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Resumen

Las funciones convexas y, en particular, las funciones convexas diferenciables juegan un papel funda-
mental dentro del Andlisis Matematico y tienen una gran cantidad de aplicaciones en otras disciplinas
como la Geometria Diferencial, la teoria de EDP’S (por ejemplo, las ecuaciones de Monge-Ampere), las
Dindmicas No Nineales, la Computacién Cudntica o la Economia. Por tanto, es sin duda til cualquier
herramienta que permita aproximar o extender por funciones convexas diferenciables en distintos espa-
cios de Banach.

Si tenemos una funcién convexa y acotada en conjuntos acotados definida en un espacio de Banach
con dual LUR, se sabe por los resultados de D. Azagra que esta funcién puede aproximarse por funciones
convexas diferenciables uniformemente en todo el espacio. Sin embargo, puesto que existen ejemplos de
funciones convexas continuas no acotadas en conjuntos acotados, es deseable eliminar esta restriccién
de la funcién que deseamos aproximar. En esta tesis se elimina esta restriccidon y se demuestra que las
funciones convexas y continuas definidas en abiertos convexos de espacios de Banach con dual LUR,
pueden aproximarse uniformemente por funciones convexas diferenciables uniformemente en todo el
espacio. Esto es consecuencia de un resultado més general que muestra que el problema de aproximacién
uniforme de funciones convexas por funciones convexas de una cierta clase de diferenciabilidad puede
reducirse al caso en el que las funciones a aproximar son, ademads, Lipschitzianas.

En el resto de la tesis se investiga cudndo una funcién definida en un subconjunto arbitrario de un
espacio de Hilbert (finito o infinito dimensional) junto con una familia de derivadas putativas indexada
en este subconjunto puede ser extendida a una funcién diferenciable y convexa en todo el espacio cuyas
derivadas extiendan a las derivadas putativas iniciales. Es decir, se estudia el problema de encontrar una
version del Teorema Clésico de Extension de Whitney para funciones convexas, asi como sus principales
consecuencias y aplicaciones.

Se obtiene una solucién completa al problema en espacios de Hilbert para funciones convexas de
clase C'! con gradiente uniformemente continuo por medio de férmulas de extensién explicitas garanti-
zando un control practicamente 6ptimo del médulo de continuidad asociado al gradiente de la extension,
obteniéndose extensiones con la mejor constante de Lipschitz posible para el gradiente en el caso C11.
Como consecuencia se resuelve el correspondiente problema para funciones de clase C''' no necesari-
amente convexas, por medio de férmulas de extension explicitas y sencillas. También se obtiene una
caracterizacién de aquellos subconjuntos de un espacio de Hilbert que pueden ser interpolados por hiper-
superficies convexas de clase C''*! con hiperplanos tangentes prescritos. El Teorema de Kirszbraun se
obtiene también como corolario, mediante una demostracién constructiva. Por dltimo, vemos como es-
tos resultados se pueden extender a espacios de Banach superreflexivos para cierta clase de médulos de
continuidad Holderianos asociados a la derivada.

Se obtiene una solucién completa al problema en dimension finita para funciones convexas de clase
C' con derivada no necesariamente uniformemente continua. Cuando el dominio es compacto, resolve-
mos el problema por medio de condiciones geométricas naturales, asegurando que la extensién puede
tomarse Lipschitziana, con un control absoluto de la constante de Lipschitz. Esto permite caracterizar
los subconjuntos compactos que pueden ser interpolados por hipersuperficies convexas compactas de
clase C'! prescribiendo hiperplanos tangentes. Cuando el dominio es no acotado, el problema requiere
un estudio detallado del comportamiento global de las funciones convexas diferenciables en R"; lo cual



nos lleva a desarrollar nuevos conceptos como el de esquina en el infinito a lo largo de subespacios.
Lo que se obtiene entonces es un Teorema de Extension de Whitney para funciones convexas de clase
C' con comportamiento global geométrico prescrito. Se resuelve un problema similar para funciones
convexas Lipschitz y diferenciables con un control practicamente 6ptimo de la constante de Lipschitz
de la extensién en términos de los valores de las derivadas putativas iniciales. Como consecuencia se
caracterizan los subconjuntos de R™ que pueden ser interpolados por hipersuperficies convexas de clase
C'! con hiperplanos tangentes y subespacios de direcciones de normal exterior unitaria prescritos. Apli-
caciones de estos resultados a distintas especialidades como la caracterizacién de las curvas fuertemente
auto-contractantes en R” y las propiedades de Lusin para funciones convexas diferenciables han sido
obtenidas por otros autores.

Se estudia también el problema para funciones convexas en R™ de clase C", con m > 2. Se pre-
sentan resultados parciales para dominios convexos compactos generales y otros practicamente éptimos
para dominios que son interseccion de una familia finita de ovaloides con cierto orden de diferenciabil-
idad. Por ultimo, se da la solucién completa al problema para funciones convexas de clase C*> en R"
prescribiendo las infinitas derivadas putativas desde dominios convexos compactos.



Abstract

The class of convex functions and, in particular, the class of differentiable convex functions play a very
important role in the field of Mathematical Analysis and they have plenty of applications in other disci-
plines such as Differential Geometry, PDE theory (for instance, Monge-Ampere equations), Nonlinear
Dynamics, Quantum Computing or Economics. Therefore, it is no doubt useful to be able to approximate
or to extend by differentiable convex functions in various Banach spaces.

If we are given a convex function bounded on bounded sets defined on a Banach space whose dual
norm is LUR, recent results by D. Azagra ensure that this function can be approximated by differentiable
convex functions uniformly on the whole space. However, since there are example of continuous convex
functions which are not bounded on bounded subsets, it is desirable to improve these results in such a
way that this restriction on the function to be approximated can be removed. In this thesis, we drop
this assumption and show that every continuous convex function (not necessarily bounded on bounded
subsets) defined on an open convex subset of a Banach space whose dual norm is LUR, can be uniformly
approximated by differentiable convex functions. This result is a consequence of a more general result
which shows that the problem of approximating continuous convex functions uniformly by convex func-
tions of a certain differentiability class can be reduced to the case when the original functions are, in
addition, Lipschitz.

In the rest of the thesis we investigate the problem of extending a function defined on an arbitrary sub-
set of a Hilbert space (finite or infinite dimensional) along with a family of putative derivatives indexed
by this subset can be extended to a differentiable convex function on the whole space whose derivatives
coincide with the original putative derivatives. In other words, we look for a version of the Classical
Whitney Extension Theorem for convex functions, as well as its main consequences and applications.

We obtain a full solution to this problem in Hilbert spaces for convex functions of class C! with
uniformly continuous gradient by means of an explicit extension formula, which guarantees an almost
optimal control of the modulus of continuity associated to the gradient of the extension, providing ex-
tensions with the best possible Lipschitz constant of the gradient in the C'™! case. As a consequence, we
solve the problem for general functions (not necessarily convex) of class C'**! by means of simple explicit
extension formulas. Also, we obtain a characterization of those subsets of a Hilbert space which can be
interpolated by hypersurfaces of class C'™»! with prescribed tangent hyperplanes. Moreover, Kirszbraun’s
Theorem is recovered as a corollary, by means of a constructive proof. Finally, we show how these results
can be extended to the setting of superreflexive Banach spaces for some Holderian moduli of continuity
associated to the derivatives.

We obtain the full solution to the problem on R” for convex functions of the class C'! with not
necessarily uniformly continuous derivatives. If the domain is compact, we solve the problem by means
of natural geometric conditions, ensuring that the extension can be taken to be Lipschitz, with an absolute
control of the Lipschitz constant. This allows us to characterize those compact subsets of R™ which can
be interpolated by compact convex hypersurfaces of class C' with prescribed tangent hyperplanes. If
the domain is unbounded, our problem requires a deep understanding of the global geometric behaviour
of differentiable convex functions on R™; which leads us to introduce new concepts such as corners
at infinity directed by subspaces. We then obtain a Whitney Extension Theorem for convex functions
of class C'! with prescribed global geometric behaviour. We also solve a similar problem for convex
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Lipschitz functions of class C'! with an absolute control of the Lipschitz constant of the extension. As
a consequence, we characterize those subsets of R” which can be interpolated by convex hypersurfaces
of class C'!' prescribing tangent hyperplanes and subspaces generated by the directions of the outer unit
normal. Applications to other research lines such as the theory of self-contracted curves on R™ and Lusin
properties for differentiable convex functions have been found by other authors.

We also study the same problem for convex functions of class C™, m > 2 on R"™. We present partial
results por general compact convex domains and provide almost optimal results for domains which are
the intersection of a finite number of ovaloids of a certain differentiability class. Finally, we obtain the
full solution to our problem for convex functions of class C*> on R" extending the infinite given family
of putative derivatives from compact convex domains.



Index

[Resumen| 3
[Abstractl 5
Introduccionl 9
[Introduction| 17
[ C" approximation of convex functions on Banach spaces| 25
[LT TIntroduction andmainresults . . . . . . ... ... ... .. 25
[1.2  Proof of the C" approximation theorem| . . . . . . .. .. .. ... ........... 27
|1.3 A characterization of Banach spaces with separable duals| . . . . . .. ... ... .... 31

2 C'“ extensions of convex functions in Hilbert Spaces| 33
2.1 The C1! and Ciyy extension problem forjets| . . . . . . . ... ... ... ... .. .. 33

2.2 The Ccl(;‘ﬁ’v extension problem for jets| ............................ 38

2.3 Optimal C1!' convex extensions of jets by explicit formulas in Hilbert spaces| . . . . . . 39

2.4 Interpolation of arbitrary subsets by boundaries of C*'' convex bodies| . . . . . .. ... 44
2.4.1 _The onented distance function to convex subsetsl . . . . . .. ... ... .... 47

2.4.2  Aninterpolation theorem for C'>! convex hypersurfaces| . . . . ... ... ... 51

2.5 Sup-inf explicit formulas of C'*+! convex extensionson R™ . . . . ... ... ... ... 54

2.6 Optimal C'"' extensions of jets by explicit formulas in Hilbert spaces| . . . . .. .. .. 58
2.7 Kirszbraun Extension Theorem| . . . . . . . . . . . .. .. L o 61
2.8 C'“ convex extensions of jets by explicit formulas in Hilbert spaces| . . . . . . ... .. 61

3 C1“ extensions of convex functions in superreflexive spaces| 73
3.1 Moduli of smoothness and Pisier’s renorming theorem| . . . . ... ... ... ... .. 73

3.2 O convex extensions of jets by explicit formulas in superreflexive spaces| . . . . . . . 74

3.3 Example in general Banach spaces| . . . . . .. ... .. ... ... .. ..., 77
k.1 C! convex extensions from compact subsets| . . . . . . . ... ... ... 81
4.2  Proof of the results on compact subsets|. . . . . . .. ... ... ... .. .. .. ... . 85

4.3 Some relevant examples| . . . . . . .. L L L e 91

4.4 Interpolation of compact subsets by boundaries of C* convex bodies| . . . . .. ... .. 92
4.4.1  'The Minkowski functional. Elementary properties and differentiability|. . . . . . 92

4.4.2  An interpolation theorem for C'* compact convex bodies| . . . . . .. ... ... 94

nvex functions and self-contr VeS| . . o 96

1.6 C! convex extensions from arbitrary subsets| . . . . . . . . ... ... ... ... ... 96
4.7 Global behaviour of convex functions| . . . . . . ... ... L 110
4.8 Proving the necessity of the conditions| . . . . . . . ... ... ... .. ......... 115

M.8.1 Condition (7) . . . . . . e 115




4.8.2  Condition (7
4.8.3  Condition (272)] . . . . . . .
4.8.4  Condition (V)| . . . . o
4.8.5  Condition (20)| . . . . . .
4.9  Proving the sufficiency of the conditions| . . . . . . . ... ... ... 00000
4.10 A C! extension theorem for Lipschitz convex functions| . . . . . .. ... ........
4.11 Necessity of the conditions for C'* convex Lipschitz extensions| . . . . . .. .. .. ...
4.12 Sufficiency of the conditions for C'' convex Lipschitz extensions| . . . . . . . ... ...
[@4.12.1 Definingnew data] . . . . . .. .. ... ... ...
[4.12.2 Propertiesof thenewgjet| . . . . . . . . . .. .. ... ... .. .. .. ...
4.12.3 Construction of the extensionl . . . .. ... .. ... ... ... ........
.13 Interpolation of arbitrary subsets by boundaries of C* convex bodies| . . . . . ... ...
|4.14 The problem 1n the setting of Hilbertspaces| . . . . . . ... ... ... .........
|4.15 Convex functions and Lusin properties| . . . . . . . . ... ... ... ... .......

1

~

n 3 1 n

[5.1  Whitney’s Extension Theorem for C™| . . . . . .. ... ... ... ... .......
5.2 The C[7,, extension problem forjets| . . . . . ... ... ... ... ... .. ...
[5.3  New conditions for the C""* convex extension problem|. . . . . . . ... ... ... ...
5.4 (" extensions from compact convex subsets| . . . . . ... ... oL

[5.4.1 Ideaoftheproof. . . . . . . . . . . . . . ... .. .

[5.4.3 Thefunction ¢| . . . . . . . . . . . e
[5.4.4  Selection of angles and directions| . . . . . . .. .. ... ... 0L,
[5.4.5 A convex extension on a neighbourhood of the domain| . . . . .. .. ... ...
[5.4.6  Conclusion of the proof: convexity of the extensionon R™.[. . . . . . ... ...

5.5 Assuming a strict inequality on the boundary| . . . . .. ... ... ... ... ... ..
5.6 The two easiest situationsl . . . . . . . . . . . ...
[5.6.1 The case when the domain 1s a singleton|. . . . . . ... ... ... ... ....
[5.6.2  Theone dimensional casel . . . . . . . . . . . .

[5.7 Assuming further conditions on the domain: almost optimal results|. . . . . . ... ...
[5.7.1 Definition of (FIO) body of class C™| . . . . . . ... ... .. ........
[5.7.2  Sublevel sets of strongly convex functions|. . . . . . .. ... ...

[5.7.4  Proof of the extension result for (F'/O) bodies| . . . . .. ... .........
[5.8 Relation between (CW=#)and (CW™)| . . . . . . ... i

5.9 Remarks and Counterexamples| . . . . . . . ... ... ... o 0oL,
6.1  Whitney’s Extension Theorem for C*°| . . . . . . .. .. ... ... ... .. ......
6.2 C°° convex extensiontheoreml . . . . . . . . . . . . . e
6.3 Proof of the main theoreml . . . . . . . . . . . . . . . . . . .o

[6.3.1 Sketchoftheproof.. . . . . . ... ... .. ... .. .. ... ..
[6.3.2  Lower estimates for the Hesstanof f.| . . . .. ... ... ... ... ......
6.3.3 A Whitney partition of unity on (0,4+00)| . . . ... ... ... ... ...,
6.3.4 The sequence {0, }, and the functione| . . . ... ... ... ... ... ...
6.35 Thefunction @] . . . . . . . . . . . i e
[6.3.6 A smooth convex extension on a neighbourhood of the domain|. . . . . . .. ..
[6.3.7  Conclusion of the proof: convexity of the extensionon R"™| . . . . .. ... ...

139
139
141
143
147
148
148
149
150
153
155
156
158
158
159
161
161
161
162
163
165
167

173
173
174
176
176
176
177
180
182
182
184

185



Introduccion

El tema principal de esta tesis es la aproximacion y extension diferenciable de funciones convexas en
diversos espacios de Banach.

En el Capitulo tratamos el problema de aproximar funciones convexas por funciones de clase C'! y
convexas uniformemente en espacios de Banach. En R", es bien sabido que la convolucién integral con
mollifiers nos permite aproximar funciones convexas por funciones de clase C'*° y convexas uniforme-
mente en conjuntos compactos. En espacios de Banach cuyo dual admite una norma equivalente LUR
(localmente uniformemente redonda), podemos aproximar funciones convexas por funciones de clase C'*
y convexas uniformemente en subconjuntos acotados mediante las técnicas de convolucién infimal. En
[[1] se descubrié una nueva técnica de aproximacion que nos permite aproximar funciones convexas (no
necesariamente uniformemente continuas) en R"™ por funciones convexas de clase C'*° (o incluso real
analiticas), uniformemente en todo R". Combinando esta nueva técnica con el método de aproximacién
por convolucién infimal mencionado se sigue que las funciones convexas f que estidn acotadas en sub-
conjuntos acotados de un espacio de Banach E' cuyo dual admite una norma equivalente LUR pueden
aproximarse por funciones convexas g de clase C'!', uniformemente en todo E. Sin embargo, existen
ejemplos de funciones convexas y continuas (diferenciables o no) que no son acotadas en conjuntos aco-
tados. En esta tesis, refinando las técnicas introducidas en [1]], vemos como podemos quitar la hipétesis
de que la funcién f sea acotada en acotados y demostramos el siguiente teorema.

Teorema 1. Sea X un espacio de Banach cuyo espacio dual X* admite una norma equivalente LUR.
Sea f : U — R una funcion convexa y continua definida en un subconjunto abierto U de X. Dado
e > 0, existe una funcion convexa g : U — R de clase C*(U) de manera que f —c < g < f enU.

El Teorema 1 se sigue de un resultado mas general que demuestra que el problema de aproximar
funciones convexas continuas por funciones de clase C™ y convexas en subconjuntos abiertos U de X
puede reducirse al problema de aproximar funciones Lipschitz y convexas.

Ademids, como consecuencia de estos resultados, establecemos una nueva caracterizacién de los
espacios de Banach cuyo dual es separable, a saber, un espacio de Banach separable X tiene dual X*
separable si y solo si toda funcién convexa y continua definida en un subconjunto abierto de X puede
aproximarse uniformemente por funciones convexas de clase C'*.

Estos resultados han sido publicados en [9].

En el resto de la tesis, abordamos el problema de encontrar una version del Teorema Clasico de Ex-
tensién de Whitney [[70] para funciones convexas. Este famoso resultado, para la clase C", proporciona
condiciones necesarias y suficientes sobre una familia de funciones real valuadas { fa}mgm (que lla-
maremos m-jet) definidas en un subconjunto cerrado £ C R"™ para la existencia de una funcién F' de
clase C"™(R"™) tal que 0“F = f,, en E para todo multi-indice || < m. Estas condiciones son relaciones
entre las funciones f, y el polinomio de Taylor putativo P, de grado menor o igual que m centrado
eny € E y cuyos coeficientes son justamente los nimeros (fo(y))a, y la extensiéon F' se define medi-
ante una formula explicita que involucra una particién de la unidad adecuada subordinada a una familia
de cubos cuidadosamente elegidos que descompone el complementario del conjunto F. Algunos afios
después, G. Glaeser [46] establecié una versién del Teorema de Extension de Whitney para funciones
de clase C''*” en R", mediante una construccién similar a la de Whitney, que ademds permite obtener
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un buen control del médulo de continuidad de las derivadas de la extensién en términos de la familia
{ fa}\a|§m dada. Por otro lado, J. C. Wells [69] demostré un andlogo del Teorema de Extensién de
Whitney para funciones de clase C'»! en espacios de Hilbert, obteniendo ademaés un control éptimo de la
constante Lipschitz del gradiente de la extension, en términos del 1-jet inicial. La demostraciéon de Wells
se basa en una construccion geométrica muy complicada cuando el dominio es finito y después un pro-
ceso de paso al limite para conjuntos arbitrarios. Mds recientemente, E. Le Gruyer [53] prob6 el mismo
teorema para la clase C'1'! simplificando considerablemente la demostracién de Wells pero utilizando el
Lema de Zorn. Debe también mencionarse que M. Jiménez y L. Sdnchez [S0] demostraron una versién
del Teorema de Extensién de Whitney para funciones de clase C! en espacios de Banach separables que
satisfacen una cierta propiedad relacionada con la aproximacion de funciones Lipschitz por funciones
diferenciables Lipschitz, a saber, que toda funcién 1-Lipschitz puede aproximarse uniformemente por
funciones Lipschitz y de clase C'!' con constante de Lipschitz menor o igual que una constante absoluta
que solo depende del espacio ambiente. Esta clase de espacios incluye, por ejemplo, el espacio de Hilbert
separable. Esta construccién es un refinamiento de una técnica de extension introducida por D. Azagra,
R. Fry y L. Keener [6] para resolver el mismo problema cuando el dominio es un subespacio vectorial
cerrado de un espacio de Banach separable, y en dltima estancia depende de una técnica de extensién
inspirada por el Teorema de Extensién de Tietze y las sup particiones de la unidad introducidas por R.
Fry en [42]]. Finalmente, cabe destacar que J. Ferrera y J. Gémez Gil en [31]] probaron una versioén del
Teorema de Extensién de Whitney para funciones subdiferenciables.

Otro problema relacionado es el Problema de Extension de Whitney para funciones (en contraposi-
cion al problema para jets): dado un subconjunto arbitrario £ de R”, y una funcién f : £ — R (pero sin
candidatos a derivadas) ;qué condiciones sobre f son necesarias y suficientes para la existencia de una
funcién F : R® — R de clase C™ o C™ 1! tal que F = f en E? Ademis, ;qué podemos decir de la
norma de la extensién F' en caso de existir? Este tipo de problemas son mucho mas dificiles de resolver.
El caso C1! fue resuelto por Y. Brudnyi y P. Shvartsman en [20], y la solucién completa al problema
fue dada por C. L. Fefferman en [36] y [37]. Véanse también los trabajos de C. L. Fefferman, A. Israel,
G. K. Luli and P. Shvartsman citados en la Bibliografia para resultados similares en ciertos espacios de
Sobolev.

El problema general sobre el que vamos a trabajar es el siguiente.

Problema. Dado un entero positivo m, un subconjunto arbitrario E'de R y un m-jet { fo }|o|<n, definido
en E, ;qué condiciones necesarias y suficientes sobre { fa}|a\gm garantizarian la existencia de una fun-
cién convexa y de clase C"(R"™) de manera que 0“F = f, en E para todo |a| < m ?

Un problema similar a este ha sido considerado por M. Ghomi [44] y M. Yan [72]], y como conse-
cuencia de sus resultados se sabe que, si £ es compacto y convexo y tenemos una funcién f : £ — R
que admite una extensién C™ (no necesariamente convexa) a todo R™ cuya segunda derivada es definida
positiva en O F, entonces existe una funcion convexa F'y de clase C"" tal que F’ coincide con f en E. Por
supuesto, este resultado es solo una solucién parcial a nuestro problema porque el hecho de que nuestra
funcién de partida tenga Hessiano estrictamente positivo es una hipétesis muy fuerte, que dista mucho
de ser necesaria. Por otro lado, K. Schulz y B. Schwartz [59] caracterizaron las funciones propias y
convexas en R" definidas en dominios convexos que admiten extensiones convexas (no necesariamente
diferenciables) a todo R™. También, B. Mulansky y M. Neamtu [55] probaron que cualquier conjunto
finito de datos en R o en R? que sea estrictamente convexo en un sentido apropiado puede ser interpolado
por un polinomio convexo. Finalmente, mencionemos que O. Bucicovschi y J. Lebl [21]] trabajaron el
problema de extender funciones convexas a la envoltura convexa de sus dominios y que J. M. Borwein,
V. Montesinos y J. Vanderwerff [18]], y L. Vesely y L. Zajicek [66] demostraron que existen espacios
de Banach X de dimension infinita, subespacios cerrados ' C X y funciones continuas y convexas
f + E— R que no admiten ninguna extensién continua y convexa a todo X.

A continuacién describimos el progreso realizado en la solucién al problema en cuestién asi como
las principales consecuencias y aplicaciones de nuestros resultados.
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En el Capitulo[2] damos la solucién completa al problema anterior para funciones convexas de clase
C1#, incluso en espacios de Hilbert, es decir, dado un subconjunto arbitrario E de un espacio de Hilbert
X y dos funciones f : F — Rand G : F — X, damos condiciones necesarias y suficientes sobre
(f,G) para la existencia de una funcién convexa F de clase C1* tal que F,=fyVF, =G la
solucién pasa por definir una nueva condicién necesaria y suficiente (CW1“), una sencilla desigualdad
que solo involucra el médulo de continuidad w, una constante M > 0y los valores de f y G en F.
Esta condicién nos permite dar una formula explicita sencilla para la extensiéon F' garantizando ademas
un control prdcticamente dptimo del médulo de continuidad V F' en términos de (f, G). De hecho, en el
caso C'! se puede asegurar un control éptimo de la constante de Lipschitz de VF. El enunciado preciso
del resultado es el siguiente.

Teorema 2. Dado un subconjunto arbitrario E C X de un espacio de Hilbert X, y dos funciones
f:E =R, G:FE — X, demanera que (f,G) satisface la desigualdad (CW'') con constante
M > 0en E, la formula

F=com(g), g(z) = mf{f(y) +(C)z—y) + Flle—yl’}), zeX,

define una funcién convexa de clase C' en X tal que F,=/f (VF),=GyLip(VF) < M.

e

Esto indica que si definimos M como el menor niimero positivo tal que ( f, G) satisface la condicién
(CW11) con constante M, entonces la extensién F anterior tiene la propiedad de que
Lip(VF) = inf{Lip(VH) : H € Cgn(X), H, = f, (VH)|, = G},

y entonces podemos afirmar que V F' tiene la mejor constante de Lipschitz posible. La formula para la
clase C''“ es similar, y este caso obtenemos el mismo tipo de control salvo un factor 8.

La principal consecuencia de la formula anterior para funciones convexas C'*! es que nos permite
. . . 11 . . .
dar una solucién sencilla y explicita no solo para el problema de extension C¢iny de jets sino también
para el problema general de extensién C'+! de jets en espacios de Hilbert, y con la mejor constante de
Lipschitz posible del gradiente de la extension. En [46] se demuestra que puede obtenerse un control del
tipo
Lip(VF) = k(n) inf{Lip(VH) : H € C"(X), H|, = f, (VH)|, = G},

para extensiones C'1'! en R™, siendo k(n) una constante que depende tnicamente de la dimensi6n y
tiende a oo cuando n tiende a infinito. Por otro lado, la solucidn que se da en [69] y en [S3] son ptimas
en el sentido anterior y son vdalidas para espacios de Hilbert de dimensién infinita, pero la demostracién
de [69] se basa en una construccién geométrica extremadamente complicada y la de [S3]] usa el Lema de
Zorn y por tanto no es constructiva. Con la ayuda de nuestra solucién al problema de extensién C’Cl(;llw
de jets, podemos recuperar los resultados de [46], [69]] y [53]] para funciones C' L1 mediante una formula
explicita sencilla que proporciona una extensién con un control éptimo de la constante de Lipschitz del
gradiente. Para hacer esto, consideramos la condicién necesaria (WW1!), que es una sencilla desigualdad
involucrando s6lamente los valores de f y Gy una constante M > 0y es equivalente a las condiciones
consideradas anteriormente en [69] y [53]. En enunciado exacto de nuestra solucion al problema de
extensién C'! de jets es el siguiente.

Teorema 3. Dado un subconjunto arbitrario E C X de un espacio de Hilbert X, y dos funciones
f:E—=R,G:E— X,demanera que (f,G) satisface la desigualdad (W) con constante M > 0
en I, la formula

F = conv(g) — % - |I%,

g(@) = inf {f(y) +(Gy)z —y) + Ylo =y} + Hlal?, zeX,

define una funcion de clase C**(X) tal que F, =1 (VF), =G yLp(VF) < M.
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Ademds, F' puede tomarse con la propiedad de que
Lip(VF) = inf{Lip(VH) : H € C"'(X), H, = f, (VH)|, = G}.

Por otro lado, toda funcion F € CYY(X) satisface la condicion (W'1) con constante M =
Lip(VF) en todo subconjunto E de X.

Una consecuencia de nuestra solucién al problema general de extensiéon O para jets (que, como
hemos dicho, es una consecuencia de nuestra solucién al problema de extension CLi para jets) es que
nos permite dar una breve demostracién del Teorema de Extension de Kirszbraun [52]] para funciones
Lipschitz entre dos espacios de Hilbert proporcionando ademds una sencilla formula constructiva para la
extension. Véase el Corolario [2.28]en el Capitulo[2]

Por dltimo, hemos encontrado una aplicacién de nuestro teorema de extensién C’cl(’,rl1V en relacion con
la siguiente pregunta natural: dado un subconjunto arbitrario C' de un espacio de Hilbert X y una colec-
cién ‘H de hiperplanos afines de X tal que cada H € H pasa por un punto xy € C, ;qué condiciones
necesarias y suficientes sobre esta familia nos garantizarian la existencia de una hipersuperficie convexa
S en X de clase C1'! tal que H es tangente a S en 277 para todo H € H? Equivalentemente, dado un
subconjunto C' de X y una aplicaciéon N : C — Sx, ;qué condiciones necesarias y suficientes garan-
tizarfan la existencia de cuerpos convexos V en X de clase C'1! tal que C' C 9V y la normal exterior
unitaria a @V coincide con la aplicaciéon N en C'? La condicion pertinente es una desigualdad sencilla
(KW?1) para la aplicacién N; véase el Teorema en el Capitulo

En el Capitulo [3] consideramos el mismo problema que en el Capitulo [2] para la clase de funciones
convexas C1® en espacios superreflexivos, para cierto o € (0,1) adecuado. El Teorema de Renor-
mamiento de Pisier [56] nos dice que todo espacio superreflexivo posee una norma equivalente uniforme-
mente suave con médulo de suavidad de tipo potencia p = 1 + « para algin « € (0, 1). Demostramos
que la condicién (CW 1) es necesaria y suficiente sobre un par de funciones (f,G) : E — R x X
para la existencia de una funcién convexa F' de clase C1 con (F, VF) = (f,G) en E. La expresion
que define F' es similar a las que obtuvimos en espacios de Hilbert y, nuevamente, podemos conseguir
un control prdcticamente dptimo del a-Holder médulo de continuidad de VF en términos de (f,G) y
de una constante absoluta que solo depende del espacio.

