MULTILINEAR EXTENSIONS OF GROTHENDIECK’S
THEOREM

FERNANDO BOMBAL, DAVID PEREZ-GARCIA, AND IGNACIO VILLANUEVA

ABSTRACT. We introduce a new class of multilinear p-summing operators,
which we call multiple p-summing. Using them, we can prove several mul-
tilinear generalizations of Grothendieck’s “fundamental theorem of the metric
theory of tensor products”. Several applications and improvements of previous
results are given.

1. INTRODUCTION AND NOTATION

In [7], Grothendieck stated what he called “the fundamental theorem of the
metric theory of tensor products”, to be known later as Grothendieck’s Theorem
or Grothendieck’s Inequality. In [8], Lindenstrauss and Pelcyriski gave a detailed
proof of this result and stated some of its consequences and equivalent formulations,
making use of the theory £,-spaces and using also the p-summing operators recently
introduced in [14]. Since then, several equivalent formulations and different proofs
have been obtained. [5] and [16] provide excellent expositions on this and related
topics.

Grothendieck’s Theorem can be seen as a matrix inequality associated to certain
bilinear operators. In the seventies, several authors investigated multilinear exten-
sions of Grothendieck’s matrix Inequality (see, for instance, [2], [3], [19] and the
references therein).

Later on, motivated by the growth of the multilinear and polynomical theory
of Banach spaces, different authors started the study of the p-summing multilinear
operators between Banach spaces (see [1], [6], [10], [15], [17]). For some of these p-
summing multilinear operators a factorization result extending Pietsch Domination-
Factorization Theorem [5, Theorems 2.12 and 2.13] holds, but no multilinear version
of Grothendieck’s Theorem in terms of these operators is known, except for a special
case presented in [2] (see also [11]).

In this note we introduce a new definition of p-summing multilinear operators
(although the origin of this definition can be found in [17, Definition 3.6]), which
we call multiple p-summing operators. In this paper we focus on Grothendieck type
theorems related to this class. As this kind of theorems shows that the class is, in
some sense, big enough, their interest stems from the fact that this class is actually
quite small. For example, the Aron-Berner extension of any of these operators
remains in the image space and, on L., spaces, multiple 1-summing operators are
exactly the integral operators (see [20]). For these and other results associated to
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this class of multilinear operators, we refer the reader to [12] and [13]. Thanks to
this behavior, our feeling is that, for many applications, this might be the “right”
generalization of the definition of p-summing operator.

The paper is organized as follows. In Section 2 we define multiple p-summing
multilinear operators and prove the basic properties we later need. In Section 3 we
prove that every multilinear operator from the product of L..-spaces to a cotype
2 space is multiple 2-summing. With the techniques developed, we obtain great
improvements of [4, Theorem 6] and [4, Corollary 7]. In Section 4 we generalize
Krivine’s version of Grothendieck’s inequality. As an application we give a sim-
pler proof of one of the multilinear Grothendieck’s inequalities stated in [19]. Our
proof works for both the real and the complex case and it shows that the constant
involved, K{, is optimal, improving therefore the previous proofs (Tonge’s proof
works only in the complex case and gives a worse constant and Carne’s proof, al-
though it gives the same constant, is not as simple and does not allow to obtain
easily the optimality of the constant). In Section 5 we show that every multilinear
operator from the product of £i-spaces to a Hilbert space is multiple 2-summing,
which can be regarded as an extension of the “little Grothendieck’s theorem” [16,
Theorem 5.10]. Using that and a composition theorem, we show that every such
multilinear operator is actually multiple 1-summing, which extends another equiv-
alent form of Grothendieck’s Theorem ([16, Theorem 5.12]). As an application of
this we state another multilinear generalization of Grothendieck’s matrix inequality
which seems to be new.

