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Abstract

In real life we often deal with independent but not identically distributed observa-
tions (i.n.i.d.o), for which the most well-known statistical model is the multiple linear
regression model (MLRM) without random covariates. While the classical methods
are based on the maximum likelihood estimator (MLE), it is well known its lack of
robustness to small deviations from the assumed conditions. In this paper, and based
on the Rényi’s pseudodistance (RP), we introduce a new family of estimators in case
our information about the unknown parameter is given for i.n.i.d.o.. This family of
estimators, let say minimum RP estimators (as they are obtained by minimizing the
RP between the assumed distribution and the empirical distribution of the data), con-
tains the MLE as a particular case and can be applied, among others, to the MLRM
without random covariates. Based on these estimators, we introduce Wald-type tests
for testing simple and composite null hypotheses, as an extension of the classical
MLE-based Wald test. Influence functions for the estimators and Wald-type tests are
also obtained and analysed. Finally, a simulation study is developed in order to asses
the performance of the proposed methods and some real-life data are analysed for
illustrative purpose.

Keywords: asymptotic normality; consistency; independent not identically distributed
observations; influence function; minimum Rényi’s pseudodistance estimators, robustness;
Wald-type tests.

1 Introduction

In parametric estimation the role of divergence measures is very intuitive: minimizing a
suitable divergence measure between the data and the assumed model in order to estimate
the unknown parameters. These estimators are called “minimum divergence estimators”
(MDESs). There is a growing body of literature that recognizes the importance of MDEs
because their robustness, without a significant loss of efficiency, in relation to the max-
imum likelihood estimator (MLE). See, for instance, Beran [1], Tamura and Boos [2],
Simpson [3, 4], Lindsay [5], Pardo [6] and Basu et al. [7]. In the case of continuous

models is convenient to consider families of divergence measures for which non-parametric



estimators of the unknown density function are not needed. From this perspective, the
density power divergence (DPD) family, leading to the minimum DPD estimators, is the
most important family of divergence measures. For more details see [7]. However, there
is another important family of divergence measures which neither needs non-parametric
estimators, the Rényi’s pseudodistances (RP).

Let X1, ..., X, be arandom sample of size n from a population having true and unknown
density function g, modelled by a parametric family of densities fg with 8 € ® C RP. The
RP between the densities fg and g is given , for a > 0, by

R (fe,9) ~a _li_ 1 log (/ fg(a:)o‘+1d1‘>

b s ( / g(x)a“dﬂs) -~ log < / fe(w)ag(ﬂﬁ)dﬂf) Y

The RP can be defined for o = 0 taking continuous limits, yielding the expression

g9(z)
fo()
i.e., the RP coincides with the Kullback-Leibler divergence between g and fo, D xuiiback (9, fo),

at a = 0 (see [6]). The RP was considered for the first time in Jones et al. [§8]; later Bro-
niatowski et al. [9] established that the RP is positive for any two densities and for all

Ro (fo.9) =1 Ra (for9) = [ (o) log "%,

values of the parameter «, R, (fg,9) > 0 and further R, (fg,g) = 0 if and only if fo = g.
This property embolden the definition of the minimum RP estimator as the minimizer of
the RP between the assumed distribution and the empiric distribution of the data. There-
fore, the minimum RP estimator based on the random sample X7, ..., X,, for the unknown
parameter 6 is given, for o > 0, by

o L fo(Xa)®

0, = argsu , 2
o SR 2 C0) )

where
Ca(0) = ([ folz)*dz) 1.

Note that the value o = 0 was defined as the KL divergence and hence, the minimum RP
estimator coincides with the MLE at « = 0. Besides, [9] studied the asymptotic properties
and robustness of the minimum RP estimators and presented an application to the multiple
linear regression model (MLRM) with random covariates. In the same vein, [10] introduced
Wald-type tests based on the minimum RP estimators for the MLRM and [11] studied
the minimum RP estimator for the linear regression model in the ultra-high dimensional
set-up. Moreover, 5; is a M-estimator and thus it asymptotic distribution and influence
function (IF) can be obtained based on the asymptotic theory of the M-estimators.
However, far too little attention has been paid to the case of independent but non
identically distributed observations (i.n.i.d.o.), for which the most well-known statistical
model is the MLRM without random covariates. The nicest study for i.n.i.d.o. based
on divergence measures, until now, is the paper of Ghosh and Basu [12] based on DPD
measures. Some extensions are given in [13] and [14]. The main aim of this paper is to
introduce and study the minimum RP estimator for i.n.i.d.o. We study their asymptotic



properties as well as we obtain its influence function in order to study its robustness.
In Section 2 we introduce the minimum RP estimator for i.n.i.d.o. The consistency and
asymptotic distribution is presented in Section 3. Section 4 is devoted to introduce and
study Wald-type tests based on minimum RP estimators. The robustness of these esti-
mators and Wald-type test is studied through its influence functions in Section 5. The
special case of MLRM is considered in Section 6. Finally, an extensively study and two
numerical examples of the MLRM are presented in Section 7 and 8, respectively.

2 The minimum RP estimator for independent but not iden-

tically distributed observations

Let Y1,...,Y,, bein..d.o. being g1, ..., g, the corresponding density functions with respect
to some common dominating measure. We are interested in modeling g; by the density
function f;(y,80), i = 1,...,n, being @ common for all the density functions f;(y, ). For
each observation i, the “Rényi’s pseudodistance” between f;(y,0) and g;, can be defined

for positives values of « as

R (5000, = 108 [ 50004 1ay) = Soe ([ £ 0raan) 45

where

b o < / @(yw“dy)

does not depend on 6. As we only have one observation of Y; the best way to estimate g;
is assuming that the distribution is degenerate in y;. Therefore, (3) yields to the loss

Ro (500,30 = o ([ Ao ay) - Slogfn0 vk

At o = 0 the RP loss is given by
Ro (fi(y,0),9:) = gfolRa (fi(y,0),59:) = —log fi(Y3,0) + k. (5)
Now, Expression (4) can be written as

o~ 1 fz(}/lu 0)(1
RO& (fl(yvo)agl) :_7]~Og _a
@ ([ fily, @) Fidy) o+

and thus minimizing R, (f;(y,0),g;) in 0, for a > 0, is equivalent to maximizing
fl<Yl7 a)a
([ fily, @)+ dy) =+

+k,

Vi(Yi,0) =

In the following, we shall denote,

«

L, (0) = ( / fily, e)a“dy) -



Based on this idea we are going to consider the objective function

ZZ: L0 LN AL Ly g (6)

Ha
o= (f fi(y,0 O"de) a+1 n/= L4 () ni=

and then the minimum RP estimator, Ea, for the common 8, is given by

~

= Ha
0o = argmax H,(6), (7)

with HY(6) defined in (6) for o > 0 and H2(0) = L Z log fi(Y:, 0).

It is interesting to observe that when Y7,...,Y, are independent and 1dentlcally dis-
tributed random variables, the estimator 0. coincides with the estimator Ga given in (2).
In the following section we shall establish the consistency of éa, as well as its asymptotic
distribution.