Los resultados de los Capitulos [2]y 3| estan publicados en [8], [L1], y [12].

En el Capitulo 4] resolvemos el problema de extender dos funciones convexas f : E — Ry G :
E — X, definidas en un subconjunto arbitrario F de R™ a una funcién convexa F de clase C' tal que
F, = [y VF|, = G, es decir, establecemos una version ClL . del Teorema de Extensién de Whitney
para jets. Empezamos resolviendo el problema cuando el dominio £ es compacto por medio de dos
condiciones nuevas (C) y (CW1!). La condicién (C) significa que la funcién f debe quedar por encima
de los tangentes putativos f(y)+(G(y), - —y) y la condicién (CW?) dice que si dos puntos de la gréfica
de f en F estdn en un segmento contenido en un hiperplano que queremos que sea tangente a la grafica
de la extensién en alguno de esos puntos, entonces los hiperplanos tangentes putativos en ambos puntos

deben coincidir. El enunciado exacto de nuesto resultado para dominios compactos es el siguiente.

Teorema 4. Sea E un subconjunto compacto de R" y sean f : E — R, G : E — R" dos funciones tal
que G es continua. Existe una funcién convexa F de clase C'(R™) con F,=fyVE, =Gsiysolo
si (f,G) satisface las condiciones (C) y (CW?) en E. Ademds, la extensién F puede tomarse con la
propiedad de que Lip(F') < ksupy |G|, donde k es una constante absoluta.

Es importante observar que este tipo de control de la constante de Lipschitz de la extensién F' ni-
camente en términos de GG no puede obtenerse para funciones generales (no necesariamente convexas)
de clase C', en cuyo caso lo mejor que se puede obtener es una estimacién de Lip(F) en términos de

Lip(f) y de supg |G|.

Aligual que en el caso C''+!, una aplicacién geométrica de nuestra solucién al problema de extensién
ClL . para jets definidos en conjuntos compactos es la caracterizacién de aquellos conjuntos compactos
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C de R™ equipados con una aplicacién N : C' — S"~! que pueden interpolarse por fronteras de cuerpos
compactos convexos V' de clase C'' que contienen al origen en su interior y tales que la normal exterior
unitaria a JV coincide con la aplicacién N en C'. Las condiciones pertinentes surgen de traducir de man-
era natural las condiciones (C') y (CW1) al contexto de cuerpos convexos C! mediante el Teorema de
la Funcién Implicita. Este resultado puede compararse con los de [43]], donde M. Ghomi muestra c6mo
construir cuerpos fuertemente convexos de clase C™ prescribiendo subvariedades fuertemente convexas
y planos tangentes. La caracterizacién que probamos nos permite tratar con conjuntos compactos arbi-
trarios en lugar de variedades y también eliminar la hipdtesis de convexidad fuerte.

Destacamos también que, muy recientemente, E. Durand-Cartagena y A. Lemenant [29] han utilizado
el Teorema 4 para demostrar que las curvas fuertemente auto-contractantes de clase C' se caracterizan
por ser soluciones de ecuaciones de flujo de gradiente de funciones convexas de clase C*.

Consideremos ahora el problema cuando nuestro dominio £ C R"™ es arbitrario, y en particular no
necesariamente acotado. Al contrario que el caso compacto, dadas dos funciones f : £ — R, G :
E — R"™ con G continua, la hipétesis de que ( f, G) satisface las condiciones (C) y (CW1) no garantiza
que existan funciones convexas (no necesariamente diferenciables) extendiendo ( f, G) a todo R™, como
demostraremos con ejemplos. No es dificil resolver este inconveniente y basta con afadir una condi-
cién necesaria sobre ( f, G), que en este resumen denotaremos por (E.X ). Sin embargo, todavia tenemos
que resolver un problema mucho més profundo que esta relacionado con el comportamiento global que
pueden tener las funciones convexas diferenciables en R" : la posible presencia de esquinas en el in-
finito. Diremos que el par de funciones (f, G) tiene un esquina en el infinito cuando (f, G) no satisface
la generalizacién natural de la condicién (CW!) que introducimos en el caso compacto (sustituyendo
puntos por sucesiones no acotadas). Por ejemplo, en R? las funciones de clase C! y convexas definidas
en todo R™ que tienen esquinas en el infinito pueden verse como funciones convexas diferenciables cuya
gréfica es tangente en el infinito a la grafica de funciones convexas que no son diferenciables a lo largo
de alguna recta de R%. Y en dimensiones superiores pueden encontrarse mas ejemplos patoldgicos de
funciones convexas diferenciables que tienen esquinas en el infinito en direcciones de subespacios de
dimension k para todo k£ < n. Por otra parte, en [1]] se demostré que las funciones convexas en R” tienen
subespacios univocamente determinados que caracterizan su comportamiento global; lo que significa
que a cada funcién convexa g podemos asociarle un unico subespacio vectorial X, de R" de manera que
g puede escribirse, salvo restar un funcional lineal, como una funcién convexa y coerciva definida en
X, compuesta con la proyeccion ortogonal sobre X ;. Pues bien, resulta que la presencia de esquinas del
infinito en una funcién diferenciable y convexa g fuerza la coercividad esencial de g en las direcciones de
la esquina, es decir, el subespacio X, contiene dichas direcciones. Por estas razones, vamos a enunciar
nuestros resultados de extension no solo para 1-jets (f, G) sino también para un subespacio dado X de
R™ que queremos que represente el comportamiento global de nuestra funcién convexa F' de clase C*
extendiendo el jet (f,G) a todo R™. Lo que necesitaremos serd una variante de la condicién (CW1),
a saber, una condicién (CW1) para (f,G) con subespacio Z, en la que se consideran sucesiones que,
aunque puedan ser no acotadas, sus proyecciones sobre el subespacio Z si estdn acotadas. También
necesitamos suponer que el subespacio Y = span{G(E) — G(E)} de las diferencias de las derivadas
putativas en F estd contenido en el subespacio de partida X. La condiciéon mds técnica que utilizare-
mos podria resumirse informalmente diciendo que, en el caso en que el jet (f, G) no nos proporcione
suficientes datos de diferenciabilidad para que (f,G) cumpla la condicién (CW1) con el subespacio
Y de direcciones putativas, debe haber suficiente espacio en R™ \ E para que podamos afiadir nuevos
datos (B1,w1), ... (Bq,wq) asociados a puntos py, . ..,pg € R™\ E de tal manera que este nuevo jet es
compatible con el problema de extensién convexo (es decir, que se sigue cumpliendo la condicién (C)) y
ademds se satisface la condicién (CW1) con subespacio X. Esta condicién de compatibilidad de nuestro
jet de partida (f,G) en términos de los subespacios X e Y serd denotada en este resumen por (COY).
Veremos que estas condiciones son necesarias y suficientes para la existencia de funciones convexas F'
de clase C! que extienden el jet (f,G) definido en E a todo R™ y tienen un comportamiento global
determinado por el subespacio X. En consecuencia, nuestra solucién al problema de extension convexa
de clase C'! para jets definidos en conjuntos arbitrarios tiene el siguiente enunciado (véase el Capitulo @
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para la definicién exacta de todas estas condiciones necesarias y suficientes).

Teorema 5. Sea E un subconjunto arbitrario de R™, X C R" un subespacio vectorialy f : E — R, G :
E — R" dos funciones tales que G es continua. Denotemos Y = span{G(E) — G(E)}. Existe una
funcion convexa F : R™ — R de clase C tal que F,=f (VF), =G yXp =X, siysolamente si
(f, G) satisface las condiciones (C), (EX), Y C X, (COY)y (CW1) con subespacio X.

El Teorema 5 establece lo que podriamos llamar un Teorema de Extension de Whitney para funciones
convexas de clase C' con comportamiento global prescrito. Esto significa que podemos caracterizar el
comportamiento global de las extensiones diferenciables convexas F' de (f, G) en términos del subespa-
cio generado por las diferencias de derivadas putativas G en E 'y del comportamiento diferencial del jet
(f,G)enE.

También vamos a estudiar la situacion particular en la que la funcién G es acotada en E. En este
caso siempre existen extensiones convexas (no necesariamente diferenciables) y no necesitamos afiadir
la condicién (EX) mencionada anteriormente. Por otra parte, la condicién de compatibilidad (COY)
puede reescribirse, en este caso particular, de tal manera que solo es necesario verificar que la adherencia
E de E es disjunta con la unién de una cierta familia finita de conos. Ademds, podemos garantizar un
control prdcticamente dptimo de la constante de Lipschitz de la extensién en términos de supg, |G|.

Teorema 6. Sea E un subconjunto arbitrario de R, X C R" un subespacio vectorialy f : E — R, G :
E — R"™ dos funciones tales que G es continua y acotada. DenotemosY = span{G(E)—G(E)}. Existe
una funcion Lipschitz y convexa F : R™ — R de clase C' tal que F,=f (VF),=GyXr=X,
si 'y solo si (f,G) satisface las condiciones (C),Y C X,(CW?) con subespacio X y, si Y # Xy
denotamos k = dimY y d = dim X, existen puntos p1,...,p4—r € R \ E, un mimero ¢ € (0,1), y
vectores wi, . .., wq—p € X NY+ normalizados y linealmente independientes tales que

d—k
En|lJVv| =0
j=1

donde, para cada j = 1,...,d — k, se denota V; := {x € R" : e(w;,x —pj) > |Py(z —pj)|}, y
Py : R™ = Y es la proyeccion ortogonal sobre Y .

Ademds, existe una constante absoluta k > 0 tal que, si se satisfacen las condiciones anteriores, la
extension F' puede tomarse de modo que

Lip(F) < rsup |G(y)].
yeE

Al igual que en caso compacto, el Teorema 6 puede usarse para dar respuesta a la siguiente pregunta:
dado un subconjunto arbitrario £ de R™ y una coleccién ‘H de hiperplanos afines de R™ tal que cada
H € H pasa por un punto xy € F, ;qué condiciones son necesarias y suficientes para la existencia de
una hipersuperficie convexa S de clase C! en R” tal que H es tangente a S en 27 para cada H € H?
Equivalentemente, dado un subconjunto £ de R™ equipado con una aplicacién N : E — S~ !, ;qué
condiciones sobre £ y N son necesarias y suficientes para la existencia de un cuerpo convexo V' (no
necesariamente acotado) de clase C'! tal que £ C OV y la normal exterior unitaria a 9V coincida en
FE con la aplicacion N dada? Para responder a esta pregunta proporcionamos una caracterizaciéon que
también prescribe el subespacio de direcciones que queremos que tenga la normal exterior unitaria de
nuestro cuerpo convexo. Més precisamente, dada N : E — S"~! y el subespacio X de R", encontramos
condiciones necesarias y suficientes en términos de N, span(/N (E)) y X, para la existencia de un cuerpo
convexo V de clase C! con 0 € int(V) y E C 0V, con normal exterior unitaria ny, a 9V igual a N en
E'y cumpliendo que X = span(ny (9V)); véase el Teorema4.69|en el Capitulo 4]

Finalmente, destacamos que, muy recientemente, D. Azagra y P. Hajtasz [7] han encontrado una
aplicacién de nuestro teorema de extensién de funciones convexas de clase C! para jets definidos en
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conjuntos arbitrarios al problema de caracterizar la clase de funciones convexas que tienen la propiedad
de Lusin de clase CL,. Mds concretamente, demuestran que una funcién convexa f : R* — R que
no es de clase C! tiene una propiedad de Lusin de tipo CL,, (es decir, que para todo ¢ > 0 existe una
funcién convexa g : R — R de clase C! tal que £ ({z € R" : f(z) # g(x)}) < ¢) siy solosi f es
esencialmente coerciva, i.e., coerciva salvo la resta de un funcional lineal.

Los resultados del Capitulo 4|estdn publicados en [12] y [13].

En el Capitulo[5]consideramos el problema de extensién de funciones convexas de clase C™ para jets
en R”, cuando m > 2. Veremos por medio de ejemplos sencillos que, si el dominio no se supone con-
vexo, el problema es mucho mds complicado que en los casos C'' o C''“. Por este motivo, centraremos
nuestra atencion al caso en el que el dominio E de definicién de nuestro jet es un convexo compacto.
Como hemos dicho anteriormente, siempre existen extensiones convexas de clase C" si suponemos que
nuestro jet tienen segunda derivada putativa estrictamente positiva en JF, gracias a los resultados de
[44]] y [[72]. Esta condicién es claramente no necesaria y debemos considerar otras condiciones en su
lugar. Introduciremos una condicién nueva (C'W™) para m-jets definidos en compactos convexos, que
esencialmente dice que la expresién del Hessiano putativo del jet en cada direccién v € S"~! en términos
de los polinomios de Taylor putativos centrados en puntos y € JF tiene limite inferior mayor o igual
que 0 uniformemente en y € JE y v € S"~!. Aunque esta condicién (CW™) es necesaria sobre un
m-jet para la existencia de extensiones convexas de clase C", daremos ejemplos que demuestran que no
es suficiente, al menos en el caso en el que el dominio E tiene interior vacio. De hecho, esos ejemplos
mostrardn que existen jets de clase C'™ satisfaciendo la condicién (CW?) en E'y sin embargo no tienen
ninguna extensién convexa de clase C2. No obstante, se puede demostrar que si nuestro m-jet cumple la
condicién (C'W™) entonces posee una extensién convexa de clase O™~ "~ en R". Ademds, afiadiendo
algunas condiciones geométricas adicionales sobre el conjunto £ (a saber, que E es la interseccién de
una cantidad finita de ovaloides de clase C""), entonces la condicién (C'W™) garantiza la existencia de
extensiones convexas de clase C™1(R™).

En el Capitulo [f] resolvemos el problema de extensién de funciones convexas de clase C'*° para
Jjets infinitos definidos en dominios compactos y convexos de R™. Por un jet infinito definido en F sim-
plemente entendemos una familia infinita de funciones real valuadas {fa }acmnuqoy)» definidas en E.
Introducimos una nueva condicién (CW°) sobre el jet infinito { fu }ae(nuqo})» > que dice que, para todo
entero m > 2, la familia finita {f4}||<m satisface la condicién (CW™) para el problema C"™ men-
cionada anteriormente. Afortunadamente, y al contrario que en el caso C™ con m finito, esta condicién
(CW ) es necesaria y suficiente para que haya extensiones convexas C'*°, y nuestro principal resultado
para la clase C™ es el siguiente.

Teorema 7. Sea E C R"™ un subconjunto convexo y compacto 'y sea { fa}ae(Nu{o})" un jet infinito en
E. Existe una funcion convexa F de clase C*°(R") tal que O“F = f,, en E para todo multi-indice « si
y solo si el jet { fo }acnujoy)» Satisface la condicion (CW ) en E.

Los resultados de los Capitulos [5]y [6] estdn publicados en [10].
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Introduction

The main topic of this thesis is the differentiable approximation and extension of convex functions in
different Banach spaces.

In Chapter (1| we deal with the problem of approximating convex functions by C'! convex functions
uniformly on Banach Spaces. In R"™, it is well known that convolution with mollifiers provides ap-
proximation of convex functions by smooth convex functions uniformly on compact sets. In Banach
spaces whose dual space has an equivalent LUR (locally uniformly rotund) norm, it is also well known
that infimal convolution techniques provide approximations of convex functions by C'! convex functions
uniformly on bounded subsets. In [[1] a new approximation technique was found which allows to ap-
proximate (not necessarily uniformly continuous) convex functions on R” by smooth convex functions,
uniformly on all of R™. By combining this new technique with the mentioned infimal convolution tech-
nique it also follows that convex functions f which are bounded on bounded subsets of a Banach space
E whose dual has an equivalent LUR norm can be approximated by C'* convex functions g, uniformly on
all of E. However, there are examples of (smooth or nonsmooth) convex continuous functions which are
not bounded on bounded subsets. In this thesis, by means of a refinement of the techniques introduced
in [[1]], we show how to drop the hypothesis that the function f is bounded on bounded subsets, and we
prove the following result.

Theorem 1. Let X be a Banach space whose dual space X* admits an equivalent LUR norm. Let
f : U — R be a convex continuous function defined on an open subset U of X. Given € > 0, there exists
a convex function g : U — R of class C*(U) such that f —e < g < f on U.

Theorem 1 actually follows from a more general result which shows that the problem of approxi-
mating convex continuous functions by C" convex functions defined on open subsets U of X can be
reduced to the problem of approximating Lipschitz convex functions.

Also, as a consequence of these results we establish a new characterization of those Banach spaces
whose dual is separable, namely, a separable Banach space X has dual X* separable if and only every
continuous convex function defined on an open subset of X can be uniformly approximated by C'* convex
functions.

These results have been published in [9].

In the rest of the thesis, we deal with the problem of finding a version for convex functions of the
classical Whitney Extension Theorem [70]. This famous result, for the class C™, provides necessary and
sufficient conditions on a family of real valued functions { fa }|o|<m (Which we call an m-jet) defined on
a closed subset £ C R™ for the existence of a function F' of class C"(R") such that 0°F = f, on E
for every |a| < m. The mentioned conditions are relations between the functions f,, and the putative
Taylor polynomial P, of order m centered at y € E whose coefficients are precisely (fo(y))a, and the
extension F'is defined by means of a formula involving a suitable partition of unity subordinated to a
carefully chosen family of cubes decomposing the complement of E. A few years later, G. Glaeser [46]]
established a version of the Whitney Extension Theorem for functions of class C'* on R", by means
of a construction similar to Whitney’s, which also permits to obtain a good control on the modulus of
continuity of the derivatives of the extension in terms of the given family { fo }|4|</,- On the other hand,
J. C. Wells [69] provided an analogue of the Whitney Extension Theorem for functions of class C'™! in
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Hilbert spaces in which he managed to get an optimal control of the Lipschitz constant of the gradient
of the extension, in terms of the given 1-jet. Wells’s proof involved an intricate geometrical construction
for finite domains and then a limiting process for arbitrary domains. More recently, E. Le Gruyer [153]]
proved the same C'1! theorem simplifying considerably Wells’ proof but making use of Zorn’s Lemma.
Let us also mention that M. Jiménez and L. Sanchez [50] proved a version of the Whitney Extension
Theorem for C' in separable Banach spaces which satisfy a certain property related to the approximation
of Lipschitz functions by smooth Lipschitz functions, namely, that every 1-Lipschitz function can be
uniformly approximated by C'!' Lipschitz functions with Lipschitz constant smaller than an absolute
constant which only depends on the space. This class of spaces includes, for instance, the separable
Hilbert space. This construction refines an extension technique introduced by D. Azagra, R. Fry and
L. Keener [6] in order to solve the same problem when the domain is a closed subspace of a Banach
separable space, and ultimately relies on an extension technique inspired by Tietze’s extension theorem
and the sup partitions of unity which were discovered by R. Fry in [42]]. Finally, let us also mention
that a version of Whitney’s Extension Theorem for subdifferentiable functions has been established by
J. Ferrera and J. Gémez Gil in [31]].

A related issue is the Whitney Extension Problem for functions (as opposed to jets): if we are given an
arbitrary subset £ of R™, and a function f : £ — R (but no candidates for derivatives) what conditions
on f are necessary and sufficient to guarantee the existence of a C™ or a ™! function F' : R — R
such that F¥ = f on E? And what can be said about the norm of the extension F' when it exists?
These questions are much more difficult to deal with. The C''! case was solved by Y. Brudnyi and P.
Shvartsman in [20], and the problem was solved in full generality by C. L. Fefferman in [36l] and [37]].
See also the papers by C. L. Fefferman, A. Israel, G. K. Luli and P. Shvartsman listed in the Bibliography
for similar results for some Sobolev spaces.

The general problem we will be dealing with is the following.

Problem. Given a positive integer m, an arbitrary subset £ of R™ and a m-jet { fa}|a\§m defined on
E, what necessary and sufficient conditions on { fa}|a|gm would guarantee the existence of a convex
function F' of class C™(R™) or C™*(R"™) such that 9*F = f,, on E for every |a| < m ?

A similar problem was considered by M. Ghomi [44] and M. Yan [72]], and a consequence of their
results is that, if £ is compact and convex and we are given a function f : £ — R which admits a C" (not
necessarily convex) extension to the whole R" whose second derivative is positive definite on OF, then
there exists a C"™ convex function F’ which extends f from E. Of course, this is only a partial solution to
our problem, as strictly positiveness of the Hessian is a very strong assumption, which is far from being
necessary. On the other hand, K. Schulz and B. Schwartz [S9] provided a characterization of those proper
convex functions on R™ defined on convex domains which admit convex (not necessarily differentiable)
extensions to all of R™. Also, B. Mulansky and M. Neamtu [55]] proved that any finite subset of data R or
R? which is strictly convex in an appropriate sense can be interpolated by a convex polynomial. Finally,
let us mention that O. Bucicovschi and J. Lebl [21] studied the problem of extending convex functions
to the convex hull of their domain, and that J. M. Borwein, V. Montesinos and J. Vanderwerff [18]],
and L. Vesely and L. Zajicek [66] showed that there are infinite-dimensional Banach spaces X, closed
subspaces E C X and continuous convex functions f : £ — R which have no continuous convex
extensions to X.

Let us now describe our progress in the solution to the mentioned problem as well as the main
consequences and applications of our results.

In Chapter we give a full solution to the above problem for convex functions of class C''*, even in
the setting of Hilbert spaces, that is, given an arbitrary subset F of a Hilbert space X and two functions
f:EF—Rand G : F — X, we give necessary and sufficient conditions on (f, G) for the existence
of a convex function F of class C''** so that F, = fand VF|, = G. In order to do this, we define a
new necessary and sufficient condition (CW 1), a simple inequality which only involves the function
w, a constant M > 0 and the values of f and GG on E. This condition allows us to provide a simple and
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explicit formula for the extension F' and obtain an almost optimal control on the modulus of continuity
of VF in terms of (f, G). In the C'*! case our result provides optimal control of the Lipschitz constant
of VF'. More precisely we have the following.

Theorem 2. Given EE C X an arbitrary subset of a Hilbert space X, and two function f : E — R, G :
E — X, such that (f, G) satisfies the inequality (CW 1) with constant M > 0 on E, then the formula

F=com(g), g(x)=nf{f(s) +(Glw)w—y)+ Y e’} weX,

defines a O convex function with F,=f, (VF), =Gand Lip(VF) < M.

This indicates that if we define M/ as the smallest positive number for which ( f, G) satisfies condition
(CW 1) with constant M, the extension F above has the property that

Lip(VF) = inf{Lip(VH) : H € C4;(X), H, = f, (VH), = G},

and then we one can say that VF has the best possible Lipschitz constant. The formula for C%¢ is
similar, and in this case we obtain the same kind of control up to a factor 8.

The main consequence of the above formula for Ccl(;,iv functions is that it allows us to give simple and
explicit solution not only for the Ccl(;rlw extension problem for jets but also for the general C L1 extension
problem for jets in Hilbert spaces, and with the best possible Lipschitz constant of the gradient of the
extension. In [46] it is proved that a control of the type

Lip(VF) = k(n) inf{Lip(VH) : H € C"(X), H|, = f, (VH),, = G},

can be obtained for C'*! extensions on R™, where k(n) depends on the dimension and tends to oo as n
grows large. On the other hand, the solutions given in [69] and [53]] are optimal in the above sense and
are valid for infinite dimensional Hilbert spaces, but the proof in [69] relies on a extremely complicated
geometrical construction and the proof in [53]] is not constructive as it relies on Zorn’s Lemma. With
the help of our solution to C’Cl(;rlw extension problem for jets, we can recover the results in [46], [69] and
[53]) for C*! functions by means of a simple and explicit formula which provides an extension with an
optimal control of the Lipschitz constant of the gradient. In order to do this, we consider a necessary
condition (W), which is a simple inequality only involving the values of f and G and a constant
M > 0 and is equivalent to the conditions considered before by [69] and [53]]. Our result for the C L1
extension problem for jets reads as follows.

Theorem 3. Given E C X an arbitrary subset of a Hilbert space X, and two functions f : E — R, G :
E — X, such that (f, G) satisfies the inequality (W'1) with constant M > 0 on E, then the formula

F = conv(g) — 5| - I,

g(@) = it {f(y) +(Gy)z —y) + Gl —yl*} + Flzl?, zeX,

defines a CV(X) function with F|,, = f, (VF)|, = G, and Lip(VF) < M.
Moreover, F' can be taken so as to satisfy

Lip(VF) = inf{Lip(VH) : H € C"(X), H, = f, (VH),,, = G}.

On the other hand, every F € C11(X) satisfies (W'1) with M = Lip(VF) on every subset E of
X.

As a consequence of our solution to the C'1! extension problem for general jets (which, in turn, is
a consequence of our solution to the Ccl(;rlw extension problem for jets) we can give a short proof for the
Kirszbraun Extension Theorem [52] for Lipschitz mappings between two Hilberts spaces providing, in
addition, a constructive and simple formula for the extension; see Corollary [2.28]in Chapter 2]
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Finally, we have found a geometrical application of our C’clg,%v extension theorem concerning the
following natural question: given an arbitrary subset C' of a Hilbert space X and a collection # of affine
hyperplanes of X such that every H € H passes through a point 2z € C, what conditions are necessary
and sufficient for the existence of a C'! convex hypersurface S in X such that H is tangent to S at z
for every H € H? Equivalently, given a subset C' of X and a mapping N : C' — Sx, what conditions
are necessary and sufficient to ensure the existence of C'1'! convex bodies V' such that C' C OV and the
outer unit normal to OV coincides with the given mapping N on C? The pertinent condition is a simple
inequality (X W?'1) for the mapping N; see Theorem in Chapter

In Chapter we consider the same problem as in Chapterfor the class of C'1'® convex functions in
superreflexive spaces, for suitable « € (0, 1). By Pisier’s renorming Theorem [56], every superreflexive
space has an equivalent norm which is uniformly smooth with modulus of smoothness of power type
p = 1+ a for some a € (0,1). It is proved that condition (CW ) is necessary and sufficient on a
pair of functions (f,G) : E — R x X for the existence of a convex function F of class C1® with
(F,VF) = (f,G) on E. The formula defining F' is similar to the ones we obtained in Hilbert spaces
and, again, we can arrange an almost optimal control on the a-Holder modulus of continuity of VF' in
terms of (f, G) and of an absolute constant depending only on the space.

The results of Chapters 2] and [3] are contained in the papers [8]], [L1], and [12].

In Chapter 4] we solve the problem of extending two functions f : E — Rand G : E — X, defined
on an arbitrary subset of E of R" to a C!' convex function F' such that F, = fand VF_, = G, that
is, we establish a CL, Whitney Extension Theorem for jets. We first solve this problem when F is a
compact subset by introducting two new conditions (C) and (CW!). Condition (C) tells us that f must
lie above the putative tangents f(y) + (G(y), - — y) and condition (CW1) tells us that if two points of
the graph of f lie on a line segment contained in a hyperplane which we want to be tangent to the graph
of an extension at one of the points, then our putative tangent hyperplanes at both points must be the

same. Our main result for compact domains reads as follows.

Theorem 4. Let E be a compact subset of R" and f : E — R, G : E — R" be two mappings
such that G is continuous. There exists a convex function ' € C'(R™) with F,=fadVF, =G
if and only if (f,G) satisfies the conditions (C') and (CW?) on E. In addition, we can arrange that
Lip(F) < ksupg |G|, where k is an absolute constant.

It is worth mention that this kind of control of the Lipschitz constant of the extension F’ solely in
terms of G cannot be obtained for general (not necessarily convex) C! functions, in which the best
possible estimation of Lip(F') is in terms of Lip(f) and supy |G|.

As in the C'! case, we have found a geometrical application of our solution to the CL extension
problem concerning characterizations of those compact subsets C' of R™ equipped with a mapping NV :
C — S™~! which can be interpolated by boundaries of C'! compact convex bodies V' which contains the
origin as an interior point and such that the outer unit normal to V' coincides with the given mapping N
on C. The pertinents conditions are the natural translation of conditions (C') and (CW1) to the setting
of C'!' convex bodies via the Implicit Function Theorem. This result may be compared to [43], where
M. Ghomi showed how to construct C"™ smooth strongly convex bodies with prescribed strongly convex
submanifolds and tangent planes. Our characterization allows us to deal with arbitrary compacta instead

of manifolds, and to drop the strong convexity assumption.

Let us also mention that, very recently, E. Durand-Cartagena and A. Lemenant [29] have used the
Theorem 4 in order to prove that strongly self contracted curves of class C1'® can be characterized as
being solutions to gradients flow equations of C'! convex functions.

