
EXTENSIONS AND APPROXIMATIONS OF BANACH-VALUED SOBOLEV
FUNCTIONS

MIGUEL GARCÍA-BRAVO, TONI IKONEN, AND ZHENG ZHU

Abstract. In complete metric measure spaces Z equipped with a doubling measure and
supporting a weak Poincaré inequality, we consider a measurable subset Ω satisfying a
measure-density condition. We investigate when a given Banach–valued Sobolev function
defined on Ω is the restriction of a Banach–valued Sobolev function defined on the whole
space Z. We study the problem for Hajłasz– and Newton–Sobolev spaces, respectively.

First, we show that Hajłasz–Sobolev extendability holds for real-valued functions if and
only if it holds for all Banach spaces. We also show that every c0-valued Newton–Sobolev ex-
tension set is a Banach-valued Newton–Sobolev extension set for every Banach space. We also
prove that any measurable set satisfying a measure-density condition and a weak Poincaré
inequality up to some scale is a Banach-valued Newton–Sobolev extension set for every Ba-
nach space. Conversely, we verify a folklore result stating that when n ≤ p < ∞, every
W1,p-extension domain Ω ⊂ Rn supports a weak (1, p)-Poincaré inequality up to some scale.

As a related result of independent interest, we prove that in any metric measure space
when 1 ≤ p < ∞ and real-valued Lipschitz functions with bounded support are norm-dense
in the real-valued W1,p-space, then Banach-valued Lipschitz functions with bounded support
are energy-dense in every Banach-valued W1,p-space whenever the Banach space has the so-
called metric approximation property.

1. Introduction

A metric measure space is a triple (Z, d, µ), where (Z, d) is a separable metric space and
µ is a Borel regular outer measure satisfying 0 < µ(B) < ∞ for all open balls B.

We say that µ is doubling if there exists a constant cµ > 0 such that µ(2B) ≤ cµµ(B) for
every open ball B ⊂ Z where 2B is a ball with the same center but twice the radius. If the
inequality holds for all balls up to radius r0, we say that µ is doubling up to scale r0.

A metric measure space Z supports a weak (1, p)-Poincaré inequality, for some 1 ≤ p < ∞,
if there exist constants C > 0, λ ≥ 1 such that∫

B
|u− uB| dµ ≤ C diam (B)

(∫
λB

ρp dµ

)1/p

(1.1)

for every ball B ⊂ Z, every integrable function u : λB → R and every Lp-integrable p-
weak upper gradient ρ : λB → [0, ∞] of u. Here we define the integral average of u over a
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measurable set F as

uF :=
∫

F
u dµ :=

1
µ(F)

∫
F

u dµ

whenever u is integrable on F and 0 < µ(F) < ∞. If the inequality (1.1) holds for all balls
B whose radius is at most r0, we say that Z supports a weak (1, p)-Poincaré inequality up
to scale r0. A metric measure space is a p-PI space if Z is a complete metric measure space
with µ doubling and supporting a weak (1, p)-Poincaré inequality.

A measurable set Ω ⊂ Z is called an R-valued W1,p-extension set for some 1 ≤ p ≤ ∞ if
for every Sobolev function u ∈ W1,p(Ω; R), there exists a function E(u) ∈ W1,p(Z; R) such
that E(u)

∣∣
Ω ≡ u and the inequality

‖E(u)‖W1,p(Z;R) ≤ C‖u‖W1,p(Ω;R) (1.2)

holds with a constant C > 0 independent of u. We call

E : W1,p(Ω; R)→W1,p(Z; R)

an R-valued W1,p-extension operator. The smallest constant C > 0 for which (1.2) holds is
denoted by ‖E‖ and called the operator norm of E. To simplify notation we typically omit
the R. Note that we do not require the operator E to be linear.

For us, the notation W1,p(Ω; R) refers to the Lebesgue equivalence classes of Newton–
Sobolev functions introduced by Shanmugalingam in [Sha00] for real-valued mappings,
based on earlier works by Koskela–MacManus [KM98] and Heinonen–Koskela [HK98b].
It is now understood that in every complete metric measure space, the Newton–Sobolev
approach is equivalent to the approaches by Cheeger [Che99, Sha00] (when 1 < p < ∞)
or the minimal relaxed slope arising from the relaxation of the slope of Lipschitz functions
[AGS13, EB20] (when 1 ≤ p < ∞); see [AGS13] for further reading. Moreover, when Ω is
an open set in the Euclidean space Rn, the definition coincides with the classical definition
based on integration by parts formulation [Sha00]. See [CE21] and references therein for
related Banach-valued results.

On the Euclidean space Rn, Calderón and Stein proved that Lipschitz domains are W1,p-
extension domains for arbitrary 1 ≤ p ≤ ∞, see [Cal61, Ste70]. Later, Jones [Jon81] general-
ized this result to the class of the so-called (ε, δ)-domains (containing the class of uniform
domains), strictly containing the class of Lipschitz domains. Similar results have now been
proved in the metric measure space setting, for example, in [Shv07, HKT08a, BS07, BBL21].
Based on the results in [Kos98, Shv10, KRZ15, KRZ17b], a geometric characterization of
planar simply connected W1,p-extension domains is well-established. However, basic ques-
tions about the structure of more general W1,p-extension domains remain open. A standard
example of a domain Ω ⊂ R2 that is not a W1,p-extension domain is the slit disk: the unit
disk minus a radial segment. This and other examples are discussed in Section 7. When
Ω is not necessarily open but its complement has zero measure, there are known necessary
and sufficient geometric conditions for Ω to be a W1,p-extension set [BBL21]. The results in
[BBL21] partially motivated us to work with measurable sets in place of domains.

The main subject of this paper is W1,p(Ω; V)-extension sets, where W1,p(Ω; V) refers to
the Lebesgue equivalence classes of V-valued Newton–Sobolev functions, see Section 3.5
for the precise definition. Now, given a Banach space V, one can define the V-valued
extension operator as in (1.2) simply by replacing R with V. We are only considering the
cases 1 < p < ∞, the limiting cases p = 1 and p = ∞ being outside the scope of this work.
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As far as the authors are aware, this project is the first time the Banach-valued Sobolev
extension sets are considered in print.

The following question was the starting point of this manuscript.

Question 1.1. Let 1 < p < ∞ and Z be a p-PI space. Are W1,p-extension sets Ω ⊂ Z also
V-valued W1,p-extension sets for all Banach spaces V?

More generally, does there exist a Banach space V0 such that every V0-valued W1,p-extension set
is a V-valued W1,p-extension set for all Banach spaces V?

Many of the known real-valued extension results generalize to the Banach-valued set-
ting with relative ease when the real-valued assumption is replaced by the correspond-
ing Banach-valued one. Since the extendability for real-valued functions and infinite-
dimensional Banach-valued functions seem unrelated, it is not clear what to expect in
Question 1.1. For example, if Ω is a real-valued W1,p-extension set, an obvious approach to
proving the existence of a, e.g. `∞-valued W1,p-extension operator is to extend component-
wise. However, without knowing that the extension operator commutes with projections, it
is not obvious why the extension obtained in this way is even an Lp(Z; `∞)-function. Even
if Lp(Z; `∞)-boundedness of the extension could be deduced (as one can do in many impor-
tant cases, cf. Theorem 1.3 below), the Sobolev regularity of the extension is more difficult
to deduce. We were able to make this idea work only in some special cases, cf. Section 1.4
below.

Understanding Banach-valued extension sets has some applications. For example, by
the Kuratowski embedding theorem, every separable metric space X can be isometrically
embedded into `∞. Then if every u ∈W1,p(Ω; X) is the restriction of some h ∈W1,p(Z; `∞),
this allows one to establish the existence of minimizers for several types of energy mini-
mization problems, at least when Z is a p-PI space. This is of interest, for example, when
studying minimal surfaces using the so-called Q-valued mappings, see [DLS11]. Moreover,
under suitable geometric assumptions on Z and X, knowing that every u ∈ W1,p(Ω; X)
satisfies u = h|Ω for some h ∈ W1,p(Z; X) is closely related to the density of Lipschitz
functions in W1,p(Ω; X), cf. [LS05, HS14] and Theorems 1.6 and 7.3 below. We believe
that understanding Banach-valued extension sets sheds some light to these metric-valued
problems.

1.1. Extending a given function. Before stating our first result, we say that a measurable
set Ω ⊂ Z satisfies the measure-density condition (with constant cΩ > 0) if

µ(B(x, r) ∩Ω) ≥ cΩµ(B(x, r)) for every (x, r) ∈ Ω× (0, 1]. (1.3)

Our first result concerns recognizing the functions u ∈ W1,p(Ω; V) for which there exists
some extension h ∈W1,p(Z; V).

Theorem 1.2. Let 1 < p < ∞, Z = (Z, d, µ) be a p-PI space, Ω ⊂ Z be a measurable set satisfying
the measure-density condition and V be a Banach space. Then, given u ∈ Lp(Ω; V), there exists
h ∈W1,p(Z; V) with u = h|Ω if and only if there exists some s = s(u) > 0 such that

x → u]
s(x) := sup

0<t<s

1
t

∫
Ω∩B(x,t)

∫
Ω∩B(x,t)

|u(y)− u(z)| dµ(y) dµ(z) ∈ Lp(Ω). (1.4)

In the real-valued case and s = ∞, Theorem 1.2 was considered in [Shv07, Theorem 1.2]
which partially motivated our local formulation of the aforementioned theorem; see also
[HKT08a, HKT08b]. The main novelty of Theorem 1.2 is that the radius s = s(u) is allowed
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to be arbitrarily small and depend on u, and this is a new result even in the real-valued
case.

Note that if µ is doubling, (1.3) implies that the restriction of µ to Ω is a doubling measure
up to scale one, so necessarily µ(Ω \Ω) = 0 by the Lebesgue differentiation theorem. The
assumption (1.3) holds whenever Ω is an (ε, δ)-domain in a p-PI space (see, e.g., [BS07]).
This fact is especially of interest as bounded domains in PI spaces can be approximated
from inside by (ε, δ)-domains, cf. [Raj21]. Furthermore, if there are constants C > 0, Q ≥ 1
for which

C−1rQ ≤ µ(B(x, r)) ≤ CrQ for all (x, r) ∈ Z× (0, 1], (1.5)
condition (1.3) is necessary for a domain Ω ⊂ Z to be a W1,p-extension domain [HKT08a,
Theorem 2]. The slit disk example B(0, 1) \ ([0, 1]× {0}) ⊂ R2 illustrates that the measure-
density condition is not sufficient (see Example 7.7). Typical examples of p-PI spaces sat-
isfying (1.5) include every Carnot group (e.g. the Heisenberg groups), finite-dimensional
Banach spaces, or compact Riemannian manifolds, where each of these examples are en-
dowed with an appropriate dimensional Hausdorff measure, see e.g. [HK98b, Che99, KZ08]
for further reading.

1.2. Extension sets.

Theorem 1.3. Let 1 < p < ∞, Z = (Z, d, µ) be a p-PI space, Ω ⊂ Z be a measurable set satisfying
the measure-density condition and V be a Banach space. Then the following are equivalent:

(1) There exists a linear extension operator

EV : W1,p(Ω; V)→W1,p(Z; V).

(2) For every u ∈W1,p(Ω; V), there exists h ∈W1,p(Z; V) with h|Ω = u.

Even without assuming the measure-density condition, a simple argument using the
bounded inverse theorem shows that condition (2) implies the existence of an extension op-
erator EV : W1,p(Ω; V) → W1,p(Z; V). However, the measure-density condition guarantees
the linearity of some extension operator.

We obtain a linear extension operator in Theorem 1.3 using an idea based on [HKT08a],
where Hajłasz, Koskela and Tuominen considered real-valued W1,p-extension domains.
They observed that if Ω ⊂ Z is a domain and Z is a p-PI space satisfying (1.5), then Ω is a
real-valued W1,p-extension domain if and only if it satisfies the measure-density condition
and W1,p(Ω) coincides with the Hajłasz–Sobolev space M1,p(Ω) (see [Haj96] or Section 2
for the definitions). The authors proved this equivalence by first considering M1,p-extension
domains. We now state our related V-valued result.

Theorem 1.4. Let Z = (Z, d, µ) be a metric measure space, with µ doubling, and Ω ⊂ Z a
measurable set satisfying the measure-density condition. Then, for every 1 ≤ p < ∞, there exist a
constant C = C(cµ, cΩ, p) > 0 and a family of linear extension operators, one for each Banach space
V, EV : M1,p(Ω; V)→ M1,p(Z; V) with

• ‖EV‖ ≤ C;
• T ◦ EV = EW ◦ T for every continuous linear map T : V→W,

where V and W are arbitrary Banach spaces.

Here and elsewhere the notation C = C(a, b, c) means that the constant C depends only
on the parameters a, b and c.
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Having Theorem 1.4 in mind, now the proof of "(2)⇒ (1)" in Theorem 1.3 is quite straight-
forward. On the one hand, we always have a 4-Lipschitz linear embedding M1,p(Ω; V) ⊂
W1,p(Ω; V), see Proposition 3.12. On the other hand, by the assumptions on Z and since
1 < p < ∞, we have M1,p(Z; V) = W1,p(Z; V) as sets with bi-Lipschitz equivalent norms
(see [Haj96, HKST15] or Section 6). Then the bounded inverse theorem leads to the equality
M1,p(Ω; V) = W1,p(Ω; V) as sets and with bi-Lipschitz equivalent norms. This implies that
the operator EV in Theorem 1.4 is a bounded linear operator between the corresponding
W1,p-spaces.

This argument also establishes the following result, thereby extending the corresponding
real-valued result from [HKT08a] to the Banach-valued setting.

Corollary 1.5. Let 1 < p < ∞, Z = (Z, d, µ) be a p-PI space and Ω ⊂ Z be a measurable set
satisfying the measure-density condition. Then Ω is a V-valued W1,p-extension set if and only if
W1,p(Ω; V) = M1,p(Ω; V) as sets.

Next, we provide a positive answer to the second part of Question 1.1. For this purpose,
we consider the Banach space

c0 :=
{

x = (xi)
∞
i=1 : xi ∈ R, lim

i→∞
xi = 0

}
,

endowed with the supremum norm |x| = supi∈N |xi|. Then c0 is a closed linear subspace
of `∞, the space of bounded sequences. We prove the following result.

Theorem 1.6. Let 1 < p < ∞ and Z be a metric measure space. Then the following are equivalent:
(1) W1,p(Z; c0) = M1,p(Z; c0) as sets;
(2) W1,p(Z; `∞) = M1,p(Z; `∞) as sets;
(3) W1,p(Z; V) = M1,p(Z; V) as sets for every Banach space V.

Moreover, under any one of these equivalent conditions, there exists a constant C = C(Z) > 0 so
that for every Banach space V, we have

C−1‖u‖M1,p(Z;V) ≤ ‖u‖W1,p(Z;V) ≤ 4‖u‖M1,p(Z;V) for every u ∈W1,p(Z; V). (1.6)

The proof of Theorem 1.6 shows that if W1,p(Z) = M1,p(Z) and there is a constant C > 0
such that (1.6) holds for every finite-dimensional Banach space V with the constant C, then
W1,p(Z; `∞) = M1,p(Z; `∞).

Theorem 1.6 and Corollary 1.5 yield the following consequence.

Corollary 1.7. Let 1 < p < ∞, Z = (Z, d, µ) be a p-PI space and Ω ⊂ Z be a measurable
set satisfying the measure-density condition. If Ω is a c0-valued W1,p-extension set, then Ω is a
V-valued W1,p-extension set for all Banach spaces V.

While Corollary 1.7 provides a positive answer to the second part of Question 1.1, the
first part remains open. The following results investigate the density of Lipschitz functions
in W1,p(Ω; V), closely related to the properties of the embedding M1,p(Ω; V) ⊂W1,p(Ω; V).

1.3. Density of Lipschitz functions. If the equality W1,p(Z) = M1,p(Z) holds as sets, Lip-
schitz functions with bounded support are norm-dense in W1,p(Z) as the norm-density
is known in M1,p(Z), cf. [Haj96]. Given the norm-density, it is of interest to know how
well any given u ∈ W1,p(Z; c0) can be approximated by Lipschitz functions with bounded
support, or whether such approximations even exist.
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We show the following theorem.

Theorem 1.8. Let 1 ≤ p < ∞ and Z = (Z, d, µ) be a metric measure space for which Lipschitz
functions with bounded support are dense in norm in W1,p(Z). Then Lipschitz functions with
bounded support are dense in energy in W1,p(Z; V) whenever V is a Banach space with the metric
approximation property.

We refer the reader to Section 4 for the definitions and the proof. However, we note that
energy-density is weaker than norm density, see Section 4, and we do not know if norm-
density holds in W1,p(Z; V) under the stated assumptions. We do expect that the conclusion
of the theorem holds under the weaker assumption of energy-density of Lipschitz functions
with bounded support in W1,p(Z).

We also recall that many classical Banach spaces, such as all finite-dimensional Banach
spaces, `q space for 1 ≤ q ≤ ∞, c0 and every Hilbert space, have the metric approximation
property, while not all Banach spaces have the property. We do not know if the density in
energy holds for all Banach spaces under the assumptions of Theorem 1.8.

Typically the Lipschitz energy-density for Banach-valued Sobolev functions is deduced
from the equality M1,p(Z; V) = W1,p(Z; V) as sets, valid in p-PI spaces for p > 1, cf. [Haj96,
HKST01, HS14, HKST15, HS14] and the references therein. In fact, under the equality
M1,p(Z; V) = W1,p(Z; V), the density in energy improves to density in norm, e.g. when the
measure of Z is doubling, cf. [HKST15, Lemma 10.2.7]. See also [LS05, HS14]. Theorem 1.8
implies that to answer the first part of Question 1.1 positively, it is necessary and sufficient
to prove that the 4-Lipschitz embedding M1,p(Ω; c0) ⊂ W1,p(Ω; c0) has a closed image
whenever Ω is a W1,p-extension set, cf. Proposition 4.7 and Remark 7.4.

There is now a wealth of literature which guarantees the norm-density of Lipschitz func-
tions in W1,p(Z), e.g. under the completeness [Che99, HKST15, ACDM15, IPS22, EBSar] and
noncompleteness [Lew87, KZ16, KRZ17a] assumptions, respectively. In particular, when Z
is complete and Z is metrically doubling [ACDM15] or has finite Hausdorff dimension
[EBSar], the norm-density holds. Based on the known results in the complete setting, we
prove the following.

Proposition 1.9. Let Z be a p-PI space and Ω ⊂ Z a measurable set with µ(Ω \Ω) = 0. Then,
for any 1 ≤ p < ∞, the following properties hold.

(1) If every u ∈W1,p(Ω) is the restriction of some h ∈W1,p(Ω), then Lipschitz functions with
bounded support are norm-dense in W1,p(Ω).

(2) If Ω is p-path almost open in Ω and Lipschitz functions with bounded support are energy-
dense in W1,p(Ω), then every u ∈ W1,p(Ω) is the restriction of some h ∈ W1,p(Ω) with
equal norm.

We refer the reader to Section 7 for the definitions and the proof. The interested reader
can readily relax the p-PI assumption from Proposition 1.9, and we expect Proposition 1.9
to be known to experts in the field. More interestingly for us, combining the proposition
with Theorem 1.8 yields the energy density of Banach-valued Lipschitz functions for many
Banach-valued W1,p-spaces of interest.

Getting back to the Sobolev extension problem, we have been able to answer Question 1.1
positively under further geometric assumptions on Ω. This is the content of the results
below.
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1.4. Sufficient geometric conditions for extendability. A consequence of Theorem 1.2,
based on (1.4), is the following.