The notations and terminology used along the paper will be the standard in Ba-
nach space theory, as for instance in [5], which is our main source for unexplained
notation. This book is also our main reference for basic facts and definitions con-
cerning most of the topics in this paper. However, before going any further, we
shall establish some terminology: X;, Y will always be Banach spaces. As usual,
X1 ®r -+ ®p X stands for the projective tensor product of the Banach spaces
Xi,...,Xg. Continuous k—linear mappings between Banach spaces will be called
k—linear operators. Given a Banach space X, X* stands for its topological dual
and B(X) or Bx denotes its unit ball.

Given X and 1 < p < oo, we say that a sequence (z,), C X is strongly p-
summable if (||z,|)n € €. We denote by ¢,(X) the Banach space of all such
sequences endowed with the norm

We say that (z,,), is weakly p-summable if, for every z* € X*, ((z*,zp))n € £p.
We call £ (X) the Banach space of all such sequences endowed with the norm

1

”(xn)n”; = sup <Z<.T*,Z‘n>p> :x* € Bx~

n

Given 1 < p < g < oo, we write II,(X,Y’) for the Banach space of the p-
summing operators from X into Y, and Il ,)(X,Y) for the Banach space of the
(¢, p)-summing operators. GivenT' € II,(X,Y"), m,(T) denotes its p-summing norm.
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We will note by Kgr and Kg ¢ the least constants for which, in the real and
in the complex case respectively, Grothendieck’s inequality is valid as stated for
instance in [5, 1.14]. We will simply use K when referring to both cases.

Let 1 < p < oo and A > 1. A Banach space X is said to be an £, » space if every
finite dimensional subspace F C X is contained in a finite dimensional space F' C X
for which there exists an isomorphism v : F — (5" such that [Jo|[[o™] < A.
We say that X is an £, space if it is an £, » space for some A > 1. Clearly, L, ()
is the basic example of an L,-space.

3 M1y, Mn
Given n,mi,...,mn €N, (i) 4, )5, 077

the index i; varying from 1 to m; (1 <j <n). )

denotes a multiindex sequence with
Mi1,...,Mn . )
i1seeyin=1Li1,sin

as ZZ”:I e Z?Z"Zl Ziy ..., - Further notation will be introduced when needed.

means the same

2. DEFINITIONS AND BASIC FACTS
We start with our definition.

Definition 2.1. Let 1 < ¢1,...,¢, < p < +oo. A multilinear operator T : X; X
<o x X, — Y is multiple (p;q, ..., qn)-summing if there exists a constant K > 0
such that, for every choice of sequences (z )Z;l C X the following relation holds

J

mi,...,m P

" 1 n p J \™Mj w
M) ST < K TN
j=1

01,0 nyin=1
In that case, we define the multiple (p;q1,. .., gn)-summing norm of T by

7T(p;q17.__7qn)(T) = min{K : K verifies (1)}

Some comments are in order:

If g¢; > p, only the zero operator can satisfy (1). This is the reason to introduce
the hypothesis 1 < q1,...,q, < p < +00.

A multiple (p;q, ..., q)-summing operator will be called multiple (p, q)-summing
and we write 7, q) for the associated norm. Moreover, a multiple (p,p)-summing
operator will be called multiple p-summing and we write m, for the associated
norm. We have that the class 17 (X1,...,X,;Y) of multiple (p; g1, ..., qn)-

(P:q15--+,qn)
summing n-linear operators is a Banach space with its associated norm 7,4, ....4.)-

Just as in [11, Prop. 3.2, 3.4] we obtain the following proposition, which allows
us to consider either finite or infinite sequences in the definition of our operators.

