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ABSTRACT. In complete metric measure spaces Z equipped with a doubling measure and
supporting a weak Poincaré inequality, we consider a measurable subset () satisfying a
measure-density condition. We investigate when a given Banach-valued Sobolev function
defined on Q) is the restriction of a Banach—valued Sobolev function defined on the whole
space Z. We study the problem for Hajlasz— and Newton-Sobolev spaces, respectively.

First, we show that Hajlasz—Sobolev extendability holds for real-valued functions if and
only if it holds for all Banach spaces. We also show that every cp-valued Newton—Sobolev ex-
tension set is a Banach-valued Newton-Sobolev extension set for every Banach space. We also
prove that any measurable set satisfying a measure-density condition and a weak Poincaré
inequality up to some scale is a Banach-valued Newton-Sobolev extension set for every Ba-
nach space. Conversely, we verify a folklore result stating that when n < p < co, every
WL P-extension domain Q) C R” supports a weak (1, p)-Poincaré inequality up to some scale.

As a related result of independent interest, we prove that in any metric measure space
when 1 < p < oo and real-valued Lipschitz functions with bounded support are norm-dense
in the real-valued W ”-space, then Banach-valued Lipschitz functions with bounded support
are energy-dense in every Banach-valued W17-space whenever the Banach space has the so-
called metric approximation property.

1. INTRODUCTION

A metric measure space is a triple (Z,d, u), where (Z,d) is a separable metric space and
y is a Borel regular outer measure satisfying 0 < j¢(B) < oo for all open balls B.

We say that p is doubling if there exists a constant ¢, > 0 such that u(2B) < c,u(B) for
every open ball B C Z where 2B is a ball with the same center but twice the radius. If the
inequality holds for all balls up to radius rg, we say that y is doubling up to scale r.

A metric measure space Z supports a weak (1, p)-Poincaré inequality, for some 1 < p < oo,
if there exist constants C > 0, A > 1 such that

]é |u —upg|dy < Cdiam (B) <]£B e? dy) (1.1)

for every ball B C Z, every integrable function u: AB — R and every LP-integrable p-
weak upper gradient p: AB — [0, 0] of u. Here we define the integral average of u over a
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measurable set F as

1
= d ::7/ d
ur ]iu U £ (F) Fu U

whenever u is integrable on F and 0 < pu(F) < oco. If the inequality (1.1) holds for all balls
B whose radius is at most ry, we say that Z supports a weak (1, p)-Poincaré inequality up
to scale ro. A metric measure space is a p-PI space if Z is a complete metric measure space
with y doubling and supporting a weak (1, p)-Poincaré inequality.

A measurable set Q) C Z is called an R-valued W'?-extension set for some 1 < p < oo if
for every Sobolev function u € W?(();R), there exists a function E(u) € W'*(Z;R) such
that E(u) |, = u and the inequality

IE) [wirzm) < Cllullwirr) (1.2)
holds with a constant C > 0 independent of 1. We call
E: WYP(O;R) — WP (Z;R)

an R-valued W'?-extension operator. The smallest constant C > 0 for which (1.2) holds is
denoted by | E|| and called the operator norm of E. To simplify notation we typically omit
the IR. Note that we do not require the operator E to be linear.

For us, the notation Wlfp(Q; R) refers to the Lebesgue equivalence classes of Newton—
Sobolev functions introduced by Shanmugalingam in [Sha0O0] for real-valued mappings,
based on earlier works by Koskela-MacManus [KM98] and Heinonen-Koskela [HK98b].
It is now understood that in every complete metric measure space, the Newton-Sobolev
approach is equivalent to the approaches by Cheeger [Che99, Sha00] (when 1 < p < o)
or the minimal relaxed slope arising from the relaxation of the slope of Lipschitz functions
[AGS13, EB20] (when 1 < p < 0); see [AGS13] for further reading. Moreover, when () is
an open set in the Euclidean space IR”, the definition coincides with the classical definition
based on integration by parts formulation [Sha00]. See [CE21] and references therein for
related Banach-valued results.

On the Euclidean space R", Calderén and Stein proved that Lipschitz domains are W -
extension domains for arbitrary 1 < p < oo, see [Cal61, Ste70]. Later, Jones [Jon81] general-
ized this result to the class of the so-called (¢, §)-domains (containing the class of uniform
domains), strictly containing the class of Lipschitz domains. Similar results have now been
proved in the metric measure space setting, for example, in [Shv(07, HKT08a, BS07, BBL21].
Based on the results in [Kos98, Shv10, KRZ15, KRZ17b], a geometric characterization of
planar simply connected W'P-extension domains is well-established. However, basic ques-
tions about the structure of more general W'P-extension domains remain open. A standard
example of a domain Q) C R? that is not a W'P-extension domain is the slit disk: the unit
disk minus a radial segment. This and other examples are discussed in Section 7. When
() is not necessarily open but its complement has zero measure, there are known necessary
and sufficient geometric conditions for () to be a WL P-extension set [BBL21]. The results in
[BBL21] partially motivated us to work with measurable sets in place of domains.

The main subject of this paper is W¥(Q); V)-extension sets, where W7 (Q); V) refers to
the Lebesgue equivalence classes of V-valued Newton-Sobolev functions, see Section 3.5
for the precise definition. Now, given a Banach space V, one can define the V-valued
extension operator as in (1.2) simply by replacing R with V. We are only considering the
cases 1 < p < oo, the limiting cases p = 1 and p = o being outside the scope of this work.
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As far as the authors are aware, this project is the first time the Banach-valued Sobolev
extension sets are considered in print.
The following question was the starting point of this manuscript.

Question 1.1. Let 1 < p < oo and Z be a p-PI space. Are WiP-extension sets Q C Z also
V-valued W'P-extension sets for all Banach spaces V?

More generally, does there exist a Banach space V¢ such that every Vo-valued W'P-extension set
is a V-valued W'P-extension set for all Banach spaces V?

Many of the known real-valued extension results generalize to the Banach-valued set-
ting with relative ease when the real-valued assumption is replaced by the correspond-
ing Banach-valued one. Since the extendability for real-valued functions and infinite-
dimensional Banach-valued functions seem unrelated, it is not clear what to expect in
Question 1.1. For example, if () is a real-valued W'?-extension set, an obvious approach to
proving the existence of a, e.g. {®-valued W'-extension operator is to extend component-
wise. However, without knowing that the extension operator commutes with projections, it
is not obvious why the extension obtained in this way is even an L (Z; {*°)-function. Even
if LP(Z; £*°)-boundedness of the extension could be deduced (as one can do in many impor-
tant cases, cf. Theorem 1.3 below), the Sobolev regularity of the extension is more difficult
to deduce. We were able to make this idea work only in some special cases, cf. Section 1.4
below.

Understanding Banach-valued extension sets has some applications. For example, by
the Kuratowski embedding theorem, every separable metric space X can be isometrically
embedded into /. Then if every u € WP(Q); X) is the restriction of some h € WP (Z; (%),
this allows one to establish the existence of minimizers for several types of energy mini-
mization problems, at least when Z is a p-PI space. This is of interest, for example, when
studying minimal surfaces using the so-called Q-valued mappings, see [DLS11]. Moreover,
under suitable geometric assumptions on Z and X, knowing that every u € WP(Q); X)
satisfies u = h|q for some h € WP(Z; X) is closely related to the density of Lipschitz
functions in W7 (Q); X), cf. [LS05, HS14] and Theorems 1.6 and 7.3 below. We believe
that understanding Banach-valued extension sets sheds some light to these metric-valued
problems.

1.1. Extending a given function. Before stating our first result, we say that a measurable
set () C Z satisfies the measure-density condition (with constant cq > 0) if

u(B(x,r) N Q) > cou(B(x,r)) forevery (x,r) € QO x (0,1]. (1.3)

Our first result concerns recognizing the functions u € W?((); V) for which there exists
some extension h € WP (Z; V).

Theorem 1.2. Let 1 < p < o0, Z = (Z,d, u) be a p-PI space, Q) C Z be a measurable set satisfying
the measure-density condition and V be a Banach space. Then, given u € LP(Q;'V), there exists
h € WY (Z; V) with u = h|q if and only if there exists some s = s(u) > 0 such that

- 8 o f
x — ug(x) == sup — u(y) —u(z)|d du(z) € LP(Q)). 14
$(3) 3= SUP T o Ty ) T @Ry dp(z) € LHQ). - (4)

In the real-valued case and s = oo, Theorem 1.2 was considered in [Shv07, Theorem 1.2]
which partially motivated our local formulation of the aforementioned theorem; see also
[HKTO08a, HKTO08b]. The main novelty of Theorem 1.2 is that the radius s = s(u) is allowed
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to be arbitrarily small and depend on u, and this is a new result even in the real-valued
case.

Note that if u is doubling, (1.3) implies that the restriction of i to () is a doubling measure
up to scale one, so necessarily #(Q\ Q) = 0 by the Lebesgue differentiation theorem. The
assumption (1.3) holds whenever () is an (¢, )-domain in a p-PI space (see, e.g., [BS07]).
This fact is especially of interest as bounded domains in PI spaces can be approximated
from inside by (¢, §)-domains, cf. [Raj21]. Furthermore, if there are constants C >0, Q > 1
for which

C 19 < u(B(x,r) < CrQ forall (x,7) € Z x (0,1], (1.5)
condition (1.3) is necessary for a domain () C Z to be a WlP-extension domain [HKT08a,
Theorem 2]. The slit disk example B(0,1) \ ([0,1] x {0}) C IR? illustrates that the measure-
density condition is not sufficient (see Example 7.7). Typical examples of p-PI spaces sat-
isfying (1.5) include every Carnot group (e.g. the Heisenberg groups), finite-dimensional
Banach spaces, or compact Riemannian manifolds, where each of these examples are en-
dowed with an appropriate dimensional Hausdorff measure, see e.g. [HK98b, Che99, KZ08]
for further reading.

1.2. Extension sets.

Theorem 1.3. Let 1 < p < o0, Z = (Z,d, i) be a p-PI space, Q) C Z be a measurable set satisfying
the measure-density condition and V be a Banach space. Then the following are equivalent:

(1) There exists a linear extension operator
Ey: WY (O, V) — WY (Z; V).
(2) For every u € WYP(Q; V), there exists h € WYP(Z; V) with h|q = u.

Even without assuming the measure-density condition, a simple argument using the
bounded inverse theorem shows that condition (2) implies the existence of an extension op-
erator Ey: W' (Q; V) — W (Z; V). However, the measure-density condition guarantees
the linearity of some extension operator.

We obtain a linear extension operator in Theorem 1.3 using an idea based on [HKT08a],
where Hajtasz, Koskela and Tuominen considered real-valued WlP-extension domains.
They observed that if () C Z is a domain and Z is a p-PI space satisfying (1.5), then Q) is a
real-valued W'?-extension domain if and only if it satisfies the measure-density condition
and W' (Q) coincides with the Hajtasz-Sobolev space M'?(Q)) (see [Haj96] or Section 2
for the definitions). The authors proved this equivalence by first considering M'P-extension
domains. We now state our related V-valued result.

Theorem 14. Let Z = (Z,d, ) be a metric measure space, with y doubling, and QO C Z a
measurable set satisfying the measure-density condition. Then, for every 1 < p < oo, there exist a
constant C = C(cy, cq, p) > 0 and a family of linear extension operators, one for each Banach space
V, Ey: MY (Q; V) — MY (Z; V) with

 [Ev|[<C

e ToEy = Ew o T for every continuous linear map T: V — W,
where V and W are arbitrary Banach spaces.

Here and elsewhere the notation C = C(a, b, ¢) means that the constant C depends only
on the parameters a, b and c.
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Having Theorem 1.4 in mind, now the proof of "(2) = (1)" in Theorem 1.3 is quite straight-
forward. On the one hand, we always have a 4-Lipschitz linear embedding M'?((; V) C
WLP(Q; V), see Proposition 3.12. On the other hand, by the assumptions on Z and since
1 < p < oo, we have M'P(Z; V) = WP(Z; V) as sets with bi-Lipschitz equivalent norms
(see [Haj96, HKST15] or Section 6). Then the bounded inverse theorem leads to the equality
MY (Q; V) = WP(Q); V) as sets and with bi-Lipschitz equivalent norms. This implies that
the operator Ey in Theorem 1.4 is a bounded linear operator between the corresponding
WLP-spaces.

This argument also establishes the following result, thereby extending the corresponding
real-valued result from [HKTO08a] to the Banach-valued setting.

Corollary 1.5. Let 1 < p < oo, Z = (Z,d, u) be a p-PI space and Q) C Z be a measurable set
satisfying the measure-density condition. Then Q) is a V-valued W'P-extension set if and only if
WLP(Q; V) = MY (Q; V) as sets.

Next, we provide a positive answer to the second part of Question 1.1. For this purpose,
we consider the Banach space

co == {x = (%) x €R, limx; = 0} ,
1—00

endowed with the supremum norm |x| = sup,_p |¥i|. Then ¢q is a closed linear subspace
of %, the space of bounded sequences. We prove the following result.

Theorem 1.6. Let 1 < p < co and Z be a metric measure space. Then the following are equivalent:
(1) WYP(Z;co) = MYP(Z;cp) as sets;
(2) WYP(Z;4%°) = MYP(Z; ) as sets;
(3) WYWP(Z; V) = MYP(Z;V) as sets for every Banach space V.
Moreover, under any one of these equivalent conditions, there exists a constant C = C(Z) > 0 so
that for every Banach space V, we have

C M ullynrziv) < lullwiszvy < 4llullapnzyy  for every u € WH(Z; V). (1.6)

The proof of Theorem 1.6 shows that if W7 (Z) = M (Z) and there is a constant C > 0
such that (1.6) holds for every finite-dimensional Banach space V with the constant C, then
WLP(Z;0%) = MYP(Z; 0%).

Theorem 1.6 and Corollary 1.5 yield the following consequence.

Corollary 1.7. Let 1 < p < oo, Z = (Z,d, ) be a p-PI space and Q) C Z be a measurable
set satisfying the measure-density condition. If Q) is a co-valued W'P-extension set, then Q) is a
V-valued W'P-extension set for all Banach spaces V.

While Corollary 1.7 provides a positive answer to the second part of Question 1.1, the
first part remains open. The following results investigate the density of Lipschitz functions
in W7 (Q; V), closely related to the properties of the embedding M7 ((); V) C WP(Q; V).

1.3. Density of Lipschitz functions. If the equality W'"?(Z) = M'?(Z) holds as sets, Lip-
schitz functions with bounded support are norm-dense in W*(Z) as the norm-density
is known in lep(Z), cf. [Haj96]. Given the norm-density, it is of interest to know how
well any given u € WP(Z;cp) can be approximated by Lipschitz functions with bounded
support, or whether such approximations even exist.



6 MIGUEL GARCIA-BRAVO, TONI IKONEN, AND ZHENG ZHU

We show the following theorem.

Theorem 1.8. Let 1 < p < oo and Z = (Z,d, u) be a metric measure space for which Lipschitz
functions with bounded support are dense in norm in WYP(Z). Then Lipschitz functions with
bounded support are dense in energy in WP (Z; V) whenever V is a Banach space with the metric
approximation property.

We refer the reader to Section 4 for the definitions and the proof. However, we note that
energy-density is weaker than norm density, see Section 4, and we do not know if norm-
density holds in W7 (Z; V) under the stated assumptions. We do expect that the conclusion
of the theorem holds under the weaker assumption of energy-density of Lipschitz functions
with bounded support in W7 (Z).

We also recall that many classical Banach spaces, such as all finite-dimensional Banach
spaces, {1 space for 1 < g < oo, ¢y and every Hilbert space, have the metric approximation
property, while not all Banach spaces have the property. We do not know if the density in
energy holds for all Banach spaces under the assumptions of Theorem 1.8.

Typically the Lipschitz energy-density for Banach-valued Sobolev functions is deduced
from the equality M'?(Z; V) = WP (Z;V) as sets, valid in p-PI spaces for p > 1, cf. [Haj96,
HKSTO01, HS14, HKST15, HS14] and the references therein. In fact, under the equality
MYP(Z; V) = WYP(Z; V), the density in energy improves to density in norm, e.g. when the
measure of Z is doubling, cf. [HKST15, Lemma 10.2.7]. See also [LS05, HS14]. Theorem 1.8
implies that to answer the first part of Question 1.1 positively, it is necessary and sufficient
to prove that the 4-Lipschitz embedding M7 (Q;co) € W'P(Q;cy) has a closed image
whenever Q) is a Wl?-extension set, cf. Proposition 4.7 and Remark 7.4.