Let us now consider the case when our domain E' C R™ is arbitrary, and in particular not necessarily
bounded. Unlike the compact case, if we are given two functions f : £ — R, G : £ — R" with G
continuous, the assumption that ( f, G) satisfies conditions (C') and (CW1) does not ensure the existence
of convex (not necessarily differentiable) extensions to all of R™, as we will see in examples. It is not
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difficult to deal with this inconvenient and it is enough to assume an extra necessary condition on ( f, G)
which we denote momentarily by (£X ). However we still need to deal with a much harder problem
which is related to the global behaviour of differentiable convex functions on R": the possible presence
of corners at infinity. We will say that the pair (f, G) has a corner at infinity if the natural generalization
of condition (CW1) (replacing points with unbounded sequences) fails to be satisfied for (f, G). For
instance, in R?, the C'' convex functions defined everywhere which have corners at infinity can be seen
as differentiable convex functions whose graphs are tangent at infinity to graphs of convex functions
which are not differentiable along some lines in R?. More pathological examples of functions which
have corners at infinity in directions of subspaces of dimension k for every £ < n can be given in
higher dimensions. On the other hand, in [1] it was proved that convex functions on R™ have uniquely
determined subspaces that characterize their global behaviour; this means that one can associate to each
convex function g a unique subspace X, of R" in such a way that g can be written, up to substracting a
linear function, as the composition of a coercive convex function on X, with the orthogonal projection
onto X . The presence of corners at infinity for a differentiable convex function g forces the essential
coercivity of g in the directions of the corner, that is, the subspace X, contains those directions. For these
reasons we formulate our extension theorem not only for single 1-jets ( f, G) but also for a given subspace
X of R™ which we want to represent the global behaviour of our C'! convex extension F' of (f,G). We
will need to define a variant of the condition (C'W1), namely condition (CW1) for (f, G) with subspace
Z, in which we consider (possibly unbounded) sequences with bounded projection onto Z. We will need
to assume that the subspace Y = span{G(E) — G(FE)} of the differences of the putative derivates on E is
contained in the given X. The most technical condition that we will need to assume could be informally
summed up by saying that whenever the jet (f, G) does not provide us with enough differential data
so that condition (CW1) is satisfied for (f, G) with subspace Y, then there has to be enough room on
R™\ E so we can define new jets (31, w1), ... (84, wy) associated to points pq, . ..,pg € R™\ E in such
a way that this new jet is compatible with the convex extension problem (that is, satisfies condition (C))
and does satisfy condition (CW1!) with subspace X. This condition of compatibility of our given jet
(f, G) in terms of the subspaces X and Y will be denoted here by (COY). All these conditions happen
to be necessary for the existence of C! convex functions F which extend the jet (f, G) from E and
have global behaviour determined by X. In conclusion, the solution to the C'* convex extension problem
for jets defined on arbitrary subsets reads as follows (see Chapter [] for the precise definitions of these
necessary and sufficient conditions).

Theorem 5. Let E be an arbitrary subset of R, X C R" a linear subspaceand f : E - R, G : F —
R™ two functions such that G is continuous. Let us denote Y = span{G(E) — G(E)}. There exists a
convex function F : R™ — R of class C' such that B, =f (VF), =G, and Xr = X, if and only if
(f, G) satisfies the conditions (C), (EX), Y C X, (COY) and (CW?') with subspace X.

The above theorem establishes what one could call a C' Whitney Extension Theorem for convex
functions with prescribed global behaviour. This means that we can characterize the global behaviour of
the C'!' convex extension F in terms of the subspace generated by the putative derivatives G on E and of
the differential behaviour of the pair (f,G) on E.

We will also study the particular case when the function G is bounded on F. In this case there always
exist convex (not necessarily differentiable) extensions and we do not need to assume the mentioned
condition (EX). On the other hand, the condition of compatibily (CO¥) can be reformulated in such
a way that we only need to check that the closure E of E does not intersects a union of a certain finite
family of cones. In addition, we can provide an almost optimal control of the Lipschitz constant of the
extension in terms of supg |G|.

Theorem 6. Let E be an arbitrary subset of R, X C R" a linear subspaceand f : E - R, G : £ —
R™ two functions such that G is continuous and bounded. Let us denote Y = span{G(E) — G(E)}.
There exists a Lipschitz convex function F' : R® — R of class C' such that F,=f (VF), =G,
and X = X, if and only if (f,G) satisfies conditions (C),Y C X,(CW?1) with subspace X and, if
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Y # X and we denote k = dimY and d = dim X, there exist points p1, . ..,pq_r € R"\ E, a number
e € (0,1), and linearly independent normalized vectors wy, . .. ,wq_ € X NY " such that

d—k
EnlUWw] =0
j=1

where, for every j =1,...,d — k, we denote V; := {x € R" : e(wj,z — p;) > |Py(z — p;)|}, where
Py : R"™ = Y is the orthogonal projection onto 'Y .
Moreover, there exists an absolute constant k > 0 such that, whenever these conditions are satisfied,

the extension F' can be taken so that

Lip(F) < rsup |G (y)|-
yerR

As in the compact case, we can use the above result to answer the following question: given an
arbitrary subset £/ of R™ and a collection H of affine hyperplanes of R" such that every H € H passes
through a point x € E, what conditions are necessary and sufficient for the existence of a C' convex
hypersurface S in R such that H is tangent to S at xy for every H € H? Equivalently, given a subset
E of R™ equipped with a mapping N : E — S"!, what conditions on E and N are necessary and
sufficient for the existence of a C'! convex body V' (not necessarily bounded) such that £ C 9V and
the outer unit normal to JV coincides with the given N on E? As a matter of fact we will answer to
these questions by providing a characterization which also takes into account the directions that we want
the outer unit normal of our convex body to have. That is, given N : £ — S"~! and a subspace X we
find necessary and sufficient conditions, in terms of N, span(N(E)) and X, for the existence of a C
convex body V' with 0 € int(V') and E C 9V, with outer unit normal ny to OV equal to N on E and
X = span(ny (9V)); see Theorem [4.69]in Chapter [4]

Finally, let us mention that an application of our solution to the C' convex extension problem for
jets defined on arbitrary domains to the question of characterizing the class of convex function which
have the Lusin property of class CL , has been found by D. Azagra and P. Hajtasz [7]. They have
proved that a convex function f : R® — R which is not of class C'! has a Lusin property of type
ClL ., (meaning that for every ¢ > 0 there exists a convex function g : R® — R of class C* such
that £ ({x € R": f(x) # g(x)}) < ¢) if and only if f is essentially coercive, i.e., coercive up to
substracting a linear function.

The results of Chapter are contained in the papers [[12] and [[13].

In Chapter [5] we consider the C"™ convex extension problem for jets on R™, when m > 2. We will
see, by means of easy examples, that if the domain is not assumed to be convex, the situation gets much
more complicated than in the C* or O case. For this reason we will restrict our attention to the case
when the domain F of definition of our jet is convex and compact. As we have said before, there always
exist convex extensions of class C" if we assume that our jet has a putative second derivative which is
strictly positive on JF, thanks to the works in [44] and [72]]. This condition is far from begin necessary
and some other assumptions must be made in its place. We define new conditions (CW™) for m-jets
defined on compact convex subsets, which essentially tell us that the expression of the putative Hessian
at every direction v € S?~! in terms of the putative Taylor polynomial centered at points y € OF has
lim inf greater than or equal 0, uniformly on y € OE and v € S"~!. Although this condition is necessary
for the existence of a C™ convex extension of the m-jet, we show, by means of examples, that this
condition is no longer sufficient, at least when the set E' has empty interior. In fact, we will see examples
of functions of class C°° which satisfy the condition (CW?3) on E and yet has no convex extension of
class C2. Nevertheless, we show that if our m-jet satisfies (CTW™) then it has a convex extension of
class C"™ "1 to R™. Moreover, if we make further geometrical assumptions on the set E (namely, that
E is the intersection of a finite number of ovaloids of class C™), then condition (C'W™) guarantees the
existence of a convex extension of class C™~1(R™).
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In Chapter[6] we solve the C° convex extension problem for infinite jets on compact convex subsets
of R™. Here, by a infinite jet on Z we merely understand an infinite family of real valued functions
{fa}aemu{oy)» defined on E. We introduce a new condition (CW ) on the infinite jet { fo }aemuio})n
which says that, for every integer m > 2, the finite family { fo }|o|<n, satisfies the condition (C'W™) for
the C™ problem mentioned above. Unlike the C™ case, for m finite, this condition (CTV/°°) is necessary
and sufficient for the existence of C'*° convex extensions, and our main result for the C°° class reads us
follows.

Theorem 7. Let E C R" be a convex compact subset and { foz}ae(Nu{o})n be a infinite jet on E. There
exists a convex function F of class C*°(R™) with 0“F = f, on E for every multi-index o if and only if
{fa}aemu{oy)» satisfies condition (CW ) on E.

The results of Chapters [5|and [6] are contained in the paper [10].
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Chapter 1

C'! approximation of convex functions on
Banach spaces

1.1 Introduction and main results

It is no doubt useful to be able to approximate convex functions by smooth convex functions. In R"”,
standard techniques (integral convolutions with mollifiers) enable us to approximate a given convex
function by C'*° convex functions, uniformly on compact sets. If a given convex function f : U C
R™ — R is not Lipschitz and one desires to approximate f by smooth convex functions uniformly on the
domain U of f, then one has to work harder as, in absence of strong convexity of f, partitions of unity
cannot be used to path local approximations into a global one without destroying convexity. In a recent
paper [1]] D. Azagra devised a gluing procedure that permits to show that global approximation of (not
necessarily Lipschitz or strongly) convex functions by smooth (or even real analytic) convex functions is
indeed feasible. The main result in this direction is the following.

Theorem 1.1 (D. Azagra, [[1l]). Let U be an open convex subset of R, let f : U — R be a convex
function and let € > 0. There exists a real analytic convex function g : U — Rsuchthat f —e < g < f
onU.

We also refer to [47] and [62] for information about this problem in the setting of finite-dimensional
Riemannian manifolds, and to [3, 3] for the case of infinite-dimensional Riemannian manifolds.

In this chapter we will consider the question whether or not global approximation of continuous
convex functions can be performed in Banach spaces. Let us briefly review the main techniques available
in this setting for approximating convex functions by smooth convex functions. On the one hand, there
are very fine results of Deville, Fonf, Hdjek and Talponen [27} 28] [32]] showing that if X is the Hilbert
space (or more generally a separable Banach space with a C™ equivalent norm) then every bounded
closed convex body in X can be approximated by real-analytic (resp. C"" smooth) convex bodies. Via
the implicit function theorem this yields that for every convex function f : X — R which is bounded
on bounded sets, for every € > 0, and for every bounded set B C X, there exists a C"* smooth convex
function g : B — R such that |f — g| < € on B. Unfortunately, these approximations g are only defined
on a bounded subset of X, so they cannot be used along with the techniques of [1] to solve the global
approximation problem we are concerned with.

On the other hand, if f : X — R is convex and Lipschitz and the dual space X* is LUR (we refer
the reader to [26, [33]] for any unexplained terms in Banach space theory), then it is well known that the
Moreau-Yosida regularizations of f (also called the Moreau envelope of f, see the book by Rockafellar
and Wets [58])), defined by fi(z) = infyex{f(y) + 55/lz — y[|?} forz € X, X > 0, are C'! smooth
and convex, and approximate f uniformly on X as A — 07 (see the proof of Theorem below). If
f is not Lipschitz but it is bounded on bounded subsets of X, then the f) approximate f uniformly on
bounded subsets of X. And, if f is only continuous, then the convergence of the f) to f is uniform only
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on compact subsets of X. By combining the gluing technique of [[1, Theorem 1.2] with these results, one
can deduce the following.

Theorem 1.2. [1, Corollary 1.5] Let U be an open convex subset of a Banach space X such that X* has
an equivalent LUR norm. Then, for every real number ¢ > 0 and every convex function f : U — R which
is bounded on bounded subsets B such that dist(B, 0U) > 0; there exists a convex function g : U — R
of class CY(U) such that f —e < g < f on U.

However, as shown in [17, Theorem 2.2] or [19, Theorem 8.2.2], for every infinite-dimensional
Banach space X there exist continuous convex functions defined on all of X which are not bounded on
bounded sets of X. There are plenty of such examples, and they can be taken to be either smooth or
nonsmooth.

Example 1.3. Consider X = /.

(1) The function f(x) = >_°° | |z,|*" is real-analytic on X, but is not bounded on the ball B(0,2) of
center 0 and radius 2 in X.

(2) If ¢ : [0,00) — [0,00) is a convex function such that ¢t < ¢(t) < 2¢ and ¢ is not differentiable at
any rational number, then it is not difficult to see that the function g(z) = >"°° ; ¢(|z,|)?" is continuous
and convex on X, is not bounded on B(0, 2), and the set {x € X : g is not differentiable at x} is dense.

In view of these remarks, even in the case when X is the separable Hilbert space, the following result
is new.

Theorem 1.4. Let U be an open convex subset of a Banach space X such that X* has an equivalent
LUR norm. Then, for every real number ¢ > 0 and every continuous and convex function f : U — R,
there exists a convex function g : U — R of class CY(U) such that f —¢ < g < fonU.

This will be proved by combining the above mentioned result on the Moreau-Yosida regularization
of a convex function with the following refinement of [1, Theorem 1.2] which tells us that, in general, the
problem of global approximation of continuous convex functions by C" smooth convex functions can
be reduced to the problem of global approximation of Lipschitz convex functions by C" smooth convex
functions.

Theorem 1.5. Let X be a Banach space with the following property: every Lipschitz convex function
on X can be approximated by convex functions of class C™, uniformly on X. Then, for every U C X
open and convex, every continuous convex function on U can be approximated by C™ convex functions,
uniformly on U.

In order to know whether or not similar results are true for higher order of smoothness classes, and
in view of Theorem|[I.5]above, one would only need to solve the following problem.

Open Problem 1.6. Let X be a Hilbert space (or in general a Banach space possessing an equivalent
norm of class C™), f : X — R a Lipschitz and convex function, and € > 0. Does there exist p : X — R
of class C* (resp. C™) and convex such that |f — p| < eon X?

As a matter of fact, by combining Theorem [I.5]and the proof of [1, Theorem 1.2], it would also be
enough to solve the following.

Open Problem 1.7. Let X be a Hilbert space (or in general a Banach space possessing an equivalent
norm of class C™), f : X — R a Lipschitz and convex function, B a bounded convex subset of X, and
€ > 0. Does there exist g : X — R of class C*° (resp. C™) and convex such that g < f on X, and
f—-e<gonB?
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1.2 Proof of the C'! approximation theorem

In this section we present the proofs of Theorems and[1.4] Let us first recall a couple of tools from
[LL].

Lemma 1.8 (Smooth maxima). For every ¢ > 0 there exists a C*> function M, : R> — R with the
following properties:

1. M. is convex;

max{z,y} < Me(z,y) < max{z,y} + 5 forall (x,y) € R2.
M. (z,y) = max{z,y} whenever |z —y| > ¢.

Mc(z,y) = Mc(y, ).

Lip(M.) = 1 with respect to the norm || - ||oo in R2.

S N

y—e<z<az = M(z,y) < M (2, y).

N

r—e<y<y = M(z,y) < M:(z,y).

8 <o y<y = M(z,y) < M(2,y), with a strict inequality in the case when both x < x’
andy <y

We call M, a smooth maximum. In order to prove this lemma, one first constructs a C'* function
0 : R — (0,00) such that:

1. 6(t) = |t| if and only if || > &;
2. 0 is convex and symmetric;
3. Lip(0) =1,

and then one puts

r+y+0(x—
Ms(xay) = Y 2( y)'

See [1, Lemma 2.1] for details. Let us also restate Proposition 2.2 from [[1]].

Proposition 1.9. Let U be an open convex subset of X, M. as in the preceding Lemma, and let f, g :
U — R be convex functions. For every € > 0, the function M.(f,g) : U — R has the following
properties:

1. M.(f,g) is convex.

22 If fisCm™on{x: f(x) > g(x)—ctand gis C™ on {x : g(x) > f(x) — e} then M(f,g) is C™
on U. In particular, if f,g are C™, then so is M.(f, g).

3 Mc(f.9)=Tiff=zg+e
Mc(f,9)=gifg=f+e

max{f, g} < Mc(f,g) < max{f,g} +¢/2.
M:(f,9) = M:(g, f)-

7. Lip(M.(f, g)|B) < maX{Lip(f|B),Lip(g|B)}for every ball B C U (in particular M(f, g) pre-
serves common local Lipschitz constants of f and g).

IS

8. If f, g are strictly convex on a set B C U, then so is M:(f, g).
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9. If f1 < faand g1 < ga then M(f1,91) < Mc(f2, g2).

We are now ready to prove our results. The norm on X will be denoted by || - ||

Proof of Theorem|[[.3] Given a continuous convex function f : U — R and € > 0, we define, for each
neN,

E, = {x € U] f is n-Lipschitz on an open neighbourhood of = }.

It is obvious that F,, is an open subset of U and F,, C E,,;1 for every n € N. Since f is continuous and
convex, f is locally Lipschitz and then, for every point = € U, there is an open set x € U, C U and a

positive integer n for which f is n-Lipschitz on U,. This proves that U = [ J;. ; E,,. Now we set

fn: X — R

. n € N.
z +— infycy{f(y) +nllz —yll} .

Claim 1.10. For every n € N, the function f, has the following properties:
(i) fn< fonl.
(it) fn is n-Lipschitz on X.
(iii) fn is convex on X.
(iv) f = fnon E,. Inparticular, f,, = fpn+1 0n E,,.

Proof of Claim Although the first three statements are well-known facts about infimal convolution
on Banach spaces (see [64] for a survey paper on these topics) we expose their proofs for the reader’s
convenience. The statement (7) is obvious by the definition of f,,.

(i7) Given z,z € X and ¢ > 0 we can find y € U such that f,,(z) > f(y) + n||z — y|| — . This yields
fa(x) = fo(2) < f(y) +nllz —yll = fu(z) < nlle—yll = nllz -yl +e < nfle - 2] +e
This shows that f,,(z) — frn(2) < n|jz — z|| and reversing x and z gives | f,,(z) — fn(2)| < n|jz — z]|.
(741) Given x, z € X and € > 0 we can find points ., y. € U such that
fn() = f(Ya) +0llz — gl - and  fo(2) = f(y2) +nllz —y:] — e

Fix A € [0,1]. Since U is convex we have Ay, + (1 — A\)y, € U. Using the last inequalities and the
convexity of f, we can write
fn()‘l' + (1 - )‘)Z) < f()‘ya: + (1 - /\)yz) + TLH)\(SL’ - ya:) + (1 - )\)(Z - yz)”
<A () + (1= A f(y) + Anllz = yall + (1= N)nllz -y
< Afn(@) + (1= X fu(z) + 2.
Since ¢ is arbitrary, the above shows that f,, is convex on X.

(1v) We only need to check that f < f,, on E,,. Let x be a point of E,, and let U, be an open subset of
U containing x for which f is n-Lipschitz on U,. Then the function h, : U — R given by

ha(y) = f(y) +nllz —y|[ — f(z), forall yeU,

has a local minimum at the point z, where h,(z) = 0. Because f is convex, h; is convex as well and
then this local minimum is in fact a global one, and therefore f(z) < f(y)+n|lx —y|| forally € U. O
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Since f, is Lipschitz, by assumption, for each n € N we can find a function h,, of class C™(X) and
convex such that

n—1 n—2
9 S 3
Jj= Jj=0

Note that Claim[I.10]together with the inequalities (L.2.1]) yield

<h, on E, and h, < f— Z——— on U. (1.2.2)

£
27 2n

Now, using the smooth maxima of Lemma we define a sequence {gy, }»>1 of functions inductively
by setting g1 = hq and g, = M, 10n (gn—1,hn), for all n > 2. According to Proposition we have
that each g, is convex and of class C"" on X. We also know that

€
max{gn—1,n} < gn < max{gn—1,hn} + Ton on X (1.2.3)

and

gn(x) = max{gn—1(x), hn(x)} whenever |g,—1(z)— hy(z)| > (1.2.4)

= o
In addition, the sequence { gy, }»>1 satisfies the following properties.

Claim 1.11. For every n > 2, we have
(i) f—s—%—---—y% < gnon E,.
(ii) gn = gn—10n Ep_q.

(iii) gn < f— 5+ 5+ + 15 on U.

Proof of Claim[I.11] Property (i) is an obvious consequence of inequalities (I.2.2) and (1.2.3). The
statement (4¢) can be proved as follows. Given z € E,,_;, we have that f,,(z) = f,,—1(x) by Claim
It is clear from (1.2.3) that g,,_1(z) > hy—1(2) and then, using (I.2.T)), we obtain

n—2 n—2
90-1(2) 2 huoa(@) 2 farr (@) = D0 o = Fal@) = Y 55 2 hal@) + o7 2 ha(@) + 1o
7=0 7=0

This implies that g,,(z) = gn—1(z) by virtue of (I.2.4). We next show (7i¢) by induction. In the case
n = 2, the functions f, hy, ho and g; satisfy

glzhlgf—% and h2§f—e—i on U

thanks to ([.2.2). Since ga = M, 192(g1, h2) these inequalities lead us to

9 9

<max{f(e) —e =2 f@) - Sh+ 5 = f(0) - S+

< T e
g2(z) < max{ha(x),g1(x)} + 1 5 02 2 102

€
102
for every x € U. This proves the statement for n = 2. Now we assume that for an integer n > 2 we have
(i4i), and we check that the same holds for n + 1. Let us fix z € U. From (1.2.3) we have

9
gn+1(®) < max{hn41(z), gn(z)} + 10n+1

The induction hypothesis and (I.2.2) with n + 1 in place of n gives the following two inequalities

9o(x) < J(@) = 5+ 155
j=2
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n—1
€ €
hns1(z) < f(z) — 2 omil
j=0
Combining the three above inequalities it follows
e 5 £ - € 5 e o«
gn+1(x) <max f(z) — 5 2n+1,f(:c)—§+ 1 +10n+1 :f(a;)—§+zloj.
§=0 j=2 j=2
and this proves (7ii) with n + 1. O

Our approximating function is defined by

g(x) = lim gp(x) forall zeU.
n—o0
Claimtells us that g,1r = gn on each E, for all £ > 1. It is then clear that g is well defined and
g = gn, on E, for all n. Thus g coincides on F,, with a function of class C"*, where each F,, is an open
subset of U and U = | J,2 | E,,. This shows that g is of class C" on U. Moreover the function g, being
a limit of convex functions, is convex as well. To complete the proof of Theorem [I.5]let us see that
f—2¢ < g < fonU.Indeed, let z € U and take an integer n > 2 for which = € E,,. Using Claim[I.11]
and the fact that g,,(z) = g(z) we obtain

|
—
3

n
9

fl@)=2e< f(a) =) o5 <

.
Il
=)

<
||
N

Therefore f —2e < g < fonU. O

Proof of Theorem[[.4] Theorem [I.4] actually is a corollary of Theorem because a Banach space X
whose dual X* is LUR has the approximation property mentioned in the hypotheses of Theorem [I.5]for
the class C'*. This can be shown by using the infimal convolutions

o) = it {100 + g5l -l

where || - || is an equivalent norm in X whose dual norm is LUR. It is well known that if f is convex
and Lipschitz then fy is C' smooth and convex, and converges to f uniformly on X, as A — 0. For
the smoothness part of this assertion, see [34, Proposition 2.3]. On the other hand, we next offer a
proof of the fact that if f is Lipschitz then f) converges to f uniformly on X as A — 07. Observe
first that in this case the infimum defining f)(z) can be restricted to the ball B (x, 2\Lip(f)); indeed, if
d(x,y) > 2ALip(f) then we have

f(y) + 5d(w y)? > f(z) — Lip(f)d(z,y) + 5d(w y)? > f(z) > fil).

Now, one has

0< f(@) - fale) = fl@)—  inf (f)){f(y) L, y>}

y€eB(z,2\Lip 2\
< sw {\f(ﬂf) <>+d<scy>}

y€B(x,2A\Lip(f))
(2ALip(f))?

< Lip(f) (2ALip(f)) + o

and the last term converges to 0 as A — 07, so the assertion is proved. O
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1.3 A characterization of Banach spaces with separable duals

From Theorem [I.4] we will also deduce the following characterization of the class of separable Banach
spaces for which the problem of global approximation of continuous convex functions by C'' convex
functions has a positive solution.

Corollary 1.12. For a separable Banach space X, the following statements are equivalent.
(i) X* is separable.

(i) For every U C X open and convex, every continuous convex function f : U — R and every real
number ¢ > 0, there exists g : X — R of class C*(U) and convex such that f —¢ < g < fonU.

Proof. (i) = (ii): If X* is separable, it is well known (see [33| Theorem 8.6] for instance) that there
is an equivalent norm in X whose dual norm is LUR on X*, and therefore by using Theorem we
obtain (7).

(i) == (i): Take a convex function ¢ € C'(X) such that

1
2| — 1 <p(x) <|z|| forall ze X.

It is easy to construct a function h € C'(R) such that h(z) = 1 for all z < 0 and h(z) = 0 for all
x > 3/4. Now, if we define the function 1) := ho (it is obvious that ¢ is of class C' (X) with 1(0) = 1.
We also note that if ||z|| > 1, then ¢(x) > 3/4 and this implies that ¢)(x) = 0. This shows that v is a
bump function of class C'(X). Because X is separable, and according to [33, Theorem 8.6], the dual
space X * is separable too. O
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Chapter 2

C'1w extensions of convex functions in
Hilbert Spaces

Throughout this chapter, by a 1-jet defined on £ C X, where X is a Hilbert space, we will understand a
pair of functions f : £ - Rand G : £ — X.

2.1 The C'! and Cgpy extension problem for jets

Let us first recall the C1! version of the classical Whitney extension theorem, see [70} 146, 163] for
instance.

Theorem 2.1 (C! Whitney-Glaeser Extension Theorem). If E is a subset of R" and we are given
functions f : E — R, G : E — R™, then there exists a function F € CY1(R™) with F = f on E and
VF = G on E if and only if the 1-jet (f, G) satisfies the following property: there exists a constant
M > 0 such that

(@) = F(y) = (G(y),z — )| < M|z —y[?, and |G(z) — G(y)| < Mlx —y| (W)
forallz,y € E.

Let us brieiﬁexplain how the extension F' of Theorem is defined. Observe that if f and G are

as in Theorem , we can trivially extend (f, G) to the closure E of E so that the inequalities (W11)
hold on E with the same constant M. One of the main ingredients in the construction of the extension F
is the Whitney decomposition of open sets into a suitable family of cubes, which we call Whitney cubes.
Let us gather some of the most important properties of the Whitney decomposition of the set R \ E.

Proposition 2.2. There exists a countable family of compact cubes {Qy}i such that if we consider the
corresponding cubes {Q} }1, with the same center as Qy, and dilated by the factor 9/8, the families { Q. }
and {Q;; }, satisfy the following properties.

L Uy Qe =U, @y =R"\ E.

2. The interiors of Qy, are mutually disjoint.

3. diam(Qy) < d(Qy, F) < 4diam(Qy,) for all k.

4. If two cubes Qy, and Q; touch each other, that is 0Qy N 0Q; # 0, then diam(Qy,) ~ diam(Q);).
5. If two cubes Qj, and Q; are not disjoint, then diam(Qy,) =~ diam(Q);).

6. Every point of R™\ E is contained in an open neighbourhood which intersects at most N = (12)"
cubes of the family {Q7 } 1.
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Here the notation A; ~ B; means that there exist positive constants v, I', depending only on the
dimension n, such that yA; < B; < I'A; for all j, 1 satisfying the properties specified in each case.
Also, one can associate to the Whitney cubes {Qy, Q% }, of R™ \ E an smooth partition of unity {¢y }x
with the following properties.

Proposition 2.3. There exists a sequence of functions {py, }1, defined on R™ \ E such that
1. op € C®°(R"\ E).
2. 0< ¢ <1lonR"\ E and supp(py) C Q.
3> pr=1onR"\ E.

4. For every multi-index « there exists a constant A, > 0, depending only on o and on the dimension
n, such that

0%pk(z)] < Ag diam(Qr) ™1,

forall z € R™ \ E and for all k. Here 0%y, denotes the derivative 3 il for every k and

[e3
B

every multi-index o = (a1, ..., ).

A partition of unity {y}x with the above properties is called a Whitney partition of unity. One
can find a detailed exposition of the constructions of Propositions [2.2] and [2.3]in [63, Chapter VI]. The
extension F' can be explicitly defined by

F(z) = {f(ﬁ) it € 2.1.1)
>k (flow) +(G(pr), z — pi) or(z) ifz R\ E,

where each pyg, is a point of E which minimizes the distance of E to the cube Q. In [46] it was also
proved that the function F constructed in this way has the property that Lip(VF) < k(n)M, where
k(n) is a constant depending only on n (but going to infinity as n — oo), and Lip(V F') denotes the
Lipschitz constant of the gradient VF'.

In [69, 53] it was shown, by very different means, that this C'*! version of the Whitney extension
theorem holds true if we replace R™ with any Hilbert space and, moreover, there is an extension operator
(f,G) — (F, VF) which is minimal, in the following sense. Given a Hilbert space X with norm denoted
by || - ||, a subset E of X, and functions f : E — R, G : E — X, a necessary and sufficient condition
for the 1-jet (f, G) to have a C'1! extension (F, VF) to the whole space X is that

D(1.G.B) = sup. (\ [A2,+ B2, + yAx,yy) < o, 2.1.2)

where 2f (@) — £(3) + (G(x) + Cly).y — )
A:p,y = * 4 Hac — yzﬁQ yLy= and
Bx,y:w forall z,ye E,x #vy.