Proposition 2.2. Let 1 < q,...,q, < p < +0o and consider a multilinear opera-
torT: Xy X ---x X, — Y. The following are equivalent.

i) T is (p;q1,- -+, Gn)-Summing. ‘

ii) For every choice of sequences (x{))fj"zl € (5 (X;), we have that

(T($1117 s 7x’£i,,))§>f,...,i,,,:l € gP(N X n’ XN; Y)

In that case, we obtain that the induced multilinear mapping

Tl (Xq) % - x 02 (Xp) — Lp(N x -, xN;Y)
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given by T((x} )7y, ..., (@] ) ) = (T(xf,,--.,2 ), _y is continuous and

11=1> 1n=1 7117

verifies ”TH = 7"'(;D;qu---,qn)(T>'

As in the linear case, we have a composition theorem, which shows the good
behavior of this class in relation to the p-summing linear operators. This result,
from which we obtain a sharp result in the last section, is also applied in one of the
main results in [12].

Theorem 2.3. Letu; € I1y(X;,Y;) and T € I (Y1,...,Yn;Z) and let 1 <r < +o0
be such that + = % + %. Then S = T(uy,...,uy) is multiple r-summing and

™ (8) < mp(T) [Ty mq(uy)
Proof. The proof follows along the lines of [5, 2.22]. We consider (xfj)fle €
B(¢¥(X,)). By [5, Lemma 2.23], there are sequences (afj)f_le € B(¢,), (yf])f]o:l €
£,(Y;) such that uj(xfj) = aijfj and ||(yf])f;’:1||; < mg(uy).

As

"=

oo

Yo Ty )IP ) < (D) T o)
j=1

B1y00yin =1

and % + g =1, a straightforward use of Holder’s inequality gives

r

Yo Sl 2T | < m(D) [T maluy)
j=1
(]

To finish this section we are going to state our main tool in the subsequent study
of this class of operators. The proof follows immediately from the definitions.

Proposition 2.4. Let T : X; x --- x X;, — Y be a multilinear operator and let

1<q1,...yqn <p < o0. The following are equivalent
i) T is multiple (p; q1, - - . , Gn)-Summing
ii) There exists a constant K > 0 such that for every ma, ..., m, € N and every
choice of sequences (mfj):”:l C X, with ||($Z7)?:]:1H‘;J <1 (2<j<n), we

have that the associated linear operator
S Xl — [;n?mn(y)
given by
S(w1) = (T(x, 22, 2l )2

in//i2,..in=1

is (p, q1)-summing and verifies

(2) Tpar)(S) < K
In that case, T(piq,.....q,)(T) = min{K : K verifies (2)}
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3. MULTIPLE SUMMING MULTILINEAR OPERATORS ON L., SPACES

We state now a Grothendieck type theorem for multiple summing multilinear
operators.

Theorem 3.1. Let X; be a Lo x;-space for 1 < j < n and let'Y be a space with
cotype 2. Then, every multilinear operator T : X1 X --- X X,, — Y is multiple
2-summing and

m(T) < K [T IT

j=1
where K,, = (BsC2(Y))?", with Co(Y) the cotype 2 constant of Y and By the
constant of Khintchin’s inequality [5, page 10].

Proof. We are going to proceed by induction. For n = 1, the result is known (see
[5, Theorem 11.14]).

Let us suppose then n > 2 and that the result is true for n—1. We are going to use
the previous proposition. We consider ms, ..., m, € N and sequences (xf])zljzl -
X;, with ||(aci7)zl’:1|\‘§’ <1(2<j<n). We want to see that the associated linear
operator

S Xy — 05 (Y)
given by
S(xy) = (T(21,27,, ... 2l )2y
verifies that mo(S) < K.

By the n—1 case, we have that, for all z; € Xy, the operator T,;, = T(x1,+,...,):
X9 x -+ x X,, — Y is multiple 2-summing and

m2(Te,) < Koot [T AT, | < K TT AT 1
j=2 j=2

So, for every x; € X1,

IS0 < mo(Tiy) < Kot [T A 1T 21l

j=2
and then

151 < Kea JT AT

=2

Now, using [5, Theorem 11.12], we now that ¢35 (Y") has cotype 2 with constant
Co(£327™(Y)) = Ca(Y). Then, from the n = 1 case, we obtain that S is 2-
summing and

ma(8) < Kakuoy [T NITN = K TT AT
j=1 j=1
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See [12, Remark 3.9], where we solve a question stated in [17], for a direct
application of Theorem 3.1.