There is now a wealth of literature which guarantees the norm-density of Lipschitz func-
tions in W(Z), e.g. under the completeness [Che99, HKST15, ACDM15, IPS22, EBSar] and
noncompleteness [Lew87, KZ16, KRZ17a] assumptions, respectively. In particular, when Z
is complete and Z is metrically doubling [ACDM15] or has finite Hausdorff dimension
[EBSar], the norm-density holds. Based on the known results in the complete setting, we
prove the following.

Proposition 1.9. Let Z be a p-PI space and Q) C Z a measurable set with u(Q\ Q) = 0. Then,
for any 1 < p < oo, the following properties hold.

(1) If every u € WYP(Q) is the restriction of some h € WP (Q)), then Lipschitz functions with
bounded support are norm-dense in WP (Q)).

(2) If Q is p-path almost open in Q and Lipschitz functions with bounded support are energy-
dense in WP (Q)), then every u € WYP(Q) is the restriction of some h € WP(Q) with
equal norm.

We refer the reader to Section 7 for the definitions and the proof. The interested reader
can readily relax the p-PI assumption from Proposition 1.9, and we expect Proposition 1.9
to be known to experts in the field. More interestingly for us, combining the proposition
with Theorem 1.8 yields the energy density of Banach-valued Lipschitz functions for many
Banach-valued W'?-spaces of interest.

Getting back to the Sobolev extension problem, we have been able to answer Question 1.1
positively under further geometric assumptions on (). This is the content of the results
below.
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1.4. Sufficient geometric conditions for extendability. A consequence of Theorem 1.2,
based on (1.4), is the following.

Proposition 1.10. Let 1 < p < oo, Z = (Z,d, ) be a p-PI space and 3 C Z be a measurable
set satisfying the measure-density condition. If Q) supports a weak (1, p)-Poincaré inequality up to
scale ro, for some 0 < ro, then Q) is a V-valued W'P-extension set for every Banach space V.

When we say that Q) supports a weak (1, p)-Poincaré inequality up to scale rp, we mean
that when the distance and measure of Z are restricted to (), the corresponding triple
(Q), dq, ua) supports a weak (1, p)-Poincaré inequality up to scale ry. Proposition 1.10 is an
expected result, especially when ry = oo, cf. [BS07, Section 5], but we provide a proof.

The proof of Proposition 1.10 relies on the local self-improvement phenomenon of the
weak Poincaré inequality established in [BB19, Theorem 5.1], based on earlier work in
[BB18] and by Keith and Zhong in [KZ08]. The noncompleteness of () makes the self-
improvement a subtle problem, cf. [K0s99, BBL21].

Observe that the assumptions of Proposition 1.10 hold for every (¢, )-domain in a p-PI
space: the measure-density condition follows from [BS07, Lemma 4.2] and weak (1,p)-
Poincaré inequality from [BS07, Theorem 4.4]. See also [BBL21, Theorem 3.2] for a related
local result.

Recently, [BBL21] studied the special case of u(Z \ Q)) = 0 partially motivated by re-
movable sets for Sobolev functions and related problems. Among many other results, the
authors prove that under a further technical condition on () as in Proposition 1.9 (2), a set
Q) C R" whose complement has negligible measure is a W'”-extension set if and only if
Q) supports a weak (1, p)-Poincaré inequality [BBL21, Theorem 1.1]. See [EBG21a, EBG21b]
for further (fractal-like) examples of () C R" satisfying the assumptions of Proposition 1.10.

The techniques developed for the proof of Proposition 1.10 led us to prove the following
folklore result, providing a positive answer to Question 1.1 in case QO C R" is a W-
extension domain for n < p < co.

Theorem 1.11. If Q C R" is a W'P-extension domain for some 1 < n < p < oo, then Q
satisfies the measure-density condition and supports a weak (1, p)-Poincaré inequality up to some
scaler = r(Q) > 0.

We recall that every Wl*-extension domain () C R” satisfies the measure-density con-
dition due to [HKTO8b]. The fact that () supports a weak (1, p)-Poincaré inequality up to
some scale follows, with some work, from [Kos98], combined with [BB19, Theorem 5.1].
For completeness sake, we provide a proof in Section 8. It would be interesting to extend
Theorem 1.11 in two ways. First, to p-PI spaces satisfying (1.5) for some 1 < Q < p. Second,
relaxing, as much as possible, the domain assumption on () to measurability and p-path
almost openness and to the measure-density condition.

When p < n there are W'*-extension domains that do not support a weak (1, p)-Poincaré
inequality up to any scale rq (see [Kos90, Example 2.5], [BS07, Remark 5.2], or Example 7.9).
Example 7.9 considers a domain 3 C R? which is a W'?-extension domain for every
1 < p < 2 and Lipschitz functions are dense in W' (Q) for every 1 < p < 2, but still
Q) is not a W'2-extension domain. In particular, Q) cannot support a weak (1, p)-Poincaré
inequality up to any scale for any 1 < p < 2. Although for this example we cannot use
Theorem 1.11 to conclude from Proposition 1.10 that the extension property still holds for
Banach-valued functions, an explicit extension operator can be built, hence giving further
support that the answer to Question 1.1 is yes for the whole range 1 < p < co.
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We also answer affirmatively Question 1.1 for the case of planar Jordan W'P-extension
domains. This follows by applying a key theorem from [KPZ19]. The authors observed that
for all planar Jordan W'?-extension domains there exists an extension operator induced by
a reflection map. We show that the reflection map allows us to also extend Banach-valued
functions.

Proposition 1.12. Let Q) C R? be a Jordan WP-extension domain for 1 < p < oo. Then Q is a
V-valued W'P-extension domain for every Banach space V.

To conclude the introduction we outline the paper. In Section 2, we state some prelimi-
nary results and fix some notation. We introduce the Sobolev spaces we use in Section 3. In
Section 4, we establish Theorems 1.6 and 1.8. In Section 5, we construct the M!"P-extension
operator following the construction from [HKT08a] and prove Theorem 1.4. In Section 6, we
prove Theorem 1.2. In Section 7, we investigate the connection of being a W -extension
set to the Banach property of the so-called local Hajtasz—Sobolev space and to the den-
sity of Lipschitz functions with bounded support, under the further assumptions of the
measure-density condition and p-path almost openness, cf. [BB15, BB19, BB21, BBL21]. We
also consider some example domains in this section. Lastly, we prove Proposition 1.10 and
Theorem 1.11 in Section 8 and Proposition 1.12 in Section 9, respectively.

2. PRELIMINARIES

As mentioned previously, in what follows, we use the notation C,C’ or C(-) for a com-
putable positive constant depending only on the parameters listed in the parenthesis. The
constant may differ between appearances, even within a chain of inequalities.

We say that a metric measure space Z = (Z,d, ) is a doubling metric measure space when-
ever yu is doubling.

Often we consider restrictions of the distance and measure to measurable subsets () C
Z. The distance is obtained simply by restriction, while the measure is obtained in the
following way. For every K C (), we denote

na(K) =inf {u(K'): K C K’ is Borel in Q} .

Recall that K’ is Borel in Q) if and only if K’ = BN Q) for some Borel set B C Z, cf. [HKST15,
Lemma 3.3.4]. Since BN () is p-measurable whenever B is Borel in Z, we therefore obtain

pa(K) =inf {u(K'): KNQ C K" is Borel in Z} = u(K). (2.1)

In particular, jq is a Borel regular outer measure. These considerations imply, in particular,
that K C () is yn-measurable if and only if it is y-measurable. Moreover, if K is Borel
measurable in Z, K is Borel measurable in (). Since uq = u for subsets of (), we typically
omit the subscript from uq.

We say that N C Z is negligible if (N) = 0. A property holds almost everywhere in F C Z,
or for almost every z € F, if there exists a negligible set N C F such that the property holds
for every point in F \ N.

We denote the open and closed balls of Z by

B(z,r):={y € Z:d(z,y) <r} and B(zr):={y€ Z:d(z,y) <r},
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respectively. We sometimes omit the (z,7), and use the notation AB to denote the ball
B(z,Ar) for 0 < A < co. For any set F C Z, we define the open r-neighbourhood as

B(F,r)=|JB(zr)={z€Z:d(zF) <r},
zeF
where d(z, F) := inf{d(z,x): x € F} is the distance from a point z € Z to a subset F C Z.
Similarly, if E C Z, then d(E,F) = inf{d(z,F): z € E} is the distance between the sets E
and F.

2.1. Lipschitz maps. Let Z and X be metric spaces. Given L > 0, a map f: Z — X is
L-Lipschitz if

d(f(x), f(y)) < Ld(x,y) forevery x,y € Z.
We say that f is L-bi-Lipschitz if

L~ d(x,y) <d(f(x), f(y)) < Ld(x,y) forevery x,y € Z.

A map f: Z — X is (bi-)Lipschitz if it is L-(bi-)Lipschitz for some L > 0.
In case X is a Banach space, we say that map f: Z — X has bounded support if the set
{f # 0} is bounded.

2.2. Functional analysis. Given a Banach space V, we typically denote its elements by v
and the norm by |v|. The dual of V, denoted by V*, refers to the collection of all continuous
linear maps w: V — R, where the norm is defined by setting

|w| == sup w(v).
lo]<1
We reserve the notation || - || for norms on function spaces, or for extension operators.

We recall here an important functional analytic tool, see [Con90, Section 12].

Theorem 2.1 (Bounded inverse theorem). Let V1 and V;, be Banach spaces and 1: V1 — V be
linear and continuous.

(1) If 1 is surjective, then there exists a constant ¢ > 0 such that for every v, € V, there exists
v1 € Vi with 1(v1) = vy and |1(v1)| > cloq].

(2) If vis injective and (V1) is a closed subspace of V, then there exists a constant ¢ > 0 such
that c|v| < |i(v)| for every v € V1. In particular 1: V1 — 1(V4) is bi-Lipschitz.

2.3. Bochner integration. Given a Banach space V, we say that u: Z — V is measurable
if for every open set V. C V, u~!(V) is y-measurable and there exists a negligible set
N C Z such that u(Z \ N) is separable. We refer to [HKST15, Pettis measurability] for
equivalent definitions of measurability. In particular, a map u: Z — V is measurable if and

only if there exists a sequence of simple maps u; = Z;V:"l CijXE,; converging to u pointwise
outside a negligible set. Here each E;; C Z is a measurable subset, ¢;; € V, and g, is the
characteristic function of the set E; ;.

The approximation by simple maps lends itself to a natural extension of the Lebesgue
integration of real-valued maps. The approximation defines the so-called Bochner integra-
tion for all measurable u: Z — V. Indeed, a measurable function u: Z — V is Bochner
integrable if and only if |u| € £!(Z) in the usual Lebesgue sense; see [HKST15, Section 3].
We define £LF(Z; V), for 1 < p < oo, as the collection of all measurable u: Z — V for which
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\u| € LP(Z). As is common, we identify uq,u, € LP(Z; V) if u3 = uy almost everywhere,
thereby obtaining a quotient space L¥(Z; V) equipped with the norm

1
P
sz = ( [ b))

We also say that a function u : Z — V is locally integrable, denoted by u € L} (Z; V), if
u is measurable and Z can be covered by open sets in which the norm |u| is integrable.
The following result shows how the image of measurable functions can be isometrically

embedded into ¢*°. Recall that
02 :={(z:)i2; : z € R, sup|z;| < oo}

1
endowed with the supremum norm |z| := sup, |z;|. The simple lemma below is one of the
key ideas in the proof of Theorem 1.6.

Lemma 2.2. Let u: Z — V be measurable and N C Z be negligible so that u(Z\ N) C V is
separable. Then there exists a separable closed subspace Vo C 'V containing u(Z \ N) and a linear
1-Lipschitz mapping 1: 'V — (% such that 1|y, is an isometric embedding.

Proof. Given that u(Z \ N) is separable, it contains a countable dense set {u(z;) };ien with
z;i € Z\ N. The set

Vo= {i/\iu(zi): A €Q,ne N}
i=1

is a separable and closed subspace of V. In particular, there exists a dense subset {v; };en C
V. By the Hahn-Banach theorem, for every i, there exists w; € V* for which w;(v;) = |v;]
and |w;| = 1.

We define 11 V — (% by setting 1(v) := (w;(v)){2, for every v € V. This defines a 1-
Lipschitz linear mapping. By the density of {v; };cn in Vo, for every ¢ > 0 and every v € V),
there exists some j € IN for which |v] — & < |w;(v)| < |o|. This implies that [:(v)| = |v] for
every v € V. In other words, the restriction of ; to Vj is a linear isometry. O

It is sometimes convenient to consider zero extensions of measurable functions defined
on measurable sets, the extension being measurable, cf. (2.1). To this end, given a measur-
able g: F — V, we denote by g: Z — V the zero extension of g by setting ¢ = g|r and zero
elsewhere.

For every locally integrable function u: Z — R, we define the Hardy-Littlewood maximal
operator M(u) : Z — R by setting

M(u)(x) = sup u(y)du(y) forevery x € Z. (2.2)
r>0 J/B(xr)
We also use the following restricted maximal function for a given R > 0:
Mg (u)(x) == sup ][ u(y)du(y) forevery x € Z. (2.3)
R>r>0/B(x7)

In the case u: Z — V we set M(u) = M(|u|) for the norm |u|: Z — R of u. The following
lemma recalls basic properties of the maximal operator defined above.
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Lemma 2.3 (Theorem 3.5.6 [HKST15]). Let Z be a doubling metric measure space and V a Banach
space. For each 1 < p < oo and R > 0, the mappings
M: LP(Z; V) — LP(Z) and Mg: LP(Z;V) — LP(Z)
are bounded operators, with operator norms bounded from above by a constant C(p,c,) > 0.

2.4. Lebesgue differentiation theorem. In this section, we consider a doubling metric mea-
sure space Z. In fact, the results below work in any metric measure space Z for which

u(B(z2n)
imsup Bz )

We recall the Lebesgue differentiation theorem: If u € LP(Z;V) for some Banach space V,
then

< oo for y-almost every z € Z. (2.4)

lim lu(y) —u(z)|Pdu(y) =0 for almost every z € Z. (2.5)

r—0% JB(z,r)
We refer the reader to [HKST15, Section 3.4] for a proof of (2.5). Any z € Z for which
(2.5) holds is called a Lebesgue point of u. The property (2.4) implies that we may replace the
closed balls by open balls in (2.5), while the triangle inequality yields

u(z) = rlirgl+ UB(s) = rli%h Up(,y) at Lebesgue points of u. (2.6)

In particular,
|u|(z) = lim Mg(|u|) atLebesgue points of u.
R—0*

3. SOBOLEV SPACES

3.1. Hajlasz-Sobolev spaces. Let 1 < p < co and Z be a metric measure space. Given a
map u: Z — V, we say that a function g: Z — [0, o] is a Hajtasz upper gradient of u if g is
measurable and there exists N C Z with u(N) = 0 such that

u(x) — u(y)| < d(xy) (3(x) +g(y) forevery x,y € Z\N. 1)
The class of all Hajtasz upper gradients of u is denoted by D(u), and we set D,(u) =
D(u)NLP(Z).

Observe that if uj,up: Z — V, ¢ € D(up) and u; = uy almost everywhere, then g €
D(uy). In particular, if u € LP(Z;V), the collection D(u) can be unambigously defined as
those Hajtasz gradients of some (an arbitrary) representative of u. Similarly, if g € D(u) all

representatives of the Lebesgue equivalence classes of ¢ are elements of D(u), justifying the
abuse of notation D,(u) C LF(Z).

Definition 3.1. Let 1 < p < oo and V be a Banach space. The Hajtasz-Sobolev space M*(Z; V)
is defined by setting

M"Y (Z;V) = {u € LP(Z;V): D,(u) # D},
equipped with the norm

W) = . inf .
lull przovy = lullrzv) +g€%;(u) I&llzr(z)

In case V = R, the short-hand M (Z) = M"P(Z;R) is used.
Lemma 3.2. Let u: Z — 'V be measurable and g € D(u).
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(1) If W is a Banach space and ¢: V — W is L-Lipschitz, then Lg € D(¢ o u). Moreover, if
$(0) =0, then [|¢ o ul|p(z;w) < Llullrr zw) for every 1 < p < eo.

(2) Ifw € V*, then |w|g € D(w(u)).