Proposition 1.10. Let 1 < p < ∞, Z = (Z, d, µ) be a p-PI space and Ω ⊂ Z be a measurable
set satisfying the measure-density condition. If Ω supports a weak (1, p)-Poincaré inequality up to
scale r0, for some 0 < r0, then Ω is a V-valued W1,p-extension set for every Banach space V.

When we say that Ω supports a weak (1, p)-Poincaré inequality up to scale r0, we mean
that when the distance and measure of Z are restricted to Ω, the corresponding triple
(Ω, dΩ, µΩ) supports a weak (1, p)-Poincaré inequality up to scale r0. Proposition 1.10 is an
expected result, especially when r0 = ∞, cf. [BS07, Section 5], but we provide a proof.

The proof of Proposition 1.10 relies on the local self-improvement phenomenon of the
weak Poincaré inequality established in [BB19, Theorem 5.1], based on earlier work in
[BB18] and by Keith and Zhong in [KZ08]. The noncompleteness of Ω makes the self-
improvement a subtle problem, cf. [Kos99, BBL21].

Observe that the assumptions of Proposition 1.10 hold for every (ε, δ)-domain in a p-PI
space: the measure-density condition follows from [BS07, Lemma 4.2] and weak (1, p)-
Poincaré inequality from [BS07, Theorem 4.4]. See also [BBL21, Theorem 3.2] for a related
local result.

Recently, [BBL21] studied the special case of µ(Z \ Ω) = 0 partially motivated by re-
movable sets for Sobolev functions and related problems. Among many other results, the
authors prove that under a further technical condition on Ω as in Proposition 1.9 (2), a set
Ω ⊂ Rn whose complement has negligible measure is a W1,p-extension set if and only if
Ω supports a weak (1, p)-Poincaré inequality [BBL21, Theorem 1.1]. See [EBG21a, EBG21b]
for further (fractal-like) examples of Ω ⊂ Rn satisfying the assumptions of Proposition 1.10.

The techniques developed for the proof of Proposition 1.10 led us to prove the following
folklore result, providing a positive answer to Question 1.1 in case Ω ⊂ Rn is a W1,p-
extension domain for n ≤ p < ∞.

Theorem 1.11. If Ω ⊂ Rn is a W1,p-extension domain for some 1 < n ≤ p < ∞, then Ω
satisfies the measure-density condition and supports a weak (1, p)-Poincaré inequality up to some
scale r = r(Ω) > 0.

We recall that every W1,p-extension domain Ω ⊂ Rn satisfies the measure-density con-
dition due to [HKT08b]. The fact that Ω supports a weak (1, p)-Poincaré inequality up to
some scale follows, with some work, from [Kos98], combined with [BB19, Theorem 5.1].
For completeness sake, we provide a proof in Section 8. It would be interesting to extend
Theorem 1.11 in two ways. First, to p-PI spaces satisfying (1.5) for some 1 < Q ≤ p. Second,
relaxing, as much as possible, the domain assumption on Ω to measurability and p-path
almost openness and to the measure-density condition.

When p < n there are W1,p-extension domains that do not support a weak (1, p)-Poincaré
inequality up to any scale r0 (see [Kos90, Example 2.5], [BS07, Remark 5.2], or Example 7.9).
Example 7.9 considers a domain Ω ⊂ R2 which is a W1,p-extension domain for every
1 < p < 2 and Lipschitz functions are dense in W1,p(Ω) for every 1 < p ≤ 2, but still
Ω is not a W1,2-extension domain. In particular, Ω cannot support a weak (1, p)-Poincaré
inequality up to any scale for any 1 ≤ p ≤ 2. Although for this example we cannot use
Theorem 1.11 to conclude from Proposition 1.10 that the extension property still holds for
Banach-valued functions, an explicit extension operator can be built, hence giving further
support that the answer to Question 1.1 is yes for the whole range 1 < p < ∞.
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We also answer affirmatively Question 1.1 for the case of planar Jordan W1,p-extension
domains. This follows by applying a key theorem from [KPZ19]. The authors observed that
for all planar Jordan W1,p-extension domains there exists an extension operator induced by
a reflection map. We show that the reflection map allows us to also extend Banach-valued
functions.

Proposition 1.12. Let Ω ⊂ R2 be a Jordan W1,p-extension domain for 1 < p < ∞. Then Ω is a
V-valued W1,p-extension domain for every Banach space V.

To conclude the introduction we outline the paper. In Section 2, we state some prelimi-
nary results and fix some notation. We introduce the Sobolev spaces we use in Section 3. In
Section 4, we establish Theorems 1.6 and 1.8. In Section 5, we construct the M1,p-extension
operator following the construction from [HKT08a] and prove Theorem 1.4. In Section 6, we
prove Theorem 1.2. In Section 7, we investigate the connection of being a W1,p-extension
set to the Banach property of the so-called local Hajłasz–Sobolev space and to the den-
sity of Lipschitz functions with bounded support, under the further assumptions of the
measure-density condition and p-path almost openness, cf. [BB15, BB19, BB21, BBL21]. We
also consider some example domains in this section. Lastly, we prove Proposition 1.10 and
Theorem 1.11 in Section 8 and Proposition 1.12 in Section 9, respectively.

2. Preliminaries

As mentioned previously, in what follows, we use the notation C, C′ or C(·) for a com-
putable positive constant depending only on the parameters listed in the parenthesis. The
constant may differ between appearances, even within a chain of inequalities.

We say that a metric measure space Z = (Z, d, µ) is a doubling metric measure space when-
ever µ is doubling.

Often we consider restrictions of the distance and measure to measurable subsets Ω ⊂
Z. The distance is obtained simply by restriction, while the measure is obtained in the
following way. For every K ⊂ Ω, we denote

µΩ(K) := inf
{

µ(K′) : K ⊂ K′ is Borel in Ω
}

.

Recall that K′ is Borel in Ω if and only if K′ = B∩Ω for some Borel set B ⊂ Z, cf. [HKST15,
Lemma 3.3.4]. Since B ∩Ω is µ-measurable whenever B is Borel in Z, we therefore obtain

µΩ(K) = inf
{

µ(K′) : K ∩Ω ⊂ K′ is Borel in Z
}
= µ(K). (2.1)

In particular, µΩ is a Borel regular outer measure. These considerations imply, in particular,
that K ⊂ Ω is µΩ-measurable if and only if it is µ-measurable. Moreover, if K is Borel
measurable in Z, K is Borel measurable in Ω. Since µΩ ≡ µ for subsets of Ω, we typically
omit the subscript from µΩ.

We say that N ⊂ Z is negligible if µ(N) = 0. A property holds almost everywhere in F ⊂ Z,
or for almost every z ∈ F, if there exists a negligible set N ⊂ F such that the property holds
for every point in F \ N.

We denote the open and closed balls of Z by

B(z, r) := {y ∈ Z : d(z, y) < r} and B(z, r) := {y ∈ Z : d(z, y) ≤ r} ,
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respectively. We sometimes omit the (z, r), and use the notation λB to denote the ball
B(z, λr) for 0 < λ < ∞. For any set F ⊂ Z, we define the open r-neighbourhood as

B(F, r) =
⋃
z∈F

B(z, r) = {z ∈ Z : d(z, F) < r},

where d(z, F) := inf {d(z, x) : x ∈ F} is the distance from a point z ∈ Z to a subset F ⊂ Z.
Similarly, if E ⊂ Z, then d(E, F) = inf {d(z, F) : z ∈ E} is the distance between the sets E
and F.

2.1. Lipschitz maps. Let Z and X be metric spaces. Given L ≥ 0, a map f : Z → X is
L-Lipschitz if

d( f (x), f (y)) ≤ Ld(x, y) for every x, y ∈ Z.

We say that f is L-bi-Lipschitz if

L−1d(x, y) ≤ d( f (x), f (y)) ≤ Ld(x, y) for every x, y ∈ Z.

A map f : Z → X is (bi-)Lipschitz if it is L-(bi-)Lipschitz for some L ≥ 0.
In case X is a Banach space, we say that map f : Z → X has bounded support if the set

{ f 6= 0} is bounded.

2.2. Functional analysis. Given a Banach space V, we typically denote its elements by v
and the norm by |v|. The dual of V, denoted by V∗, refers to the collection of all continuous
linear maps w : V→ R, where the norm is defined by setting

|w| := sup
|v|≤1

w(v).

We reserve the notation ‖ · ‖ for norms on function spaces, or for extension operators.
We recall here an important functional analytic tool, see [Con90, Section 12].

Theorem 2.1 (Bounded inverse theorem). Let V1 and V2 be Banach spaces and ι : V1 → V2 be
linear and continuous.

(1) If ι is surjective, then there exists a constant c > 0 such that for every v2 ∈ V2 there exists
v1 ∈ V1 with ι(v1) = v2 and |ι(v1)| ≥ c|v1|.

(2) If ι is injective and ι(V1) is a closed subspace of V2, then there exists a constant c > 0 such
that c|v| ≤ |ι(v)| for every v ∈ V1. In particular ι : V1 → ι(V1) is bi-Lipschitz.

2.3. Bochner integration. Given a Banach space V, we say that u : Z → V is measurable
if for every open set V ⊂ V, u−1(V) is µ-measurable and there exists a negligible set
N ⊂ Z such that u(Z \ N) is separable. We refer to [HKST15, Pettis measurability] for
equivalent definitions of measurability. In particular, a map u : Z → V is measurable if and
only if there exists a sequence of simple maps ui = ∑Ni

j=1 ci,jχEi,j converging to u pointwise
outside a negligible set. Here each Ei,j ⊂ Z is a measurable subset, ci,j ∈ V, and χEi,j is the
characteristic function of the set Ei,j.

The approximation by simple maps lends itself to a natural extension of the Lebesgue
integration of real-valued maps. The approximation defines the so-called Bochner integra-
tion for all measurable u : Z → V. Indeed, a measurable function u : Z → V is Bochner
integrable if and only if |u| ∈ L1(Z) in the usual Lebesgue sense; see [HKST15, Section 3].
We define Lp(Z; V), for 1 ≤ p ≤ ∞, as the collection of all measurable u : Z → V for which
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|u| ∈ Lp(Z). As is common, we identify u1, u2 ∈ Lp(Z; V) if u1 = u2 almost everywhere,
thereby obtaining a quotient space Lp(Z; V) equipped with the norm

‖u‖Lp(Z;V) :=
(∫

Z
|u|pdµ

) 1
p

.

We also say that a function u : Z → V is locally integrable, denoted by u ∈ L1
loc (Z; V), if

u is measurable and Z can be covered by open sets in which the norm |u| is integrable.
The following result shows how the image of measurable functions can be isometrically

embedded into `∞. Recall that

`∞ := {(zi)
∞
i=1 : zi ∈ R, sup

i
|zi| < ∞}

endowed with the supremum norm |z| := supi |zi|. The simple lemma below is one of the
key ideas in the proof of Theorem 1.6.

Lemma 2.2. Let u : Z → V be measurable and N ⊂ Z be negligible so that u(Z \ N) ⊂ V is
separable. Then there exists a separable closed subspace V0 ⊂ V containing u(Z \ N) and a linear
1-Lipschitz mapping ι : V→ `∞ such that ι|V0 is an isometric embedding.

Proof. Given that u(Z \ N) is separable, it contains a countable dense set {u(zi)}i∈N with
zi ∈ Z \ N. The set

V0 =

{
n

∑
i=1

λiu(zi) : λi ∈ Q, n ∈N

}
is a separable and closed subspace of V. In particular, there exists a dense subset {vi}i∈N ⊂
V0. By the Hahn–Banach theorem, for every i, there exists wi ∈ V∗ for which wi(vi) = |vi|
and |wi| = 1.

We define ι : V → `∞ by setting ι(v) := (wi(v))∞
i=1 for every v ∈ V. This defines a 1-

Lipschitz linear mapping. By the density of {vi}i∈N in V0, for every ε > 0 and every v ∈ V0,
there exists some j ∈ N for which |v| − ε ≤ |wj(v)| ≤ |v|. This implies that |ι(v)| = |v| for
every v ∈ V0. In other words, the restriction of ι to V0 is a linear isometry. �

It is sometimes convenient to consider zero extensions of measurable functions defined
on measurable sets, the extension being measurable, cf. (2.1). To this end, given a measur-
able g : F → V, we denote by ĝ : Z → V the zero extension of g by setting g = ĝ|F and zero
elsewhere.

For every locally integrable function u : Z → R, we define the Hardy-Littlewood maximal
operator M(u) : Z → R by setting

M(u)(x) := sup
r>0

∫
B(x,r)

u(y) dµ(y) for every x ∈ Z. (2.2)

We also use the following restricted maximal function for a given R > 0:

MR(u)(x) := sup
R>r>0

∫
B(x,r)

u(y) dµ(y) for every x ∈ Z. (2.3)

In the case u : Z → V we set M(u) = M(|u|) for the norm |u| : Z → R of u. The following
lemma recalls basic properties of the maximal operator defined above.
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Lemma 2.3 (Theorem 3.5.6 [HKST15]). Let Z be a doubling metric measure space and V a Banach
space. For each 1 < p < ∞ and R > 0, the mappings

M : Lp(Z; V)→ Lp(Z) and MR : Lp(Z; V)→ Lp(Z)

are bounded operators, with operator norms bounded from above by a constant C(p, cµ) > 0.

2.4. Lebesgue differentiation theorem. In this section, we consider a doubling metric mea-
sure space Z. In fact, the results below work in any metric measure space Z for which

lim sup
r→0+

µ(B(z, 2r))
µ(B(z, r))

< ∞ for µ-almost every z ∈ Z. (2.4)

We recall the Lebesgue differentiation theorem: If u ∈ Lp(Z; V) for some Banach space V,
then

lim
r→0+

∫
B(z,r)

|u(y)− u(z)|p dµ(y) = 0 for almost every z ∈ Z. (2.5)

We refer the reader to [HKST15, Section 3.4] for a proof of (2.5). Any z ∈ Z for which
(2.5) holds is called a Lebesgue point of u. The property (2.4) implies that we may replace the
closed balls by open balls in (2.5), while the triangle inequality yields

u(z) = lim
r→0+

uB(z,r) = lim
r→0+

uB(z,r) at Lebesgue points of u. (2.6)

In particular,
|u|(z) = lim

R→0+
MR(|u|) at Lebesgue points of u.

3. Sobolev spaces

3.1. Hajłasz–Sobolev spaces. Let 1 ≤ p ≤ ∞ and Z be a metric measure space. Given a
map u : Z → V, we say that a function g : Z → [0, ∞] is a Hajłasz upper gradient of u if g is
measurable and there exists N ⊂ Z with µ(N) = 0 such that

|u(x)− u(y)| ≤ d(x, y) (g(x) + g(y)) for every x, y ∈ Z \ N. (3.1)

The class of all Hajłasz upper gradients of u is denoted by D(u), and we set Dp(u) :=
D(u) ∩Lp(Z).

Observe that if u1, u2 : Z → V, g ∈ D(u1) and u1 = u2 almost everywhere, then g ∈
D(u2). In particular, if u ∈ Lp(Z; V), the collection D(u) can be unambigously defined as
those Hajłasz gradients of some (an arbitrary) representative of u. Similarly, if g ∈ D(u) all
representatives of the Lebesgue equivalence classes of g are elements of D(u), justifying the
abuse of notation Dp(u) ⊂ Lp(Z).

Definition 3.1. Let 1 ≤ p ≤ ∞ and V be a Banach space. The Hajłasz-Sobolev space M1,p(Z; V)
is defined by setting

M1,p(Z; V) :=
{

u ∈ Lp(Z; V) : Dp(u) 6= ∅
}

,
equipped with the norm

‖u‖M1,p(Z;V) := ‖u‖Lp(Z;V) + inf
g∈Dp(u)

‖g‖Lp(Z).

In case V = R, the short-hand M1,p(Z) = M1,p(Z; R) is used.

Lemma 3.2. Let u : Z → V be measurable and g ∈ D(u).
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(1) If W is a Banach space and φ : V → W is L-Lipschitz, then Lg ∈ D(φ ◦ u). Moreover, if
φ(0) = 0, then ‖φ ◦ u‖Lp(Z;W) ≤ L‖u‖Lp(Z;V) for every 1 ≤ p ≤ ∞.

(2) If w ∈ V∗, then |w|g ∈ D(w(u)).
(3) If φ : Z → R is L-Lipschitz and K = Z \ {φ = 0}, then φu has a Hajłasz upper gradient

g̃ = (L|u|+ ‖φ‖∞g)χK.

Proof. We show (1) first. For every x, y ∈ Z,

|φ(u(x))− φ(u(y))| ≤ L|u(x)− u(y)| < ∞.

Also, there exists a negligible set N ⊂ Z so that

|u(x)− u(y)| ≤ d(x, y)(g(x) + g(y))

for every x, y ∈ Z \ N. Hence we have Lg ∈ D(φ ◦ u). If in addition φ(0) = 0, we have
|φ ◦ u(x)| ≤ L|u(x)| for every x ∈ Z, and the norm inequality ‖φ ◦ u‖Lp(Z;W) ≤ L‖u‖Lp(Z;V)

follows for every 1 ≤ p ≤ ∞. Observe that (2) is a special case of (1), given that each w ∈ V∗

is linear and |w|-Lipschitz.
The statement (3) is basically [HK98a, Lemma 5.20], where the authors formulated the

result for real-valued mappings. First, in case x ∈ K, y /∈ K, one has

|φ(x)u(x)| ≤ d(x, y)L|u(x)| ≤ d(x, y)g̃(x).

The case y ∈ K, x /∈ K is analogous. If x, y ∈ K, then

|φ(x)u(x)− φ(y)u(y)| ≤ d(x, y) ((g(x) + g(y))|φ(x)|+ L|u(y)|)
≤ d(x, y) (‖φ‖∞g(x) + L|u(x)|+ ‖φ‖∞g(y) + L|u(y)|)
≤ d(x, y)(g̃(x) + g̃(y)).

If x, y /∈ K the result is clear as well. �

Lemma 3.3. Suppose that u : Z → V is measurable and g : Z → [0, ∞] is measurable.
Then the following are equivalent:
(1) g is a Hajłasz upper gradient of u;
(2) g is a Hajłasz upper gradient of w(u) for every |w| ≤ 1, w ∈ V∗;

Let E ⊂ Z be negligible so that u(Z \ E) ⊂ V0 for some separable closed subspace V0 of V, and let
ι : V→ `∞ be a 1-Lipschitz linear map with ι|V0 being an isometric embedding.

Then (1) and (2) are also equivalent to the following:
(3) g is a Hajłasz upper gradient of the mapping U := ι ◦ u : Z → `∞;
(4) g is a Hajłasz upper gradient of ui, for each i ∈N, where U = (ui)

∞
i=1;

(5) g is a Hajłasz upper gradient of UN := (ui)
N
i=1 : Z → `∞ for every N ∈N.

Proof. The existence of the negligible set E ⊂ Z, the subspace V0 and the mapping ι is
established in Lemma 2.2, so we lose no generality in proving the claim as follows: we first
prove (1)⇒ (2)⇒ (4)⇒ (5) and then we establish (5)⇒ (3) and (1)⇔ (3).

The implication from (1) to (2) is established by Lemma 3.2. Next, if ej : `∞ → R is
defined by (xi)

∞
i=1 7→ xj, then ej ◦ ι ∈ V∗ with |ej ◦ ι| ≤ 1. In particular, (4) follows from (2).