3 Consistency and asymptotic distribution

We shall assume in the following that the true densities g; ¢ = 1,...,n, belong to the
assumed model, i.e., g; = fi(y,0), i = 1,...,n, for some common parameter 6. We denote
by 6 the true value of the unknown parameter. In the following we shall denote Eg« [Y] =
Jyfi(y,6%)dy, and we introduce the matrices

v, = EZJ(Z% (8)
=1
with 92 (Y:0)
. V(Y
- e [3852)
100,000 1)1,
and
1o 8Vi(Y;0)>
v (5] “

In order to get the asymptotic results we shall assume the following conditions:

C1. The support, &X', of the density functions f;(y, @) is the same for all i and does not
depend on 6.

C2. There exists an open subset ©* of © containing the true value of the parameter 6*
such that for almost all y € X’ the density f;(y, @) admits all third derivatives with
respect to@ andi=1,...,n

C3. Fori=1,2,... the integrals
[fily,0)*dy

can be differentiated thrice with respect to 8 and we can interchange integration and
differentiation.



C4. For i = 1,2, ... the matrices J are positive definite. We denote by \,, the minimum
eigenvalue of €, and
Ao = inf A, > 0.
n

C5. There exists functions M ](,?l such that

‘83%(.@; 0)

and
E,- [Mj(;jl (Y)] = mj < 00, Vi, kL.

. Vi (Y;0) 82V, (Y;0) 23Vi(Y;0)
C6. Forall j, k, [ the sequences {Toj}j:17,,,7p ’{W}j,k:L..,p and { 28, 965.01

}jvkvl:17"7p
are uniformly integrable in the Cesaro sense, i.e.

. L [lovirse) '
! Lshg,. ||2V050)1 V)| ] =0
(i [ P50 g ] ) o
12 82Vi(Y'; 0) ]
5 LBy || 2O Y)| ] =0
Noveo (i‘;l; nzgl 0 ‘ 00;00), {826‘9/;%};;66)>N}( )_ ’
1o PVi(Y; 6) ]
lim |sup=> Egp« || ———2| T A Y =0.
dim, (pz o || {agrmn)))
C7. Foralle >0

1 n
lim 4 L35 B, Hn
ni=1

n—o0

00

1
—5 0V, (Y,0
QHQ 7,6(0 )

21{‘ 2}(Y) >eyvnp =0.

Note that C6. gives sufficient conditions for the weak law of large numbers with

in.i.d.o. ([15]), while C7. is the assumption required for the multivariate central limit
theorem for in.i.d.o. ([16]). The following theorem states the consistency of 8, and the
second one establishes its asymptotic distribution. Proof of both theorems are given in
Appendix A.1 and Appendix A.2, respectively.

Theorem 3.1 Let Yy, ..., Y, be i.n.i.d.o. each with a density function f;(y,0), @ € © C
RP. If conditions C1.—C6. holds, there exists a consistent sequence En of the system of
equations

OH(0)

00

Theorem 3.2 Let Y1, ..., Y, be i.n.i.d.o. each with a density function f;(y,0), @ € © C
RP. If conditions C1.-C'7. are satisfied the asymptotic distribution of the minimum RP
estimator is given by

~0, (10)

_1 ~
S, 2w, <0a _ 9*) §> N(0,,I,), (11)

being I, the p-dimensional identity matriz and the matrices ¥, and €, were defined in
(8) and (9), respectively.



4 Wald-type test for i.n.i.d.o.

4.1 'Wald-type tests for simple null hypotheses

We define a family of Wald-type test statistics based on minimum RP estimators for
testing the hypothesis

Hy:0=6" against H;:0 +#6° (12)
for a given 6" € ©.

Definition 4.1 Let §a be the minimum RP estimator of 8. The family of proposed Wald-
type test statistics for testing the null hypothesis (12) is given by

W (0°) = n(0, — 6°)75;1(6°) (8, — 6°), (13)
where $4(0°) = lim,, o ¥,,(6°)22,1(6°)®,,(0°).

Theorem 4.2 The asymptotic distribution of the Wald-type test statistics W%(GO), de-
fined in (13), under the null hypothesis (12), is a chi-square distribution with p degrees of
freedom.

Based on Theorem 4.2, we shall reject the null hypothesis in (12) if
WO(6%) > 12, (14)
being X;ZW the upper v-th quantile of XI%.
Theorem 4.3 Let 0* be the true value of 0, with 6% # 6°, and let us denote
(0)=(0-6"%"= 10 -8

and 05,0 g0y (07) = 46" — 0°)T [21(6°)24(60%)2,'(6°)] (6" — 6°). Then,

n

(6°)
Jn (z(éa) - 6(0*)) B N(0, 030 40 (67)).

Corollary 4.4 Theorem 4.3, makes it possible to have an approrimation of the power
function for the test given in (14). This is given by

0 (00)(0*) = P(Rejecting Hy|@ = 8*) = P(W?2(8°) > Xg,,,\e =0")

=P (e(éa) —0(6*) > Xi - g(e*))

L Vi Xow o
o (g ()

where ©,,(+) is a sequence of distribution functions which tends uniformly to the standard

normal distribution function ®(-). We can observe that

lim & (0)=1 VYa>0,

n—oo Wi(0°)

so the Wald-type tests are consistent in the sense of Fraser.



From here, it can be deduced that the necessary sample size for the Wald-type tests

(0%
w(6°

A+ B+ \/A(A+2B)
n =

202(6) :

to have a predetermined power, 7 )(0*) ~ %, is given by

where A = 07, 0 (67)(®7" (1 —7))%, and B = 20(6%); -

4.2 Wald-type tests for composite null hypotheses

We may be also interested on testing a set of r < p redundant restrictions on the parameter

vector 6. In this context, we are interested in testing
Hy: MT0=m against H,: M0 +#m, (15)
where M is p x r full rank matrix with r < p and m is a r-vector.

Definition 4.5 Let 50, be the minimum RP estimator of 8. The family of proposed Wald-
type test statistics for testing the null hypothesis (15) is given by

W(02) = n(M"8, — m)" [M7S,0,)M] " (M”86, —m). (16)

Theorem 4.6 The asymptotic distribution of the Wald-type test statistics Wn(aa), de-
fined in (16), under the null hypothesis (15), is a chi-square distribution with r degrees of

freedom.

Based on Theorem 4.6, we shall reject the null hypothesis in (15) if
Wa(0.) > 12 (17)

We could generalize our results to a more general restricted space ©g C © defined by
a set of r < p non-redundant restrictions of the form h(@) = 0, by substituting the matrix
M7, (8.)M by HTS,(00)H with H = 242 in (16). The asymptotic distribution
stated in Theorem 4.6 still holds.

4.3 Contiguous alternatives hypothesis

The previous results provides an asymptotic approximation to the power function of the
proposed Wald-type tests. We now consider the particular set of contiguous alternatives
hypothesis of the form

Hy:6,=0"+n"12d, (18)

where d is a fixed vector in R? such that d € ©® and 6° is an element of ©y. Note that the
alternative hypothesis move towards 8° and it get closer when the sample size n increases.

Theorem 4.7 Under the contiguous alternative hypotheses given in (18), the asymptotic

distribution of the Wald-type test statistics, W (0y), defined in (15) is a non-central chi-
square distribution with r degrees of freedom and non-centrality parameter

§=d"M[M"S,(6,)M] ' M"d.



