases.

Illl. QUASICLASSICAL @-PROBLEM

The 5-dressing method is a powerful tool to study usual integrable equations and
hierarchie$>=2 In this paper we shall formulate its quasiclassical version. We shall demonstrate
that it provides an effective method to construct and study dispersionless hierarchies.

We begin with the derivation of the quasiclassical limit of the basproblem.

The usual scalar integrable hierarchies are associated with the following scalar linear nonlocal
problem(see Refs. 24-26

Ix(\ Nt o E—
X(—_)=f f‘dMDdMX(M,Mt)g(Mvt)RO(M’M;)\,?\)g_l()\,t), 3.9
IN C

where \ is a complex variable(*spectral parameterf, N denotes complex conjugation of
N, x(N N\ u) is a complex-valued function on the complex plafie(A,\ €C), the kernel

Ro(u,:\,\) is the d-data. Usually, it is assumed that the functjpihas a canonical normaliza-
tion i.e.,

X—>l+%+¥+---, AN—,

and that the probler(B.1) is uniquely solvable. Concrete integrable hierarchies are specialized by
the form of the functiorg(\,t) =exp&(A,t)) and by the domaits of the support for the)-data

Ro (Ro(a, ;N\, \) =0 for u,\ e C/G.) For the KP hierarchy,=>;_; A\ t, andG ia a disk with
center at the origin, while for the 2DTL hierarct8s(\;x,y,n)=nIn AN+ N+ 25, Ay,
wherex, andy, are continuous variables amdis an integer discrete variable. The dom@rin

this case is an annulua<|\|<b. Given g(\) the d-dressing method provides us with the
corresponding hierarchy of nonlinear equations and their linear proBfeifsSolutions of non-
linear equations are given by the functigrevaluated at certain poinds,. For instance, for the

KP hierarchyu; = —2(dx4(t)/dt4).

In order to derive the quasiclassical limit of tleproblem (3.1) we first introduce slow
variablesT (t;=T,/e for KP and mKPx;=X;/e, yij=Y;/e, n=T/e for 2DTL) for smalle and
proceed to the limit— 0. In this limit g(T/e) = exd (A, T)/e]. Motivated by the formula of the
type (2.4) and by the structure of E¢3.1) we will look for solutionsy of the form
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N SO\ NT)
X ?\,)\;g =X(N\;Tre)ex — | (3.2

whereS(\,\;T) is a certain function and
KON Ti8) =2 k(NN T)e. (3.3
n=0

Itis clear that only for speciﬂj—dataR0 Eq. (3.1) will have a well-defined limit ag — 0. Thus, it
is not difficult to see that thé-data of the form

)

Rdujﬁkik>=2%Faujae“lﬁmp—x—saaxib (3.4

do a job. Herel'\(u, &), ax(\,\) are arbitrary functiong[',=0 at A e C/G) and 6% is the
k-derivative Dirac delta-functiond®(\)= (d/a\¥) 8(\)). Indeed, in the simplest casg=0,
substituting(3.4) into (3.1), one gets

a)}(xI;T,s) 1 9S(\, N T)

— X(\, )\ T,e)
o\ 8 2N

©

S(u, T)—S(\, T
ZJJ(:dMDdﬁ)}(M’E’S)eX%M)E T, m)e* oM (u—N) (3.5

where
SOMNT) =80 T) + SN T).

Evaluating in(3.5) the terms of the order 4/ one obtains

SO\ N T) ( _ as)
—_:W 1 ;_ 7 (3'6)
I\
where
_ S| & _[4S\¥
W()\,)\;K)IIZO (—1)krk()\,7\)<5) . (3.7

Furthermore, the terms of zero order énin (3.5 give [the contribution proportional tdy;
disappears due t3.6)]:

e —dS\de [ —aS)|a*S
—=W'| AN — | —+W| AN, — | — 0, (3.8
I N/ ON N ] IN?
where
IW(\,\;€)

p=Ro, WA E=—:
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and
P (— 1)+ (~ T3 2 = 2w 2 3.9
(1) + (= 1)°Tg3 == SW/ AN ). (39
Sinceasolafzo at\ e G, then Eqgs(3.6—(3.9) for A e G can be rewritten as
S _ S
—=W| A\ —], (3.10
I\ 2N

— =W+ — . (3.11)

Equations(3.10 and(3.11) are the quasiclassical limit of the nonlom_abroblem(s.l). One gets
similar equations for the kerne(8.4) with «,# 0. The derivation given above suggests that the
quasiclassical limit of the7-problem(3.1) is given by E@s.(3.10 and (3.1) also for a more
general thar(3.4) o-dataR,.