We denote πN : `∞ → `∞ taking (xi)
∞
i=1 to (xi)

N
i=1. We also let ui = ei ◦ ι ◦ u. Assuming

(4), we find negligible sets Ni ⊂ Z such that

|ui(x)− ui(y)| ≤ d(x, y)(g(x) + g(y))
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for every i and every x, y ∈ Z \ Ni. Hence for every N ∈N and x, y ∈ Z \ (⋃N
i=1 Ni),

|πN(U(x))− πN(U(y))| = sup
1≤i≤N

|ui(x)− ui(y)| ≤ d(x, y)(g(x) + g(y)),

which implies (5).
By noting the equality

sup
N
|πN(U)(x)− πN(U)(y)| = |U(x)−U(y)| for every x, y ∈ Z,

we see that (5) implies (3). The equivalence between (1) and (3) holds since |U(x) −
U(y)| = |u(x)− u(y)| for every x, y ∈ Z \ E outside the given negligible set E. �

3.2. Path integrals. We consider an arbitrary metric space Z. A path is a continuous func-
tion γ : [a, b]→ Z whose domain [a, b] is denoted by Iγ. A path γ is rectifiable if

`(γ) = sup
N

∑
i=1

d(γ(ti), γ(ti+1)) < ∞, (3.2)

where the supremum is taken over all finite partitions t1 = a, ti ≤ ti+1, tN+1 = b.
A path γ is rectifiable if and only if the length function h(t) = `(γ|[a,t]), t ∈ Iγ is non-

decreasing and has bounded variation; recall that h is continuous when `(γ) < ∞. We let
dsγ denote the total variation measure of h.

Given a Borel function ρ : Z → [0, ∞], the path integral of ρ over γ is the following number:

∫
γ

ρ ds :=


∞ if γ is not rectifiable,∫

Iγ

ρ(γ(t)) dsγ(t) otherwise.
(3.3)

For a rectifiable path, we denote

‖γ′‖(t) := lim
t 6=s→t

d(γ(t), γ(s))
|t− s| , (3.4)

whenever the limit exists. The limit exists for almost every t ∈ [a, b] for every rectifiable
path. The mapping t 7→ ‖γ′‖(t) is called the metric speed of γ.

Every rectifiable path γ : [a, b] → Z has a unit speed reparametrization γ̃ : [0, l(γ)] → Z
with ‖γ̃′‖(t) ≡ 1 almost everywhere. Namely, γ̃ is the unique continuous map for which
γ̃(h(t)) = γ(t) for the length function h above, see [HKST15, Eq. (5.1.6)]. Since γ̃ ◦ h = γ
and h is (right-)continuous, nondecreasing and of bounded variation, the equality∫

γ
ρ ds =

∫
γ̃

ρ ds

holds for every Borel ρ : Z → [0, ∞], see, e.g., [Fed69, 2.5.18.].
A rectifiable path γ is not absolutely continuous if there exists a negligible set I ⊂ Iγ and

a Borel set B ⊂ γ(I) with
∫

γ χB ds > 0. If no such I and B exist, we say that γ is absolutely
continuous. For an absolutely continuous path γ : [a, b]→ Z, we have∫

γ
ρ ds =

∫ b

a
ρ(γ(s))‖γ′‖(s) dL1(s), see [Dud07],

where L1 is the Lebesgue measure on [a, b].
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3.3. Negligible path families. We consider an arbitrary metric measure space Z here. Any
collection of paths γ : Iγ → Z is referred to as a path family, typically denoted by Γ.

Definition 3.4. Let 1 ≤ p ≤ ∞. A path family Γ is p-negligible if there exists an Lp-integrable
Borel ρ : Z → [0, ∞] for which

Γ ⊂
{

γ :
∫

γ
ρ ds = ∞

}
.

A property holds for p-almost every γ if the family of paths where the property fails is p-negligible.

Observe that the collection of nonrectifiable paths is p-negligible, by definition. Notice that
any path family containing a constant path is not p-negligible. Our notion of "p-negligible"
coincides with the usual one defined using the so-called p-modulus; for the case 1 ≤ p < ∞
we refer the reader to [HKST15, Lemma 5.2.8] and for the p = ∞ case to [DCJ10, Lemma
5.7].

3.4. Weak upper gradients. We consider an arbitrary metric measure space Z in this sec-
tion. Let u : Z → V and 1 ≤ p ≤ ∞. We say that a mapping ρ : Z → [0, ∞] is a p-weak upper
gradient of u if ρ is Borel measurable and for p-almost every γ : [a, b]→ Z,

|u(γ(a))− u(γ(b))| ≤
∫

γ
ρ ds. (3.5)

If, in addition, ρ is Lp-integrable, we denote ρ ∈ DN,p(u).

Lemma 3.5. Let u : Z → V and ρ ∈ DN,p(u). There exists a p-negligible family

Γu,ρ = {γ :
∫

γ
ρ ds = ∞}

such that every rectifiable γ 6∈ Γu,ρ satisfies the following: u ◦ γ is continuous and rectifiable and
every Borel a : Iγ → [0, ∞] satisfies∫

Iγ

a(t) dsu◦γ(t) ≤
∫

Iγ

ρ(γ(t))a(t) dsγ(t). (3.6)

Proof. Let Γ denote the collection of all paths with at least one of the following properties:
γ is not rectifiable,

∫
γ ρ ds = ∞, or there exists a compact subinterval I ⊂ Iγ such that the

path γ|I fails (3.5). Such a family is p-negligible as a union of three such families.
Fix now a rectifiable path γ 6∈ Γ; assume also that γ is not constant. Let s, s′ ∈ Iγ with

s ≤ s′. Then

|u(γ(s))− u(γ(s′))| ≤
∫

γ|[s,s′]

ρ ds =
∫
[s,s′]

ρ(γ(s)) dsγ ≤
∫

γ
ρ ds < ∞.

Since s and s′ were arbitrary, sγ({s}) = 0 for every s ∈ Iγ and ρ ◦ γ is L1-integrable with
respect to the measure sγ, the continuity of u ◦ γ follows. In fact, the (sub)additivity of
integration implies

su◦γ(I) = `(u ◦ γ|I) ≤
∫

γ|I
ρ ds for every closed interval I ⊂ Iγ. (3.7)

Hence u ◦ γ is rectifiable. As (3.7) implies the corresponding inequality for all open inter-
vals, the inequality holds for all open sets I ⊂ Iγ. The outer regularity of the measures su◦γ
and sγ implies the corresponding inequality for all Borel sets B ⊂ Iγ. Then (3.6) follows by
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first establishing the inequality for simple Borel functions, while the general claim follows
from monotone convergence and standard approximation results. �

Lemma 3.6. Let u : Z → V be a map and ρ0 ∈ DN,p(u). If ρ1 : Z → [0, ∞] is Borel measurable
and satisfies ρ1 = ρ0 almost everywhere, then ρ1 ∈ DN,p(u).

Proof. The set E = {ρ0 6= ρ1} is Borel and satisfies µ(E) = 0. Consider the p-negligible
family

Γ1 =

{
γ :

∫
γ

∞ · χE ds = ∞
}
∪
{

γ :
∫

γ
ρ0 ds = ∞

}
∪ Γu,ρ0 ,

where Γu,ρ0 is any p-negligible family satisfying the conclusions of Lemma 3.5.
By construction, ρ0 ◦ γ = ρ1 ◦ γ sγ-almost everywhere, so it follows from (3.6) that every

γ 6∈ Γ1 satisfies

`(u ◦ γ) ≤
∫

γ
ρ0 ds =

∫
γ

ρ1 ds.

This implies ρ1 ∈ DN,p(u). �

Proposition 3.7. If u : Z → V is measurable and DN,p(u) 6= ∅, then there exists ρ ∈ DN,p(u)
such that for every ρ̃ ∈ DN,p(u), the inequality ρ(x) ≤ ρ̃(x) holds for almost every x ∈ Z.

Proof. For the case 1 ≤ p < ∞, see Theorem 6.3.20 [HKST15]. The p = ∞ appears in [Mal13]
in the real-valued case; the Banach-valued case requires only minor modifications. �

For a function ρ ∈ DN,p(u) from Proposition 3.7, its Lp(Z)-equivalence class is denoted
by ρu. We refer to ρu as a minimal p-weak upper gradient of u. Note that every Borel repre-
sentative of ρu satisfies the conclusion of Proposition 3.7, as we see from Lemma 3.6.

Next, we recall the following variants of Lemmas 3.2 and 3.3.

Lemma 3.8. Let u ∈ Lp(Z; V), for 1 ≤ p ≤ ∞, with ρ ∈ DN,p(u).

(1) If W is a Banach space and φ : V→W is L-Lipschitz, then Lρ ∈ DN,p(φ ◦ u). Moreover,
if φ(0) = 0, then

‖φ ◦ u‖Lp(Z;W) ≤ L‖u‖Lp(Z;V).

(2) If w ∈ V∗, then w(u) ∈ Lp(Z) and |w|ρ ∈ DN,p(w(u)).
(3) If φ : Z → R is L-Lipschitz, and K = Z \ {φ = 0} is bounded, then

ρ̃ = (L|u|+ ‖φ‖L∞(Z)ρ)χK ∈ DN,p(φu).

(4) If U ⊂ Z is open, then ρu|U = (ρu)|U almost everywhere in U.

Proof. The claims were already known for 1 ≤ p < ∞. Indeed, claim (1) follows from
[HKST15, Theorem 7.1.20], with (2) being a special case of (1). Claim (3) follows from
[HKST15, Proposition 6.3.28]. Claim (4) follows from [Wil12, Corollary 3.9]. Similar argu-
ment also works for the case p = ∞. �

Lemma 3.9. Suppose that u : Z → V is measurable, ρ : Z → [0, ∞] is Borel measurable and
1 ≤ p ≤ ∞. Then the following are equivalent:

(1) u has a representative ũ with ρ ∈ DN,p(ũ);
(2) w(u) has a representative uw with ρ ∈ DN,p(uw) for every w ∈ V∗, |w| ≤ 1.
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Proof. The implication "(1) ⇒ (2)" already follows from Lemma 3.8, since w(ũ) is a repre-
sentative of w(u) for every w ∈ V∗. The direction "(2) ⇒ (1)” is known when 1 ≤ p < ∞,
but the same proof also works for p = ∞; the key ingredients are Lemma 3.5 and Proposi-
tion 3.7. We refer the interested reader to the proof of [HKST15, Theorem 7.1.20, implication
(iii)⇒ (i)]. �

Lemma 3.10. Let 1 ≤ p ≤ ∞, u ∈ L1
loc (Z; V), and g ∈ Dp(u). Then there exists a representative

ũ of u and a representative g̃ of g such that 4g̃ ∈ DN,p(ũ).

Proof. Theorem 1.3 in [JSYY15] proves the following: Suppose that u, g ∈ L1
loc (Z) and

g ∈ Dp(u). Then u and g have representatives ũ and g̃, respectively, for which 4g̃ ∈ DN,p(ũ).
We use this as follows: For every w ∈ V∗ with |w| ≤ 1, note that g ∈ Dp(w(u)) for

the real-valued w(u). By applying [JSYY15, Theorem 1.3], we conclude that there exist
representatives uw of w(u) and g̃w of g with 4g̃w ∈ DN,p(uw).

We fix now an arbitrary Borel representative g̃ of g. It follows from Lemma 3.6 that
4g̃ ∈ DN,p(uw) for every w ∈ V∗ with |w| ≤ 1. The implication "(2) ⇒ (1)" in Lemma 3.9
shows that 4g̃ ∈ DN,p(ũ) for some representative ũ of u. �

3.5. Newton–Sobolev spaces. We continue working with an arbitrary metric measure space.
Following [Sha00, HKST01], we say ũ ∈ Ñ1,p(Z; V) if ũ ∈ Lp(Z; V) and DN,p(ũ) 6= ∅. We
denote

‖ũ‖Ñ1,p(Z;V) := ‖ũ‖Lp(Z;V) + inf
ρ∈DN,p(ũ)

‖ρ‖Lp(Z).

Two elements ũ1, ũ2 ∈ Ñ1,p(Z; V) are identified if ũ1 − ũ2 = 0 and ρũ1−ũ2 = 0 almost
everywhere. With this convention, we obtain from Ñ1,p(Z; V) a Banach space N1,p(Z; V)
with the norm

‖u‖N1,p(Z;V) := ‖ũ‖Ñ1,p(Z;V),

where ũ is any Ñ1,p(Z; V)-representative of u ∈ N1,p(Z; V); see [HKST15, Section 7.1].
We consider the following variant of the N1,p-space.

Definition 3.11. Let 1 ≤ p ≤ ∞ and V be a Banach space. We denote u ∈ W1,p(Z; V) if u ∈
Lp(Z; V) and there exists ũ ∈ Ñ1,p(Z; V) for which {u 6= ũ} is negligible. The space W1,p(Z; V)
is equipped with the norm

‖u‖W1,p(Z;V) := ‖ũ‖Ñ1,p(Z;V).

In case V = R, the letter R is omitted.

For 1 ≤ p < ∞, Proposition 6.3.22 in [HKST15] states that given two mappings ũ1, ũ2 ∈
Ñ1,p(Z; V) agreeing almost everywhere, we have ρũ1−ũ2 = 0 almost everywhere. For p = ∞,
Lemma 5.13 in [DCJ10] implies the corresponding result. The equality ρũ1 = ρũ2 almost
everywhere follows from the observations ρũ1−ũ2 + ρũ2 ∈ DN,p(ũ1) and ρũ1−ũ2 + ρũ1 ∈
DN,p(ũ2). Hence every u ∈ W1,p(Z; V) defines a unique equivalence class in N1,p(Z; V)
with equal norm. This argument also implies that we may define ρu ∈ Lp(Z) as the
Lebesgue equivalence class of a minimal p-weak upper gradient of some (all) Newton–
Sobolev representative of u ∈W1,p(Z; V).

We conclude from Lemma 3.10 the following result of independent interest, which is
valid for every metric measure space Z.
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Proposition 3.12. Let Z be a metric measure space, 1 ≤ p ≤ ∞ and V be a Banach space. Then
there exists a linear 4-Lipschitz mapping ι : M1,p(Z; V)→W1,p(Z; V) where u 7→ u. In particular,
every u ∈ M1,p(Z; V) induces a unique equivalence class ũ ∈ N1,p(Z; V).

We next prove a slightly technical statement involving u ∈ Ñ1,p(Z; V) and the `∞-space.
We recall the existence of a negligible set E ⊂ Z such that u(Z \ E) is contained in a
closed and separable subspace of V. Recalling Lemma 2.2, there exists a linear 1-Lipschitz
mapping

ι : V→ `∞

for which ι|V0 is a linear isometric embedding. We also denote U := ι ◦ u.

Proposition 3.13. Let u and U be as above. Then U ∈ Ñ1,p(Z; `∞). Moreover, ρu(x) = ρU(x) for
almost every x ∈ Z, |u(x)− u(y)| = |U(x)−U(y)| for every x, y ∈ Z \ E, and |u(x)| = |U(x)|
for every x ∈ Z \ E.

Proof. It follows directly from the definitions that |u(x)− u(y)| = |U(x)−U(y)| for every
x, y ∈ Z \ E and |u(x)| = |U(x)| for every x ∈ Z \ E.

Since ι is 1-Lipschitz, we have ρu ∈ DN,p(U), thereby implying U ∈ Ñ1,p(Z; `∞) and
ρU ≤ ρu almost everywhere.

It remains to show ρU ∈ DN,p(u). We consider the p-negligible path family

Γ0 = ΓU,ρU ∪ Γu,ρu ∪
{

γ :
∫

γ
∞ · χE ds = ∞

}
,

where ΓU,ρU and Γu,ρu are obtained from Lemma 3.5. The key property for us is the follow-
ing: For every constant speed γ 6∈ Γ0, the paths u ◦ γ and U ◦ γ are absolutely continuous,
and

‖(u ◦ γ)′‖(t) ≤ ρu(γ(t))‖γ′‖(t) for almost every t, (3.8)

with the corresponding inequality holding for the pair (U, ρU) instead of (u, ρu); here we
simply apply (3.6). Since

∫
γ χE ds = 0 and γ has constant speed, we conclude that γ−1(E)

has negligible Lebesgue measure. The inequality (3.8) (resp. the corresponding inequality
for U) implies that u ◦ γ (resp. U ◦ γ) has zero length in the complement of V0 (resp. ι(V0)).
The continuity of u ◦ γ (resp. U ◦ γ) actually yields that the image of u ◦ γ lies in V0 (resp.
the image of U ◦ γ in ι(V0)).

Given that ι is an isometry in V0, we have |U ◦γ(s)−U ◦γ(s′)| = |u ◦γ(s)− u ◦γ(s′)| for
every s, s′ ∈ Iγ. In particular, the metric speeds of the absolutely continuous paths u ◦ γ and
U ◦ γ coincide. Hence we may replace in the right-hand side of (3.8) the ρu(γ(t))‖γ′‖(t) by
ρU(γ(t))‖γ′‖(t) for almost every t. This implies ρU ∈ DN,p(u). We have now established
the claim. �

3.6. Local Hajłasz-Sobolev spaces. In preparation for the proof of Theorem 1.2, we con-
sider in this section a doubling metric measure space Z and a measurable set Ω ⊂ Z
satisfying the measure-density condition (1.3). We define an intermediate space between
the Hajłasz–Sobolev and the Newton–Sobolev spaces.

Definition 3.14. Let Z be a metric measure space and V be a Banach space. Fix a function u : Z →
V. We say that g : Z → [0, ∞] is a Hajłasz gradient of u up to scale r > 0 if g|B(z,r) ∈ D(u|B(z,r))
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for every z ∈ Z. The notation D(u, r) refers to the class of all Hajłasz gradients of u up to scale r
and we set

D loc (u) :=
⋃
r>0

D(u, r).

We also denote

Dp(u, r) := D(u, r) ∩ Lp(Z) and D loc ,p(u) := D loc (u) ∩ Lp(Z).

We say that u ∈ m1,p(Z; V) if u ∈ Lp(Z; V) and D loc ,p(u) 6= ∅, and we define the norm

‖u‖m1,p(Z;V) := ‖u‖Lp(Z;V) + inf
g∈D loc ,p(u)

‖g‖Lp(Z).

In case V = R, we denote m1,p(Z) := m1,p(Z; R).

Remark 3.15. Even when Ω ⊂ Rn is an open or measurable set, it is not clear when
m1,p(Ω; V) is a Banach space. In fact, we show examples in Section 7.2 illustrating that the
Banach property of m1,p(Ω) is closely connected to the property of being a W1,p-extension
set.

We also note that, in general, D loc (u) is different from the collection of all g : Z → [0, ∞]
for which for all z ∈ Z there exists some r(z) > 0 with g|B(z,r) ∈ D(u|B(z,r)). An illustrative
example is given by the slit disk. As far as the authors are aware, for real-valued mappings
this slight variant of the space m1,p was first defined in [JSYY15], the variant containing the
space m1,p defined here.

Observe that since Dp(u) ⊂ D loc ,p(u), the space M1,p(Z; V) 1-Lipschitz linearly embedds
into m1,p(Z; V). Moreover, the following fact shows that there is a 4-Lipschitz embedding
from m1,p(Z; V) into W1,p(Z; V).

Lemma 3.16. Let Z be a metric measure space, V be a Banach space and 1 < p < ∞. Then
m1,p(Z; V) 4-Lipschitz linearly embedds into W1,p(Z; V). More precisely, given any u ∈ m1,p(Z; V)
and g ∈ D loc ,p(u), there exists a representative ũ of u and a Borel representative g̃ of g such that
4g̃ ∈ DN,p(ũ).

Proof. The following is a variant of the proof of Lemma 3.10. First, [JSYY15, Theorem 3.2]
proves the following: Suppose that u, g ∈ L1

loc (Z) and g ∈ D loc ,p(u). Then u and g have
representatives ũ and g̃, respectively, for which 4g̃ ∈ DN,p(ũ).