=y

Moreover, the extension (F, VF') can be taken with best Lipschitz constants, in the sense that
(R VEX)=T(f,G.E) = I(},G)l e,

where
I(f,@)||g := inf{Lip(VH) : H € C"(X) and (H,VH) = (f,G) on E}

is the trace seminorm of the jet (f, G) on E; see [53] and [54, Lemma 15].
While the operators (f,G) — (F,VF) given by the constructions in [53] 54, [69] are not linear,
they have the useful property that, when we put them to work on X = R", they satisfy Lip(VF) <
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n||(f, G)||e for some n > 0 independent of n (in fact for n = 1); hence one can say that they are bounded,
with norms independent of the dimension n, provided that we endow C''+! (X)) with the seminorm given
by C11(X) 3 F ~ Lip(VF) and we equip the space of jets ( f, G) with the trace seminorm ||(f, G)|| .
In contrast, the Whitney extension operator is linear (see (2.1.1))) and also bounded in this sense, but
with norm going to oo as n — oo. On the negative side, the formulas in [54] depending on Wells’s
construction are more complicated than the proof of [53[], which uses Zorn’s lemma and in particular is
not constructive, and the proof of [69] is extremely complicated and not entirely constructive. For more
information about Whitney-type extension theorems for functions or jets, about constructing continuous
linear extension operators with nearly optimal norms, and about extending these results to other spaces
of functions such as Sobolev spaces, see [15, 116} 20,23} 131,136} 137,138, 139,140} 1411 46| 149,150, 53, 154, 160,
61,165, 168]] and the references therein.

In this chapter, among other things, we will remedy these drawbacks by providing a very simple,
explicit formula for C! extension of jets in Hilbert spaces: let us say that a jet (f,G) on E C X
satisfies condition (W1!) provided that there exists a number M > 0 such that

F() < F@) + 5{G@) + o)y — o) + o e —yl? — G~ Cw)? ()

for all z,y € E. In Proposition below we will prove some properties of this condition but what
we can see at first sight is that condition (W1!) is equal to Wells’s necessary and sufficient condition
in [69, Theorem 2]. Moreover, (lel) is also absolutely equivalent to (2.1.2) and, in fact, the number
[(f,G, E) is the smallest M > 0 for which (f, Q) satisfies (W1!) with constant M > 0; see [54}

Lemma 15]. And, although condition (W 1) was originally stated for the finite dimensional setting, it is
obvious that it makes sense in any Banach space and then we can compare this condition with (W11).

Remark 2.4. Condition (W 1) is absolutely equivalent to (I;/T/l), in the sense that if (W 1) is satisfied

with some constant M > 0, then (Wh1) is satisfied with constant M (where  is an absolute constant
independent of the space X; in particular x does not depend on the dimension of X'), and vice versa.

Proof. Let E be a subset of a Hilbert space X and (f,G) : E — R x X a 1-jet. Given M > 0, let
us momentarily say that (f, G) satisfies the condition (W]tll) on E if the inequality defining condition
(W) is satisfied for (f, G) with constant M > 0. Also, given My, My > 0, we will say that (f, G)

P

satisfies the condition (Wj/[i ,) on E if the inequalities

f(y) = fz) = (G(x),y — 2)| < Mif|z —y|?, [IG(2) — G(y)ll < Ma||z —y],

are satisfied for every z,y € E.

—_——

We first claim that (W]bl) implies (I/VL1 1)+ Indeed, for all z,y € E, we have
2 ’

F(w) < £(@) + 5{C) + Cl)y — )+ oz — gl — 11 1Cl) — O

and

£(2) < F0) + 5{G0) + Gla),z —y) + 2y —all* — I G) ~ G

By summing both inequalities we get |G (z) — G(y)|| < M|z — y||. On the other hand, thanks to the
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inequality (W]t}l), we can write
fly) = f(z) = (G(2),y —x) <

M 2 1 2
+ =l —yl? - 57 I6@) - Gl

(G(x) +G(y),y —x) — (G(z),y — x)

N |

= $(G) ~ G@)y — o) + e — 3l ~ 7 IC (@) — G
= llo == 5 (Il = vl + 5 16@) - GIP - 257 (60 ~ Gy —a) )
= Pl —ol? = || 17 (6@ ~ €w) ~ - )| < Tle —wi”.

Also, we have

f() = fly) = (G(z),z —y) < é<G(ﬂf) +Gy),z—y) —(Gx),z—y)

M 1
+ <o = ol? - 716 @) - G)l?

= 2 (6) ~ Clw)x — ) + e~y — 571G (@) — )P
= lle = =5 (Il = vl + 56 - GOIP - 257G ~ Glda =)
= Plla—9l? = || 17 (6@ ~ €w) ~ @ )| < Hle — wi

This leads us to

M
Sl —yl?,

[f(y) = f(2) = (G(z),y — o) <
which proves that ( f, G) satisfies (I/VL1 A OnE
2 9’
Now let us prove that (W]%/[i ) implies (Wj/}l), where M = (3 + v/10) max{Mj, M>}. Using that
fy) = f(z) = (G(z),y — x) < Mylz — y|]?, we can write
1

£() = £(@) = 5(G(@) + Gy = ) = Tl = ol* + 13716() - G

1 M
< (G(@)y —2) + Millz = y|* = 5{G(2) + Gy),y = 2) = e = y[”

—~

(6@ = Gy = o+ (3= 5 ) o = olP + 43716() - GIP

DN |

4
where a = ||z —yl|| and b = |G(x) — G(y)||- Since G is Ma-Lipschitz, we have the inequality b < Msa.
Hence the last term in the above chain of inequalities is smaller than or equal to
(3Mz + (My = ) + gy M)a® < (3K + (K = 5) + g3, K%)a?,

where K = max{Mj, Ms}. Then, the last term is smaller than or equal to 0 if and only if —M? +
6MK + K? < 0. But, in fact, for M = (3 4+ v/10)K the term —M? + 6 M K + K? is equal to 0. This
proves that (f, G) satisfies (Wj/ll) on E. O

1 M 1
< ab+ (My— =) a®+ —0b?
_2a+<1 >“+4M’

In Theorem below we will show that, for every 1-jet (f, G) defined on E and satisfying the
property (W11) with constant M on E, the formula

F = conv(g) — %H -||?, where (2.1.3)
g(@) = inf {f(y) +(Gy)2 —y) + Glz—yl*} + Flzll?, X,
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defines a C11(X) function with F' = f and VF = G on E and Lip(VF) < M. Here conv(g) denotes
the convex envelope of g, defined by

conv(g)(x) = sup{h(z) : h is convex, proper and lower semicontinuous, h < g}. (2.1.4)

Another expression for conv(g) is given by

k k k
conv(g)(z) =inf ¢ > Njglx;) = Aj = 0,) Aj=Laz=> Naj, keNy. (2.1.5)
j=1 j=1 j=1

In the case that X is finite dimensional, say X = R", this expression can be made simpler: by using
Carathéodory’s Theorem one can show that it is enough to consider convex combinations of at most n+1
points. That is to say, if g : R" — R then

n+1 n+1 n+1
conv(g)(x) = inf Z)\jg(:cj) : A >0, Z)\j =1,x= Z)\jxj ;
j=1 j=1 j=1

see [57, Corollary 17.1.5] for instance.

Let us briefly explain what is the idea behind formula (2.1.3). It is well known that a function
F: X — Risof class 1, with Lip(VF) = M, if and only if F'+ 2|| - ||? is convex and F — &L || - |2
is concave. So, if we are given a 1-jet (f, G) defined on £ C X which can be extended to (F, VF') with
F € CY(X) and Lip(VF) < M, then the function H = F + %H -||? will be convex and of class C''1.
Conversely, if we can find a convex and C'! function H such that (H, VH) is an extension of the jet
E3y~ (fy)+ Yyl Gly) + My) , then X 3y — (H(y) — ¥ llyll% VH(y) — My) will be a
C1! extension of (f,G). Thus we can reduce the C+ extension problem for jets to the Cgay extension
problem for jets. Here C’Cl(;rlw(X ) stands for the set of all convex functions ¢ : X — R of class C 1,1

Now, how can we solve the Ccl(;llw extension problem for jets? In [10] the following necessary and
sufficient condition for Cigmy extension of jets was given: forany F CR"™, f: FE - R, G: E — X, we
say that (f, ) satisfies condition (CW!) on E with constant M > 0, provided that

£(2) > £4) + (). 7 — ) + 531G — G)IP forall 2,y € B.

In [10] it is shown that a 1-jet (f, G) has an extension (F,VF) with F' € Ccl(;rlw(X ) if and only if
(f,G) satisfies (CWL1); moreover in this case one can take F' € Caghy such that Lip(VF) < k(n)M,
where k(n) is a constant only depending on n. The construction in [10] is explicit, but has the same
disadvantage as the Whitney extension operator has, namely that lim,,_,, k(n) = co. In [11]] this result
is extended to the Hilbert space setting, but the proof, inspired by [53]], is not constructive as it relies in
Zorn’s Lemma. However, by following the ideas of the proof of [10], but using a simple formula instead
of the Whitney extension theorem, we will show in Theorembelow that if a 1-jet (f, G) defined on
a subset E of a Hilbert space satisfies condition (CW 1) then the function F' defined by

F =conv(g), where g(z) = inf{f(y) +(C(y)z—y) + Fllz—vll’}, zeX, (@216
is a C! convex function such that F|, = f, (VF), = G, and Lip(VF) < M. Moreover, if H is
another C1! convex function with H = f and VH = G on E and Lip(VH) < M, then H < F. This
strategy allows us to solve the Cclo’llw extension problem for jets with best constants and, after checking
that if (f,G) satisfies (Wh1) then (f(y) + & ||ly||?, G(y) + My) satisfies (CWL1), also allows us to
show that the expression

F(e) = con (=5 I () + 10l + (G) + Mz =) + 2 =2} ) (@) — ¥ el
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which is clearly equal to (2.1.3), provides an extension formula that solves the minimal C'!*! extension
problem for jets, in the sense that Lip(VF) < M. Besides we will also prove that if H is another C'":!
function with H = f and VH = G on F and Lip(VH) < M, then H < F. Since the extension of
(f,G) constructed by Wells in [69] also has this property, it follows that in fact (2.1.3) coincides with
Wells’s extension. The point is of course that both our formula (2.1.3)) and the proof are much simpler
than Wells’s construction and proof.

2.2 The Ccl(;ﬁv extension problem for jets

By a modulus of continuity w we understand a concave and strictly increasing function w : [0, +00) —
[0, 4+00) such that w(0) = 0. It is well-known that for every uniformly continuous function f : X —
Y between two metric spaces there exists a modulus of continuity w such that dy (f(z), f(z)) <
w (dx(z, z)) for every z, z € X. Slightly abusing terminology, we will say that a mapping G : X — Y
is uniformly continuous with modulus of continuity w if there exists M > 0 such that

dy (G(z),G(y)) < Mw (dx(x,y))

for all 7,y € X. A version of the Whitney Extension Theorem for functions of class C1<(R"), i.e.
functions of class C' such the their first derivatives are uniformly continuous with modulus of continuity
w, was proved by G. Glaeser in [46].

Theorem 2.5 (C'* Whitney-Glaeser Extension Theorem). If E is a subset of R",w : [0,+00) —
[0, 4+00) is a modulus of continuity and we are given functions f : E — R, G : E — R", then there
exists a function F € CY*(R™) with F = f on E and VF = G on E if and only if the 1-jet (f,G)
satisfies the following property: there exists a constant M > 0 such that

[f(@) = f(y) = (Gy),z —y)| < Mw(lz —y)|z—yl, and |G(z)—GC(y)| < Mw(|lz—yl) (W)
forallz,y € E.

The extension F' above is defined by means of the expression (2.1.1)) and in [46] it was proved that

one can arrange that
[VE(z) = VF(y)|
sup

z,y€R", xty w(\x - y‘)

< k(n)M,

where k(n) is a constant only depending on n (but with lim,,_, k(n) = +00). In [10, Theorem 1.4] we
proved that a necessary and sufficient condition on a 1-jet (f, G) defined on E for having a C1* convex
extension F' is that

@) 2 J(6) + (G0 = 1) +1G(a) ~ Gl (57160 - GOl ). wye B (W)

Moreover, we obtained a good control on the modulus of continuity of F' in terms of the constant M,

namely,
wp  IVE@) V()

z,yER™, xy w(‘x _y‘)

k(n)M, (2.2.1)

where, again, k(n) only depends on the dimension n (but tends to co as n goes to 0o).

The latent potential in formula (2.1.6), at least in the convex case, is not confined to C' L1 extension
problems in Hilbert spaces. Indeed, in Theorem [2.40|below we will prove, by means of a similar formula,
that if X is a Hilbert space and w is a modulus of continuity, with w(co) = oo, then the condition
(CW1) is necessary and sufficient on a 1-jet ( f, G) defined on a subset E of a Hilbert space for having
an extension (F, VF) such that F': X — R is convex and of class C''*, with

wp IVE@ - VF@)

ryeX, r#y W(Hx_yn)

| < 8M.
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Not only does this provide a new result for the infinite-dimensional case, but also shows that the constants
k(n) of (2.2.1)) can be supposed to be independent of the dimension n, at least if w(co) = oo and in
particular for all of the classes C'Cl(;ﬁv (R™). We will provide a detailed exposition of this results in Section
2.8 below.

Of course, Theorem (for the O class) is essentially much more general than Theorem (for
the C1! class), but we deliberately present these two results in two different sections, for the following
two reasons.

1. In Theorem [2.T1] we are able to obtain best possible Lipschitz constants of the gradients of the
extension, whereas in Theorem [2.40] we only get them up to a factor 8.

2. The proof of Theorem [2.40|is more technical and uses some machinery from Convex Analysis,
such as Fenchel conjugates, smoothness and convexity moduli, etc, which could obscure the main
ideas and prevent some readers interested only in the proofs of the C'1'! results from easily under-
standing them.

Unfortunately, it seems very unlikely that one could use this kind of formulas to solve C'1'® extension
problems for general (not necessarily convex) 1-jets in Hilbert spaces. The exponent o = 1 is somewhat
miraculous in this respect: even for the simplest case that X = R, it is not true in general that, given
a function f € C1H*(R), there exists a constant C such that f + C| - |1t is convex, as the following
example shows.

Example 2.6. If 0 < o < 1 and f : R — R is the function defined by

0 it t<1
f(t) _{ —(t— 1)1+a if t>1,

then f is of class C1**(R) and there is no constant C' > 0 for which f + C| - [**® is convex.
Proof. The function f is clearly differentiable on R and

, 0 it t<1
f(t)_{—(1+a)(t—1)a it t>1

It is then obvious that f’ is a-Holder continuous on R. For any C' > 0, the second derivative of the
function f + C| - [**®att > 1is

—(1+a)a(t-1>"—ctr ),

which tends to —oo as ¢ — 17. This shows that f + C|- |12 is not convex on a neighbourhood of 1. [

Finally, let us mention that when the results presented in Sections [2.3] [2.6] and [2.8] were completed,
a preprint of A. Daniilidis, M. Haddou, E. Le Gruyer and O. Ley [24] concerning the same problem in
Hilbert spaces was made public too. The formula for Cclgrllv extension of 1-jets given in [24] is different
from the formula we provide in this thesis. As these authors show, their formula cannot work for the
Holder differentiability classes C with o # 1. Two advantages of the present approach are the fact
that our formula does work for theses classes, and its simplicity.

2.3 Optimal C*! convex extensions of jets by explicit formulas in Hilbert
spaces

Definition 2.7. Given an arbitrary subset E of X, and a 1-jet f : E — R, G : E — X, we will say that
(f, G) satisfies the condition (CW ') on E with constant M > 0, provided that

£(5) 2 )+ (G) o — ) + 53 1G@) ~ G| forall .y € B.
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The following proposition shows that this condition is necessary for a 1-jet to have a C'1*! convex
extension to all of X.

Proposition 2.8. Let f € C''(X) be convex, and assume that f is not affine. Then
1
£(&) = 1)~ (TF)a = 9) > 5V F(@) — VW)

forall x,y € X, where
e wp 1Y@ -VIGI
z,yeX, r#y H.II - yH

On the other hand, if f is affine, it is obvious that (f, V f) satisfies (CW 1) on every E C X, for every
M > 0.

Proof. Suppose that there exist different points x,y € X such that

f(@) = fy) = (V(y),z —y) < ﬁllvf(x) ~ VI,

and we will get a contradiction.
Case 1. Assume further that M = 1, f(y) = 0, and V f(y) = 0. By convexity this implies f(z) > 0.
Then we have

0< f(x) < SIS
Calla = |V f(x)| > 0,b= f(x), set
1
= Vf(z),
N TR
and define
() = fla+ tv)

for every ¢ € R. We have p(0) = b, ¢'(0) = —a, and ¢'(t) = (Vf(z + tv),v) is 1-Lipschitz because
sois V f and ||v|| = 1. This implies that

/2

lp(t) — b+ at| < 9

for every t € R™, hence also that

12
o(t) < —at+b+ ) forall t € RY.
By assumption we have b < %az, and therefore
a2
flx+av)=¢(a) < —a2—|—b+? <0,

which is in contradiction with the assumptions that f is convex, f(y) = 0, and V f(y) = 0. This shows
that

1
f) > LIV SR
Case 2. Assume only that M = 1. Define
9(2) = f(z) = fy) = (V(y),z —v)
for every z € X. Then g(y) = 0 and Vg(y) = 0. By Case 1, we get

o(x) = 5 IVg() P,
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and since Vg(z) = V f(z) — V f(y) the Proposition is thus proved in the case when M = 1.
Case 3. In the general case, we may assume M > 0 (the result is trivial for M = 0). Consider ¢ = ﬁ fs
which satisfies the assumption of Case 2. Therefore

1
¥(@) = 9(y) = (Vo) —y) = SlIVE(2) = Vo),
which is equivalent to the desired inequality. O

We will need to use the following characterization of C'!»! differentiability of convex functions. Of
course the result is well known, but we will provide a short proof for completeness, and also in order to
remark that the implication (i4) = (i) is true for not necessarily convex functions as well, a fact that
we will have to use later on.

Proposition 2.9. For a continuous convex function f : X — R, the following statements are equivalent.

(1) There exists M > 0 such that
fx4+h)+ flx —h) —2f(x) < M||h||® forall z hcX.
(1) f is differentiable on X with Lip(V f) < M.

Proof. First we prove that (ii) implies (i), which is also valid for non-convex functions. Using that
Lip(Vf) < M, it follows from Taylor’s theorem that

Flath) — () — (VF(@),h) < o ]2

Similarly we have
M
flo=h) = f@) = (Vf(@),=h) < Z-[h]%,
and combining both inequalities we get (7).

Now we do assume that f is a convex function and let us show that () implies (iz). Since

S h) + S =) = 2f()
h—0 12l

:()7

forall z € X and f is convex and continuous, f is differentiable on X . In order to prove that Lip(V f) <
M itis enough to see that the function F' : X — R defined by F'(z) = % |||~ f(x), z € X, is convex.
Since f is a continuous function, the convexity of F' is equivalent to:

r+y
F( 5 >§;F(x)+;F(y) forall z,y¢€ X.
To see this, given z,y € X, we can write
z+y 1 T+y T —y|>?
F(55Y) = 4F @ ) + g (F0+ 1 -2 (T52) - 25 )

Applying (ii) with h = *5¥ we obtain that

which in turns implies F (252) < 1 F(2) + $F(y). O
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Recall that for a function f : X — R, the convex envelope of f is defined by
conv(f)(x) = sup{¢(z) : ¢ is convex and lower semicontinuous, ¢ < f}.

Another expression for conv( f) is:
conv(f)(x) = inf Z)\jf(a:j) DA > O,Z)\j =1l,z= Z)\jxj,n eN
j=1 j=1 =1

The following result shows that the operator f ~ conv(f) not only preserves C':* smoothness of func-
tions f and Lipschitz constants of their gradients V f, but also that, even for some nondifferentiable
functions £, their convex envelopes conv(f) will be of class C1!, with best possible constants, provided
that the functions f satisfy suitable one-sided estimates. This is a slight (but very significant for our
purposes) improvement of particular cases of the results in [48]], [22, Theorem 7], and [51]].

Theorem 2.10. Let X be a Banach space. Suppose that a function f : X — R has a convex, lower
semicontinuous minorant, and satisfies

fx+h)+ flx —h) —2f(x) < M||h|* forall z hcX.

Then v := conv(f) is a continuous convex function satisfying the same property. In view of Proposition
we conclude that 1) is of class OV (X), with Lip(V)) < M. In particular, for a function f €
CHL(X), we have that conv(f) € C11(X), with Lip(Vy) < Lip(V f).

Proof. The function 1) is well defined as ¢» < f and f has a convex, lower semicontinuous minorant.
Now let us check the mentioned inequality. Given z, h € X ande > 0, we canpickn € N, x1,..., x, €
X and Aq,..., A, > 0 such that

=1 =1 i=1

Since x £ h =", N\i(z; £ h), wehave (z £ h) < > | A f(z; £ h). This leads us to

V(x4 h) + Pz — h) — 20(x <Z/\ (zi 4+ h) + flzs — h) — 2f (7)) + 2

By the assumption on f, we obtain
flzi+h)+ f(zi —h) —2f(z;) < MR i=1,...,n.

Therefore
Y(z+h) +(z —h) — 2(x) < M||h||? + 2. (2.3.1)

Since £ > 0 is arbitrary, we get the desired inequality. It is clear that ¢, being a supremum of a family
of lower semicontinuous convex functions that are pointwise uniformly bounded (by the function f), is
convex, proper and lower semicontinuous. And because all lower semicontinuous, proper and convex
functions are continuous at interior points of their domains (see [[19, Proposition 4.1.5] for instance), we
also have that ¢ is continuous. ]

Theorem 2.11. Given a 1-jet (f, G) defined on E satisfying property (CW 1) with constant M on E,
the formula

F=com(g), g(a)=mf{f/(y) +(GW).e—p)+Flz -y}, X,

defines a C! convex function such that F|,, = f, (VF)|, =G, and Lip(VF) < M.
Moreover, if H is another C%' convex function with H, =f (VH)|, = G, and Lip(VH) < M,
then H < F.
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Proof. We start with a lemma which tells us that the function g lies above every affine function x —
f(z) +(G(2),z— z), z€ E.

Lemma 2.12. We have that

F(2)+ (G(z), 2 — 2) < fly) + (G(y),z —y) + ML a — y|?
foreveryy,z € E, x € X.

Proof. Giveny,z € E, z € X, condition (CW 1) implies

z—y)+ 5 e -yl

> f(2) +(G(2),y — 2) + 371G () = GR)I” + (G(y), = —y) + F |z — y*
= [(2) +{G(2),z — 2) + 57| G(y) = GR)I* + (G(2) = G(y),y — @) + F = —y®
= [(2) +(G(2),2 — 2) + 537 |G (y) — G(2) +2M (y — 2)|”
> [(2) +{G(2), x = 2).
t
Observe that Lemma [2.12] shows that m < g, where g is defined as in Theorem [2.11] and
m(z) = sup{f(z) + (G(z),z — )}, z€X. (2.3.2)

zeE

Bearing in mind the definitions of g and m we then deduce that f < m < g < fon E. Thus g = f
on E. It is worth noting that the function g is not differentiable in general. Nonetheless the function
F = conv(g) is of class C'*! because, as we next show, g satisfies the one-sided estimate of Theorem
2.10

Lemma 2.13. We have
g(x +h)+g(x —h) —2g9(x) < M||h||* forall z,heX.
Proof. Given z,h € X and € > 0, by definition of g, we can pick y € E with

g(x) = f(y) + (G),z —y) + Yz —y|* — =

We then have

g(x+h)+g(x —h) —2g(x) < f(y) + (Gy),x + h—y) + Fllz + b —y|?
+ )+ Gz —h—y) + Yz —h—y|?
=2(f(W) +(G),z —y) + Yz — ylI*) +2¢
=Y (lz+h—yl*+lle—h—yl> -2z —yl|*) + 2
= M||h||® + 2e.

Since ¢ is arbitrary, the above chain of inequalities proves our lemma. 0

By Lemma and Theoremwe then obtain that F' = conv(g) is convex and of class C1!, with
Lip(VF) < M. We also note that the function m of (2.3.2)), being a supremum of continuous convex
functions, is convex and lower semicontinuous on X. By definition of F, we thus have m < F' < g,
where both m and ¢ coincide with f on E. Thus F = f on E.

In order to prove that VF' coincides with G on F, we use the following well known criterion for
differentiability of convex functions in Banach spaces, whose proof is presented in this thesis for the
sake of completeness.
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Lemma 2.14. If ¢ : X — R is convex and lower semicontinuous and ) : X — R is differentiable at
y € X with ¢ <1, and ¢(y) = 1 (y), then ¢ is differentiable at y, with V¢(y) = Vi (y).

(This fact can also be phrased as: a convex function ¢ is differentiable at y if and only if ¢ is superdif-
ferentiable at y.)

Proof. Using that ¢(y) = 1(y) and ¢ < 1 on X the differentiability of ¢ at y gives

o(x) — oy) — (VY(),z —y) _ P(x) —(y) — (Vi(y),z —y)
|z =yl |z —yll

< —0 (2.3.3)

as ||z — y|| — 0T. On the other hand, because ¢ is convex and lower semicontinuous on X, there exists
some & € 0¢(y), that is, the subdifferential of ¢ at the point y. Assume that £ # V) (y). Then we must

have for v = ”g%m and every t > 0 that
P(y + tv) — ¢(y) — LV (y),v)

; > (&= V(y),v) = € = Vo),

where the left sided term tends to 0 as ¢ — 0 by (2.3.3). This yields || — Vi (y)|| < 0, a contradiction.
Thus £ = V(y) and then Vi) (y) € 9¢(y), which leads us to

o(x) — d(y) — (VY(y),z —y)

0<
Iz = yll

—0

as ||z — y|| — 0% by virtue of (2.3:3). Therefore ¢ is differentiable at y with Vé(y) = Vi(y). O

Because m < F on X and F' = m on E, where m is convex and lower semicontinuous and F' is
differentiable on X, Lemma implies that m is differentiable on E with Vm(z) = VF(x) for all
z € E. Itis clear, by definition of m, that G(z) € dm(x) (denoting the subdifferential of m at x) for
every x € F, and this observation shows that VF = G on E.

Finally, consider another convex extension H € CU1(X) of the jet (f,G) with Lip(VH) < M.
Using Taylor’s theorem and the assumptions on H we have that

H(z) < fly) + (Gy),z —y) + Yz —y|>, 2€X,yeE.

Taking the infimum over y € E' we get H < g on X. On the other hand, bearing in mind that H is
convex, the definition of the convex envelope of a function implies H = conv(H) < conv(g) = F on
X. This completes the proof of Theorem [2.11] O

2.4 Interpolation of arbitrary subsets by boundaries of C'"' convex bodies

We can use the above results to solve a geometrical problem concerning characterizations of subsets of
X which can be interpolated by boundaries of C''! convex bodies with prescribed unit outer normals.
If C' is a subset of X and we are given a Lipschitz map N : C' — X such that | N(y)|| = 1 for every
y € C, itis natural to ask what conditions on C and N are necessary and sufficient for C to be a subset of
the boundary of a C'"! convex body V' such that N(y) is outwardly normal to OV at y for every y € C.
This is equivalent to the following question: given an arbitrary subset C' of R™ and a collection H of
affine hyperplanes of R™ such that every H € H passes through a point zy € C', what conditions are
necessary and sufficient for the existence of a C'! convex hypersurface S in R™ such that H is tangent
to S at x g for every H € H? We will also solve the same problem in the setting of Hilbert spaces for
bounded convex bodies.

Throughout this section X will denote a Hilbert space, || - || and (-, -) will be respectively the norm
and the inner product on X, and Sx will be the unit sphere of X. Let us start by clarifying what we mean
by a C! convex hypersurface. Some authors define them as boundaries of (not necessarily bounded)
convex bodies such that the outer normal is locally Lipschitz; however, we will require the existence of
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a global Lipschitz constant for the outer normal, and therefore we will make a distinction between C'+!
convex hypersurfaces and Cﬁ)’cl convex hypersurfaces.

Recall that a convex body of class C? is a closed convex set V' with nonempty interior such that
its boundary OV is a one-codimensional submanifold of X of class CP. Assuming, without loss of
generality, that 0 € int V/, this is equivalent to saying that the Minkowski functional of V', defined by

py(z) =inf{t > 0:z € tV},

is a continuous sublinear functional which is of class C? on X \ ,u‘jl (0). This implies the existence of
convex functions ¢ : X — R of class CP(X) such that V' = 1)~ (—o0, 1]. Conversely, if V is of this
form and 1y ~!(—o00, 1) # () then it is clear that V is a CP convex body. Thus a CP convex body is simply
a nondegenerate sublevel set of a C? convex function of class CP.

Now, a C''! convex body in a Hilbert space X can be defined as a C' convex body V' such that the
outer unit normal N : OV — Sx is Lipschitz. Again this is equivalent to saying that V = ¢~!(—o0, 1]
for some C'! convex function ) : X — R such that ¢p=(—o0,1) # @ and N = V/||Vy|| : OV — Sx
is Lipschitz. This is the definition we will find most convenient to use.

Definition 2.15. We will say that a closed convex subset V of X is a convex body of class C1' if
1. 'V has nonempty interior.

2. V can be written as a sublevel set 1)~" ((—o0,1]) of a CY(X) convex function 1 : X — R such
that Vi (x) # 0 for every x € OV.

3. The outer unit normal ny : OV — Sx of V defined as

Vip(z)

—_— V.
V@ ©

ny(z) =

is a Lipschitz mapping.

