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Abstract

We establish atomic decompositions and characterizations in terms of wavelets
for Besov-Lorentz spaces By Ly, (R") and for Triebel-Lizorkin-Lorentz spaces
F7Lp,(R") in the whole range of parameters. As application we obtain new
interpolation formulae between spaces of Lorentz-Sobolev type. We also
remove the restrictions on the parameters in a result of Peetre on optimal
embeddings of Besov spaces. Moreover, we derive results on diffeomor-
phisms, extension operators and multipliers for BjLy o (R"). Finally, we
describe B;’me(]R”) as an approximation space, which allows us to show
new sufficient conditions on parameters for B L, -(R") to be a multiplica-
tion algebra.
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1. Introduction

The scales of Besov spaces B, ,(R") and Triebel-Lizorkin spaces F,; ,(R")
include many important spaces of functions and distributions as (fractional)
Sobolev spaces, classical Besov spaces, Holder-Zygmund spaces or Lebesgue
spaces. These scales are the spinal column of the theory of function spaces
(see, for example, the books by Triebel [39) 40, [4T], 46]).

Spaces A (R"),A € {B,F}, have many useful properties but they
do not contain the spaces that arise by real interpolation of the couple
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(A, (R™), A3 (R™)) with p1 # pa (see [30, Theorem 6, p. 106] or [38, Sec-
tion 2.4, p. 181]). To include them one needs to generalize the scales. This
leads to function spaces AjL;, -(R™), A € {B, F'}, with Lorentz smoothness.
They are defined by changing in the Fourier-analytical definition of A5  (R™)
the space L,(R™) by the more general Lorentz space Ly, ,(R™). These spaces
with Lorentz smoothness have been used during the last 50 years by a num-
ber of authors in different contexts and recently they are receiving increasing
interest. See, for example, the contributions by Peetre [29] [30], Fefferman,
Riviere and Sagher [I7], Stein [37], Caetano [10], Cianchi and Pick [I1],
Xiang and Yan [47, 48], Almeida and Caetano [2, [3] and the very recent
papers by Grafakos and Slavikova [23], Seeger and Trebels [36], Hobus and
Saal [26], by Triebel and the present authors [7] and by Haroske, Triebel
and one of the present authors [§].

The characterization of F;Ly,(R") in terms of wavelets was done by
Yang, Cheng and Peng [49, Theorems 3 and 4]. The case of Besov-Lorentz
spaces was considered by Almeida [I, Corollary 3.2] but only for spaces
B Ly 4(R™). The restriction ¢ = r is due to the techniques used in [I] which
are based on interpolation properties of Besov spaces By ,(R™). The first
goal of the present paper is to eliminate this restriction, giving the wavelet
characterization of Bng,T(R") for ¢ # r. For this we follow an approach
recently developed by Haroske, Skandera and Triebel [25], calling first for
establishing atomic decompositions of spaces B, L, (R"). This is done in
Sections 3 and 4 where we also use this approach to derive the wavelet
description for spaces Fy/ L, (R™) which is of some interest because the paper
of Yang, Cheng and Peng [49] being in Chinese is not very accessible.

Then, in Section 5, with the help of the wavelets, we establish new in-
terpolation formulae between Lorentz-Sobolev spaces. Among other results,
we eliminate the restrictions on the parameters in a result by Peetre [30]
Theorem 6/(ii), p. 106] on optimal embeddings of Besov spaces. Further-
more, we derive results on spaces Bj Ly o (R™) which complement those of
Triebel and the present authors in [7], where this limit case was left over due
to the techniques used there. We show the invariance of Bj Ly «(R™) with
respect to diffeomorphisms of R™ onto itself, and we give results on extension
operators and multipliers for Bj Ly oo (R™). We also describe Bj Ly, »(R") as
an approximation space in the sense of [33] (see also [15], 32]).

Finally, in Section 6, we give another description of BjL,,(R") as an
approximation space. This time we base the arguments on the character-
ization of BjLy,,(R™) by means of best approximation by entire analytic
functions of exponential type. As a first consequence of this description
we generalize Holder inequality to Besov-Lorentz spaces. Then we study
the question whether the product of two elements of BjL,,(R") is again
in ByL,,(R"). That is to say, whether BjL,,(R") is multiplication al-
gebra. This property is of some use in connection with Cauchy problems
for non-linear PDEs, including non-linear heat equations and Navier-Stokes



equations among others (see [35), 43| 45] and [46, Remark 2.38]). We com-
plement [7, Theorem 7.2] eliminating the restrictions on ¢ and r in order

to ByLp,(R") is a multiplication algebra for s > n/p. A result for spaces
F; Ly, (R") is also established.

2. Preliminaries

Let (A,] - |A||) be a quasi-Banach space with constant C4 > 1 in the
quasi-triangle inequality. By the Aoki-Rolewicz theorem (see [4], [34]), if
0 < p < 1 satisfies that 2!/P=1 = Cy, then there is another quasi-norm ||| - ||
on A, equivalent to || - |Al|, such that ||| - |||P satisfies the triangle inequality.
We say that ||| - ||| is a p-norm and that A is a p-Banach space. Note that
if A is a p-Banach space, then it is also r-Banach for any 0 < r < p < 1.

In what follows, if X and Y are quantities depending on certain param-
eters some of them being the significant ones in our reasoning, we write
X <Y if X < CY where C is a constant independent of theses significant
parameters (but which might depend on other quantities indicated between
brackets when we want them to be explicit). We put X ~Y if X <Y and
Y < X. Moreover, given any real number a, we put a4 = max{a,0}.

If (A,]-|Al|) and (B, ||-|B||) are two quasi-Banach spaces, we put A — B
if A is included in B as a subset and there is M > 0 such that |a|B| <
M ||a]A|| for every a € A.

Let (A1, A2) be a quasi-Banach couple, that is to say, two quasi-Banach
spaces Ay, As continuously embedded in the same Hausdorff topological
vector space. For 0 < 8 < 1 and 0 < r < oo the real interpolation space
(A1, A2)p, is the set of all @ € Ay + A having a finite quasi-norm

1/r
<f0 aKta]"dt) if 0 <r < oo,
SUPg<i< oottt YK (t,a)} if r = oo.

lal (A1, Az)o,

Here K (t,a) is the Peetre’s K-functional defined by

K(t,a) = K(t,a; A1, As)
= inf{||ai|A1]| + t||az2]|A2|| : a = a1 + a2, ax, € Ak, k = 1,2},

for any a € A1 + As.

One of the main properties of these spaces is that if (A, A2) and (B, B2)
are two quasi-Banach couples and T is a linear operator which is bounded
from Ay, into By, k = 1,2, with norm ||T" : Ay — By/|, then T is also bounded
from (Al,Ag)gﬂ« into (Bl,Bg)g,T and

HT : (A17A2)977‘ — (BlaB2)0,r|| < HT : Al — 31”1_0”T : A2 — BQ”G.
(2.1)



This results still holds for sublinear operators if the couples are formed by
quasi-Banach spaces of measurable functions with the lattice property (that
is, if |f| is smaller that |g| almost everywhere, then the quasi-norm of f
is smaller than the quasi-norm of g). For further details about the real
interpolation method see, for example, the books by Bergh and Lofstrom
[6], Triebel [38] and Bennett and Sharpley [5].

We are going to need also the complex interpolation method that we
recall next. Let A = (A1, A2) be a Banach couple. By §(A) we designate
the space of all functions f from the closed strip D = {z € C: 0 < Rez < 1}
into Ay + As such that f is bounded and continuous on D and analytic on
the interior of D, and the functions ¢t — f(j —1+1it),j = 1,2 are continuous
from R into A; and tend to zero as |[t| = co. We write

I1§(A)|| = max{sup [ f(j — 1 +it)|A;]| : j = 1,2}

For 0 < 0 < 1, the complex interpolation space [A1, Aslp is formed by all
a € Ay + As such that a = f(0) for some f € F(A). We endow [Ay, Ass
with the norm

lal[A1, AoJo|| = inf{| fIS(A)[| - £(0) = a. f € F(A)}.

This construction also has the interpolation property for bounded linear
operators. For bilinear operators the following holds (see [0, Theorem 4.4.1]).

Theorem 2.1. Let (A1, A2), (B1, B2), (E1, E2) be Banach couples and let
0 < 0 < 1. Assume that T is a bilinear operator defined on (A; N Ag) X
(B1 N By) with values in Eq N Ey such that

1T (a, b)|EJ|| < M]HCL|A]H||Z)|B]H, a€AiNAy,be Bi1NBy, j=1,2.

Then T may be uniquely extended to a bounded bilinear operator from
[A1, A2l X [Bi, Ba]g to [E4, Ealg.

The following reiteration result between real and complex interpolation
methods will be useful for our computations: If (A1, Ag) is a Banach couple,
0<6; #0,<1,0<n<1,0=(1-nb+nb2,1<q,qg < oo and
1/g= (1—-0)/q1 + 0/q2, we have with equivalent norms

[(Ala A2)91,q1> (Ala A2)02,¢12]?7 = (Alv A2)9,q (2-2)

(see [0, Theorem 4.7.2]).

Let (€2, 1) be a o-finite measure space, 0 < p < oo and 0 < r < oco. The
Lorentz space Ly (§2) is defined as the space of all (equivalence classes of)
p-measurable functions from €2 into C such that

L@l = ([T rrwrg) " <o

4



(the integral should be replaced by the supremum if r = o0). Here f*
denotes the decreasing rearrangement of f defined by

ff)=inf{s >0: p({w e Q:|f(w)| >s}) <t}, t>0.

Lorentz spaces are quasi-Banach spaces and if 0 < b < p and b < min{1,r},
then Ly, (€2) admits an equivalent b-norm (see [27, Section 2]). If p = r the
space Ly ,(€2) coincides with the Lebesgue space L,(£2) and

1AL = ( /Q FePdn)” = 1Lyl

Lorentz spaces arise by applying the real interpolation method to a cou-

ple of Lebesgue spaces: If 0 < p; <p <p2 < oo and § = %, then

(Lm (Q), Ly, (Q))O,r = Lp,r<Q) (2-3)

(see, for example, [6, Theorem 5.2.1] or [38, (16), p. 134 and Remark 5, p.
135]). Combining this formula with (2.2)) we obtain the following equality
with equivalent norms

[Lp1,q1 (), Ly, o (Q)]n = Lp,q(Q) (2.4)

provided that 1 < p1,p2 < 00,1 < 1,92 < 00,1/p = (1 —n)/p1 + n/p2 and
1/q=(1=n)/q+n/q.