For every w ∈ V∗ with |w| ≤ 1, note that g ∈ D loc ,p(w(u)) for the real-valued function
w(u). By applying [JSYY15, Theorem 3.2], we conclude that there exist representatives ũw
of w(u) and g̃w of g with 4g̃w ∈ DN,p(ũw).

We fix now an arbitrary Borel representative g̃ of g. It follows from Lemma 3.6 that
4g̃ ∈ DN,p(uw) for every w ∈ V∗ with |w| ≤ 1. The implication "(2) ⇒ (1)" in Lemma 3.9
shows that 4g̃ ∈ DN,p(ũ) for some representative ũ of u, and the proof of the lemma is
finished. �

For the next result we recall the following definition:

u]
s(z) = sup

0<t<s

1
t

∫
Ω∩B(z,t)

∫
Ω∩B(z,t)

|u(x)− u(y)| dµ(x) dµ(y)

Here u : Ω → V is locally integrable and Ω ⊂ Z is a measurable subset satisfying the
measure-density condition.
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Proposition 3.17. Whenever Z is a doubling metric measure space, 1 < p < ∞, Ω ⊂ Z satisfies
the measure-density condition, and V is a Banach space, we have

m1,p(Ω; V) = {u ∈ Lp(Ω; V) : u]
s ∈ Lp(Ω) for some s > 0}.

Moreover, there exists a constant C = C(cµ, cΩ, p) ≥ 1, such that

1
C

(
‖u‖Lp(Ω;V) + inf

s>0
‖u]

s(z)‖Lp(Ω)

)
≤ ‖u‖m1,p(Ω;V) ≤ C

(
‖u‖Lp(Ω;V) + inf

s>0
‖u]

s(z)‖Lp(Ω)

)
.

In fact, whenever 0 < s ≤ 1/2, there exists another constant C = C(cµ, cΩ) > 0 such that for
every locally integrable u : Ω→ V, Cu]

2s ∈ D(u, s).

Proof. This is a standard argument but we include the details for the convenience of the
reader.

Assume first that u ∈ m1,p(Ω; V). Obviously by definition we have u ∈ Lp(Ω; V). Let us
prove that u]

s ∈ Lp(Ω). Suppose that g ∈ D loc ,p(u) and take s ∈ (0, 1] so that g|B(z,s)∩Ω ∈
D(u|B(z,s)∩Ω) for every z ∈ Ω. Then, at every z ∈ Ω,

sup
0<t<s

1
t

∫
Ω∩B(z,t)

∫
Ω∩B(z,t)

|u(x)− u(y)| dµ(x) dµ(y) ≤ sup
0<t<s

4
∫

Ω∩B(z,t)
g(x) dµ(x)

≤ C(cΩ)M(ĝ)(z).

In the last line we merely use the measure-density condition of Ω. Recall that ĝ denotes the
zero extension of g to Z and M the maximal function on Z. Since the maximal function M

is a bounded operator by Lemma 2.3, we conclude from these inequalities that u]
s ∈ Lp(Ω).

In fact, these estimates depend only on the measure-density constant cΩ, the doubling
constant cµ and p, so there is C = C(cΩ, cµ, p) ≥ 1 so that

1
C

(
‖u‖Lp(Ω;V) + inf

s>0
‖u]

s(z)‖Lp(Ω)

)
≤ ‖u‖m1,p(Ω;V). (3.9)

Let us prove now that if u]
s ∈ Lp(Ω) for some s > 0 and u ∈ Lp(Ω; V), then u ∈ m1,p(Ω; V).

We may always assume 1 ≥ s > 0. To this end, it is enough to verify the following claim:
For every locally integrable u : Ω → V there exists a constant C = C(cµ, cΩ) > 0 such that
for each 1/2 ≥ s > 0,

Cu]
2s|B(z,s)∩Ω ∈ D(u|B(z,s)∩Ω) for every z ∈ Ω. (3.10)

Observe that this immediately implies

‖u‖m1,p(Ω;V) ≤ ‖u‖Lp(Ω;V) + C inf
s>0
‖u]

s(z)‖Lp(Ω).

For the purpose of proving (3.10), let N denote the collection of non-Lebesgue points of u,
i.e., those for which

N =

{
x ∈ Ω : lim sup

r→0+

∫
B(x,r)∩Ω

|u(w)− uB(x,r)∩Ω| dµ(w) > 0

}
.

The measure-density condition and the local integrability of u imply µ(N) = 0.
Fix z ∈ Ω. We claim that there exists C = C(cµ, cΩ) > 0 for which

|u(x)− u(y)| ≤ d(x, y)(Cu]
2s(x) + Cu]

2s(y)) for every x, y ∈ Ω ∩ B(z, s) \ N.
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Fix 1 ≥ s′ > 0 and consider Bi := B(x, 2−is′) ∩ Ω for x ∈ Ω ∩ B(z, s′) \ N and each
i = 0, 1, 2, . . . . Since x ∈ Ω \ N,

|u(x)− uB0 | ≤
∞

∑
i=0
|uBi − uBi+1 | ≤

∞

∑
i=0

∫
Bi+1

|u(w)− uBi | dµ(w). (3.11)

As Bi+1 ⊂ Bi and µ(Bi) ≤ C(cµ, cΩ)µ(Bi+1), we obtain
∞

∑
i=0

∫
Bi+1

|u(w)− uBi | dµ(w) ≤ C(cµ, cΩ)
∞

∑
i=0

∫
Bi

|u(w)− uBi | dµ(w) (3.12)

≤ C(cµ, cΩ)
∞

∑
i=0

(2−is′)
1

2−is′

∫
Bi

∫
Bi

|u(w)− u(w′)| dµ(w′) dµ(w)

≤ C(cµ, cΩ)
∞

∑
i=0

(2−is′)u]
s′(x) ≤ 2C(cµ, cΩ)s′u

]
s′(x).

We consider now 1/2 ≥ s > 0. Observe for each y ∈ B(x, s) ∩Ω \ N that B0 = B(x, s) ∩Ω
is contained in B(y, 2s) ∩ Ω. Then, by applying (3.11) and (3.12) for y in place of x, we
conclude

|u(y)− uB0 | ≤ |u(y)− uB(y,2s)∩Ω|+ |uB(y,2s)∩Ω − uB0 |

≤ 2C(cµ, Ω)2su]
2s(y) +

∫
B0

|u(w)− uB(y,2s)∩Ω| dµ(w).

Since µ(B(y, 2s) ∩Ω) ≤ C(cµ, cΩ)µ(B0) and B0 ⊂ B(y, 2s) ∩Ω, we have∫
B0

|u(w)− uB(y,2s)∩Ω| dµ(w) ≤ C(cµ, cΩ)
∫

B(y,2s)∩Ω
|u(w)− uB(y,2s)∩Ω| dµ(w)

≤ C(cµ, cΩ)
∫

B(y,2s)∩Ω

∫
B(y,2s)∩Ω

|u(w)− u(w′)| dµ(w′) dµ(w).

This implies the inequality

|u(y)− uB0 | ≤ 3C(cµ, cΩ)(2s)u]
2s(y). (3.13)

Claim (3.10) follows by combining the inequalities (3.11), (3.12) and (3.13). �

4. Lipschitz density and Hajłasz-Sobolev spaces

In this section, we prove Theorems 1.6 and 1.8. Recall that Z is just a metric measure
space without further assumptions.

Proof of Theorem 1.6. It is clear that "(3) ⇒ (2), (1)". Recall also that by Proposition 3.12
we always have a 4-Lipschitz linear embedding M1,p(Z, V) ⊂ W1,p(Z; V) for every Banach
space V.

Let us prove now "(2) ⇒ (3)". Assume that M1,p(Z; `∞) = W1,p(Z; `∞) as sets. Then the
bounded inverse theorem yields the existence of C > 0 with

C−1‖u‖M1,p(Z;`∞) ≤ ‖u‖W1,p(Z;`∞) ≤ 4‖u‖M1,p(Z;`∞). (4.1)

In this implication, we also prove that (4.1) holds with `∞ replaced by an arbitrary Banach
space V, with the same constant C = C(`∞).
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Next, for a given Banach space V, take u ∈ W1,p(Z; V) and fix a representative in
Ñ1,p(Z; V) denoted the same way. By Proposition 3.13, there exists a 1-Lipschitz linear
ι : V→ `∞ for which U := ι ◦ u ∈ Ñ1,p(Z; `∞) and a negligible set E ⊂ Z so that

u(Z \ E) ⊂ V0

for a closed separable subspace V0 ⊂ V with ι|V0 being an isometry. We also have that
ρu ≡ ρU and

|u(x)− u(y)| = |U(x)−U(y)| for every x, y ∈ Z \ E. (4.2)

Since U ∈ Ñ1,p(Z; `∞), the Lebesgue equivalence class of U is contained in the space
W1,p(Z; `∞) = M1,p(Z; `∞). Then (4.2) implies that u and U have the same Hajłasz up-
per gradients. Thus we have u ∈ M1,p(Z; V) and, by (4.1), we have

C−1‖u‖M1,p(Z;V) ≤ ‖u‖W1,p(Z;V) ≤ 4‖u‖M1,p(Z;V).

Let us show "(1) ⇒ (2)" to finish the proof. Assume M1,p(Z; c0) = W1,p(Z; c0) as sets.
Then, by the bounded inverse theorem, there exists C = C(c0) > 0 with

C−1‖u‖M1,p(Z;c0)
≤ ‖u‖W1,p(Z;c0)

≤ 4‖u‖M1,p(Z;c0)
. (4.3)

Fix u ∈ W1,p(Z; `∞) and let us verify u ∈ M1,p(Z; `∞). For each N ∈ N, we consider the
1-Lipschitz linear mapping

πN : `∞ → c0, (xi)
∞
i=1 7→ (xi)

N
i=1.

Note that uN = πN ◦ u ∈W1,p(Z; c0). Therefore, by (4.3)

sup
N

inf
g∈Dp(uN)

‖g‖Lp(Z) ≤ sup
N
‖uN‖M1,p(Z;c0)

≤ C sup
N
‖uN‖W1,p(Z;c0)

≤ C‖u‖W1,p(Z;`∞).

We prove next that Dp(u) 6= ∅, and consider, for each N ∈N, the set

KN := Dp(uN) ∩
{

g ∈ Lp(Z) : ‖g‖Lp(Z) ≤ 1 + C‖u‖W1,p(Z;`∞)

}
.

The set KN is nonempty, convex, bounded, and closed under Lp(Z)-convergence. Hence,
by the reflexivity of Lp(Z), the set is compact in the weak topology. Since also KN+1 ⊂ KN ,
the intersection

⋂
N KN is non-empty by the Cantor’s intersection theorem (or the Šmulian

theorem [Š39]). The equivalence between (3) and (5) in Lemma 3.3 yields that any element
in the intersection is also in Dp(u). Thus Dp(u) 6= ∅. We have now verified that u ∈
M1,p(Z; `∞). �

Next, we study the density of Lipschitz functions in W1,p(Z; V). In particular, we aim
to prove Theorem 1.8. As a consequence we are able to deduce sufficient conditions for
the equality M1,p(Z) = W1,p(Z) to imply the equality M1,p(Z; V) = W1,p(Z; V) for V ∈
{c0, `∞}, see Proposition 4.7.

Before delving further, we state some definitions. Given a Banach space V and 1 ≤
p ≤ ∞, we say that Lipschitz functions with bounded support are energy-dense (or dense
in energy) in W1,p(Z; V) if for every u ∈ W1,p(Z; V), there exists a sequence of V-valued
Lipschitz functions with bounded support (un)∞

n=1 such that

‖u− un‖Lp(Z;V) + ‖ρu − ρun‖Lp(Z) → 0 as n→ ∞. (4.4)

This convergence is weaker than norm-convergence, cf. [EB20, Introduction]. Moreover,
it is known that in any complete and separable metric measure space, Lipschitz functions
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with bounded support are always dense in energy in W1,p(Z), cf. [EB20, Theorem 1], while
the norm-density fails, e.g. for the slit disk, cf. Example 7.7. Observe that [EB20, Theorem
1] yields the existence of a sequence for which

‖u− un‖Lp(Z) + ‖ρu − lipa(un)‖Lp(Z) → 0 as n→ ∞,

where

lipa(v)(z) := lim
r→0+

sup
y 6=x,x,y∈B(z,r)

|v(x)− v(y)|
d(x, y)

is the asymptotic Lipschitz constant of v ∈ LIP(Z) at z ∈ Z. The same sequence satisfies (4.4)
for V = R, see e.g. [EB20, Lemma 2.2].

We state now an important definition in the subsequent results.

Definition 4.1. Let λ ≥ 1. A Banach space V is said to have the λ-bounded approximation
property if for every compact set K ⊂ V and every ε > 0, there exists a finite rank operator
T : V→ V, with ‖T‖ ≤ λ and

|v− T(v)| ≤ ε for every v ∈ K.

We say that V has the bounded approximation property if it has the λ-bounded approximation
property for some λ ≥ 1. When we may take λ = 1, the Banach space has the metric approxima-
tion property.

The following definition gives a sufficient condition for the bounded approximation
property.

Definition 4.2. Given a Banach space V, we say that a sequence (vn)∞
n=1 is a Schauder basis on

V if each v ∈ V can be uniquely expressed as a convergent series ∑∞
n=1 cnvn, cn ∈ R. We let

Tk : V→ V,
∞

∑
n=1

cnvn 7→
k

∑
n=1

cnvn

denote the k’th canonical projection. We say that a Schauder basis is asymptotically λ-monotone
if lim supk ‖Tk‖ ≤ λ.

The uniform boundedness principle implies that supk ‖Tk‖ ≤ C < ∞. In particular, V has
the C-bounded approximation property. The `q-spaces for 1 ≤ q < ∞ and c0 are exemplary
Banach spaces with Schauder basis with supk ‖Tk‖ = 1. Moreover, each Hilbert space has
the metric approximation property. For these and related facts, we refer the reader to [JL01,
Chapter 7].

Before establishing Theorem 1.8, we prove some preliminary results.

Lemma 4.3. Let Z be a metric measure space, 1 ≤ p < ∞, and W and H Banach spaces. Suppose
the existence of a linear isometric embedding ι : W→H and a linear 1-Lipschitz P : H→W such
that P ◦ ι is the identity.

Then, given λ ≥ 1, the following holds: If u ∈ W1,p(Z; W) and (ui)
∞
i=1 is a sequence in

W1,p(Z; H) with
(1) ‖ι(u)− ui‖Lp(Z;H) → 0 as i→ ∞;
(2) supi ρui ∈ Lp(Z) and lim supi→∞ ρui ≤ λρι(u) almost everywhere,

then we have the following:
(1) ‖u− P(ui)‖Lp(Z;W) → 0 as i→ ∞;
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(2) every subsequence of (ρP(ui))
∞
i=1 has a weakly convergent subsequence. Any such weak limit

ρ′ satisfies ρu ≤ ρ′ almost everywhere, and lim supi→∞ ρP(ui) ≤ λρu almost everywhere.
In particular, when λ = 1, the ρP(ui) converge strongly to ρu in Lp(Z).

Proof. Since P(ι(u)) = u and P is 1-Lipschitz, we have

‖u− P(ui)‖Lp(Z;W) ≤ ‖ι(u)− ui‖Lp(Z;H).

Therefore P(ui) converge to u in Lp(Z; W). Moreover, P being 1-Lipschitz implies that
P(ui) ∈W1,p(Z; W) and ρP(ui) ≤ ρui , cf. Lemma 3.8.

We now show the weak compactness of the sequence (ρP(ui))
∞
i=1 distinguishing between

the cases p > 1 and p = 1.
For p > 1, the weak compactness of (ρui)

∞
i=1 implies a norm bound for (ρP(ui))

∞
i=1, which

is enough for the weak compactness of (ρP(ui))
∞
i=1 by reflexivity.

For p = 1, we either apply Dunford–Pettis theorem or consider the measure ν(E) =∫
E supi ρui dµ, for each measurable E ⊂ Z, and the sequence of functions defined by

Φi(x) :=


ρP(ui)

(x)
supi ρui (x) , if supi ρui(x) 6= 0,

0, elsewhere.

Denote by L2(ν) the space of ν-measurable functions h with |h|2 being ν-integrable. Then
Φi ≤ 1 ∈ L2(ν), so by the reflexivity of the L2(ν)-space defined by ν, we obtain that every
subsequence has a further subsequence weakly convergent in L2(ν). That is, there exists
Φ ∈ L2(ν) and a subsequence (Φij)

∞
j=1 such that∫

gΦ dν = lim
j→∞

∫
gΦij dν for every g ∈ L2(ν).

Fix a Borel representative of Φ and set ρ′(z) := Φ(z) supi ρui(z) for every z ∈ Z, the product
set to zero everywhere in {z ∈ Z : supi ρui(z) = 0}. Then, since every g ∈ L∞(Z) defines a
unique element in L2(ν), we see that∫

g(z)ρ′(z) dµ = lim
j→∞

∫
g(z)ρuij

(z) dµ(z) for every g ∈ L∞(Z).

In particular, the weak compactness holds also for p = 1.
Now for all 1 ≤ p < ∞, suppose the existence of a weak limit ρ′ of some subsequence

(ρP(ui))
∞
i=1. The Lp-convergence of P(ui) to u implies that every Borel representative of ρ′

is a p-weak upper gradient of some Newton–Sobolev representative of u, cf. [HKST15,
Mazur’s Lemma and Proposition 7.3.7]. Therefore ρu ≤ ρ′. Claim (2) follows.

When λ = 1, we have that every weak limit of any weakly convergent subsequence of ρui

is equal to ρu almost everywhere and a further subsequence converges pointwise almost
everywhere to ρu. Dominated convergence implies that the convergence is in Lp(Z) and,
by the uniqueness of the limit, the original sequence itself converges to ρu in Lp(Z). �

Proposition 4.4. Let Z be a metric measure space and 1 ≤ p < ∞. Suppose that V is a Banach
space with the λ-bounded approximation property. Then for every u ∈ W1,p(Z; V), there exists a
sequence (ui)

∞
i=1 ⊂W1,p(Z; V) with the following properties:

(1) up to a negligible set, the image of ui is contained in a finite-dimensional subspace Vi of V

with Vi ⊂ Vi+1 for every i;
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(2) ‖u− ui‖Lp(Z;V) → 0 as i→ ∞;
(3) supi ρui ∈ Lp(Z) and lim supi→∞ ρui ≤ λρu almost everywhere.

In particular, when V has the metric approximation property, the ρui converge to ρu strongly in
Lp(Z).

Remark 4.5. When µ is Radon, there is a simpler proof of Proposition 4.4 than the one pre-
sented below, based on Lusin–Egoroff theorem and the λ-bounded approximation theorem.

Proof. We fix λ ≥ 1 for the rest of the proof.
Claim (1): Proving the properties (1)–(3) for Banach spaces H with a Schauder basis that

is asymptotically λ-monotone implies the same properties for all Banach spaces V that have
the λ-bounded approximation property.

Fix u ∈ W1,p(Z; V) with a Newton–Sobolev representative ũ ∈ Ñ1,p(Z; V). Then, by
Lemma 2.2, there exists a negligible set N ⊂ Z such that ũ(Z \N) is contained in a separable
subspace V0 ⊂ V. By arguing as in the proof of Proposition 3.13, p-almost every constant
speed path γ is such that ũ ◦ γ has image in V0. Thus we redefine ũ to be zero in the set
ũ−1(V \V0), while still being a Newton–Sobolev representative of ũ. In conclusion, we
may and do assume N = ∅.