Following the same reasoning we can prove the following improvement of [4,
Theorem 6]

Theorem 3.2. Let X; be a Banach space for 1 < j < n and let Y be a cotype
q space. Then, every multilinear operator T : X1 X --- x X,, — Y s multiple
(g, 1)-summing and

T(q.n)(T) < Cq(Y)" [T
where Cy(Y') is the cotype q constant of Y.

The proof is quite similar to the proof of Theorem 3.1, the only difference is to
use in the induction step the following

Lemma 3.3. Let X,Y be Banach spaces, where Y is a cotype q space, and let
(Q,%, 1) be a measure space. Then, every linear operator T : X — Lg(p,Y) is
(g, 1)-summing and verifies that

T(g.)(T) < (V)T

Proof. Let (z;)7, C X. Since the formal inclusion L,[0,1] < L2[0, 1] has norm 1,
we have that

Zum |q—Z/||Txl G dy < Cy(v // I7( Zn 21)(w) | dtdp

< Cq(Y)qllTHqA | Zm(t)mil\th < CIWITN (1) lI7)*

i=1
(]

As an immediate consequence, we obtain the announced great improvement of

[4, Corollary 7]
Corollary 3.4. If ¢ > 2, every multilinear operator T : co X - -+ X cg — {4, verifies

q

] <7l

Z HT(eiU...,ei")

U1 yeenyin 21

This corollary can be seen as a vector valued generalization of Littlewood’s in-
equality (see [4] and the references therein to see this theorem and the history and
importance of this kind of results):

Theorem 3.5 (Littlewood-Davie-Kaijser). If T is a continuous n-linear form on

co, then
ntl

oo 2n

2n_ n-1
Yo Tl e ) <2 =T

i1yeenin=1
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In fact, using the Littlewood-Davie-Kaijser inequality, it is not difficult to obtain
. . . on .
that every m-linear form on the product of Banach spaces is multiple (T-Cu 1)-
summing (see [12] for details).

4. BANACH LATTICES AND MULTILINEAR GROTHENDIECK’S INEQUALITY

We can improve our Theorem 3.1 if we consider the spaces to be Banach lattices.
To this end, we consider, for n € N and for L a Banach lattice, the vector space

(L) = {(x1,...,2n) : ; € L}, with the norm given by

Il = | (Z mv’) N

i=1

and with the order given by

(xi)iey < (yi)iey < x; <y, for all ¢

It is easy to see that ¢7'(L) is a Banach lattice.
For our purposes it is enough to know (see [9]) that

<Z |x1|p> = Sup{z a;T; . a; € Bg;@}

i=1 i=1

where the supremum is in the lattice sense (this supremum exists for every lattice)
and % + ﬁ = 1. Of course, when L is some C(K) or L,(u), it is easy to see that

(i P )% coincide with the alternative pointwise definition.

Following [5, page 327], if L is a Banach lattice and 2 € L we will note the ideal
generated by x as I(x). We know that I(z), with a suitable norm and the order
inherited from L, can be identified (as a Banach lattice) with a C'(K) space.

The following simple lemma is probably known, but we have not been able to
find a reference for it. We state its proof for completeness.

Lemma 4.1. Let L be a Banach lattice, 1 < p < oo and n,m € N. We have that

em(en(L)) is identically isometric (as Banach lattice) to £x™(L).

