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ABSTRACT

We use mutually delayed and partially overlapping optical pulses, similar to those used in stimulated Raman adiabatic passage and
its variations, for the coherent control of quantum dot spin states in the Voigt geometry. We consider the quantum dot system
initially in an incoherent mixture of the two electron-spin states. We show that the application of regular delayed and partially
overlapping pulses can lead to initialization. In addition, if initially delayed, partially overlapping, and simultaneously switched off
pulses are applied, the initially incoherent mixture can be changed to a specifically designed coherent superposition state. We also
find that due to the initial conditions of the studied quantum system, the proposed methods work for different pulse orderings.
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I. INTRODUCTION

Electron and hole spin states in semiconductor quantum
dots (QDs) are very important in quantum information tech-
nologies.' Their manipulation can be efficiently achieved using
optical methods, e.g., by the application of electromagnetic
pulses. This has been verified, for more than a decade, by a
series of important experiments for the coherent manipula-
tion, measurement, and entanglement of individual spins in
optically active quantum dots.”” A particular system that has
attracted significant attention in this research area is based on
the spin states of a quantum dot in the Voigt geometry (see
Fig. 1). Numerous novel experiments’™ and several theoretical
proposals'®~*® have been devoted to this system.

An interesting problem for the quantum dot electron spin
states in the Voigt geometry is the initialization, i.e., the prepa-
ration of one of the two electron spin states starting from an
equal incoherent mixture, which is the natural initial state of
the system. The main proposal for initialization involves the
application of a single laser field and is based on the optical
pumping process.”” This process can be accelerated by using
the Purcell effect through integration of the quantum dot
structure with semiconductor microcavities,” photonic crystal
nanocavities,”” and plasmonic nanostructures.”>** Another

important problem is the coherent manipulation of the electron
spin states and the creation of specific superposition states
or, in general, optically controlled spin rotations,'®07*%2%%/
Starting from an incoherent mixture, specific coherent super-
positions of states can be achieved by the application of two
optical pulses in two-photon resonance and using the phe-
nomenon of coherent population trapping."'’ The more
general optically controlled spin rotations can be achieved
by the application of two far-detuned optical fields in a
Raman-type transition scenario”*’ or by the application of spe-
cifically designed short pulsed fields with near resonant cou-
plings."**>** In the latter proposal, interesting results have been
obtained for hyperbolic secant electromagnetic pulses.'®****

An important method in the area of optical control of
quantum systems is stimulated Raman adiabatic passage
(STIRAP).”’"*' In its original scheme,”* STIRAP uses two mutu-
ally delayed and partially overlapping laser pulses of specific
time-ordering, at two-photon resonance, for the adiabatic
transfer of population between the two lower states of a
A-type quantum system. STIRAP and its basic variation, frac-
tional STIRAP,**™* where the two optical pulses are initially
delayed but are switched off simultaneously, have found
numerous applications in the control of quantum, and many
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FIG. 1. (a) Four level scheme illustrating the ground and excited states of self-assembled QDs. Ground (and excited) states share the same energy. These states can be
driven by circularly polarized laser fields in the absence of an external magnetic field. (b) The application of an external magnetic field perpendicular to the growth axis pro-
duces Zeeman splittings that lifts the degeneracy of ground and excited states. Transitions |2) < |3) and |1) < |4) are driven by a x-polarized laser field, while transi-

tions |1) < |3) and |2) < |4) are driven by a y-polarized laser field.

30,

other, structures.””**° In contrast to resonant techniques,
adiabatic processes, like STIRAP, do not require specific pulse
areas or pulse shapes and are robust in the weak to moderate
fluctuations of the parameters of the electromagnetic fields
and the quantum systems. Also, in comparison to far-detuned
Raman-type transitions, which, in general, induce weak cou-
plings and unwanted energy shifts, STIRAP induces strong
couplings and works very efficiently in resonant situations,
without populating the intermediate excited state, if the adia-
batic conditions are met. That is why STIRAP is very useful
in situations where the initial and target states interact via a
lossy intermediate state. STIRAP and its many variations work
with the application of the optical pulses in pure initial
quantum states, and in the vast majority of studies, only one
of the lower states is initially populated, as pulse ordering is
rather important.”? ™!