Since V0 is a closed separable subspace of V, with V having the λ-bounded approxi-
mation property, there exists a separable closed subspace V0 ⊂W that has the λ-bounded
approximation property with the same constant, cf. [JL01, Chapter 7, Theorem 9.7]. For
every separable Banach space W with the λ-bounded approximation property, there exist
a Banach space H having an asymptotically λ-monotone Schauder basis and a linear iso-
metric embedding ι : W→ H together with a 1-Lipschitz linear map P : H→W such that
P ◦ ι is the identity, cf. [MV10, Theorem 1.2]. Claim (1) follows by applying Lemma 4.3.

Claim (2): The properties (1)–(3) are true in any Banach space H with an asymptotically
λ-monotone Schauder basis.

To this end, let u ∈ W1,p(Z; H) and set uk := Tk(u), where Tk are the canonical projec-
tions. By definition of the Schauder basis, we have uk → u pointwise. Then, by dominated
convergence, applicable due to |uk| ≤ C|u|, uk converges to u in Lp(Z; H).

We have that ρuk ≤ Cρu, so every subsequence has a further weakly convergent subse-
quence (ρukj

)∞
j=1 in Lp(Z), with limit, say ρ; when p > 1, we apply reflexivity of Lp(Z)

while for p = 1 we argue as in the proof of Lemma 4.3. Any Borel representative of such
a ρ is a p-weak upper gradient of some Newton–Sobolev representative of u, cf. [HKST15,
Mazur’s Lemma and Proposition 7.3.7] by the Lp-convergence of uk to u. Next, observe
that, by weak convergence,

ρu ≤ ρ ≤ lim sup
j→∞

ρukj
pointwise almost everywhere. (4.5)

The limsup estimate follows by considering the convex sets Km formed by convex combi-
nations of (ρukj

)j≥m observing that, by Mazur’s Lemma, there exists a sequence gm ∈ Km

converging to ρ in Lp(Z) and pointwise almost everywhere. Furthermore, by definition of
Km, we have that

gm ≤ sup
j≥m

ρukj
almost everywhere for every m.

Then (4.5) follows by passing to the limit m→ ∞.
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We also have that

lim sup
j→∞

ρukj
≤ lim sup

j→∞
‖Tk j‖ρu ≤ λρu pointwise almost everywhere.

Claim (2) follows.
When λ = 1, the convergence of ρui to ρu in Lp(Z) is argued as in the proof of Lemma 4.3.

�

Lemma 4.6. Let Z be a metric measure space, 1 ≤ p < ∞, and V a finite-dimensional Banach space.
If Lipschitz functions with bounded support are norm-dense in W1,p(Z), then they are norm-dense
in W1,p(Z; V).

Proof. Let n denote the dimension of V. Since all n-dimensional Banach spaces are bi-
Lipschitz isomorphic, there exists a C-bi-Lipschitz isomorphism φ : V → Vn, the latter
space denoting Rn endowed with the supremum norm; in fact, by John’s theorem [TJ89,
Theorem 14.1], we may take C = n.

The mapping φ induces an n-bi-Lipschitz isomorphism from W1,p(Z; V) into W1,p(Z; Vn),
by defining h = φ(u) for every u ∈W1,p(Z; V). Thus it suffices to prove the claim for Vn.

Fix the standard basis (ei)
n
i=1 for Vn. Then each h ∈ W1,p(Z; Vn) can be expressed as

u = ∑n
i=1 uiei for some ui ∈ W1,p(Z), i = 1, 2, . . . n. By the assumed norm-density, we find

Lipschitz functions with bounded support hi,m such that
n

∑
i=1
‖ui − hi,m‖W1,p(Z) ≤ 2−m.

We denote hm := ∑n
i=1 hi,mei. Then

ρ(u−hm) = max
i

ρ(ui−hi,m) (4.6)

follows from Lemma 3.9: every w ∈ (Vn)∗ with |w| ≤ 1 can be expressed as a convex
combination of (e∗i )

n
i=1 and (−e∗i )

n
i=1, where e∗i ∈ (Vn)∗ is the standard i’th coordinate

projection, cf. [Sch14, Lemma 2.4.5], and ρ(ui−hi,m) = ρe∗i (u−hm) = ρ−e∗i (u−hm). Then the
convexity of w 7→ ρw(u) implies

ρw(u−hm) ≤ max
i

ρe∗i (u−hm) ≤ ρu−hm .

Taking the supremum over such w yields the claimed equality (4.6). By triangle inequality,
we have

‖u− hm‖W1,p(Z;V) ≤ 2−m.

The claim follows by passing to the limit m→ ∞. �

Proof of Theorem 1.8. We are given 1 ≤ p < ∞ and the norm-density of Lipschitz func-
tions with bounded support in W1,p(Z). We wish to show the energy-density of Lipschitz
functions with bounded support in W1,p(Z; V) for every Banach space V with the metric
approximation property. To this end, fix u ∈W1,p(Z; V).

Given j ∈N, we conclude from Proposition 4.4 the existence of uj ∈W1,p(Z; V) with

‖u− uj‖Lp(Z;V) + ‖ρu − ρuj‖Lp(Z) ≤ 2−j,

and that uj has a representative in Ñ1,p(Z; V), denoted the same way, with image in a
finite-dimensional subspace, say Vj, satisfying Vj ⊂ Vj+1 for every j.



26 MIGUEL GARCÍA-BRAVO, TONI IKONEN, AND ZHENG ZHU

By applying Lemma 4.6, we find Lipschitz functions vj ∈ W1,p(Z; Vj) with bounded
support for which

‖uj − vj‖Lp(Z;Vj) + ‖ρuj − ρvj‖Lp(Z) ≤ 2−j.

We conclude from this fact that vj converges to u in Lp(Z; V) and ρvj to ρu in Lp(Z). �

We end this section by proving the following proposition closely related to Question 1.1,
cf. Theorem 7.3.

Proposition 4.7. Let Z be a metric measure space and 1 < p < ∞. If V 6= {0} is a Banach space
with the bounded approximation property, then the following are equivalent.

(1) M1,p(Z; V) = W1,p(Z; V) as sets;
(2) the 4-Lipschitz linear embedding M1,p(Z; V) ⊂ W1,p(Z; V) has a closed image and Lips-

chitz functions with bounded support are norm-dense in W1,p(Z);
(3) M1,p(Z; V) ⊂W1,p(Z; V) is a closed subspace and M1,p(Z) = W1,p(Z) as sets.

In particular, under any of these assumptions, Lipschitz functions are norm-dense in W1,p(Z).

Proof. Let λ ≥ 1 be such that V has the λ-bounded approximation property.
Let us prove "(2)⇒ (1)". Fix u ∈W1,p(Z; V). We recall from Proposition 4.4 the existence

of a sequence (uj)
∞
j=1 with finite-dimensional image and sup ρuj ∈ Lp(Z) with

‖u− uj‖Lp(Z;V) ≤ 2−j and lim sup
j→∞

ρuj ≤ λρu.

By arguing as in the proof of Theorem 1.8 using Lemma 4.6, we may assume that each uj

is Lipschitz with bounded support. In particular, uj ∈ M1,p(Z; V) and (uj)
∞
j=1 is a bounded

sequence in W1,p(Z; V). Since the W1,p-norm and the M1,p-norm are equivalent in the
(closed) image of the embedding, by the bounded inverse theorem, we have that

(uj)
∞
j=1 is bounded in M1,p(Z; V).

So there exists a subsequence (uji)
∞
i=1 and a sequence Gi of Hajłasz gradients of uji converg-

ing weakly to some G ∈ Lp(Z), by reflexivity of Lp(Z). Since uji converge strongly to u in
Lp(Z; V), a standard application of Mazur’s lemma implies that G is a Hajłasz gradient of
u. In particular, u ∈ M1,p(Z; V). The claim follows.

Under the assumption (1), the equality M1,p(Z) = W1,p(Z) as sets follows by considering
an isometric embedding ι : R→ V, so (3) follows.

Under the assumption (3), the equivalences of the norms of M1,p(Z) = W1,p(Z) and the
norm-density of Lipschitz functions with bounded support in M1,p(Z), cf. [Haj96, Theorem
5], shows (2). �

5. Hajłasz–Sobolev extension sets

The goal of this section is to prove Theorem 1.4.

5.1. Statements. In this section we fix a metric measure space Z. We also consider sets
F ⊂ Z which satisfy the measure-density condition:

µ(B(z, r) ∩ F) ≥ cFµ(B(z, r)) for every z ∈ F and 0 < r ≤ 1 (5.1)

for some constant cF > 0. We also assume µ to be doubling with doubling constant cµ.
We show the following variant of Theorem 1.4.



27

Theorem 5.1. Let Z be a doubling metric measure space and F ⊂ Z a closed set which satisfies
(5.1). Then, for every 1 ≤ p < ∞ and Banach space V, there exists a bounded linear extension
operator EV : M1,p(F; V)→ M1,p(Z; V) satisfying the following:

• ‖EV‖ ≤ C(cµ, cF, p).
• If V, W are Banach spaces and T : V → W is continuous and linear, then EW ◦ T =

T ◦ EV.

We explain how Theorem 5.1 can be applied to all measurable sets Ω ⊂ Z which satisfy
the measure-density condition. Indeed, if Ω satisfies (5.1), then

µ(B(z, r) ∩Ω) ≥ cΩµ(B(z, r)) for every z ∈ Ω and 0 < r ≤ 1.

This fact and the Lebesgue differentiation theorem imply µ(Ω \Ω) = 0. Therefore

M1,p(Ω; V) = M1,p(Ω; V)

can be isometrically identified as Banach spaces (see also Lemma 6.5) and we may now
apply Theorem 5.1 to the closed set Ω. In particular, Theorem 1.4 follows from Theorem 5.1.

5.2. Some density estimates. The measure-density condition (5.1) can be quantitatively
extended for larger R > 1.

Lemma 5.2. Given R ≥ 1, there exists a constant C = C(R, cµ, cF) such that

µ(B(z, r) ∩ F) ≥ C(R, cµ, cF)µ(B(z, r)) (5.2)

whenever z ∈ F and 0 < r ≤ R.
Furthermore, whenever (z, z0) ∈ F× F and 0 < r ≤ r0 ≤ R satisfy z ∈ B0 = B(z0, r0), then

µ(B(z, r) ∩ F) ≥ C(R, cµ, cF)

(
r
r0

)s

µ(B0 ∩ F),

where s = log2 cµ.

Proof. The doubling property of µ yields that for s = log2 cµ and C = 4−s, whenever (z, z0) ∈
Z× Z and 0 < r ≤ r0 satisfy z ∈ B(z0, r0), then

µ(B(z, r)) ≥ C
(

r
r0

)s

µ(B(z0, r0)); see, e.g. [HKST15, Lemma 8.1.13]. (5.3)

Then, if z ∈ F and 0 < r ≤ R, then either 0 < r ≤ 1 and

µ(B(z, r) ∩ F) ≥ cFµ(B(z, r)),

or r > 1 and
µ(B(z, r) ∩ F) ≥ cFµ(B(z, 1)),

so by (5.3),

µ(B(z, 1)) ≥ C(cµ)µ(B(z, r))
(

1
r

)s

≥ C(cµ, R)µ(B(z, r)).

In either case, we obtain (5.2). The final claim follows by combining (5.2) and (5.3). �
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5.3. Preparations for the proofs. The main idea of the proof of Theorem 5.1 comes from the
proof of [HKT08a, Theorem 6], where the authors proved the real-valued case. We include
quite a few details in the section since we need them during the proof of Theorem 1.2 as
well.

For the purposes of the proof, we introduce some notations and lemmas. First, we define
an open neighborhood of F by setting

U := B(F, 8) = {z ∈ Z : d(z, F) < 8} .

We assume from now on that F 6= Z, since otherwise we have nothing to do. Next,
for every z ∈ Z, set r(z) := d(z, F)/10. From the family {B(z, r(z)/5)}z∈Z\F, we select a
maximal subfamily {B(zi, r(zi)/5)}i∈I of pairwise disjoint balls where I ⊂N.

For each i ∈ I, we refer to Bi := B(zi, r(zi)) as a Whitney ball with center zi and radius
ri := r(zi). We call W = {Bi}i∈I a Whitney covering of Z \ F. The following properties are
readily verified, cf. (5.3) or [HKST15, Section 4].

Lemma 5.3. There exists M = M(cµ) ∈N such that
(W1) Each 5Bi is an open ball inside Z \ F.
(W2) Z \ F =

⋃
i∈I Bi and 5−1Bi ∩ 5−1Bj = ∅ whenever i 6= j.

(W3) If z ∈ 5Bi, then 5ri < 10r(z) = d(z, F) < 15ri.
(W4) There is z?i ∈ F such that d(zi, z?i ) < 15ri.
(W5) ∑i∈I χ5Bi(x) ≤ M for every x ∈ Z \ F.
(W6) Whenever 5Bi ∩ 5Bj 6= ∅ with ri ≤ rj, then rj ≤ 75ri.

Next, fix a smooth function ψ : R→ R with ψ ≡ 1 in [0, 1], ψ ≡ 0 on [3/2, ∞), 0 ≤ ψ ≤ 1
elsewhere and ‖ψ′(t)‖ ≤ 2 for all t ∈ R. Define

ψi(z) = ψ

(
d(z, zi)

ri

)
.

Then ψi ≡ 1 in Bi and zero in the complement of (3/2)Bi. Also, each ψi is 2/ri-Lipschitz.
We define

φi(z) =
ψi(z)

∑j∈I ψj(z)
.

We say that {φi}i∈I is a partition of unity associated to the Whitney cover W. The lemma
below states some basic properties of the partition of unity, cf. [HKST15, Section 4].

Lemma 5.4. Let {φi}i∈I be the previous partition of unity associated to the Whitney cover W of
Z \ F. Then there are constants M = M(cµ) and K = K(M, ‖ψ′‖∞) for which

• φi ≡ 0 in the complement of 2Bi;
• φi(z) ≥ 1/M for every z ∈ Bi;
• each φi is (K/ri)-Lipschitz (One may take K = 2/M for instance);
• χZ\F(z) = ∑i∈I φi(z) for every z ∈ Z \ F.

We fix an arbitrary point z?i satisfying the conclusion of (W4) in Lemma 5.3 and define a
ball B?

i by setting
B?

i := B(z?i , ri).

Observe that if z ∈ (3/2)Bi, then

B?
i ⊂ B(z, 25r(z)) =: Bz. (5.4)
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The inclusion (5.4), together with (W3) and Lemma 5.2, yield the inequalities

µ(B?
i ∩ F) ≤ µ(Bz) ≤ C(cµ, cF)µ(B?

i ∩ F) for every i and z ∈ (3/2)Bi ∩U. (5.5)

For each z ∈ U \ F, denote by Iz the collection of all i ∈ I such that z ∈ 2Bi. The cardinal-
ity of Iz is bounded from above by the number M from (W5). Denote I1 := {i ∈ I : ri < 1}
and observe that if i ∈ I \ I1, then ri ≥ 1 and hence d(2Bi, F) ≥ 8ri ≥ 8, so 2Bi ∩U = ∅.
Consequently, for every z ∈ U \ F, we have Iz ⊂ I1 and

∑
i∈Iz

φi(z) = ∑
i∈I

φ(z) = ∑
i∈I1

φi(z) = 1.

Let V be a Banach space and u ∈ Lp(F; V) be arbitrary for 1 ≤ p < ∞. We define an
extension function ẼV(u) on U by setting

ẼV(u)(x) :=

{
u(x), if x ∈ F,
∑i∈I1

φi(x)uB?
i ∩F, if x ∈ U \ F.

(5.6)

The following lemma shows that the extension function is pointwise controlled from
above by the maximal function.

Lemma 5.5. Let 1 ≤ p < ∞ and u ∈ Lp(F; V). Then

|ẼV(u)(x)| ≤ ẼR(|u|)(x) ≤ C(cµ, cF)M(û)(x) for almost every x ∈ U, (5.7)

where û is the zero extension of u. Moreover, ẼV(u) is measurable and when p > 1, it satisfies

‖ẼV(u)‖Lp(U;V) ≤ C(cµ, cF, p)‖u‖Lp(F;V).

Proof. We first show that |ẼV(u)(x)| ≤ ẼR(|u|)(x) for every x ∈ U. The inequality holds
for x ∈ F by definition. If x ∈ U \ F, we observe

|ẼV(u)(x)| ≤ ∑
i∈I1

|φi|(x)|uB?
i ∩F| and |uB?

i ∩F| ≤ |u|B?
i ∩F,

the latter fact following from [HKST15, Remark 3.2.8]. Using these inequalities and that
φi ≥ 0, we conclude

∑
i∈I1

|φi|(x)|uB?
i ∩F| ≤ ∑

i∈I1

φi(x)|u|B?
i ∩F = ẼR(|u|)(x).

Next we claim ẼR(|u|)(x) ≤ M(û)(x) for almost every x ∈ U. Firstly, since û ∈ Lp(Z; V),
the Lebesgue differentiation theorem applied to |û| yields that

ẼR(|u|)(x) = |u(x)| ≤M(|û|)(x) = M(û)(x)

for almost every x ∈ F. And secondly, in the case x ∈ U \ F, we have

ẼR(|u|)(x) = ∑
i∈I1

φi(x)|u|B?
i ∩F ≤ ∑

i∈Ix

|u|B?
i ∩F

and the property (W5), (5.4) and (5.5) imply

∑
i∈Ix

|u|B?
i ∩F ≤ C(cµ, cF)

∫
Bx

|û(y)|dµ(y) ≤ C(cµ, cF)M(û)(x).

Therefore ẼR(|u|)(x) ≤ C(cµ, cF)M(û)(x) for almost every x ∈ U.
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The measurability of ẼV(u) is clear on F. On U \ F, the measurability follows from
the fact that the restriction of ẼV(u) to each Whitney ball is continuous. Hence ẼV(u) is
measurable.

When p > 1, the inequality ‖ẼV(u)‖Lp(U;V) ≤ C(cµ, cF, p)‖u‖Lp(F;V) follows from (5.7)
and the boundedness of the maximal operator, cf. Lemma 2.3. �

The following lemma shows that the extension operator commutes with continuous lin-
ear mappings between Banach spaces.

Lemma 5.6. Let V, W be Banach and T : V →W be continuous and linear. If u ∈ Lp(F; V) for
some 1 ≤ p < ∞, then T(ẼV(u))(z) = ẼW(T(u))(z) for every z ∈ U.

Proof. We recall that integral averages over integrable mappings commute with continuous
linear mappings, see [HKST15, Remark 3.2.8], for example. Hence the linearity of T yields,
for every z ∈ U \ F,

T
(

ẼV(u)
)
(z) = T

(
∑
i∈I1

φi(z)uB∗i ∩F

)
(z) = ∑

i∈I1

φi(z)T(uB∗i ∩F) = ẼW(T(u))(z).

The commutation property is clearly true in F, so the claim follows. �

5.4. Proof of Theorem 5.1 for p > 1. We prove a local variant of [HKT08a, Theorem 6] in
the case p > 1. The local version shows more than what is strictly needed for the proof of
Theorem 5.1. However, we apply the following formulation during one of the key steps in
the proof of Theorem 1.2.

Proposition 5.7. Given u ∈ Lp(F; V), x ∈ F, r > 0, and g ∈ Dp(u|B(x,4r)∩F), there exists a
negligible set N ⊂ B(x, r) such that

|ẼV(u)(y)− ẼV(u)(z)| ≤ d(y, z)C(cµ, cF)(M4r(ĝ)(y) +M4r(ĝ)(z)) (5.8)

for every y, z ∈ U ∩ B(x, r) \ N. Here ĝ denotes the zero extension of g to the complement of
B(x, 4r) ∩ F.