Fix n € N. In what follows two measure spaces will be of special interest
for us: the Euclidean n-space R™ endowed with the Lebesgue measure and
Z™ with the counting measure. Lorentz spaces Ly ,(R"™) and L, ,(Z") will
appear repeatedly. From now on, we put ¢, .(Z") := Ly, .(Z") and {,(Z") :=
L,(Z™). It can be easily shown that £, ,(Z") admits the following equivalent
quasi-norm

- * |7 T - I/T
|@m)meznltpr (@) ~ (D lail (k + 1)7/771)

k=0

where (z7) is the decreasing rearrangement of (2, )mezn.

Let S(R™) be the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on R™. We write S’'(R™) for the space of all
tempered distributions. For f € S'(R™), we put f for its Fourier transform
and f for its inverse Fourier transform.

Take g € S(R™) such that

supp ¢o C {z € R" : |x| < 3/2} and ¢o(z)=1 if|z|<1.
For k € N, put ¢i(x) = ¢o(2 %) — po (277 2). (2.5)

Write Ng = NU {0}. Since } ; , ¢r(x) =1 for every x € R", the sequence
(¢r)keN, 1s a smooth dyadic resolution of unity.



Definition 2.2. Let 0 < ¢,7 < 00, 0 < p < 00, s € R and (pg)ken, be a
smooth dyadic resolution of unity.

1. The Besov-Lorentz space BgLy,(R") is defined as the space of all
distributions f € S&’'(R™) such that

o0

. /
17183y e (B = (30 2500 F) Ly (BT )

k=0

is finite.
2. The Triebel-Lizorkin-Lorentz space F; Ly (R™) is defined as the space
of all distributions f € &'(R™) such that

> A /
1715 e ) = | (2 25101V 19) ) ()
k=0

is finite.

Observe that for p = r, the space B;L;,,(R") (respectively, F; L, ,(R"))
coincides with the classical Besov (respectively, Triebel-Lizorkin) space B, ,(R")
(respectively, F; (R™)).

Proposition 2.3. Let 0 < ¢,7 < 00,0 < p < oo and s € R, then

S(R™) < B:L,,(R") < S'(R")  and
S(R™) — F; Ly, (R") — S'(R").

Proof. For p = r, the result corresponds to [39, Theorem 2.3.3]. This to-
gether with [30, Theorem 1.5] implies that

S(R™) < B (R") < BiL,,(R") < Bs (R") — S'(R"),
ifr<p, & >s+n(l/r—1/p) and

S(R") — B, ,(R") = B;L,,(R") = B; ,(R") = S'(R"),

if p<r s <s—n(l/p—1/r). As for Triebel-Lizorkin-Lorentz spaces, let
s < s < ¢, then it follows from [36, Theorem 1.1 and 1.2] that

B Ly (R") < FiL,,(R") < BS L, (R"),

and the proof is reduced to the first case. O



3. Atomic decomposition of Lorentz smoothness function spaces

Let j € Ng = NU {0} and m = (mq,...,m,) € Z". Consider the dyadic

cubes
n

Qjm = [J(@Fmg— 277127 my + 27771,
(=1
with center in xj, = (279my,...,277m,,) and sides of length 277. Let
be the characteristic function of Q.
For L € N, we designate by C*(R", C) the space of functions from R"
to C with continuous derivatives up to order L (included).

Definition 3.1. Let L e Nand d > 1. If j € N and m € Z" the function
ajm € CE(R™,C) is said to be an (L, d)-atom (or simply L-atom) if

1. supp ajm C dQjm = [1j=;(279my — d27971,27Imy + d27771).

2. [0%jm ()| < 271° for 2 € R™ and |a| < L.

3. Jgn 2Pajm(2x)dz =0 for |3 < L —1.

When j = 0 we simply ask that ag, verifies (1) and (2), no moment condi-
tions are required.

Classical Besov and Triebel-Lizorkin spaces admit atomic representa-
tions (see, for example, [42], Theorem 1.7]). In this section we study the case
of spaces By Ly, (R") and F; L, (R"). We start with some auxiliary results.

Lemma 3.2. Let (¢g)ken, be a smooth dyadic resolution of unity (2.5)), let

(@jm) jen,, be a sequence of (L,d)-atoms on R™ and A > L. Then
mez”

9—L|k—jlgnmin{k—j,0}
(1 + 2mintkd} |z — 2, )N

|(rtjm) ()| < C

for every z € R™ with a constant C' independent of j, k and m.

Proof. Let N > 0, then for any multi-index « with |a| < L we have

sup [0%ajm (y)|(1 4+ 27|y — zjm )N < C(d,n, N)271. (3.1)
yeR”

Indeed, from properties and in Deﬁnition we obtain

(1+2j‘y—$jm’>NXd ‘ (y)
(L + 20y — )N X1

. d N 4
< oilal (1 + 5\/ﬁ) 1+ 2y — zjm)) V.

0% ajm(y)| < 271

Besides, by construction of the partition of unity, if & € N, we have

P (@) = po(275)Y (@) = o271 (@) = 27y (20) — 20Dy (2 ).



Hence,
oY (z) = 26D gy (2F ) — 2=+ gy oY (2k—1 gy
Let M > 0, for any multi-index « with |y| < M we have

sup |07} (z — y)|(1 + 2%z — y[)M

yeR™
= 9 sup {1975 (24 (2 — ) — 2D (2 (& — )
yeR”
x (14 28|z — y\)M}

Assume first that & < j and (j,k) # (0,0), then ajy,, has vanishing
moments up to order L — 1 (included). Put « =0, N = L+ A +n + 1,
M = X and |y| < L. Then and allow us to use the results of [22]
Appendix B.2, p. 596] based on Taylor’s theorem, obtaining that for every
reR”

(erign) @ = | [ oo =nasumi]
9—L(j~k)g-n(i—k)

(14 2%|z — 2 |)

< C(L7 d7 n, )‘7 900)

Let now j < k and (j,k) # (0,0). We claim that for any z € R"
the Schwartz function y — ¢)/(z — y) has vanishing moment conditions of
any order. Indeed, let 8 € Nj be any multi-index, for any £ € N, we
get 9P (0) = 27FIB9B o (0) — 20=F+DIBIGB G (0) = 0 because o = 1 in a
neighborhood of 0. This implies that [g, y?¢)/(y)dy = 0 for any 3 € Nj
and so

/ vl (x —y)dy = / (y—z+ )0 (y)dy
n Rn

= (i) :r”/ (y— )" gy (x — y)dy = 0. (3.3)

For |a| <L, N=X M =L+ X+n+1and vy =0, using the results in [22,
Appendix B.2] we get that for every x € R”

(eriim) @ = | [ elle = naim(updy
9—L(k—j)

(14 27| — zjm|)

< C(Lv d: n, )\7 QDO)



Finally we deal with the case k = j = 0. From (3.1) with a =0, N = A
and (3.2) with v =0and M = L+ XA+ n+ 1 we derive that

laom (y)| < C(d,n, \)(1+ |y — zom|) ™, y €R™,
oy (z —y)| < C(Lon, X 00) (1 + |z —y) LA, 2,y e R™

Thus,
(oion) @)1 < [ (= 0)llann(w)ldy
< C(La da”? )‘a @0)/ (]' + |$ - y|)_L_)\_n_1(1 + ’y - IEom’)_Ady
R”

R

= C(L,d,n,)\,(po)(l + ’.CL‘ - xOm’)_A

Let f: R™ — C be a Lebesgue measurable function. Then

1 n
MM%gQ%Wmem,

is the Hardy-Littlewood maximal operator. Here () is a cube containing x
and |@| stands for its Lebesgue measure.

According to the Fefferman-Stein maximal inequality for vector val-
ued Lebesgue spaces (see [18]) and interpolation properties of vector-valued
Lebesgue spaces (see [38, Theorem 1.18.6.1]), for any sequence of Lebesgue
measurable functions (f;)jen,, 1 <p < 00,1 < ¢g<o0and 0 <17 < oo, we
have that

> /
H( (1) N @) < (S 15) i @] 3
=0
Lemma 3.3. Let (1m) jen, CC,0<b<1and A > 7. Then
mez”
Z . |?7jm| <02 2 min{k— jO}{M Z |7 ij)( )}1/17,

=, (1 4 2min{ik} |z — 2, [)A

mez”
for every x € R™ with a constant C' independent of j, k € Ny and m € Z™.
Proof. For any j,k € Ny and x € R”, set

Fo={meZ":|zj, — z|2min{kat < 1}

Fy={meZ": 2% <|zjy, —zl2m0kid <ou} - 4 e N,



We have

[7jum| N |
Z (1 + omin{jk}|y — Tjm ) o Z Z (1 + omin{jk}|z — Tjm )

mezZ" u=0 F,

<3N S
u=0 Fy

< io: 9—A(u—1) ( Z |77jm|b) 1/b.
u=0 Fy,

1/b . 1/b
Note that (> [7ml") /b= 2J”/b<fRn >, ]njm\bxj,m(y)dy) . Further-
more,

n
U Qjm cQ:= H[xf _ 2u—min{k,j}+1’ Ty + 2u—min{k,j}+1]‘
F, =1

Indeed, if y € Qjm and m € F, then for every £ € {1,...,n}
e — el < Jye— (@jm)el + | (2 jm)e — o] < 27971 4 2u7minIA < guomin{iRIHL

Collecting the previous estimates we have that

Z |77ij
(1+ 2min{j,k}\g: — 9c]-m|)A

mezn

o 1/b
< 2]”/b Z Q—A(U_l) (/ Z |77jm|ij,m(y)dy>
u=0 Re Ey
' oo /
— 9Jin/b Z 9—Alu=1) (/ Z ’njm‘ij,m(y)dy> v
u=0 Q Fy
< O (n)2in/b-mintikin/s 3 9=Mu=1)gun/ ”{M ( > |77jm’ijvm> (33)}
u=0 Fy

1/b

< C(n)gin/bfmin{j,k}n/b{ M( 3 \njmlbxj,m) (x)}l/ b i 9= A(u=1)qun/b
u=0

mezn
0o . 1/b
< C(?’L, )\)273 mm{k*],o}{M( Z ’njm‘ij,m> (.%‘)} 7
mezn
where we have used that A > n/b in the last inequality. O

Definition 3.4. Let a > 0 and (fx)72, be a sequence of Lebesgue mea-
surable functions from R" to C. We define the Peetre’s mazimal function

by
|fe(z —y)| sup |fe(y)

B yeR"™ (1 + 2k’y‘)a B yeR™? (1 + Qk’x - y|)a,'




We recall here an important property of Peetre’s maximal function whose
proof can be found in [49, Lemma 6] or [22, Lemma 2.2.3].