The applications of STIRAP in semiconductor quantum
dots have been analyzed in various coupling configurations, and
several applications have been proposed, including manipula-
tion of quantum states, creation of entanglement, and single-
electron transfer.”*"~*® For a positively charged quantum dot
in the Voigt geometry, Sun et al.”” proposed a delay-dependent
non-Abelian geometric phase, which is produced by a non-
adiabatic transition between two degenerate dark states. Their
method works as a two step-process, with first initialization via
optical pumping” and then applying three laser pulses in a
general tripod-type configuration and using STIRAP.

In this article, we propose to use mutually delayed and
partially overlapping laser pulses, similar to those used in
STIRAP and fractional STIRAP, for the optical control of
quantum dot spin states in the Voigt geometry. Here, the
quantum dot system is taken initially in an incoherent mixture
of the two electron-spin states. We show that the application
of regular delayed and partially overlapping pulses, similar to
those applied in original STIRAP,*” can lead to initialization. In

addition, if initially delayed, partially overlapping, and simulta-
neously switched off pulses are applied, similar to those
applied in fractional STIRAP,” the initially incoherent mixture
can be changed to a specifically designed coherent superpo-
sition state. The latter occurs without the prerequisite of a
previous initialization. Furthermore, we find that, due to the
initial conditions of the studied quantum system, the proposed
methods work for different pulse orderings. The dependence
of the efficiency of the proposed method on the parameters of
the system is also discussed.

The article is organized as follows: In Sec. 11, we describe
the quantum dot system, the applied optical pulses, and the
density matrix equations for the interaction of the quantum
dot with the optical pulses. Then, we solve the density matrix
equations numerically and present in Sec. 111 results for initiali-
zation and creation of coherent superposition states for
several system parameters. We also offer an explanation of the
behavior of the system and analyze the dependence of the
proposed method on different systems’ parameters. Finally, in
Sec. [V, we summarize our findings.

Il. THEORY

We consider a singly-charged self-assembled QD with
growth direction along the z-axis. The ground spin states are
labeled [1,) =||,) and |2,) =|1,), while the excited trion
states are ‘4Z> = | lz Tz U’z> and |3Z> = ‘ lz Tz Trz> Here7 ﬂz (‘U‘Z )
and 1, (], ) denote a heavy hole and an electron with spins
along (against) the z-axis, respectively. The energy level
diagram of such kind of QD is depicted in Fig. 1(a). The optical
transition [1;) < |4:)(]2;) < |3;)) is driven by a o~ (o) polarized
laser field, while due to selection rules, transitions |1;) < |3;)
and |2,) < |4,) remain dark.

The application of an external magnetic field along the
x-axis, in the so-called Voigt geometry, lifts the degeneracy of
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electron/hole levels. The external magnetic field also causes
a reference frame transformation from the z-axis to the
x-axis and we get [2)=|1.)=1/v2(|1,)+]|l,) and
=11l =1/v2(1,) —|1l.). Now, each ground state is
linked to the two excited trion states (|4) =| [,T<{,) and
I3) = lx1xMy)) via linearly and orthogonally polarized transi-
tions as depicted in Fig. 1(b). The vertical transitions (|1) < |4)
and |2) < |3)) can be driven with a linearly x-polarized ()
electromagnetic field and the diagonal transitions (|1) < |3)
and |2) < [4)) with a linearly y-polarized (zy) electromagnetic
field. We consider that the quantum dot interacts with two
linearly polarized pulsed laser fields with orthogonal polariza-
tions; the field with frequency w, (wp) is a 7 (7y) field.