Proof. First, we fix a negligible set N such that F \ N consists of the Lebesgue points of the
zero extensions of g and ẼV(u).

We claim that (5.8) holds for every y, z ∈ U ∩ B(x, r) \ N. Now, based on the locations of
y, z, we divide the following argument into four cases:

i) y, z ∈ F ∩ B(x, r) \ N;
ii) y ∈ F ∩ B(x, r) \ N and z ∈ U ∩ B(x, r) \ (F ∪ N) (or the roles of y, z are reversed);

iii) y, z ∈ U ∩ B(x, r) \ F and d(y, z) ≥ 10 min {r(y), r(z)};
iv) y, z ∈ U ∩ B(x, r) \ F and d(y, z) < 10 min {r(y), r(z)}.

Case i) follows from the fact that

|u(y)− u(z)| ≤ d(y, z)(ĝ(y) + ĝ(z)) for every y, z ∈ F ∩ B(x, r) \ N

and
ĝ(z) ≤M4r(ĝ)(z)

for every z ∈ B(x, r) \ N, because the inequalities are valid by the Lebesgue differentiation
theorem.
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For the purpose of showing the remaining cases, observe that 10r(w) ≤ d(w, y) for every
w ∈ B(x, r) and every y ∈ F. Recalling the definition of Bw from (5.4), we deduce that the
radius of Bw is at most 5r/2 and Bw ⊂ B(x, 4r) for every w ∈ B(x, r) \ F. Consequently,

g|(Bw∩F)∪(Bw′∩F) ∈ Dp(u|(Bw∩F)∪(Bw′∩F)) for every w, w′ ∈ B(x, r) \ F.

We proceed now to the proof of Case ii). Notice that if y ∈ F ∩ B(x, r) \ N and z ∈
U ∩ B(x, r) \ (F ∪ N), then

|ẼV(u)(y)− ẼV(u)(z)| ≤ |u(y)− uBz∩F|+ |uBz∩F − ẼV(u)(z)|.

We first estimate as follows

|u(y)− uBz∩F| ≤
∫

Bz∩F
|u(y)− u(w)| dµ(w) ≤

∫
Bz∩F

d(y, w)(g(y) + g(w)) dµ(w).

Here, note that for each w ∈ Bz ∩ F,

d(y, w) ≤ d(y, z) + d(z, w) ≤ d(y, z) + 25r(z) ≤ d(y, z)(1 + 5/2) ≤ 4d(y, z).

Hence, since Bz ∩ F ⊂ B(x, 4r),

|u(y)− uBz∩F| ≤ 4d(y, z)
(

g(y) +
∫

Bz∩F
g(w) dµ(w)

)
≤ 4d(y, z)(M4r(ĝ)(y) +M4r(ĝ)(z)).

Next, we estimate |uBz∩F − ẼV(z)| as follows:

|uBz∩F − ẼV(z)| =
∣∣∣∣∣∑i∈Iz

φi(z)(uBz∩F − uB∗i ∩Fu(z))

∣∣∣∣∣ (5.9)

≤ ∑
i∈Iz

φi(z)
∫

Bz∩F

∫
B∗i ∩F
|u(w)− u(w′)| dµ(w) dµ(w′)

≤ C(cµ, cF)
∫

Bz∩F

∫
Bz∩F
|u(w)− u(w′)| dµ(w) dµ(w′)

≤ 2C(cµ, cF) · 2 · 25r(z)M4r(ĝ)(z)

≤ 10d(y, z)C(cµ, cF)M4r(ĝ)(z).

The last three inequalities we conclude from the following facts: First, we apply (5.4) and
(5.5) for every i ∈ Iz, together with ∑i∈Iz

φi(z) = 1. Secondly, we apply that d(w, w′) ≤ 2 ·
25r(z) for all w, w′ ∈ Bz ∩ F and that Bz ∩ F ⊂ B(x, 4r). Lastly, recall that 100r(z) ≤ 10d(y, z).
Case ii) follows.

In Case iii), up to relabeling y and z, we may assume r(y) ≤ r(z). We first estimate

|ẼV(u)(y)− ẼV(u)(z)| ≤ |ẼV(u)(y)− uBy∩F|+ |uBy∩F − uBz∩F|+ |uBz∩F − ẼV(u)(z)|.

The first and third terms can be estimated as in (5.9) by using the facts

10r(y) ≤ d(y, z) and 10r(z) ≤ 10r(y) + d(y, z).

Next, we estimate the middle term. First, we have

d(w, w′) ≤ d(w, y) + d(y, z) + d(z, w′) ≤ 25r(y) + d(z, y) + 25r(z) ≤ 8d(z, y)
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for every (w, w′) ∈ (By ∩ F)× (Bz ∩ F). Then a simple computation shows that for some
C = C(cµ, cF) > 0,

|uBy∩F − uBz∩F| ≤ C
∫

Bz∩F

∫
By∩F
|u(w)− u(w′)| dµ(w) dµ(w′)

≤ C
∫

Bz∩F

∫
By∩F

d(w, w′)(g(w) + g(w′)) dµ(w) dµ(w′)

≤ Cd(y, z) (M4r(ĝ)(y) +M4r(ĝ)(z)) .

Combining the previous inequalities yields Case iii).
In the remaining Case iv), we once again assume r(y) ≤ r(z). Since

∑
i∈Iy∪Iz

(φi(y)− φi(z)) = 0,

we obtain

|ẼV(u)(y)− ẼV(u)(z)| =

∣∣∣∣∣∣ ∑
i∈Iy∪Iz

(φi(y)− φi(z))(uB∗i ∩F − uBy∩F)

∣∣∣∣∣∣ .

We recall from Lemma 5.4 that every φi is K/ri-Lipschitz. Thus

|ẼV(u)(y)− ẼV(u)(z)| ≤ ∑
i∈Iy∪Iz

Kd(y, z)
ri

∫
B∗i ∩F

∫
By∩F
|u(w)− u(w′)| dµ(w) dµ(w′). (5.10)

If i ∈ Iy, then C−1ri ≤ r(y) ≤ Cri and d(y, z) ≤ Cri, e.g. for C = 15. Then, by arguing as in
(5.9), we obtain

Kd(y, z)
ri

∫
B∗i ∩F

∫
By∩F
|u(w)− u(w′)| dµ(w) dµ(w′) ≤ C(cµ, cF)Kd(y, z)M4r(ĝ)(y). (5.11)

If i ∈ Iz \ Iy, then for every (w, w′) ∈ (By ∩ F)× (B∗i ∩ F), we have

d(w, w′) ≤ 25r(y) + d(y, z) + d(z, w′).

Here d(y, z) ≤ 10r(y) ≤ 10r(z) ≤ Cri and d(z, w′) ≤ Cri, e.g. with C = 15. Hence

Kd(y, z)
ri

∫
B∗i ∩F

∫
By∩F
|u(w)− u(w′)| dµ(w) dµ(w′) (5.12)

≤ CKd(y, z)
∫

B∗i ∩F

∫
By∩F

(g(w) + g(w′)) dµ(w) dµ(w′)

≤ C(cµ, cF)d(y, z)(M4r(ĝ)(y) +M4r(ĝ)(z)),

the last inequality holding due to (5.5). Now Case iv) follows by combining (5.11), (5.12),
and by using the cardinality upper bound 2M for Iy ∪ Iz. �

Note that by letting r tend to infinity in Proposition 5.7, we obtain the following corollary.
The dependence on p in the constants below come from the operator norm of the maximal
function.
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Corollary 5.8. Let 1 < p < ∞. If u ∈ M1,p(F; V) and g ∈ Lp(F) is a Hajłasz upper gradient
of u, then ẼV(u) ∈ Lp(U; V) with Hajłasz upper gradient CM(ĝ) ∈ Lp(U) for the constant
C = C(cµ, cF) as in Proposition 5.7. Moreover,

‖ẼV(u)‖Lp(U;V) ≤ C(cµ, cF, p)‖u‖Lp(F;V) and ‖M(ĝ)‖Lp(U) ≤ C(cµ, cF, p)‖g‖Lp(F).

By the argument above, we have obtained an extension ẼV(u) of u to U so that

‖ẼV(u)‖M1,p(U;V) ≤ C(cµ, cF, p)‖u‖M1,p(F;V).

By using a cut-off function, we now extend u to the whole space Z. More precisely, consider
next a Lipschitz function φ : Z → R with φ|F = 1, φ|Z\U = 0, and 0 ≤ φ ≤ 1 otherwise.
For example, φ(z) = max {0, 1− d(F, z)} has the required properties and is 1-Lipschitz. We
define the extension operator by setting

EV(u) := φẼV(u).

Corollary 5.9. Let 1 < p < ∞ and V be a Banach space. Then

EV : M1,p(F; V)→ M1,p(Z; V)

is a linear extension operator with the operator norm bounded from above by C = C(cµ, cF, p) > 0.
Moreover, the extension operator commutes with continuous linear maps T : V → W, for every
Banach V, W.

Proof. Given that φ is 1-Lipschitz and 0 ≤ φ ≤ 1, Lemma 3.2 implies that

‖EV(u)‖M1,p(Z;V) ≤ 2‖ẼV(u)‖M1,p(U;V).

Lemma 5.5 and Corollary 5.8 show that

‖ẼV(u)‖M1,p(U;V) ≤ C(cµ, cF, p)‖u‖M1,p(F;V).

The quantitativeness of the statement follows from the quoted results. The commuting
property follows from Lemma 5.6. �

The case p > 1 in Theorem 5.1 is proved by Corollary 5.9.

5.5. Proof of Theorem 5.1 for p = 1. We denote q = s/(s + 1), where s = log2 cµ appears
in Lemma 5.2. The ideas of the proof, for the R-valued case, are contained in [HKT08a, pp.
656-660]. However, everything translates to Banach-valued maps quite straightforwardly.
Therefore we just give a quick sketch of the proof.

One first shows the following.

Lemma 5.10. Let u ∈ M1,1(F; V) with a Hajłasz upper gradient g ∈ L1(F).
(1) Then there exists a negligible set N ⊂ U such that, for every x, y ∈ U \N with d(x, y) < 1,

we have

|ẼV(u)(x)− ẼV(u)(y)| ≤ d(x, y)C(cµ, cF)
(
(M(ĝq))1/q (x) + (M(ĝq))1/q (y)

)
.

(2) Let B = B(x0, r0) with x0 ∈ F and r0 = 1/10. Then we have the inequality

‖ẼV(u)‖L1(5B) ≤ C(cµ, cF)
(
‖u‖L1(5B∩F) + ‖(M(ĝ1/q))q‖L1(5B∩F)

)
.
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Claim (1) can be proved directly by following the proof of [HKT08a] or deduced from
the real-valued statement by applying the equivalence of (1) and (2) in Lemma 3.3, together
with the fact that ẼV commutes with linear maps. Next, claim (2) follows from (1) as in the
real-valued case.

Now consider a maximal family of open balls {Bi}m
i=1 with non-overlapping interiors and

radii ri = 1/10 centered at points of F, with m ∈N∪ {∞}.
Since µ is a doubling measure, we have ∑m

i=1 χ5Bi ≤ M̃ for some M̃ = M̃(cµ) > 0. Observe
that

W := {x ∈ Z : d(x, F) < 1/10} ⊂
m⋃

i=1

3Bi.

Next, consider Lipschitz mappings ψ̃i equal to 1 in 3Bi, zero outside 5Bi, being 5-Lipschitz
and with 0 ≤ ψ̃i ≤ 1. Define

φ̃i(x) =


ψ̃i(x)

∑m
j=1 ψ̃i(x)

, if ∑m
j=1 ψ̃i(x) > 0,

0, otherwise.

Fix a Lipschitz function ψ : Z → R with ψ ≡ 1 in F, ψ ≡ 0 outside W and 0 ≤ ψ ≤ 1.
Denote η̃i = ψφ̃i for each i. Observe that each η̃i is L-Lipschitz, for some uniform L > 0

depending only on the doubling constant cµ, and 0 ≤ η̃i ≤ 1 supported in 5Bi. Setting
η̃iẼV(u) to be zero outside U, we have a measurable function on Z. Define finally

EV(u) :=
m

∑
i=1

η̃iẼV(u).

The following lemma is proved exactly as in [HKT08a].

Lemma 5.11. Let u ∈ M1,1(F; V) with Hajłasz upper gradient g ∈ L1(F). Then

‖EV(u)‖M1,1(Z;V) ≤ C(cµ, cF)
(
‖u‖L1(F;V) + ‖g‖L1(F)

)
. (5.13)

In particular, EV(u) ∈ M1,1(Z; V).

Lemma 5.11 has the following immediate corollary which finishes the proof of Theorem
5.1 for p = 1.

Proposition 5.12. The EV : M1,1(F; V)→ M1,1(Z; V) is a linear extension operator with operator
norm C = C(cµ, cF). Moreover, EV commutes with linear maps T : V → W and the equality
EW(T(u))(z) = T(EV(u))(z) for every z ∈ Z.

6. Newton–Sobolev extension sets

In this section, we prove a stronger variant of Theorem 1.2, valid for a larger class of
metric measure spaces Z. Namely Z does not have to be complete. We also assume that
µ is doubling with a doubling constant cµ, and the existence of a measurable set Ω ⊂ Z
satisfying the measure-density condition with constant cΩ.

Recall that in this case we have µ(Ω \Ω) = 0 as a consequence of the Lebesgue differen-
tiation theorem.
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Definition 6.1. Given 1 ≤ q < p and a metric measure space Z. We say Z has the (q, p)-PI
property if there exists a constant cPI > 0 such that, for every h ∈ W1,p(Z) and p-weak upper
gradient ρ of (a representative of) h, we have

gr(z) := cPI (M2r(ρ
q))1/q (z) ∈ Dp(h|B(z,r)) for every z ∈ Z and r > 0.

In other words, gr ∈ Dp(h, r) for every 0 < r < ∞ and g∞ = limr→∞ gr = cPI (M(ρq))1/q ∈
Dp(h).

Recall the definition of the restricted maximal function M2r from (2.3).

Remark 6.2. Observe that if Z is complete, having the (q, p)-PI property and being a p-PI
space are equivalent when p > 1. Indeed, a deep result by Keith and Zhong shows that
every p-PI space for p > 1, is q-PI space for some 1 ≤ q < p [KZ08]. For their conclusion to
hold, it is important to recall that p-PI spaces are complete. Moreover, if 1 ≤ q < p, every q-
PI space has the (q, p)-PI property. We refer the interested reader to [Haj96, HK00, HKST15]
for further details.

The goal of this section is to prove the following result which directly implies Theo-
rem 1.2.

Theorem 6.3. Suppose that Z is a doubling metric measure space satisfying the (q, p)-PI property,
with Ω ⊂ Z being a measurable set having the measure-density condition and V an arbitrary
Banach space. Then a given function u : Ω→ V satisfies u = h|Ω for some h ∈ W1,p(Z; V) if and
only if u ∈ m1,p(Ω; V). Moreover, if such an h exists, then u ∈ M1,p(Ω; V).

We recall from Proposition 3.17 that under the assumptions of Theorem 6.3, u ∈ m1,p(Ω; V)

if and only if u ∈ Lp(Ω; V) and u]
s ∈ Lp(Ω) for some s = s(u) > 0. In the R-valued case,

Shvartsman proved a similar result for s = ∞, see [Shv07, Theorem 1.2]. As we can see, u]
s

is an increasing function of s, so our result implies the one by Shvartsman.
Before going into the proof of Theorem 6.3, we establish further properties of the Banach-

valued local Hajłasz–Sobolev space m1,p introduced in Section 3.6.
When Z is a doubling metric measure space satisfying the (q, p)-PI property, it is well

known that the spaces M1,p(Z; V) and W1,p(Z; V) coincide [HKST01, HKST15]. Since

M1,p(Z; V) ⊂ m1,p(Z; V) ⊂W1,p(Z; V)

and
‖u‖W1,p(Z,V) ≤ 4‖u‖m1,p(Z,V) ≤ 4‖u‖M1,p(Z,V)

for every u ∈ M1,p(Z, V), the three spaces are isomorphically equivalent, e.g. by using
the bounded inverse theorem. In fact, the proof of the equivalence gives the following
quantitative norm estimates.

Lemma 6.4. Let Z is a doubling metric measure space satisfying the (q, p)-PI property for some
1 ≤ q < p. Then for every h ∈W1,p(Z; V) and a p-weak upper gradient ρ of h the following holds:

(1) gr ∈ Dp(h, r) for every 0 < r < ∞;
(2) g∞ := limr→∞ gr satisfies g∞ ∈ Dp(h);
(3) Moreover,

cPI‖ρ‖Lp(Z) = lim
r→0+

‖gr‖Lp(Z) ≤ ‖gr‖Lp(Z) ≤ ‖g∞‖Lp(Z) ≤ C(cµ, p, q)cPI‖ρ‖Lp(Z). (6.1)
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In particular, M1,p(Z; V) = m1,p(Z; V) = W1,p(Z; V) as sets with bi-Lipschitz comparable norms.

Proof. The inclusion mapping ιM from M1,p(Z; V) into m1,p(Z; V) is a 1-Lipschitz linear
embedding. Also, Lemma 3.16 implies that m1,p(Z; V) 4-Lipschitz linearly embedds into
W1,p(Z; V), the embedding denoted by ιm.

Next, we claim that every h ∈ W1,p(Z; V) defines an element of M1,p(Z; V). We also
claim that gr ∈ Dp(h, r) for every 0 < r < ∞ and g∞ ∈ Dp(h). If this fact and (6.1) are
proved, then (6.1) implies that ιM is max

{
1, C(cµ, p, q)

}
-bi-Lipschitz and ιm is max {4, cPI}-

bi-Lipschitz.
To this end, fix h ∈ W1,p(Z; V) and ρ ∈ DN,p(h). The first inequality in (6.1) is a conse-

quence of the dominated convergence and the Lebesgue differentiation theorem, while the
last one follows from the boundedness of the maximal operator.

It remains to prove gr ∈ Dp(h, r) and g∞ ∈ Dp(h). It follows from Lemma 3.9 that
ρ ∈ DN,p(w(h)) for every w ∈ V∗ with |w| = 1. Then the defining property of the constant
cPI yields gr ∈ Dp(w(h), r) and g∞ ∈ Dp(w(h)) for every such w. The implication "(2) ⇒
(1)" in Lemma 3.3 yields gr ∈ Dp(h, r) and g∞ ∈ Dp(h). The claim follows. �

Another important point is that whenever Z is a doubling metric measure space and Ω
has the measure-density condition, the spaces M1,p(Ω; V) and M1,p(Ω; V) (resp. m1,p(Ω; V)
and m1,p(Ω; V)) are isometrically equal, respectively, because µ(Ω \Ω) = 0.

Lemma 6.5. Let Z be a doubling metric measure space, Ω ⊂ Z be a measurable set which satisfies
the measure-density condition and V a Banach space. Then the restriction mapping R : m1,p(Ω; V)→
m1,p(Ω; V) defined by u 7→ u|Ω is an isometric isomorphism. Similarly, the restriction map is an
isometric isomorphism from M1,p(Ω; V) onto M1,p(Ω; V).

The proof of Lemma 6.5 is a simple exercise and is left to the reader. In fact, µ(Ω \Ω) = 0
is sufficient for the conclusion to hold.

The following lemma connects the local and global Hajłasz–Sobolev spaces for measur-
able subsets satisfying the measure-density condition.

Lemma 6.6. Let Z be a doubling metric measure space satisfying the (q, p)-PI property, Ω ⊂ Z be
a measurable set with the measure-density condition and V a Banach space. Then m1,p(Ω; V) =
M1,p(Ω; V) as sets.

