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Test of universal scaling of ac conductivity in ionic conductors
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Electrical relaxation data of crystalline yttria-stabilized zirconia are used to analyze the permittivity change
observed in the spectra of the real part of the permittivity in ionic conducting materials. It is found that this
permittivity change is independent of both temperature and mobile-ion concentration, and it is determined
solely by the degree of interaction among ions in the relaxation process. This finding is at odds with an
expression for the permittivity change in the framework of a proposed universal ac conductivity scaling law for
glassy ionic conductors. On the other hand, not only the total permitivity change, but also the particular
frequency dependence of the permittivity spectra is found to be consistent with the analysis of electrical
relaxation in terms of the electric modulus. The results of this work give further support to the use of the
electric modulus in describing electrical relaxation in ionic conductors.
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I. INTRODUCTION

Electrical relaxation measurements are commonly use
characterize the dynamics of ionic transport in ionically co
ducting materials.1–25 Most of these measurements are p
formed in the frequency domain, and the experimental in
mation obtained is often presented and analyzed in term
the complex conductivity,s* (v)5s8(v)1 is9(v). Alter-
native representations of thesameexperimental data are th
complex permittivity«* (v)5«8(v)2 i«9(v) and the com-
plex electric modulusM* (v)5M 8(v)1 iM 9(v), which are
related to the complex conductivity by

«* ~v!5
s* ~v!

iv«0
~1!

and

M* ~v!5
1

«* ~v!
5

iv«0

s* ~v!
, ~2!

where«0 is the permittivity of the free space.
It is clear that, whichever representation is used, one

considering the same experimental data, and therefore, t
should be no difference in the results and conclusions
rived from the different approaches. However, in reality d
ferent approaches have led some workers to different con
sions. Perhaps the most dramatic difference of the diffe
approaches is the interpretation of the dependence of
electrical relaxation dispersion on the ionic concentrati
Workers using the electric modulus representation7,8,10,19,20

have found that the dispersion narrows towards a single
ponential as ionic concentration is decreased, suggesting
0163-1829/2001/64~18!/184304~5!/$20.00 64 1843
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the width of the dispersion comes from ion-ion interaction
proposed by the coupling model.9,18,25,26

A totally different view is offered by some workers wh
use the real part of the complex conductivity,s8(v), to ex-
amine data. It has been recently proposed that data sets o
real part of the complex conductivity,s8(v), of various
glassy ionic conductors containing a wide range of ion c
centrations and at different temperatures can be scaled in
single master curve.21–23 Roling et al.21,22 showed that the
scaling law

s8~v!/sdc5FS x

sdcT
v D ~3!

holds in a series of alkali borate glasses (Na2O)x(B2O3)12x
with different mobile-ion concentrations in the relative
small range 0.1,x,0.3. Sidebottom23 analyzed another
glass system (Na2O)x(GeO2)12x over a much wider range o
sodium ion concentration (0.003,x,0.1) using the scaling
law proposed by Rolinget al., and he found that it fails to
collapse all conductivity data onto a common curve. He p
posed another scaling law of the form

s8~v!/sdc5FS «0D«

sdc
v D , ~4!

which involves the permittivity change

D«5«s2«` . ~5!

In Eq. ~5!, «` is the high-frequency permittivity value
determined from«8(v) at sufficiently high frequencies, an
«s is the low-frequency value contributed from mobile ion
which is difficult to obtain from experimental data due to t
usual presence of electrode polarization effects at low
©2001 The American Physical Society04-1
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quencies. According to Sidebottom, the hop of the mob
ion between sites is analogous to the rotation of a perma
dipole. From this analogy, he proposed that the Debye mo
for dipolar relaxation should give a suitable approximation
the permittivity change

D«5
gN~qd!2

3«0kT
, ~6!

whereN is the total mobile-ion concentration,g is the frac-
tion of N which are effectively mobile,q is the charge of the
mobile ions,d is the distance traversed in a single hop, a
the productqd is the effective dipole of the hopping ion. A
similar expression forD« has been suggested by Roling.22

In both scaling procedures suggested for the real par
the complex conductivity, the ion dynamics is described
the same master functionF(u) in Eqs. ~3! and ~4!, which
follows approximately a power-law frequency dependenc
high frequencies of the formF(u)'11un, with an exponent
n'0.65.23 The results have been interpreted by the pro
nents of scaling laws as evidence of the existence of a
versal relaxation process in ionic conductors, which is in
pendent of temperature and the effective mobile ion den
Although, up to now, there has been no theory or mo
proposed to explain why suchF(u) governs the frequency
dispersion of many ionic conductors. Since the same dat
the electric modulus representation do not scale to any m
ter curve, proponents of the universal scaling of the cond
tivity have no choice but to discredit the electric modul
representation of data. They went on to say that the cond
tivity, instead of the electric modulus, is the quantity mo
directly related to the microscopic dynamics of the ions a
is the appropriate one to analyze electrical relaxation of io
cally conducting materials. However, a recently publish
work has shown otherwise, namely, that the electric modu
spectrum is a mirror image of the microscopic ion-hopp
spectrum. The only difference is a shift from the mac
scopic frequency of the former to the microscopic frequen
of the latter.27