The functionS is widely used in the analysis of the dispersionless limits of the integrable
hierarchie$~*° Within the;-approach it is a nonholomorphic function of the “spectral” variable
N\ and obeys the nonlinea?—equation(&lo) (for A € G). The functiong= o obeys the local

3—problem(3.l]) of the Beltrami type. Note that the rati$ of two solutionse; and ¢, of Eq.
(3.11) satisfies the Beltrami equation

@:w(m &—S>a—¢. (3.12
IN IN] IN

For the Orlov’s functiorM = 9S/d\ Egs.(3.10 and(3.11) take the form of quasilinear equations

oM 4 —
IN  ON

dep — d¢ ~ — oM
— =W/ (A MM)—+ WA M) — 0. (3.149
2N 2N

2N

Quasiclassicab-problems(3.10 and(3.11) are basic equations for our approach. The equa-
tions of the type(3.10 and(3.11) are well known and widely studied in the theory of nonlinear
elliptic systems with two independent variables and in complex analgeis, e.g., Refs. 27,
21-23. One theorem from the theory of such equations will be crucial for our further construc-
tions. This theorentsee theorem 3.32 from Ref. P3tates that, under certain mild condition An
(see the appendixthe only solution of the Beltrami equatia?Z/d\ =A (dZ/J\) in C which
vanish as\ —» is Z=0.

We would like to note that the systems of the tyfilel) and (1.2) arise also within the
complex Wenthel-Kramers—Brillouin method: see, e.g., the general canonical stk
(1.14) in Ref. 28. This connection and the “elliptic” version of Maslov’s method for the system
(1.1) and (1.2 will be discussed elsewhere.
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IV. QUASICLASSICAL d-DRESSING METHOD

The principal goal of the-dressing method based on E¢3.10 and(3.11) is the same as of
the originalg—dressing method! =28 It is to extract the nonlinear differential equations from the
quasiclassicab-problems.

Now the time dependence of the functioBsand ¢ is encoded in the undressed functions
So(N,T). Since

~ S S
S=1+ 4+t

at A — oo then the behavior 0#S/dT 4 for large\ is completely defined by

S Sy 1S
— =t —+, 4.7
ITpn dTa N dTqx
whereT, is a slow time.

A basic property of the nonlinear equatih10 is that it implies the linear Beltrami equation
for the infinitesimal variation®S (symmetries

J — JdS\| d
—(8S)=W'| \,\; —|—(69S). 4.2
I\ IN ] I\
In particular, for any timeT
d | dS —dS| d | dS
— | — =W AN — | — | —|. 4.3

Any power of solution of the Beltrami equation is a solution too as well as any differentiable

function of two solutions. So together wiHS/ﬂTAl, o ,&S/aTAn any differentiable function
; S S
ITa,' " Ta,

with arbitraryn is a solution of Eq(4.3). Thus the symmetries of the probld®10 form a ring.
Due to(4.1), the functions

o[ 7S S
ITa,' 0T

have singularities in certain points. The functions

¢ aS aS
0 FAI,...,FAn

which are bounded ifi and vanish ad —« are very special. According to the Vekua’s theorem
mentioned at the end of Sec. lll they vanish identicaly. So we have the nonlinear equations

fo| 2> o 4.4
oFAl,...,FAn—. (4.9
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Note that in contrast to the usual hierarchies we get nonlinear equations for the “wave function”
S (the classical action