Proof. Observe from Lemma 6.5 that m1,p(Ω; V) = m1,p(Ω; V) and M1,p(Ω; V) = M1,p(Ω; V)
as sets (using the identification from Lemma 6.5). Therefore it is enough to show that
m1,p(Ω; V) = M1,p(Ω; V) as sets. In fact, it is enough to verify that each u ∈ m1,p(Ω; V) is
the restriction of some h ∈ M1,p(Z; V).

Fix an element u ∈ m1,p(Ω; V) and g ∈ Dp(u, r). We may assume that r < 1 and denote
R = r/8 for convenience.

Consider the set W =
⋃

z∈Ω B(z, R) ⊂ B(Ω, 8). We denote h = ẼV(u)|W : W → V, where
ẼV is the extension operator defined as in (5.6). Proposition 5.7 yields the existence of a
constant C = C(cµ, cΩ) > 0 for which G : B(Ω, 8)→ R defined as

G := CM8R(ĝ)

satisfies G|W ∈ Dp(h, R). Indeed, since every w ∈ W satisfies B(w, R) ⊂ B(w′, 2R) for some
w′ ∈ Ω, the claim follows directly from Proposition 5.7.
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We consider next a Lipschitz function ψ equal to one in Ω and zero outside W. Then the
zero extension h′ of ψh defines an element of m1,p(Z; V) as a consequence of Lemma 3.2.
Lemma 6.4 implies that h′ ∈ M1,p(Z; V) so u = h′|Ω ∈ M1,p(Ω; V). The claim follows. �

Proof of Theorem 6.3. Recall that W1,p(Z; V) = M1,p(Z; V) as sets by Lemma 6.4.
Suppose that u = h|Ω for some h ∈ W1,p(Z; V). Then u ∈ M1,p(Ω; V) ⊂ m1,p(Ω; V) due

to Lemma 6.4.
Conversely, if u ∈ m1,p(Ω; V), then u ∈ M1,p(Ω; V) by Lemma 6.6. Therefore u admits

an extension due to Theorem 1.4. �

7. Banach property of the local Hajłasz–Sobolev space and some examples

In this section we treat three topics. First we study the density of Lipschitz functions
with bounded support in Sobolev spaces W1,p(Ω), thereby proving Proposition 1.9. Then
we investigate the completeness property of the local Hajłasz–Sobolev space m1,p(Ω; V),
and its relation to the density of Lipschitz functions and to Sobolev extension sets. Finally,
we give some examples in the Euclidean space that clarify and highlight some subtleties of
these properties.

7.1. Density of Lipschitz functions.

Definition 7.1. Assume that Z is a metric measure space and Ω ⊂ Z is measurable. Given
1 ≤ p < ∞, we say that Ω is p-path almost open if, outside a p-negligible family of paths
γ : Iγ → Z, every nonconstant rectifiable γ : [a, b] → Z is such that γ−1(Ω) is a union of an open
set and a set negligible for the length measure of γ.

The main point for us about working with p-path almost open lies in the next lemma.

Lemma 7.2 (Proposition 3.5, [BB15]). Let Z be a metric measure space and Ω ⊂ Z a measurable
p-path almost open set. If h ∈ Ñ1,p(Z; V), then u = h|Ω ∈ Ñ1,p(Ω; V) and ρu = ρh|Ω.

The density of Lipschitz functions in W1,p(Ω) is related to the existence of extensions
from W1,p(Ω) to W1,p(Ω), especially when one works with p-path almost open sets. As a
related result, we establish now Proposition 1.9.

Proof of Proposition 1.9. Recall that we are assuming that Z is a p-PI space, in particular,
a complete metric measure space. We are also assuming that Ω ⊂ Z is measurable and
satisfies µ(Ω \Ω) = 0.

Claim (1) follows from the 1-Lipschitz property of the restriction map from W1,p(Ω) into
W1,p(Ω) and the fact that Lipschitz functions with bounded support are dense in W1,p(Ω):
the latter fact can be deduced in many ways from [EBSar]. For example, Ω has finite
Hausdorff dimension, so [EBSar, Theorem 1.5] implies that Ω has what the authors call a
p-weak differentiable structure. Moreover, for every complete metric measure space, the
existence of such a p-weak differentiable structure implies the claimed norm-density of
Lipschitz functions (with bounded support) [EBSar, Theorem 1.9].

For Claim (2), we know that every Lipschitz u : Ω → R with bounded support is the
restriction of a Lipschitz function h : Ω → R with bounded support, by uniform continu-
ity. Then µ(Ω \Ω) = 0 and Lemma 7.2 guarantee ‖h‖W1,p(Ω) = ‖u‖W1,p(Ω). Thus, by the
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assumed energy-density and Lemma 7.2, for every u ∈ Ñ1,p(Ω), there exists a sequence
(hn)∞

n=1 of Lipschitz functions with bounded support defined in Ω such that

‖hn|Ω − u‖Lp(Ω) + ‖ρhn |Ω − ρu‖Lp(Ω) ≤ 2−n for every n ∈N.

This implies that (hn)∞
n=1 is a bounded sequence in Ñ1,p(Ω) converging to the zero extension

of u in Lp(Ω), and the weak upper gradients ρhn converging to the zero extension of ρu in
Lp(Ω). Then [HKST15, Proposition 7.3.7] guarantees that the zero extension of u has a
Newton–Sobolev representative h such that a Borel representative of the zero extension of
ρu is a p-weak upper gradient of h. Lemma 7.2 readily yields that h and u have equal norm.
The claim follows. �

7.2. Banach property. In this section, we work with p-PI spaces for p > 1. Such spaces
have the (q, p)-property, cf. Remark 6.2, so the results of Section 6 are applicable.

We recall from Theorem 6.3 that the set of functions u ∈ W1,p(Ω; V) that can be ex-
tended to W1,p(Z; V) is indeed a subspace isomorphic to m1,p(Ω; V) when Ω satisfies the
measure-density condition and Z is p-PI. If we add the further assumption of p-path al-
most openness, we obtain the following theorem, whose proof we leave for the end of this
subsection.

Theorem 7.3. Assume that Z is p-PI space for ∞ > p > 1. Suppose that Ω ⊂ Z is a measurable
p-path almost open set satisfying the measure-density condition. The following are equivalent:

(1) the 4-Lipschitz linear embedding M1,p(Ω; V) ⊂W1,p(Ω; V) has closed image.
(2) m1,p(Ω; V) is Banach.

Moreover, if V has the metric approximation property, the following are equivalent:
(3) Ω is a V-valued W1,p-extension set;
(4) m1,p(Ω; V) is Banach and Lipschitz functions with bounded support are dense in energy in

W1,p(Ω).
Under assumption (3), M1,p(Ω; V) = m1,p(Ω; V) = W1,p(Ω; V) as sets with comparable norms.

Remark 7.4. By applying Proposition 1.9, the energy-density of Lipschitz functions with
bounded support in (4) can be equivalently replaced by density in norm. Furthermore, the
norm-density of Lipschitz functions with bounded support is true in M1,p(Ω), cf. [Haj96,
HKST15], and if M1,p(Ω) = W1,p(Ω) as sets, then the bounded inverse theorem yields
the norm-density in W1,p(Ω). Therefore, to solve Question 1.1 positively in the setting of
Theorem 7.3, it is necessary and sufficient to prove that m1,p(Ω; c0) is Banach whenever Ω
is a W1,p-extension set.

Corollary 7.5. Assume that Z is p-PI space for p > 1. Suppose that Ω ⊂ Z is a measurable p-path
almost open set satisfying the measure-density condition.

Then Ω is a W1,p-extension set if and only if m1,p(Ω) is a Banach space and every u ∈W1,p(Ω)
is the restriction of some h ∈W1,p(Ω).

Proof. In both directions of the claim, we have that every u ∈ W1,p(Ω) is the restriction of
some h ∈W1,p(Ω). Equivalently, Lipschitz functions with bounded support are norm-dense
by Proposition 1.9. Thus the 4-Lipschitz inclusion m1,p(Ω) ⊂ W1,p(Ω) has a norm-dense
image. The equivalence between (3) and (4) in Theorem 7.3 shows the claim. �

We apply the following lemma during the proof of Theorem 7.3.
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Lemma 7.6. Assume that Z is p-PI space for p > 1. Suppose that Ω ⊂ Z is a measurable p-path
almost open set satisfying the measure-density condition.

Then every u ∈ m1,p(Ω; V) satisfies

4−1‖u‖W1,p(Ω;V) ≤ ‖u‖m1,p(Ω;V) ≤ c‖u‖W1,p(Ω;V),

for the constant c = max {1, cPI}.

Proof. We recall from Theorem 6.3 that m1,p(Ω; V) are precisely those functions that admit
an extension to h ∈W1,p(Z; V).

Let h be such an extension and g ∈ DN,p(h). We consider the restricted maximal function
of g multiplied by a suitable factor cPI , which we used to define gr in Lemma 6.4. We recall
from Lemma 6.4 that gr is a local Hajłasz gradient of h up to scale r. Then Lemma 6.6 yields
the lower bound 4−1‖u‖W1,p(Ω;V) ≤ ‖u‖m1,p(Ω;V).

The Lebesgue differentiation theorem implies that χΩgr → χΩcPI g = cPIχΩg, monoton-
ically decreasingly pointwise almost everywhere, as r → 0+. The dominated convergence
theorem implies that the pointwise convergence improves to Lp-convergence. Hence

inf
g′∈D loc ,p(u)

‖g′‖Lp(Ω) ≤ lim
r→0+

‖gr|Ω‖Lp(Ω) = cPI‖g|Ω‖Lp(Ω).

Next we set g = ρh. Here ρh|Ω = ρu follows from Lemma 7.2. The claim follows from this
observation. �

Proof of Theorem 7.3. Lemma 6.6 shows that when Ω is measurable and satisfies the measure-
density condition, the 1-Lipschitz linear inclusion M1,p(Ω; V) ⊂ m1,p(Ω; V) is onto. On
the other hand, Lemma 7.6 shows that the embedding of m1,p(Ω; V) into W1,p(Ω; V) is
bi-Lipschitz. Consequently, M1,p(Ω; V) ⊂ W1,p(Ω; V) has a closed image if and only if
m1,p(Ω; V) is Banach, so "(1)⇔ (2)".

Towards proving "(3) ⇔ (4)", we make three observations: First, by Proposition 1.9, the
energy-density of Lipschitz functions with bounded support is equivalent to norm-density.
Second, Proposition 4.7 shows that M1,p(Ω; V) = W1,p(Ω; V) as sets if and only if Lip-
schitz functions are norm-dense in W1,p(Ω) and the linear 4-embedding M1,p(Ω; V) ⊂
W1,p(Ω; V) has closed image, the latter fact being equivalent to m1,p(Ω; V) being Ba-
nach. Third, Corollary 1.5 shows that Ω is a V-valued W1,p-extension set if and only if
M1,p(Ω; V) = W1,p(Ω; V) as sets. These three observations show the equivalence. �

7.3. Some examples. Related to the discussion of this section and also to the topics of this
paper, it is clear that it would be interesting to know the relations between the following
properties, stated for R-valued functions, a domain Ω ⊂ Rn and 1 < p < ∞. Note that
domains are always p-path almost open sets.

(1) Ω is a W1,p-extension domain.
(2) Ω has the measure-density condition.
(3) M1,p(Ω) = m1,p(Ω) = W1,p(Ω) as sets and with comparable norms.
(4) m1,p(Ω) is a Banach space.
(5) Every u ∈W1,p(Ω) is the restriction of some h ∈W1,p(Ω).
(6) Density of Lipschitz functions with bounded support in W1,p(Ω).
(7) Density of m1,p(Ω) in W1,p(Ω).
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In this section, we provide examples to show the relations between the aforementioned
properties and at the same time bring out the sharpness of the previous results of this
section. The following implications are clear using our previous results.

(1)⇒ (2), (3), (4), (5), (6), (7); (5)⇒ (6)⇒ (7);

(7) and µ(∂Ω) = 0⇒ (5); (2) + (3)⇔ (1); (2) + (4) + (7)⇔ (1).

Our first example shows (2) is not sufficient to guarantee W1,p-extensions, the result being
well-known among specialists in the field. We recall that by [HKT08a, Theorem 5], a domain
has the measure-density condition if and only if it is a M1,p-extension domain for some
(every) 1 ≤ p < ∞.

Example 7.7. The slit disk
Ω := B(0, 1) \ [0, 1]× {0}.

This is well-known to not be a W1,p-extension domain for any 1 < p < ∞. For example, we may
consider u ∈ C(Ω) ∩W1,p(Ω) such that u ≡ 1 above [1/2, 1]× {0} and u ≡ 0 below it. Then
u]

s 6∈ Lp(Ω) for every p > 1 and s > 0, which is necessary and sufficient for u to admit an extension
to W1,p(R2), recall Theorem 6.3.

Note that Ω satisfies the measure-density condition. Moreover, since m1,p(Ω) = m1,p(Ω) as sets
by Lemma 6.5 and also Ω = B(0, 1) is a W1,p-extension domain for every p, the space m1,p(Ω) is
Banach. On the other hand, neither Lipschitz functions nor m1,p(Ω)-functions can be (energy or
norm) dense in W1,p(Ω) for any 1 < p < ∞, due to Corollary 7.5.

Our second example shows that without the measure-density condition (2), none of the
conditions (3) to (7) are enough to guarantee (1).

Example 7.8. The outward cusp

Ω = B((2, 0),
√

2) ∪ {(x, y) ∈ (0, 1]×R : |y| ≤ x2}
is another example of a domain that is not W1,p-extension domain for any 1 < p < ∞. Observe that
the measure-density condition fails at the cusp (2, 0). Nevertheless, in [EBKMZ22, Zhu22], it was
shown that M1,p(Ω) = W1,p(Ω), so automatically we have M1,p(Ω) = m1,p(Ω) = W1,p(Ω) as
sets. Thus m1,p(Ω) is Banach and Lipschitz functions, as well as the space m1,p(Ω), are dense in
W1,p(Ω).

Our next example shows that a domain can satisfy (2) and (6) (thus also (7) and (5))
without (1) or (3) holding.

Example 7.9. Consider the unit square where we remove two central squares touching in one vertex.
That is,

Ω = ((−1, 1)× (−1, 1)) \ (([−1/2, 0]× [−1/2, 0]) ∪ ([0, 1/2]× [0, 1/2])) .

This is based on Example 2.5 [Kos90], see also [BS07, Remark 5.2]. It turns out that Ω is a W1,p-
extension domain for every 1 < p < 2 but not for any p ≥ 2. For the proof of the case 1 < p < 2
we refer the interested reader to [Kos90, Example 2.5]. On the other hand, by taking a function
that is 1 on one side and 0 on the other side of the local cut point at the origin (similarly to what we
did in Example 7.7), yields an example of u ∈ W1,p(Ω) for which u]

s is not Lp(Ω)-integrable for
any (s, p) ∈ (0, ∞)× [2, ∞]. Thus Ω is not a W1,p-extension set for any p ≥ 2.
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We consider next an arbitrary 1 < p ≤ 2. We claim that every u ∈ W1,p(Ω) extends to some
h ∈W1,p(Ω); the point is that

h(z) = lim sup
r→0+

∫
B(z,r)∩Ω

u(y) dy

defines an extension to Ñ1,p(Ω \ {0}). Since {0} has negligible measure and the collection of
nonconstant paths intersecting the point is p-negligible (in R2 so also in Ω), defining h(0) = 0
yields an element of Ñ1,p(Ω). Then recalling Proposition 1.9, we have that Lipschitz functions are
dense in W1,p(Ω). Since Ω is not a W1,2-extension domain, Theorem 7.3 shows that the space
m1,2(Ω) cannot be Banach. Equivalently, M1,2(Ω) 6= W1,2(Ω). In fact, there exists a sequence of
Lipschitz functions in Ω bounded in W1,2(Ω) but unbounded in M1,2(Ω), e.g., we may approximate
any u ∈W1,2(Ω) for which u]

1 6∈ L2(Ω) to obtain such a sequence.

In the following example, we recall results that guarantee the validity of (6) for many
domains in the plane.

Example 7.10. We consider an arbitrary Jordan domain Ω ⊂ R2, i.e., a simply connected domain
whose boundary is homeomorphic to the unit circle. Then W1,p(Ω) has a dense subspace consisting
of those u = h|Ω, where h ∈ C∞(R2); see [Lew87, KZ16]. In particular, Lipschitz functions, and
therefore m1,p(Ω), are dense in W1,p(Ω). Furthermore, whenever Ω ⊂ Rn is any bounded domain
which is Gromov hyperbolic with respect to the quasihyperbolic metric, then W1,∞(Ω) is dense in
W1,p(Ω), see [KRZ17a] for the terminology and proof. In particular, when Ω is also quasiconvex,
then Lipschitz functions with bounded support are dense in W1,p(Ω).

8. Weak Poincaré inequalities

Our goal is to verify Proposition 1.10 and Theorem 1.11 in this section, which connect
the validity of the weak Poincaré inequality up to some scale to Banach-valued Sobolev
extension domains. Proving Proposition 1.10 is equivalent to showing that M1,p(Ω; V) =
m1,p(Ω; V) = W1,p(Ω; V) as sets under the measure-density condition by Corollary 1.5.

Related to Proposition 1.10, we begin by commenting on some previous known results.
First, for p-PI spaces, it is known that M1,p(Z; V) = m1,p(Z; V) = W1,p(Z; V) as sets,
cf. Section 6. Many of the proofs showing this fact involve the self-improvement of weak
Poincaré inequalities on (complete) p-PI spaces. Similar improvement is quite delicate when
we relax the completeness of Z, cf. [Kos99], and this is one of the main subtleties when
addressing Proposition 1.10. Secondly, by [BS07, Proposition 5.1] every domain Ω ⊂ Z with
the measure-density condition and that satisfies a global weak (1, p)-Poincaré inequality
must be a W1,p-extension set. So considering just weak Poincaré inequalities up to some
scale is the main novelty here, apart from working with general measurable sets. We also
note that this section is partly inspired by [BBL21].

In this section, we consider an arbitrary p-PI space Z and a measurable subset Ω ⊂ Z sat-
isfying the measure-density condition. To simplify notation we denote Cµ,Ω = max{cµ, 1/cΩ}.

The following self-improvement phenomenom of Poincaré inequalities is an immediate
consequence of [BB19, Theorem 5.1] and will be needed for the proof of Proposition 1.10.

Theorem 8.1. Let 1 < p < ∞. The following are equivalent under the assumptions of this section.
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(1) There exist constants C1 > 0, λ1 ≥ 1 and 2/3 > δ1 > 0 such that for every ball B centered
at Ω and radius at most δ1,∫

Ω∩B
|u− uΩ∩B| dµ ≤ C1 diam (Ω ∩ B)

(∫
Ω∩λ1B

ρp dµ

)1/p

(8.1)

for every integrable function u : Ω ∩ λ1B → R and every Lp-integrable p-weak upper gra-
dient ρ : Ω ∩ λ1B→ [0, ∞] of u.

(2) There exist constants 1 ≤ q < p, C2 > 0, λ2 ≥ 1 and 2/3 > δ2 > 0 such that for every
ball B centered at Ω and radius at most δ2,∫

Ω∩B
|u− uΩ∩B| dµ ≤ C2 diam (Ω ∩ B)

(∫
Ω∩λ2B

ρq dµ

)1/q

for every integrable function u : Ω ∩ λ2B → R and every Lp-integrable p-weak upper gra-
dient ρ : Ω ∩ λ2B→ [0, ∞] of u.

Moreover, the constants q, C2, λ2 and δ2 depend only on p and Cµ,Ω, together with C1, λ1 and δ1,
and vice versa.