Conclusions drawn by the proponents of scaling laws
true, would have a large impact on the interpretation of
electrical relaxation data of ionic conductors and, in parti
lar, the interpretation of the permittivity changeD«. Those
authors defending the use of the electric modulus in desc
ing the ionic transport dynamics have maintained a differ
interpretation ofD« for a long time.1–4,6,7,19,24,27,28According
to them, the permittivity changeD«5K«` is a product of
the high-frequency permittivity value and a functionK which
is solely determined by the shape of the electric modu
spectrum. This is very different from the expression given
Eq. ~6! for D«, which depends on temperature, mobile-i
density, and the ion-hopping distance. Thus, these drastic
different interpretations ofD« underscore the severe dispa
ity in the theoretical interpretations of electrical relaxation

It must be mentioned that all ionic conducting materi
used in the previously proposed conductivity scaling
glasses or melts and therefore the ionic hopping distanced is
not known or well defined in these materials. An estimate
this quantity can be obtained by using Eq.~6!, but there is no
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way to decide definitely about the validity of this expressi
and the interpretation given for the proposed scaling la
On the other hand, electrical relaxation measurements
crystalline ionic conductor, in which the mobile ion densi
N and the ionic-hopping distanced are known, would con-
stitute an ideal and critical test of the validity of Eq.~6! and
the alternative interpretation of the permittivity changeD«.

In this paper we present electrical relaxation data o
crystalline ionic conductor at different temperatures and
samples with different mobile ion densities, and show t
the observed permittivity changeD« is both temperature and
composition independent. Moreover, not only the value
D«, but the particular frequency dependence observed
«8(v) from «` to «s is found to be consistent with the analy
sis of electrical relaxation in terms of the electric modulu

II. ELECTRICAL RELAXATION
IN YTTRIA-STABILIZED ZIRCONIA

We have chosen (ZrO2)12x(Y2O3)x , yttria-stabilized zir-
conia ~YSZ!, as an ideal material to test the validity of E
~6!. YSZ is a crystalline ionic conductor with a cubic fluorit
structure. Doping zirconia with trivalent yttria atoms creat
oxygen vacancies in the crystal structure, and results i
high ionic conductivity due to the hopping of oxygen anio
through the oxygen vacancies in the lattice.15,16Conductivity
relaxation data of samples of 8%, 10%, and 12% molar yt
content have been analyzed, in the frequency range 20 H
1 MHz and at temperatures between 300 and 800 K. Th
mol % Y2O3 sample was obtained from Kerafol Co., an
single crystals with 10 mol % and 12 mol % Y2O3 were
grown from the melt under standard atmosphe
conditions.16 Further experimental details are given in Re
16, where some of the present data were already evalu
within both electric modulus and conductivit
representations.

The frequency dependence of the real part of the perm
tivity, «8(v), is shown in Fig. 1 for samples with differen
yttria content and at several temperatures. Data points h
been shifted horizontally in a log-log scale by using a n
malization frequency for each temperature,f p , which was
determined in order to collapse all data on a single curve
spite of the emergence of strong electrode polarization
fects at high temperature and low frequencies, a clear pla
is present at moderately low frequencies, and the permitti
change from the high-frequency permittivity«` towards a
low-frequency value of«s can be determined. It is found tha
«`52861 in the whole temperature and composition rang
considered.

We can also see by inspection of Fig. 1 that the magnit
of D« seems to be nearly independent of temperature
also of the mobile-ion density. The observed insensitivity
«s or D« to temperature is in serious disagreement with
change of«s by a factor of about 1.6 predicted by Eq.~6! in
the temperature range of 500–780 K, where the value o«s
can be determined from the experimental data. This sugg
that this permittivity changeD« might be related to the de
gree of ion-ion interaction and correlation in the electric
relaxation process, as suggested by the coupling model in
4-2
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pretation of the data in the electric modulus representat
instead of being due to an effective dipole moment (qd)
arising from single-ion hopping as described by Eq.~6!.