Proposition 3.5. Let (¢g)ren, be a smooth dyadic resolution of unity,
feS'®R"),0<r<1and a=mn/r. Then

(pef))i(x) < C(ny 00, ) (M (1 f)V|) " (2), x€R™
Now we introduce some sequence spaces.

Definition 3.6. Let 0 < ¢,7 < 00,0 <p < oo and s € R.

1. The space bgLyp , is the collection of all sequences (im) jen, C C
mez"

q)l/q'

2. The space fgLp , is formed by all sequences (f1jm) %EGNZ% C C having a

having a finite quasi-norm

[ (11m) ogLip e[| = (ZZM > Itjmlxgm () Ly (R™)
§=0 mezn

finite quasi-norm

i) Leell = | (32 2 imtrin)) 1 (B

§=0 mezn

Spaces bgLp » can be also defined by using the Lorentz sequence spaces:

Lemma 3.7. For any 0 < ¢, < 00,0 < p < oo and s € R, let bglp » be the

collection of all sequences (ijm) jen, C C having a finite quasi-norm
mezZ™

0 1/q
g3l = (32 2P g b, 2 17)
§=0
Then we have with equivalent quasi-norms
bSLpr = bSlpr
Proof. Take any sequence (itjm) jen, C C. For any j € Ny put fj(z) =
mezZ"

Y omezn im|Xjm(z), x € R If W= (fjm)mezn , since |Qjm| = 27" we
have that

£ = (0 )ixp-ink - (e ()
k=0

11



Therefore

_ ( Z[(/ﬂ);‘;]r /2—1‘"(k+1) tr/p%) 1/r

k=0 2k
Po—jnr = \*17 T r 1r
= (;2 gnr/p Z[(M])k:] ((k+1) /P _ L /p)>
k=0
~ 27| (i) mezn o, (2. (3.5)
This yields the result. O

Next we establish the atomic decomposition for function spaces with
Lorentz smoothness.

Theorem 3.8. Let 0 < g, 7 < o0, 0<p<oo,s€R, n,L €N,

1. Let L > max{n(m —1); — s,s}. A distribution f € S'(R™)
belongs to BjLy,(R") if, and only if, there exists a sequence of L-

atoms (ajm)jeN,, and a sequence (f1jm)jen,, in bgLp r such that
mez” mez"

o
f(x) = Z Z Wim@jm(x) (convergence in S'(R™)).
7=0 mezZn
Moreover, || f|Bg Ly, (R™)|| ~ inf{[|(s1m ) [bgLp c[l}-
2. Let L > max{n(m —1); — s,s}. A distribution f € S'(R™)
belongs to F; Ly, (R") if, and only if, there exists a sequence of L-

atoms (ajm)jen,, and a sequence (fLjm) jen,, in fglpr, such that
mez” mez"

flz) = Z Z Wim@jm(x) (convergence in S'(R™)).

j=0 mezn

Moreover, |[f[Fg Ly, (R")[| ~ inf{|[(11jm )| fqLp.r|

.

Proof. Assume that f(z) = 32723, czn 1jm@jm(x) (convergence in S'(R™))

with (ajm)jeny, and (ijm)jen,, satisfying the assumptions of (1). Let
mezZ" mezZ™

0 < b < min{p,r,1} such that L > n(3 — 1) — s > n(m —1); —s.
Take A > max{L,n/b}. It follows from Lemmas and that for any

12



(e )| < Z |ttm || (Prétjm) ()

9—L|k—jlgnmin{k—j,0}

|ij| (1+ 2min{k7j}|x — Jij’))\

(M 5 150t s N

7=0 mezZm™

S
(3.6)

Set gj(z) = 3, egn 27 HETII0nmin{k=d.03A=0) |y By (), j € No. Using
(3.4) and the fact that L, ,(R") is b-Banach, we derive that

o @1 @ 5 | S 07) 1Ly @]
j=0
S [( 15 e ®)[ " = | 3l )
j=0 J=0
< (Sl

- (ZQ L|k—j|bg—nmin{k—j,0}(1-b) H Z |Mgmlxgm()ILPT(R”)Hb)Ub_

mezZm"

(3.7)

Consequently, if ¢* = min{q/b, 1} we obtain that

o) R 1/
LB Ly (RO = (3 2%k f) L (RT)7)
k=0

o0

oo
< ( Z ( Z o(k—j)sbo—L|k—jlbg—n min{k—j,0}(1=b) 5jsb
k=0 ;=0
by a/by 1/q
|| S g 12 &)™)
mezn
° 1/bg*
<( 3 stbq*Q—L\j\bq*anmin{j,t)}(lfbm*) 7
j=—o00

(22 3 ltgmbim () L (B

§=0 mezn

q>1/q (3.8)
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where we have used Young’s inequality for convolution in the last inequality.
Taking into consideration that L > s and L > n(§ — 1) — s, it follows that

q) 1/q

1AAB; L @IS (32270 S frtjo xim ()| L (R?)
=0 mezn

= [[(kjm ) DG Lip.r

Assume now that f € BjLy,(R"). According to [20, Lemma 5.12], [19,
p. 783] and [24, Lemma 3.11], there exist ©g, O, &y, ® € S(R™) with the
following properties:

e supp 09,0 C {z € R" : |z| < 1} and [, 2°O(z)dz = 0, for every
B < L-—1.

e supp $o C {z € R" : || <2} and supp & C {x e R" : 1/2 < |z| < 2}.
o O9(z)Po(x) + Y32, ©2I2)®(277x) =1, for all z € R™.
Then, it follows from [22 Proposition 1.1.6/(b)] that

f(@) = (©o®of)" (x) + > (6 )Y (@)

J=1

= 0 * (®of)" +22]n@ (27:) % (@(279) )Y (),

being the convergence in S'(R™). For every j € Ny and m € Z", set

tim = C sup |(®(279))"(y)]  with

yerm
C= max{ sup sup [07©(z)|, sup sup |87®0(:v)|} (3.9)
[YI<L Jz|<1 [VI<L Jz|<1
and
Oo(z — y) (Do f)Y (y)d if j =0,
ajm () = ‘59?? o, ol =1)(Fo]) (_y) yAv o (3.10)
2 (- )@@ f) ()dy i EN.
Notice that
ZZijajm = / Oo(z — y)(®of)" (y)dy
Jj=0 mezn mezn
+Z > 2 02 (z — y))(@(277) )" (v)dy
Jj=1 mezZn Qjm

= g * (®of)"(z) + Z2jn@ 27« (@277 )Y (2) = f(=),

14



with convergence in S’'(R™). Moreover, (ajm);jeNymezn is a sequence of L-
atoms. Indeed, for every j € Ny and m € Z", the support of a;,, satisfies

supp ajm C Qjm + supp 0(2.) = Qjm +{zx eR": |z| < 277} ¢ 3Qjm.-
Furthermore, if j € N we have that for any multi-index o with || < L

2Jn

0% ajm(z)| < — 2|00 (2 (z — y) (@277 ) (y)ldy
M]m Q]m
pi(n+al) . "
<2 qup (@2 ) ()] sup 070 |Qum] < 27l
Hjm YEQjm TER™

Analogously for j = 0. Finally, for any multi-index  with |3| < L — 1 and
7 € N it holds that

[ aPajnta >d:c—jjfn [ (f e@ @y wy)i=o

due to the moment conditions on ©.
Let now (¢j)jen, be the dyadic resolution of unity in (2.5). For any

z,y € R" jeNgand a> m we have that

@27t
= | S (pper(z7) Z gin / Y2y — )l (es4ef) (2)ld=

{=—1
SPML+ Py —af)

3 [l ey 2 sl )
(=—1
1

<o / (U 2]y — )7z (1 2]y " 3 (epned i)
1

S @+20y —a))* Y ((peef)ale).

/=1
Whence, for b = n/a < min{1, p}, using Proposition we obtain

1

> limbxim(@) S D sup (L+27|y —2))® D> ((0j4) )i (@) Xjm ()

meznr mezn YELim —1
1 1
S Z (pjref))a(2) S Z (M|(pjref)V [P (x))M/P.
—1 —1

(3.11)

15



Thus, from (3.11)) and (3.4)

00 1
im0 Lpell S (3227 3 (M 1oyl @)\ Ly (B7)
j=0 f=—1
1 e} . . . 1/q
$ 3 (2D 1Lor @)
(=—1 j=0
S IF1B3 Ly (R

q> 1/q

The proof of (2) follows the same pattern. Assume that

= Z Z Wim@jm(x), (convergence in S'(R™)),

j=0 mezn

with (ajm) jen,, and (tjm) jen,, satisfying the assumptions in (2). Let 0 <
mez" mez"

b < min{1,p, ¢} such that L > n(1/b—1)—s > n(m—1)+—s. Following

the same ideas as in (3.6)), (3.7) and (3.8]), now with ¢* = min{1, ¢}, we derive
that for any z € R"”

(S elend) )

k=0

S (i {i2k ])52 L|k— ]|2 nmin{k—75,0}(1/b—1)

{ ( Z stbmjm‘bxj’m)($)}1/b}q>1/q
mezn
S ( i [2j82_L|j|2_”min{j70}(1/b—1)]q*)1/61*
j=—00
X (i{M( Z 2j8b|Mjm|bxj,m)(x)}q/b>l/q,

j=0 meZ"

The first sum in the last inequality is finite since L > sand L > n(1/b—1)—
Consequently using (3.4)), we finally get that

17153 Ly (B H( {2 > 2 ) @) ) @)
2

S5 S 2 @) L (&) = 55T

7=0meZ"
Conversely, assume that f € F Ly, (R"). Take (tm) ]eNo and (ajm) jen,
ez” mezZ™
as in and (3.10), then (ajn) is a sequence of L- “atoms and flx) =
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22720 2mezn Him@jm(z) (convergence in §'(R™)). Take any 0 < b < min{1, p, ¢}.
Proceeding as in (3.11)), we have that

1

> pimlXgm (@) £ Y (M(pjef)V[P(2)9b, xR

mezZmn l=—1

Consequently,

nwmmenmﬁJEZH(
[

S Hf!FqS pir

1/b

Mg

20254 11)) ") Lt sol®)|

I
=)

> (2
(21

R™)]-

ree$ 1)) g @)

Mﬁ8

—

This completes the proof. O

We close this section by showing that in the statement of Theorem [3.8 we
may change convergence in S'(R™) by unconditional convergence in S’(R"™).
As usual, for any 1 <r < oo, we put 1/r' =1—1/r.