5 Influence function analysis

In this section we shall obtain the influence function (IF) of the minimum RP functional for
the non-homogeneous case. We shall denote by G; the true distribution function associated
to the observation Y; whose density function is denoted by g; and by T, (G1,...,G,) the

minimum RP functional defined as the minimizer of

gHﬁ‘y(i) — ;g { - —|1—a log </ fz‘(y,O)O‘de) - élog </ fi(y,O)adGi(y)>} (19)

or, fixed a value of «, under appropriate differentiability conditions, as the solution of the
system of equations obtained after differentiating (19) and equalling to zero

J fi y, °‘“uz-(y,9)gz-(y)dy iy, 0)ui(y, 0)gi(y)dy | _
Z{ ,0)°+1gi(y)dy J fi(y, 0)2gi(y)dy } =0 (20

By u;(y, 0) we are denoting

dlog(fi(y,0))

and by
Gie=(1—¢€)gi+ely, i=1,....n

the contaminated density where Ay, is the degenerated distribution at point ;.
Let 6 =T,(Gy,...,Gy,) and we denote by

020 - Ta(Gla DRI Giofb Gi0,€7 Gi0+17 DRI Gn)

the minimum Renyi pseudodistance functional with contamination only in the #g-th direc-
tion, where G;, . is the distribution function associated to the denisty function

9ioe(y) = (1 =€) fi(y, 0) + iy (y)

and

()= { 6.9 i 7 o
PETV =iy, 0) + 20, i =io.

It is also possible to contaminate in all the directions and in this case we shall denote
by

0. =T.(Gie,...Gpp)

the minimum RP functional with contamination in all directions.
In the following theorem we present the expressions of the IF. See Appendix A.7 for
details.



Theorem 5.1 The influence function in the ig-th direction is given by
_eio,a(g)

[F(tiy, To,G1,...,Gn) = (M, (0)"! ,

where
€00 (0) = fis y, 0)/fi0(ya 0)““uio(y,9)dy—fio(yﬁ)um(yﬁ)/fm(y, 9)"dy,

n

= fz v, 0 1+ady) ([ fily. 0)2gi(y)dy)” ]

(21)

and

Aia(0)=|(1+0a) / £, 0)° 1T (4, B)ui(y, 0)dy + / iy, 0y 28 } / Fily,0)*+dy

~(1+a) ( / fi<y,e>“+1ui<y,e>dy) ( / fi<y,0>“+1ui<y,e>dy)T,

Az:a<e>=_a / £:(5.0)° g: (w)uT (4, 0)us(y, B)dy + / (0. 0)° ) P42 } / Ji(5,0)%gi(y

—a (/ fi(y,0)%9i(y)wi(y, 0) dy) (/ fi(y,0)%gi(y )uz(yﬁ)dy>

Similarly, the influence function in all directions is given by

. —4;.0(0
IP(ty, ... tn,Ta,G1,...,Gn) = (Mpa(0) ") al6) 5.
= ([ fi(y,0)2gi(y)dy)

Remark 5.2 When the true distribution g; belongs to the model so that g;(y) = fi(y,0)

fori=1,...,n, then M, o(0) given in (21) coincides with ¥, (0) given in (8) and

IF(tioaTou Fl,ea cee 7Fn,9) = lIl_l(B)D’ima(e)?

n

IFP(ty, ..., tn,Ta, Fro, ..., Fnp) = ¥,(0) ) D;.(0)

)

—£;4(0)
5 -
(J fily,0)+1dy)
Remark 5.3 In particular, letting t; = t, G; = G, fi(y,0) = f(y,0) fori=1,...,n (this
situation corresponds to the case of independent and identically distributed, i.i.d., random

with D; 4(0) =

variables) and g(y) = f(y,0), we have
IF(t,Ta,G) = (Ma(0)) 7" [f(y,0)uly, 0) — ca(8) f(y,0)°],

where
cal0) = LISty 010
and
M(0) = gy | [ 1000y [ 0.0 o 0)u (0. )y
</f y,0)* M u(y, 0 dy) </f 0)"*lu )dy)T] :
as in [9].



5.1 Influence function of the Wald-type test statistics

Once we have computed the IF for the minimum RP estimators, we can define and study
the IF for the Wald-type test statistics. First, we define the associated statistical func-
tional, evaluated at G1,...,G, as

WO(Gy,...,Gp) = (To(G,...,Gp) —ONTE 1O (TW(Gy,...,Gr) — 6°), (22)

corresponding to (12) for the simple null hypothesis. Let us consider first the contam-
ination only in one direction, say ig-th direction. The corresponding IF is then defined

as

0
IF(tZ'(NWo(g))Glu" . 7GTL) = & Wg(Gla . 7Gi0—17Gi0,£7Gi0+17" . an)|

= 2T, (Gy,...,Gp) — 0TS YO IF (tiy, Tw, G4, . ..,G).

0 (23)

However, if we evaluate (23) at the null distribution G; = F; go, it becomes identically
zero. Therefore, it becomes necessary to consider the second order IF of the proposed
Wald-type test functional
2 s
IF( )(ti()) Wo?u G17 ceey Gn) - % WS(G17 sy Gi0—17 Gime’;‘a G’i0+17 sy Gn)‘
=2IF(tiy, T, G1y ..., Gn)E OV F (tiy, T, G, ..., Gy).

e=0

Similarly, we can consider contamination in all directions, obtaining that the second or-
der influence function of the proposed Wald-type tests functional for testing simple null

hypothesis is given by

TFOD(ty, .ty WO, G, .., Gy)
82

e % W(g{)(G17-..7Gi0—17Gi07E)Gi0+17...7Gn)‘

= 2IF(tla-..;tn;TouGla-.-7G’n)2;1(00)1F(t1,---,tn,Ta,Gl,...,Gn),

e=0

Remark 5.4 When the true distribution belongs to the model, then the second order influ-
ence functions of the proposed Wald-type tests functional for testing simple null hypothesis
in (12) are given by

TF® (t;0, Wa, Fy go, ..., F, g0)

T o _ _ _
=2[D;y,a(6°)] [¥,1(6°)2;1(6°)%,1(8°)] [Dio,a(6%)]
IFO(ty,. .. tn, Wa, Fy go,..., F, g0)
T

- [Z Di’“(eo)] T, (60)2,(67) %, (") !Z Di,awo)] |
=1 i—1

Remark 5.5 In a similar manner, when the true distribution belongs to the model, the
second order influence functions of the proposed Wald-type tests functionals for testing

10



composite null hypothesis in (15) are given by

IF® (t;y, WS, Fy go, ..., F, g0)
=2 [0, (60°) D, 0(6°)]" M [MTE,(6°)M] ™ MT [®;(0°)D;, o (6°)] ,
IFO(ty,.. .y, W, Fy g0,.... F, g0)
n T n
=2 (0,'(6°)Y D;ya(6°)| M[MTS.(09M] " MT |¥,(6°)Y D, a(6")] .
=1

=1
6 Multiple linear regression model

Consider the MLRM
Y,=XI'B8+¢, i=1,...,n, (24)

where the errors €}s are i.i.d. normal random variables with mean zero and variance
o2, X ZT = (X1, ..., Xjp) is the vector of independent variables corresponding to the i-th
condition and 3 = (B, ..., Bp)T is the vector of regression coefficients to be estimated.
We will consider that, for each ¢, X; is fixed, yielding to independent but not identically
distributed Y;s (i.n.i.d.o.), with ¥; ~ M(X13,0%). Under the previous notation, with
fi = N(XTB,0?), we have, for a > 0,