The Hamiltonian that describes the interaction of the
optical fields with the quantum dot system, in the dipole and
rotating wave approximations, is given by

4
H=) houn)n|—h {Qa(t)e‘i”’“tl4> (1] + Qq(t)e (32|
B o
+ Qe [3) (1] + Qy(t)e ! [4)(2] + H.c.|.

Here, hw, with n =1—4 is the energy of state |n). Also, Q,(t),
Qy(t) are the complex time-dependent Rabi frequencies
defined as Qq(t) = Qufa(t), Qp(t) = Qpfy(t), with Q; =Q,
Q, = Qe ', where ¢ is the phase difference between the two
pulses, and fa(t), fy(t) are the dimensionless envelopes of the
pulses with frequencies w,, @y, respectively. The Hamiltonian
of Eq. (1), after a transformation, using the unitary operator

. 4
u(t) = e 12 amilt " where o =a, o=04—op+ o]
a3 = w3+ 0, — w41, and a4 =0, +o;, gives the interaction
Hamiltonian

Hys = —h(oa — 0y — 02)[2)(2] - hw, - 0n)/3)(3
o~ 0n)4)(4] - h 201401
+ Ou(04) 2] + Qu(t)e om0 3) 2
+ Qy(t)eiCaen—onlt|3) (1] 4 H‘c} )

with opm = wn — om. Also, w2 (043) is the Zeeman splitting of
the single-electron spin states (heavy-hole spin trion states).
Using the Hamiltonian of Eq. (2), we obtain the equations for
the density matrix elements of the system. The explicit form
of the equations is shown in the Appendix.

We will assume that the two laser pulses are at two-
photon resonance, w, —w, = wp;. The dimensionless pulse
envelopes are taken as

falt) = sin (g)e*(f*trn/z)z/@ti), @3)

fy(t) = cos (g)e—(t—to—n/2)2/(2ti) 4 e (tton/2P /265 4)

where 7 is the pulse delay, t, determines the center of the
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laser pulses for n = 0, t, determines the width of the pulses,
and 0 < 6 < /2. For 0 = /2,

fa(t) = e_(t_to—ﬂ/Z)z/(Zti)Y fb(t) — e—(t—to+q/2)2/(2t2p)’ (5)

so the pulses become regular Gaussian-shape, and for n # 0
are applied with a time delay between them. For 6 # z/2 and
n >0, the laser pulses switch on with a respective initial
delay, but they switch off simultaneously. The latter coupling
can also be realized with interrupted laser pulses,”*™° but the
above choice of Egs. (3) and (4) gives a smooth realization of
the required evolution.”> We note that the present idea is not
limited to the above pulses; it may be realized with several
other pulse shapes as well.*’*0*>47

I1l. NUMERICAL RESULTS

In Figs. 2-6, we present calculations for the evolution of
the population of the four quantum states for different cases
of the applied optical fields. We assume that the excited trion
states decay to the ground spin states with the same popula-
tion decay rate I'. For these figures, and for the rest of the
article, unless stated otherwise, the parameters of the
quantum dot are taken as hI'=12ueV, hwy = 0.124 meV,
hwss = 0.078 meV (the Zeeman splittings correspond to mag-
netic field ~8 T), typical for InAs quantum dots.'”*” The laser
with frequency o, is taken at exact resonance with the transi-
tion |1) < |4), e.g., v, = w41, and the laser with frequency o), is
taken at exact resonance with the transition |2) < |4), e.g,,
o, = wgp. The parameters for the laser fields are taken as
Q=10ns7!, t, = 15ns, to = Stp, unless stated otherwise. In all
the calculations in this article, the quantum dot system is in an
initial incoherent mixture of the two electron-spin states,
Pu(0) =1/2, p2(0) =1/2, p33(0) = psy(0) = 0, and py(0) =0
withn # m.