Now we turn to thed-problem(3.11). It is linear one. So the construction is similar to that of
the usual case. Namely, suppose that one has found a solgitm Eq. (3.11) of the form ¢q
=L ¢ wherelL is a certain linear operator angl, is bounded and vanishes as-»«. Since ¢
—1+ @1 /N +--- ash—x the ratiogq/¢ vanishes a3 —o0 and obeys the Beltrami equation

d J
R e 2} (4.9
N\ @ N\ @
Then according to the Vekua'’s theorepg/ ¢ vanishes identically and, consequently,
Le=0 (4.9

that is the desired linear problem for the wave functiorNote that one can get the same results
assuming that the proble3.11) with canonically normalized is uniquely solvable.
Equationg4.4) and(4.6) are the basic equations associated with the quasiclagsprablems
(3.10 and(3.11). They are compatible by construction. Equatié¢hglh) and(4.6) provide us also
with equations for functions (T) which depend only on the timeék. Usually one has infinite

families of equations of the typ@.4) and(4.6). So the quasiclassicglproblems(&10) and(3.11)
give rise to an infinite hierarchy of integrable quasiclassfoaldispersionlegsequations.

V. dKP AND dmKP HIERARCHIES

Let us consider concrete examples to illustrate the general scheme. We start with the dKP
hierarchy. In this caseSy(\,T)==;_,\"T, and dS/dT,=\"+ (1I\)(dS;/dT,) + (1\?)
X(9S,19T,) +...(n=1,2,...). SincedS/JT,, have power singularities at infinity the desired
function f, will be, clearly, polynomials. Taking, for instance, the derivativ&JT, and 9S/dT
we readily see that the differené&/ 9T, — (9S/9T;)? behaves as-2(9S;/dT;) + O(1/\) as\

—o, Thus, the desired functiofy is 95/ 9T, — (9S/dT;)2+2(8S,/JT;). So we get

S [ 4S)\? o 5 1
a_T2 19_T1 u=0o, (5.9

whereu=—2(dS;/dT,).

Analogously, taking the derivativetS/9T5 and dS/dT, one easily concludes that the combi-
nation 9S/ 9T — (9S/9T;)3—V, (9S/dT,) —V, vanishes ah—0 if V;=—3(dS/dT;) andV,=
—3(9S,/dT,) =—¥S,/dT,). So one gets the other functidg and

JS aS3VaS Veeo 5 5
9T, \ T, 157, " Vo= (5.2
wheredVo/dT, = 3(oul dT,).

In a similar manner one constructs an infinite family of equations

oS [ oS\" "2
T,

EVT&SK—O =1,2,3 5.3
(9Tn &b nk( ) (7T1 — Y, n= ) ] FRCICIE ()

with appropriate coefficient¥,,(T).

Equation(5.3) is nothing but the Eq.2.5) of the dKP hierarchy. Evaluating the left-hand sides
of (5.3) at \—, taking the term of the order X/and using other equatior{S.3), one gets the
dKP hierarchy for the functiom and, in particular, the dKP equation
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_3 3
Urr,= 3(Uur)r + ZUrT, (5.4

In a usual manner E@5.4) arises as the compatibility conditions for E¢.1) and(5.2). Equation
(5.3 implies the hierarchy of nonlinear equations for the funct®aonly. Indeed, eliminating all
coefficientsu,(T) from (5.3) one gets the family of equations

S ( IS S

T aT, T,

ﬂ_Tn_Fn ), n=3,4,5,....

The lowest of these equations is of the form

S _3a25+3 3S (as 21 4°S
0T1dTs 4 9T2 2|dT, \dTy |oT?

Now we proceed to thg—problem (3.11). For simplicity we restrict ourselves to the caée
=1W". It is not difficult to show, differentiating3.11) and using Eqs(5.1) and (5.2), that the
function Z=L o= dep/dT, —2(9SIdT1) (Il IT) — (aZS/an) ¢+Te whereli=—2(d¢p,/dT;)
obeys
0z 0z 9°S
—= W/_ "n____—
IN N 2 N2

(5.9

and vanish at\—0. Consequently the rati@d/¢ obeys the Beltrami equationﬁ/(&f) (21 )
=W’ (dld\) (Zl ¢) and Z/ o =O(1/\) as A\—o. According to the Vekua’s theorem this ratio
vanishes identically and, consequently, we get the linear proglem, i.e.,

de S do  3*S

0—T2—2&—T1a—Tl—a—T%¢+u¢=o. (5.6)
In a similar manner, one gets
% 2(07—S 2+u e &—Sis+ﬁ—2ua—s+w =0 (5.7
T3 aTy aTy ITy 0T] 9Ty~ dTy
and higher-time equations
%_A”%_B“‘PZO' n=1,2,3,.... (5.8

All linear problems(5.6)—(5.8) are compatible by construction.