1 —a(Yi—X{B)?
(271-)(1/20-04 exp < 202 )

(2m)e/200y/T+ ) @

14+a\%@m o o (Yi-XIB\’
= o otlexp| —= | ———— .
2m 2 o

Thus, our objective function to be minimized becomes
1< 1 D 1 o o Y, - x78\?
L0 X)) = ()T LS ot (2 (BRI )
n— 27 n 4 2 o

Taking into account that the term (1;70‘) 2(e+1) does not depend on the model parameters,
we have that, for @ > 0

n - XT3\?
(,Ba,aa) = arg max EU_QLH exp (—a <W) > . (25)

Vi(Yi; 0, X;) =

O =1 2 g

Derivating with respect to 8 and o we see that the estimators Ba and 0, are solutions of

n 2

3" exp (—g (=) ) (1=X8) x, =0,

o (26)
n Y,—xT 2 Y,—XT 2 ’

aexp<_c2¥( JZB)>{( alﬁ> _1-&1—04}:0

1=

which is exactly the same as the one suggested by Castilla et al. (2020) for the case of

the system

homogeneous data. If & = 0, we have

11



5 s \_ 1 |Y —XB];3
(/304207 Ua:O) = arg UE’%X W exp <_M (27)

and we get the system necessary to get the MLE of 8 and o, whose well-known solution

is given by
~ N 1 n N2
Bo= (XTX)'XTY and 53 = -3 (Yi— XIB,) .
ni=1
where X7 = (X4, ..., X 1)pxn is the matrix of explanatory variables.

Lemma 6.1 Consider the set-up of the MLRM with i.n.i.d.o. defined in (24) and assume
that the true data gemerating density belongs to the model family. If the following mild
conditions about the explanatory variables hold

M1. The values of the explanatory variables are such that, for all j, k and |

sup maz | X;j| = O(1), and sup maz |X;;X;;] = O(1)
n>1 1<i<n n>1 1<i<n

and

1 n
g Z ]a:,;jacikmiﬂ = 0(1)
i=1
M2. The matriz X satisfies

1
nf [mz’n eigenvalue of —X'X| >0,
n n

TxTx\-1x.] —
nxlnggécn (X (X'X)"'X;] =0(1),

then C1.-C7. are satisfied.

On the other hand, after some heavy computations we follow that expressions (8) and
(9) are given by

—1 1 n T
L (v X, X] 0
Wn — 0'2(0[-‘1-1)3/2 (7‘[,02’1/—1 ) L , (28)
o2 (a+1)5/2
and
(10, XXT) 0
_ 2041)3/2
= ( 0) (3a%+4a+2) (29)
o2(a+1)2(2a+1)5/2

Theorem 6.2 Consider the set-up of the MLRM with i.n.i.d.o. defined in (24) and as-
sume that the true data generating density belongs to the model family and the observed

explanatory variables satisfy conditions M1. and M2.. Then,

1. There exists a consistent sequence as 8, = (B,,04) of solutions to the minimum

Rényi estimating equations (26).

12



2. Ba and 0., are asymptotically independent and their asymptotic distribution is given

by
\/ﬁ(éa—e*) L N©,=)
n—oo

with

s, = lim %,

n—oo
?(at1) 1
5 _ @Oﬁw( S XiXi) 0
n — 0 o?(a+1)3 (3 +4a+2)
4(204+1)5/2

We could now apply the theory stated to test any simple or composite hypothesis on the
linear regression parameters. The asymptotic distribution under the null hypothesis of the
Wald type tests defined in (16) is given in Theorem 6.2 and the asymptotic distribution of
the Wald-type test statistics under contiguous alternative hypothesis is given in Theorem
4.7. The non-centrality parameter in Theorem 4.7 can be expressed as

§=d* ' [MTS, M| d¥,

with d* = MTd. If we consider the composite null hypothesis (15), then

Now, based on Remark 5.2 we can obtain the IF of the functional associated to the

minimum RP estimator of 6. These are given by

T
IF(tioaTavFl,Ba o aFn,O) = \Iln (0) (Dzj(; a(/B)’Dio,a(U)) 3

IF®(ti,,Wa, Fre, ..., Fog) =2 (DL ,(8), Diya(0)) [£,1(0)S, ()%, (0)]

(Dlj; a(IB)v Dio,a(0>)T )

IF(2)(tiO,Wa0,F1,9,...,Fnye):2[\If 6) (DT, (ﬁ),DiO,a(g))T]TM[MTzn(o)M]

10,

-1

x MT [@;1(0) (D] .(8), Diya(0))],

20,

T T
« ig — &5 ;6 tz —&; /8
Dio,a(ﬂ) = 7eXP —5 ( > pn 0 > ( 2 o 0 ) Lig

2 2
-1 a [t —xf tiy — L 1
Dio,a(o') = 40_2 exp 75 ( 0 - io ) < 10 - 10 . o

Note that, since ¥,,(0) and X,,(0) are diagonal matrices, we could express separately the
IF of the functional T',(3) and T', (o) associated to the minimum RP estimator, 3, and
0o respectively. Following [14], we consider two different fixed design matrices for the

with

univariate lineal regression model:

13



Design 1 Two-points design.We fix x; = (1,z;1)7, with ;1 = a,i = 1,..,n/2 and x;; =
byi=n/2+1,.,n.

Design 2 Fixed-Normal design. We fix @; = (1, z;1)7, where x;1,i = 1, ..., n are prefixed
independent and identically distributed observations from a N (u, = 0,0, = 1).

Figure 2 presents the ¢o-norm of the first order IF of the minimum RP estimator and
second order IF of Wald type test estimators for testing (12) with 8y = (1,1,1)T with
both fixed designs and contamination in one direction for different values of «. Clearly,
the IF is bounded for positives values of the parameter o and is unbounded at the MLE,
highlighting it lack of robustness. Moreover, the supremum of the ¢3-norm of the IF
indicates the robustness of the estimator. Hence, we could study the optimal parameter
of a trough the gross error sensitivity function. We define the gross error sensitivity of

the functional T, considering contamination in the ig direction as

Y (Tas Fre,- -, Fne) = supy, {[[{Fiy(tiy, Ta, F10,- -, Fue)l |} (30)
Considering separately the influence function of the functionals T, (8) and T, (o), it is

easy to show that

)

-1

. a+1)3/2 1 1 &

Y (Ta<16)=F1797"'7Fn,9> = UW exXp (_2> H ﬁZXZX;f Lig
i=1

(o +1)3/2 3a+2
—exp| <] -
a 2(a+1)

(31)
7*(Ta(0—)7 Fl,ea v 7Fn,9) =

Figure 1 represents the gross error sensitivity functions depending on the parameter «,
using Design 1 and fixing the true standard error ¢ = 1. The optimal value of a depends on
the functional, being @ = 1/2 and a = /2/3 for T (8) and T, (o) respectively. Therefore,
a global optimal value of «, in terms of robustness, should varies between values o = 0.5
to a = 0.82 if the true standard error is ¢ = 1.