In Fig. 2, we present the time evolution of the population
in the different states for the system interacting with Gaussian
pulses of Eq. (5) and the corresponding pulse envelopes. In the
first (second) case, the pulse with frequency o, (w,) precedes
that with frequency wq (wp) in both switch on and switch off
[see Figs. 2(a) and 2(b)]. The dynamics of the population in
Fig. 2(c), which corresponds to the first case, shows that the
population is partially transferred for short times to state |1),
but at later times, it is efficiently, almost completely, trans-
ferred to state |2). Also, in the early part of the evolution, state
|4) has some transient population; however, at later times, its
population remains negligible. A qualitatively similar behavior is
obtained in the second case, shown in Fig. 2(d), but now the
population is partially transferred for early times to state |2),
and at later times, it is efficiently, almost completely, trans-
ferred to state |1). With this method, the initialization of either
state |1) or |2) can be achieved.

Then, in Fig. 3, we present the time evolution of the pop-
ulation in the different states for the system interacting with
pulses with their envelope described by Egs. (3) and (4) and
the corresponding pulse envelopes. In the first (second) case,
the pulse with frequency o} (w,) precedes that with frequency
wq (wp) at early times and then both pulses switch off together
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FIG. 2. The pulse envelope, (a) and (b), and the time evolution, (c) and (d), of the population, p,,,(f) with n = 1 — 4, of states |1) (solid curve), |2) (dashed curve), |3)
(dotted curve), and |4) (dash-dotted curve) for Gaussian pulses of Eq. (5) with 7 = 3 ns for (a) and (c) and 7 = —3 ns for (b) and (d).

[see Figs. 3(a) and 3(b)]. In order to achieve this, for Figs. 3(a)
and 3(c), we use the envelopes described by Egs. (3) and (4),
while for Figs. 3(b) and 3(d), we use the form of f,(t) for f,(t)
and vice versa. In both cases, 6 = 7/4 and ¢ = 0. The dynamics
of the population in Fig. 3(c) shows a partial population transfer
for short times to state |1), but at later times, the population is
equally divided between states [1) and |2). Also, in the early
part of the evolution, state |4) has some transient population;
however, at later times, its population remains very small. A
qualitatively similar behavior is obtained in Fig. 3(d), with the
difference that the population is partially transferred for early
times to state |2), but at later times, in this case too, the popu-
lation is equally divided between states |1) and |2). Although, in
both cases, the population is initially and finally equally divided
between states [1) and |2), the initial and final states are
completely different, and this can be seen in Fig. 4, where the
time evolution of the coherence py,(t) is presented. It is clear
that initially we have a mixed state, while finally, a coherent
superposition of the form (|1) — |2))/v2 is formed.

The creation of a coherent superposition is also explored
in Figs. 5 and 6. Figure 5 presents results for the same parame-
ters as in Fig. 3(a) but with ¢ = #. The evolution of the popula-
tion is found to be the same as in Fig. 3(c), but in this case, a
coherent superposition of the form (|1) + |2))/v2 is created.
Also, in Fig. 6, we present results for the pulse envelopes and
the time evolution of the population of all states and the

coherence py,(t) for the same parameters as in Fig. 3(a) but
with 6 =x/3. The dynamics of the population in Fig. 6(b)
shows a partial population transfer for short times to state |1),
but in later times, the population in state |1) becomes almost
1/4 and in state |2), 3 /4. In addition, Fig. 6(c) shows the crea-
tion of a coherent superposition of the form (]1) — v/3|2))/2.
Interestingly, although the form of the applied pulses is similar
to those applied in the STIRAP method”~* or in its variation
fractional STIRAP**~*" in the studied problem, as the numerical
results reveal, since the initial condition is an equal incoherent
mixture, the initialization or the creation of a specific superpo-
sition state can be created in both pulse orderings, i.e., when
pulse with frequency o, (v,) precedes that of o}, (wq).