1
Proof. For (z;;);Z, C L, we set x = (Zznjzl |£Cij|p)p € L. So the norm of

—_~—

(zij)iyZy C Linfpm(L) is just ||| z. Now, we know that the norm of (x;5);2, C L

—_~—

in (€ (L)) is

m
sup{z a;T; :a; € ng;}

i=1

£3(L)
—_ —_

where z; = (2;;)7_; € £;(L). By the definition of £(L), it is easy to see that
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m m n
sup{z ;T a; € Be;j;} = (sup{z a;T;; 1 a; € Bg:;}>
J

=1 1=1 i=1
n

(Z |$z‘j|p> € Ly (L)
=1

j=1

p .
) , we have that the norm of (z;);"/Z, in

1|p
Then, if z = (Z?:l ‘(221 |lzi5|P)®

em(ln(L)) is just |[z]|z. As it is trivial that, in I(z V 2),

1P

1 1
n m 3 P m,n p
S| () | ) (3w

j=1| \i=1 1,5=1

we can conclude that = z (i.e. that the above is also true in L) by the following
simple

1
Claim: Let (L, ||-||) be a Banach lattice, 21, ...,z, € Land z = (3 1, |2;|P)” €

L. Let us suppose that I is an ideal of L such that there exists a norm ||| - ||| that

makes (5, ||| - |||) a Banach lattice with the inherited order. Then, if z € I, we have
1

that z1,...,z, € I and that the element (3.7, [2;[P)” in I is just z. O

In order to apply our results in the complex case too, we have to define the
complexification of a Banach lattice. Following [9, page 43] or [18, II.11], given a
Banach lattice L, we define its complexification LC as L& L with the scalar product
given by (a + ib)(z,y) = (ax — by,ay + bzx) and the norm given by ||(z,y)| =
[[(z,y)]||z, where the absolute value is defined as |(z,y)| = (|z|* + |y|2)% € L.
Given z = (z,y) € L, we will note Re(z) = x and Im(z) = y.

As expected, the complexification of L, (u) or C(K) are the corresponding com-
plex spaces.

The main theorem of this section is the following generalization of the Krivine’s
version of Grothendieck’s theorem.

Theorem 4.2. Let L;, L be Banach lattices.

(1) Let (2 )", C L;. Then, every multilinear operator T : Ly x---x L, — L

15 Zj:1

verifies that

2
M,y My,

n m;
Yo T a )P | < Ke:ITITT{ D2 1201

i1yeenin=1 Jj=1 =1

1
2

(2) Let (zf])Z”:l C L;C». Then, every multilinear operator T : LT x -+ x LS —

LE verifies that
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My y My n

m
S OrGEh )P | | < KacTI T S 1P

i1yenin=1 j=1|| \4i;=1

2

[N

Proof. The real case is an immediate consequence of Krivine’s theorem (see [9,
Theorem 1.f.14]), Lemma 4.1 and the induction techniques used in Theorem 3.1 or
in the complex case below. Let us prove now the complex case.

Following the reasonings of [9, Theorem 1.f.14], and using Lemma 4.1 when
needed, it is not difficult to prove the case n = 1. We suppose then n > 2 and
the result to be true for n — 1. Let us consider Banach lattices L1,..., Ly, L and a
multilineal operator T': LT x -+ x Ly — L®. Let us fix (2] );"L; C L; such that

J

—_~—

C
By the linear case, the linear operator S : LT — (Z;”z'”m" (L)) given by

S(zY) = (ReT(2', 23, ..., 20 )i (ImT (24, 20, 2 )2y )

a9 in/)in,.in=1> ) in))in, ... in=1

satisfies

<Z|5(231)I2> < Ke.cllS|l

i1=1

By Lemma 4.1 and the arguments therein, we have that

1
mi 2 my,...,Mn 2
( |s<z;1>|2) S 0P
] _

1=

and that

(3) 18EYI = [|[(1ReSENE + 1mSEP) | = I(TE 22, )

i) in

)ml,...,mn
12 yeeeyin=1

To conclude, we can use (3) and the n — 1 case to prove that ||S|| < K¢
O

We can obtain immediately an improvement of the constant in Theorem 3.1 for
the most important case.