Finally, we study the Asymptotic Relative Efficiency (ARE) of the proposed minimum
RP estimators with respect to the MLE, which is B.A.N. (Best Asymptotically Normal).
The ARE of is computed as the ratio of their asymptotic variances. Note that this ratio
does not depend on the regression parameters, but is only determined by «.

R o 3/2
ARE(ﬁa) = (2(05—:_11))37
(32)
ARE(,) 2(2a + 1)%/2

(a+1)3(3a2 +4a +2)°

Table 1 represents the ARE of the minimum RP estimator, (Ea,?fa). As shown, the
increment of « leads to an efficiency loss, which is heightened for the standard error
estimator. Therefore, to ensure sufficing efficiency, the parameter a should be chosen from
low values. However, the efficiency reduction might worth in contrast with the robustness
advantage. In view of the error sensitivity function study, values above a = 0.82 are not
advocated.

14
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Figure 1: Gross error function for T'»(3) (left) and Ty (o) (right).

Table 1: ARE of the minimum RP estimator with respect to the MLE for the multiple

linear regression model for different values of a.

o 0 0.1 0.2 0.3 0.4 0.5 0.8 1 1.5

ARE(Ba) (x100) 100.00 98.76 95.86 92.12 88.01 83.81 71.89 64.95 51.201
ARE(7,) (x100) 100.00 97.54 91.92 84.95 77.65 70.57 52.50 43.30 27.77

7 Numerical results

We empirically evaluate the performance of the proposed Wald-type test statistics based
on minimum RP estimator for MLRM through an extensive simulation study. We consider

the univariate regression model with fixed design matrix
yi = Bo+ Brxri +¢ei, i=1,.,n

and the two different design matrices presented in Section 6. We generate the response
variable from the linear regression model (24) with regression parameters 3° = (1,1) and
0% = 1. To introduce contamination on the data, we swap the true regression vector
to B0 = (1.5,2) for a 10% of the sample size. We analyse the performance of Wald-
type tests for simple null hypothesis on both regression parameters, 3 and o, at different
values of the tuning parameter «.. Note that, for the proposed design matrices, the matrix
LS5~ L X X7 is finitely defined and is positive definite.
We consider two different null hypotheses

Ho: B =1, (33)
Hy:0=1, (34)

corresponding with the composite null hypothesis

Ho: MT8 =m,
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Figure 2: ¢3-norm of the first order IF of the minimum RP estimator (top) and second
order IF of Wald type test estimators for testing (12) with 89 = (1,1,1)7 (bottom) with
fixed Design 1 (left) and Design 2 (right), and contamination in the direction iy = 1.
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with

Mg =10,1,0] and mg =1,
M, =1[0,0,1] and m,=1,

respectively. The Wald-type test statistics for testing (33)-(34), which we will denote
Wn(,é?la) and W, (), are given in (16) by substituting the corresponding matrices. So
as to investigate the trade-off between efficiency and robustness depending on the tuning
parameter «, we compute the empirical levels for the proposed Wald-type tests and powers
when the true parameter values are 8 = 0.45 and o = 0.8, respectively. These levels
and powers are computed as the number of times that the null hypothesis is rejected over
the total simulated samples R = 1000. Figures 3-6 contain the root mean square error
(RMSE), empirical level and power results for the null hypothesis tests (33) and (34), for
a 5% significance level. The results show the clear improvement in robustness when «
increases, in detriment to the efficiency. The MLE produces the best performance with
pure data, showing its major efficiency, and the behaviour of the minimum RP estimator
improves when « decreases, i.e., estimators based in low values of the parameter enjoy
greater efficiency. However, in presence of data contamination, the RMSE and empirical
level of the Wald-type test statistics rise for low values of «, highlighting its lack of
robustness. The most revealing setting is Design 1, at which the empirical level and power
of the Wald-type tests based on the MLE reaches their worst results, but the proposed
Wald-type test based on RP loss statistics continues to perform adequately for sufficiently
high values of a.

For the first hypothesis test (33), we could apply Theorem 4.7 to obtain the power
under the contiguous alternative hypothesis (18). The distribution of the Wald-type tests
Wn(gl) is given by a chi-squared with 1 degree of freedom and non-centrality parameter

-1
_ ola+1)? N
C (2a+1) 372 ZXI’ o

depending on the standard deviation error o, the tuning parameter o and the fixed value
dy = d*T (1370, XIQZ-)_1 d*. The choice d; = 0 corresponds with the level of the test.
Table 2 summarizes the empirical power results over different values of v and d,, with

oc=1.

Table 2: Empirical power values of the null hypothesis (33) under contiguous hypothesis.
dy
« 0 2 5 10 15 20 25 30
0]0.05 028 0.59 088 097 0.99 1.00 1.00
0.2 10.05 0.27 058 0.86 0.97 0.99 1.00 1.00
0.5]0.05 0.25 052 0.81 094 0.98 1.00 1.00
0.8 10.05 0.22 044 0.75 090 0.97 0.99 1.00
11005 0.21 041 0.71 0.87 095 0.98 0.99
1.5 0.05 0.17 0.35 0.60 0.78 0.89 0.95 0.97
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Note that greater values of d,, produces greater power values as expected, and empirical
power decreases with a. However, the efficiency loss is not very significant in comparison

to the robustness advantage.

8 Real Data examples

8.1 Brain and Weight Data

These data, adapted from a larger data set in [18], were presented in Rousseeuw and
Leroy ([19], pp. 57) as an example of the unrobustness of the classical MLE in simple
linear regression. In this sample, the body weight (in kilograms) and the brain weight
(in grams) of n = 28 animals are compared, to investigate if a larger brain is required to
govern a heavier body. As suggested in in [19], a transformation should be done to clearly
represent either the larger or smaller measurements. In this case, we take the Napierian
logarithm of both brain and body weights. Observations 6,16 and 25, those corresponding
to dinosaurs, posses an unusual small brain as compared with a heavy body, which clearly
affects to the slope of the classical estimation method (o = 0) as can be seen in Figure 7
and Table 3. The estimates of the regression coefficients and the error variance obtained
from the minimum RP estimation for various a are also presented here, observing how
the estimation based on « > 0 is more robust to the presence of these outliers.

With Outliers Without Outliers
*
[ce) 0 —
*
© © - * Hx
= = 4
ey Ny
* *
=] =] " 4
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m o) /
5 5 7
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log of Body Weight log of Body Weight

Figure 7: Plots of the data-points and fitted regression lines for the Brain and Weight

Data using several minimum RP estimators before and after deleting the outliers.
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Table 3: The parameter estimates of the linear regression model for the Brain and Weight
Data using several minimum RP estimators.
With outliers Without outliers
o} o Bo b1 o Bo b1
0 1.4714 2.5523 0.4958 0.6962 2.1504 0.7522
0.2 0.6410 2.0617 0.7509 0.6309 2.0580 0.7519
0.4 0.4929 1.9378 0.7560 0.4929 1.9378 0.7560
0.6 0.4092 1.8616 0.7634 0.4092 1.8616 0.7634
0.8 0.3640 1.8265 0.7694 0.3640 1.8265 0.7694
1 03378 1.8142 0.7731 0.3378 1.8142 0.7731

In order to compare the performance of the Wald-type test with different values of the

tunning parameter «, we consider the following tests

HO : /80 = 198) (35)
H(] : 51 = 073, (36)
Ho : (Bo, B1) = (1.98,0.73), (37)

where the values 1.98 and 0.73 are respectively the mean value of the estimated coefficients
Bo and B; with the different values of o and using the original data (with outliers) listed
in Table 3. Table 8.1 shows the p-values obtained by using the corresponding Wald-type
test statistics, Wn(BO), Wn(gl) and Wn(,@)

Table 4: p-value obtained for the tests (35)-(37) using the corresponding Wald-type test
statistics.