We will now present an explanation of the behavior of
the system. As the two pulses are applied at two-photon reso-
nance o, = op + w2 and o + wy3 > Q, we can assume that
the terms with eti@-®*os)t can be omitted from the
Hamiltonian of Eq. (2), so effectively, we get a three-level
A-type system for states [1), |2), and |4), while state |3) is
essentially decoupled. The effective Hamiltonian for this
reduced system is

Hy = — oo — 041)[3)(3] — h0a — 0a)|4) (4] - h| f(0/4)(1

+ Qe (04 (2] + Hec.|. ®6)
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FIG. 3. The pulse envelope, (a), and the time evolution, (c), of the population of states |1) (solid curve), |2) (dashed curve), |3) (dotted curve), and |4) (dash-dotted
curve) for pulses with envelope given by Egs. (3) and (4) with n =3ns, 6 = z/4, and ¢ = 0. In (b) and (d), we present the same results but interchanging the form of

the pulse envelopes.

This Hamiltonian under the application of delayed laser pulses
is the same as the one used for the description of STIRAP and
has been studied in detail.”*~*"*> An important issue is the exis-
tence of an eigenstate with a zero eigenvalue, the so-called
dark state, which has the form, up to an overall phase,

Jo(t)
f40) +f5(0)

fa(®)
fe®+ 50

W aare(V)) = 1) —e? 2).

The evolution of the quantum dot spin presented above is
understood if we split the dynamics into two parts. In the
studied case, the population is initially divided between the
two lower states [1) and |2) and the system has no initial coher-
ence. At early times, only one laser pulse is applied. Then, at
this time period, the non-driven lower state, state |2) (|1)) if the
laser with frequency w, (wp) is applied first, gains population
via optical pumping.'” Then, after the second field is switched
on, the system can be described by the Hamiltonian of Eq. (6)
and, if the interaction is adiabatic, the system follows the
evolution of the dark state, Eq. (7). In that part, if 6 = z/2, the
population can be completely transferred to state |1) (|2)) if
the laser with frequency w, (wp) is switched off prior to the
laser with frequency wy, (wq). Also, for 6 # z/2 and n > 0,
the adiabatic following of the dark state, Eq. (7), leads to the

superposition state at the end of the pulses, i.e., for t = t;:

[Vaarklty)) = cos (6)[1) — e sin (6)[2), ®)
50, pi(ty) = cos? (8), pas(ty) =sin’(6), prafty) = —€~* cos (6)sin(6).
Therefore, starting from an incoherent mixture of the two
electron-spin states, depending on the evolution of the applied
laser fields, either initialization of a specific electron-spin state
or a general coherent superposition of the two electron-spin
states can be created. The later part of the dynamics, i.e., after
the second field is switched on, is similar to that of STIRAP or
fractional STIRAP, depending on the form of the pulses.

The above analysis can be used for determining the
parameters of the applied pulses which can be used for the
successful implementation of the described procedure. In
order to achieve efficient adiabatic evolution of the system,
Qt,, should be, typically, larger than 15 and 7> t,.” In addi-
tion, for having efficient transfer in the early part of the evo-
lution, t, should be larger than 1/T. The efficiency of the
proposed method is shown in Fig. 7, where we calculate the
fidelity F(ly), p) = /{w|p|w) for creating a target state |y) as a
function of the parameters of the applied fields (maximum
Rabi frequency, pulse width, and pulse delay). Here, |y) is a
pure state and p is the density matrix of the system.”® We
consider the preparation of state |2) and the preparation of
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FIG. 4. Time evolution of the real (solid curve) and imaginary (dotted curve)
parts of the quantum coherence term py,(f) for the same parameters as in
Fig. 3. Panel (a) corresponds to Fig. 3(a) and panel (b) to Fig. 3(b).

the superposition state (|1) — |2))/v2 using the methodology
presented above. We also present the results for a single
Gaussian pulse that creates state |2) via optical pumping'’ and
two Gaussian pulses at two-photon resonance that prepare
the superposition state (1) — |2))/+/2 via coherent population
trapping. We find that the proposed method gives high fideli-
ties for preparation of both a single state or a coherent super-
position state which are comparable to and in several cases
higher than optical pumping or coherent population trapping.
Our findings verify that the proposed method works with
high efficiency for delayed but overlapping, strong and rela-
tively long, electromagnetic pulses. However, due to its adia-
batic nature, the method does not require specific values of
these parameters and works properly for a wide range of
pulse delays, laser intensities, and pulse lengths. Finally, for
these parameters, the initialization process of a specific state
is found to be more robust than the creation of the coherent
superposition process. We note that STIRAP is also more
robust than fractional STIRAP.”»*> The fidelities can become
even higher if one uses optimized applied pulses,”’ instead of
the simple pulses that we used here.