III. ELECTRIC MODULUS ANALYSIS AND
CALCULATION OF «„v… AND «s

The electric modulus formalism1–4 for the analysis of ex-
perimental macroscopic dielectric data starts with the ar
ment that for mobile ions the appropriate quantity to consi
is the decay of the electric field,E(t), under the constraint o
a constant displacement vectorD(t):

E~ t !5E~0!F~ t !, ~7!

whereE(0) is the initial electric field andF(t) is the relax-
ation function. In the frequency domain, the electrical rela
ation is appropriately represented by the electric modulu

M* ~v!5
1

«`
F12E

0

`

e2 ivtS 2
dF

dt DdtG . ~8!

In general, the high-frequency and low-frequency lim
of the real part of the permittivity,«` and«s , are connected
by1–4

«s5«`^t2&/^t&2, ~9!

where

^tn&5E
0

`

tn21F~ t !dt. ~10!

Of the well-behaved, one-parameter relaxation functio
the one which gives the best fit to typical experimental d
is the stretched exponential function, also known as
Kohlrausch-Williams-Watts~KWW! function,29

F~ t !5exp@2~ t/t!b#. ~11!

The exponentb is a fractional number, which typically26

falls in the range 0.4,b,0.7 except when the ion concen
tration is very low. The quantity (12b) is a measure of the
degree of correlation between ions in the ionic transport. T
limit of (1 2b) going to zero corresponds to completely u
correlated motion of mobile ions expected at extremely l
ion concentrations. For this relaxation function, it can
shown by straightforward mathematics1–4,7,24 that the value
of the permittivity in the limit of low frequencies,«s , is
given by

«s5b
G~2/b!

@G~1/b!#2
«` , ~12!

whereG is the gamma function. Therefore, the permittivi
changeD« caused by the relaxation of hopping ions is giv
by24

D«5Fb
G~2/b!

@G~1/b!#2
21G«` . ~13!
18430
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It is worthwhile to emphasize that the proportionality r
lationship betweenD« and«` holds for any choice ofF(t)
to describe electrical relaxation. Equation~13! is obtained for
the choice of a KWW function, but a similar expressio
should be obtained for any other choice, and a compara
value of the proportionality factor should be obtained fro
the corresponding expression of the parameter~or param-

FIG. 1. Log-log plots of the real permittivity vs frequency fo
~a! 12 mol % Y2O3–YSZ at 302 K (s), 343 K (m), 383 K (.),
423 K (L), 464 K (h), 503 K (1), 544 K (3), 583 K (*), 624
K ( d), 664 K (n), 704 K (,), 744 K (l), and 774 K (j); ~b!
10 mol % Y2O3–YSZ at 300 K (s), 340 K (m), 380 K (.), 420
K (L), 460 K (1), 500 K (h), 540 K (3), 580 K (*), 620 K
(d), 660 K (n), 700 K (,), 740 K (l), and 775 K (j); ~c! 8
mol % Y2O3–YSZ at 300 K (s), 340 K (m), 380 K (.), 420 K
(L), 460 K (h), 500 K (1), 540 K (3), 580 K (*), 620 K (d),
660 K (n), 700 K (,), 740 K (l), and 780 K (j). The fre-
quency axis has been shifted for each data set in order to coll
the permittivity data at different temperatures onto a single cur
The normalization frequenciesf p used for each sample were calc
lated from the following expressions: logfp59.81–5577/T in ~a!,
logfp511.13–5052/T in ~b!, and logfp511.75–4882/T in ~c!.
Dashed lines represent the real part of the permittivity,«8(v), cal-
culated from the fits of the electric modulus data by a KWW fun
tion with b50.52 ~see text!. Horizontal dotted lines represent th
limiting values«` and«s at high and low frequencies, respectivel
The permittivity changeD«5«s2«` is found to be independent o
both temperature and mobile ion concentration.
4-3
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eters! describing the nonexponential time dependence of
relaxation function instead of the stretch parameterb. More
importantly, like the fractional value of (12b), the magni-
tude ofD« depends on the degree of ion-ion correlations@see
Eq. ~13!#. The magnitude ofD« would be zero for the idea
case where ion-ion correlations are nonexistent. The pro
tionality factor in Eq. ~13! and henceD« increase as (1
2b) increases when the ion-ion correlations become m
important. This is in contrast with the expression forD«
given by Eq.~6!, which indicates thatD« depends neither on
«` nor on any quantity related to the correlation between
ions in transport.