We emphasize that the validity of Theorem 8.1 (2) only for Lp-integrable p-weak upper
gradients is important and is the main place where the noncompleteness of Ω plays a
significant role, cf. [Kos99, Corollary D].

Proof of Proposition 1.10. We recall that we are given a p-PI space Z and a measurable set
Ω ⊂ Z satisfying the measure-density condition and a weak (1, p)-Poincaré inequality up
to some scale r0. That is, we are in the setting of Theorem 8.1 and assumption (1) for some
constants C1 > 0, λ1 ≥ 1 and 0 < δ1 < min{r0, 2/3}. We claim that Ω is a V-valued
W1,p-extension set.

We fix a real-valued f ∈ W1,p(Ω) and a Newton–Sobolev representative of the function,
which we continue denoting by f . Let also ρ ∈ DN,p( f ). Theorem 8.1 (2) yields the existence
of 1 ≤ q < p, δ2 > 0, C2 > 0 and λ2 ≥ 1 such that∫

Ω∩B
| f − fΩ∩B| dµ ≤ C2 diam (Ω ∩ B)

(∫
Ω∩λ2B

ρq dµ

)1/q

for every ball centered at Ω and of radius r < δ2. Then, by fixing 0 < s < δ2/λ2 (hence
λ2s < δ2 < 1), we may take the supremum over 0 < r < s and apply Lemma 2.3 to conclude

f ]s ≤ 4C2C1/p
µ,Ω (Mλ2s(ρ̂

q))1/q ∈ Lp(Ω). (8.2)

Now we use observation (8.2) to conclude the proof by verifying that every u ∈W1,p(Ω; V)
is an element of m1,p(Ω; V). Note that for every w ∈ V∗ with |w| ≤ 1, we have ρu ∈
DN,p(w(u)) by Lemma 3.9. Therefore, an application of (8.2) implies that for every 0 < s <
δ2/λ2,

(w(u))]s ≤ 4C2Cµ,Ω (Mλ2s(ρ̂u
q))

1/q ∈ Lp(Ω). (8.3)

Recall from Proposition 3.17 that a constant multiple of (w(u))]s is a Hajłasz gradient of
w(u) up to scale s/2. Then Lemma 3.3 implies that the right-hand side of (8.3) is a Ha-
jłasz gradient of u up to scale s/2 and up to the aforementioned constant. Therefore
u ∈ m1,p(Ω; V). Since M1,p(Ω; V) = m1,p(Ω; V) ⊂ W1,p(Ω; V) by Lemma 6.6, we con-
clude M1,p(Ω; V) = W1,p(Ω; V). Finally, given this equality, the fact that Ω is a V-valued
extension set follows from Corollary 1.5. �
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Towards proving Theorem 1.11, we establish the following proposition, closely related to
Theorem 8.1.

Proposition 8.2. Let 1 < p < ∞. The following are equivalent under the assumptions of this
section.

(1) There exist constants C1 > 0, λ1 ≥ 1 and 2/3 > δ1 > 0 such that for every ball B centered
at Ω and radius at most δ1,∫

Ω∩B
|u− uΩ∩B| dµ ≤ C1 diam (Ω ∩ B)

(∫
Ω∩λ1B

ρp dµ

)1/p

(8.4)

for every integrable function u : Ω ∩ λ1B → R and every Lp-integrable p-weak upper gra-
dient ρ : Ω ∩ λ1B→ [0, ∞] of u.

(2) There exist constants C2 > 0, λ2 ≥ 1 and 2/3 > δ2 > 0 such that every u ∈ L1(Ω) with
an Lp-integrable p-weak upper gradient ρ : Ω→ [0, ∞] satisfies

u]
s ≤ C2 (Mλ2s(ρ̂

p))1/p almost everywhere in Ω for every 0 < s < δ2. (8.5)

Here ρ̂ refers to the zero extension of ρ into Z.
The statements are quantitatively equivalent in the sense that C1, λ1 and δ1 determine C2, λ2 and
δ2 up to a constant depending only on Cµ,Ω and p and vice versa.

Proof. We assume (1) and consider u ∈ L1(Ω) with an Lp-integrable p-weak upper gradient
ρ. Fix 0 < s < δ1 and z ∈ Ω. Then, by taking the supremum in (8.4) over all balls B(z, r)
with 0 < r < s, the definition of u]

s yields

u]
s(z) ≤ 4C1C1/p

µ,Ω (Mλ1s(ρ̂
p))1/p (z).

The conclusion (2) follows by setting C2 = 4C1C1/p
µ,Ω , λ2 = λ1 and δ2 = δ1.

We assume now (2). Fix constants C1 > 0, 2/3 > δ1 > 0, λ1 ≥ 1 yet to be determined.
Fix now z ∈ Ω and 0 < r < δ1 and set B = B(z, r).

Suppose for a moment that we consider u ∈ L1(Ω ∩ B) and a Lipschitz function φ(y) =
f (d(y, z)) for a Lipschitz f : [0, ∞)→ [0, 1] equal to one in [0, r/4], zero in [r/2, ∞) and affine
in (r/4, r/2). In particular, φ is (r/4)−1-Lipschitz. Consider next φu : Ω ∩ B → R and let
ũ = φ̂u be the zero extension to Ω. Then ũ ∈ L1(Ω). We conclude from Proposition 3.17
that there exists a constant C ≥ 1, depending only on Cµ,Ω, for which

Cũ]
2s ∈ D(ũ, s) whenever 0 < s < 1/2. (8.6)

In order to prove (1), take u ∈ L1(Ω ∩ B) with an Lp-integrable p-weak upper gradient
ρ : Ω ∩ B → [0, ∞]. Then uk = max {−k, min {k, u}} ∈ Lp(Ω ∩ B) has ρ as an Lp-integrable
p-weak upper gradient for every k ∈N by Lemma 3.8 (1). Consequently, φuk has a p-weak
upper gradient

ρk =

(
|uk|

2
r
+ ρ

)
χB(z,r/2) ∈ Lp(Ω ∩ B), cf. Lemma 3.8 (3).

Also, the zero extension ũk = φ̂uk ∈ L1(Ω) has an Lp-integrable p-weak upper gradient
coinciding with the zero extension of ρk to Ω. We may therefore apply assumption (2) for
each ũk and their minimal p-weak upper gradients ρũk

. We may also apply (8.6). Therefore
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there exists a negligible set N ⊂ Ω∩ B such that, for every x, y ∈ Ω∩ B \ N with d(x, y) < s
and every k ∈N,

|ũk(x)− ũk(y)| ≤ d(x, y)(CC2
(
M2λ2s(ρ̂ũk

p)
)1/p

(x) + CC2
(
M2λ2s(ρ̂ũk

p)
)1/p

(y)).

Here we need the further assumption that 2s < δ2.
We set λ1 = 4(2λ2 + 1) and s = r/λ1. Whenever x, y ∈ Ω ∩ B(z, s) \ N, we have Ω ∩

B(x, 2λ2s) ⊂ Ω ∩ B(z, r/4). For this reason, the inequality

M2λ2s(ρ̂ũk
p)(x) ≤M2λ2s(ρ̂ũ

p)(x) = M2λ2s(ρ̂u
p)(x),

holds for x, with the corresponding inequality valid for y as well; the last equality ap-
plies the locality, namely Lemma 3.8 (4), of minimal p-weak upper gradients. Hence, as
limk→∞ ũk(x) = u(x) for almost every x ∈ B(z, s), we obtain

CC2 (M2λ2s(ρ̂u
p))

1/p ∈ D(u|B(z,s)).

Consequently,∫
Ω∩B(z,s)

|u− uΩ∩B(z,s)| dµ ≤ 4CC2 diam (Ω ∩ B(z, s))
∫

Ω∩B(z,s)
(M2λ2s(ρ̂u

p))
1/p dµ

≤ 4CC2C(Cµ,Ω, λ2)diam (Ω ∩ B(z, s))
∫

B(z,λ2s)
(M2λ2s(ρ̂u

p))
1/p dµ.

Since µ is doubling on Z, a weak-type estimate [HKST15, Lemma 3.5.10] for the maximal
operator yields that∫

B(z,λ2s)
(M2λ2s(ρ̂u

p))
1/p dµ ≤ C(Cµ,Ω, p)

(∫
B(z,3λ2s)

ρ̂u
p dµ

)1/p

.

Since 3λ2s < 1, we obtain (8.4) for each 0 < s < δ1 for a constant C1 = C(Cµ,Ω, λ2, p, C2),
λ1 = 4(2λ2 + 1), and δ1 = δ2/λ1. �

Proof of Theorem 1.11. We first consider the case n < p < ∞. Let us verify that the Sobolev
embedding theorem is satisfied in W1,p(Ω). We know that every u ∈ W1,p(Ω) satisfies
u = h|Ω for some h ∈ W1,p(Rn). By the Morrey’s embedding theorem, there exists a
continuous representative of h, still denoted the same way, so that for α = 1− n/p,

‖h‖C0,α(Rn) := ‖h‖L∞(Rn) + sup
x 6=y

|h(x)− h(y)|
|x− y|α ≤ C(p, n)‖h‖W1,p(Rn).

Hence u ∈W1,p(Ω) has a representative h|Ω, that we identify with u, for which

‖u‖C0,α(Ω) ≤ ‖h‖C0,α(Ω) ≤ C(p, n)‖h‖W1,p(Rn) ≤ C(p, n, Ω)‖u‖W1,p(Ω).

This implies the existence of a linear and bounded embedding of W1,p(Ω) into C0,α(Ω).
The latter space can be identified with C0,α(Ω) by uniform continuity. With this embedding
result, [Kos98, Theorem 2.4] directly yields the existence of C1 > 0, λ1 ≥ 1 and 2/3 > δ1 > 0
such that every u ∈W1,p(Ω) satisfies

|u(x)− u(y)| ≤ d(x, y)
(

C1Mλ1d(x,y)(ρ
p
u)(x) + C1Mλ1d(x,y)(ρ

p
u)(y)

)1/p
,
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whenever x, y ∈ Ω and d(x, y) < δ1. Indeed,

u]
s(z) = sup

0<r<s

1
t

∫
Ω∩B(z,t)

∫
Ω∩B(z,t)

|u(y)− u(x)| dµ(y) dµ(x)

≤ sup
0<t<s

C1
2t
t

(∫
Ω∩B(z,t)

(Mλ12t(ρ̂
p
u)(y))1/p dµ(y) +

∫
Ω∩B(z,t)

(Mλ12t(ρ̂
p
u)(x))1/p dµ(x)

)
≤ 4C1C(Cµ, λ2)

∫
Ω∩B(z,λ1s)

(Mλ12s(ρ̂
p
u)(y))1/p dµ(y)

≤ 4C1C(Cµ, λ2)C(Cµ, p)
(∫

B(z,3λ1s)
ρ̂

p
u dµ

)1/p

,

where once again, we apply the weak-type estimate [HKST15, Lemma 3.5.10] for the maxi-
mal operator. Hence we obtain the conclusion Proposition 8.2 (2), so by Proposition 8.2, we
obtain the conclusion of Proposition 8.2 (1).

We next consider the case p = n. Here we need to recall an inequality obtained during
the proof of [Kos98, Theorem B]. There Koskela proved the following statement: There exist
constants 2/3 > δ1 > 0, C1 > 0 and λ1 ≥ 1 for which

|u(x)− u(y)| ≤ d(x, y)
(

C1Mλ1d(x,y)(ρ̂
n
u)(x) + C1Mλ1d(x,y)(ρ̂

n
u)(y)

)1/n
,

whenever x, y ∈ Ω \ N, d(x, y) < δ1 and u ∈ W1,p(Ω) for some p > n and set µ(N) = 0;
Koskela’s proof actually implies that the same inequality holds also for u ∈ W1,n(Ω) but
we provide the details for the convenience of the reader. By modifying the argument above,
there exist constants 1 > δ2 > 0, C2 > 0 and λ2 ≥ 1 for which for every 0 < s < δ1/(2λ2)

u]
s ≤ C2 (M2λ2s(ρ̂

n
u))

1/n for every u ∈
⋃
p>n

W1,p(Ω). (8.7)

On the other hand, we claim that since Lipschitz functions with bounded supports are
elements of W1,p(Ω) for every p > n and also dense in W1,n(Ω)-norm in W1,n(Ω) (recall
Proposition 1.9), (8.7) holds for every u ∈ W1,n(Ω). To this end, there exists a sequence of
Lipschitz functions (uk)

∞
k=1 satisfying

lim
k→∞
‖u− uk‖W1,n(Ω) = 0 and lim

k→∞
‖u]

s − (uk)
]
s‖Ln(Ω) = 0. (8.8)

Observe that the first fact in (8.8) follows from density of Lipschitz functions with bounded
support and the second one from the subadditivity of the sharp functional together with
the equivalence of the M1,p(Ω)- and W1,p(Ω)-convergences (due to the equality M1,p(Ω) =
W1,p(Ω)).

Next, we claim that up to passing to a subsequence and relabeling, we have

(M2λ2s(ρ̂
n
u))

1/n = lim
k→∞

(
M2λ2s(ρ̂

n
uk
)
)1/n almost everywhere. (8.9)

Observe that if this can be proved, then (8.7) follows from (8.8) and (8.9) for every u ∈
W1,n(Ω).



46 MIGUEL GARCÍA-BRAVO, TONI IKONEN, AND ZHENG ZHU

Towards proving (8.9), we observe that, by the subadditivity of the restricted maximal
function and the weak-type estimate [HKST15, Lemma 3.5.10] of the maximal operator,∫

B(z,λ2s)

(∣∣M2λ2s(ρ̂
n
u)−M2λ2s(ρ̂

n
uk
)
∣∣)1/n dµ

≤
∫

B(z,λ2s)

(
M2λ2s(ρ̂

n
u − ρ̂n

uk
)
)1/n dµ ≤ C(cµ, cΩ, n)

(∫
B(z,3λ2s)

|ρ̂n
u − ρ̂n

uk
| dµ

)1/n

. (8.10)

We may now pass to a subsequence such that ρuk converges to ρu pointwise almost every-
where. Then (8.10) implies that, up to passing to a subsequence, M2λ2s(ρ

n
u) is the pointwise

limit of M2λ2s(ρ
n
uk
) for almost every point in Ω. Thus the conclusion (8.7) holds for the

limiting function u ∈ W1,n(Ω). Now a simple cut-off argument implies Proposition 8.2 (2),
so the conclusion Proposition 8.2 (1) follows as claimed. �

9. Planar Jordan domains

In this section, we consider the two-dimensional sphere identified with the extended
plane R̂2 using stereographic projection; we endow the sphere with the Riemannian area
measure.

Definition 9.1. Let Ω ⊂ R̂2 be a Jordan domain. A homeomorphism R : R̂2 → R̂2 is a reflection
over the boundary ∂Ω, if R(Ω) = R̂2 \Ω and R(z) = z for every z ∈ ∂Ω.

We say that R is a p-morphism if R ∈W1,p(R̂2; R̂2) and

|DR|p(z) ≤ K|JR|(z) for almost every z ∈ R̂2 (9.1)

for some K ≥ 1. Here |DR| and JR, respectively, are the operator norm and the Jacobian of the
differential of R.

We recall that the minimal p-weak upper gradient of R coincides with |DR| almost ev-
erywhere in R̂2.

Associated to each reflection, we obtain the following folding map:

F : R̂2 → R̂2,

where z 7→ z if z ∈ Ω and z 7→ R(z) otherwise. We say that R is a p-reflection over ∂Ω
if R is a p-morphism and for any u ∈ W1,p(Ω), there exists some ĥ : R̂2 → R̂2 with a
Lp(R̂2)-integrable upper gradient with ĥ|

R̂2\∂Ω = u ◦ F|
R̂2\∂Ω almost everywhere.

Theorem 9.2 (Corollary 1.4, [KPZ19]). Let Ω ⊂ R̂2 be a Jordan domain. If Ω is a W1,p-extension
domain, then there exists a p-reflection R over ∂Ω.

We state the main theorem in this section, corresponding to Proposition 1.12. Indeed,
Proposition 1.12 follows from Theorem 9.3 by observing two facts: First, the stereographic
projection restricted to the complement of a small neighbourhood of the infinity point is
bi-Lipschitz. Second, such a map preserves the c0-valued W1,p-extension property of Jordan
domains, whose closure does not touch the infinity point.

Theorem 9.3. Let Ω ⊂ R̂2 be an R-valued W1,p-extension Jordan domain for some 1 < p < ∞.
Then Ω is a V-valued W1,p-extension domain for every Banach space V.
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Proof. Fix a p-reflection R over ∂Ω obtained from Theorem 9.2. Since Ω is a W1,p-extension
domain, we recall from [HKT08a] that it satisfies the measure-density condition. Then
Proposition 1.9 (and Lemma 7.2) implies that W1,p(Ω) = W1,p(Ω) are isometrically isomor-
phic.

Consider next an arbitrary Lipschitz u ∈ W1,p(Ω). Then h := u ◦ F is uniquely defined
in R̂2 and continuous. Since R is a p-reflection over ∂Ω, there exists some ĥ : R̂2 → R̂2

with a Lp(R̂2)-integrable upper gradient and ĥ|
R̂2\∂Ω = u ◦ F|

R̂2\∂Ω = h|
R̂2\∂Ω. Therefore

ĥ = h almost everywhere in R̂2. Since h is continuous, we have that ĥ = h at every
Lebesgue point of ĥ. In other words, h ≡ ĥ up to a set negligible for p-Sobolev capacity
in R̂2 [HKST15, Theorem 9.2.8]. Thus h has an Lp(R̂2)-integrable p-weak upper gradient
[HKST15, Proposition 7.1.31]. Since ∂Ω has negligible measure, we conclude from (9.1) that

ρ
p
u◦F ≤ (ρu ◦ F)p|DF|p ≤ K(ρu ◦ F)p|JF| almost every x ∈ R̂2, see e.g. [Wil12]. (9.2)

We also conclude from (9.2) and ∂Ω having zero measure that, for C = K + 1,∫
F−1(E)

ρ
p
u◦F(y) dy =

∫
E∩Ω

ρ
p
u(y) dy +

∫
F−1(E)\Ω

ρ
p
u◦F(y) dy

≤ C
∫

E∩Ω
ρ

p
u(y) dy for every Borel set E ⊂ Ω. (9.3)

Since Lipschitz functions are dense in W1,p(Ω) (recall Proposition 1.9, cf. Example 7.10), we
obtain (9.3) for every u ∈W1,p(Ω). Also (9.2) holds for every u ∈W1,p(Ω).

Next, consider u = (ui)
∞
i=1 ∈ W1,p(Ω; c0). Let ui ∈ W1,p(Ω) denote the unique extension

of ui to Ω. We denote u ◦ F := (ui ◦ F)∞
i=1. It follows from (9.3) and Lemma 3.9 that∫

F−1(E)
ρ

p
ui◦F(y) dy ≤ C

∫
E∩Ω

ρ
p
u(y) dy for every Borel set E ⊂ Ω.

Since this inequality holds for every Borel set and i ∈N, we conclude that∫
F−1(E)

sup
i∈N

ρ
p
ui◦F(y) dy ≤ C

∫
E∩Ω

ρ
p
u(y) dy for every Borel set E ⊂ Ω.

Thus supi ρui◦F is Lp(R̂2)-integrable, so the supremum is also a p-weak upper gradient of (a
Newton–Sobolev representative of) u ◦ F by [HKST15, Theorem 7.1.20]. The (1, p)-Poincaré
inequality and compactness of R̂2 yields u ◦ F ∈ W1,p(R̂2; c0) for which (u ◦ F)|Ω = u.
Therefore Ω is a c0-valued W1,p-extension domain. Recall that this implies the correspond-
ing property for every Banach space due to Corollary 1.7. �
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