We will also comment on the effective duration of the
preparation process. As the dynamics of the system is adiabatic,
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FIG. 5. Time evolution of (a) the population of states |1) (solid curve), |2)
(dashed curve), |3) (dotted curve), and |4) (dash-dotted curve) and (b) the real
(solid curve) and imaginary (dotted curve) parts of the quantum coherence term
p(t) for pulses with envelope given by Egs. (3) and (4) with 7 =3ns,
6=r/4 and ¢ = .

an exact transition time cannot be determined. A good estimate
for the transition time for creating a single state is the time it
takes for the population of the target state to rise from & to
1— ¢, where 0 < £ < 1. For Gaussian pulses, this leads to®*?

2t2
T:—Pln(l—l). 9)
n £

This time turns out to be about twice the one needed for the
optical pumping approach.

We also explore the dependence of our proposed scheme
on the decay rate I for the typical range of decay rates appear-
ing in the quantum dots of interest. In Fig. 8, we present the
fidelity as a function of the decay rate I for the preparation
of state |2) and the preparation of the superposition state
(I1) — |2))/v/2. We also present the results for a single Gaussian
pulse that creates state |2) via optical pumping,"” as well as the
fidelity of the creation of the superposition state (1) — [2))/v/2
using coherent population trapping by the application of two
pulses in two-photon resonance. The figure indicates that effi-
cient initialization and creation of a superposition state can be
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FIG. 6. The pulse envelope, (a), and the time evolution of (b) the population of
states |1) (solid curve), |2) (dashed curve), |3) (dotted curve), and |4) (dash-
dotted curve) and (c) the real (solid curve) and imaginary (dotted curve) parts of
the quantum coherence term py,(t) for pulses with envelope given by Egs. (3)
and (4) with n =3ns, 6 = z/3, and ¢ = 0.

achieved using the proposed method for almost all the range
of values of the decay rate. Here, again, the initialization
process is more robust to the change of T than the creation of
the coherent superposition process. There is a small reduction
of the efficiency of the process for large decay rates, as the
increase of I' above certain values influences the evolution
of the quantum dot states with incoherent population
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given by Egs. (3) and (4) with 6 =z /4 and ¢ =0 (dotted curve), and for
pulses given by f,(f) = sin (9)e~=0="/2" /@) £ (1) = cos (g)e~(t-l—n/2"/@),
with & = 7/4 and ¢ = 0 (dot-dashed curve). (b) Fidelity as a function of t, for
the same cases as (a). (c) Fidelity as a function of the delay between the two
pulses n for two Gaussian pulses of Eq. (5) (solid curve) and for pulses with
envelope given by Egs. (3) and (4) with 8 = /4 and ¢ = 0 (dotted curve). In
all the cases, the results are presented for t; = 2ty + n.

redistribution via decay. Also, we note that the fidelity of the
process for small decay rates can be enhanced by increasing
the pulse duration. The achieved fidelities with the proposed
method are comparable, and in certain cases higher, than
when using optical pumping or coherent population trapping.
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FIG. 8. Fidelity as a function of the decay rate T for two Gaussian pulses
of Eq. (5) (solid curve), for a single pulse f,(f) = e~(==m/2°/@5) £ () — 0
(dashed curve), for pulses with envelope given by Egs. (3) and (4) with
6=r/4 and ¢= 0, (dotted curve), and for pulses given by
f,(t) = sin (0)e~ ==/ 2 /@) £ () = cos (9)e~ b1/ %) with 6 = /4
and ¢ = 0 (dot-dashed curve). The calculations are for n = 3 ns. The results
are presented for tr = 2ty + 1.