Proposition 3.9. Let 0 < ¢, 7 <00, 0<p<oo,s€R, n, L eN.

1. Let L > max{n(m — 1)y — 5,8}, let (pjm) jen, € bgLp,r and
’ mezZ"
assume that (ajmn) jen, is a sequence of L-atoms. Put
mezn

= Z Z Him@jm(x) (convergence in S'(R™)).

J=0mez"

Then the convergence of the series is unconditional on S’'(R™).
2. Let L > max{n(m — 1)y — 8,8}, let (pym) jen, € fglpr and
mez"

assume that (ajm) jen, is a sequence of L-atoms. Put
mez"

[e.o]
= Z Z Wim@jm(x) (convergence in S'(R™)).
=0 mezn
Then the convergence of the series is unconditional on S'(R"™).

Proof. 1t suffices to show that the series > 72 >, 7 (1jmajm, @) converges
absolutely for every ¢ € S(R™). Assume first that 1 < p < oo and let
1<p1<p<pr <o, M>n/p’2, N > L+mn and ¢ € S(R"). Then

sup sup |07 (2)|(1 + |z])* < o0,
|B|=L z€R™

17



and according to (3.1) supgern |ajm (z)|(1+27|2—2m|)Y is uniformly bounded
on j and m. Since aj,, has vanishing moments up to order L —1, using Tay-
lor’s theorem (see [22, Appendix B.2, p. 596]), we derive that

Z |:u]ma]ma |_ Z |:ujm’)/ ajm

mez" mezm
Z | | 9—j(L+n) (3.12)
N ,LLJm 7]\47 ].
2 M G )

where the constant in the last inequality is independent of j € Nj.
Let Tj((tjm)mezn) = <2_J(L+")(1+‘Mﬁ>me Then Tj : ¢, (Z") —
01(Z"™) is bounded for k = 1,2, because

n —3 n Hjm
1T ()2 (2] = 279040 § _Jtaml

mezn (1 + |zjm )M
J(L+n) i Pk —Mp! 1/1”;v
(S ) ™ (3 (4l )
mezm mezL™
< 27d (/) ( > lwjm ’p’“) k(/ (1+!x\)*Mp;dg;)1/pk.
Rn

mezZmn

The last expression is finite since M > n/p), > n/p}. By the interpolation
property ([2.1) and ([2.3)) we obtain that 7} is bounded from ¢, ,.(Z") to £, (Z")
and

9—J (L+n) (L
> gl < 2D | () mezn by ()], (3.13)
2 o

where the constant in the last inequality is independent of j € Ny. Now

(13.12)), (3.13]) together with (3.5)) imply that
Z > 1(jmajm, ©) < 22 IEARD| (i) mezn [ (Z7)))

7=0 mezZn
o0

S 27 () DS Lip || < 00,
§=0

since (fjm) € biLpr and L > max{n(m — 1)y —s,8} > —s.
Ifo<p<1,as L >n(1/p—1)— s, there exists P > 1 such that L >
n(1/p—1/P)—s. Proceeding as before and noting that ¢, ,.(Z") < ¢p,(Z")

18



we have that

Yo > Himagm )l S Y2 () mean 1p, (27 |

j=0 mezZn Jj=0
(o ¢]

< Z 9—i(L+n/P) | (tjm) mezn | €p.r (Z7)]|
j=0

< >0 2P | (1) [ L | < 00,
j=0

since (pijm) € bgLp,y and L > n(% — ) — s. This establishes (1).
In order to prove (2) first observe that

B H( > ’Mjmqujm>l/q|Lp,r(R”) (3.14)
mez”

H Z ‘,U'jm’ij‘Lp,r(Rn)
mezr

since for any fixed j € Ny the dyadic cubes (Qjm)mezn are pairwise disjoints.
If 1 < p < 00, proceeding as for the part (1) we obtain

D> Himagm )l S Y0 27D () mezn €9, (2|

j=0 mezn Jj=0

~ iTjLH( > |Mjm\qu,m)1/q|Lp,r(R")
=0

mezZm™

[o¢]

~ S i)
§=0
o0

<> 27| (1) [F5 Lip x| < 00,
§=0

. 1/q
(3 2 Umlxim) 1L (RY)

mez™

because now (ij;,) € fglpy and L > max{n(mm%pq —1); — 5,5} > —s.
For the case 0 < p < 1, taking into consideration (3.14}), we can proceed
again as in (1). O
4. Wavelet characterization of Lorentz smoothness function spaces

For L € N, let ¥p, ¢y € CF(R) be real-valued compactly supported
Daubechies wavelets with

/¢F(t)2dt =1, /¢M(t)2dt= 1 and /¢M(t)t‘dt =0, (<L
R R R

Let G = (Gy,...,Gp) € GY = {F, M}" which means that each Gy is either
F or M. For j € N, we define G/ = {F, M}"™ as the collection of all
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G = (G1, ...,G,) such that each Gy is either F' or M but at least one of the
components of G must be M. Put

tom(@) =22 [ e, (@2 —my), GeG, meZ, jeN,. (41)
/=1

Then {wém G eGI,meZjeNy}is called a wavelet system.

It is well-known that classical Besov and Triebel-Lizorkin spaces can be
represented via wavelets (see, for example, [42] Theorem 1.20]). For Triebel-
Lizorkin-Lorentz spaces the characterization was established by Yang, Cheng
and Peng [49] Theorems 3 and 4] and for Besov-Lorentz spaces by Almeida
[1, Corollary 3.2] but only when g = r, that is, for the spaces By Ly 4(R").
Restriction ¢ = r is motivated by the interpolation techniques used in [IJ.
Next we are going to eliminate this restriction by using the atomic de-
composition of Lorentz smoothness spaces (Theorem [3.8) and the approach
developed by Haroske, Skandera and Triebel [25]. The same technique also
applies for Triebel-Lizorkin-Lorentz spaces giving an alternative proof for
their characterization in terms of wavelets.

We start by introducing the relevant sequence spaces.

Definition 4.1. Let 0 < ¢,7 < 00,0 <p < oo and s € R.

1. The space by Ly, is the collection of all sequences (u%c) C C having a
finite quasi-norm
s jsq e |19\ 14
)13 L | = (Zz S| X 1 m O L @®)|)
7=0 GeGI mezn
2. The space fjLy, is formed by all sequences (,u?,’lc) C C having a finite
quasi-norm

(215 L

—H Z > 20 ud (N L, 0 (R,

J=0 GeGI meZn

Space bgLy, can be also defined by using Lorentz sequence space £ :

Consider the space by{), formed by all sequences (,u%le) C C having a finite
quasi-norm

1) b l| = (22“ e S G, @)
GeGI

where /¢ = (,um Jmezn. With the same argument as in Lemma but
putting now fja(z) = >, .z |)\Z{1G]Xj,m(x), we derive that

byLpr = bylp,r (equivalent quasi-norms). (4.2)
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Remark 4.2. There is a useful connection between these sequence spaces
and those of Deﬁmtlon To describe it, let G* = {F, M} and Gy =
{Fyn. If (u5C) € by Ly, we have

()05 L |
q
= ([ 32 8 roam (R
mEZ"
1/q
£ 50 Y | S i Ol @)
7=0 GeG* mezm
|| 18 xom O L (BT
mezZ"
a\1/q
£ (22 ) <Rn>H)
GeG*  j=0 mezZn"
|| X 15 rom O L B + 37 NG D3 L]
mEL™ GeG*

Analogously, if (u ) € f; Ly then

1T Lol ~ || D2 1898 o O Zpr (R + 3 1065 IE5Lpel-

mezn GeG*

Note that the above computations give equivalent quasi-norms in bj Ly, » and
J4 Lp,r, respectively.

Let me Z™, j,J € Ng, d > 1 and C; > 0. From now on put
F(m) = {M € Z" : dQar N C1Qjm # 0}

The following result shows that spaces bgLp » and fgLyp » are k-sequence
spaces in the sense of [25 Definition 4.1].

Lemma 4.3. Let 0 < p< o0, 0<q,7r<00,s€R, d>1and Cy > 0.

1. If kK > max{s, n(
properties.
a) If (pjm) € bglpr and for every j € Ng and m € Z", (A\j) C C
satisfy

Njm| < Cy Y 27N ol gy, (4.3)

JeNo Mer (m)

m —1)4—s, i s}, then bg Ly » has the following

then (Ajm) € bgLip,r and [[(Ajm)[bgLp,c|l < 1| (1m) [bgLip,r |-

21



b) For any cube @ there exists a constant Cg > 0 such that for any
(ttjm) € bgLp »(R™), we have that
el < C27"(|(jm) D Lip e,
for every J € Ng and M € Z" such that Qs C Q.

2. If kK > max{s, n(m —1)4+—s, % —s}, then fiLp » has the following
properties.

a) If (ujm) € fglpr and (A\jm) C C satisty (4.3), then (Ajn) € fgLlpr
and

[Ajm) [fqLp el < 1l (jm) [ fqLp el

b) For any cube @ there exists a constant Cg > 0 such that for any
(ttjm) € fqlip,r, we have that

lan| < C2”"||(1jm) | fgLp el
for every J € Ng and M € Z" such that Qja C Q.