In the particular cas@=W=0 Eq. (5.6) is known as the transport equation within the qua-
siclassical approximation in quantum mechar(®se, e.g., Ref. 28 Note that in the casga=W
=0 Egs.(5.6) and(5.7) [and also(5.8)] take the form of conservation laws

ap 9 [ aS o
aT, oT,\dT, ")
(5.9

ap 9 9 dS\? o
T, am,\ AT, 470
Considering the adjoint dKP hierarchy for whiaht* (T)=%*(T,\;e)e” ¥¢, one gets the

same equatioid.1) for S and equations fop* which are adjoint td5.6) and (5.7). It is inter-
esting that the quantity(\,T)¢* (\,T) obeys exactly Eq(5.9).
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Our second example is given by the dmKP hierarchy. In this &gse;_; A\ ¥T, and

S 1 +a~5(>\,T)
aT, N AT

whereS(\, T) is holomorphic around = 0. So to construct required functiohgone has to cancel
singularities around = 0. Taking again the derivativetS/dT,; anddS/JT, one readily sees that
the combinationdS/dT, —(9S/dT,)? has only simple pole ak=0. To cancel it, we subtract

V(T)(9S/9T,) whereV(T)= —2(<9~S()\=0)/(9T2). Then atA =0 one has
S [ oS o[t 1
a1, ot VT >—

So due to the Vekua’s theorem we conclude

S

aS)Z FIS
T, (

Ty Ty

=0, (5.10

whereV(T)=—2(dS(\=0,T)/dT,). Taking the derivativegS/dT, anddS/JT5, one finds

3S\®
aT,

aS

3 [4S)\?
T,

24Ty

3V —3W | — s =0 5.1
4 aTl ' (519

where S(A\)=5(0)+AW(T)+--- as A—0. Analogously, one obtains the infinite hierarchy of
equations

oS [ oS\ "t 9S |k
7T\ 7T —kE Vo(T) T =0, n=1,2,3,.... (5.12
. =

Equations(5.12 give us the dmKP hierarchigee, e.g., Ref. 29The simplest of these equations
is the dmKP equation
Vit VAV, — 3V,0, 'V — F05 TV, =0. (5.13

Analogously to the KP case, one can also construct the hierarchy of linear problems for the
function ¢. The simplest of them is of the form

J 3S d 3°S
i ( v) i (5.14

— —|2—+
aT, \“at, V)T, a2 " 0.

Analogously to the dKP case E(p.12 implies the hierarchy of equations f&only.

VI. DISPERSIONLESS TWO-DIMENSIONAL TODA LATTICE (2DTL) HIERARCHY

Our third example is the d2DTL hierarchy. In this caSg\;X,Y,T)=TInA+=,_; \"X,
+2,_12""Y, and the domaiiG is the ringD , p(a<|\|<b) with the cutted piece of the real axis.
The derivatives ofS now have singularities both in the origin and at the infinity:

IS =N\ + —
o1 AT T
3S P
=\"+ (6.1
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s =\""+ 95 =1,2,3
(7Yn_ oY, n=12,3,....

Since

~ S S
S()\;X,Y,T):l‘i‘rdl‘xz'f'..., A—

(6.2
SINX,Y, T)=Sy+AS;+A%S,+ ..., A—0
one has ah —»,
S 145,
=\"+ — +
X, N oX,
9 el =1,2,3
A N ax, o n=1,2,3,...,
~ B ~ (6.3
s, 1|45, 1[5
aSIaT S e
SR AN 2(aT :
e~ aS/aT:E 1 u
N N2 T
while atA—0,
IS 9S
Xp axn+o()‘)
0S _ 1 95 o 123
&_Yn—v—i_&_Yn_{— ()\), n=12,o,...,
(6.4)
oSl T 9Sg 1 Z IS,
e :)\edSOIUT—}—)\ZedSO/‘?T&—+O()\3),
1 JS
—0SI0T _ — o= S loT_ L ~ S ldT 4
e )\e o7 e O(N).