With outliers Without outliers
o Wn(Bo) Wn(B1) Wa(B) Wa(Bo) Wa(B1) Wa(B)
0 0.080 0.000  0.000 0.452 0.542  0.072
0.2 0.713 0.556  0.204 0.723 0.537  0.197
0.4 0.833 0.437  0.358 0.833 0.437  0.358
0.6 0.539 0.310  0.305 0.539 0.310  0.305
0.8 0.423 0.236  0.235 0.423 0.236  0.235
1 0.393 0.203  0.203 0.393 0.203  0.203

As shown, the robustness of the test increases with «, showing the robustness improve-
ment of the proposed Wald-type test statistics. Note that the major difference between
the p-value using clean data and data with outliers is obtained with the value a = 0
corresponding to the classical MLE.

8.2 First Word Data

These data, originally presented in Mickey et al. [20], consist on n = 21 observations and
relate the age in which children speak their first word to their Gesell adaptative score,

a meassure of mental ability. By means of a sequential approach to detect outliers via
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stepwise regression, [20] concluded that observation 18 was an outlier. While estimates of
the regression coefficients obtained with the MLE do not change excesively when omitting
this outlier (Figure 8), we do observe a greater change in the error variance estimation
(Table 5). As expected, minimum RP estimates for o > 0 remain more robust.
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Figure 8: Plots of the data-points and fitted regression lines for the First Word Data using

several minimum RP estimators before and after deleting the outliers.

Table 5: The parameter estimates of the linear regression model for the First Word Data

using several minimum RP estimators.
With outliers Without outliers
o o Bo B o Bo B
0 10.4845 109.8730 -1.1269 8.1976 109.2816 -1.1916
0.2 9.7860 110.2068 -1.1897 8.5501 110.0225 -1.2183
0.4 9.2980 110.8118 -1.2338 8.7780 110.8276 -1.2451
0.6 9.0319 111.7370 -1.2710 8.8019 111.8168 -1.2767
0.8 8.3349 113.4011 -1.3246 8.1972 113.5345 -1.3292
1 44187 116.6086 -1.4065 4.4187 116.6086 -1.4065

As in the previous example, we consider the following tests

HO : 50 = 11256, (38)
Hy: B = —1.28, (39)
Ho : (8o, B1) = (112.56, —1.28), (40)
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where the values 112.56 and 0.73 are respectively the mean value of the estimated coeffi-
cients By and 1 with the different values of a and using the original data (with outliers)
listed in Table 5. Table 8.2 shows the p-values obtained by using the corresponding Wald-
type test statistics, Wn(go), Wn(gl) and Wn(B)

Table 6: p-value obtained for the tests (38)-(40) using the corresponding Wald-type test

statistics.
With outliers Without outliers
a Wn(Bo) Wi(B1) Wa(B) Wn(Bo) Wn(B1) Wa(B)
0 0.072 0.098 0.071 0.013 0.293 0.001
0.2 0.110 0.331 0.065 0.065 0.485 0.007
0.4 0.243 0.636 0.098 0.234 0.719 0.061
0.6 0.596 0.949 0.318 0.628 0.997  0.311
0.8 0.590 0.620 0.588 0.529 0.583 0.529
1 0.001 0.078 0.000 0.001 0.078 0.000

The results highlight again the gain in robustness.

9 Concluding remarks

In this paper we have presented the minimum RP estimators for the case of i.n.i.d.o. Wald-
type tests based on them are also developed. Classical MLE and Wald-test are obtained
as a particular case of these new estimators and tests. In particular, we have studied the
case of MLRM. Through the study of the influence functions and the development of an
extensive simulation study we prove their robustness from a theoretical and practical point
of view, respectively. Application to different models is a problem that will be of interest
for further consideration.

Acknowledgements: This research is supported by the Spanish Grants no. PGC2018-
095194-B-100, no. FPU19/01824 and no. FPU16/03104.

A Proof of Results

A.1 Proof of Theorem 3.1

The proof follows similar steps that the proof presented in [12] for the minimum DPD
estimators for i.n.i.d.o and the proof presented in [17] for the MLE with i.n.i.d.o.

To prove the existence, with probability tending to 1, of a consistent sequence of
solutions of the system of equations (10), we study the behaviour of the objective function
in (6), Hy(0), on a neighbourhood of the true parameter value. We consider the sphere
Q. with center at the true value of the parameter 8* and radius a. We will show that for
any sufficiently small a

HE(0) < HE (6)
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with probability tending to 1 at all points @ on the surface of Q,. This inequality ensures
that the objective function HS(0) has a local maximum in the interior of (),. Since
HZ(0) is differentiable the system of equations (10) must be satisfied at a local maximum.
Therefore, for any a > 0, the system of equations (10) has a solution an(a) within Qg

):1

We consider a Taylor series expansion of H () around 6y = (63, ...,67) ,

verifying

lim Py ( 0,(a) — 0"

n—oo

06,

CHORPRCO R - WORT) (@
P 82 a9
28 (Gra) (6= 0 - o)

P 3 7o
L5 (Galh) 0 0o (- )

3V(K,0)) 0
— 0; — 60
izl 89] 0=0, ( J J)
~(92Vi(Yi:0) . ;
5 (Sone ) (6; = 65) (B = 0)
>PVi(Yi; 0)
<3939ka‘9l>9:9* (6; — 65) (6 — 67) (6: — 67)
= Ll + L2 + Lg,

where 6" belong to the interior of the ball centred on 8* and radius a. We study separately
right-hand terms L1, Ly and L3 in (41).
Using assumption C6., we have that

" 8H"‘(0)> <avm,9)> 1
J 99 ) o, nZ:I 0, 6=, nZ 0

We are going to establish the last equality,
av;(Yi;0) 1
90; L, (6)*

with u;(y, 8) = %ej(”)) But

oL, (0)
00,

(aﬁ(Y, 0)°u;(V, 0L, (6) - Ay, e)a) .

oL, (0 ar1 !
50; ) _ “ ot </ fi(y, @ O‘de) (a4 1)/fi(y,9)°‘+1uj(y, 0)dy

m—l
=a (/ fily, 9)°‘+1dy> /fi(.% )t u;(y, 0)dy.

2 aW(YQ 9)
00;

Therefore,

L., (6) = afi(Y,0)%u;(Y,0)L% (8)

[a ( / ﬁ-(yﬁ)aﬂdy)“a“l [ 000 (5.0
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and

Eg-

(W)e—eo] - / (afi(yﬁ*)“uj‘(y,@*)LZ; (90)) fily.67)dy

-
—/ la (/fi(yﬁ*)a“dy> /fi(yﬁo)a“uj(yﬁ*)dy fily,07)*+dy
= 0.
On the other hand, we denote
n 0’HY (6
Bji = ( aegé )> ’
7Y%/ =6,

and applying again condition C6., we obtain the convergence

(n 0?H(0) 12 (0%Vi(Y;;0) 1 0V, (Y;0)
B — - = — _ — E T = _‘Iln A
ik = (aejaak 0—6, i 00,00, ) g_a, n§ N 00,000 ) gy, (=)

Finally, applying condition C6. to the third derivative, we have

0> Hy(0) _1% >Vi(Yi; 0) P lz": PVi(Y;6)
8918916891 9:0*_ni:1 6918916891 0—=0* n;—1 0* 89]69k891 0—0* '

Assumption C5. ensures the existence of Mj;,7,k,l =1,..,ps.t.