We will say that a subset S of X is a CV' convex hypersurface provided that there exists a C%! convex
body V in X such that S = 0V.

The following proposition sums up some elementary properties of smooth convex bodies; in particu-
lar we recall the well known fact that the definition of ny does not depend on the choice of the function
. If V is closed and convex and such that OV is an hypersurface (i.e., a one-codimensional submani-
fold) of class C'!, we will say that a vector w is outwardly normal to OV at a point x € OV if w belongs
to the orthogonal complement of the (vectorial) tangent space of OV at x and = + Aw € X \ V for every
A > 0.

Proposition 2.16. Suppose that 1) : X — R is a convex function of class C*(X) such that 1)(zo) < 1
for some xo € X and let us denote V.= {x € X : 1p(x) < 1}. Then the following is true.

V' is closed and convex.

(1
(2) OV={zeX : ¢Y()=1}andint(V) ={z e X : ¢(z) < 1}.

(4

)
)
(3) V is bounded if and only if 1 is coercive (meaning that lim || o ¥ () = 00).
) V(x) # 0 for every x € OV.

)

(5) AV is a one-codimensional submanifold of X of class C'* and the (vectorial) tangent space T, 0V
of OV at x is the orthogonal complement of V) (x). In fact, V) (x) is outwardly normal to OV at
x for each x € OV.
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(6) Ifx € X\ V and xyv € OV is such that ||x — xv| = d(x, V), then x — zv is outwardly normal
to OV at the point xy . Therefore © — xv is paralell to Vi (xy ) and

_ Vilav)  z—ay
W) = o)~ Te—avl

In particular, the definition of ny does not depend on the choice of 1.

(1) Vc{zeX : (ny(2),xr — z) <0} forevery z € OV.

Proof.
(1) It follows immediately from the convexity and the continuity of F.

(2) Let us first see that int(V') = {x € X : ¢ (z) < 1}. Indeed, by continuity, {z € X : ¢(x) < 1}
is an open subset contained in V, and then is contained in int(V"). Given any = € int(V'), we can find a
point y € int(V') such that the line segment [z, y] is contained in int (V') and x € (x0, y). The convexity
of v implies that, for some A € (0, 1),

P(x) < Mp(wo) + (1 = A)ih(y) < Mp(zo) + (L= A) <A+ (1-A) =1,
that is ¢»(x) < 1. This proves int(V') = {z € X : ¢(z) < 1}. It is now clear that
OV =V\int(V)={z e X : ¢(z)=1}.

(3) If V is unbounded, we can find a sequence (z)r € V such that limy ||xgx|| = oo and then
limy ¢ (x) = oo by coercivity of 1. This is a contradiction since ¥ (xy) < 1 for every k. Con-
versely, if V' is bounded an has a nonempty interior then there exist x9 € X and R,r > 0 such that
B(xo,7) C V C B(xg, R). Now, for every x € X \ V, let y, € OV denote the unique point of inter-

section of OV with the ray {t(z — z¢) : t > 0}. If we write y, = 12z=20lly 4 (1 — Hy””o”) 7o, the

[z =l [z —zol

convexity of v leads us to

wloe) < =2 uw) + (1= =2 ),

~ e = ol [ = o

which in turn yields

P () — p(xo) > Y(ys) = P(xo) 1 —9(a0)

[l — 2o 1Yo =20l — R
This implies that lim|,(| . ¥(7) because 9 (zo) < 1.

(4) Because int(V) # (), by (2) there exists a point zp € int(V) with F(zp) < 1. Assume that
VF(x) =0 for some = € V. Using again (2), we have ¢)(x) = 1 and, since 1) is a convex function, 9
attains a global minimum at 2. Therefore 1 = ¥ (x) < 1(x) < 1, a contradiction.

(5) We have that 1 is a regular value of i) by virtue of (4). This shows that OV, being the level set
{x € X : y(z) = 1} of 9, is a one-codimensional submanifold of class C. It is well known that, in
this case, the tangent space 7,0V of OV at z is the orthogonal complement of V(). Finally, let us see
that for every x € 0V, Vi (x) is outwardly normal to V" at the point x. Indeed, assume that there is some
A > 0 with z + AV (z) € V. The convexity of ¢ implies that

Y@+ AVY(2)) — () 2 (Vip(a), 2 + AV(a) —x) = A[Vi(a)|* > 0,

that is ¢ (x + AV (x)) > ¢(x) = 1, which is absurd.

(6) Because X is a Hilbert space, given € X \ V' we can find a unique xy € 9V such that |z — zy || =
d(x, V). In order to see that x — xy is orthogonal to T}, OV, let us define the function f(p) = ||z — p||*
for all p € X. It is obvious that f is of class C°°(X) with f(p) > f(zy) forallp € C. Letu € T,,0C
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and a : (—r,7) — OV be a curve in OV such that «(0) = xy and ¢/(0) = w. The function g = f o« :
(—r,7) — Ris of class C* and ¢(0) < g(t) for every t € (—r, ). Hence

0=g'(0) = (Vf(a(0)),0'(0)) = (Vf(2v),u) = 2(x — v, u).

Since u is arbitrary in T3, 0V, the above proves that z — zy € [TxvﬁV]L. Besides, it is clear that
zy + Az — zy) is outside V for every A > 0. We have thus shown that z — xy is outwardly normal to
OV at . Finally, since T}, 0V is a one-codimensional subspace of X, the vectors z — xy and Vi) (zy)
are necessarily paralell and because both x — xy and Vi (zy) are outwardly normal, we must have

ny (2v) = Vip(zy)  x—ay
IV ()l e —av|

(7)If z € OV and z € X is such that (ny(z),z — z) > 0, using (2) and (6) we obtain
P(x) = ¢(2) + (VY (2), 2 — 2) = 1+ [[VY(2)[{nv (2), 2 — 2) > 1.

This shows that x € X \ V. O]

2.4.1 The oriented distance function to convex subsets

We will make intensive use of the oriented distance function associated to convex subsets in the proof of
our interpolation result.

Definition 2.17. Given a subset A of X with nonempty boundary, the oriented distance of A is the
function by : X — R defined by

dz,A) if z€X\A
ba(z) = 0 if xe€0A
—d(z,04) if x € int(A).

Let us gather some properties concercing the convexity and smoothness of the oriented distance
function to convex bodies of class C'!' or C1'! as well as its relation with the outer unit normal. Most of
the statements of the following lemma are consequences of the results by M. C. Delfour and J. P. Zolesio
[25] in the case when X = R"™. However, we are going to present a detailed proof of these properties
because we have not been able to find any reference for the infinite dimensional setting and the proofs in
[25] cannot be easily adapted. For the sake of simplicity we will write d 4 instead of d(-, A) to refer the
distance to any closed subset A of X. For any point z € X and any closed subset A, we will say that
the distances d4(z) or ba(x) are attained at x if the infimum/supremum defining d4 or b4 is attained.
Finally, for every x € X and every closed subset A such that the distance d 4 () is attained at a unique
point of A, we will denote by P4 (z) the mentioned point.

Lemma 2.18. Let V a closed convex subset of X. The following properties are satisfied for by .
(1) by is 1-Lipschitz on X.

(2) For every x € X, the distance dy (x) is attained at a unique point Py (x) € V, with Py(x) =
Pyy(x) whenever x € X \ 'V, the mapping X > x — Py(x) € V is 1-Lipschitz and by is
differentiable at every x € X \ V, with Vby (z) = Vdy (x) = dy(x) L (x — Pyy(z)). Moreover,
for every v > 0, the function Vby is Lipschitz on V;t = {z € X : d(z,V) > r} and
Lip(Vby, V7)) < 3r~L.

(3) The mapping d3, : X — R is of class CVY(X), with Vdi(z) = 2(x — Pyy(x)) for every
z € X\V, Vdi(z) = 0foreveryx € V and Lip(Vd},) < 4.

If we further assume that V is a convex body of class C1'' and ny is as in Definition then we have
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(4) Ifz € int(V) is such that dgy () < Lip(ny) ™!, the distance dpy (z) is attained.

(5) Foreveryx € X and everyy € OV such that | z—y| = dav (x) we have that t—y = by (x)ny (y).
Conversely, if y € OV is such that x — y = by (z)ny (y), then |z — y|| = dgv ().

(6) If v € X is such that dgy(x) < Lip(ny)~L, then the distance dgy () is attained at a unique
point, which we denote by Pyy (x). Moreover, the mapping

U:={z€X : dpy(2) < Lip(ny) '} 3 2+ Pyy(z)
is 3-Lipschitz.

(7) by is differentiable on U and Vby = ny o Pyy on U. In particular Vby = ny on V. In addition,
Vby is 3 Lip(ny )-Lipschitz on U.

(8) On the set U = b/} ((— Lip(ny) ™, +00)) , the function by is differentiable, with Vby (z) =
%(Vm)(m) = ny (Pyy (x)) for every x € U™, and Vby is Lipschitz on U™, with Lip(Vby,U™) <

3 Lip(ny).
(9) by is convex on X.

Proof.

(1) The distance function to any closed subset is 1-Lipschitz. Hence by is 1-Lipschitz by definition.

(2) By the convexity of V' and the strict convexity of the norm || - ||, for every x € X \ V, the distance
by () = dy(x) is attained at a unique point Pyy (z) € V and the mapping X \ V > z — Pyy(x) €
0V is 1-Lipschitz. Moreover we know that dy is differentiable at every x € X \ V with Vby (z) =
Vdy(z) = %"(@' see [30, pg. 56-57] for instance. Moreover, given r > 0 and two points z,y € V,*

(z)

we can write, using that dy and Pyy are 1-Lipschitz on X,

IVby (z) = Voy (y)

_ Hx — Pov(z) y—Pov(y) H _ (& = Pov(x))dv (y) — (y — Pov(y))dv ()]
dy (x) dv (y) dy (z)dv (y)
M =y) + Bovy) = Pov(@))ll | [I(dv(y) = dv())(y — Pov(y))ll
= dy () dy (z)dy (y)
2[lz —yll | lldv(y) —dv(@)] _ 3llz —yll Sy
< @ + e < e <3r |z —yll

(3) We immediately obtain from (2) that d3, is differentiable on X \ V with Vd3 () = 2(z — Pyy ()
for every € X \ V. In order to see that d?, is differentiable on V, let 2o € V and write

2 _ 2 _ 2
@) =@ el

= < =0,
w0 [lo — 2ol ameo lz =@l T ameo [z — a0

which shows that Vb2, (z¢) = 0. Finally, for every z,y € X,

IV03(2) — VT (y)ll = 2ll(z — y) + (Pv(y) — Pr(a))ll < 4llz -yl

because Py is 1-Lipschitz. Therefore b7 is of class C!(X) and Lip(b},) < 4.

(4) Given z € int(V) and r := dyy (x) < Lip(ny)~!, we can find a sequence (z,),, in OV such that
limy, ||zn, — zo|| = r. If we set x,, := z, — rny (2,), we claim that (z,,), converges to xg. Indeed, if n
is large enough so that r > 1 the point 2o + (r — L)ny/(z,) belongs to the interior of the ball B(zo, )
and then zo + (r — 2)ny (2,) € V. Hence, by Proposition (7), we have that

(nv(zn), 20 + (r — H)ny(2,) — zn) <0,
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This allows us to write

lzn — @ol® = llzn — w0 = rnv (zn)l* = llz0 — 20l* + % [lnv (20) [ + 2r(nv (2n), 0 — 2n)

= Jlz — 20l 4+ 2 4 2r{ny (za), 20 + (r — L) (20) = 20) — 2y (z0), (r — L) (z0))

< Hzn - ZO||2 + r? — 27’<”V(zn)a (T - %)nV(zn» = Hzn - ZOH2 + r? — 2T<T - %)
The last term tends to 72 + 72 — 2r2 = 0 as n — oo. This shows that lim,, ||z, — 2¢|| = 0. Now, since
ny is Lipschitz we can write, for every n,m € N,

lzn = 2mll = |lzn + 10y (20) — T + 10y (20) || < |20 — 2 || + 7 Lip(ny )| 20 — 2ml|-

This leads us to
(1= rLip(ny)) |20 — 2mll < 2w — 2wll, nymeN,

which shows that (z,),, is a Cauchy sequence because so is (zy,), and r < Lip(ny ). Thus there exists
some zg € OV with dgy (z) = lim,, ||z, — x| = ||z0 — ||

(5) Let 1) be as in Definition If € X \ V, we know that the distance is attained at a unique point
Pyy () by (2). According to Proposition [2.16, the vectors Vi)(Pyy (z)) and x — Pyy (x) are paralell
and outwardly normal to OV at Pyy (x) and

nv (Poy (2)) = Vi (Pyy (z)) _ x — Pyy(z) _ z — Pyy(x)
VoE @)~ o= Pov(@)] ~ bvia)

which proves the assertion for points z € X \ V. Now, consider points = € int(V) and y € 9V such
that ||z — y|| = dpv (). The function h : X — R defined by h(p) = ||p — z||?, for every p € X, is of
class C*°. Given any u in the tangent space 7,0V of OV at y we consider a curve a : (—¢,e) — OV
of class C' such that a(0) = y and o/(0) = w and set g = h o a, which is C* on (—¢,¢). Since
9(0) = ||z — y|| = dov(x), we must have g(t) > ¢(0) for every t € (—¢, ) and then

0= g'(0) = (Vh(a(0)), &/ (0)) = (VA(y), v) = 2{y — =, u).

Because w is arbitrary on 7,0V this shows that y — x belongs to the orthogonal complement of 7},0V,
which coincides with the line generated by ny (y) by Proposition[2.16] Hence y — x is paralell to ny (y)
and then y — = = fny (y) for some 3. It is obvious that y — x is inward to OV while ny (y) is outward,
and then it is clear that 3 < O and 8 = —[|z —y[| = —dav (y) = by (y). Therefore x —y = by (z)ny (y).
Conversely, if y € OV is such that x — y = by (z)ny (y), it is obvious that ||z — y|| = dgy () because
[nv(y)ll = 1.

(6) Let x be a point with dgy (z) < Lip(ny)~!, or equivalently |by (z)| < Lip(ny)~!. We know
from (4) that the distance dgy () is attained at some y € OV. Assume that there are different points
y1,y2 € OV such that dygy () = ||z — y1|| = ||z — y2|. It then follows from (5) that

=y =by(x)nv(y), = —y2=bv(z)ny(ye)
and substracting both equations we get y; — y2 = by (x) (ny(y2) — ny (y1)) . This implies that
Iy = w2l < [bv (@)[lInv (y2) — nv (Yl < [by ()| Lip(ny) [y — v2ll < llyr = vall,

a contradiction. Therefore, the point y is the unique y for which we have ||z — y|| = dyy (x). In order to
see that Pyy is Lipschitz on U := {z € X : day(2) < Lip(ny)~'}, let 21 and 29 be two points in U,
and write Pyy (z;) = z; — by (zi)ny (Pav(2;)) for ¢ = 1, 2. It follows that

| Pov(21) — Pav (22|
<21 = zaf| + [bv (21) — by (22)]llnv (Pov (21))[] + [bv (22)[|nv (Pov (21)) — nv (Pov (22))]]
< |lz1 — 22]| + |21 — 22|l + Lip(ny) ! Lip(ny) || 21 — 22| = 3||21 — 22]|.
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(7) By (6) the distance dsy () is attained at a unique point and then dyy () is differentiable at every

z € U\ 0V and Vdyy (z) = %, see [30} pg. 56-57]. That is, by is differentiable on U \ 0V and
Vby (z) = %(‘;)(m) = ny(Pyy(x)) forevery z € U \ V. In addition,

IVov (x) = Vby (y)|| < Lip(nv) Lip(Pov) ||« — y[| < 3Lip(nv)[lz -y

for every z,y € U \ V. Now assume that x € 0V and let ¢ > 0. Because ||ny (z)|| = 1 and the norm
|| - || on X is differentiable at ny (z) with gradient equal to ny (z), there exists § > 0 such that

€
ly +nv (@)l =1 = {nv(2),y) < Sllyll.  whenever [|y]| < 4. (24.1)
Let us assume that
0 < ||h|| < min{é, 6 Lip(ny)~*, 62 Lip(ny o Pyy,U) "L} (2.4.2)

We claim that x — tny (z) € int(V) whenever 0 < ¢ < Lip(ny)~!. Indeed, otherwise we would have
that x — tny (z) € OV for some t € (0, Lip(ny)~!] and then, by convexity and differentiability of v,
(this function 1 is as in Definition [2.15)

0=1(z) — ¢z — tny(z))
> <V¢(x —tny(x)), tnv(x)> =t|Vy(z — tnv(x))H<nV(x —tny(x)), nv(x)>

= 190 =ty @) (v (@ =ty (@) + v @) = oy (@ — tn(z)) - ny(2)?)
> 99 — tn (@) (2~ i )£2) > 2|Vl — tny ()]

Since z — tny(x) € OV, we have that t|Vi(x — tny(z))|| > 0, and the above chain of inequalities
yields a contradiction. Hence, if we set ¢t = §1| k||, it follows that ¢ < Lip(ny)~! by 2.4.2) and
then = — tny(z) € int(V) by the above claim. Moreover, by is differentiable on the line segment
(x, 2 — tny (x)] with derivative equal to ny o Pyy, a Lipschitz function. Thus we can write

1
by(x —tny(z)) —by(x) +t = /0 (Vby (z — st ny(z)) — ny (z), —tny (z))ds

< /01 < (ny o Pyy) (x — st ny(x)) — ny(x), —tnv(x)>ds < %Lip(nv o Pyy,U)t2.
Using (2.4.2), the above shows that
bv (x = tny () +1 < § Lip(ny o Pov)t* = 4 Lip(ny o Poy)s 2[A2 < S[lbll. - 243)
The facts that by, is 1-Lipschitz and ||t ~!h|| = 6, together with (2.4.3) and (Z.4.1)) allow us to write

bv<1' + h) — bv(.%') — <nv<$), h)
=by(z+h) —by(z —tny(x)) + by (z — tny(z)) — by (x) — (ny(z), h)
< |lh+tnv (@)l =t = (v @) h) + Sl =t ([t h+ny (@) = 1= (n (), 17 h)) + |14

IN

et 4 €
— [t h|| + ||k = €]||R]|.
Sl ]+ Sk = <lla

On the other hand, because = + ny () is outside V, we have by (z + ny(z)) = dy(z + ny(z)) = 1.
Since ||h|| < ¢ by virtue of (2.4.2)), we obtain, using that by is 1-Lipschitz together with (2.4.1)), that

bv(x + h) — bv(x) — <nv($), h>
=by(x+h) —by(z +ny(z)) +bv(z +nv(x)) — by(z) — (ny(z),h)
> —[|h —ny (@) +1—(nv(z),h) == (| —h+nv(@)]| -1-((z),—h) > —gllhll-
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In conclusion

by (z + h) — by (z) — (nv(z), h)|
2]l

<e whenever |h| satisfies (2.4.2),

that is, by is differentiable at = with Vby () = ny (x). We thus have the formula Vby = ny o Pyy on
U, which proves that Vby is Lipschitz on U.

(8) Combining (2) and (7), we obtain that by is differentiable on Ut with Vby = ny o Pyy on U™ and
Lip(Vby,U™) < 3Lip(ny).

(9) Outside V' we have that by, = dy, and dy is convex on X. Indeed, given z,y € X \ V, A € [0,1]
and z) = Az + (1 — \)y, the point APy (x) 4+ (1 — X\) Py (y) belongs to V' by convexity and then

dy(zx) < |lz = (APy(z) + (1 = NPy (y)) ||
<Mz =Py ()| + (1 =Ny — Pr(y)|l < My (z) + (1 = N)dy (y).

Hence by is convex on any line segment contained in X \ int V. Let us now see that by is convex on
int (V). If [z, y] is a line segment contained in int(V") and

zi=1=Nx+ Ay, Ae]0,1],
is a point of [z, y|, for every ¢ > 0 we can find a point p) € OV such that
llza — pall < d (2, 0V) + € = —by(z)) + €.

Let W) denote the tangent hyperplane to OV at py; since V is convex we have that W, Nint V' = ).
Then, if p, and p, denote the orthogonal projections of = and y onto W), we have p,,p, € X \ V, and
therefore

d(z,0V) < |lz = pz|| and d(y,0V) <|ly —py|.-

On the other hand, the function
[0,1] 3t —d((1—t)x +ty, W)),
being the orthogonal projection onto an affine hyperplane, is obviously affine, so we have

—by(2x) + € > |lzx — pall > d(2x, W) = (1 = N)d(z, Wy) + Ad(y, W)
= (1 =Nz = psll + My —pyll = (1 = A)d(z,0V) + Ad(y, V) = —(1 — Nbv (z) — Abv (y),

that is to say,
bV ((1 — )\)37 + )\y) = bv(Z)\) < (1 — )\)bv(l') + )\bv(y) +e.

Letting ¢ — 0T, the above shows that by is convex on int V, and by continuity it follows that by is
convex on V. Finally, if v € X \ V and y € int V, hence the line segment [z, y] is transversal to 9V,
we may write [z,y] = [z, 2] U [z,y], where z € 9V, [z,z] C X \ intV and [z,y] C V. Consider the
function ¢ : [0, 1] — R defined by ¢(t) = by ((1 — t)z + ty), and let tp € (0, 1) be the number such
that z = (1 —to)x + toy. We know that ¢ is convex on [0, o], and ¢ is convex on [tg, 1] as well. Besides
¢ is differentiable at ¢ because by is differentiable on a neighbourhood of OV by (7). Hence ¢ is convex
on [0, 1]. It follows that by is convex on [z, y|. Therefore by is convex on X. O

2.4.2 An interpolation theorem for C''! convex hypersurfaces

We are now ready to formulate and prove the announced characterization of those subsets which can be
interpolated by boundaries of C'!'! convex bodies, see Definition
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Definition 2.19. Given a subset C' of X and a mapping N : C — Sx, we will say that N satisfies
condition (KW*') on C provided that

(N(y),y —z) > §|N(y) = N(z)||* forall z,yeC, (KWl
for some § > 0.

If V is a convex body of class C'! and u € Sy, we will say that v is outwardly normal to OV at
y € 9V if u coincides with the outer unit normal ny of V.

Theorem 2.20. Let C be a subset of X, and let N : C — Sx be a mapping. Then the following
statements are equivalent.

1. There exists a C' convex body V' such that C C 0V and N (y) is outwardly normal to OV at y
foreveryy € C.

2. N satisfies condition (KWY) on C for some § > 0.
Moreover, if we further assume that C' is bounded then V' can be taken bounded as well.

Proof.
(2) = (1): Let us assume that N : C' — Sx satisfies (XWW'!) on C. Consider the sets

Ey={r=2—-2N(z) : z€(C}, E=CUE,.

We claim that E and C' are disjoint. Indeed, if there exists z € C such that 2’ = z — 20 N(z) € C, then
2/ — z = —25N(z) and condition (XWW'1) leads us to

—25(N(2),N(2)) = (N(2),2 — 2z) > 20||N(2) — N(2)||* = —20(N (%), N(2)) + 26,

a contradiction. Assuming 6 < 1 (which we can clearly do) let us define a 1-jet (f, G) on C by

[ 1 if yecC [ N(y) if yecC
f(y)_{1—5 it yem, ™ G(y)_{ 0 if ye E.

Let us check that (f, G) satisfies condition (CW ') on E. Given z,y € C we have
f(@) = fly) = (G(y),z — ) = 3]G (z) = GW)II* = (N(y),y — ) = 8lIN(z) = N(»)|*,
and the above term is nonnegative thanks to condition (XW'1). If z,y € Ey, then
f@) = fy) = (Gy),z —y) — 8| G(x) = Gy)|I* = 0.
In the case when z € C and y € Ej we have
f@) = fly) = (Gy),z —y) = 8]|G(z) = Gy)IIP = 6 = 8|IN(x)|* = 0.
If both z, y belong to Ey, we can write z = z — 26N (z) for some z € C and, by condition (KXW11),
f(@) = fy) = {G(y),z —y) = 8|G(z) = G)II* = =20 — (N(y),z — y)
= —20 — (N(y), 2 — 20N (2) — y) > =20 + 26(N(y), N(2)) + 8| N(2) — N(y)[I* = 0.

Thus (f, G) satisfies condition (CW %) on E = C' U Ej and we can use Theorem in order to find
a convex function F' € C1!(X) such that (F,VF) = (f,G) on E. Observe that ' > 1 — § on X by
convexity. For the set A = Co(F), the closed convex hull of E, let us define

Y=F+d(-,A? on X. (2.4.4)
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Since A is closed and convex, d(-, A)? is a C*! convex function on X by virtue of Lemma (3)
Thus, the function 1 is convex and of class C''! with ¢y = F and V¢ = VF on A. Let us define
V = ¢ ((—o0,1]). Because ) = F =1 —§ < 1 on Ey, Proposition [2.16] says that V" is closed and
convex, with Eo C int(V) and 9V = +~1(1). In particular, V has nonempty interior. Also, we have
C C OV because » = F = 1 on C. In order to prove that V is a C'"! convex body it only remains to
check that the outer unit normal ny of V' is Lipschitz on V. To this purpose, we need to see first that
infay || V|| > 0. For every x € X, we can find z € co(Ep U C') such that 2d(z, A) > ||z — z||. We can
write z = Y " Nz + Y i g Aizi, Where 21, ...,z € C, Zmy1, ..., 20 € Epyand Aq, .. A >
0, Y7y A = 1. And for each z;, ¢ = 1,...,m, we can take y; := 2z; — 20N (z;) € Ey satisfying
i — 2ill < 26. The pointy := Y™ Niysi + > i, 1 Ai%; belongs to the convex hull co(Ep) of Ep and
then ¢ (y) = F(y) < 1 — § by convexity of F' (recall that F' = 1 — § on Ej). We thus have

< 2521%:)\2- < 262”:>\i = 20.
i=1 i=1

This proves that ||z — yl| < [lz — 2]l + ||z — yl| < 2d(z, A) + 26. Now, if = € OV, we have that
Y(x) = F(x) + d(z,A)? = 1 and then d(x, A) < 1 because F' > 0 on X. If y is as above then
Y(y) = F(y) <1—4dand |z —y|| <2+ 26. The convexity of F' yields

IV @)y — 2l = (Vo (), 2 —y) = ¢(x) —P(y) =4,
which implies |V (z)|| >

m

D iz —wi)

=1

Iz =yl =

The outer unit normal ny of OV is given by

Vi(z)
V()|

and the fact that infyy || V4)|| > 0 allows us to prove that ny is Lipschitz on OV. Indeed, given x,y € 9V,
we can write

2+2§

ny(z) = V@] x € dV,

e H () H IV @) IV @) — Ve @) V)|
e vy H o V@) ve)l
| ||w vl = V6 @) Vo) + V(@) | (Vi) - Vo) |

V() IV (y)l]
< Vo) = Vol | [IVe(e) = Vo)l _ 2Ve(@) — Viy)|
- Vel IV (y)ll VoIl

If m denotes the number infsy ||V)||, the preceding chain of inequalities and the fact that V) is Lips-
chitz lead us to

2|V (x) = Vo (y)ll
IV (y)ll

for every x,y € OV. Finally, if x € C, then Vi)(z) = VF(z) = N(x), thatis N = ny on C.

Iy (z) —nv(y)| < < 2m~ |V (2) = Vi (y)|| < 2m~" Lip(Vy)||lz — y]

In addition, let us see that if C' is bounded, the convex body V is also bounded. Indeed, the sets Fy
and A = co(Ep U C) are bounded because so is C and because || N|| = 1. Thus the distance d?(-, A) is
coercive, that is, lim ;o d*(z, A) = +oo. Since F is bounded below by 1 — § on X, the function )
of is coercive too and therefore V = 1) ~!((—o0, 1]) is a bounded subset by virtue of Proposition
716/ (3).

(1) = (2): If there exists such a convex body V, the outer unit normal ny of V' is Lipschitz and we
know from Lemma that the oriented distance function by to V' is convex, 1-Lipschitz on X and of

class C'H1 on the set
Ut :={zxecX : by(x)>—Lip(ny) '}
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Let us denote 7 = Lip(ny)~!, ¢ = % and define F' = M, (by, —%) on X, the e-smooth maximum of
by and _TT, see Lemma and Proposition Since by is convex, F'is convex on X as well. Observe
that on the set {by; > =} we have that by > € — 7, and the properties of smooth maxima give F' = by
on {by > _TT}’ and then F’ is differentiable with VF = Vby on this set. In particular, the gradient
VF of F is Lipschitz on this set, F' = by = 0 and VF = Vby on dV. On the other hand, on the set
{by < =} we have 5* > by (x) + £, which implies that F = =" on {by < =}; in particular, F is

C1! on this set. Finally, on {z € X : = < by(z) < 5}, the definition of F is given by

by () — 5 +0(by (2) +3)
5 ,

F(z) =

where by is differentiable with Lipschitz derivative and 6 : R — (0, +00) is a C™ function, see the
comments after Lemma Using that by is 1-Lipschitz on X and that Vby is Lipschitz on U (which
contains the region we are working on), we can write

2|VF(x) = VE(y)ll = [|Vby (2) = Vby (y) + 0 (bv () + 5)Vby (z) — 0'(bv (y) + 5)Vov (y)]]
< (L+0(bv(y) + 5)) Lip(Voy, UN)|lz =yl + 16 (bv (2) + 5) — 0 (bv (y) + )| Vv ()]

< <1+ sup |e'|> Lip(Vby, UF)l|e — y| + ( sup |0”\> o =yl

=r r -r r
4 74 4 74

This proves that F'is C%! on {z € X : _Tg’” < by (x) < 4 } too. In conclusion F' is a convex function
of class C1!(X) such that F = 0 and VF = ny on dV. According to Proposition F satisfies the
condition (CW11) on OV for some 6, i.e.,

F(z) = F(y) — (VF(y),z —y) > §|VF(z) = VF(y)|* forall z,y € dV.
and therefore
(nv(y),y —x) = 8|lny (z) —ny(y)|* forall z,y e dV.