(3) If ¢: Z — Ris L-Lipschitz and K = Z \ {¢ = 0}, then ¢u has a Hajlasz upper gradient

8 = (Llu[ +[[9lleg)x-
Proof. We show (1) first. For every x,y € Z,

[@(u(x)) = @(uy))] < Llu(x) —u(y)| < co.
Also, there exists a negligible set N C Z so that

u(x) —u(y)| < d(x,y)(g(x) +8(y))
for every x,y € Z\ N. Hence we have Lg € D(¢ o u). If in addition ¢(0) = 0, we have
[pou(x)| < L|u(x)| for every x € Z, and the norm inequality ¢ o ul|rrzw) < Ll[ullrr(zv)
follows for every 1 < p < co. Observe that (2) is a special case of (1), given that each w € V*
is linear and |w|-Lipschitz.
The statement (3) is basically [HK98a, Lemma 5.20], where the authors formulated the
result for real-valued mappings. First, in case x € K,y € K, one has

[p(x)u(x)| < d(x,y)Llu(x)| < d(x,y)g(x).
The case y € K, x ¢ K is analogous. If x,y € K, then

[p(x)u(x) = p(y)u(y)| < d(x,y) (8(x) +gy))Ip(x)[ + Llu(y)l)
< d(x,y) ([[#llog (x) + Lu(x)| +[|¢llog (y) + LIu(y)])
< d(x,y)(§(x) +&(y))-
If x,y € K the result is clear as well. O

Lemma 3.3. Suppose that u: Z — 'V is measurable and ¢: Z — [0, 00| is measurable.
Then the following are equivalent:
(1) g is a Hajlasz upper gradient of u;
(2) g is a Hajlasz upper gradient of w(u) for every |w| <1, w € V*;
Let E C Z be negligible so that u(Z \ E) C V for some separable closed subspace V of V, and let
1:' V — {* be a 1-Lipschitz linear map with t|y, being an isometric embedding.
Then (1) and (2) are also equivalent to the following:
(3) g is a Hajlasz upper gradient of the mapping U :== 1ou: Z — {*;
(4) g is a Hajtasz upper gradient of u;, for each i € IN, where U = (u;)22;
(5) g is a Hajlasz upper gradient of UN := (u;)N.,: Z — (> for every N € N.

Proof. The existence of the negligible set E C Z, the subspace Vy and the mapping  is
established in Lemma 2.2, so we lose no generality in proving the claim as follows: we first
prove (1) = (2) = (4) = (5) and then we establish (5) = (3) and (1) < (3).
The implication from (1) to (2) is established by Lemma 3.2. Next, if ¢j: /* — R is
defined by (x;)72, + xj, then ¢j o1 € V* with |ej 01| < 1. In particular, (4) follows from (2).
We denote 7ty : £ — (= taking (x;)%2, to (x;)N,. We also let u; = e; 010 u. Assuming
(4), we find negligible sets N; C Z such that

|ui(x) — ui(y)| < d(x,y)(g(x) +g(y))
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for every i and every x,y € Z \ N;. Hence for every N € N and x,y € Z\ (UY, N)),
7y (U (x)) = 7o (U(y))| = sup |ui(x) —wiy)| < d(x,y)(g(x) +g(y)),
<i<
which implies (5).
By noting the equality

sup 7N (U) (x) — 7o (U) (y)| = [U(x) = U(y)|  forevery x,y € Z,

we see that (5) implies (3). The equivalence between (1) and (3) holds since |U(x) —
U(y)| = |u(x) —u(y)| for every x,y € Z \ E outside the given negligible set E. O

3.2. Path integrals. We consider an arbitrary metric space Z. A path is a continuous func-
tion y: [a,b] — Z whose domain [g, b] is denoted by I,. A path v is rectifiable if

N
((y) =sup }_d(v(ti), y(tiz1)) < oo, (32)
i=1

where the supremum is taken over all finite partitions t; = a, t; < t; 1, tN41 = b.

A path 7 is rectifiable if and only if the length function h(t) = £(v|j,4), t € Iy is non-
decreasing and has bounded variation; recall that 4 is continuous when #¢(y) < co. We let
ds., denote the total variation measure of .

Given a Borel function p: Z — [0, 00|, the path integral of p over v is the following number:

0 if v is not rectifiable,

/ pds = ) (3.3)
v /I p(y(t))ds,(t) otherwise.
v
For a rectifiable path, we denote
. d(y(8),7(s))

") = 1 — 34
1711 (2) Am (3.4)

whenever the limit exists. The limit exists for almost every t € [a,b] for every rectifiable
path. The mapping t — ||7/]|(t) is called the metric speed of .

Every rectifiable path «y: [a,b] — Z has a unit speed reparametrization 7: [0,1(y)] — Z
with ||| (t) = 1 almost everywhere. Namely, 7 is the unique continuous map for which
¥(h(t)) = (t) for the length function h above, see [HKST15, Eq. (5.1.6)]. Since Yo h = v
and h is (right-)continuous, nondecreasing and of bounded variation, the equality

/pds:/~pds
g 7

holds for every Borel p: Z — [0, 0], see, e.g., [Fed69, 2.5.18.].
A rectifiable path vy is not absolutely continuous if there exists a negligible set I C I, and
a Borel set B C (I) with fv xpds > 0. If no such I and B exist, we say that v is absolutely

continuous. For an absolutely continuous path y: [a,b] — Z, we have

[ pds= [ or(s)II(s) 4cH(s),  see [Dudo7]
¥ a

where £! is the Lebesgue measure on [a, b].
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3.3. Negligible path families. We consider an arbitrary metric measure space Z here. Any
collection of paths «y: I, — Z is referred to as a path family, typically denoted by I

Definition 3.4. Let 1 < p < co. A path family I is p-negligible if there exists an LP-integrable

Borel p: Z — [0, co| for which
I'C {’y: /pds:oo}.
v

A property holds for p-almost every <y if the family of paths where the property fails is p-negligible.

Observe that the collection of nonrectifiable paths is p-negligible, by definition. Notice that
any path family containing a constant path is not p-negligible. Our notion of "p-negligible"
coincides with the usual one defined using the so-called p-modulus; for the case 1 < p < o0
we refer the reader to [HKST15, Lemma 5.2.8] and for the p = co case to [DCJ10, Lemma
5.7].

3.4. Weak upper gradients. We consider an arbitrary metric measure space Z in this sec-
tion. Letu: Z — V and 1 < p < co. We say that a mapping p: Z — [0, c0] is a p-weak upper
gradient of u if p is Borel measurable and for p-almost every v: [a,b] — Z,

www»—uww»tsﬂp%. (3.5)

If, in addition, p is LP-integrable, we denote p € Dy, (u).

Lemma 3.5. Let u: Z — V and p € Dy p(u). There exists a p-negligible family

Tup=1{7: Lpds:oo}

such that every rectifiable oy & T, , satisfies the following: u o vy is continuous and rectifiable and
every Borel a: I, — [0, co| satisfies

[ @@ dsin(®) < [ p(r(B)alt) ds, 1), 6
v v
Proof. Let I' denote the collection of all paths with at least one of the following properties:
v is not rectifiable, f”r pds = oo, or there exists a compact subinterval I C I, such that the
path «y|; fails (3.5). Such a family is p-negligible as a union of three such families.
Fix now a rectifiable path ¢ ¢ T; assume also that -y is not constant. Let s,s’ € I, with
s < s'. Then

u(y(s) ~u(r(s)| < [

pds :/ , p(v(s))ds, < /pds < oo.
[ss7] s8] ¥

Since s and s’ were arbitrary, s,({s}) = 0 for every s € I, and p o <y is L!-integrable with
respect to the measure s,, the continuity of u o 7y follows. In fact, the (sub)additivity of
integration implies

Suoy(I) = L(uoylp) < [rl pds for every closed interval I C I,. (3.7)
I

Hence u o vy is rectifiable. As (3.7) implies the corresponding inequality for all open inter-
vals, the inequality holds for all open sets I C I,. The outer regularity of the measures s,
and s, implies the corresponding inequality for all Borel sets B C I,,. Then (3.6) follows by



15

first establishing the inequality for simple Borel functions, while the general claim follows
from monotone convergence and standard approximation results. ]

Lemma 3.6. Let u: Z — V be a map and pg € Dy p(u). If p1: Z — [0, 0] is Borel measurable
and satisfies p1 = po almost everywhere, then p1 € Dy, (u).

Proof. The set E = {pg # p1} is Borel and satisfies j/(E) = 0. Consider the p-negligible

family
I = {’y: /oo-XEdSZOO}U{’Yi /PodSZOO}UFu,pof
v v

where T’ 5, is any p-negligible family satisfying the conclusions of Lemma 3.5.
By construction, pg o y = p1 © 7y s,-almost everywhere, so it follows from (3.6) that every
v ¢ I'1 satisfies

luoy) < /pods :/plds.
g 0
This implies p; € Dy, (u). O

Proposition 3.7. If u: Z — 'V is measurable and Dy ,(u) # @, then there exists p € Dy, (u)
such that for every p € Dy p(u), the inequality p(x) < p(x) holds for almost every x € Z.

Proof. For the case 1 < p < oo, see Theorem 6.3.20 [HKST15]. The p = co appears in [Mal13]
in the real-valued case; the Banach-valued case requires only minor modifications. H

For a function p € Dy, (u) from Proposition 3.7, its L”(Z)-equivalence class is denoted
by p.. We refer to p, as a minimal p-weak upper gradient of u. Note that every Borel repre-
sentative of p, satisfies the conclusion of Proposition 3.7, as we see from Lemma 3.6.

Next, we recall the following variants of Lemmas 3.2 and 3.3.

Lemma 3.8. Let u € LP(Z; V), for 1 < p < oo, with p € Dy, (u).
(1) If W is a Banach space and ¢: V — W is L-Lipschitz, then Lo € Dy, (¢ o u). Moreover,
if $(0) = 0, then
¢ o ullirzwy < Lllullrrz:y)-
(2) Ifw € V*, then w(u) € LP(Z) and |w|p € Dy, p(w(u)).
(3) If ¢: Z — Ris L-Lipschitz, and K = Z \ {¢ = 0} is bounded, then

o = (Llul +[[¢ll=z)p)xx € DN p(Pu).
(4) If U C Z is open, then p,,, = (pu)|u almost everywhere in U.

Proof. The claims were already known for 1 < p < oco. Indeed, claim (1) follows from
[HKST15, Theorem 7.1.20], with (2) being a special case of (1). Claim (3) follows from
[HKST15, Proposition 6.3.28]. Claim (4) follows from [Wil12, Corollary 3.9]. Similar argu-
ment also works for the case p = oo. O

Lemma 3.9. Suppose that u: Z — 'V is measurable, p: Z — [0,00| is Borel measurable and
1 < p < co. Then the following are equivalent:

(1) u has a representative il with p € Dy, (U);
(2) w(u) has a representative u, with p € Dy p(uy) for every w € V*, [w| < 1.



16 MIGUEL GARCIA-BRAVO, TONI IKONEN, AND ZHENG ZHU

Proof. The implication "(1) = (2)" already follows from Lemma 3.8, since w(il) is a repre-
sentative of w(u) for every w € V*. The direction "(2) = (1)” is known when 1 < p < oo,
but the same proof also works for p = co; the key ingredients are Lemma 3.5 and Proposi-
tion 3.7. We refer the interested reader to the proof of [HKST15, Theorem 7.1.20, implication
(iii) = (@@)]. O
Lemma 3.10. Let 1 < p < oo, u € L} (Z;V),and g € Dy (u). Then there exists a representative

loc =

i of u and a representative g of g such that 4 € Dy (i)
Proof. Theorem 1.3 in [JSYY15] proves the following: Suppose that u,g € £} (Z) and

g € Dp(u). Then u and g have representatives i and g, respectively, for which 4g lgD N,p (1L).
We use this as follows: For every w € V* with |w| < 1, note that ¢ € D,(w(u)) for
the real-valued w(u). By applying [JSYY15, Theorem 1.3], we conclude that there exist
representatives u,, of w(u) and g, of ¢ with 43, € Dy p(uw).
We fix now an arbitrary Borel representative ¢ of g. It follows from Lemma 3.6 that
48 € Dy p(uy) for every w € V* with [w| < 1. The implication "(2) = (1)" in Lemma 3.9
shows that 43 € Dy, (i) for some representative i of u. O

3.5. Newton-Sobolev spaces. We continue working with an arbitrary metric measure space.
Following [Sha00, HKST01], we say & € N'*(Z; V) if i € LP(Z; V) and Dy, (if) # @. We
denote

Ul 1 pr oy = |0 . inf .
H”HNL;(z,w) 4]l Lr (z:v) + peﬂi},p(ﬁ) lollLe(z)

Two elements iy, € NP (Z;V) are identified if #1; — i = 0 and pg,_3 = 0 almost
everywhere. With this convention, we obtain from N'?(Z;V) a Banach space N'*(Z;V)
with the norm

(T ——Tr (-

where il is any NLp (Z; V)-representative of u € N?(Z;V); see [HKST15, Section 7.1].
We consider the following variant of the N'7-space.

Definition 3.11. Let 1 < p < co and V be a Banach space. We denote u € WP (Z; V) if u €
LP(Z; V) and there exists il € NV (Z; V) for which {u # i} is negligible. The space WP (Z; V)
is equipped with the norm

HuHW]'P(Z;W) = ||ﬁ||ﬁl,p(z;v)-
In case V = R, the letter R is omitted.

For 1 < p < oo, Proposition 6.3.22 in [HKST15] states that given two mappings 1,1y €
N'P(Z; V) agreeing almost everywhere, we have P, —i, = 0 almost everywhere. For p = oo,
Lemma 5.13 in [DCJ10] implies the corresponding result. The equality p;, = pg, almost
everywhere follows from the observations pg, 7, + oz, € Dn,p(i1) and pg,—z, + 3, €
Dn,p(#2). Hence every u € W'#(Z; V) defines a unique equivalence class in N'7(Z;V)
with equal norm. This argument also implies that we may define p, € LP(Z) as the
Lebesgue equivalence class of a minimal p-weak upper gradient of some (all) Newton-
Sobolev representative of u € W'P(Z; V).

We conclude from Lemma 3.10 the following result of independent interest, which is
valid for every metric measure space Z.
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Proposition 3.12. Let Z be a metric measure space, 1 < p < oo and V be a Banach space. Then
there exists a linear 4-Lipschitz mapping 1: MY (Z;V) — WP (Z; V) where u — u. In particular,
every u € MYP(Z; V) induces a unique equivalence class it € N'P(Z; V).

We next prove a slightly technical statement involving u € N'#(Z; V) and the /®-space.
We recall the existence of a negligible set E C Z such that u(Z \ E) is contained in a
closed and separable subspace of V. Recalling Lemma 2.2, there exists a linear 1-Lipschitz
mapping

12V — 0%

for which (|y, is a linear isometric embedding. We also denote U := rou.

Proposition 3.13. Let u and U be as above. Then U € N“?(Z; (). Moreover, p,(x) = py(x) for
almost every x € Z, |u(x) —u(y)| = |U(x) — U(y)| for every x,y € Z \ E, and |u(x)| = |U(x)|
for every x € Z \ E.

Proof. Tt follows directly from the definitions that |u(x) — u(y)| = |U(x) — U(y)| for every
x,y € Z\ Eand |u(x)| = |U(x)| for every x € Z \ E.

Since ¢ is 1-Lipschitz, we have p, € Dy ,(U), thereby implying U € N (Z;¢) and
pu < py almost everywhere.

It remains to show py € Dy,p(u). We consider the p-negligible path family

To=Tup, UTup, U {’)’3 /OO'XEdS = 00},
v

where I'y p, and Ty, are obtained from Lemma 3.5. The key property for us is the follow-
ing: For every constant speed v ¢ Iy, the paths u oy and U o <y are absolutely continuous,
and

(o )II(8) < pu(y(®)II7[I()  for almost every ¢, (3:8)

with the corresponding inequality holding for the pair (U, py;) instead of (u, py); here we
simply apply (3.6). Since | o XE ds = 0 and 7 has constant speed, we conclude that y~!(E)
has negligible Lebesgue measure. The inequality (3.8) (resp. the corresponding inequality
for U) implies that u oy (resp. U o ) has zero length in the complement of V (resp. 1(Vy)).
The continuity of u o 7y (resp. U o <) actually yields that the image of u o <y lies in V (resp.
the image of U o 1y in ¢(V)).

Given that ¢ is an isometry in Vo, we have [Uoy(s) —Uoy(s')| = [uoy(s) —uoy(s")| for
every s,s’ € I,. In particular, the metric speeds of the absolutely continuous paths u# oy and
U o 7 coincide. Hence we may replace in the right-hand side of (3.8) the p, (7v())[|7']|(t) by
pu(v(t))[|7'[|(t) for almost every t. This implies pyy € Dy, (u). We have now established
the claim. U

3.6. Local Hajlasz-Sobolev spaces. In preparation for the proof of Theorem 1.2, we con-
sider in this section a doubling metric measure space Z and a measurable set () C Z
satisfying the measure-density condition (1.3). We define an intermediate space between
the Hajtasz-Sobolev and the Newton-Sobolev spaces.