Corollary 4.3. Let X be a Lo x, space for 1 < j <n andY a L1 space. Then,

every multilinear operator T : X1 X --- X X, — Y is multiple 2-summing and it
verifies
(4) m(T) < K& [T M7l

Jj=1
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Proof. By a localization argument, all we have to do is to prove (4) in the case
X; = (5 and Y = ¢%. But this is trivial, using Theorem 4.2 and the fact that

3
|

. . . w . ) )
Sl ) | = @) foran @], <

1

m 2
(E ||in|2> for all (yi)2; C ¢
=1

D
1
=
o
N——
N
Y

O

We can now give an alternative proof of one of the known multilinear extensions
of Grothendieck’s inequality (see for example [19, Inequality C(r)]). Our proof is
quite simple, it covers both the real and complex case and it shows clearly the
optimality of the constant.

Corollary 4.4. Letn > 2 and (ail,,_”in)ml’”'-’m" C K. Let us consider sequences

U1 yeeyin=1
()i © B, (@) © BUG') and (bi,)im, © B,
Then the following holds

M1 yeeeyMp, ki,.skn—1
1 n—1
E Gy E zi (r1)al (rn—1)bi, (P, 1) | <
1] yeeesin=1 T1yeeym—1=1
mi,...,Mn

Kg_l sup Z aily__”intil .. tzn . |t“| S ]., ey ‘t1n| § 1

Moreover, the constant Kg_l is optimal.

. . m My —1 My 1 n—1y _
Proof. Let us consider T': €301 X -+ X Log" " — £1"" given by T'(e; ..., e} ) =
Mn A . N
Zinzl iy .. i ef, - We know that
mi,...,Mn

ITI = sup{| D i intiy ot 2 [t <1 [t < 1)

D150y in=1

For every j € {1,...,n — 1} we consider the sequence (yﬁj)ijzl C (5 defined
by yl.(ij) = xzj (r;). Since (2 )iyl C B(Y7), we have that

J

2

kj
DL | <1

T‘j:l
and Theorem 4.2 tells us that

ki,ookn_1 2

Yo Ty P | < K&

Tl Tn—1=1
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Now, it is not hard to see that

ki,oonkn_1 2

o T@ P | =

’I“l,...,’l“n_lzl

Mo, MM —1

kiyeoykn—1
= sup Z Z Ci, (115, Tn-1) Z ail,...,inyil (i1) - ~yl’;11 (in—1)

in=171,...,rpn_1=1 i1yeensin_1=1

where the supremum is taken over all the sequences ¢;, € B(Eglmk"’l), SO we are
done.

To see the optimality of the constant, we note that the argument above can
be reversed. So it is enough to find, for each ¢ > 0, natural numbers m;, k;,

sequences (yﬁj)f;zl C {od with H(yﬁj)fj’:lﬂ‘g < 1, and a multilinear operator T :
M0 x X o™ — 7 with | T|| = 1 and
1
kiyeeskn—1 2

DD A AN i | > (Kg—e)"!

Ty, Tn—1=1

By the linear case (n=2 above) there exists a linear operator R : {3} — (3
with ||R|| = 1 and a sequence (y,)¥_; C ¢7 with ||(y)%_,]|$ < 1 and such that
1

I (Zle |R(yr)\2) : || > K¢ —e. To finish, we just need to consider m; = m,k; =k

n—1

for1<j<n-—1,m,=s""1 yl =y and

T:R®"'®R:£$X”'ngré*)éi@w'“@ﬂﬁ:ﬁn_l

5. MULTIPLE SUMMING OPERATORS ON £; SPACES

In this section we extend a famous result of [8] stating that every linear operator
from L; (i) to a Hilbert space is 1-summing, with 71 (T") < K¢||T|| (see, for instance,
[5, Theorem 3.1] or [16, Theorem 5.12]).