OPVi(Vi; 0)
90,00,00, ) o_p-

and therefore there exists 7§2l(y) verifying

< M) (1),

0<|yuy)| <1 (42)

in such a way that

P*V;(Yi; 0) 0 o
( 00;00,,00, )6 o jkl ( )'ijl( )

and
Eq, [Mg(l?l (Yz‘)] = Mk,

1m B3Vi(Y;:0)
-S"E Z o7
n; 0 [(aejaekae) e:ej

The previous convergence provide that for all a and for all € there exists ng such that for

with

< Myjgl-

all n > ng we have

(n 2
P Aj >a><p+p§+p3
P(|BY - (\Iin)jk‘ > a) <

n
D 3%V, (Yi;0)
P l ( 7 73
ni:l 00;00,,00, 0—0*

e
p+p*+p?

. 13
Z ijkl S p+p2+p3 .
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We shall denote now by S* the event containing the p + p? + p? inequalities,

1 o, [ 0PVi(Y;:0)
A(n L ACER)
{‘ J le; < 89J89k801 >0=9.

It is clear that P (S*) < & and P((S*)¢) > 1 — e. In the following we denote S = (5*)¢
We finally study the sign of HS(0) — HS(0*) under the event S and for 8 € Q,.
Since 8 € @, in S holds

Z 2mjkl} .

’B(n ]k‘ > a;

12 [0V;(Y;; 0
=2 E (), o] <ree
J K2 J =609
and
lp (n . 0 00 }2 2
5o { (B - w0 } 65— ) (0 - 00) | < 30 a”

n

i zp; (6; — 69) (6 — 67) lZE(,*

1
2j=1k=1 ni=1

<02V2(Y; 0)>
90;00k ) 9o, '
An orthogonal transformation can reduce the quadratic form A to its diagonal form A =

Z)\ €2 with 252 Z (6, — 67 ) = a?. Shorting the negatives eigenvalues )\; we get
=1

p
SNEE < —Nga? < 0.

i=1

A study of the sign of the function %p2a3 — Moa? proves that we can find ¢ > 0,a9 > 0 so
that for a < ag

1P P (n
L2l = |53 3 {(Bi = (v } (65 - ) (6= 0D)
1P P
5200 (0= 02) (0 = 8]) (—Wn) 0| < —ca®
Jj=1k=1
Lastly,
12 1 (0%V;(Y;;0)
Lal = | = _ ERSASIC s . _ QP _pp __pp
s 6]2::1192::1[;”1; < 00;00,,00, >e=o. (93 93) (ek 0’“) (01 91)
2P P P
< EZZZmJWI =a’b
j=lk=1i=1
being
2P P P
=56 220 2 Mk
j=lk=1i=1
Therefore,

H2(0) — H*(8)) < pa® — ca® + ba®
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and pa® — ca® 4+ ba® < 0 if and only if a < ﬁ. Therefore assuming a < ﬁ we get that

in the event S

H(0) — Hy(0p) < 0VY0 € Q.

Thus the event C involving all 8 € Q, s.t. HY(0) — HY (0" < 0, is contained in S, i.e.
P(C) = P(S) > 1 —e. Choosing a lower than min ( ao, 5 ) , we have

lim P (V0 € Qo/H;(0) — H;}(80) <0) = 1.

Thus, there exists an(a) € Qq, ie.,

0, (a) — OOH < a such that HS(6) has a local maxi-

mum in an(a), ie.,

< mi c
Va <min | ag, — |,
= Ol

we obtain the required convergence

nan;oP () 0,(a) — 0*]| < a) = 1.
A.2 Proof of Theorem 3.2
We denote OH (6)

with H(0) defined in (6). A Taylor expansion of Hy (@) around 6", gives,

P 32H“(9)> 0
H? (0)=H; . (0")+ — 0, — 0
,J( ) J( ) k§1< 90,00y, 0:00( k k)

0°Hy () ) 0 0
= 6 09) (6, — 6
(aejaekael o—o- (0-0%) (00 = 07)

with 6% in the segment conecting 6 and 6*. It is clear that at the minimum RP estimator

~

the function H; vanishes, H ;(6,) = 0. Therefore,
r. (0°H ‘1(0)) ~
He (09 =— % (S <9a —90)
0= 5 (G )y, (o=

]_ p p 83H3(0) N . R |
- §k§=:u§::1 <69j89k@0l>9:0* (9a,k - ak) (ea,l - 91> .

1o (OVi(Y,0
o) = 3 (TR0
J 0=0y

1
2=

Using that

ni=1
it holds

7 (T )

zgl 80]

o Z\/ﬁzp: <§ak B 9’2) { a (aggjgéz))e:ao

k=1
I~ v 8%mm> - 0}
—= ——n Oy —60) ¢
2 ; ; (aejaekael oo ( ! l)
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If we denote,

\/>Z ( ak — 00)
82H3( ) 12 2 (9PHZ(0) ~ 0
Ajkn = = < 00;00y, )9:9 ik;l; (aejaekael> 0—o" (‘9‘” B 65) ’

1 & [OVi(Y, 0))
Tn=—22 (=)
’ \/ﬁz; < 08 6=6,

we can write

P
=1
Finally, we define the following vectors

Z’I’L = (Z1n7 ceey Zp’l’b)T 9
Tn — (Tlm ceey Tpn)T 5
An (A]kn) 1, :p7k 1,...p

It is clear that

T,=A,Z,

(G (). i ().,

fz 1( Ye))e:oo’

and it is a simple exercise to verify that V;(Y,0), i =1,...,n, are independent with

00 0=0,
and
Vargx <W> < 00.
00 0=6o

By Assumption C7. and applying the multivariate extension of Lindeberg-Levy central
limit theorem we get

1
-3 L
VP T, = N(0y, 1)

or equivalently

_1
Vit A, Z, 5 N(0,,1,).
n—oo

( 0P H2(6) )
90;00,90; ) g_g-

is bounded with probability tending to one. Therefore based on the consistency of Ba we

By assumption C5.,

have that the second term of Ajz, converges to zero in probability. Moreover

82H°(0) P
I i A W,).
( 00,00;, > oo, e ()i
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and hence

_1
Q.2 (A, —9,)Z, 5 0,
n—oo
Therefore,
1
-1 I
Q.79 Z, 5 N(0y,1I)

and finally

Q. w, (Ea ~67) & N(0,.I).

n—oo

A.3 Proof of Theorem 4.2
We have by (11) that
Vi@, —6%) 5 N(0,,%4(6%)),

n—oo

where X, (0%) = lim, o ¥,,(0*)92,,1(8*)®,,(6%). Therefore,
Vr(MT0, — m) f> N(0,, MTS,(0*)M).