Definition 3.14. Let Z be a metric measure space and V be a Banach space. Fix a function u: Z —
V. We say that g: Z — [0,00] is a Hajtasz gradient of u up to scale r > 0if g|p(.,) € D(up())
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for every z € Z. The notation D(u,r) refers to the class of all Hajlasz gradients of u up to scale r

and we set
Dioc (u) = U D(u,r).
r>0
We also denote

Dp(u,r) ==D(u,r)NLF(Z) and Do p(u) = Dioc (1) N LP(Z).
We say that u € m“*(Z; V) ifu € LP(Z; V) and Do (1) # D, and we define the norm

ullyrrzovy = lullerzovy +  inf  [Igllre(z)-
Dloc,p u)

In case V = R, we denote m** (Z) .= m'"P(Z;R).

Remark 3.15. Even when (3 C R" is an open or measurable set, it is not clear when
mbP(Q); V) is a Banach space. In fact, we show examples in Section 7.2 illustrating that the
Banach property of m!7(Q) is closely connected to the property of being a W!?-extension
set.

We also note that, in general, Do (1) is different from the collection of all g: Z — [0, o]
for which for all z € Z there exists some r(z) > 0 with g|p(.,) € D(u[p(;,)). An illustrative
example is given by the slit disk. As far as the authors are aware, for real-valued mappings
this slight variant of the space m!? was first defined in [JSYY15], the variant containing the
space m'* defined here.

Observe that since Dy (1) C Do (1), the space MP(Z; V) 1-Lipschitz linearly embedds

into m?(Z; V). Moreover, the following fact shows that there is a 4-Lipschitz embedding
from m'P(Z; V) into W'P(Z; V).

Lemma 3.16. Let Z be a metric measure space, V be a Banach space and 1 < p < oco. Then
mYP(Z; V) 4-Lipschitz linearly embedds into WY (Z; V). More precisely, given any u € m'?(Z; V)
and g € Do p(u), there exists a representative i of u and a Borel representative g of g such that
4§ €D N/p(LNI )

Proof. The following is a variant of the proof of Lemma 3.10. First, [[SYY15, Theorem 3.2]
proves the following: Suppose that u,g € £} .(Z) and § € Dy ,(u). Then u and g have
representatives i and g, respectively, for which 4g € Dy, (if).

For every w € V* with |[w| < 1, note that g € D, ,(w(u)) for the real-valued function
w(u). By applying [JSYY15, Theorem 3.2], we conclude that there exist representatives il
of w(u) and gy, of ¢ with 43, € Dy p(Ulw).

We fix now an arbitrary Borel representative ¢ of g. It follows from Lemma 3.6 that
48 € Dy p(uy) for every w € V* with [w| < 1. The implication "(2) = (1)" in Lemma 3.9
shows that 43 € Dy, (i) for some representative # of u, and the proof of the lemma is
finished. U

For the next result we recall the following definition:

@)= sup g f )~ u(w)] () di(y)

0<t<s t

Here u: () — V is locally integrable and () C Z is a measurable subset satisfying the
measure-density condition.
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Proposition 3.17. Whenever Z is a doubling metric measure space, 1 < p < oo, Q) C Z satisfies
the measure-density condition, and V is a Banach space, we have

mP(; V) = {u € LP(Q; V) : ul € LP(Q) for some s > 0}.
Moreover, there exists a constant C = C(cy, cq, p) > 1, such that

1 : .

& (Il + g 1) Ly ) < lllnsiany < € (Il +inf 146:) o) ).
In fact, whenever 0 < s < 1/2, there exists another constant C = C(cy,cq) > 0 such that for
every locally integrable u: Q) — 'V, Cugs € D(u,s).

Proof. This is a standard argument but we include the details for the convenience of the

reader.
Assume first that u € m'?(Q; V). Obviously by definition we have u € L (Q; V). Let us

prove that ul € LF(Q). Suppose that ¢ € Dy, ,(u) and take s € (0,1] so that g|p(;5na €
D(u|p(zs)n0) for every z € Q. Then, at every z € Q,

sup 1]{)QB(Z,t) ]glﬂB(z,t) ux) - u(y)] d,u(X) dy(y) = o g(X) dy(X)

O<t<s t 0<t<s “QNB(zt)

< Cea)M(Z)(z)-
In the last line we merely use the measure-density condition of (). Recall that g denotes the
zero extension of ¢ to Z and M the maximal function on Z. Since the maximal function M

is a bounded operator by Lemma 2.3, we conclude from these inequalities that ul e LP(Q)).
In fact, these estimates depend only on the measure-density constant cq, the doubling
constant ¢, and p, so there is C = C(cq, cy, p) > 1 so that

1

c (H”HLV(Q;V) +sil>lg|\”§(z)||m(n)> < [[ullyruv)- (3.9)

Let us prove now that if ul e LP(Q) for some s > 0 and u € LP(Q; V), then u € m'P(Q; V).
We may always assume 1 > s > 0. To this end, it is enough to verify the following claim:
For every locally integrable u : (3 — V there exists a constant C = C (cy, cq) > 0 such that
foreach1/2 > s >0,

CuéslB(zls)mQ IS @(u|B(Z,s)mQ) for every z € Q). (3.10)
Observe that this immediately implies
lellunaa) < Il +Cinf ()50,

For the purpose of proving (3.10), let N denote the collection of non-Lebesgue points of u,
i.e., those for which

{x H;if):lp B(x,r)NQY ‘M(W) "Bl )QQ‘ V(W) }

The measure-density condition and the local integrability of u imply u(N) = 0.
Fix z € Q). We claim that there exists C = C(c;, cq) > 0 for which

lu(x) —u(y)| < d(x,y)(Cugs(x) + Cugs(y)) for every x,y € QN B(z,s) \ N.
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Fix 1 > s’ > 0 and consider B; := B(x,27%s') N Q for x € QN B(z,s') \ N and each
i=0,1,2,....Since x € Q\ N,

() —n,| < Yo, —wn | < 1 f ) — up | dp(w). (3.11)
i=0 i=0 Y Pit1
As Bi1 C Bjand p(B;) < C(cy,cq)u(Biy1), we obtain
2 s, ) = () < Cleyca) 1, () — g di(e) (312)
1+1 i i
Clepea) 2 “2 15,][][1 )| dyu(w) dp ()
C(eu,ca) 2 (27" )ul, (x) < 2C(cy, cq)sul (x).

We consider now 1/2 > s > 0. Observe for each y € B(x,s) N Q\ N that By = B(x,s) N Q
is contained in B(y,2s) N Q. Then, by applying (3.11) and (3.12) for y in place of x, we
conclude

u(y) = umy| < () = upgyzn0l + 52000 — s
< 2C(cu, 255, (1) + . 1) = upgy 00l dp(@).
0

Since 1 (B(y,2s) N Q) < C(cy, ca)p(Bo) and By C B(y,2s) N, we have

() ~ ol i) < Clegen) £ u(w) ~ tsgyznol du(@)

< Clcy, ][ ][ —u(w)) du(w) du(w).
<Clewea) f,F ) = u()] dpG) o)

By

This implies the inequality

[1(y) — g, | < 3C(cu ca) (25)5,(y). (3.13)
Claim (3.10) follows by combining the inequalities (3.11), (3.12) and (3.13). O

4. L1rsCHITZ DENSITY AND HAJEASZ-SOBOLEV SPACES

In this section, we prove Theorems 1.6 and 1.8. Recall that Z is just a metric measure
space without further assumptions.

Proof of Theorem 1.6. It is clear that "(3) = (2),(1)". Recall also that by Proposition 3.12
we always have a 4-Lipschitz linear embedding M*(Z,V) C W'?(Z;V) for every Banach
space V.

Let us prove now "(2) = (3)". Assume that M7 (Z;(*) = WP(Z; () as sets. Then the
bounded inverse theorem yields the existence of C > 0 with

C Ml prr(zemy < Nutllwinzesy < 4lutllpgo(z;0)- (4.1)

In this implication, we also prove that (4.1) holds with ¢* replaced by an arbitrary Banach
space V, with the same constant C = C({%).
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Next, for a given Banach space V, take u € W'(Z;V) and fix a representative in
N'?(Z;V) denoted the same way. By Proposition 3.13, there exists a 1-Lipschitz linear
1: V — (= for which U :=10u € N'P(Z;(*) and a negligible set E C Z so that

u(Z\ E) C Vg
for a closed separable subspace Vo C V with |y, being an isometry. We also have that
Py = pu and
lu(x) —u(y)| = |U(x) —U(y)| foreveryx,y € Z\E. (4.2)
Since U € N (Z;¢*), the Lebesgue equivalence class of U is contained in the space
WLP(Z;£°) = MYP(Z;¢®). Then (4.2) implies that u and U have the same Hajtasz up-
per gradients. Thus we have u € MY (Z;V) and, by (4.1), we have

CHullprzwy < Nellwirzavy < 4lullpmn 2oy

Let us show "(1) = (2)" to finish the proof. Assume M'F(Z;co) = WVP(Z;¢y) as sets.
Then, by the bounded inverse theorem, there exists C = C(cp) > 0 with

C_l””HMW(z;cO) < ||”HWLP(2;CO) < 4||”||M1/P(Z;c0)' (4.3)
Fix u € WYP(Z;¢*) and let us verify u € M'P(Z;{*). For each N € IN, we consider the
1-Lipschitz linear mapping

N0 =g, (X))~ ()N

Note that uN = 7N ou € WYP(Z; ¢y). Therefore, by (4.3)

. N N
sngE%r;(fuN) 1gllLr(z) < sl;jp ™ arr (z,0) < ng}p 1N [ wir(zeg) < Cllttllwrr (z;e)-

We prove next that ®v(”) # @, and consider, for each N € IN, the set

Ky = D, () N {g €LP(Z): |Igllr(z) <1 +C\|M||w1rp(z;/zw)}-

The set Ky is nonempty, convex, bounded, and closed under L?(Z)-convergence. Hence,
by the reflexivity of L¥(Z), the set is compact in the weak topology. Since also Xn1+1 C K,
the intersection Ny Xy is non-empty by the Cantor’s intersection theorem (or the Smulian
theorem [S39]). The equivalence between (3) and (5) in Lemma 3.3 yields that any element
in the intersection is also in D,(u). Thus D,(u) # @. We have now verified that u €
MYP(Z;0%). m

Next, we study the density of Lipschitz functions in W'?(Z; V). In particular, we aim
to prove Theorem 1.8. As a consequence we are able to deduce sufficient conditions for
the equality M'?(Z) = W'F(Z) to imply the equality M'"*(Z; V) = WIP(Z;V) for V €
{co, ¢}, see Proposition 4.7.

Before delving further, we state some definitions. Given a Banach space V and 1 <
p < oo, we say that Lipschitz functions with bounded support are energy-dense (or dense
in energy) in WYP(Z; V) if for every u € WP(Z;V), there exists a sequence of V-valued
Lipschitz functions with bounded support (1,)$ ; such that

lu = unllLr(zvy + low = pu,llLr(zy = 0 asn — oo. (4.4)

This convergence is weaker than norm-convergence, cf. [EB20, Introduction]. Moreover,
it is known that in any complete and separable metric measure space, Lipschitz functions
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with bounded support are always dense in energy in W?(Z), cf. [EB20, Theorem 1], while
the norm-density fails, e.g. for the slit disk, cf. Example 7.7. Observe that [EB20, Theorem
1] yields the existence of a sequence for which

[t = nll1p(z) + llow —lip, (un)|[1r(z) = 0 asn — oo,
e o(x) ~ o(y)
_ , v(x) —o(y
lip,(v)(z) :== lim sup  —— o
‘ r—=0% y#x,x,y€B(z,r) d(x' y)
is the asymptotic Lipschitz constant of v € LIP(Z) at z € Z. The same sequence satisfies (4.4)

for V=R, see e.g. [EB20, Lemma 2.2].
We state now an important definition in the subsequent results.

Definition 4.1. Let A > 1. A Banach space V is said to have the A-bounded approximation
property if for every compact set K C 'V and every € > 0, there exists a finite rank operator
T:V =V, with |T|| < A and

|lv—T(v)| <€ foreveryv € K.
We say that 'V has the bounded approximation property if it has the A-bounded approximation

property for some A > 1. When we may take A = 1, the Banach space has the metric approxima-
tion property.

The following definition gives a sufficient condition for the bounded approximation
property.
Definition 4.2. Given a Banach space V, we say that a sequence (v,)5_ is a Schauder basis on
V if each v € V can be uniquely expressed as a convergent series Y ;"1 ¢,Uy, ¢y € R. We let

) k
T.:V -V, Z CpUy > Z CnUn
n=1 n=1
denote the k’th canonical projection. We say that a Schauder basis is asymptotically A-monotone
if lim sup, || T¢| < A.

The uniform boundedness principle implies that sup, || Ti|| < C < co. In particular, V has
the C-bounded approximation property. The ¢7-spaces for 1 < g < oo and cy are exemplary
Banach spaces with Schauder basis with sup, || Tx|| = 1. Moreover, each Hilbert space has
the metric approximation property. For these and related facts, we refer the reader to [JLO1,
Chapter 7].

Before establishing Theorem 1.8, we prove some preliminary results.

Lemma 4.3. Let Z be a metric measure space, 1 < p < oo, and W and H Banach spaces. Suppose
the existence of a linear isometric embedding 1: W — H and a linear 1-Lipschitz P: H — W such
that P o 1 is the identity.
Then, given A > 1, the following holds: If u € WYP(Z; W) and (u;), is a sequence in

WLP(Z; H) with

(D [[e(u) = uillp(zp) — 0as i — oo;

(2) sup; pu; € LP(Z) and limsup, ., , pu; < Ap,(,) almost everywhere,
then we have the following:

(D |Ju — P(ui)|lr(z;wy — 0as i — oo;
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(2) every subsequence of (0p(u;))izy has a weakly convergent subsequence. Any such weak limit
o' satisfies p, < p’ almost everywhere, and imsup; ., Pp(u,) < Apu almost everywhere.

In particular, when A = 1, the pp(,,) converge strongly to p, in LP(Z).
Proof. Since P(1(u)) = u and P is 1-Lipschitz, we have

|u — P(”i)HLP(Z;W) < |le(u) - ”iHLP(Z;]H)-

Therefore P(u;) converge to u in LP(Z;W). Moreover, P being 1-Lipschitz implies that
P(u;) € WY (Z; W) and pp(,,) < pu,, cf. Lemma 3.8.

We now show the weak compactness of the sequence (pp(,,))i=; distinguishing between
the cases p > 1and p = 1.

For p > 1, the weak compactness of (p,,);2; implies a norm bound for (pp(,,) )i, which
is enough for the weak compactness of (pp,,))i2; by reflexivity.

For p = 1, we either apply Dunford-Pettis theorem or consider the measure v(E) =
& sup; pu, dp, for each measurable E C Z, and the sequence of functions defined by

;(x) == {supfp,,xx)' if sup; pu, (x) £ 0,

0, elsewhere.

Denote by L?(v) the space of v-measurable functions / with ||? being v-integrable. Then
®; < 1€ L*(v), so by the reflexivity of the L?(v)-space defined by v, we obtain that every
subsequence has a further subsequence weakly convergent in L?(v). That is, there exists
® € L%(v) and a subsequence (@i.);‘;l such that

/gCIde— hm/g<1> dv for every g € L*(v).

Fix a Borel representative of ® and set p’(z) := ®(z) sup; p, (z) for every z € Z, the product
set to zero everywhere in {z € Z: sup, p,,(z) = 0}. Then, since every g € L®(Z) defines a
unique element in Lz( ), we see that

/g z)dy = hm/g pu, z)du(z) for every g € L*(Z).

In particular, the weak compactness holds also for p = 1.

Now for all 1 < p < oo, suppose the existence of a weak limit p’ of some subsequence
(Pp(u;))i2q- The LP-convergence of P(u;) to u implies that every Borel representative of o’
is a p-weak upper gradient of some Newton-Sobolev representative of u, cf. [HKST15,
Mazur’s Lemma and Proposition 7.3.7]. Therefore p, < p’. Claim (2) follows.

When A = 1, we have that every weak limit of any weakly convergent subsequence of p,,
is equal to p, almost everywhere and a further subsequence converges pointwise almost
everywhere to p,. Dominated convergence implies that the convergence is in L?(Z) and,
by the uniqueness of the limit, the original sequence itself converges to p, in L¥(Z). O

Proposition 4.4. Let Z be a metric measure space and 1 < p < oo. Suppose that V is a Banach
space with the A-bounded approximation property. Then for every u € WY (Z; V), there exists a
sequence (u;)%2, C WYP(Z; V) with the following properties:
(1) up to a negligible set, the image of u; is contained in a finite-dimensional subspace V; of V
with V; C V4 for every i;
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(2) ||u—uil|p(z;y) = 0as i — oo
(3) sup, py, € LP(Z) and limsup;_, ., pu; < Apy almost everywhere.

In particular, when V has the metric approximation property, the p,, converge to p, strongly in
LP(Z).