IV. SUMMARY

In this work, we used mutually delayed and partially
overlapping laser pulses, similar to those used in STIRAP and
fractional STIRAP, for the optical control of quantum dot spin
states in the Voigt geometry. We considered the case that the
quantum dot system is initially in an incoherent mixture of
the two electron-spin states, which is the natural initial state of
the studied quantum dot system. We showed that the applica-
tion of regular delayed and partially overlapping pulses can lead
to initialization. In addition, the application of initially delayed,
partially overlapping, and simultaneously switched off pulses
changes the initial incoherent mixture to a specifically designed
coherent superposition state. The latter occurs without the
prerequisite of a previous initialization. Furthermore, we found
that, due to the initial conditions of the studied quantum
system, the proposed methods work for different pulse order-
ings. A simplified model that explains the results was also pre-
sented. The proposed method was found to be robust against
changes to the parameters of the quantum dot and the applied
optical fields, such as the decay rate and pulse delay, intensity,
and pulse width. We believe that the proposed method may
find interesting applications in optically controlled quantum
dot spin states for quantum information processing.
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APPENDIX: DENSITY MATRIX EQUATIONS

The density matrix equations of the system are given by

Pu(t) = 741044(1) + 731033(1) + 1Q4 ()41 (1) — 1Q0(D)o14(t) (A1)
+ Q) (D (t)e @R — iQy D)y (t)e@enon ),
P22(t) = ¥32P33(1) + 742044(t) + IQ(E)paa (t)ei e Feua)t

— iQq(t)paa(t)e @ O L iQ(t)p 4o (t) — IQy(E)p24 (1),
(A2)

P33(t) = — (731 + 732)P33(0) + 1Qa(Dpa(t)e vt os)t
— Q) (D)pga(t)el @ o) 4 iQu(t)pys(t)el@ ) (A3)
— Q) (t)pay (t)e e enon)

Paa(t) = — (Va1 + 742)P4a(t) + 1Qu()ors (1) — 1QG (4 (1) (Ad)
+ 1Qp(t)24(t) — 15 (D)p42(L),

P1a(t) = —[U(@a — ©41) + Tiapa(t) + 1 (O]p4a(t) — p1(1))
+ Q) (O)pag (e — i (Do (1),

(A5)

P13(t) = —[i(@a — @41) + T13]py3(t) + Q5 (D) 033(t) — pp(t)] e~ e n—ess)t
QL (t)p3(t) — 1Q; ()ppp (t)el vt on),
(A6)

Pr12(t) = — [((@a — @ — 21) + Ti2]py(t) + 12 (B)p4o(t)
+iQ(t)pay(t)e e er )t (A7)
—iQy(t)piz(t)e o) —iQy (t)pyy(1),

P34(t) = —T34p34(t) +iQa(t)paq(t)e e ntos)t

. (A8)

+1Qp(E)p1a(E)e N —iQx D)y (1) — Q5 (Dp3a (1),

P24(t) = —[i(@p — @42) + Taalpay(t) +iQ (E)paq(t)e e ntoss)t (A9)
+1Q(0)[p44(t) — P22 (V)] — 1Q; (D)o (1),

Pa3(t) = —[i(@p — ©42) + Ta3]pas () + i (1) [p33(t) — pap(D)]ee—nHos)t

10 (D43 (t) — Q) (Opa (e n ),
(A10)

with p,,,(t) = p;,.(t). Here, y,,, are the population decay rates
and Ty, =mn the coherence decay rates, which are given by
Ty =Tos=(ra+742)/2, Ts=T23=(rs1+732)/2, Tsa=(rz+rz
+v41+742)/2, and 'z = 0. For simplicity, and in accordance to
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previous work, /™02 e take ya=7y3 =y =74 =T.

We note that in Eq. (Al), there should be a spontaneously gen-
erated coherence term”’, which in the limit of the magnetic
field being zero gives the circularly polarized selection rules.
However, in the limit of large Zeeman splitting compared to
the decay rate, that we use here, this term is safely omitted.
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