Proof. Let (p1jm) € bgLpy and (Ajm) C C satisfying (4.3). Then for any
x e R

S Pmbgm(@) $ D0 27wl =0 Ny m ()

mezn meZm™ J=0 MEI‘J}(m)

:izfﬂlt’*jb*”("ﬂ” Yo Y llgm(@)
J=0

MEL™ Ml (m)

:iQ—H|J—j\2—n(J—j)+ Z |\l Z Xj,m ().
J=0

Mezn mezZ™
dQ rmNC1Q jm#0

It is straightforward that if dQ i N C1Qjm # 0, then Qjr, C Q. j.0s, Where

Qj,J,M = H[ziJMg — D2~ min{j’J}il,Qing + D27min{j,J}71]
/=1

and D =1+ d+ C7. We have
1

Qv NQjgm
Mxgnm(r) > XM (y)dy = | st |
1Qjuml JQ, 5 |Qj,5.0|
- |Qum - LQ—H(J—j)+,
|Qjsm| D"
for any x € Q)j jm. This implies that
Z Xj,m(l') < XQj,5,m (z) < 2n(J_j)+MXJ,M(1:)a r € R"™

mezZ"
dQimNC1Q;mF~D
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Let now 0 < b < min{1,p,r} such that kK > n(1/b—1) — s > n(
1)4 — s. Then

> NjmlXjm (2 Zz w0 N | gar X, ()

mezZ™ Mezn

S S (lnltz gm0y )

J= OMGZ”

1 —
min{p,r}

_Z Z { (lmn]*2” ”‘Jﬁj‘b2*”(J*j)+(b71)xJ,M)(96)}1/b.

J=0MezZ"

Using now ([3.4]), as we did in (3.7]), we derive that
H Z |>‘jm|Xj,m(x)|Lp7r

mezn
< H(ZQ =g =IO S ) )| Ly R
Mezmn
by 1/b
(22 K|J— ]\bz n(J—3)+(b-1) H Z ’,UJM‘XJM( )‘Lp, (Rn) ) 7

J=0

where in the last inequality we have used that L, , is b-Banach. Now pro-
ceeding as in ({3.8]) we have that for ¢* = min{q/b,1}
q ) 1/q

|Oym) B3l = (D27
j=0

o0

Z |)‘jm |Xj,m|Lp,r (Rn)
mezn

j=0 J=0
% H Z |HJM’XJ’M(')‘L]J,T(R”) b)‘]/b)l/q
MeZmn
= ( i Q[jS—mlj\—nmin{j70}(1/b_1)]bq*)1/(q*b)
J=—00

Q) 1/q
Since k > n(1/b—1) — s and k > s, the first series is finite and we get that

[ (Ajm) DLl S [1(1jm) bgLipr|l-
On the other hand, we have

I (tjm) D5 Ll = (Zzﬂsq

7=0
> 2J8|MJM|27Jn/p7

X (22‘]5‘7 Z \ane | x g0 ()| Lpr (R™)

J=0 Mezn

3 bl () e

23



for every J € Ny and M € Z". As k > n/p — s, we have that for every
J € Nygand M € Z™

el < 27| (ptjm) DS Lip x |-

For the sequence space fgLp r, the second property can be proven in the
same way.

(S 2l tnson) (B

j=0 mezn
> 2]5"UJJM‘2—Jn/p _ 2J(s—n/p)‘,uJM‘,

[1(ttjm) G Lp.x

for every J € Ngand M € Z". As k > n/p—s, we get that for every J € Ny
and M € Z"

lena] < 2% (| (o) | € Lip e I
The first property for fgLp » can be also derived with similar arguments
to those we have used for bgLp r, but we prefer to check it with the help of
interpolation. Let 0 < p; < p < pg such that k > max{s, n(m —1)4—
s}. Proceeding as in [7, Theorem 3.5], we have that (f5L f5Lpspe)or =

P1,P1’ *q
s _ p2(p—p1) :
fqLp,x for 0 = T Consider the operator

T(jm) = ( DR D g)+|wM|)]eNO

n
JeNy MEIﬁ(m) meZ

T is sublinear and T' : fgLp, p, — falp, p, is bounded for k = 1,2 (see
[25, Proposition 6.5]). Then T": fgLp » — fgLp » is bounded, which means
that if (p1jm) € fgLlp,r and (\jm) C C satisfy (4.3), then
[ )| fqLp,re [l S IT () [EqLip e | S 1l (g [ Lop e
U

Now we are ready to establish the characterization by means of wavelets
for spaces with Lorentz smoothness.

Theorem 4.4. Let 0 < p < 00, 0 < g,7r < 00, s € R and let @Z)ém be the
wavelets in (4.1)).
1. Assume that
1 n
1), —s,——s}
min{p, r} = p ¢

Then f € S'(R") belongs to B;L,,(R") if, and only if, it can be
represented as

=508 N NGyl (@), (NE) € biLy,  (4.4)

7=0 GeGI meZ"

L > max{s, n(
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unconditional convergence being in &’'(R™). The representation
is unique,
il = M () = 2" (f, 08,
and '
I:f— (2jn/2(fv ¢é7m))jeNo,GeGﬂ',meZ"
is an isomorphism from Bng,T(R”) onto by Ly, .
2. Assume that

1 n
S
min{p, ¢} )+ p )

Then f € S'(R™) belongs to F;L,,(R") if, and only if, it can be
represented as

L > max{s, n(

f(x) :fj SO NGyl (2), (ME) € filyy  (45)

7=0 GeGi meL™

unconditional convergence being in &'(R™). The representation
is unique,
il = MEE () = 2,0 )
and ‘
I:f— (zjn/z(fy ¢]G7m))jeNo,GeGj,meZn

is an isomorphism from F; L, .(R™) onto f; Ly,

Proof. Since we have Proposition Theorem Proposition [3.9] and
Lemma we can apply [25, Theorem 5.1] to get the wanted characteriza-
tions. O

5. Interpolation. Besov-Lorentz spaces as approximation spaces

Besides the classical results of Peetre [30, Chapter 5] and Triebel [38]
Theorem 2.4.2/1, p. 185], other interpolation properties of Besov-Lorentz
spaces have been established in [7, Section 6]. Next, with the help of the
characterization by wavelets, we are going to extend and complement these
results. First we show that [7, Theorem 6.5] holds if replace the couple of
Besov spaces by a couple of Besov-Lorentz spaces.

Let s € R,0 < ¢ < oo and let X be a quasi-Banach space. We write
lo(X) = £,(2%*X) for the collection of all sequences (zj)reny € X having a
finite quasi-norm

o0

@) £ (ON = 1) 6 (25 X) | = (D 25 lae X |7)
k=1
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(the sum should be replaced by the supremum if ¢ = c0). When A = C we
simply write £7.

For 0 < p < 0o and 0 < 7 < 00, it is useful to write (£, ,)° for the direct
sum of 2" copies of £, (Z") and (€, ,) = (,,)! for the direct sum of 2" — 1
copies of £, . The number of copies for (£, )/ corresponds to the number of
elements of G7. According to Theorem if —oo<s < 00 and 0 < g < oo,
then B;L,,(R") is isomorphic to bylp, = (Upr)? @ EZ_;(MP,T)) where the
last equality holds with equivalence of quasi-norms.

Note also that if (A, A2), (B1, B2) are quasi-Banach couples, 0 < ¢ < 0o
and 0 < 0 < 1 then we have with equivalent quasi-norms

(A1 © B1, A2 & Ba)og = (A1, A2).q @ (B1, Ba)og
because
K(t, ((Z, b); A D By, Ao @ BQ) = K(t, a; Al, Ag) + K(t, b; By, BQ).

Theorem 5.1. Let 0 < 0§ < 1, —00 < s1,82 < 00, s = (1 — 0)s1 + Osa,

1 1-6 0 1 1-6 6
0 <p17pr <00y = pil_'_.piz’ 0_< Qg2 < 00, § = o T g and
0 < r1,72 < 00. Then we have with equivalent quasi-norms

(Bai Lpyri (R"), B3 Ly, (R™))o,g = By Lp,g(R™).
Proof. Using Theorem with L sufficiently large and , we have that
If = (2kn/2(f, wé‘,m)) is an isomorphism from By’ Ly, » (R™) onto bg. £y, », =
(Cp,r,)° @qu(Qk(sj_plf)ij,rj)), j = 1,2. According to [38, Theorem 1.18.1
and Remark 1.18.1/4, pp. 120-123], we have
(bf;%m,n ) bZi Epz,m )G,q

= (<€p1m1>0 ® Lg, (2]6(51_%)@101,7"1»7 <€p2,r2>0 D Ly (2k(82_%)<€p2m2>))9,q

= (6p0)" (42" () = Vit
Consequently, interpolating the operator I and using Theorem [4.4] we derive

that
(Bgll Lp1,7"1 (Rn)a Bz}? Lp2,7“2 (Rn))H,q = B;vaq(]Rn).

O]

Next we extend [30, Theorem 6/(ii), p. 106] to the whole range of
parameters. As usual we put [ - | for the greatest integer function.

Theorem 5.2. Let 0 < p1,p2,q1,q2 < 00, 0 < p < 00, —00 < 51,89 < 00,

1_1-6, 6 1_1-6_, 6 ._
0<O<1, ="+ =" tgs=0—-0)s1+0spand 0<r < oo

Then the following continuous embeddings hold

Bfnin{q,r}LPﬂ"(Rn) — (B;i,ql (Rn)? B;;,qz (Rn))e,r — Bfnax{q,r}LPW(Rn)'
(5.1)
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Furthermore, the exponents min{q,r} and max{q,r} in (5.1)) are the best
possible, at least if

S1 — S92
n=+—= <L (5.2)
p1 p2

Proof. We know that for L sufficiently large If = (287/%(}f, @Z)gm)) is an

sj—n/pj

isomorphism from By ¢, (R™) onto bg £, = (€, ) B ((¢p,)). Applying
the interpolation formula for vector valued sequence spaces established by
Peetre in [30, Theorem 4, p. 98] and Theorem [4.4] we obtain

Bfnin{q,r}LP,T (Rn) — (B;S)i,ql (Rn)? B;;,qz (Rn))eﬂ” — Bfnax{q,r}LPW (Rn)

In view of isomorphism I, in order to show that the exponent max{q,r} is
the best possible, it suffices to check that if for some 0 < v < oo we have

51— sg— 1 n

(Car " (o))l " (p))or = L ¥ ((€p,r) (5-3)

then max{q,r} < wv.