In particular, since our given function N : C' — Sx coincides with ny on C' we have that IV satisfies
(Kwht)on C.
O

2.5 Sup-inf explicit formulas of C''! convex extensions on R"

In this section, we present an alternative sup-inf formula for the extension F' given in Theorem [2.T1] for
C’Cl(;,lw functions on R"™. This formula is inspired by that of [54, Theorem 26] for C 1,1 (not necessarily
convex) functions but, in our case, the formula will be simpler.

Throughout this section, we will denote the euclidean norm on R"™ by | - |. Let us assume that E is a
nonempty subset of R” and (f, G) is a 1-jet on E satisfying the condition (CW 1) (see Definition
with constant M > 0. For every a,b € E, x € R", we define

oy i= M(f(8) = f(a) = (Gla),b—a)) = 5|G(a) — G(B) P,

and the set

Ay = ﬂ B(Zax,bvrax,b)’
a,beE
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where each B(Z*

Z e ) denotes the closed ball centered at Z7, with radius 7 ,. Finally let us define
the functions

f(a) + {(v,z = a) — 337]G(a) - v]?
f(a) +(G(a),z — a) + 537|G(a) — v,

<
+
&
8
=
I

<
B
R
=
||

forallz € R, a € E, v € R™.
Remark 2.21.
(1) For every x € R™, we have v € A, if and only if

sSup ¢_($7 a, U) < inf 1j)+(l', a, U)'
ack ack

(2) Given zo € R", the 1-jet (f,G) extends (f,G) from E to E U {xo} satisfying inequality (CW 1)
on E U {xo} with constant M > 0 if and only if

sup w_(m,a,é(.r)) < f(m) < inf ¢+(x,a,é(:n)), x € EU{xp}.
a€E a€FE

Proof.
(1) We have that sup,cp ¢~ (2, a,v) < inf,ep ¢ (2, a,v) if and only if, for all a,b € E,

Fla) +{Gla), 2~ a) + il — G@) < F(b) — (o,b— ) — oo — G(B)P.

Multiplying by M we have that

5 (0= G@)P + o~ GO)) + M{v,b—2) < M(F(b) ~ f(@) + M(G(a),a ).
Applying the Paralelogram Law to the left-side term we obtain
i (120 = G(a) = GO)]? +|G(b) = G(a)?) + M (v, b —x) < M(f(b) — f(a)) + M(G(a),a — x),

or equivalently

2
Y G(a);G(b) 4 M{v,b— ) < M(f(b) — f(a)) + M(G(a),a — ) — %IG(b) — G(a).
This can be written as
a 2 a 2
) CETCOP o, C@EOH M,y M
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By the definition of Z, ; and «,, ; we obtain

0= Zusf? < iy + M{G(a),b—a) + (G(a) + G ), % (2 — D))
2
+ MT‘.f —b* + M(G(a),a — ) + i\G(a) —G(b))?
2

= a0y + {G0), 5 (2= 1)) ~ (Cla), 5 (2= 1)) + 21C(a) ~ GO + |z — b
_ a 2

= ot 116G - G + 2 COZEW Moy A

1 M 2
— st [5G0 - Gl@) + (0 0)] = au+ o

Obviously, the above is equivalent to v € B(Z?,,r2 ) for every a,b € E, thatis v € A,.

(2) The 1-jet (f, G) extends (f,G) from E to E U {z} and satisfies inequality (CW ') on E U {z}
with constant A/ > 0 if and only if

Note that these inequalities are equivalent to

Fa) > f(a) + (G(a), &~ a) + 51-|G(x) ~ Cla)f and
flz) < f(b) — (G(z),b—x) — ——|G(z) — G())? forall z€ EU{m}, a,bec E,
which in turn is equivalent to

sup w_(:z:,a,é(x)) < f(az) < inf 1/1+(x,a,é(:c)), x € EU{xp}.
a€E a€Fl

O

If F denotes the extension of the 1-jet (f,G) defined in Theorem 2.11] we know that (F,VF)
satisfies condition (CW 1) on R™ with constant M > 0 (See Proposition [2.8). We obtain, by virtue of

Remark [2.21] that
VF(z) €Ay and supy (x,a,VF(z)) < F(z) < ing YT (z,a,VF(z)), z€R" (2.5.1)
acl ac

In particular, the set A, is nonempty for every = € R™. Now, since ¢/ is continuous, the mapping
R™ 3 v+ inf ¥ 7 (2, a,v)
ackE
is upper semicontinuous and therefore the function

h(z) := sup inf ¥t (z,a,v), z€R"
veAm ack

is well defined.

Lemma 2.22. For every x € R™ there exists a unique v, € A, such that

= inf ¢t 2).
h(z) = inf Y™ (2, a,v;)
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Proof. Fix x € R™. Itis clear that A, is a compact and convex subset of R™. Then the supremum defining
h(z) must be attained at some v, € A,. In order to prove the uniqueness, we use the following. For all
v1,v2 € Ay, A €[0,1] and a € E, we have Avy + (1 — A)vy € A, and

P (2, a, Aot + (1= Nv2) = f(a) + v + (1= Ao, & — a) — 517 |G(a) — Mg — (1= Nva]?, (2.5.2)
where |G(a) — Av; — (1 — A)va|? can be written as

N|G(a) — vi]? + (1 = N)?|G(a) — va|? + 2X(1 — N\)(G(a) — v1, G(a) — v2)
= MG(a) = vi* + (1 = V)|G(a) — v2f?
—A1-=2X) (|G(a) —v1]? + |G(a) — vao|* = 2(G(a) — v1,G(a) — 2)2>)
= \G(a) — 01\2 + (1 —=X)|G(a) — 02\2 A1 =X)|v1 — v2]2.
By plugging this on (2.5.2) we obtain

YT (@, a, Aoy + (1= Mva) = A(f(a) + (G(a),v1)) + (1= A) (f(a) + (G(a), v2)
— g1 (AG(a) = v1* + (1 = V)[G(a) = v = A(1 = N[vr — va]?).

Therefore

V(2 a, v + (1= Nvg) = M (2, a,v1) + (1 — Nt (z,a,v2) + )‘(211\_/1’\) lv1 — va?,

and this leads us to

inf " (2,0, M1 + (1= \vz) 2 A inf 4" (w,0,01) + (1= A) inf 9 (@,a,09) + 2552 0n — 0o
ac ac ac

We then have proved that the function

Ay > v inf Y7 (2, a,v)
ack

is strictly concave. Therefore, the supremum defining h(x) is attained at a unique v, € A,. O

Theorem 2.23. We have, for every x € R™,

F(z) = inf T = inf ¢ 2), VF(z)=uv,
(z) fgﬁ;ng (z,a,v) inf ¢ (z,a,vs), (z) = vg,

where F' is that of Theorem and v, € A, is as in Lemma[2.22)
Proof. We define the 1-jet (h, Vh) on R™ by setting

h(z) := sup inf ¥ (z,a,v), Vh(z):=v, z€R"
’UGAI (ZEE

If z € E, we see from the definition of o ., 87, and 77 , that A, = {G(x)}. Since Vh(z) € A, we
get Vh(z) = G(z) = VF(x). By the definition of Vh(z) = v, (see Lemma[2.22) we also have

h(z) = gleljfEW(% a,G(x)) <Y (2,2,G(2)) = f(z) = F(z),

and then (2.5.1) shows that
F(2) < inf 9 (2,0, G(2) = h(z)
ac

This shows that h = F on E. Now, let us consider a point z € R™ \ E. Using (2.5.1), it follows that
VF(x) € A, and

F(z) < ig%qﬁ' (v,a,VF(z)) < sup inf ™ (2,a, VF(z)) = h(z).

vEA, AEE
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On the other hand, Remark (1) tells us that

sup ¢~ (x,a,v;) < h(x) = inf 1/1+(x,a,vx),
(lGE (ZEE

which shows that 1-jet (h, Vh(z)) satisfies condition (CW 1) on E U {x} with constant M > 0. Then,
Theorem provides a C''! convex extension (h*, Vh*) of (h, Vh(z)) to all of R™ satisfying that
Lip(Vh*) < M. Since (h*, Vh*) coincides with (h, Vh(z)) = (f,G) on E, the last part of Theorem
says that we must have h* < F on R™, which implies in particular that h(x) < F(z). We have thus
shown that ' = h on R". Finally, given x € R" \ E,

hz) = F(@) < inf 0" (2,0, VF(@)),

thanks to (2.5.1). The definition of h together with Lemma allows us to conclude that VF'(x)

Vg

Ol

2.6 Optimal C'"! extensions of jets by explicit formulas in Hilbert spaces

In this section we will prove that formula (2.1.3)) defines a C'+! extension of the jet ( f, G) on E, provided
that this jet satisfies a necessary and sufficient condition found by Wells in [69]], which is equivalent to

the classical Whitney condition for C! extension (W//\l/l) by virtue of Remark

Definition 2.24. We will say that a 1-jet ( f, G) defined on a subset E of a Hilbert space satisfies condition
(WYY with constant M > 0 on E provided that

1 M 1
fy) < f(@) + 5(G(2) + Gly),y — 2) + —llz = y||* = —[IG(z) - G(y)|*
2 4 4M
forall x,y € E.
Let us first see why this condition is necessary for C'*»! extension.

Proposition 2.25.
(i) If (f, G) satisfies (W) on E with constant M, then G is M-Lipschitz on E.

(ii) If F is a function of class O (X) with Lip(VF) < M, then (F,VF) satisfies (W) on E = X
with constant M.

Proof.

(1) Given z,y € E, we have

F) < F(@) + 3 (G@) + Gly)y — ) + oz~ yl — 116G — G
7)< F0) + 5{G0) + Cla),a —y) + 2 lz — 9l ~ I G) - Gl

By combining both inequalities we immediately obtain |G (z) — G(y)|| < M|z — y||.
(i1) Fix 2,y € X and 2z = (2 + y) + 537 (VF(y) — VF(z)). Using Taylor’s theorem we obtain

F(2) < F(2)+(VF(x), Yy —2)+ 55 (VF(y) = VF(@))) + 2 | Ly —2) + 55 (VF (y) - VF(2)) ||
and

F(2) > F(y)+(VF(y), (@ —y)+ 57 (VF(y) = VF(2))) = 4[| 3 (x —9) + 37 (VF () - VF (@)
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We thus have

F(y) < F(z) + (VF(z), §(y — 2) + 55 (VF(y) — VF(x)))
+ 53y - x>+iM<v y) = VF(@)|”
—(VF(y), (@ —y) - <v<>—VF<>>>
+%IH >+2M<VF )|’
= F(x) + <VF< )+ VE(y),y — )+ %Hx —y|P? - & IVF(z) - VF(y)|?
O

The following lemma will allow us to deal with the C1! extension problem for 1-jets by relying on
our previous solution of the C1'! convex extension problem for 1-jets.

Lemma 2.26. Given an arbitrary subset E of a Hilbert space X and a 1-jet (f,G) defined on E, we
have the following: (f,G) satisfies (W) on E, with constant M > 0, if and only if the 1-jet (f,G)
defined by f(z) = f(x) + M\z|2, G(z) = G(z) + Mx, x € E, satisfies property (CW1) on E, with
constant 2M.

Proof. Suppose first that (f, G) satisfies (W) on E with constant M > 0. We have, for all 7,y € E,

f(a) ~ Fly) — (@)oo —y) — 171C(@) ~ G
f

= $(@) ~ 1) + Il — S Il ~ (Gly) + My, = — )
~ 16 — G) + Mz — )P

> L(G(@) + Gw),x —y) ~ e — 9l + G (@) — G
F 1)~ F(w)+ 5 ol — 5 Iyl — (Gl) + My, — )
7 1G@) — G) + Mz~ y)|?

M M M
= Sl + Sl = Mz, = Sl — ol =

Conversely, if (f, ) satisfies (CWW 1) on E with constant 2/, we have
F(@) + 5{G@) + Ol),y —2) + e~y ~ G() ~ G - £)
= (o)~ 2l + 5(Cl@) + Cly) ~ Mz +9).y —a) + oz — ]
— AG@) ~ G) ~ M@ — )P Fw) + 5 P
= (o)~ Fo) + 5(G@) + Cly)y — ) + L lw— gl
16 (@) — Ol) — Mz — )P
> (Gy),x — ) + 37 16) — CW)IP + 5(C@) + Cly),y — )
+ 2o =yl = G ) - Gly) - Mz — )P

We are now ready to stablish our formula for 1! extension of general 1-jets.
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Theorem 2.27. Let E be a subset of a Hilbert space X. Given a 1-jet (f, G) satisfying property (W11)
with constant M on FE, the formula

F = conv(g) — 5| - |I%,

9@) = mE{f() + Gz =)+ Fllo -y} + Flol?, zeX,

defines a CV'(X) function with F|,, = f, (VF),, = G, and Lip(VF) < M.
Moreover; if H is another C1! function with H = f and VH = G on E and Lip(VH) < M, then
H<F.

Proof. From Lemmal|2.26, we know that the 1-jet (f, G) defined by
_ M, o -
fl@) = flz) + 2l G(x) =G(2) + Mz, z€E,

satisfies property (CW11) on E with constant 2M. Then, by Theorem 2.11| the function

F=conv(g), §(z)= ying{f(y) +(G(y),z —y) + M|z —y|*}, ze€X,

is convex and of class CY! with (F,VF) = (f,G) on E and Lip(VF) < 2M. The definitions of f and
G imply that

g() = it {f(v) +(Gy)2 —y) + Gl —yl*} + Flzll?, ze€X.

Now, according to Proposition the jet (F, VF) satisfies condition (CW 1) with constant 2/ on
the whole X. Thus, if F' is the function defined by

~ M
Pla) = F(z) - 5 ol @€ X,

we get, thanks to Lemma [2.26] that the jet (F, VF) satisfies condition (W1!) with constant M on X.
Hence, by Proposition is of class C1' (X)), with Lip(VF) < M. From the definition of f, G, F
and F' it is immediate that F' = f and VF = G on E.

Finally, suppose that H is another C1* (X)) function with H = f and VH = G on E and Lip(VH) <
M. Using all of these assumptions together with Taylor’s Theorem we have that

M M M
H(z)+ |12 < f(0) +(Gly),z —9) + = lle =yl + Sl
for all x € X,y € E. Taking the infimum over F we get that
M
H(z)+ o |lo]? < g(a), v €X.

Since H is C11(X) with Lip(VH) < M, the jet (H,V H) satisfies the condition (W) on E with
constant M. Using Lemma we obtain that (H, VH) (defined as in that Lemma) satisfies (C'W11)
on E with constant 2)M. In particular the function X > z — H(z) = H(z) + % l|z||? is convex, which
implies that

H =conv(H) < g.

Therefore, H < FonX , from which we obtain that H < F'on X. O
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2.7 Kirszbraun Extension Theorem

As a consequence of Theorem [2.27, we can give a short proof of Kirszbraun-Valentine’s extension theo-
rem for Lipschitz functions (see [52,165]), providing an explicit formula for the extension.

Corollary 2.28 (Kirszbraun-Valentine’s Theorem). Let X, Y be two Hilbert spaces, E a subset of X and
G : E — 'Y a Lipschitz mapping. There exists G : X — Y with G = G on E and Lip(G) = Lip(G).

Proof. Consider on X x Y the scalar product given by ((x,y), (¢, ")) = (x,2") x + (y,y')y. We will
denote by || - ||, || - ||x and || - ||y the norms on X x Y, X and Y respectively. Also, we denote by (-, -) x
and (-, )y the scalar products on X and Y respectively. It is then clear that X x Y is a Hilbert space.
Now we consider the 1-jet (f*, G*) defined on E x {0} by f*(x,0) = 0 and G*(x,0) = (0, G(x)), for
all z € E. If we denote M = Lip(G), we have that

F,0) = F*(3,0) + 3{G7(2,0) + G*(3,0),(4,0) — (,0)
+ (2,0 ~ w0 ~ 757 lIC"
= £(0,6()) ~ (0,6)), (5.0) ~ (,0)) + £z — ik — [ 1C@) ~ CW)IR

M 1
= ZHSC —yll%x - mHG@U) - G(y¥ > 0.

(.%', 0) - G*<y70)”2

Thus, (f*, G*) satisfies condition (W) on E x {0} with constant M. By Theorem |2.27} the function

F = conv(g) — - |I%,

g($ay) = ;Ielg{f*<270) + <G*(270)7 (‘T - Z7y)> + %H(CE - Zvy)H2} + %H('CU,Q)HQ, (x,y) € X x Y7

is of class C1 (X x Y) with (F,VF) = (f*,G*) on E x {0} and Lip(VF) < M. We see that the
expression defining g can be simplified as

9(z,y) = inf {G(2), y)y + Gl =27+ Fl@yl?,  (zy) € X xY.

If we denote by P : X X Y — Y the canonical projection, then the function G = P(VF) coincides

with G on F and Lip(G) < Lip(VF) < M. O

2.8 (C' convex extensions of jets by explicit formulas in Hilbert spaces

In this section we will present the solution to the problem of finding C'* convex extensions of 1-jets
in the Hilbert space by means of explicit formulas. Unless otherwise stated, we will assume that X is a
Hilbert space and w : [0, +00) — [0, +00) is a concave and increasing function such that w(0) = 0 and
limy_, 4 oo w(t) = +00. Also, we will denote

o(t) = /Otw(s)ds (2.8.1)

for every t > 0. It is obvious that ¢ is differentiable with ¢’ = w on [0, +00) and, because w is strictly
increasing, ¢ is strictly convex. The function w has an inverse w™! : [0, +00) — [0, +00) which is
convex and strictly increasing, with w=!(0) = 0. We also note that

w(ct) < ew(t) and w (ct) > cw H(t) for ¢>1,t>0
w(ct) > ew(t) and w (ct) <ew (t) for ¢<1,t>0.
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In the sequel we will make intensive use of the Fenchel conjugate of a function on the Hilbert space.
Recall that, given a function g : X — R, the Fenchel conjugate of g is defined by

g9°(x) = sup{(z, 2) —g(2)}, we€X,
zeX

where g* may take the value +oc at some x. We next gather a couple of elementary properties of this
operator which we will need later on. A detailed exposition can be found in [19, Chapter 2, Section 3] or
[74, Chapter 2, Section 3] for instance.

Proposition 2.29. We have:

(i) (ag)* = ag*(%) and (ag(3))" = ag* for a > 0.
(1) If p - R = R is even, then (po || - |)* = p*(| - ).

Abusing terminology, we will consider the Fenchel conjugate of nonnegative functions only defined

n [0,400), say § : [0,+00) — [0,400). In order to avoid problems, we will assume that all the

functions involved are extended to all of R by setting 6(¢) = §(—t) for ¢ < 0. Hence ¢ will be an even
function on R and therefore

0% (t) = sup{ts — 6(s)} = sup{ts — d(s)}, for ¢>0.
seR 5>0

For our modulus of continuity w, and the corresponding function ¢, (see[2.8.)) the following propo-
sition provides a formula for ¢* in terms of w.

Proposition 2.30. [See [74, Lemma 3.7.1, pg. 227].] We have that p*(t) = fg wl(s)ds forall t > 0
and ¢(t) + ¢*(s) = tsif and only if s = w(t).

Let us now recall the definition of uniformly convex functions and the modulus of convexity. See
[74]] for a detailed exposition of this topic.

Definition 2.31. A function f : X — R is said to be uniformly convex, with modulus of convexity §
(being 6 : [0, +00) — [0, +00) a nondecreasing function with 5(0) = 0) provided that

M)+ A =Nf(y) > fQz+ (1= Ny) + A1 = A)d(|z —yl)
forall X € [0,1] and x,y € X.

Theorem 2.32. [67, Theorem 3]. Let X be a Hilbert space. If p : [0, +00) — [0, +00) is an increasing
function with p(ct) > cp(t) for all ¢ > 1 and t > 0, then the function <I> X — R defined by

O(x) = OHxH p(t)dt, © € X, is uniformly convex, with modulus of convexity (t fo (s/2)ds, t > 0.
In addition,

t

(i) If the function (0,400) >t —> pi ) is convex we can take 0(t) = 2 f() (%) ds
t

(13) If the function (0,400) > t — pi) is concave we can take (t fo

In particular, the Theorem applies for increasing convex functions p : [0, +00) — [0, +00) with p(0) =
0.

For the sake of completeness and because we have not been able to find an English version of [67],
we are going to provide the proof of Theorem [2.32] We first need to prove the following lemma.

Lemma 2.33. Let ® : X — R be a differentiable function such that
(VO(x) - VO(y),x —y) > 6 (Jo—yl) forall z,y€ X, (282)

where ¢ : [0,4+00) —> [0, +00) is a nondecreasing function with $(0) = 0 and ¢(t) > 0 for t > 0.
Then ® is uniformly convex on X with modulus of convexity 6(t) = [f @ds, provided that §(t) is finite
for everyt > 0.
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Proof. Fix a € (0,1) and z,y € X with z # y. We define

t
(B

v(t) =y + (x—y), h(t)=2>(y(t)), foral teR.

Because 1 is differentiable on X, the function A is differentiable on R with

iﬂﬂ:<V@h@»Hi:%>,teR.

By (2.8.2) we obtain for ¢ > s that

W) =K (s) = (VO (1) = VO(y(s)), )

|z =yl
_ (Va60) - Vo (s, (018 5 2010 _ o -
We thus get
hﬁy4m@z¢“_$ for t>s. (2.8.3)

Now we write

= a(h(llz = yll = hallz = yl)) + (1 = ) ((0) = h(allz —yl)))

lz—yll allz—yl|
=« W(t)ds — (1 — a K (t)ds.
/ RCE IR / (t

By changing the variable ¢t = a||z — y|| + (1 — «)s in the first integral and t = a|z — y|| — s in the
second one, we obtain that

ab/‘xy”h/@)ds——(l——a)J/alxy”h/a)ds

llz—yll 0
llz—yll
—ai=a) [ W (e =yl + (1= a)s) = 1 (alle = y]| — as) .

From (2.8.3), the last term is greater than or equal to

lz=vll (s

at=a) [ a5 = a1 - )il -yl
0

and this proves the Lemma. 0

Proof of Theorem[2.32] By the assumptions on p, the functions t — p(t), t — @ are nondecreasing.

Also, it is clear that ® is differentiable on X with V®(0) = 0 and V& (x) = p(”%“) x for x # 0. We now
fix x,y € X with x # y and =,y # 0. We can write

(78(0) - 00000 5 = § [t 2021 g2 2D _ g (22D, oY)

lal Il T
(ol el e s oo (20D ()
=3 K T )“' 1" =Tl + fl =l < ECT ﬂ

p(t)

Because t — — is nondecreasing, the identity above gives

_ . lz —yll* (pUlzl) | ~Clyl)
(Ve(z) = VO(y),z —y) =2 — <|M|+ MI)' (2.8.4)
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It is obvious that either ||z or ||y|| is bigger than ||z| + 3||y||, so

pllel) , oyl - p (llall + 1yl 085
|zl Iyl = Sllell + 5yl
We also have that
1 1
p (zllzll + 3 llyll 2 T —
(12 2 ) > o (lz=uly, (2.8.6)
gllzll + 3yl |z =yl 2

as ||z — y|| <||z|| + |Jy||.- Combining inequalities (2.8.4), (2.8.5)) and (2.8.6) we obtain

(Va(a) = Vo). - ) > o -l (252,

Note that the last inequality also holds for x = 0 or y = 0. Thus the first statement of the theorem is
proved by virtue of Lemma

Now suppose that ¢ — @ is convex. Then, we have

p(sllell+5lyl) _ 1pdizl) | 1oyl
szl + 3yl =2 fell 2 iyl

for z,y # 0. Using (2.8.4) and a similar argument as in the proof (2.8.6) we get that

(Va(e) - Valu).s ) = 2 — ol (L524)

which is also true for 2 = 0 or y = 0. Bearing in mind Lemma|2.33] the statement (i) of the theorem is
proved.

Finally, let us suppose that t — @ is concave. We have, for all z, y # 0, that

pUlzl+ 1yl =l _ plizl) ol +llyl) vl edlyl)
[ 7 7 | 713 o 77 7

which implies that

pUll) o pUlyl) o p Uizl + flyiD

] Iyl =zl + vl
The last inequality together with (2.8.4)) and a similar argument as in the proof of (2.8.6) lead us to

(Vo(x) ~ V() 7~ ) > 3z~ vllp (z ~ ],

which, again, is also true for x = 0 or y = 0. Thanks to Lemma [2.33] the statement (¢i) is proved.  [J

In the same spirit as in Proposition [2.9] we show that, in order to prove that a continuous convex
funcion f defined on a Banach space is differentiable with an w-continuous derivative, it is enough to
check a simple inequality which only involves the values of f and the function ¢ of (2.8.1).

Proposition 2.34. Let X be a Banach space. If f : X — R is a continuous convex function and
f(x+h)+ f(x—h)=2f(x) < Cp(2||h]]), forall xz,hc X,

then f is of class C**(X) and |[Df(z) — Df(y)| < 4Cw (2||x — y||) forall z,y € X.
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Proof. The inequality of the assumption together with (2.8.1) tells us that, for every z,h € X,

flxz+h)+ f(z —h) —2f(z) ©(2[|7]])
] <C Tl < 2Cw(2|hl)),

where the last term tends to 0 as ||h|| — 0. Because f is continuous and convex, this implies that f is
differentiable on X. together with the continuity of f proves the existence of D f. Consider z,y, h € X

with ||h]| = ||# — y||. Using repeatedly the convexity of f and then the assumption, we get
(Df(z) = Df(y))(h) < f(x+h) = f(x) = Df(y)(h)
< fle+h) = f@)+ f@) = fy) = DF)(x —y) = Df(y)(h)
< fl@+h) = fly) = Dfy)(z+h—y)
<fl@+h)=fly) = fQRy—z—h) = fy)

<fly+t@+h—-y)+fly—(@+h—y)—2f(y)
<Cp2llz+h—yl) <Cp ]z —yl).

Thus

_ ez —yl)
|Df(z) = Df(y)|| <4C TS

Note that, by concavity of w, it follows that

gpit):/olw(tu)dugw<;> 1> 0.

Therefore | Df(z) — Df(y)|| < 4Cw (2||x — y|) - O
Now we prove an inequality involving the function ¢ and the norm || - || which will be very useful in
the proof of the main theorem.

Lemma 2.35. Let (X, || - ||) be a Hilbert space, and ¢ be defined by (2.8.1). Then the function i(z) =
o(||z|l), = € X, satisfies the following inequality

(x+h)+(x—h)—2¢(x) <P(2h) forall x,he X.
Also, ) is of class C1* (X)) with ||V (z) — Vi (y)|| < 4w (2||x — yl|) forall z,y € X.

Furthermore, we can arrange that:

(i) ¥(z + h) + (z — h) — 2(x) < 2(h) for all z, h € X if the function (0, +00) > t > w_;(t) is
convex, and
(if) (@ + h) + P(x — h) — 2(x) < $4(2h) for all z,h € X if the function (0, +00) > t w_i(t)

is concave.

Proof. By Combining the fact that (po || - ||)* = p*(|| - ||) for any even p : [0,+00) — [0, +00)
(see Proposition and the subsequent comment) with Proposition [2.30, we obtain that ¢)*(z) =
IN ol ,=1(s)ds, = € X, where w™ is a convex function. Thus, we can apply Theorem with

p=w" and ® = 1* to deduce that
AY* () + (1 - /\)@Z)*( ) = Az + (1= Xy) + A1 = A)d([lz = yl]),
forall z,y € X, A € [0,1], where §(t) = [ w™! (5) ds, ¢t > 0. Then it is clear that

dor(6) s =t { (o) + ;m v (552 sl sl 26 my e x )

1 1
> int { 18010 —ol) sllo —oll > &, 2y € X b= 166
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for all € > 0. Let us denote

pu(®) = sup {0l + 1) + 3o — 1) ~ 0(0) iy € X, ol =1

for all ¢ > 0. Since v is continuous and convex on X, we can use [19, Theorem 5.4.1(a), pg. 252] to
deduce

py(t) = sup {t5 — dy=(c) :e >0}, t>0.
Applying the preceding estimation to J,,« we see that
py(t) < Ssup {te —36(e) e >0} =3 (30)" (1), t=>o0.