In order to compare the permittivity changeD« observed
in our samples with that predicted by Eq.~13! we have ana-
lyzed experimental data in terms of the electric modulus
proach and determine the best fit of the relaxation funct
F(t) to a stretched exponential function. We have found t
electrical relaxation data are well described by using a sin
exponentb, independent of both temperature and yttria co
tent in the experimentally available narrow range of 8%
12%. In Fig. 2 we present the real and imaginary parts of
electric modulus spectra of samples with 12% and 8% yt
contents at several temperatures. Lines in the figure are
of experimental data using in all cases a stretched expo
tial with b50.52 for the relaxation functionF(t). This find-
ing, together with the fact that«` is almost constant, implies
that the permittivity changeD« is also approximately con
stant according to Eq.~13!. ThereforeD« is independent of
temperature and composition and its predicted value fr
the electric modulus analysis isD«51.75«`54962.

On the other hand, according to Eq.~6!, the permittivity
change should depend on temperature and mobile ion
sity. It is known from the crystal structure of YSZ that th
hopping distance of oxygen ions is 2.57 Å. For the ytt
concentrations used in this work, the mobile-ion dens
~oxygen vacancies! varies between 2.1831027m23 and 3.16
31027m23 for samples with 8% and 12% molar yttria co
tent, respectively. Assuming that all the oxygen vacanc
contribute to the oxygen motion (g51), the permittivity
change should vary betweenD«570, for the sample with
8% yttria at 580 K, andD«5138, for the sample with 12%
yttria at 423 K. The calculated permittivity change is signi
cantly larger than observed, and its temperature and com
sition dependences also contradict the experimental data

Dashed lines in Figs. 1~a!–1~c! represent the real part o
the permitivitty,«8(v) calculated@Eq. ~2!# from the fits of
the electric modulus data by the stretched exponential fu
tion with b50.52 @Eqs. ~8! and ~11!#. From these fits the
values of«`52861 and«s57762 were obtained at high
and low frequencies, respectively. It can be seen that the
excellent agreement of the calculated«8(v) with experimen-
tal data, not only in the magnitude of the permittivity chang
but also in the frequency dependence. This strongly sugg
the validity of Eq.~13! instead of Eq.~6! to account forD«
and that the electric modulus is the appropriate approac
describe electrical relaxation in ionic conductors.

IV. CONCLUSION

From electrical relaxation data of yttria-stabilized zirc
nia, a crystalline ionic conductor, we have shown that
18430
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frequency dependence of«8(v) including the observed mag
nitude of the permittivity changeD« is in excellent quanti-
tative agreement with that calculated from the stretched
ponential fit to the data in the electric modulu
representation. In particular, as obtained from Eq.~13!, D« is
related solely to the high-frequency permittivity value«`

and to the nonexponential character of the relaxation fu
tion F~t!, which is determined by the degree of interacti
and correlation among ions in the ion-hopping relaxat
process. The value of the parameterb obtained in the
stretched exponential fits is also a measure of the none
nential character of the relaxation. We have found nea
constancy ofb, «` , andD« with change in temperature an
ion concentration, contrary to that expected from Eq.~6!.

We have also checked our experimental data against
~6!, recently proposed from the scaling of the real part of
ac conductivity in ionic conducting materials. Equation~6!
predicts a large variation ofD« within the temperature and
composition range investigated, at variance with the
served near constancy of the permittivity change. The a

FIG. 2. Log-log plots of the real~solid squares! and imaginary
~open circles! parts of the electric modulus vs frequency for YS
samples with different yttria content and at different temperatu
increasing temperature from left to right:~a! 12 mol % Y2O3–YSZ
at 464 K, 503 K, 544 K, 583 K, and 624 K;~b! 8 mol % Y2O3–YSZ
at 420 K, 460 K, 500 K, 540 K, and 580 K. Solid lines are KWW
fits to electric modulus data andb50.52 in all cases.
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ogy of a hop of a mobile ion between sites to the rotation
a permanent dipole used to justify Eq.~6! should be appli-
cable to crystalline as well as glassy or molten ionic cond
tors. In view of this failure and in order to salvage the si
ation, one might have to resort to the argument that
proposed equation~6! is applicable to glassy or molten ioni
conductors and not to crystalline ionic conductors. Nonet
less, the conductivity relaxation data of crystalline ion
conductors13,15,16,30,31 exhibit the same characteristics
glassy and molten ionic conductors. Thus, at least from
phenomenological point of view the conductivity relaxati
mechanism is the same and whatever theory or model
posed for one should apply to the other. Certainly, the c
ss

.B

m

J

,

.

18430
f

-
-
e

-

a

o-
-

ductivity relaxation controlled by the ion-ion interaction an
correlation being present in crystalline, glassy, and mol
ionic conductors is consistent with the generality of the ch
acteristics. It is important that any other proposed mec
nism should also do the same.
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