For k € N, we designate by e the sequence (e%k) mezr  with
1<d<2"—1

ik _ 1 ifd=1and m=(k,..., k),
0 otherwise.

n n

So, [[ex] (o)l ~ 1. Let : €y, " —> £g " ({£,,)) be the linear operator
defined by m(A;) = (Ax€x). We have

j—pij 1/g;

=ity e = (225 % neenl 1)
k=1

> k(si—2)q,; N 1/agj sj—-
= (2 ) = owley Pl
k=1

Moreover, since s1 — = # s — v, according to [30, Theorem 4/(ii), pp.

98-99], we have that (EZTHJZ;_E)W =0 v, Hence, it follows from the
interpolation property and 1) that 7 : ﬁii

s_n
P — Ly " ((€p,r)) boundedly.
This yields the continuous embedding Ei_g — &S,_E, which implies that
r < v. To prove that ¢ < v, pick a sequence (Ji)ken of subsets of Z",
pairwise disjoints and such that [2"(1=#)*] is the number of elements of .Jj.

_ d,k .
Let ur = (umy) mezr  with
1<d<2m—1

Uy =

in {2—% if d=1and m € Jp,

0 otherwise.
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Here ¢ and p < 1 are real numbers that will be fixed later. We have

on(l—p)k
el ~2 ([ @i )
0

_ ol(En) 5k

VT gekg(-nz+ Dk

where the constants in the equivalence are independent of ¢ and p. We want
that n
E+p—=s;forj=1,2.
pj

For this we need that ,u(p% — p%) = 81 — 89. Therefore we choose

51— 82
,U,:T]Zﬂ_ﬂ,
P p2

which is less than 1 according to (5.2). Then take { = s1 — p- = sp — up%.
With these values for p and &, we have that w(A;y) = (Ayug) is a linear

Sj=po

operator from £, to £y, 7 ({£p;)) with
1/q;

Oy ()l = (@ I,

k=1
= ()™ = 10wk
k=1

The choice we have done for £ and p also gives that
n n n
—s4+pu—=01-0)(—s1+p—)+0(—s2+p—)
p p1 p2

(1=0)(=&) +0(=¢) = —¢.

n

Then w : by — £y * ({£,,)) is bounded with

n

oI (Il ~ )1

Using the interpolation property and (5.3) we get

51— 2 sg— 1 n

lor = Uy laa)or —=— (Lar " () lan ™ (Do = Lo 7 ((lpr):

Whence, the estimates for the operator w yield the continuous embedding
Ly r — £y, which implies that ¢ < v. Consequently, max{q,r} < v.

Now we show that the exponent min{q,r} is the best possible. Suppose
that 0 < u < oo satisfies

51— Sp— L

((lpr)) = (Lar " ({p1)) laz ™ ((€p))) 0.1 (5:4)

S—

by

=3
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Given any A = (ABF) czn , let Ay = )\b’ﬁk k) k € N and put v(A) = (Ag)-
1<d<2"—1

n _n

85— & s -
Then the operator v : qu. () — qu " is bounded because

OVl 7 = (S0 )
( k(s
<

f
I

Nk

_n N\ 1/q5
CR PRSI T

b
Il
—

k(s

NE

ATV IR R P (]

i
I

Therefore,

51— Sp— - s1—--  sp—-- s—o
villy " (o) le 7 ((lpp))or — (b ™ ilyy ™ )or =4 "
is also bounded. Using the diagram

51— 2 Sg— 1

by 7 —"— euig(wp,r)) = (b " (Epy))slgy 7 ({€pa)))oyr — sl 7

_n _n

and the fact that v(7(\g)) = (M), we conclude that 0, " < 0, ?. There-
fore, u < r. To establish the relationship between u and g, let v o=

n(l—p)k 1
min{1, p1, p2} and put U()\;lﬁk) = <2€k = (ZmeJk ]/\,lnk 7) W). We have

() "< (X ) (X 1)<1—£j>$

meJy meJ meJy,
<2 n(lM ’y PJ (Z‘)\lﬂp)/pj‘
meJy,
Hence,
p_n(-—pk 1/ Ek—n(l_ﬁ)k
29205 (5 ) 7] < )
meJy
(55— 22)k
=277 T ) -
This implies that [[o(X)[¢, | < [A[fg W(<epj>)u. Let [A| = (]A%F)). The

operator ¢ is not linear, but if A = p; + p2, we have |o(\)] = o(N) <
C(o(p1) +0(p2)). Using the lattice property of £, we get that

K(t,0(A); lgrs lg) = K(t, [0 (M) by, bg,) < CK(t,a(lpr]) + o ([p2]); £y o)
< Clllo(pD)lq |l + tllo(p2])[£g.])

n

< Clorlls 7 (o)l + Hloaller 7 ({Lpa))I]).

29



Taking the infimum over all possible decompositions of A we obtain that

§1— % So— &

K(t,0(N); by, bgy) S K (8 A; by Z ((lpi))s lan 7 ((€ps)))-

Consequently,

n PR

o) gl ~ o) (s ol S TN ™ (o)) ban ™ ()l

The diagram

n _n _n
s—1 S1 52 o

by ——— Ly " ({lpr)) = (lgr ™ ({€p1)) s las ™ ((Epa)))o.r —— Ly
and the fact that (o ow)(Ag) = (Bk) with |Bg| ~ |Ag|, imply that

IR el ~ llo(wXe)) g,

S 1)1l

Therefore, £, < {4, which yields that v < ¢. The proof is completed. O

Recall that the Hardy-Lorentz space hy,, is defined by
hpy ={f € S'R") : || f|hprll = | Sup, () )Y | Lpr (R™)]| < 00},

where 1) € S(R") is compactly supported and ¢ (x) = 1 if |z| < 1 (see [3]).
For p =, hy) coincides with the usual local Hardy space h,, (see [21], 39]).

It was shown in [3|, Theorems 4.3 and 4.7] that we have with equivalence
of quasi-norms (hy,, by, )gr = hp, provided that 0 < p; # pp < 00,0 <7 <
00,0 <0 <1land1/p=(1-0)/p1+0/p2. This formula was use in [7] in the
proofs of several results and for this reason the restriction r < oo appears
in them. Next we show that the characterization in terms of wavelets of
B Ly o allows to establish the corresponding results for this limit case.

Theorem 5.3. Let —co < §1 # s9 < 400,00 < p < oo and 0 < g1, q2,q < 00.
Let 0 <0 < 1and s=(1—0)sp+0s1. Then we have with equivalent quasi-
norms

(Bgi Lp,oo(R™), By Lp,oo(R"))g,g = ByLp,oo(R").

Proof. We proceed as in the proof of Theorem For L sufficiently large,
it follows from Theorem H that If = (2"/2(f,4% ) is an isomorphism
from By L oo(R™) onto byl oo = (€p,00)’ & &Zi;((ép’oo» for j =1,2. By
[30, Theorem 4/(ii), p. 98] we have with equivalence of quasi-norms

S1 S2
(bQ1 €P7007 bq2£P700>9,q
s1—2 s9— 2

= <£p700>0 ©® (£q1 g (<€p,00>)a by, 7 (<€p,00>))9,q
=l ® Ly 7 ({Lpoo)) = bilp,oo-
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Therefore,

[ 1(Bgi Lp,oo(R™), By Lp,oo (R™))o,gll ~ [ f1(b; €p,00: by p,00)0.4]l
~ [Lf10glp.coll ~ [|f1BgLp,oo(R)]-

O]

This result covers the case 7 = oo that was left over in [7, Theorem 6.6].
Now we can establish the corresponding result to [7, Theorem 6.7] for
the case r = oo.

Theorem 5.4. Let —00 < 81 # $9 < 00, 0 < p < oo and 0 < ¢1,¢2,q < 00.
Let 0 < 6 < 1and s = (1 — 6)s; + fs2. Then we have with equivalent
quasi-norms

(Fg! Lp,oo(R"), FZ Lp oo (R"))0,g = By Lp.oo(R™).
Proof. For j = 1,2 pick 0 < 7; < 0o such that
73 < min{p,q;} for p # g;,
T <p for p = g;.
According to [36, Theorems 1.1 and 1.2] we have
BY Ly (R") < Fy? Ly oo(R") = BZ Ly oo(R™), j=1,2.
Whence, applying Theorem we have

BngvoO(Rn) = (Bﬁpr,w(Rn)a B7S-2Lp m(Rn))G q

— (Flep o (R™), FSQL o (R™))a4
— (B3 L, o (R™), B”LPOO(R"))M = BS L, (R™).
O

Now we can proceed as in [7, Theorem 7.1] but using Theoreminstead
of [7, Theorem 6.7] with the effect that we can incorporate the case r = 0o
to [7, Theorem 7.1]. We obtain the following result.

Theorem 5.5. Let s e R, 0 < p < oo and 0 < g < o0.
(i) If ¢ is a diffeomorphism in R™ then

Dy B;LP,OO(RTL> — BSLPW(Rn)a Dyf=fot,

is an isomorphic map in By L~ (R").
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(ii) Let p > max (s, n(max (%, 1) —1) — s). Then
19F1BgLp.co(R®)[| < cllglCPRY)][ - || f1Bg Lp,oo (R™)]]

for all g € CP(R") and all f € BjL, (R").
(iii) There is a bounded linear extension operator ext,

ext 1 B Lp oo (R%) — Bi L, oo (R™),
Furthermore,
re o ext = id, identity in By Ly o (RY)

(iv) If © is a bounded Lipschitz domain in R", there is a bounded linear
extension operator

ext 1 By Ly oo(Q) — ByLpeo(R™).
Furthermore,
reoext = id, identity in By Ly oo (€2).