The required functiorfy should not have singularities at=0 and at\ = and should vanish at
N—oo. Taking the derivativegS/dT, dS/dX,, dSdY, and using(6.2), (6.3), one finds the fol-
lowing two equations:

S
_\/a— 95T _
av, Ve 0, (6.5
IS
_ ~0S/0T _ —
X © u=o, (6.6

whereV(X,Y,T)=e"%/"T andU(X,Y,T)=— dS,/JT. The systeni6.5 and(6.6) is the simplest

system of equations for the functidh associated with the d2DTL hierarchy. We note that in
contrast to the papers of Ref. 10 we have only one funcgion
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To extract from the above-mentioned system nonlinear equations for the funeing,T)
and U(X,Y,T) we perform the expansion of the left-hand-side(6f5) at large\ and of the
left-hand-side of Eq.(6.6) around A=0. The terms of the order X/in (6.5 give V=1
+ dS/dY, while vanishing of the zero-order terms in E@.6) provides us with the equation
dSy/9X, —U=0. As a result, we get the system of equations

By o 1 5

+ —=0.
1 aY, TO9X, AT 0

(6.7

To rewrite it in a more familiar form we introduce the functian= S,/dT, differentiate twice the
first equation in(6.7) with respect tol, and use the second equation(é17). One gets

da 92

M-F ﬁ(e ):O, (68)

which is the standard form of the dispersionless 2DTL equation.
It is easy to show that the formal compatibility conditions 6r5), (6.6) are equivalent to the
system

VXl_VUT:O, UY1+VT:O (69)

which, of course, again gives rise to E§.8) (a«=InV). In the form(6.9) the 2DTL equation has
been derived in Ref. 8.

Higher equations fo6 can be obtained analogously. Taking the tingsandY,, one finds
the following:

a_s_vze—z(aS/aT)_Vle* 98T (6.10
Y,
a_S_ez(asmT)_Ule(aSlﬁT):o, (6.12
X,

where

S,
— a2(0Sg/aT) _ IS 1T
Vo=e L Vi=2—e’®I,

Higher d2DTL equations have, consequently, the form

MV, Vo

X, Vgt O

oV, v dUq oy oU, y avz_o
X, LT 20T Yor

(6.13
Mo, 2 vy +222_
o, FarUi e =0

U, IV,

0"_Y2+2V1W:O.
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The hierarchy of equations f@ takes the form

S <
= VXY, T)e M =q, (6.14
aYn k=1
S &
— > UpX,Y,T)ek?s M=, (6.15
O =

where V,, and U, (U,,=1) are appropriate functions. These equations provides us with the
d2DTL hierarchy for the coefficientg,,, andU,,,.

The formulag6.14) and(6.15 shows the role of the functioe’?T. In the 1+ 1-dimensional
case this fact was first noted in Ref. 5.

The d2DTL hierarchy clearly contains the dKP and dmKP hierarchies as subhierarchies. The
first arises if one consider only tim&s, putting T,=T=0 while the dmKP hierarchy is associated
only with timesY,(X,=T=0).

Equations(6.14) and (6.15 imply the hierarchy of equations for the functi@only. The
lowest of them is of the form

PES dS 4°S
osloT 22 7 2
IX19Y, e Y, dT? 0. (6.16

VII. RING OF SYMMETRIES FOR THE QUASICLASSICAL d-PROBLEM AND
UNIVERSAL WHITHAM HIERARCHY

The results of Sec. VI demonstrate that the symmetries of the quasiclasgimathlem have
a rather special property. Namely, for the dKP, dmKP, and d2DTL hierarchies different symmetries
wa=dS/dT » are connected by certain algebraic relatipsse formulag5.3), (5.12 and (6.14),
(6.19]. B

This property of the symmetries of the quasiclassicakoblem has, in fact, a deeper back-
ground and is of general character. This background is provided by certain theorems about the
solutions of the Beltrami equatioisee Ref. 2¥.