Remark 4.5. When y is Radon, there is a simpler proof of Proposition 4.4 than the one pre-
sented below, based on Lusin-Egoroff theorem and the A-bounded approximation theorem.

Proof. We fix A > 1 for the rest of the proof.

Claim (1): Proving the properties (1)-(3) for Banach spaces IH with a Schauder basis that
is asymptotically A-monotone implies the same properties for all Banach spaces V that have
the A-bounded approximation property.

Fix u € W'P(Z;V) with a Newton-Sobolev representative i € Nl'p(Z;V). Then, by
Lemma 2.2, there exists a negligible set N C Z such that #(Z \ N) is contained in a separable
subspace Vo C V. By arguing as in the proof of Proposition 3.13, p-almost every constant
speed path 7 is such that u o ¢ has image in V(. Thus we redefine u to be zero in the set
i 1(V\ Vp), while still being a Newton-Sobolev representative of #. In conclusion, we
may and do assume N = .

Since V) is a closed separable subspace of V, with V having the A-bounded approxi-
mation property, there exists a separable closed subspace Vo C W that has the A-bounded
approximation property with the same constant, cf. [JLO1, Chapter 7, Theorem 9.7]. For
every separable Banach space W with the A-bounded approximation property, there exist
a Banach space H having an asymptotically A-monotone Schauder basis and a linear iso-
metric embedding :: W — H together with a 1-Lipschitz linear map P: H — W such that
P o1 is the identity, cf. [MV10, Theorem 1.2]. Claim (1) follows by applying Lemma 4.3.

Claim (2): The properties (1)—(3) are true in any Banach space H with an asymptotically
A-monotone Schauder basis.

To this end, let u € WYP(Z;H) and set uy := Ty(u), where T are the canonical projec-
tions. By definition of the Schauder basis, we have u; — u pointwise. Then, by dominated
convergence, applicable due to |ux| < Clu|, uy converges to u in LP(Z; H).

We have that p,, < Cp,, so every subsequence has a further weakly convergent subse-
quence (pukj )i2q in LP(Z), with limit, say p; when p > 1, we apply reflexivity of L”(Z)
while for p = 1 we argue as in the proof of Lemma 4.3. Any Borel representative of such
a p is a p-weak upper gradient of some Newton-Sobolev representative of u, cf. [HKST15,
Mazur’s Lemma and Proposition 7.3.7] by the LP-convergence of u; to u. Next, observe
that, by weak convergence,

pu < p < limsup Pu pointwise almost everywhere. (4.5)
j—oo

The limsup estimate follows by considering the convex sets K;, formed by convex combi-
nations of (py, ) j>m Observing that, by Mazur’s Lemma, there exists a sequence g € Ky
iz

converging to p in LP(Z) and pointwise almost everywhere. Furthermore, by definition of
K, we have that

gm < sup Puy, almost everywhere for every m.
jzm

Then (4.5) follows by passing to the limit m — oo.
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We also have that

lim sup Puy, < limsup || T,[|ou < Apu  pointwise almost everywhere.
j—oo j—oo
Claim (2) follows.
When A = 1, the convergence of p,, to p, in LP(Z) is argued as in the proof of Lemma 4.3.
O

Lemma 4.6. Let Z be a metric measure space, 1 < p < oo, and 'V a finite-dimensional Banach space.
If Lipschitz functions with bounded support are norm-dense in WP (Z), then they are norm-dense
in WP (Z; V).

Proof. Let n denote the dimension of V. Since all n-dimensional Banach spaces are bi-
Lipschitz isomorphic, there exists a C-bi-Lipschitz isomorphism ¢: V — V,, the latter
space denoting IR" endowed with the supremum norm; in fact, by John’s theorem [T]89,
Theorem 14.1], we may take C = n.

The mapping ¢ induces an n-bi-Lipschitz isomorphism from W7 (Z; V) into W'?(Z; V,,),
by defining = ¢(u) for every u € W'P(Z; V). Thus it suffices to prove the claim for V,,.

Fix the standard basis (¢;)"_, for V,. Then each h € W*(Z;V,) can be expressed as
u=Y" ue for some u; € W'P(Z),i = 1,2,...n. By the assumed norm-density, we find
Lipschitz functions with bounded support #; ,, such that

n
Yo Mui = Bimllwinzy <27
i=1

We denote hy, ==Y} 1 h; e;. Then
p(u—hm) = mz.axp(ui—hi,m) (4‘6)

follows from Lemma 3.9: every w € (V,)* with |w| < 1 can be expressed as a convex
combination of (e)? , and (—e;)",, where ¢ € (V,)* is the standard i’th coordinate
projection, cf. [Schl4, Lemma 2.4.5], and p(y,—p,,) = Per(u—h,) = P—ef(u—h,)- Lhen the
convexity of w — py(,) implies

Pw(u—hy) < mlaxpei*(u—hm) < Pu—hy-

Taking the supremum over such w yields the claimed equality (4.6). By triangle inequality,
we have

[ = hllwrp(zyy <277
The claim follows by passing to the limit m — co. ]

Proof of Theorem 1.8. We are given 1 < p < co and the norm-density of Lipschitz func-
tions with bounded support in W?(Z). We wish to show the energy-density of Lipschitz
functions with bounded support in W"?(Z; V) for every Banach space V with the metric
approximation property. To this end, fix u € W7 (Z; V).

Given j € IN, we conclude from Proposition 4.4 the existence of uj € wlr (Z; V) with

= ujllrzovy + llow — ou;llr(z) < 277,

and that u; has a representative in N7(Z;V), denoted the same way, with image in a
finite-dimensional subspace, say V;, satisfying V; C V;; for every j.
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By applying Lemma 4.6, we find Lipschitz functions v; € W?(Z;V;) with bounded
support for which
l|uj — Uj”LP(Z,-W,-) + llou; — pojllLrz) <277
We conclude from this fact that v; converges to u in LP(Z; V) and py, to py in LP(Z). O

We end this section by proving the following proposition closely related to Question 1.1,
cf. Theorem 7.3.

Proposition 4.7. Let Z be a metric measure space and 1 < p < oo. If V # {0} is a Banach space
with the bounded approximation property, then the following are equivalent.
(1) MYP(Z; V) = WYP(Z; V) as sets;
(2) the 4-Lipschitz linear embedding MV?(Z; V) C WY“P(Z; V) has a closed image and Lips-
chitz functions with bounded support are norm-dense in WY“¥(Z);
(3) MYP(Z;V) C WYP(Z;V) is a closed subspace and MVP(Z) = W'P(Z) as sets.

In particular, under any of these assumptions, Lipschitz functions are norm-dense in WP (Z).

Proof. Let A > 1 be such that V has the A-bounded approximation property.
Let us prove "(2) = (1)". Fix u € WY (Z; V). We recall from Proposition 4.4 the existence
of a sequence (u;)$2; with finite-dimensional image and sup p,; € L7 (Z) with

lu = ujllrziv) < 27/ and limsup py; < Apy.
j—oo
By arguing as in the proof of Theorem 1.8 using Lemma 4.6, we may assume that each u;
is Lipschitz with bounded support. In particular, u; € M'#(Z; V) and (1j)32; is a bounded
sequence in WP(Z; V). Since the W'P-norm and the M'P-norm are equivalent in the
(closed) image of the embedding, by the bounded inverse theorem, we have that

(uj)72, is bounded in MY (Z;V).

So there exists a subsequence (u;,);*; and a sequence G; of Hajtasz gradients of u;, converg-
ing weakly to some G € LP(Z), by reflexivity of LP(Z). Since u;, converge strongly to u in
LP(Z;V), a standard application of Mazur’s lemma implies that G is a Hajtasz gradient of
u. In particular, u € M"?(Z; V). The claim follows.

Under the assumption (1), the equality M'"?(Z) = W'P(Z) as sets follows by considering
an isometric embedding :: R — V, so (3) follows.

Under the assumption (3), the equivalences of the norms of M'"7(Z) = W?(Z) and the
norm-density of Lipschitz functions with bounded support in M7 (Z), cf. [Haj96, Theorem
5], shows (2). O

5. HAJEASZ-SOBOLEV EXTENSION SETS

The goal of this section is to prove Theorem 1.4.

5.1. Statements. In this section we fix a metric measure space Z. We also consider sets
F C Z which satisfy the measure-density condition:
#(B(z,r)NF) > cpu(B(z,r)) foreveryze Fand0<r <1 (5.1)

for some constant cr > 0. We also assume y to be doubling with doubling constant c,.
We show the following variant of Theorem 1.4.



27

Theorem 5.1. Let Z be a doubling metric measure space and F C Z a closed set which satisfies
(5.1). Then, for every 1 < p < oo and Banach space 'V, there exists a bounded linear extension
operator Ey: MYP(F; V) — MY (Z; V) satisfying the following:

e |[Ev|| < Clep cr p).
o If V,W are Banach spaces and T: V — W is continuous and linear, then Eywyo T =
To E\/.

We explain how Theorem 5.1 can be applied to all measurable sets () C Z which satisfy
the measure-density condition. Indeed, if ) satisfies (5.1), then

#(B(z,7r)NQ) > cqu(B(z,r)) foreveryze Qand 0 <r < 1.
This fact and the Lebesgue differentiation theorem imply #(Q \ Q) = 0. Therefore
MYP(Q,; V) = MYP(Q; V)

can be isometrically identified as Banach spaces (see also Lemma 6.5) and we may now
apply Theorem 5.1 to the closed set ). In particular, Theorem 1.4 follows from Theorem 5.1.

5.2. Some density estimates. The measure-density condition (5.1) can be quantitatively
extended for larger R > 1.

Lemma 5.2. Given R > 1, there exists a constant C = C(R, c;, cp) such that
#(B(z,r)NF) > C(R,cy,cp)u(B(z,1)) (5.2)
whenever z € Fand 0 <r < R.
Furthermore, whenever (z,z9) € F x Fand 0 < r < ry < R satisfy z € By = B(zo, 19), then

1u(B(z,r) N EF) > C(R, cycr) <:> 1u(BoNE),
0
where s = log, ¢,

Proof. The doubling property of u yields that for s = log, ¢, and C = 4~°, whenever (z,z) €
Z x Z and 0 < r < rq satisfy z € B(zo, r9), then

r

. ) #(B(zo,70)); see, e.g. [HKST15, Lemma 8.1.13]. (5.3)
0

ez = ¢
Then, if z € Fand 0 < r < R, then either 0 < r < 1 and

u(B(z,r)NF) = cru(B(z,1)),
orr > 1and

u(B(z,r)NF) = cru(B(z,1)),
so by (5.3),

r

u(B(1)) > Cle)u(B(z 1)) <1> > Clew R)p(B(z,1).

In either case, we obtain (5.2). The final claim follows by combining (5.2) and (5.3). O
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5.3. Preparations for the proofs. The main idea of the proof of Theorem 5.1 comes from the
proof of [HKTO08a, Theorem 6], where the authors proved the real-valued case. We include
quite a few details in the section since we need them during the proof of Theorem 1.2 as
well.

For the purposes of the proof, we introduce some notations and lemmas. First, we define
an open neighborhood of F by setting

U:=B(F,8)={zcZ:d(z,F) <8}.

We assume from now on that F # Z, since otherwise we have nothing to do. Next,
for every z € Z, set r(z) := d(z,F)/10. From the family {B(z,7(z)/5)},c,\p, We select a
maximal subfamily {B(z;,7(z;)/5)};c; of pairwise disjoint balls where I C IN.

For each i € I, we refer to B; := B(z;,7(z;)) as a Whitney ball with center z; and radius
ri = r(z;). We call W = {B;},.; a Whitney covering of Z \ F. The following properties are
readily verified, cf. (5.3) or [HKST15, Section 4].

Lemma 5.3. There exists M = M(c,) € IN such that

(W1) Each 5B, is an open ball inside Z \ F.

(W2) Z\ F = U;c; Bi and 57'B; N 57'B; = @ whenever i # j.
(W3) If z € 5B;, then 5r; < 10r(z) = d(z, F) < 157;.

(W4) There is z; € F such that d(z;,z}) < 15r;.

(W5) Yicr x58,(x) < M for every x € Z \ F.

(W6) Whenever 5B; N 5B # Q@ with r; < ri, then rj < 75r;.

Next, fix a smooth function : R - Rwith¢p =1in [0,1], y =00on [3/2,00),0 < p <1
elsewhere and ||¢'(¢)|| < 2 for all t € R. Define

wiz) = (25,

T

Then ¢; = 1 in B; and zero in the complement of (3/2)B;. Also, each ¢; is 2/r;-Lipschitz.
We define )
Yilz
(z) = .
ST T
We say that {¢;};.; is a partition of unity associated to the Whitney cover W. The lemma
below states some basic properties of the partition of unity, cf. [HKST15, Section 4].

Lemma 5.4. Let {¢;},.; be the previous partition of unity associated to the Whitney cover W of
Z \ F. Then there are constants M = M(c,) and K = K(M, ||¢'||c) for which

o ¢; = 0 in the complement of 2B;;

e ¢i(z) > 1/M for every z € B;;

e each ¢; is (K/r;)-Lipschitz (One may take K = 2/ M for instance);

o X\#(2) = Tict ¢4(2) for every z € Z\ F.

We fix an arbitrary point z; satisfying the conclusion of (W4) in Lemma 5.3 and define a
ball B} by setting
B} := B(z],1i).

Observe that if z € (3/2)B;, then
Bf C B(z,25r(z)) =: B.. (5.4)
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The inclusion (5.4), together with (W3) and Lemma 5.2, yield the inequalities
u(Bf NF) < u(B;) < Clcy, cp)u(Bf NF) foreveryiandze (3/2)BiNU. (5.5)

For each z € U\ F, denote by I, the collection of all i € I such that z € 2B;. The cardinal-
ity of I, is bounded from above by the number M from (W5). Denote I; := {i € I: r; < 1}
and observe that if i € I\ I, then r; > 1 and hence d(2B;,F) > 8r; > 8,50 2B;NU = @.
Consequently, for every z € U \ F, we have I, C I; and

Z;,fPi(z) = Z;gb(z) — ;¢i(z) —1

Let V be a Banach space and u € LP(F;V) be arbitrary for 1 < p < co. We define an
extension function Ey(u) on U by setting

_ ux), ifxeF,
Fr) = {Zieh ¢i(x)upnp, ifx € U\F. 0

The following lemma shows that the extension function is pointwise controlled from
above by the maximal function.

Lemma 5.5. Let 1 < p < coand u € LV (F; V). Then
|Ey (u)(x)| < Er(|u])(x) < C(cy,cp)M(i)(x) for almost every x € U, (5.7)
where i is the zero extension of u. Moreover, Ey (u) is measurable and when p > 1, it satisfies
1Ev ()l e vy < Clews e, p) |1l riv)-

Proof. We first show that |Ey (u)(x)| < Er(|u|)(x) for every x € U. The inequality holds
for x € F by definition. If x € U \ F, we observe

|Ev(u)(x)] < Y 1¢il(x)lupnel and  |upap| < |ulpnr,
iel

the latter fact following from [HKST15, Remark 3.2.8]. Using these inequalities and that
¢; > 0, we conclude

Yo Il (x) Juprnel < Y ¢i(x)|ulp:nr = Er(Jul)(x).

ieh ieh

Next we claim Eg(|u|)(x) < M(#@)(x) for almost every x € U. Firstly, since & € £F(Z;V),
the Lebesgue differentiation theorem applied to |if] yields that

Er(Jul)(x) = |u(x)] < M(Ja])(x) = M(@) (x)
for almost every x € F. And secondly, in the case x € U \ F, we have
Er(Ju])( ZCPz x)|u|psar < Z |ulBsrF
i€l i€ly
and the property (W5), (5.4) and (5.5) imply
Y [ulberr < Cley, cr ][ (y)|dp(y) < Clew, cr)M() (x).

i€l

Therefore Er (|u|)(x) < C(cy, cp)M(i)(x) for almost every x € U.
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The measurability of Ey(u) is clear on F. On U\ F, the measurability follows from
the fact that the restriction of Ey(u) to each Whitney ball is continuous. Hence Ey (1) is
measurable.

When p > 1, the inequality HEW(M)HL;:(U;W) < Clew,cr, p)l|ullrp(p;v) follows from (5.7)
and the boundedness of the maximal operator, cf. Lemma 2.3. O

The following lemma shows that the extension operator commutes with continuous lin-
ear mappings between Banach spaces.

Lemma 5.6. Let V, W be Banach and T: V — W be continuous and linear. If u € LP(F; V) for
some 1 < p < oo, then T(Ey(u))(z) = Ew(T(u))(z) for every z € U.