We need first

Theorem 5.1. Let X; be a Ly x;-space (1 < j <n) and let H be a Hilbert space.
Then, every multilinear operator T : X1 X --- X X, — H is multiple 2-summing
and

m(T) < Kg [T NI
j=1

. 1
where Kq is (g) 2 in the real case and % in the complex case.

Proof. The proof is again an application of Proposition 2.4, using the same inductive
techniques as in the proof of Theorem 3.1 and using [16, Theorem 5.10] for the case
n=1. ([l

Now we can prove
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Theorem 5.2. Let X; be a Ly x;-space (1 < j <n) and let H be a Hilbert space.
Then, every multilinear operator T : X1 X --- X X, — H is multiple 1-summing
and

(1) < (Kaka) T[N
j=1

Proof. By a standard localization argument, we can suppose that X; = Elfj. Let
T : 0% x ... x £¥» — H be a multilinear operator and let us choose m; € N and
sequences (x] )", € £, with [[(2] )], ¢ <1 (1 <j <n).

15 ij:l
For each j € {1,...,n}, let us consider the operator u; : 0y — f’f'j defined
by wj(e;;) = ;. Then [u;| = ||(acfj)Z”=1H‘f < 1. Therefore, by [5, Lemma 3.6],
7T2(Uj) < KG.
We consider now the operator S = T'(uy,...,u;) : €0 X -+ x {2 — H

According to Theorem 5.1, we have that

mo(T) < K&||T||
So, Theorem 2.3 tells us that

m(9) < (Keke) IT]

mj
ij=1

Therefore, using that ||(e;;); 2,[|{ = 1, we conclude

mi,...,m mi,...,m

Yoo TGt = YD IS(ens el <

i1,ein=1 i1y0enyin=1

< m)llea) g - les, )7l < (Reke) 1T,
(]

Remark 5.3. We have deduced Theorem 5.2 from Theorem 5.1 and Theorem
2.3. Note that, since we have not yet been able to prove an inclusion theorem,
Theorem 5.1 does not follow, at least not trivially, from Theorem 5.2. Note also
that the linear version of Theorem 5.1 corresponds to the “dual” version of the
“little Grothendieck’s theorem” (see [16]). Finally, we want to remark that the
constant we get in Theorem 5.2 is far from optimal when n = 1. We think the
constant should be K H;-Lzl Aj, but we have not been able to prove this.

Remark 5.4. In the results above, we can change (the constants will also change)
each Li-space by any G.T. space with cotype 2 (see [16, Chapter 6] for definition
and references). Note that, to our best knowledge, there are not known examples
of G.T. spaces without cotype 2.

As mentioned before, there are several generalizations of Grothendieck’s matrix
inequality ([3], [19]). Next we state one more such generalization, apparently new.
Standard techniques show that this inequality is equivalent to Theorem 5.2.
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Theorem 5.5. Let n > 2. For every | € {1,...n}, let (a; ;)" C K be a
matriz such that

i1

Pr,qi
sup Q| Y i gtit) |t [t | S L[ <1 <1
i, 51=1

For any given Hilbert space H, consider sequences (zi,,. i ) P, C By,

B1yeeybn=

(yjl,...,jn)%m’q":l C By. Then

J1s--5dn

P1s--5Pnsq1---5qn n
a’ilvjl e a’invjn <xil7---7in7yj17~--7jn> S (KGKG>

U1 yeensin,J1eJn=1

To finish, let us mention that Theorem 5.2 is also equivalent to saying that, for

any measures f1, . . ., jin, if the sequences (z} )i, C L1() (1 <1 < n) are weakly
summable, then the sequence (z} ® - ®@ &} )i, . 4, C L1(p1) @r -+ @r L1 (pin) =
Li(py X -+ X uy) is also weakly summable. The interested reader can check that

this, in turn, can also be read as an inequality concerning certain matrixes.

10.
11.

12.
13.
14.

15.

16.

17.

18.
19.
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