Thus, let us start with the general quasiclassicatoblem,

JS —0JS
—=W| N\ —, (7.9
I\ 2N

whereW()\,f; £) is a certain function and dependenceSodn parameterétimes is not specified
yet.
Infinitesimal symmetries of the problem(7.1) are defined by the linear Beltrami equation

_ aS) dw
: (7.2

Jdw
—_ZW’ 7\,7\,— —
I\ IN] IN

Linear Beltrami equation possesses a number of interesting properties. They have been studied in
detail as a part of the theory of generalized analytic functisee Ref. 2Y. The first important
property is formulated in Sec. @hap. I) of Ref. 27. This Theorem {see the Appendixstates

that for measurable and bounded on the entire complex plédnactionsW'’ which satisfies the
condition |[W'|<W,<1 and some other mild conditions, E(7.2) has a solutionwg(\) (so-

called, basic homeomorphigrfor which
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wo()\)Z)\-I-O(%), N—00, (7.3

Another Theorengtheorem 2.16 from Ref. 27—see the Appendiays that all solutionén some
class of Eq. (7.2 are given by

o(AMN)=Q(wo(N\)), (7.4)

where()(£) is an arbitrary analytic function in the domai(Dy).

These two basic results allow us to construct infinite hierarchy associated with the problem
(7.1). Indeed, let us assign the tinig for each symmetryn, such thatw,=dS/dT,. So for the
basic solution(7.3) wg=dS/dT,. The first theorem now says that there exists a symmetry of Eq.
(7.2) such that

aS _ 1
a—_l_o—)\-FO(x). (7.5

Then the second theorem states that for any symna&tyT, one has

S _,
T

S — )
a—TO(x,x),T , (7.6)

whereQ) (&,T) is an appropriate function of the first argument. Thus the above two theorems imply

that under certain conditions th@equation(?.l) possesses an infinite ring of symmetridsfor-
mationg given by

IS(NNT)

Q aST A=0,1,2,3 7
(9TA A I — Y, 1 1 I ILELRN | (7)

ATy’

whereQ (&, T) are arbitrary analytic functions of the The set of equation&’.7) is compatible
by construction. Equatiofi7.7) gives rise to certain nonlinear equations for functithgT) on
which S may depend. These equations can be obtained also from the equatididlg fehich
follow from (7.7). They are

90p _ K 0,,0.1=0, AB=0,1,2 7.8
(9_1-8 (9_1-A+{ A B}_y yD— U, [} LIRS (')

where

of 9g of dg

{f,9}=%{9—1—1—ﬁ—1—1%- (7.9

and we denotegp= 9S/dT,.

So we constructed an integrable hierarchy of equations out of-h@blem (7.2). It is an
infinite ring sinceQ) (&, T) are arbitrary analytic functions. To get a concrete hierarchy one has to
specify the set of function€2,. The set of functionsQ(p(\,\;T),T) such thatQ,~\k
+O(1/\) as\— with identificationTg=T,, T,=T_1 gives rise to the dKP hierarchy.

In the above-given construction the tirig has played a special role being connected with the
“basic” symmetry wg. Infinite ring of symmetries for the problefi7.1) admits more general and
symmetric formulation. It is due to the already mentioned obvious fact that any differentiable
function
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( S S
ITa, T,
of any set of symmetrieQS/aTAl,&S/aTAz, ..., isagain a symmetryi.e., a solution of Eq.

(7.2)]. Then the implicit function theorem implies that any symmei8/JT, can be chosen as a
basic one.

So, let us takdarbitrary) symmetryp= 9dS/dT,. The infinite hierarchy of symmetries now
takes the form

i =Q T 7.1
FA_ A(p! )1 ( . Q
whereQ,(&,T) are arbitrary differentiable functions @ The compatibility conditions for Eq.
(7.10 is of the form(7.8) and (7.9) where nowT, and p= dS/dT, are arbitrary time and the
corresponding symmetry.