Proof. We recall that integral averages over integrable mappings commute with continuous
linear mappings, see [HKST15, Remark 3.2.8], for example. Hence the linearity of T yields,
for every z € U\ F,

T(Ev(w)(z) =T (2 ¢i<z>uw> (2) = L i) T(upne) = Ew(T(w))(2).

ieh ieh

The commutation property is clearly true in F, so the claim follows. ]

5.4. Proof of Theorem 5.1 for p > 1. We prove a local variant of [HKT08a, Theorem 6] in
the case p > 1. The local version shows more than what is strictly needed for the proof of
Theorem 5.1. However, we apply the following formulation during one of the key steps in
the proof of Theorem 1.2.

Proposition 5.7. Given u € LF(F;V), x € F, r > 0, and § € Dp(u|p(xar)nr), there exists a
negligible set N C B(x,r) such that

|Ev (1) (y) — Ev(u)(2)| < d(y,2)Clen cr) (Mar(8) () + Mar (3)(2)) (58)

for every y,z € UN B(x,r) \ N. Here g denotes the zero extension of g to the complement of
B(x,4r)NF.

Proof. First, we fix a negligible set N such that F \ N consists of the Lebesgue points of the
zero extensions of ¢ and Ey (u).
We claim that (5.8) holds for every y,z € UN B(x,r) \ N. Now, based on the locations of
y,z, we divide the following argument into four cases:
i) y,z€ FNB(x,r) \ N;
ii) ye FNB(x,r)\Nand z € UNB(x,r) \ (FUN) (or the roles of y, z are reversed);
iii) y,z € UNB(x,r) \ Fand d(y,z) > 10min {r(y),r(z)};
iv) y,z€ UNB(x,r) \ Fand d(y,z) < 10min {r(y), r(z)}.
Case i) follows from the fact that
u(y) —u(z)| < d(y,2)(8(y) +&(2)) foreveryy,ze FNB(x,r)\N
and
8(z) < My (8)(2)

for every z € B(x,r) \ N, because the inequalities are valid by the Lebesgue differentiation
theorem.
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For the purpose of showing the remaining cases, observe that 10r(w) < d(w, y) for every
w € B(x,r) and every y € F. Recalling the definition of B, from (5.4), we deduce that the
radius of By, is at most 5r/2 and B, C B(x,4r) for every w € B(x,r) \ F. Consequently,

8l.rrus,ne) € Dp(uls.nrus, )  for every w,w’ € B(x,r) \ F.

We proceed now to the proof of Case ii). Notice that if y € FNB(x,7) \ N and z €
UnNB(x,r)\ (FUN), then

|Ev (1) (y) — Ev(u)(2)| < |u(y) — up.or| + |up.cr — Ev(u)(z)]-

We first estimate as follows

u(y) = el < . July) = u(w) | duw) < £ d(y,w)(3(0) +g(w) dp(w)
Here, note that for each w € B, N F,
dly,w) <d(y,z) +d(z,w) <d(y,z) +25r(z) <d(y,z)(1+5/2) < 4d(y,z).

Hence, since B, N F C B(x,4r),
uly) = unel < 40(0,2) (50 + £, g(w)u(e) )

< 4d(y,z)(Mar (8) () +M4r(g)( )-

Next, we estimate |up_~r — Ey(z)| as follows:

|up,nr — Ev(z)| = | Y_ ¢i(2) (up.nr — MB;nFM(Z))| (5.9)
i€l
<l§q>z ) g oo 1100 = @ ) )

< Clep cr) B.F ][Zﬁp |u(w) —u(w')| du(w) dp(w')
< 2C(cy, cp) -2 257 (2) M4y () (2)
< 10d(y, z)C(cu, cr) My () (2)-

The last three inequalities we conclude from the following facts: First, we apply (5.4) and
(5.5) for every i € I, together with Y ;c; ¢i(z) = 1. Secondly, we apply that d(w,w’) < 2-
25r(z) for all w,w’ € B, N F and that B, N F C B(x,4r). Lastly, recall that 100r(z) < 10d(y, z).
Case ii) follows.

In Case iii), up to relabeling y and z, we may assume r(y) < r(z). We first estimate

|Ev(u)(y) — Ev(u)(2)| < |Ev(u)(y) — up,nrl + [us,nr — up.nr| + |upnr — Ev(u)(2)].
The first and third terms can be estimated as in (5.9) by using the facts
10r(y) <d(y,z) and 10r(z) <10r(y) +d(y,z).
Next, we estimate the middle term. First, we have

d(w,w') < d(w,y) +d(y,z) +d(z,w') <25r(y) +d(z,y) + 25r(z) < 8d(z,y)
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for every (w,w’) € (B, NF) x (B;NF). Then a simple computation shows that for some
C =C(cu,cr) >0,

|up,nr — up,nr| < C w')| dy(w) dp(w')
B.NF JB, mF

= C]gsz]i A w)(g(w) + g(w')) dp(w) du(w')
< Cd(y,z) Mar(3)(y) + Mar(3)(2)) -

Combining the previous inequalities yields Case iii).
In the remaining Case iv), we once again assume r(y) < r(z). Since

Y. (¢i(y) — ¢i(z)) =0,

iel, UL,
we obtain
|Ev(#)(y) — Ey(u)(z)| = , 121 (¢i(y) — ¢i(z)) (upznr — up,nF)| -

We recall from Lemma 5.4 that every ¢; is K/r;-Lipschitz. Thus

B -EBw@ < ¥ L ) —uw)] duw) dp(w). 610

iel,Ul;

Ifi € I, then C~1r; < r(y) < Cr;and d(y,z) < Cr;, e.g. for C = 15. Then, by arguing as in
(5.9), we obtain

- y' ][ *mF][ByﬂF )] dp(w) dp(w') < Cley, cp)Kd(y,2)Mar (&) (v).  (B.11)

Ifi € I, \ I, then for every (w,w’) € (B, NF) x (Bf N F), we have
d(w,w") <25r(y) +d(y,z) +d(z,w).
Here d(y,z) < 10r(y) < 10r(z) < Cr; and d(z,w’) < Cr;, e.g. with C = 15. Hence

LD [ Juw) = ) () () 612

< CKd(y,z ]g f w) + g(@')) d(w) du(w')

< Clep cr)d(y, 2) (Mar (8) () + Mar(3)(2)),

the last inequality holding due to (5.5). Now Case iv) follows by combining (5.11), (5.12),
and by using the cardinality upper bound 2M for I, U L. O

Note that by letting r tend to infinity in Proposition 5.7, we obtain the following corollary.
The dependence on p in the constants below come from the operator norm of the maximal
function.
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Corollary 5.8. Let 1 < p < 0. If u € MY (F;V) and g € LP(F) is a Hajlasz upper gradient
of u, then Ey(u) € LP(U;V) with Hajlasz upper gradient CM(g) € LP(U) for the constant
C = C(cu, cr) as in Proposition 5.7. Moreover,
1Ev ()l vy < Clew e p)ltllreyy  and  IM(E)lrwy < Clew cr, p)Igllece).
By the argument above, we have obtained an extension Ey (1) of u to U so that
||EV(”)||MLP(U;V) < Clew cr, p) lullprr vy

By using a cut-off function, we now extend u to the whole space Z. More precisely, consider
next a Lipschitz function ¢: Z — R with ¢|r = 1, ¢| 2\u = 0,and 0 < ¢ < 1 otherwise.
For example, ¢(z) = max {0,1 — d(F, z) } has the required properties and is 1-Lipschitz. We
define the extension operator by setting

EW(L{) = ng\/(u)
Corollary 5.9. Let 1 < p < oo and 'V be a Banach space. Then
Ey: MY(E;V) — MY (Z;V)

is a linear extension operator with the operator norm bounded from above by C = C(cy,cp,p) > 0.
Moreover, the extension operator commutes with continuous linear maps T: V. — W, for every
Banach V, W.

Proof. Given that ¢ is 1-Lipschitz and 0 < ¢ < 1, Lemma 3.2 implies that
HEW(u)HMlJ’(Z;W) < ZHEV(L[)HMW(U;V)'
Lemma 5.5 and Corollary 5.8 show that

| EV(“) HMLP(U;W) < Clep cr,p) H“HMLP(F;W)-

The quantitativeness of the statement follows from the quoted results. The commuting
property follows from Lemma 5.6. O

The case p > 1 in Theorem 5.1 is proved by Corollary 5.9.

5.5. Proof of Theorem 5.1 for p = 1. We denote q = s/(s + 1), where s = log, c;, appears
in Lemma 5.2. The ideas of the proof, for the IR-valued case, are contained in [HKT08a, pp.
656-660]. However, everything translates to Banach-valued maps quite straightforwardly.
Therefore we just give a quick sketch of the proof.

One first shows the following.
Lemma 5.10. Let u € MY (F; V) with a Hajtasz upper gradient ¢ € L*(F).

(1) Then there exists a negligible set N C U such that, for every x,y € U\ N with d(x,y) <1,
we have

By ()(x) — By (u)(y)] < d(x,5)Clewscr) (ME)T () + (ME) ().
(2) Let B = B(xq, ro) with xg € F and ry = 1/10. Then we have the inequality

1Bv () x5y < Clewcr) (s smor + V@)l s ) -
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Claim (1) can be proved directly by following the proof of [HKT08a] or deduced from
the real-valued statement by applying the equivalence of (1) and (2) in Lemma 3.3, together
with the fact that Ey commutes with linear maps. Next, claim (2) follows from (1) as in the
real-valued case.

Now consider a maximal family of open balls {B;}/; with non-overlapping interiors and
radii r; = 1/10 centered at points of F, with m € IN U {oo}.

Since y is a doubling measure, we have Y7 | x55. < M for some M = M (cu) > 0. Observe
that

m
W:={x e Z:d(x,F) <1/10} C | 3B
i=1

Next, consider Lipschitz mappings ¢; equal to 1 in 3B;, zero outside 5B;, being 5-Lipschitz
and with 0 < ¢; < 1. Define

P;(x) ) mo
gi(x) = { Thapi)’ if Y i(x) >0,

0, otherwise.
Fix a Lipschitz function : Z — Rwith¢p =1in F, ¢ = 0 outside Wand 0 < ¢ < 1.

Denote 7j; = 1p¢; for each i. Observe that each 7j; is L-Lipschitz, for some uniform L > 0
depending only on the doubling constant c,, and 0 < 7; < 1 supported in 5B;. Setting

77;Ey (1) to be zero outside U, we have a measurable function on Z. Define finally

E\/(M) = iﬁ,ﬁv(u)

The following lemma is proved exactly as in [HKT08a].
Lemma 5.11. Let u € MY (F; V) with Hajlasz upper gradient ¢ € L'(F). Then

|Ev ()l < Clewsee) (e + Iglline)) - (5.13)
In particular, Ey (u) € MY (Z; V).

Lemma 5.11 has the following immediate corollary which finishes the proof of Theorem
51forp=1.

Proposition 5.12. The Ey: MY (F; V) — MYY(Z;V) is a linear extension operator with operator
norm C = C(cy,cp). Moreover, Ey commutes with linear maps T: V — W and the equality

Ew(T(u))(z) = T(Ey(u))(z) for every z € Z.

6. NEWTON-SOBOLEV EXTENSION SETS

In this section, we prove a stronger variant of Theorem 1.2, valid for a larger class of
metric measure spaces Z. Namely Z does not have to be complete. We also assume that
p is doubling with a doubling constant ¢,, and the existence of a measurable set () C Z
satisfying the measure-density condition with constant cq.

Recall that in this case we have 1 (Q \ Q) = 0 as a consequence of the Lebesgue differen-
tiation theorem.
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Definition 6.1. Given 1 < q < p and a metric measure space Z. We say Z has the (g, p)-PI
property if there exists a constant cp; > 0 such that, for every h € WYP(Z) and p-weak upper
gradient p of (a representative of) h, we have

¢:(z) = cpr Mo (01 (2) € Dp(hlp(zyy)) foreveryz € Zandr > 0.

In other words, gr € D,(h,r) for every 0 < r < o0 and geo = lim, 0 g = Cpg (M(p")1 €
Dy(h).

Recall the definition of the restricted maximal function My, from (2.3).

Remark 6.2. Observe that if Z is complete, having the (g, p)-PI property and being a p-PI
space are equivalent when p > 1. Indeed, a deep result by Keith and Zhong shows that
every p-PI space for p > 1, is g-PI space for some 1 < g < p [KZ08]. For their conclusion to
hold, it is important to recall that p-PI spaces are complete. Moreover, if 1 < g < p, every g-
PI space has the (g, p)-PI property. We refer the interested reader to [Haj96, HK00, HKST15]
for further details.

The goal of this section is to prove the following result which directly implies Theo-
rem 1.2.

Theorem 6.3. Suppose that Z is a doubling metric measure space satisfying the (q, p)-PI property,
with OO C Z being a measurable set having the measure-density condition and V an arbitrary
Banach space. Then a given function u: Q — 'V satisfies u = h|q for some h € WY (Z; V) if and
only if u € m"P(Q; V). Moreover, if such an h exists, then u € M (Q; V).

We recall from Proposition 3.17 that under the assumptions of Theorem 6.3, u € m?(Q; V)
if and only if u € LP((; V) and ut € LP(Q) for some s = s(u) > 0. In the R-valued case,
Shvartsman proved a similar result for s = oo, see [Shv(07, Theorem 1.2]. As we can see, ug
is an increasing function of s, so our result implies the one by Shvartsman.

Before going into the proof of Theorem 6.3, we establish further properties of the Banach-
valued local Hajtasz-Sobolev space m!? introduced in Section 3.6.

When Z is a doubling metric measure space satisfying the (g, p)-PI property, it is well
known that the spaces M7 (Z; V) and W'?(Z; V) coincide [HKST01, HKST15]. Since

MY (Z;V) Cc m"(Z; V) Cc WP (Z;V)
and
||u||W1'P(Z,V) < 4||”||m1/r7(z,v) < 4H”||M]/P(Z,W)

for every u € MY (Z,V), the three spaces are isomorphically equivalent, e.g. by using
the bounded inverse theorem. In fact, the proof of the equivalence gives the following
quantitative norm estimates.

Lemma 6.4. Let Z is a doubling metric measure space satisfying the (q, p)-PI property for some
1 < q < p. Then for every h € WY'P(Z; V) and a p-weak upper gradient p of h the following holds:
(1) gr € Dy(h,r) for every 0 < r < oo;
(2) oo i=lim; 00 g satisfies goo € Dp(h);
(3) Moreover,

crillollir(z)y = rlg(f)g &rllirz) < Ngrller(zy < lgeollrz) < Clew pra)epillpllrzy-  (6.1)
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In particular, MV"P(Z; V) = m"*(Z; V) = WP (Z; V) as sets with bi-Lipschitz comparable norms.

Proof. The inclusion mapping 1y from M'?(Z;V) into m'P(Z;V) is a 1-Lipschitz linear
embedding. Also, Lemma 3.16 implies that m'?(Z; V) 4-Lipschitz linearly embedds into
WLP(Z; V), the embedding denoted by 1.

Next, we claim that every h € W' (Z;V) defines an element of M'"?(Z; V). We also
claim that g, € Dy(h,r) for every 0 < r < o0 and geo € Dy(h). If this fact and (6.1) are
proved, then (6.1) implies that 15 is max {1, Cleu, p,q) }—bi—Lipschitz and 1, is max {4, cp; }-
bi-Lipschitz.

To this end, fix h € W'?(Z; V) and p € Dy ,(h). The first inequality in (6.1) is a conse-
quence of the dominated convergence and the Lebesgue differentiation theorem, while the
last one follows from the boundedness of the maximal operator.

It remains to prove g, € D,(h,r) and g € Dy(h). It follows from Lemma 3.9 that
p € Dn,p(w(h)) for every w € V* with |w| = 1. Then the defining property of the constant
cpy yields g, € Dy(w(h),r) and g € Dy(w(h)) for every such w. The implication "(2) =
(1)" in Lemma 3.3 yields g, € D,(h,7) and g € Dp(h). The claim follows. O

Another important point is that whenever Z is a doubling metric measure space and ()
has the measure-density condition, the spaces M#(Q); V) and M (Q); V) (resp. m*(Q; V)
and m!?(Q); V)) are isometrically equal, respectively, because u(Q \ Q) = 0.

Lemma 6.5. Let Z be a doubling metric measure space, () C Z be a measurable set which satisfies
the measure-density condition and V a Banach space. Then the restriction mapping R: m'"? (Q; V) —
mbP(Q; V) defined by u v~ 1|q is an isometric isomorphism. Similarly, the restriction map is an
isometric isomorphism from MY (Q; V) onto M (Q; V).

The proof of Lemma 6.5 is a simple exercise and is left to the reader. In fact, 4(Q\ Q) =0
is sufficient for the conclusion to hold.

The following lemma connects the local and global Hajtasz—Sobolev spaces for measur-
able subsets satisfying the measure-density condition.