By definition of § it is clear that 4(¢ ) t/ 2w~ L(s)ds. Using Proposition together with Proposi-
tion we have that (36)" () = [Z w(s )ds, t > 0. Then it follows

1

2
py(t) < 2/ w(s)ds, t>0
0

and therefore

2
Yz +ty) + Y(x —ty) — 2¢(x) < / w(s)ds, forallt >0, z,y € X, with|jy| =1,
0

which is equivalent to the desired inequality. For the second part according to Theorem L, we have

5(t) =2 [ w™ () ds, t > Ointhe case (i) and §(t) = [j w ds ¢ > 01in the case (ii). Then using
Proposition together with Proposition we obtain (f ) =2 fo s)ds, t > 0 in the case
(1) and (16)* (t) = % 0 w(s)ds, t > 0 in the case (7). By repeating the same calculations as above,

we immediately obtain the inequalities (¢) and (i).
Finally, for every w, it follows from Proposition that ¢ € CY%(X) and ||V (x) — Vi (y)|| <
dw(2||z —y||) forall z,y € X.
O

A suitable condition for our extension problem is as follows.
Definition 2.36. Given an arbitrary subset E of a Hilbert space X, anda l-jet f - E - R, G: F — X,
we will say that (f, G) satisfies condition (CW ') on E with constant M > 0, provided that

@) 2 £6)+ (G =)+ Mg (GG =Gl ) forall sy B (CW)

We can compare this with Deﬁnition that is, if w(t) = ¢, then p(t) = %tQ and ¢* = ¢. Thus,
condition (CW1%) coincides with (CW™TT) for w(t) = ¢. Throughout the rest of the Section, for a
mapping G : E — X, where F is a subset of X, we will denote

My () = |G () — Gl

sup
r#y, x,yeE W(Hx_yH)

We next make some remarks on this new condition (CW 1<),

Remark 2.37. The following is true.
(3) If (f, G) satisfies (CW 1<) on E with constant M, then

1G(z) — G(y)|| < 2Mw (” y”) z,y € E.

In particular M, (G) < 2M.



2.8. C'* convex extensions of jets by explicit formulas in Hilbert spaces 67

(i1) The inequality defining condition (CW %) can be rewritten as

f(@) = fly) +(Gy),x —y) + (Me)" (|G(z) = G(y)l]) forall w,y€E,
Proof.
(i) We fix 7,y € E and sett = 2;||G(2) — G(y)||. We have that

Mg (1) = 6@ — )| T

Using first Proposition and then Jensen’s inequality (recall that w~" is a convex function) we obtain

0= [z o (§) = (106 - aw)

My (]}4”6(@ - G(y)H) > [[G(x) - Gly) | (ﬂlwnG(x) - G(y)H) .

and then

Now, using the inequality defining the condition (C'W ) we have
1
@) 2 56+ (G =)+ M (316G - GOl )

F0) = @)+ (Gohy =)+ My ( 31600 - GOl )
hence
(G0) =Gl o) = 221" (1716(0) - G = 166~ Gl (57166 - G-
We conclude that
I6() - Gl < 2r (12520,

(77) This follows from elementary properties of the conjugate of a function; see Proposition O
Remark 2.38. An alternative formulation of the condition (C'W %) for a 1-jet (f, G) on E is that

) 2 5+ (G =)+ 16) 6l (5160 -Gl ) @8)

for all z,y € E. This is the condition for C’clé‘,‘fv extension of 1-jets that we introduced in [12]]. If we

denote the above condition by (CTW1«), we have that (CW1«) and (CW'*) are actually equivalent.
1

Proof. Since w™" is convex, we have that

t
©*(t) :/ wl(s)ds > tw™ ' (t/2) forall t>0. (2.8.8)
0

On the other hand, because w ™!

is increasing, it follows
t
go*(t):/ wl(s)ds < twi(t) forall t>0. (2.8.9)
0

Taking first t = +-||G(z) — G(y)| in 2:8:8) and then t = 51-||G(2) — G(y)|| in (2:89) and also bearing
in mind Proposition [2.29] () we obtain

(M) (I1G(2) = Gl = IG() = G(y) ™ (2]1\4\@(1’) - G(y)H> > (2M )" ([|G(x) = Gy))-

By comparing condition (CW ') (Definition | with (CW 1) (inequality (2.8.7)) we then see that
both conditions are equivalent. O
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Let us now see that (CW1+) is a necessary condition for C1* convex extension of 1-jets.

Proposition 2.39. Let f € C'“(X) be convex, and assume that f is not affine. Then the 1-jet (f,V f)
satisfies the condition (CW ) with constant M > 0 on E = X, where

M wp IVF@ -G
z,yeX, r#y W(Hx - yH)

On the other hand, if f is affine, it is obvious that (f, V f) satisfies (CW 1) on every E C X, for every
M > 0.

Proof. Suppose that there exist different points z,y € X such that

@) = ) = (VS =3} < Mg (G197 = VI )

and we will get a contradiction.
Case 1. Assume further that M = 1, f(y) = 0, and Vf(y) = 0. By convexity this implies f(x) > 0.
Then we have

0< flz) <" (IVI(@)])-
Set

1
- _Vf(2),
oI
and define
h(t) = f(z + tv)
for every t € R. We have h(0) = f(x), h'(0) = —||V f(z)|, and A/(t) = (V f(x + tv),v). This implies
that

0) = 5@+ 1951 < [ wls)ds = ot
for every t € R™, hence also that
h(t) < —|Vf(@)||t + f(z) + @(t) forall t € RT.
By using the assumption on f(x) and Proposition we have
f e+ IV @)IDv) < (IVF @) = IV F@)lw™ IV @) + ¢ (0 IV F(@)ID) =0,

which is in contradiction with the assumptions that f is convex, f(y) = 0, and V f(y) = 0. This shows
that

f(@) =" (IVF@)]) -
Case 2. Assume only that M = 1. Define
9(2) = f(2) = fly) = {Vf(¥),z —y)

for every z € X. Then g(y) = 0 and Vg(y) = 0. By Case 1, we get

g9(x) = ¢* ([IVg(2)),

and since Vg(z) = V f(z) — V f(y) the Proposition is thus proved in the case when M = 1.
Case 3. In the general case, we may assume M > 0 (the result is trivial for M = 0). Consider g = ﬁ fs
which satisfies the assumption of Case 2. Therefore

g(x) —g(y) — (Va(y),z —y) > ¢* ([[Vg(z) = Va)l),

which is equivalent to the desired inequality. O
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Let us now present the main result of this section.

Theorem 2.40. Given a 1-jet (f,G) defined on E satisfying the property (CW ) with constant M on
E, the formula

F =conv(g), g(z)= yigg{f(y) +(Gy)z—y)+ Me(|lz—yl)}, z€X,

defines a C'* convex function with F\,, = f and (VF), = G, and
|IVF(z) = VF(y)|| < 4Mw 2|z — y||) forall z,y € X.
In particular, M,,(VF) < 8M.

For the proof of Theorem [2.40] we will need to use the following well-known inequality, whose proof
is immediate from the definition of the Fenchel conjugate.

Proposition 2.41 (Generalized Young’s inequality for the Fenchel conjugate). Let p : R — R be a
convex function. Then
ab < p(a) + p*(b) forall a,b>0.

As in the proof of Theorem[2.11} we will see that the function g of Theorem lies above the affine
functions x — f(2) + (G(2),z — z) forevery z € E.

Lemma 2.42. We have

f(2) +(G(z),2 = 2) < f(y) +(Gy),z —y) + Mo(|z - yl])
foreveryy,z € E, x € X.

Proof. Giveny,z € E, z € X, condition (CW1*) with constant M (together with Remark (i1))
leads us to

f) +(Gy),z —y) + Mp([|z —yl))

f(2) +(G(2),z — 2) + (Mp)*(|G(y) — G(2)]])
+(G(2) = G(y),y —x) + Mp(lz —y|)

f(2) +(G(2),z — 2) —ab+ My(a) + (Mp)*(b),

where a = ||y — z|| and b = ||G(2) — G(y)||. Applying Proposition we obtain that the last term is
greater than or equal to f(z) + (G(z),x — 2). O

The previous Lemma shows that m < g, where g is that of Theorem [2.40] and

m(x) := zlelg{f(z) +(G(2),x —2)}, ze€X.

By definition of g and m it is then obvious that f <m < g < f on F. Thus ¢ = f on E. We next show
that g satisfies the one-sided estimate of Proposition[2.34]

Lemma 2.43. We have
gx+h)+g(x—h)—2g9(x) < Mp(||2h|]) forall x,he X.
Proof. Given x, h € X and € > 0, by definition of g, we can pick y € E with

9(z) > f(y) + (G(), v —y) + Mo(|lz — yl]) — e
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We then have

g +h)+g(x—h)=29(x) < fy) +(Gy),x+h—y)+ Me([|z+h —yl)
+ f(y) +{(G(),z —h—y) + Mo(|lz —h —y|)
—2(f(y) +(G(y),x —y) + Mo(||lz —yl)) + 2¢

= M (¢(lz +h=yl) + ez = h —yll) = 2¢(llz = yll)) + 2¢
< Mop(2[|l]) + 2¢,

where the last inequality follows from Lemma[2.35] O
Now, if we define F' = conv(g), with the same proof as that of Theorem we get that
F(x+h)+ F(x—h)—2F(z) < Me(||2n|]) forall z,he X.
Because F' is convex, by virtue of Proposition we have that F' € C1*(X) with
IVF(z) = VF(y)|| < AMw(2||z — y||) forall z,y € X.

Finally, the same argument involving the function m as that at the end of Section shows that F' = f
and VF = G on E. The proof of Theorem [2.40]is complete. O

In addition, for some particular modulus of continuity, we can improve the estimation on the modulus
of continuity of the gradient of the extension F' provided by Theorem [2.40
Theorem 2.44. Considering w, (f,G) and F as in Theorem the following holds.

w_l(t) is

(1) [VF(z) — VF(y)| < 4AMw (||x — yl|) for all z,y € X if the function (0,4+00) > t —
convex.
(1) ||[VF(x) — VF(y)|| < 2Mw 2|z — y||) for all x,y € X if the function (0, +00) > t — w (1) is

t
concave.

In both cases, we obtain M,(VF) < 4M.
Furthermore, if w(t) = t%, 0 < a < 1, we can arrange M, (VF) < 22+§M whenever o < % and

juz
142
Mo (VF) < %5

M whenever o« > %

Proof. By repeating the proof of Theorem [2.40|and using the second part of Lemma[2.35| we immediate
see that
F(x+h)+ F(x—h) —2F(z) <2Mp(||h||) forall =z, he X,
w(t)
t

is convex and

whenever (0, +00) > ¢ —
F(x+h)+ F(x—h)—2F(z) <

(1)
t

M
?Lp(HQhH) forall z,heX

whenever (0, +00) > t —

[2.34] we get that

2 _
|\VF(z) — VF(y)|| <4M W forall z,y € X, inthe case (i)
r—=y

is concave. Hence, using the same calculations as in Proposition

and

4 _
IVF(z) — VF(y)| < 2M M forall z,y€ X, inthe case (ii).
r—y

Thus, the inequality ¢(t)/t < w (t/2) leads us to

|IVF(z) = VF(y)|| <4Mw (||x — y||) forall z,y € X, in the case (i)
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and
IVF(z) — VF(y)|| < 2Mw (2||x — y||) forall z,y € X, in the case (ii).

w (1) w (1)
¢ t

As for the Holder case, we see that ¢ — is convex for « < 1/2 and t — is concave for

. 1+a .
a > 1/2. Since we can compute @ = tlﬂ’ it follows that

22+a 1
|IVF(z) — VF(y)|| < M|z —y||* forall =,y € X, whenever a< =
1+ a 2
and
14+2a 1
|\VF(z) — VF(y)| < o M|z —y||* forall z,y € X, whenever « > 5
a
This completes the proof of the Theorem. O

Remark 2.45. Observe that if we are given a concave and strictly increasing modulus of continuity
w : [0,+00) — [0,400) such that lim;_, - w() is finite, we can define a new concave and strictly
increasing modulus of continuity & : [0,4+00) — [0, 4+00) with w < @ and lim;_, 4o W(t) = +00 by
setting w = w on [0, ¢p] and @(t) = w(ty) +w'(to)(t — to) for every t > t(, where ty is a differentiability
point of w. Therefore, for any uniformly continuous function G : E — X there exists a modulus of
continuity w with the property that lim;_, -, w(t) = 400 and a constant M > 0 such that

1G(z) = Gyl < Mw(lz —yl), =yek.

This shows that Theorem solves the Whitney extension problems for C'! convex functions with
uniformly continuous derivatives in full generality.
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Chapter 3

C1:@ extensions of convex functions in
superreflexive spaces

3.1 Moduli of smoothness and Pisier’s renorming theorem

In this chapter we show that we can even go beyond the Hilbertian case by proving that a result similar to
Theoremholds for the class Caal, (X)) whenever (X, || - ||) is a superreflexive Banach space whose
norm || - || has modulus of smoothness of power type 1 + «, with o € (0, 1]. Let us first recall some
elementary definitions.

Given two Banach spaces X and Y, let us denote
d(X,Y) =inf{||T|||T||~* : T : E — F is an isomorphism },

with the convention inf (()) = +o00. We will say that Y is finitely representable in X if for every subspace
M of Y of finite dimension and every ¢ > 0, there exists a subspace N of X such that d(M,N) < 1+e.

Definition 3.1. A Banach space X is said to be superreflexive if every Banach space Y which is finitely
representable in X is reflexive.

A very useful characterization of superreflexive Banach spaces is given by Pisier’s renorming Theo-
rem.

Theorem 3.2. [56, Theorem 3.1]. Let X be a Banach space. X is superreflexive if and only if there
exists an equivalent norm || - || on X such that || - || is uniformly smooth with modulus of smoothness of
power type p = 1 4+ « for some 0 < o < 1.

For general reference about renorming properties of superreflexive spaces see, for instance [26}[33].

Throughout this chapter, and unless otherwise stated, X will denote a superreflexive Banach space,
|| - || an equivalent norm on X and || - || the dual norm of || - || on X*. By Theorem[3.2] we may assume
that the norm || - || is uniformly smooth with modulus of smoothness of power type p = 1 + « for some
0 < o < 1. Hence, there exists a constant C' > 2, depending only on this norm, such that

|z + Al 4[|z — AT = 2|z < C||h||*T* forall z,h € X. (3.1.1)
For a mapping G : E — X*, where E is a subset of X, we will denote

V@)= s 160 =G
T#Yy, T,yeE HIE - y”

By a 1-jet defined on E we mean a pair of functions (f, G), where f : E - Rand G : E — X*.
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3.2 (Ch* convex extensions of jets by explicit formulas in superreflexive
spaces

We now give the definition of the suitable condition for C*® convex extension, which we will see later
on is both necessary and sufficient.

Definition 3.3. Given an arbitrary subset E of X, and a 1-jet f : E — R, G : E — X*, we will say
that (f, Q) satisfies the condition (CW 1) on E with constant M > 0, provided that

f(@) = fy) + Gy)(x —y) + |G@) - G forall w.y e E.

(1+ a)M /e
Note that this condition coincides with (C'W ) of Definition in Hilbert spaces in the case that

w(t) = t*, because, in this case, the function ¢ of 2.8.1)) is (t) = liatHa and then *(t) = lf_‘atH

Also, let us see that if a 1-jet (f, G) satisfies condition (CW 1)  then G is a-Holder continuous.
Remark 3.4. If (f,G) satisfies (CW ) on E with constant M > 0, then M, (G) < (4:2) M.

Proof. Using inequality (CW 1<) we obtain for all 2,y € E

1) 2 £+ Gle =)+ a0 ~ G
I 2 1(0) + Gy =) + (g iz lI6@) - G,

By summing both inequalities we obtain

200 141

1G(z) =G« llz -yl Z(G(w)—G(y))(x—y)ZWII (z) =Gl ©

which immediately implies the desired estimate. O

We next prove that condition (CW 1) is indeed necessary for the existence of a C1** convex exten-
sion in Banach spaces (not necessarily superreflexive).

Proposition 3.5. Let X be a Banach space, let f € C1%(X) be convex with M, (D f) < M, and assume
that f is not affine. Then (f, Df) satisfies the condition (CW1*) on X with constant M.

On the other hand, if f is affine and continuous, it is obvious that (f, Df) satisfies (CW %) on every
F C X, forevery M > 0.

Proof. Suppose that there exist different points z,y € X such that

[0} 1+1
f(@) = fly) = Df(y)(z —y) < mHDf(I) -Df@l-

and we will get a contradiction.
Case 1. Assume further that M = 1, f(y) = 0, and Df(y) = 0. By convexity this implies f(xz) > 0.
Then we have

0< f(zx) < | D f(z )H o« —r forsome r > 0. (3.2.1)

- 1+a

Letus fix 0 < e < L||Df(x H ) and pick v. € X with ||vz]| = 1 and

Df(@)(ve) < (e — V| DS (@)]l. (3.22)
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We define p(t) = f(z + tv.) for every t € R. We have ¢(0) = f(z), ¢'(0) = Df(z)(ve), and
¢'(t) = Df(x + tve)(ve). This implies that

tl+a

()= ¢0) = S0 < [ svas =

for every t € R™, hence also that

1+«

t
wwa@wwDﬂmwa+l+a
Using first (3.2.1) and then (3 we have
f(x+HDf@»M”%g:=w(anumﬁ“)

— D@ DI @) ) + D@

forallt € RT.

« 1+L
< D @
< T IDf(@)]

—r+elDf@)I < -2 <o,

IN

which is in contradiction with the assumptions that f is convex, f(y) = 0, and D f(y) = 0. This shows
that

1++
f@) = T DS (@)

Case 2. Assume only that M = 1. Define g(z) = f(z) — f(y) — Df(y)(z — y) for every z € X. Then
g9(y) = 0and Dg(y) = 0. By Case 1, we get

o(@) = =Dyl ",

and since Dg(x) = D f(x) — D f(y) the Proposition is thus proved in the case when M = 1.
Case 3. In the general case, we may assume M > 0 (the result is trivial for M = 0). Consider ¢ = ﬁ I
which satisfies the assumption of Case 2. Therefore

U(@) — 0(y) ~ DY) —y) > 7| Di(e) ~ Do)
which is equivalent to the desired inequality. O
We will make use of the following differentiability criterium for continuous convex functions.
Proposition 3.6. If f is a continuous convex function on X and
f(x+h)+ f(z —h) —2f(z) < C||h|*, forall z,heX,
then f is of class C»*(X) and M, (Df) < 21+eC.
Proof. Similar to the proof of Proposition [2.34] 0
The main result of this chapter is the following.

Theorem 3.7. Given a 1-jet (f,G) defined on E satisfying the property (CW %) with constant M on
E, the formula

F —com(g), g(a) = int (f(s) + Gl)(o — ) + o~ y]**), we X
defines a C* convex function with F,=f (DF), =G, and

21+aC
14a

M,(DF) <

where C'is the constant of (3.1.1).
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Proof of Theorem[3.7] The general scheme of the proof is similar to that of Theorem 2.11] Let us first
recall Young’s inequality.

Proposition 3.8 (Young’s inequality). Let 1 < p,q < oo with % + % = 1. Then

q
ab < eaP +

(ep)il? forall a,b,e > 0.
q\ep

One of the main steps of the proof of Theorem [3.7is proving the following inequality, which essen-
tially tells us that the function g lies above every affine function z — f(z) + G(z)(z — 2), z € E.

Lemma 3.9. We have
f(2) +G(2)(x —2) < fy) + Gy)(a —y) + fHglle — gl
foreveryy,z € E, x € X.

Proof. Giveny,z € E, x € X, condition (CW 1<) with constant M implies

F) + G — y) + L]l — gl
> [(2)+ G~ 2) + gl Gw) — GE)E
£ ) — ) + Az — g
= 1)+ C() (@ — ) + et IO — GG
F(G(E) ~ Gy — o) + Ll — gl

> f(2) + G(2)(x — 2) — ab+ ALalt + Wb“ra,
where a = ||y — z|| and b = ||G(z) — G(y)||«. By applying Proposition 3.8 with

p=l+a, q=1+, e=7,

we obtain that

_ M _1+a a 1+
ab+ {5a +(1+Q)M1/ab > 0.

This proves the Lemma. O
Observe that Lemma[3.9]shows that m < g, where ¢ is defined as in Theorem 3.7} and

m(z) :=sup{f(z) + G(z)(x — 2)}, z¢€ X.

zelR
Then, using the definition of g and m, we also have that f <m < ¢g < fon E. Thusg = f on F.

Lemma 3.10. We have

M
oo+ 1)+ gl — ) = 29(2) < WS forall whe X,

where C'is as in (3.1.1).

Proof. Given x, h € X and € > 0, by definition of g, we can pick y € E with

9(@) > f(y) + Gy)(z —y) + 2L ||z —y| 't —e.
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We then have
g(z +h) +g(z —h) = 29(x) < f(y) + Gy)(z +h—y) + 75 e+ h —y|'
+ (W) + G —h—y) + gl —h -yl
—2( (v) + Gy) (@ — ) + 2l — )| F) + 22
= 115 (le +h =yl +llz — b —y[I'7 = 2]z — y[|'7*) +2¢
CM
< ——||h|IM e + 2,
1+
where the last inequality follows from inequality (3.1.1T). O

Then, by defining F' = conv(g) (see definition (2.1.5)) and using Lemma [3.10} the same proof as
that of Theorem [2.10|lead us to the inequality.

M
Fx+h)+F(x—h)—2F(z) < 10 |} forall z,hc X.

Because F is convex and continuous, by virtue of Proposition [3.6] we have that I € C1%(X) with

2tteC
My(DF) < M.
o(DF) < + «
Finally, the same argument involving the function m as that at the end of Chapter 2] Section [2.3] shows
that FF = fand DF = G on E. O

3.3 [Example in general Banach spaces

Let us finish this chapter with some comments and an example which show that we cannot expect the
above results to hold true for a general Banach space X, unless X is superreflexive.

On the one hand, we claim that a necessary condition for the validity of a Whitney extension theorem
of class C1(X) for a Banach space X is that there is a smooth bump function whose derivative is w-
continuous on X. Indeed, let C = {x € X : ||z]| > 1} U {0}, and define f : C — Rand G : C — X*
by

flx)=0 if J|z||>1, f(0)=1, and G(z)=0 forall zeC.

Observe that for all z,y € C,

ifr=y=0
ifr#0 and y #0 Iz — |2
ifz=0and y£0 — Y
ifr#0and y =0

[f(@) = fy) = Gz —y)| = [f(x) - f(y)| =

_ -0 O

and ||G(z) — G(y)||+ = 0 < ||z — y||. Thus, the jet (f, G) satisfies the assumptions (ﬁq) (or, equiva-
lently, (W11), by Remark of the Whitney extension theorem. If a Whitney-type extension theorem
were true for X, then there would exist a C1* function F' : X — R such that F(x) = 0 for ||z|| > 1
and F'(0) = 1. Then according to [26, Theorem V.3.2] the space X would be superreflexive.

It is unknown whether for every superreflexive Banach space X (other than a Hilbert space) a
Whitney-type extension theorem for the class C''* holds true at least for some modulus w. It is also
unknown whether a Whitney-type extension theorem holds true for every class C1*(X) if X is a Hilbert
space and w is not linear. However the results of Chapter 2] provide some answers to analogous questions
for the classes Ccom,(X ).

On the other hand, one could ask whether superreflexivity of X is necessary in order to obtain
Whitney-type extension theorems for the classes Ccl(_;;’v(X ), and wonder whether Banach spaces like ¢y,
with sufficiently many differentiable functions (and even with real-analytic equivalent norms), could
admit such Whitney-type theorems. The following example answers the second question in the negative.
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Example 3.11. Let X = cq (the Banach space of all sequences of real numbers that converge to 0,
endowed with the supremum norm). Then for every modulus of continuity w, there are discrete sets
C C X and 1-jets (f,G) with f : C — R, G : C — X* satisfying condition (CW ) on C, and such
that for no F € Clia,(X) do we have F = fand (DF), =G.

lo

Proof. Fix a modulus of continuity w. Let {e]} °, be the canonical basis of X (that is to say e; =
(1,0,0,...), e2 = (0,1,0,...), etc.), and let {e; }OO be the associated coordinate functionals; thus we
have that HejH =1, ef(e;) = dij, and [[€] ||« = 1 Let

C = {=£e; : j € N} U {0},
and define f : C' - Rand G : C' — X™* by

1
f(0) =0, f(+e;) = B forall j€N, and G(0)=0, G(+e;) = +e; forall jeN.

Let us first check that
1
f@) = fly) = Gly)(z —y) = 5 forall z,yeC xFy. (3.3.1)

Indeed, if y = 0 and z = =e;, then f(y) = 0, G(y) = 0 and f(z) = 3; and the inequality follows
immediately. If x = 0 and y = *e;, then

F(2) ~ Fl) ~ Cw)(x —y) = ) + Cl)l) = —5 +e(e)) = 5.
If = cej and y = fe;, where ¢,0 € {—1,1} and ¢ # j, then
f(@) = fly) = Gy)(z —y) = % - % +0e(fef —ce) =02 =1 > %

We have thus shown inequality (3.3.1). On the other hand, taking M = ﬁ, we have that

Mo (l66) -Gl ) < Mo (5 = M/Q/M a2t (Z) =1

Combining the above inequality with (3:3.1), we get that (f,G) satisfies condition (CW ) on C.
Assume now that there exists F' € Caqy (X) such that (F, DF) extends the jet (f, G). If ||z = 1 then,
by taking j € N such that |z;| = 1, we have, with y = sign(x;)e;, that

F(x) > F(y) + DF(yy)(x — ) = 5 + |y~ 1 =

l\D\l—‘

and by convexity it follows that F'(x) > 1/2 for all ||z|| > 1, while F'(0) = 0. Moreover F has the
following properties.

Claim 3.12. There exists M > 0 for which:

(i) |DF(x) — DF(y) ||« < Mw(||lx —y||) forall x,y € X.

(ii) ||DF(x) ||« < Mw(1) for ||z| < 1.

(iii) [F(z) = F(y)| < 2Mw(|lx = yl|) for all ||z}, lyl| < 1.

Proof of Claim[3.12} The first one is obvious from the fact that F is of class C1*(X). The second one
follows from (i) together with the fact that D F'(0) = 0. In order to prove (7ii), we note that the concavity

of w gives us that w(1)||z — y|| < 2w (3]|z — y||) whenever ||z||, ||y|| < 1. Thus, using first the Mean
Value Theorem and then property (i), it follows

1
[F(z) = F(y)] < Mw)[lz -yl < 2w <2Hw - yll) < 2Muw(f|z —yl)), forall [lzfl, flyll < 1.

O]
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We now take a function h : R — [0, 1] of class C°°(R) such that h = 1 on (—o0,0] and h = 0 on
3, +00). We have that () = 0 on (—o0, 0] U [%, +00) for every j > 0 and, in particular, 1’ and h” are
bounded on R. Finally, let us define ¢ = h o F' on X. From the properties of F' and h, it is clear that ¢ is
of class C1(X) with 0 < ¢ < 1, ¢(0) = 1 and p(x) = 0, Dy(x) = 0 whenever ||z|| > 1. Let us check
that, in fact, ¢ € C’l’”(X ). Let us denote by Bx and Sx the closed unit ball and the unit sphere of X
respectively. We fix z,y € X and study three cases separately.
Case 1. z,y € Bx. We can write

Dy(z) — Dp(y) = W (F(x))DF (x) — h'(F(y)) DF(y)
= I'(F(y)) (DF(z) — DF(y)) + (F'(F(z)) — h'(F(y))) DF(x),

which leads us to
1Dp(x) — Do(y) |« < [K(F)IIDF(x) — DF(y)|l« + |V (F(2)) = K (F)|| DF(2)]l. (3.3.2)

The first term is bounded above by M (supg |A'|) w(||z — yl|) by virtue of Claim[3.12](:). For the second
one, we use the Mean Value Theorem for /' and Claim (i) and (%) to obtain

[P (F(x)) = W' (F()IIDF ()]«

< Muw(1) (s%p |h”\) F(z) — Fy)| < 20(1)M> (S%p |h"|> w(llz — yl).

By plugging the last inequalities in (3.3.2), it follows
IDg(2) — Dp()ls < Miw(lz —ll), where M’ =M (sup |h'|) 202 (sup h”r) .
R R

Case 2. 2,y ¢ Bx. In this case it is obvious that ||Dy(x) — Do(y)|l« < Mw(||x — y||) as Dp(z) =
Dep(y) = 0.

Case 3. © € By buty ¢ Bx. We consider a point z € [z,y] N Sx, where [z, y] denotes the segment
from x to y. It is clear that Dp(z) = Dy(y) = 0. Then applying Case 1 to = and z, we obtain

IDe(z) = Do(y)ll« = [[Dp(x) — De(2)lls < M'w(||lz — 2)) < M'w(||lz - yl).

We then have shown that ¢ is a bump function on X of class C1*(X). Again, using for instance [26),

Theorem V.3.2], X = ¢y would be a superreflexive space, which is absurd.
O

Observe also that Proposition [3.5shows that (CW 1) is a necessary condition for C2io (X)) exten-
sion. The above example shows that in the case that X = ¢ this condition is no longer sufficient, and
therefore any characterization of the class of 1-jets defined on subsets of ¢y which admit C’clo’ﬁv extensions
to ¢ would have to involve some new conditions.
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Chapter 4

C'! extensions of convex functions on R”

4.1 C' convex extensions from compact subsets
Let us first recall Whitney’s Extension Theorem for C 1 See [[70,163] for an explicit reference.

Theorem 4.1. Let E be a closed subset of R™ and let f : E — R, G : E — R" be two functions with G
continuous. A necessary and sufficient condition for the existence of a function F € C*(R™) with F = f

and VF = G on FE is that
im L) = fy) = (Gy), 2 —y)

2=yl -0+ |z =y

=0 uniformlyon y,z€ K (W)

for every compact subset K of E.