Next we characterize Besov-Lorentz spaces as approximation spaces us-
ing wavelets. This result is of independent interest but, in addition, it will
allow us to derive another interpolation formula. We start by recalling the
definition of abstract approximation spaces (see [9, [13] 15, B32] B3] and the
references given there).

Let (X, |- |X]|) be a quasi-Banach space and let (Ax)ren, be a sequence
of subsets of X satisfying the following conditions:

Ag={0} C A C---CAC---CX,
AAj C A for any A € C and any k € Ng,
Ar + Ap C Ay for any k,m € Np.
For f € X, we put Eo(f) = || f|X|| and
Er(f) = B (f)x = mf{[|f — g1X]| - g € i}, k€N,
Let @ > 0 and 0 < ¢ < co. The approzimation space X = (X;Ag)g is

formed by all those f € X having a finite quasi-norm

o a _N\Vae .
1K = Byl = 4 (SR B B0 T80 < g < o0,
supg>1{k“Ex-1(f)} if ¢ = oo.

According to [33, Proposition 2], an equivalent quasi-norm in X is
o q - kag q 1/q
IAXEI = (IA1X 1+ D 2By (£)7) (5.5)

k=1
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(with the usual modification if ¢ = c0).
Let s > 0,0 <p<ooand 0<rqg<oo. Weknow by [36, Theorem 1.1]
that
BiLp,(R") = FJL,,(R"). (5.6)

For 1 < p < oo, the space FYL,,(R") coincides with the Lorentz space
L, (R™) with equivalence of quasi-norms (see [44, Theorem 3.15]). To de-
scribe Bi Ly, (R™) as an approximation space, we choose X = F§L, ,(R")
and as sequence of subsets (4,), following an idea of [14, Lemma 5.4] for
the case of logarithmic Besov spaces, we take Ag = {0} and for u=1,2,...
with 2% < 4 < 281 k € Ny, choose

k
Au={g € BL, (&) g=3" 7 S @famiyn @l ey,
v=0 GEGY meZ™

Consider also the operators Py : FY L, (R") — FY L, .(R™) defined by

k
Puf=> > Y X220 -

v=0 GEGY meZ"
Clearly
Ay = Py (FL, - (R™)), 28 <u <2 EeN,. (5.7)

By the characterization in terms of wavelets for FYL, .(R") (see [49] or
Theorem [4.4)/2) and the Banach-Steinhaus theorem [28, p. 169], we get
that

sup{[| Pot | o, (rn),FOL,., (&) * K € N} < o0. (5.8)
From (5.7) and (5.8)), it is not hard to check that

Eu(f) = Eéé}e(f)Fng,r(Rn) ~If - P2kf|F20Lp,r(Rn)H » ke No. (5.9)

Theorem 5.6. Let s > 0,0 <p < ooand 0 < q,r < co. Then we have with
equivalence of quasi-norms

ByLps(R") = (FyLps(R"); Ap);

Proof. Using (5.9), the quasi-norm (5.5 and the description of FQOLIM (R™)
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in terms of wavelets we obtain

1 ICES Ly (RN ~ I F1FS L, (R[4 Y 250 B ()1

k=1

~ WFIFS Ly, (RO
—vn v n q
S ST MR Y R

« 3ot
v=k+1 GEGY meZ"

~|If1E3 p,r(R”)Hq

(S Y Y W OF) L )
k=1

v=k+1 GEGY meZ™
= | /155 Ly (R™) |9

S0 3 s OF) e )
k=1

v=1GeGY meZn
(5.10)

q

q

Take 0 < p < min{1,q,p,r}. Since ¢; — l3 and L, , is p-Banach, we derive

(igksq (25 5 W xmnm@R) e @)

v=1 GEGY meZ™
P>Q/P>P/Q}1/P

<{(i(2’“p DX D DX kerm Ol Ly (R™)

k=1 v=1GeGY meZn

{2 X (X ] X Wm0l @)
v=1GeGY k=1 mezmn

= {2y (Z?“”*” ST I C ) X (] L (RT)
v= GeGv mezZm™

q>p/q}1/p

> /
< {2} 1L, ),

v=1
where the last inequality follows from Theorem 1. Having in mind (5.6]),
we conclude that B L, ,(R") < (F§ Ly (R™))S.
In order to establish the converse embedding we start from

IA1B Ly (R~ (D230 25| S AC () xkan| Ly (R?)

k=0 GeGFk mezn

q)l/q
(5.11)

(first part of Theorem . In this sum, the part with K =0 and k =1 can
be bounded by

AL @~ (3 5 M um@)E) L)

k=0 GeGk mezZ"
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because

(21: > 2’“’”“ > NG )Xk | L (R

q) 1/q
k=0 GeGF mezn

S S | MU kB

k=0 GeGk meZ™

3 S (3 P km ) e )

k=0 GeGF mezZm™

(S T P am ) L)

k=0 GeGk meZ™
SIS Ly (R

For the remaining part of (5.11]) we have

S5 2 5 Mt )

k=2 GeGk mezn

<320 ST S Ikl L (RY)
k=1

GeGk mel™
o0
s> 2|
k=1

(X3 3 P C i nnnm(F) e )
< AL (B

v=1GeGY meZn
where we have used ([5.10]) for the last inequality. Consequently,

1185 Lp.r (RIS N1 F1(E L, (R™) )5l

q

q

This completes the proof. O

As it is pointed out in [7, (3.1) and (6.3)] (see also [44], Theorem 3.15]
for the case 1 < p < 00), we have with equivalence of quasi-norms

L, (R") ifl<p<oo,0<r<oo,

) (5.12)
hp.r fl0<p<oo,0<r<oo0.

Fng,T(Rn) = {
Hence, ByLy,, (R™) can be realized as an approximation space taking as X
any of these two spaces in the suitable range of parameters.
For couples of approximation spaces, the following interpolation formula
was established by Peetre and Sparr [31] (see also [9]): Let 0 < ap # a1 < 00,
0<po,p1,q <00,0<60<1and a=(1-0)agy+ Oy, then we have

(Xp, Xpt)eg = Xy (5.13)
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Furthermore, see for example [12, Proposition 2.7],
(X, X00)g,q = XG0 (5.14)

Combining Theorem with (5.13]) and using the lift operator Isf =
(1+ |m!2)_5/2f)v, d € R, we recover [7, Theorem 6.6]. We close this section
with the following formula.

Theorem 5.7. Let 0 < 8 <1,0< s,p<ooand 0 < ¢q,r,u < oo. Then we
have with equivalence of quasi-norms

(FQOLP,T(Rn)v BSLP,T (Rn))H,u = stLp,r(Rn) .

Proof. Theorem and (5.14) yield
(Fng,r(Rn)a BZLp,r(Rn))Q,u = (Fng,r(Rn)v (FSLP,T(Rn))Z)G,u
= (FQOLp,T(Rn))zS

= BZSvar (Rn) *

O

6. Another description of Besov-Lorentz spaces as approximation
spaces. Multiplications

The following realization of spaces Bj Ly ,(R") as approximation spaces
is based on entire functions of exponential type (see [38, Section 2.5.4]).
The arguments relay on definition of ByL,4(R™) by means of the smooth

resolution of unity () of (2.5)).
By the construction of (), for N € N, there exists M < oo independent

of k, such that

sup sup (1 + |z)?)/2|0% ()| < M, k€ No.
la|<N z€Rn

It follows from [39, Theorem 2.3.7] that for any 0 < p < co and 0 < r < oo
there is ¢ > 0 such that

(o)1 Epr R < el fIER (R, f € Fp,(RY), & €No.

Whence, applying [7, Theorem 3.6], we derive that for any 0 < p < co and
0 < r < oo there exists C > 0 such that

1(prf) Y 1FS Ly r (R < CFIFS Ly R, f € F3Lpy(R™), k€ No.
(6.1)
This estimate will be useful later.
Let Dy = {0} and for k € N put

Dy ={g € FyLy,(R") :supp § C {z: |2| < k}}.
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In what follows we work with approximation spaces (X; Dy); generated by
the sequence of subset (Dy) with X being Fy L, »(R") and BiL,(R™). For

simplicity, we designate them by [X]7.

Theorem 6.1. Let 0 < ¢ <00, 5> 0,0<p<ooand 0 <r < oo, allowing
also r = 00 if 1 < p < oco. Then we have with equivalence of quasi-norms

[Fng,r(Rn)]Z = B;Lp,r(Rn) .
Proof. Take any f € BjLy,(R"). Using (5.6, we get
Ex(f) < BEi(f) < Bo(f) = | /IFY Ly, R")|| < €| f1ByLy, (RM)].  (6.2)

Moreover, since

k
supp (D omf) € {wilal <22}, k=0,1,2,...,
m=0

we obtain for k > 2 that

| S ISR

m=k—1

Ex(f) < Hf Z@mf ‘F2 pr(R")

Using the quasi-norm (j5.5)), we have

00 1/
LA Ly (RO = (IS 1FS Ly (R + 3 20 B (1))

m=1
> > a\ 1/q
S (IFS Ly @)1+ " 29| S (o f) IS Ly, (7))
m=2 k=m—1

By the Aoki-Rolewicz theorem (see [4], 34]), we can take 0 < p < min{1, ¢}
such that FYL,,(R") is p-Banach. For the second term in the last expres-

sion, we get
> p) Q/P) 1/q
m:2 :O

OICEI D SRETNLIAED
p)(J/p)p/qr/p

m=2 k=m—1
- P 1
< { 2(1—k)8p( Z Q(m_Hk)sq”(SOm—l—Hcf)v|F20Lp7r(]R")||q>p/q} /p

= {( i (zmSp i(@mflJrkf)v’onme(Rn)
k=0 m=1

S 20| 1B Ly (R

k=0
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where in the last inequality we have used (5.12)) and the fact that By L, (R") =
Bihy(R™) (see [7, Theorem 6.4]). This together with (6.2) yield that

In order to establish the converse embedding, first note that given any
feF)L, (R"), k€ Nand g € Dok, since supp gNsupp g1 = 0, it follows

from (6.1)) that

1(r1/) 1S Ly R™)| = (041 (f — )V 15 Lpr (R
< C|f = glFy Ly, (RM)] -

This yields that
1(rs1 )V IF Ly (R S Bt () k=1,2,...
Moreover, using again , we get
1(omf) Y [FS Ly (R < e f1F Ly, (R™)]| - for m =0,1.