Lemma 6.6. Let Z be a doubling metric measure space satisfying the (g, p)-PI property, QO C Z be
a measurable set with the measure-density condition and V a Banach space. Then m?(Q; V) =
MYP(Q; V) as sets.

Proof. Observe from Lemma 6.5 that m?(Q; V) = m'"?(Q; V) and M7 (Q; V) = M (Q; V)
as sets (using the identification from Lemma 6.5). Therefore it is enough to show that
mbP(Q; V) = M (Q; V) as sets. In fact, it is enough to verify that each u € m'?(Q; V) is
the restriction of some h € M'"*(Z; V).

Fix an element u € m*?(Q; V) and g € D,(u,r). We may assume that r < 1 and denote
R = r/8 for convenience.

Consider the set W = |, .5 B(z,R) C B(Q),8). We denote h = Ey(u)|w: W — V, where
Ey is the extension operator defined as in (5.6). Proposition 5.7 yields the existence of a
constant C = C(cy, cg) > 0 for which G: B(Q),8) — R defined as

G:= CMSR (g\)

satisfies G|y € D,(h, R). Indeed, since every w € W satisfies B(w, R) C B(w',2R) for some
w' € Q, the claim follows directly from Proposition 5.7.
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We consider next a Lipschitz function i equal to one in Q and zero outside W. Then the
zero extension ' of Yh defines an element of m!"(Z;V) as a consequence of Lemma 3.2.
Lemma 6.4 implies that /' € M'"?(Z; V) so u = I'|g € M (Q; V). The claim follows. [

Proof of Theorem 6.3. Recall that W'P(Z; V) = MYP(Z;V) as sets by Lemma 6.4.

Suppose that u = h|q for some h € W'P(Z; V). Then u € M7 (Q; V) C m'"P(Q; V) due
to Lemma 6.4.

Conversely, if u € m'"?(Q; V), then u € M (Q; V) by Lemma 6.6. Therefore u admits
an extension due to Theorem 1.4. O

7. BANACH PROPERTY OF THE LOCAL HA]LASZ—SOBOLEV SPACE AND SOME EXAMPLES

In this section we treat three topics. First we study the density of Lipschitz functions
with bounded support in Sobolev spaces W#(Q)), thereby proving Proposition 1.9. Then
we investigate the completeness property of the local Hajtasz-Sobolev space m!F(Q;V),
and its relation to the density of Lipschitz functions and to Sobolev extension sets. Finally,
we give some examples in the Euclidean space that clarify and highlight some subtleties of
these properties.

7.1. Density of Lipschitz functions.

Definition 7.1. Assume that Z is a metric measure space and (3 C Z is measurable. Given
1 < p < oo, we say that () is p-path almost open if, outside a p-negligible family of paths
7v: 1, — Z, every nonconstant rectifiable y: [a,b] — Z is such that v~ 1(Q) is a union of an open
set and a set negligible for the length measure of <.

The main point for us about working with p-path almost open lies in the next lemma.

Lemma 7.2 (Proposition 3.5, [BB15]). Let Z be a metric measure space and Q) C Z a measurable
p-path almost open set. If h € NY¥(Z; V), then u = h|q € NY"(Q; V) and p, = pp|a-

The density of Lipschitz functions in W#(Q)) is related to the existence of extensions
from W7(Q) to W'P(Q)), especially when one works with p-path almost open sets. As a
related result, we establish now Proposition 1.9.

Proof of Proposition 1.9. Recall that we are assuming that Z is a p-PI space, in particular,
a complete metric measure space. We are also assuming that () C Z is measurable and
satisfies u(Q\ Q) = 0.

Claim (1) follows from the 1-Lipschitz property of the restriction map from W7 (Q) into
WLP(Q) and the fact that Lipschitz functions with bounded support are dense in W*(Q)):
the latter fact can be deduced in many ways from [EBSar]. For example, Q) has finite
Hausdorff dimension, so [EBSar, Theorem 1.5] implies that Q) has what the authors call a
p-weak differentiable structure. Moreover, for every complete metric measure space, the
existence of such a p-weak differentiable structure implies the claimed norm-density of
Lipschitz functions (with bounded support) [EBSar, Theorem 1.9].

For Claim (2), we know that every Lipschitz u: (3 — R with bounded support is the
restriction of a Lipschitz function h: Q) — R with bounded support, by uniform continu-
ity. Then #(Q\ Q) = 0 and Lemma 7.2 guarantee [Bllwir@) = lullwirq)- Thus, by the
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assumed energy-density and Lemma 7.2, for every u € N 1'F’(QL there exists a sequence
(hu)s, of Lipschitz functions with bounded support defined in () such that

1hnla = ullrq) + llon,lo = pullrq) £27" forevery n € N.

This implies that (,,)®_, is a bounded sequence in N*(Q)) converging to the zero extension

of u in LP(Q)), and the weak upper gradients p;, converging to the zero extension of p, in
LP(Q)). Then [HKST15, Proposition 7.3.7] guarantees that the zero extension of u has a
Newton-Sobolev representative / such that a Borel representative of the zero extension of
pu is a p-weak upper gradient of 1. Lemma 7.2 readily yields that & and u have equal norm.

The claim follows. O

7.2. Banach property. In this section, we work with p-PI spaces for p > 1. Such spaces
have the (g, p)-property, cf. Remark 6.2, so the results of Section 6 are applicable.

We recall from Theorem 6.3 that the set of functions u € W'?(Q); V) that can be ex-
tended to W'?(Z;V) is indeed a subspace isomorphic to m!?(Q); V) when Q) satisfies the
measure-density condition and Z is p-PI. If we add the further assumption of p-path al-
most openness, we obtain the following theorem, whose proof we leave for the end of this
subsection.

Theorem 7.3. Assume that Z is p-PI space for co > p > 1. Suppose that Q) C Z is a measurable
p-path almost open set satisfying the measure-density condition. The following are equivalent:
(1) the 4-Lipschitz linear embedding MF(Q; V) C WP (Q; V) has closed image.
(2) m“P(Q; V) is Banach.
Moreover, if V has the metric approximation property, the following are equivalent:
(3) Q is a V-valued Wl-P-extension set;
(4) m'P(Q; V) is Banach and Lipschitz functions with bounded support are dense in energy in
WP (Q).
Under assumption (3), MY (Q; V) = mP(Q; V) = WP (Q; V) as sets with comparable norms.

Remark 7.4. By applying Proposition 1.9, the energy-density of Lipschitz functions with
bounded support in (4) can be equivalently replaced by density in norm. Furthermore, the
norm-density of Lipschitz functions with bounded support is true in M?(Q), cf. [Haj96,
HKST15], and if M?(Q) = WP(Q) as sets, then the bounded inverse theorem yields
the norm-density in W#(Q). Therefore, to solve Question 1.1 positively in the setting of
Theorem 7.3, it is necessary and sufficient to prove that ml'p((); o) is Banach whenever Q)
is a Wl?P-extension set.

Corollary 7.5. Assume that Z is p-PI space for p > 1. Suppose that Q) C Z is a measurable p-path
almost open set satisfying the measure-density condition.

Then Q) is a WP-extension set if and only if m'P(Q) is a Banach space and every u € WP (Q))
is the restriction of some h € WP (Q).

Proof. In both directions of the claim, we have that every u € WP(Q) is the restriction of
some h € WP(Q)). Equivalently, Lipschitz functions with bounded support are norm-dense
by Proposition 1.9. Thus the 4-Lipschitz inclusion m?(Q) C WP(Q) has a norm-dense
image. The equivalence between (3) and (4) in Theorem 7.3 shows the claim. 0

We apply the following lemma during the proof of Theorem 7.3.
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Lemma 7.6. Assume that Z is p-PI space for p > 1. Suppose that Q) C Z is a measurable p-path
almost open set satisfying the measure-density condition.
Then every u € m“?(Q); V) satisfies

4_l||“||ww(n;v) < ||“||mlfp(n;v) < C||“||w1rp(0;v)r
for the constant ¢ = max {1, cps}.

Proof. We recall from Theorem 6.3 that m!?((); V) are precisely those functions that admit
an extension to h € WP(Z; V).

Let 1 be such an extension and g € Dy, (). We consider the restricted maximal function
of ¢ multiplied by a suitable factor cp;, which we used to define g, in Lemma 6.4. We recall
from Lemma 6.4 that g, is a local Hajtasz gradient of / up to scale . Then Lemma 6.6 yields
the lower bound 4! lullwir vy < lullmruy)-

The Lebesgue differentiation theorem implies that xng» — xacrig = crixag, monoton-
ically decreasingly pointwise almost everywhere, as ¥ — 0. The dominated convergence
theorem implies that the pointwise convergence improves to LP-convergence. Hence

inf 8"l < lm ligrlallr) = crrllglollr o)
glegloc,p(
Next we set ¢ = p;. Here pj|q = pu follows from Lemma 7.2. The claim follows from this
observation. ]

Proof of Theorem 7.3. Lemma 6.6 shows that when () is measurable and satisfies the measure-
density condition, the 1-Lipschitz linear inclusion M“?(Q; V) C m'P(Q; V) is onto. On
the other hand, Lemma 7.6 shows that the embedding of m'?((); V) into W'P(Q; V) is
bi-Lipschitz. Consequently, M'*(Q; V) C WP(Q; V) has a closed image if and only if
m?(Q; V) is Banach, so "(1) < (2)".

Towards proving "(3) < (4)", we make three observations: First, by Proposition 1.9, the
energy-density of Lipschitz functions with bounded support is equivalent to norm-density.
Second, Proposition 4.7 shows that M7 (Q; V) = WP ((); V) as sets if and only if Lip-
schitz functions are norm-dense in W'?(Q) and the linear 4-embedding M?((); V) C
W7 (Q; V) has closed image, the latter fact being equivalent to m!'?(Q;V) being Ba-
nach. Third, Corollary 1.5 shows that Q) is a V-valued W'P-extension set if and only if
MY (Q; V) = WIP(Q); V) as sets. These three observations show the equivalence. O

7.3. Some examples. Related to the discussion of this section and also to the topics of this
paper, it is clear that it would be interesting to know the relations between the following
properties, stated for R-valued functions, a domain () C R" and 1 < p < co. Note that
domains are always p-path almost open sets.

(1) Q is a WP-extension domain.

(2) Q) has the measure-density condition.

(3) M1 P(Q) = mP(Q)) = WYP(Q) as sets and with comparable norms.
(4) m'?(Q) is a Banach space.

(5) Every u € W7 (Q) is the restriction of some i € W (Q)).

(6) Density of Lipschitz functions with bounded support in W7 (Q).
(7) Density of m?(Q) in W7 (Q)).



40 MIGUEL GARCIA-BRAVO, TONI IKONEN, AND ZHENG ZHU

In this section, we provide examples to show the relations between the aforementioned
properties and at the same time bring out the sharpness of the previous results of this
section. The following implications are clear using our previous results.

(1) = (2),(3),(4), (5),(6), (7); (5) = (6) = (7);
(7) and p(9Q2) = 0 = (5); (2)+ @) = (1) 2)+#)+(7) = 1)

Our first example shows (2) is not sufficient to guarantee W!?-extensions, the result being
well-known among specialists in the field. We recall that by [HKT08a, Theorem 5], a domain
has the measure-density condition if and only if it is a M!?-extension domain for some
(every) 1 < p < co.

Example 7.7. The slit disk

Q:=B(0,1)\ [0,1] x {0}.
This is well-known to not be a WP-extension domain for any 1 < p < oo. For example, we may
consider u € C(Q) N WP (Q) such that u = 1 above [1/2,1] x {0} and u = 0 below it. Then
ul ¢ LP (Q) for every p > 1and s > 0, which is necessary and sufficient for u to admit an extension
to WP (IR?), recall Theorem 6.3.

Note that Q) satisfies the measure-density condition. Moreover, since m*(Q) = m'"P(Q) as sets
by Lemma 6.5 and also Q = B(0,1) is a WP-extension domain for every p, the space m'P(Q) is
Banach. On the other hand, neither Lipschitz functions nor mY?(Q)-functions can be (energy or
norm) dense in WP (Q) for any 1 < p < oo, due to Corollary 7.5.

Our second example shows that without the measure-density condition (2), none of the
conditions (3) to (7) are enough to guarantee (1).

Example 7.8. The outward cusp
Q= B((2,0), V2) U{(x,y) € (0,1] x R: |y| < 2%}

is another example of a domain that is not W'-P-extension domain for any 1 < p < oco. Observe that
the measure-density condition fails at the cusp (2,0). Nevertheless, in [EBKMZ22, Zhu?22], it was
shown that M7 (Q) = WLP(Q), so automatically we have M'P(Q) = m'?(Q) = WP (Q) as
sets. Thus m'P(Q) is Banach and Lipschitz functions, as well as the space m'"P(Q)), are dense in
WLP(Q).

Our next example shows that a domain can satisfy (2) and (6) (thus also (7) and (5))
without (1) or (3) holding.

Example 7.9. Consider the unit square where we remove two central squares touching in one vertex.
That is,

Q= ((-1,1) x(=1,1))\ (([-1/2,0] x [-1/2,0]) U([0,1/2] x [0,1/2])).

This is based on Example 2.5 [Kos90], see also [BS07, Remark 5.2]. It turns out that () is a whr-
extension domain for every 1 < p < 2 but not for any p > 2. For the proof of the case 1 < p < 2
we refer the interested reader to [Kos90, Example 2.5]. On the other hand, by taking a function
that is 1 on one side and O on the other side of the local cut point at the origin (similarly to what we
did in Example 7.7), yields an example of u € WP (Q) for which u? is not LP(Q)-integrable for
any (s, p) € (0,00) x [2,00]. Thus Q) is not a WiP-extension set for any p > 2.
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We consider next an arbitrary 1 < p < 2. We claim that every u € WP (Q) extends to some
h € WYP(Q); the point is that

h(z) = limsup u(y) dy

r—0+ JB(zr)NQ

defines an extension to N'P(Q\ {0}). Since {0} has negligible measure and the collection of
nonconstant paths intersecting the point is p-negligible (in R? so also in Q), defining h(0) = 0
yields an element of NV (Q)). Then recalling Proposition 1.9, we have that Lipschitz functions are
dense in WYP(Q)). Since Q) is not a W'?-extension domain, Theorem 7.3 shows that the space
m2(Q) cannot be Banach. Equivalently, M'?(Q) # WY2(Q). In fact, there exists a sequence of
Lipschitz functions in Q) bounded in W2(Q)) but unbounded in M'?(Q), e.g., we may approximate

any u € WY2(Q) for which ut ¢ L2(Q) to obtain such a sequence.

In the following example, we recall results that guarantee the validity of (6) for many
domains in the plane.

Example 7.10. We consider an arbitrary Jordan domain Q C R?, i.e., a simply connected domain
whose boundary is homeomorphic to the unit circle. Then WP (Q)) has a dense subspace consisting
of those u = h|q, where h € C®(IR?); see [Lew87, KZ16]. In particular, Lipschitz functions, and
therefore m? (Q)), are dense in WP (Q). Furthermore, whenever QO C R" is any bounded domain
which is Gromov hyperbolic with respect to the quasihyperbolic metric, then WV (Q)) is dense in
WP (Q), see [KRZ17a] for the terminology and proof. In particular, when Q) is also quasiconvex,
then Lipschitz functions with bounded support are dense in WP (Q)).

8. WEAK POINCARE INEQUALITIES

Our goal is to verify Proposition 1.10 and Theorem 1.11 in this section, which connect
the validity of the weak Poincaré inequality up to some scale to Banach-valued Sobolev
extension domains. Proving Proposition 1.10 is equivalent to showing that M7 (Q; V) =
mbP(Q; V) = WP(Q); V) as sets under the measure-density condition by Corollary 1.5.

Related to Proposition 1.10, we begin by commenting on some previous known results.
First, for p-PI spaces, it is known that M'*(Z;V) = m'?(Z;V) = WY (Z;V) as sets,
cf. Section 6. Many of the proofs showing this fact involve the self-improvement of weak
Poincaré inequalities on (complete) p-PI spaces. Similar improvement is quite delicate when
we relax the completeness of Z, cf. [Kos99], and this is one of the main subtleties when
addressing Proposition 1.10. Secondly, by [BS07, Proposition 5.1] every domain () C Z with
the measure-density condition and that satisfies a global weak (1, p)-Poincaré inequality
must be a Wl?P-extension set. So considering just weak Poincaré inequalities up to some
scale is the main novelty here, apart from working with general measurable sets. We also
note that this section is partly inspired by [BBL21].

In this section, we consider an arbitrary p-PI space Z and a measurable subset () C Z sat-
isfying the measure-density condition. To simplify notation we denote C,, o = max{c,,1/cq}.

The following self-improvement phenomenom of Poincaré inequalities is an immediate
consequence of [BB19, Theorem 5.1] and will be needed for the proof of Proposition 1.10.