The infinite set of equation&.8) in this case is nothing but the universal Whitham hierarchy
introduced in the different way in Ref. 8. So in our appEJach the universal Whitham hierarchy is
an infinite ring of symmetries of the general quasiclassieptoblem(7.1).

VIIl. DISPERSIONLESS HIERARCHIES OF THE B TYPE

Various type of reductions for the dKP hierarchy have been considered in Refs. 5 and 10. Here
we will discuss the dispersionless hierarchies of the so-called B type. The dispersionless BKP
hierarchy has been discussed briefly in Ref. 30. The dBKP hierarchy is characterized by the
constraint®

S(—\,T)=—S(\,T). (8.1

This constraint immediately implies that only odd powersd&fdT, are allowed in Eq(5.3).
Since in this cas&y(A, T)=AT;+A3Tg+\Tg+-+- andS=1+ S;/\ + S3/A3 +--- asA—»,
the hierarchy of equations f@ takes the form

JS g \2n+1 N1 9S | 2k+1
5T2n+1_ &_Tl) _I(ZO Unk(T)(&_Tl) -0 (82)
The two lowest equation@.2) are
By .
T3 \dT, aTy
S [ aS\® S\ S
m-lam) ~vlae] ~van-o o
where
U=—3§—_IS_1, vgzgu, vlzguz—z—%l. (8.5

Equations(8.3) and(8.4) imply that

99U ,aU U 49U

+U U a7t v a7t s =0 8.6
59Ts — Ty Tz Ty "1\dTs) i\ gT3) ®9
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Equation (8.5 is the dispersionless limit of the 21-dimensional Sawada—Koteand also
Kaup-Kupershmidtequatiort-3?

To get the d2DTL hierarchy of the B type we shall use the universal Whitham hierarchy
equation(7.10 and(7.7). Due to constrain{8.1) only odd functionsQ,(—p,T)=—Q(p,T) are
admissible. Taking the timg = X as the reference or(ee., p= dS/9X) and two other equations
(7.10 in the form

S Vv V. S  p-U

N p-U pru’ T Mpru @

whereu andV are functions oiX,Y,T, one obtains

VT+ UY:O,
(8.9
Ux Vx
Introducing the function3=In(V/U), one can rewrite the syste(8.8) as
Bxy+(Uef)171=0,
(8.9

Bx"’ UT: 0

It is the d2DTL equation of the B type. The analog of E¢.5 and (6.6) for the B-d2DTL
equation(8.9) is rather interesting

(8.10

The compatibility condition for this system is equivalent to the syster8).
Note finally that the nonlinear equation f8(z,z;X,Y,T) in this case is of the form

SiTSkSy  Snv
L1+ch(S,)  shSp)
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APPENDIX: PROPERTIES OF THE BELTRAMI

There is a well-established theory of generalized solutions of the linear Beltrami eq(sstéon
for instance Refs. 21-23 and )28

Zy=AZ,, (A1)

whereA is any given measurable functidi|..<1 on G. Obviously, forA=0 we get into the
class of conformal mappings. To present these results we need to introduce the operators
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Thu e fJ N B (TR S AL
( )'_2_7-ri NN : ( )'_W( )
where the integral is taken in the sense of the Cauchy principal value. Then one has:

Lemma: For any p>1 the operatorIl defines a bounded operator i°(C) and for anyQ
<k<1 there exists5>0 such that

K[|TI][,<1,

for all |p—2|<5é.

The next theorem summarizes the properties of solutiof&bf that we need in our discus-
sion.

Theorem: Given a measurable function A with compact support inside the dix¢l R and
such that||Al|l.,<k<1. Then, for any fixed exponentsp(k)>2 such that KII||,<1, it follows
that

(1) There is a unique functiongZon C with distributional derivatives satisfying the Beltrami
equation(Al) such that

Zo(M)=A+0 %) A— oo, (A2)

with Zyy and Z,, —1 being elements of i(C).
(2) Every solution ofA2) on a domain Gof C can be represented as

Z(\)=D(Zo(N)), (A3)

where® is an arbitrary analytic function on the image domaig(%) of G under %.
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