Consequently,

q> 1/q

n G S 1/q
< (MR Ly @I+ 32 )

1718 Ly (R ~ (D2 20 IS Ly
k=0

~ || FILF Ly (RG] -
O

Next we study multiplication properties of Besov-Lorentz spaces. As-
sume 0 < p < 00,5 >n/pand 0 < g,r < co. Since the Besov space B,  (R")
is continuously embedded in Lo (R™) (see, for example, [46, Theorem 2.3]),
using Theorem it is not hard to derive that BjL;,.(R") < Lo (R").
Hence, if f; € By Ly, »;(R™) with s; > n/p;, j = 1,2, then the product fi fa
makes sense pointwise almost everywhere.

For m,k € N, f € Dy, and g € Dy, since fg = (f % §)¥, we have that
supp E C{x:|z| <m+k}. Let T(f,g) = fg. According to the previous
observation, we get

T(DZm, DQk) g D2m+2k 5 m, k = 1, 2, PR (6-3)

Lemma 6.2. Let X,Y, Z be quasi-Banach function spaces on R" containing
the subsets (Dy). We assume that X and Y are formed by regular distri-
butions and we put T(f,g) = fg. If the bilinear operator T': X x Y — Z
is bounded then there is a constant ¢ > 0 such that for any k£ € N and any
feX and g € Y we have

Eyess (£9)7 < e( By (D xlglY | + 171X |1 B (9)y )
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Proof. Let M be the normof T: X XY — Z. Givenany f € X, g€ Y,
k € N and € > 0, there are fy, go € Dyx such that

If = fol XI| < Ege(f)x + €, lg = g0lY | < Eae(g)y +e.

Having in mind (6.3)) and writing Cz for the constant in the quasi-triangle
inequality in Z, we obtain

Eoyrr1(f9)z < || fg — fogolZ||
< Cz(|lfg — fog|Zll + Il fog — fogol Z]|)
< OzM (| f = fol XNglY Il + lfo = £ + fIX g = g0l Y1)
< OzM [(Ex(f)x +¢)|glY |
+ COx ((Eg (f)x +e + | fIX])(Eax(9)y +¢))]
< CzM[(Ex(f)x +e) gVl + Cx 2/ f1X ]| +¢) (Ear (9)y +¢)] -

Passing to the limit when & — 0 the wanted result follows with ¢ = 2CxCz M.
O

Generalized Holder inequalities for Besov and Triebel-Lizorkin spaces
are important in the spectral theory of degenerate elliptic operators (see
[16, Chapters 2 and 5] and [35, §4.8]). As a first consequence of Theorem
and Lemma [6.2) we extend Holder inequality to Besov-Lorentz spaces.
Theorem 6.3. Let s > 0, 1 < p1,p2,p < oo with ]lo = p% + p%, 0<g< oo

and 0 < rq,7re,r < oo with % = % + % Then we have
ByLp, vy (R") - ByLp, ry(R") = BjLp,y(R").
Proof. Since 1 < p; < oo, as we pointed out in (5.12), we have that

FLy, . (R") = Ly ., (R"), j = 1,2. So, Holder inequality for Lorentz
spaces yields that

FQOLpl,n (R™) - F20Lp2,r2 (R™) — onLp,r(Rn) )

(see, for example, [7), (2.7)]). Let again T'(f,g) = fg and write for simplicity
X = F9L, . (R"), Y = FOL,, ..(R") and Z = F9L,,(R"). So, T : X x
Y — Z is bounded. Using Lemma [6.2] we derive

IT(£,9)1Z5)l ~ [IT(f,9)|Z]17 + > 2 By (T, )]
k=2

oo 1/
< [IAX gV 12+ 3 255 (B (£ x 1Y [+ 1£1X | e (9)v) ]
k=1

< [0+ X0 20 m (1] [ty 1+ 30 240 0)9]
k=1 k=1

S 171X gyl

1/q

39



This yields the result having in mind that, by Theorem [6.1] we have
[P Ly(RY)]; = BiLy(RY) and [F{Ly, ) (RY)]; = BiLy, vy (RY),j = 1,2.
O

In what follows we are interested in multiplication algebras. That is to
say, Besov-Lorentz spaces such that

ByLyr(R") - ByLp,(R") — ByLy,(R").

In [7, Theorem 7.2] it is shown that ByL,,(R") is a multiplication algebra
provided that 0 < p < 0o, s >n/p,0<¢<r <1andr <p. Subsequently,
we continue this research with the help of Theorem Our first aim is to
eliminate the restrictions on q.

Theorem 6.4. Let 0 < p < o0, s > n/p and 0 < r < oo, allowing also
r=o00if 1 < p < oco. If there are 0 < ¢; < co and n/p < s; < s such that
BilLy(R") is an algebra for multiplication, then for any 0 < ¢ < oo the
space By Ly, (R") is an algebra for multiplication.

Proof. Let X = BlL,,(R"), T(f,9) = fg and 7 = s —s1. Then T :
X x X — X is bounded. Moreover, by Theorem and the reiteration
formula for approximation spaces [33, p. 123], we obtain

X7 = [[F Ly, RM]51]7 = [F3Lpr(R™)]; = By Ly, (R™) .

To complete the proof, it suffices to show that 7' : X7 x X7 — X7 is
bounded and this follows by using Lemma [6.2] and proceeding as in the
proof of Theorem O

Now we are ready to get rid of the restrictions on ¢ in [7, Theorem 7.2].

Theorem 6.5. Let 0 <p < oo, s>n/p,0<qg<o00,0<r<1andr<p.
Then B; Ly, (R") is a multiplication algebra.

Proof. Take n/p < s1 < s and 0 < ¢ < r. By [7, Theorem 7.2], the
space Bg! L, (R™) is a multiplication algebra. Then, Theorem yields
that B; Ly ,(R") is also a multiplication algebra. O

Next we consider the case 1 < r < p < co. Besides the previous results,
this time our arguments rely on complex interpolation.

Theorem 6.6. Let 1 < r < p < oo, s > n/p and 0 < ¢ < co. Then
B;Ly,,(R") is a multiplication algebra.
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Proof. Assume first 1 < ¢ < oo. We start by describing B L, -(R™) by
complex interpolation from a suitable couple. We take 0 < ¢ < 1 with

1—(1/r—1/p) <o (6.4)

and such that 0 is so close to 1 that u = dp satisfies that 1 < u, s > n/u
and

1/u < 1/r. (6.5)
Put

o 1-1)r

Cl—1/u’

Then we have 0 < # < 1, where the second inequality follows from (6.5]).
Moreover, we have
1/r=(01-0)4+0/u. (6.6)
Write
Upr=(1—-6)""(1/p—0/u).
By (6.4)), it follows that 0 < 1/p; < 1/p. Hence s > n/p;. Furthermore,
1/p=(10-0)/p1+0/u. (6.7)
Now using ([2.4)), and (6.7)) we obtain that
[Lp1 1 (R"), Lu(R™)]g = Ly, (R™).
Hence, applying [38, Theorem 1.18.1], we derive that
[£4(2"° Ly, 1 (R™)), £4(2% Lu(R™))]g = £4(2% Ly, (R™)). (6.8)

Next consider the operators Jf = ((prf)¥) and R(fr) = Sooo(Prfr)”
where P = ¢r_1 + ¢k + @r+1 and p_; = 0. Since restrictions

J: ByLy, 1 (R") — £4(2% Ly, 1(R™)),
J 5 By (RY) — 6,25 L, (R)).
R Lg(2" Ly, 1(R™)) — BiL,, 1(R™),
R:4y(2"L,(R")) — Bj (R™)
are bounded and R(Jf) = f, applying [38, Theorem 1.2.4] and using (6.8),

we get
[ByLp,1(R"), By, ,(R")]g = ByLp,-(R"). (6.9)
By Theorem the space Bj Ly, 1(R") is a multiplication algebra and,
according to [46, Theorem 2.41] or [35, Theorem 4.6.4/1], B, ,(R") is also a
multiplication algebra. Hence, applying the bilinear interpolation theorem
for the complex method (Theorem to the operator T'(f,g9) = fg and
using we conclude that BjL,,(R") is a multiplication algebra.

Finally, to cover the whole range for ¢ it suffices to apply Theorem
O
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In [7, Conjecture 7.3] it is conjectured that spaces Bj Ly (R") are mul-
tiplication algebras for 0 < p < o0, s > n/p and 0 < ¢,r < co. Theorems
and [6.6] give support to this conjecture. It remains open the case p < r.

We end the paper with the counterpart of Theorem for Triebel-
Lizorkin-Lorentz spaces with 1 < ¢ < oco. In what follows, we consider
the sequence space £; with indices on No = NU {0}.

Theorem 6.7. Let 1 < r < p < 00, s > n/pand 1 < ¢ < co. Then
F7 Ly, (R") is a multiplication algebra.
Proof. Choose 9, u, 8 and p; as in the proof of Theorem So

1 0 1 1-6 0
1 <pi,u<oo,s>max{n/pi,n/u}, —=(1-60)+ — and — =
r u p P1

Consider again the operators Jf = ((gokf)v) and R(fx) = Ziio(gékfk)v.
This time the restrictions

J: F;Lpl,l(R”) — Lm’l(fg),
J i FS(RY) — Ly(E5).
R: Ly 1(€y) — FjLp, 1(R™),
R: Ly(6;) — F; (R™)
are bounded. Moreover, by and [38, Theorem 1.18.6/2], we have
[Lplyl(EZ)? LU(EZ)]Q = Ly (43) (equivalent norms).
Since R(Jf) = f, it follows from [38, Theorem 1.2.4] that
[y Lp, 1 (R™), F; (R™)]g = F/ Ly -(R™) (equivalent norms). (6.10)

The spaces F,/ Ly, 1(R") and F; ,(R™) are multiplication algebras by [7, The-
orem 5.5] and [46, Theorem 2.41] or [35, Theorem 4.6.4/1]. Therefore, ap-

plying Theorem to the bilinear operator T'(f,g) = fg and using (6.10))
we obtain that F/L,,(R") is a multiplication algebra. O
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