Theorem 8.1. Let 1 < p < oo. The following are equivalent under the assumptions of this section.
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(1) There exist constants C; > 0, A1 > 1 and 2/3 > 61 > 0 such that for every ball B centered
at Q) and radius at most 6,

1/p
][ |u — ugnp|dy < Cydiam (QQ N B) <][ ppdy> (8.1)
QnB o)

for every integrable function u: QY N A1B — R and every LP-integrable p-weak upper gra-
dient p: QN A1B — [0, 00] of u.
(2) There exist constants 1 < q < p, C; > 0, A, > 1 and 2/3 > 6, > 0 such that for every
ball B centered at Q) and radius at most 5,
1/q
of dV)

][ |u — uqnp| du < Cydiam (2N B) <][
QNB Q

for every integrable function u: Q3N A;B — R and every LP-integrable p-weak upper gra-
dient p: QN AyB — [0, 00] of u.
Moreover, the constants q, Ca, Ay and &, depend only on p and CV,Q, together with Cy, A1 and 61,
and vice versa.

NA1B

NA,B

We emphasize that the validity of Theorem 8.1 (2) only for LF-integrable p-weak upper
gradients is important and is the main place where the noncompleteness of () plays a
significant role, cf. [Kos99, Corollary D].

Proof of Proposition 1.10. We recall that we are given a p-PI space Z and a measurable set
Q) C Z satisfying the measure-density condition and a weak (1, p)-Poincaré inequality up
to some scale rp. That is, we are in the setting of Theorem 8.1 and assumption (1) for some
constants C; > 0, A; > 1 and 0 < &; < min{ry,2/3}. We claim that Q) is a V-valued
WL P-extension set.

We fix a real-valued f € W?(Q)) and a Newton-Sobolev representative of the function,
which we continue denoting by f. Letalso p € Dy ,(f). Theorem 8.1 (2) yields the existence
of 1 <g<p, d>0,Co>0and Ay > 1 such that

1/q
7[ — dy<C diam (O N B ]l p"d],t
ONB |f meB| = 2 dia ( )( QNA,B )

for every ball centered at () and of radius » < J,. Then, by fixing 0 < s < J2/A;, (hence
Azs < 9 < 1), we may take the supremum over 0 < r < s and apply Lemma 2.3 to conclude

FE<4GCE (M ()7 € LP(Q). (8.2)

Now we use observation (8.2) to conclude the proof by verifying that every u € W7 (Q; V)
is an element of m'*(Q; V). Note that for every w € V* with |w| < 1, we have p, €
DnN,p(w(u)) by Lemma 3.9. Therefore, an application of (8.2) implies that for every 0 < s <
62/ Az,

(w())i < 4CCpn Mas(@u)) 7 € LP(Q). (83)

Recall from Proposition 3.17 that a constant multiple of (w(u))g is a Hajtasz gradient of
w(u) up to scale s/2. Then Lemma 3.3 implies that the right-hand side of (8.3) is a Ha-
jlasz gradient of u up to scale s/2 and up to the aforementioned constant. Therefore
u € mP(Q;V). Since MY (Q; V) = m'P(Q; V) € WYP(Q; V) by Lemma 6.6, we con-
clude M (Q; V) = WYP(Q; V). Finally, given this equality, the fact that Q) is a V-valued
extension set follows from Corollary 1.5. O
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Towards proving Theorem 1.11, we establish the following proposition, closely related to
Theorem 8.1.

Proposition 8.2. Let 1 < p < oo. The following are equivalent under the assumptions of this
section.

(1) There exist constants C1 > 0, Ay > 1 and 2/3 > 61 > 0 such that for every ball B centered
at O3 and radius at most 61,

1/p
][ |u — uqnp|dy < Cydiam (N B) (f p%ly) (8.4)
QnB 0N\ B

for every integrable function u: QY N A1B — R and every LP-integrable p-weak upper gra-
dient p: QN A1B — [0, 0] of u.

(2) There exist constants C; > 0, A > 1 and 2/3 > 6, > 0 such that every u € LY(Q) with
an LP-integrable p-weak upper gradient p: Q) — [0, co] satisfies

ul < G (M, (p ))UP almost everywhere in Q) for every 0 < s < ds. (8.5)

Here p refers to the zero extension of p into Z.

The statements are quantitatively equivalent in the sense that Cy, Ay and 6, determine Cp, Ao and
> up to a constant depending only on C, q and p and vice versa.

Proof. We assume (1) and consider u € L!(Q)) with an LP-integrable p-weak upper gradient
p. Fix 0 < s < 41 and z € Q. Then, by taking the supremum in (8.4) over all balls B(z,r)

with 0 < r < s, the definition of ug yields
ui(z) < 4CICYE (M ()7 (2).

The conclusion (2) follows by setting C, = 4C1C;’/£, Ar» = A and & = 4.

We assume now (2). Fix constants C; > 0, 2/3 > §; > 0, Ay > 1 yet to be determined.
Fixnow z € Q and 0 < r < é; and set B = B(z,r).

Suppose for a moment that we consider u € L'(Q N B) and a Lipschitz function ¢(y) =
f(d(y,z)) for a Lipschitz f: [0,c0) — [0, 1] equal to one in [0,7/4], zero in [r/2,00) and affine
in (r/4,r/2). In particular, ¢ is (r/4)!-Lipschitz. Consider next ¢pu : QN B — R and let
il = ¢u be the zero extension to Q). Then & € L'(Q)). We conclude from Proposition 3.17
that there exists a constant C > 1, depending only on C, o, for which

Cﬁgs € D(u,s) whenever 0 <s < 1/2. (8.6)

In order to prove (1), take u € L'(Q) N B) with an LP-integrable p-weak upper gradient
p: QN B — [0,00]. Then uy = max {—k,min{k,u}} € LP(Q2N B) has p as an LP-integrable
p-weak upper gradient for every k € IN by Lemma 3.8 (1). Consequently, ¢uy has a p-weak
upper gradient

2
Ok = <|uk]r +p> XB(zrs2) € LF(QNB), cf. Lemma 3.8 (3).
Also, the zero extension iy = ¢u; € L'(Q)) has an LP-integrable p-weak upper gradient

coinciding with the zero extension of py to ). We may therefore apply assumption (2) for
each 1 and their minimal p-weak upper gradients p; . We may also apply (8.6). Therefore
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there exists a negligible set N C (2N B such that, for every x,y € QN B\ N with d(x,y) <s
and every k € IN,

~ ~ 1/ 1/

i (x) — il (y)| < d(x,y)(CCy (Margs(p7,7) 7 () + CC2 (Man,s (077)) " (1))-
Here we need the further assumption that 2s < d,.

We set A1 = 4(2A, + 1) and s = r/A;. Whenever x,y € QN B(z,s) \ N, we have QN
B(x,2A2s) C QN B(z,r/4). For this reason, the inequality
Mans (P, ") (%) < Mapys (03) () = Mangs (0u”) (%),

holds for x, with the corresponding inequality valid for y as well; the last equality ap-
plies the locality, namely Lemma 3.8 (4), of minimal p-weak upper gradients. Hence, as
limy_,o 21k (x) = u(x) for almost every x € B(z,s), we obtain

CC (MZ/\zs( )) Ve € D( ’B(z,s))~

Consequently,

- Loy dp < 4CCy di QN B(z ][ Moo Up 4
£l el < 4CC diom QN Bz, ) f, - Otaral )

g4CQCK%@Angm@)ﬂHLQ)ﬁ@A”OMMAW))wdy
s/\2

Since y is doubling on Z, a weak-type estimate [HKST15, Lemma 3.5.10] for the maximal

operator yields that
1/p
]i(z)xzs) (MZ/\zs(pu )) 1/p du < C(Cyg,p) <]][3 @de> )

Since 3125 < 1, we obtain (8.4) for each 0 < s < 4; for a constant C; = C(Cyq, A2, p,C2),
M :4(2/\2+1>, and 6 = 6/ Aq. ]

(2,3/\25)

Proof of Theorem 1.11. We first consider the case n < p < co. Let us verify that the Sobolev

embedding theorem is satisfied in W?(Q)). We know that every u € W?(Q) satisfies
= h|q for some h € WY (R"). By the Morrey’s embedding theorem, there exists a

continuous representative of , still denoted the same way, so that fora =1 —n/p,

h(x
\WMWW=WWWﬁ&1u14§MSC
x#y [x =yl

(P, ) [P llynp (o
Hence u € W'?(Q) has a representative /|, that we identify with u, for which
[llcosay < [1Fllcos(n) < Clp,m)1hl[wrr ey < Cp, 1, Q)[[ttllwip ()

This implies the existence of a linear and bounded embedding of W7 (Q) into C**(Q}).
The latter space can be identified with C®*(Q)) by uniform continuity. With this embedding
result, [Kos98, Theorem 2.4] directly yields the existence of C; > 0, A; > 1and 2/3 > 4; >0
such that every u € W7 (Q) satisfies

() — 1(y)] < A5, ) (CMrsan) (08 () + CMrae (1))



45

whenever x,y € Q and d(x,y) < d;. Indeed,

d d
u 0<r<s t ]gﬁB z,t) ]f)ﬂB z,t) Ll(x)‘ ‘M(y) y(x)

< sup &, 2 ( £ ﬂB(z,t><MM*<P“)(y))l/p duly) +

0<t<s

S4CC(Cu ) f, (M () () )
B zZaat

<Mmzt<ﬁz><x)>1/?du<x>)

QNB(z,t)

< 4C;1C(Cy, A2)C(Cy, p) <]£(Z o P dy) ,
IN]

where once again, we apply the weak-type estimate [HKST15, Lemma 3.5.10] for the maxi-
mal operator. Hence we obtain the conclusion Proposition 8.2 (2), so by Proposition 8.2, we
obtain the conclusion of Proposition 8.2 (1).

We next consider the case p = n. Here we need to recall an inequality obtained during
the proof of [Kos98, Theorem B]. There Koskela proved the following statement: There exist
constants 2/3 > §; > 0, C; > 0 and Ay > 1 for which

u(x) — 1(y)] < A5, ) (CMrsae) B () + CMoraey @)

whenever x,y € Q\ N, d(x,y) < 6; and u € W (Q) for some p > n and set u(N) = 0;
Koskela’s proof actually implies that the same inequality holds also for u € W'"(Q)) but
we provide the details for the convenience of the reader. By modifying the argument above,
there exist constants 1 > &, > 0, C; > 0 and A, > 1 for which for every 0 < s < &1/(2A2)

ul < Cp (Mo, (p)Y" for every u € U whr(Q). (8.7)

p>n

On the other hand, we claim that since Lipschitz functions with bounded supports are
elements of W'?(Q)) for every p > n and also dense in W"(Q))-norm in W'"*(Q) (recall
Proposition 1.9), (8.7) holds for every u € W(Q)). To this end, there exists a sequence of
Lipschitz functions (1), satisfying

im [|u — ugllwiniy) =0 and  lim |Juf — (u)%]| ey = 0. (8.8)
k—o0 k—c0

Observe that the first fact in (8.8) follows from density of Lipschitz functions with bounded
support and the second one from the subadditivity of the sharp functional together with
the equivalence of the M* (Q))- and W?(Q))-convergences (due to the equality M7 (Q) =
WP (Q)).

Next, we claim that up to passing to a subsequence and relabeling, we have

(J\/[Mzs(ﬁ))l/” = klgg (Jv[%s(mk))”” almost everywhere. (8.9)

Observe that if this can be proved, then (8.7) follows from (8.8) and (8.9) for every u €
Wi (Q).
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Towards proving (8.9), we observe that, by the subadditivity of the restricted maximal
function and the weak-type estimate [HKST15, Lemma 3.5.10] of the maximal operator,

i~ -~ 1/n
]i(zms) (|Mar,s (011) — Mop,s (011 )|) " dp

1/n
1/
< ][B( R )(MzAzs(A’Z—ﬁﬁk)) " du < Clcy, cq,n) (][B )|§Z—mk\dy> . (8.10)
Z,A\28

We may now pass to a subsequence such that p,, converges to p, pointwise almost every-
where. Then (8.10) implies that, up to passing to a subsequence, M), (p};) is the pointwise
limit of MZAzs(ka) for almost every point in (). Thus the conclusion (8.7) holds for the
limiting function u € W (Q)). Now a simple cut-off argument implies Proposition 8.2 (2),
so the conclusion Proposition 8.2 (1) follows as claimed. 0

(z,3A2s

9. PLANAR JORDAN DOMAINS

In this section, we consider the two-dimensional sphere identified with the extended
plane R2 using stereographic projection; we endow the sphere with the Riemannian area
measure.

Definition 9.1. Let O C R2 be a Jordan domain. A homeomorphism R: R — R? is a reflection
over the boundary 9Q), if R(Q)) = R2\ Q) and R(z) = z for every z € Q).
We say that R is a p-morphism if R € W'P(R%; R?) and

IDR|P(z) < K|Jz|(z) for almost every z € R? (9.1)

for some K > 1. Here |DR| and ]z, respectively, are the operator norm and the Jacobian of the
differential of R.

We recall that the minimal p-weak upper gradient of R coincides with |[DR| almost ev-
erywhere in R2.
Associated to each reflection, we obtain the following folding map:

F: R — ]IA{Z,
where z — z if z € Q and z — R(z) otherwise. We say that R is a p-reflection over 9Q)

if R is a p-morphism and for any u € W?(Q), there exists some h: R? — R? with a
LP(IR?)-integrable upper gradient with hlge\gn = 1 © Flge\ g almost everywhere.

Theorem 9.2 (Corollary 1.4, [KPZ19]). Let () C R? be a Jordan domain. If Q is a W'P-extension
domain, then there exists a p-reflection R over 0Q).

We state the main theorem in this section, corresponding to Proposition 1.12. Indeed,
Proposition 1.12 follows from Theorem 9.3 by observing two facts: First, the stereographic
projection restricted to the complement of a small neighbourhood of the infinity point is
bi-Lipschitz. Second, such a map preserves the cp-valued W'?-extension property of Jordan
domains, whose closure does not touch the infinity point.

Theorem 9.3. Let O C R? be an R-valued W' P-extension Jordan domain for some 1 < p < o,
Then Q is a V-valued W'P-extension domain for every Banach space V.
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Proof. Fix a p-reflection R over dQ) obtained from Theorem 9.2. Since Q) is a WlP-extension

domain, we recall from [HKT08a] that it satisfies the measure-density condition. Then

Proposition 1.9 (and Lemma 7.2) implies that W (Q)) = WP(Q) are isometrically isomor-
hic.

’ Consider next an arbitrary Lipschitz u € W' (Q)). Then h := u o J is uniquely defined

in R? and continuous. Since R is a p-reflection over 9(), there exists some h: R? - R2

with a L?(IR?)-integrable upper gradient and h[le\aQ = uoF|gayg = h‘]RZ\aQ Therefore

h = h almost everywhere in R2. Since h is continuous, we have that 1 = h at every
Lebesgue point of h. In other words, = h up to a set negligible for p-Sobolev capacity

in R? [HKST15, Theorem 9.2.8]. Thus & has an LP(R?)-integrable p-weak upper gradient
[HKST15, Proposition 7.1.31]. Since dQ2 has negligible measure, we conclude from (9.1) that

ol 5+ < (pu o F)P|DF|P < K(puoF)?|J5| almost every x € R?, see e.g. [Will2].  (9.2)
We also conclude from (9.2) and 0Q2 having zero measure that, for C = K +1,

P (y)d / d / d
/(Trl(E)puog(y) y= Qp (]/) ]/ ()fpuoﬁ"(y> Y

ENQ

<C / y)dy for every Borel set E C Q. (9.3)

Since Lipschitz functions are dense in W7 (Q) (recall Proposition 1.9, cf. Example 7.10), we
obtain (9.3) for every u € W (Q). Also (9.2) holds for every u € WP(Q).

Next, consider u = (1;)%, € WYP(Q;¢p). Let u; € WP(Q) denote the unique extension
of u; to Q). We denote uoJ := (u;0 F )fil It follows from (9.3) and Lemma 3.9 that

/ - )pu or(y)dy < C/ y)dy for every Borel set E C Q).
3‘7 1
Since this inequality holds for every Borel set and i € IN, we conclude that
/ - )sup pu o (y) dy < C/ y)dy for every Borel set E C Q.
T-

Thus sup; py,05 is LP(R?)-integrable, so the supremum is also a p-weak upper gradient of (a
Newton-Sobolev representative of) u o F by [HKST15, Theorem 7.1.20]. The (1, p)-Poincaré
inequality and compactness of R? yields u o F € WY (IR?;¢co) for which (10 F)|q = u.
Therefore Q) is a cp-valued W'?-extension domain. Recall that this implies the correspond-
ing property for every Banach space due to Corollary 1.7. l
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