As rank(M) = p, we have that
n(MT6, —m) (MTS,(0°)M) (M”80, — m)

converges in law to a chi-square distribution with p degrees of freedom. But under Hy,
2,(0°) = £,(6%), and thus W (8°) converges to a chi-square distribution with p degrees
of freedom.

A.4 Proof of Theorem 4.3

A first-order Taylor expansion of £(0) around 6" at 0. is given by
oo
06"

~

(B, — 0") + 0,(n"1/?).

~—

06, — ((6%) =

0=0*

Then the asymptotic distribution of the random variable \/7(8q — 0*) matches the asymp-

nggg) oo V(84 — 0* and the result follows.

totic distribution of the random variable

A.5 Proof of Theorem 4.6
We have by (11) that
Vi@, —0%) 5 N(0,,3.(6%)),

n—oo

where 3,(0*) = lim,, oo ¥,,(0°)Q,,1(6*)¥,,(6%). Therefore,
Vn(MT0, —m) & N(0,, MTS.(07)M).

n—oo

As rank(M) = r, we have that
n(MT6, —m) (MTS,(0°)M) ' (M"8, — m)

~

converges in law to a chi-square distribution with r degrees of freedom. But 3,(0,) is a
consistent estimator of 3,(0*), and thus W% (8,) converges to a chi-square distribution

with r degrees of freedom.
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A.6 Proof of Theorem 4.7

A Taylor series expansion of M0 — m around ,, yields

M"0, —m=M"6, —m+ M0, —6,)+ 0|0, — 0,]1)
=n ' 2MTd—m+ M" (6, — 6,) + o(||0a — Onl]1).

Using Theorem 6.2, \/n(6, — 6,,) L N(0,%,) and /no(|[0a — 0,]]1) = op(1), we get

*)
the asymptotic convergence e
\/H(MTéa) L NMTd, MTS,M).
n—o0

We now consider the random variable Z = \/nM T§a (M s, Mm )_1/ ? satisfying

z 5 N(MTs.M)

n—oo

P MTA L),

Hence, the asymptotic distribution of the quadratic form W = Z7 Z is given by a non-
central chi-square distribution with r degrees of freedom and non-centrality parameter

§=d"M[MT%,(0,)M] ' M"d.

A.7 Proof of Theorem 5.1

The IF of the functional T, (G1,...,Gy) with contamination in the ig-th direction will be
obtained replacing 020 and gj,  in @ and g;, respectively in the equality (20), differentiating
with respect to € and evaluating the corresponding equality in € = 0.

In (20) we replace 8 by 8 and g;,(y) by

Gig,e = (1 - E)gio (y) + €Ati0 (y)7

and for i # iy we consider the original g;(y). We get

12 [ fily, 00)  uiy, 00)dy 1 2 [ fily, 020)°gi(y)wily, 02)dy
ni=1 [ fily, 00)1+edy N i ffz y,02)g:(y)dy
S iy 02)% g1 < (W) iy (v, 02)dy

I fio(y,02)2giy < (y)dy

Now, we denote

J fily, 02) T u;(y, 00 )dy

(@ ,
Cz,a( € ) ffz v, OZO)H_ady
v gy J Jily 020)gi(y)uily, 02 )dy
(o
Cal0) = [ iy, 02)gi(y)dy |
C** (010) — fflO y7 9;0) gZOas(y)uZO(y70/éO>dy

[ fio(y,02)%giy < (y)dy
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Therefore, (44) can be written as,

*ZCza 010 - ; Cz a(g’lo) - Sio, a(g’lo) = (45)

Now, we have

o 010 - L0 io )
CW </ fily, 02) ”ady> {[ (14« /fz y, 00)> o0y, 92) 99 ui(y, 0°)dy

0’0 Oe
i aa Oui(y, 0) 6020 i lta
/ﬁ L0t ﬁo ]/ﬁueo”dy
Oy ,0’0 aem :
—[a+a[/ﬁ@ﬁ?w filv. 62) }/};%eo @}
06"
and
aCi,a(aiO) o IF(tioyTaale---aGn)
9= | _, (f fily,0%)1+ady)”

x{k+m/ﬁ@ﬁwWﬁmmmmm@+/ﬁm “mW%]/ﬁ% o+ gy

—(1+a) (/ fily, 9)a+1w-(y,0)dy> </fi(y,0)a+1ui(y,0)dy>T}

_ IF( io)Ta7G17"'7Gn)
(] .08

with

Ain(0) = {(Ha)/fi(y,@)”“u;f(y, 9)ui(y,9)dy+/fi(y, "“M ]/f y,0)*dy.

Therefore,
O & ‘ n 8Cia<0?)
— ) 0 _ 96ialYe’)
Oe Z szo‘(es ) Z 5%
i=1 e=0 i—1 o
:IF(tio)TaaGl,...,Gn) Azza(e) .
i1 (] fily. 02)1+ady)
Now,
8C’La 010 ; 8 : ’07:0 8020 .
(/fz "o ) {[ /f’ 5,0)" 0l )fg;zo) 5o wily, 02)dy
i aui ,QZO 3910
/ﬁyeo 0,6%) ]/ﬁ%g o
az,w o0 o
[ /fz y,HZO gi ) fg;lo :|/fz y,ao dy},
This is,
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0¢ia(02) | IF(tiy,Ta,G1,...,Gn)
% | (ffz ,67)2g,(y)dy)”

{[/ﬁ i >w@9®+/ﬁyegl
_a(/fz dy) (/f i )dy> }

}/ﬁye 6i(y

(fﬁyﬂm (M@ZAW@)
with
{ /fl y,0)%gi(y)ui (y,0)ui(y, 0 dy+/fz y,0)"9i(y }/f Y,6)%9i(y)dy
—a (/ fi(y,0)%gi(y)ui(y, 0) dy> (/ fi(y. 0 gz(y)uz(y,b’)dy> .
Therefore,
NN P

= A7, (0)
; (f fily, 02)2gi(y)dy)*

= IF(tiy, Ta,G1,...,Gp)

In a similar manner,

061
e=0 de

eio,a(e)

YUk Oio = ’
Czo oz( ) e=0 (f fio (yv e)agio (y)dy)2

with
Cioa(0) = f1o(4,6) / Fio (9, 0)° i (1, 0)dy — fi (3, 0)usy (4, 0) / fio(4,0)°dy.

Therefore, equality (45) can be written as

1 ¢ A;o(0) A7 ,(0)
IF i0) Q,G,...,Gn — : — 2
o T G ){”;[(ffz‘(y,5’)”‘3“619)2 (ffi(yﬁe)agi(y)dy)zl}
iy, (0) _ o
(f Fio (4, 0)°gio (y)dy)
Finally,
_ _ei a(a)
IF(tiy, To,G1,...,Gn) = (M, 4(0))" 0, ,
( 1 )= o ( fio(yva)agio(y)dy)2
where

1 (0 A7 (0)
_ Ez (0)

o L fz 0)edy)’ ([ fi(y,0)*gi(y)dy)’
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A.8 Proof of Lemma 6.1

This proof is very similar to that of [12] (Lemma 6.1).

A.9 Proof of Theorem 6.2

The consistence follows directly from Lemma 6.1 and Theorem 3.1, while the asymptotic
distribution is obtained applying Lemma 6.1 and Theorem 3.2 to the MLRM.
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