The extension F is constructed in the same way as (2.1.1), Chapter 2] for the classes C'! and C.

In this chapter we deal with a similar extension problem for the class of C'' convex functions: given
a closed subset £ of R™, a continuous mapping G : £ — R" and a function f : £ — R, how can we
decide whether there is a convex function ' € C*(R") such that F|,, = f and (VF)|, = G?

e

Besides the very basic character of this problem, there are other reasons for wanting to solve this
kind of problems, as extension techniques for convex functions have natural applications in Analysis,
Differential Geometry, PDE theory (in particular Monge-Ampere equations), Economics, and Quantum
Computing. See the introductions of [43| [72] for background about convex extensions problems.

We will first focus our attention on the case when our domain F is compact, and we will not study
the problem for an arbitrary E until Section Since for a function ¢ € C*(R™) and a compact set
E C R” there always exists a modulus of continuity for the restriction (V)| ,, Theorem provides
a solution to our C'! convex extension problem when E is compact. However, given such a 1-jet (f, G)
on a compact set F/, unless w(t) = ¢ or one has a clue about what w might do the job, in practice it may
be difficult to find a modulus of continuity w such that (f, G) satisfies (CW*), and for this reason it is
also desirable to have a criterion for C'! convex extendibility which does not involve dealing with moduli
of continuity.

On the other hand, there is evidence suggesting that, if F is not assumed to be compact or (G is not
uniformly continuous, this problem has a more complicated solution; see [59, Example 4], [66, Example
3.2], and Example[5.34]in Chapter[5] These examples show in particular that there exists a closed convex
set V' C R? with nonempty interior and a C* function f : R? — R so that f is convex on an open
convex neighborhood of V' and yet there is no convex function F' : R? — R such that F' = f on V. Such
V and f may be defined for instance by

V={(z,y) €eR* : >0, zy > 1},
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and
1

1
-9 - 4y
fz,y) VIt gt T
forevery (z,y) € V. Nevertheless, we will show that there cannot be any such examples with V' compact
(see Theorem [4.2]below).

If we are given a 1-jet (f,G) on E (thatis, f : £ :— Rand G : E — R™ ) such that G is continuous
and (f, G) satisfies condition (W) of Theorem 4.1} there always exists function F' € C''(R™) such that
F = fand VF = G on E. In the special case that I/ has nonempty interior, if f : £ — R is convex
and (f, G) satisfies (W), we will see that, without any further assumptions on (f, G), f always has a
convex C'! extension to all of R” with (VF),, = G.

Theorem 4.2. Let E be a compact convex subset of R™ with non-empty interior. Let f : E — R be a

convex function, and G : E — R" be a continuous mapping satisfying Whitney’s extension condition
(W) on E. Then there exists a convex function F € C*(R") such that F|,, = f and (VF),, = G.

However, if £ and f are convex but int(E) is empty then, in order to obtain differentiable convex
extensions of f to all of R” Whitney condition (W!) is not enough and we will need to complement it
with a global geometrical condition.

Definition 4.3. Given a 1-jet (f,G) defined on E, we will say that (f, G) satisfies condition (CW*) on
FE provided that

f(@) = f(y) +(Gy),z —y) = G(x) =Gy), foral w,yckE. cwh)

Observe that condition (CW?!) for a 1-jet (f, G) defined on E says that if there exist z,y € E
such that the point (z, f(z)) € R™"! belongs to the hyperplane H, = {(p,z2) € R* xR : 2 =
f(y) +(G(y),p — y)}, then the hyperplane H, = {(p,z) € R" xR : z = f(z) + (G(x),p — x)} has
the same linear part as H,, and therefore H, = H, because both contain the point (x, f(z)).

|E

&

This condition (CW1) together with (W) are necessary and sufficient for C* convex extension
from convex compact subsets.

Theorem 4.4. Let E be a compact convex subset of R™. Let f : E — R be a convex function, and
G : E — R"™ be a continuous mapping. Then f has a convex, C extension F to all of R™, with

VF =G onE, ifand only if f and G satisfy (W') and (CW1) on E.

Furthermore, in the general case of a non-convex compact set £, we will just have to add another
global geometrical condition to (CTW1).

Definition 4.5. Given a 1-jet (f, G) defined on E, we will say that (f, G) satisfies condition (C) on E
provided that

f(@) > fy) +(G(y),z —y) forall z,ycE. (€)

Observe that the above condition says that the function f must lie above every putative tangent
f(y) + (G(y),- — y). Let us make a remark on condition (C') which will simplify the statement of our
main theorem.

Remark 4.6. If (f, G) satisfies condition (C') and G is continuous, then ( f, G) satisfies Whitney’s con-
dition (W1).

Proof. Thanks to condition (C'), we can write
fy) = f(x) +(G(@),y —x) z,ycE.

We thus have

f@) = fy) = (Gly),z—y) _ (Gx) —Gy), = —y)
[z =y |z =y

Since G is continuous and F is compact, the term |G(x) — G(y)| tends to 0 as |x — y| — 0 uniformly

on z,y € E. This proves that Whitney’s condition (1) is satisfied. O

0<
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Theorem 4.7. Let E be a compact (not necessarily convex) subset of R". Let f : E — R be an arbitrary
function, and G : E — R™ be a continuous mapping. Then f has a convex, C extension F to all of R",
with VF = G on E, if and only if (f, G) satisfies the conditions (C') and (CW*) on E.
Moreover, in the case that conditions (C) and (CW) are satisfied, the extension F can be taken to
be Lipschitz on R™ with
Lip(F) = sup |VF(z)| < rsup|G(y)],
r€eR™ yeE

where k is an absolute constant.
In particular, if F is the function of Theorem.7] assuming 0 € E and we define

| F'][x == [F(0)] + sup |VE(x)], 4.1.1)
xeR?

we obtain an extension F' of f such that
IF]: < winf{llpll : ¢ € CHR™), ¢, = £, (Ve)), = G}. (4.1.2)

Therefore the norm of our extension is nearly optimal in this case too.

It is worth noting that this kind of control of Lip(F') in terms of sup,cg [G(y)| solely cannot be
obtained in general, as the following example shows.

Example 4.8. For every m € N we define the 1-jet (fy, Gin) on the set E = {0,1} C Rby f,,(0) =
0, fm(1) = m and G,,(0) = G,,(1) = 1. Then, for any C'(R) extension F of (f,, Gy) there exists
apoint z € (0, 1) for which F’(z) = m by the Mean Value Theorem. Thus Lip(F') = supy |F'| > m
while supg, |G| = 1.

For 1-jets ( f, G) not satisfying (C'), the proof of Whitney’s extension theorem only permits to obtain
extensions (F, VF') (of jets (f, G) on E) which satisfy estimations of the type

zeR™ yer

sup [VF(z)] < k(n) (Lip(f) +Sup|G(y)!>

or of the type

sup [VF(z)] < k(n) (Sugf(y) +Sug|0(y)|> :

zER™ ye ye

On the other hand, in [50] M. Jiménez-Sevilla and L. Sdnchez-Gonzélez proved a generalization of the
Whitney extension Theorem for C' to the setting of Banach separable spaces satisfying a condition
involving approximation of Lipschitz function by C''-smooth functions. It turns out that every separable
Hilbert space satisfies this property and then, in particular, it follows thatif f : £ - Rand G : & — X
are functions defined on a closed subset F of a separable Hilbert space X such that G is continuous and
(f, Q) satisfying Whitney’s condition (W) on E, then there exists an extension F of class C'(X) of
the 1-jet (f, G). Moreover, it is also shown in [50] that this extension F' can be taken so as to satisfy

Lip(F) < &* (Lip(f) + sup HG(y)II*> :
yeE
where k* > 1 is constant which only depends on the space X and || - ||, denotes the norm on X*.
Therefore, if we consider the Hilbert space X = ¢5(N), every euclidean space R™ can be seen as a
subspace of X and then, as a corollary of the results of [50], we can state the following theorem.
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Theorem 4.9 (Jiménez-Sevilla—Sanchez-Gonzalez, [S0]). There exists an absolute constant K* > 1 for
which the following holds. Let n > 1. Let E be a closed subset of R" and let f : E - R, G: E — R"
be two functions with G continuous. A necessary and sufficient condition for the existence of a function
F e CYR") with F = f and VF = G on E is that

i L) W) —(GW), 2 —y)

=0 uniformlyon y,z€ K (W)
|z—y|—0t |z =yl

for every compact subset K of E. Moreover the function F' can be taken so as to satisfy

Lip(F) < &" (Lip(f) + sup IG(y)\> :
yeE
Observe that in Theorem[4.9] although the constant £* does not depend on the dimension 7, the esti-
mation of Lip(F) still depends on Lip(f), which, a priori, has nothing to do with || G| := sup,ec g |G(y)].
Nevertheless, let us see that, in the convex extension problem we are dealing with, condition (C') allows
us to estimate Lip(f) in terms of |G| -

Remark 4.10. E be a compact subset of R™ and let f : E — R, G : E — R" a be two functions with
G continuous and such that (f, G) satisfies condition (C) on E. Then Lip(f) < ||G||co-

Proof. Since (f, Q) satisifies (C') we can write the inequalities
—[|Glloolz =yl < (G(y),z —y) < f(x) = fly) < (G(2),y —x) < [|Glloo|z — ]
for every x,y € E. This proves the desired estimation. O

We will see in Section [4.2] below how Remark allows us to obtain the estimation on Lip(F") of
Theorem (4.7

In the particular case when FE is finite, Theorem [4.7] provides necessary and sufficient conditions for
interpolation of finite sets of data by C'' convex functions.

Corollary 4.11. Let S be a finite subset of R, and f : S — R be a function. Then there exists a convex
function F € CY(R") with F = f on S if and only if there exists a mapping G : S — R" such that f
and G satisfy conditions (C) and (CW*) on S.

In [55| Theorem 14] it is proved that, for every finite set of strictly convex data in R™ there always
exists a C'*° convex function (or even a convex polynomial) that interpolates the given data. However, in
the case that the data are convex but not strictly convex, the above corollary seems to be new.

Theorem [4.2]is a consequence of Theorem .4 and of the following result.

Lemma 4.12. Let f € C1(R™), C C R" be a compact convex set with nonempty interior, xq,yo € C.
Assume that f is convex on C and

f(@o) = f(yo) + (V£(yo): xo — yo)-
Then V f(z0) = V f(yo).

Proof.

Case 1. Suppose first that f(xo) = f(yo) = 0. We may of course assume that z¢ # yo as well. Then we
also have (V f(v0), 2o — yo) = 0. If we consider the C'! function ¢(t) = f (yo + t(zo — o)), we have
that  is convex on the interval [0, 1] and ¢'(0) = 0, hence 0 = ¢(0) = mine[y 1) ¢(t), and because
©(0) = (1) and the set of minima of a convex function on a convex set is convex, we deduce that
©(t) = 0 forall t € [0,1]. This shows that f is constant on the segment [z, yo| and in particular we
have

(Vf(2),20 — 2,) =0 forall z,z0,2, € [z, Yo
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Now pick a point ag in the interior of C' and a number 79 > 0 so that B(ag, 9) C int(C). Since C'is a
compact convex body, every ray emanating from a point a € B(ag, ro) intersects the boundary of C' at
exactly one point. This implies that (even though the segment [z, yo] might entirely lie on the boundary
0C), for every a € B(ag, ), the interior of the triangle A, with vertices x, a, yo, relative to the affine
plane spanned by these points, is contained in the interior of C'; we will denote relint (A,) C int(C).

Let pp be the unique point in [zg, yo] such that |ay — po| = d(ao, [z0,y0]) (the distance to the
segment [z, Yo)), set wg = ap — po, and denote v, := a — py for each a € B(agp, o). Thus for every
a € B(ag,r9) wWe can write v, = u, + wg, where u, := a — ag € B(0,70), and in particular we have
{vq 1 a € B(ag,r0)} = B(wo,r0).

Claim 4.13. For every z, z{, in the relative interior of the segment [xq, yo|, we have V f(z9) = V f(2)).

Let us prove our claim. It is enough to show that (V f(z0) —V f(2()), v4) = 0 for every a € B(ag, o)
(because if a linear form vanishes on a set with nonempty interior, such as B(wg, 1), then it vanishes
everywhere). So take a € B(ag, o). Since zy and z{, are in the relative interior of the segment [z, yo]
and relint (A,) C int(C), there exists to > 0 such that zg + tv,, 2z, + tv, € int(C) for every t € (0, to].

If we had (Vf(2) — Vf(20),vq) > 0 then, because f is convex on C and f(z9) = f(z) = 0,
(Vf(2)), 20 — zy) = 0, we would get

(20 + tve) = f(20 + 20 — 20 + tva) = (Vf(20), 20 — 2 + tva) = (Vf(2(), tva),

hence

tim L) S G E) ) > (T (z20)va) = lim L0

t—0+ t t—0+ t ’

a contradiction. By interchanging the roles of zp, z(,, we see that the inequality (V f(z) —V f(20), va) <
0 also leads to a contradiction. Therefore (V f(z(,) — V f(20),v,) = 0 and Claim is proved.
Now, by using the continuity of V f, we conclude that V f(z¢) = V f (o).

Case 2. In the general situation, let us consider the function h defined by

h(z) = f(z) — f(yo) — (Vf(v0),z — yo), = €R"

It is clear that h is convex on C, and h € C'(R™). We also have

Vh(z) =V f(x) =V f(yo),

and in particular Vh(yo) = 0. Besides, using the assumption that f(z¢) — f(yo) = (V.f(v0), o — yo),
we have h(zg) = 0 = h(yo), and h(zo) — h(yo) = (Vh(y0),x0 — yo). Therefore we can apply Case 1
with & instead of f and we get that Vh(zg) = Vh(yp) = 0, which implies that V f(z¢) = V f(yo). O

From the above Lemma it is clear that (C'W1) is a necessary condition for a convex function f :
E — R (and a mapping G : E — R™) to have a convex, C! extension F' to all of R” with VF = G
on E, and also that if the jet (f, G) satisfies (W) and int(E) # () then (f, G) automatically satisfies
(CW1) on E as well. It is also obvious that Theorem 4.4]is an immediate consequence of Theorem 4.7,
and that the condition (C') is also necessary in Theorem Thus, in order to prove Theorems
and [4.7)it will be sufficient to establish the if part of Theorem

4.2 Proof of the results on compact subsets

In this section, we are going to prove the if part of Theorem Consider a 1-jet (f,G) : E — R x R"
defined on a compact subset ' of R" such that G is continuous and (f, G) satisfies conditions (C') and
(CW1) on E. By Remark[4.6] (f, G) also satisfies condition Whitney’s condition (1) and then we can
apply Theorem §4.9|to obtain a function f € C''(R") such that (f,Vf) = (f,G) on E and

Lip(f) < £* (Lip(f) + [|Gllsc) .
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where £* > 1 is an absolute constant. Moreover, we see from Remark that Lip(f) < ||G|l
because (f, G) satisfies (C') on E. Thus we further have

Lip(f) < 26"(|G||so- 4.2.1)
Let us consider the function m := m(f, G) : R” — R defined by

m(z) = Slelg{f(y) +(G(y),z -y}, zeR™ (42.2)

Since E is compact and the function y — f(y) + (G(y), x — y) is continuous, it is obvious that m(x) is
well defined, and in fact the supremum is attained, for every x € R™. Furthermore, if we set

K = G 423
max |G(y)| (4.2.3)

then each affine function = — f(y)+(G(y), x—y) is K-Lipschitz, and therefore m, being the supremum
of a family of convex and K -Lipschitz functions, is convex and K -Lipschitz on R™. Moreover, we have

m = fonkE. 4.2.4)

Indeed, if 2 € F then, because f satisfies (C') on F, we have f(z) > f(y) + (G(y),x — y) for every
y € E, hence m(z) < f(x). On the other hand, we also have f(x) < m(x) because of the definition of
m(z) and the fact that x € FE.

In the case when FE is convex and has nonempty interior, it is clear that if 4 : R” — R is convex
and h = f on E, then m < h. Thus, in this case, m is the minimal convex extension of f to all of R",
which accounts for our choice of notation. However, if E' is convex but has empty interior then there is
no minimal convex extension operator. We refer the interested reader to [59]] for necessary and sufficient
conditions for m to be finite everywhere, in the situation when f : £ — R is convex but not necessarily
everywhere differentiable.

If the function m( f, G) were differentiable on R™, there would be nothing else to say. Unfortunately,
it is not difficult to construct examples showing that m( f, G) need not be differentiable outside E (even
when F is convex and (f, G) satisfies (CW!), see Examples[d.21]and[4.22]of Section[4.3). Nevertheless,
a crucial step in our proof is the following fact: m is differentiable on E, provided that (f, G) satisfies
conditions (C) and (CW1) on E.

Lemma 4.14. For each xy € FE, the function m is differentiable at xo, with Vm(zg) = G(x).

Proof. Notice that, by definition of m we have, for every z € R",
(G(x0), z — z0) + m(x0) = (G(20), 2 — 20) + f(20) < M(2).

Since m is convex, this means that G(z) belongs to 9m(xg) (the subdifferential of m at ). If m were
not differentiable at xy then there would exist a number £ > 0 and a sequence (hj) converging to 0 in

IR™ such that
m(xo + hg) — m(xo) — (G(20), hi)

||

Because the sup defining m(xo + hy) is attained, we obtain a sequence (yx) C E such that

> ¢ forevery k € N. 4.2.5)

m(xo + hi) = f(yx) + (G(yr), o + b — Yk),

and by compactness of £/ we may assume, up to passing to a subsequence, that (yi) converges to some
point yo € E. Because f = m on F, and by continuity of f, G and m we then have

f(zg) = m(xp) = kli)n;o m(zo + hi)

= lim (f(ye) +(G(yr)s 20 + hr = y&)) = f(yo) + (G(y0), w0 = yo),
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that is, f(zo) = f(vo) + (G(v0), To — yo). Since zg,y0 € E and (f,G) satisfies (CW1) on E, this
0) )-

implies that G(z0) = G(yo). And because m(zg) > f(yr) + (G(yk), To — yi) by definition of m, we
then have
m(xo + hy) — m(xo) — (G(w0), hi)
[Pl
f(yr) + (G (yr), zo + he — yr) — f(ye) — (G (yr), o — yx) — (G(20), h)

<
||

_ (G _\hf(m)’ ") < |Glye) — Glao)| = 1Glu) - Gl

from which we deduce, using the continuity of G, that

Jim sup m(xo + hi) — m(zo) — (G(x0), hi) <0,
k—o0 ‘hk’

in contradiction with (4.2.5]). O

Now we proceed with the rest of the proof of Theorem Our strategy will be to use the differen-
tiability of m on OF in order to construct a (not necessarily convex) differentiable function g such that
g=fandVg=GonFE,g>monR" and lim;_, g(x) = co. Then we will define " as the convex
envelope of g, which will be of class C*(R™) and (F, VF') will coincide with (f,G) on E.

For each e > 0, let 6. : R — R be defined by

0 if <0
0-(t) = 2 if ¢ <= (4.2.6)
(K +e) (1 = 539) + (159)° it o> 15

(recall that K = ||G||o0 < Lip(f)). Observe that 6. € C'(R), Lip(h.) = K + . Now set

where d(z, E) stands for the distance from x to F, notice that ®.(x) = d(x, £)? on an open neighbor-
hood of F, and define )
He(z) = [f(x) = m(z)| + 20c(2), = cR™

Note that Lip(®.) = Lip(é.) because d(-, E') is 1-Lipschitz, and therefore

Lip(H.) < Lip(f) + K +2(K +¢) < 4Lip(f) + 2¢. (4.2.8)
Claim 4.15. H. is differentiable on E, with V H.(x¢) = 0 for every xy € E.

Proof. The function d{(-, E)? is obviously differentiable, with a null gradient, at x¢, hence we only have
to see that | f — m| is differentiable, with a null gradient, at zo. We have that m(xo) = f(x0) = f(z0)
by @.2.4) and also Vm(zo) = G(zo) = V f(zo) by Lemma This implies that

(@) = m()] _ (@) = f@o) = (V](20),x — o) n im(z) —m(zo) — (Vm(xo), z — x0)|
|z — o |z — 20 |z — o]

tends to 0 as |z — xo| — 0, which proves our Claim. O

Now, because ®. is continuous and positive on R™ \ E, using mollifiers and a partition of unity, one
can construct a function . € C*°(R™ \ FE) such that

lpe(z) — He(x)| < ®(x) foreveryz € R"\ E, 4.2.9)
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and
Lip(p:) < Lip(H.) + ¢ (4.2.10)

(see for instance [47), Proposition 2.1] for a proof in the more general setting of Riemannian manifolds,
or [4] even for possibly infinite-dimensional Riemannian manifolds). Let us define ¢ = ¢, : R" — R
by

~ | @e(x) if zeR"\E

[ { 0 if zeE.

Claim 4.16. The function ¢ is differentiable on R"™, and it satisfies Vp(xg) = 0 for every xy € E.

Proof. Tt is obvious that ¢ is differentiable on int(E£) U (R™ \ E). We also have V¢ = 0 on int(E),
trivially. We only have to check that ¢ is differentiable, with a null gradient, on OF. If o € OF we have
(recalling that ®.(x) = d(x, E')? on a neighborhood of E) that

|&(2) = B(xo)l _ |8(@) _ |He(2)| +d(x, E)?

|z — x| - |z — x| — |z — x|

as |z — x| — 07, because both H. and d(-, E)? vanish at 2o and are differentiable, with null gradients,

at xo. Therefore ¢ is differentiable at x(, with V@(z) = 0. O
Note also that B
Lip(¢) = Lip(p:) < Lip(H.) + ¢ < 4Lip(f) + 3e. 4.2.11)
Next we define ~
g=9::=[f+ (4.2.12)
The function g is differentiable on R™, and coincides with f = f on E. Moreover, we also have

Vg = Vf = GonE (because V@ = 0 on E). And, for z € R" \ E, we have
g(x) = f(2) + H(x) — ®(z) = f(2) + |f(2) = m(2)| + =(2) = m(z) + ().
This shows that g > m. On the other hand, because m is K-Lipschitz, we have
m(z) > m(0) — Klz|,

and because E is bounded, say £ C B(0, R) for some R > 0, also

2
@.(2) = (K +<)d(a, ) ~ 2
> (K + (e, B0, 1) ~ EEL 40y (1o - - )
for || > R+ % Hence
g(x) > m(z) + . (x) > m(0) — Klz| + (K +¢) <|x! ~R- KIS> ,

for |z| large enough, which implies
lim g(z) = oc.
|x|—o00

Also, notice that according to (¢.2.1T)) and the definition of g, we have

Lip(g) < Lip(f) + Lip(¢) < 5Lip(f) + 3e.

Now we will use a differentiability property of the convex envelope of a function ¢ : R® — R, defined
by
conv(y))(x) = sup{h(x) : hisconvex, h < }.
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Another expression for conv(¢), which follows from Carathéodory’s Theorem, is

n+1 n+1 n+1

conv(¢))(x) = inf Z)\jw(:cj) :Aj >0, Z)\j =1,z= Z)\jxj ,
j=1 j=1

J=1

see [57, Corollary 17.1.5] for instance. The following result is a restatement of a particular case of the
main theorem in [51]]; see also [48]].

Theorem 4.17 (Kirchheim-Kristensen). If ¢ : R™ — R is differentiable and lim,_,, 1(x) = oo, then
conv(y) € CHR™).

Although not explicitly stated in that paper, the proof of [51]] also shows that

Lip (conv(¢)) < Lip(¢)).

If we define F' = conv(g) we thus get that F is convex on R” and F' € C'(R™). Moreover, thanks to
@.2.1),

Lip(F) < Lip(g) < 5 Lip(f) + 3 < 10" sup |G(y)| + 3¢. (4.2.13)
yeE

Let us now check that F' = f on E. Since m is convex on R" and m < g, we have that m < F on R" by
definition of conv(g). On the other hand, since ¢ = f on E we have, for every convex function h with
h < g,that h < f on FE, and therefore, for every y € F,

F(y) = sup{h(y) : hisconvex ,h < g} < f(y) = m(y).

This shows that F'(y) = f(y) for every y € E. In order to see that we also have VF(y) = G(y)
for every y € E, we use the following differentiability criterium, whose proof was given in Chapter [2}

Lemma2.14]

Lemma 4.18. If ¢ : R™ — R is convex and i) : R™ — R is differentiable at y € R™ with ¢ < 1, and
o(y) = U(y), then ¢ is differentiable at y, with Vo (y) = Vi (y).

Since we know that m < F, m(y) = f(y) = F(y) forall y € E, and F € C'(R"), it follows from
Lemma (by taking ¢ = m and v = F'), and from Lemma[4.14] that

G(y) = Vm(y) = VF(y) forally € E.

Finally, note that, inequality (4.2.13)) implies (by assuming that ¢ < k*||G||~/3, which we may do) that

Lip(F) < 11 k" sup |G(y)| (4.2.14)
yeE
and also, assuming 0 € F, that
IFlly < 116* inf{]lolly : ¢ € CYR™), 01, = f, (V)| = G}. (4.2.15)

The proof of Theorem[4.7]is complete.

Remark 4.19. The function F provided by Theorem can be taken so as to satisfy lim;| oo F' () =
00.

Proof. We have seen in Section [4.2] that the extension F' of Theorem [4.7]is defined as F' = conv(g),
where ¢ is defined in (#.2.12)) and has the property that

g(x) > m(x) + 0-(d(z, E)), z€R",
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where 0. is defined in @.2.6). If R > 0 is a number such that E C B(0, R), then, because 0. is
nondecreasing,
g(z) > m(z) + 0.(d(z, B(0, R))), z€R"

Notice that, since 6. is convex and nondecreasing, ¢ := m + 0.(d(-, B(0, R)) is a convex function.
Moreover, if [z| > R + &3, (here K denotes sup,ep |G(y)]) then

2
m(a) + 0.(d(e. BOB)) = m(0) - Klal + (5 +2) (Ie] - R = 55) 4 (555

and the last term tends to oo as |x| — oo. Since F' = conv(g) and c is a convex function with ¢ < g, we
must have F' > ¢, which implies that lim |, F'(z) = oco. O
We finish this section by proving that a natural variation of condition (CW1) allows us to stablish an

extension Theorem for C'' convex function from bounded (not necessarily closed) subsets of R™.

Theorem 4.20. Let E be a bounded (not necessarily convex) subset of R". Let f : E — R be an
arbitrary function, and G : E — R™ be a bounded continuous mapping. Then f has a convex, C"
extension F to all of R™, with VF = G on E, if and only if (f, G) satisfies the following two conditions.

(1) f(z) = f(y) +(Gy), = —y) forall z,y € E.

(13) For every pair of sequences (xy)k, (yx)x C E, then

h]gn(f(xk) — flye) = (G(yr), zr —y&)) =0 = lim |G(z) — G(y)| = 0.

Moreover, in the case that both conditions are satisfied, the extension F' can be taken so that

Lip(F) = sup |[VF(z)| < ksup|G(y)l,
TER? yerR

where k is an absolute constant. Furthermore, F' can be taken with the property that lim ;| F'(x) =
+00.

Proof.

Only if part: Assume that F is a convex function of class C''(R™) such that (F, VF) agrees with (f, G)
on E. By convexity and differentiability of F, we have F(z) > F(y) + (VF(y),z — y) for every
x,y € E, which clearly implies condition (7). Now, given two sequences (xj) and (yx), of E with

lim(E (r) = F(yr) — (VE(yr), 2 — yx) = 0,

suppose that (G(x) — G(yx)), does not converge to 0. Then, after passing to subsequences, we may
and do assume that () converges to = and (), converges to y for some .,y € E and for some ¢ > 0
we have

|\VF(xp) — VF(yg)| > ¢ forevery ke N. (4.2.16)

The continuity of F' and V F' yields
Fz) = F(y) + (VF(y),z - y).
Using the necessity of Theorem[4.7] that is, Lemma[4.12] we obtain that

lim |VF(zy) = VE(ys)| = [VF(2) = VF(y)| = 0,

which contradicts (4.2.16). We have thus shown the necessity of condition (i7).
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Ifpart: Letus first prove that f is K-Lipschitz on E with K = ||G||« = sup,cp |G(y)|. Using condition
(1), we can write the inequalities

(Gy),z—y) < flx) = fly) < (Gz),z—y) z,yck.

It is then obvious that |f(x) — f(y)| < K|z — y| for every z,y € E. Let us now prove that G is
uniformly continuous on E. Indeed, let (xy), and (yx)x two sequences on E with limy |z — yi| = 0.
Using condition (7), we get

0 < flxr) = flyr) — (G(yr)s 2k — yr) < A(G(xr) — Gyr), vy — yr) < 2K |2 — yil,

where the last term tends to 0 as k¥ — co. By condition (¢7), we must have that limy, |G(x) —G(yx)| = 0,
which proves that G is uniformly continuous on . Thus, both f and G can be uniquely extended with
continuity to the closure E of E. Notice that the continuity of f and G on E shows that

flx)> f(y) + (G(y),x —y) forall z,y € E.

Also, given two points z,y € F such that f(z) = f(y) + (G(y),z — y), we can find two sequences
(xk)k and (yx)x on E with limy, x = x and limy, y;, = y. Again, the continuity of f and G on E leads
us to

1i/£n(f($k) — flye) — (G(yr), xr — yx)) = 0,

which in turn implies, by condition (%), that

G(z) = Gly)| = lip |Glax) = Glu)| = 0.

That is G(x) = G(y). We have thus shown that the pair (f, G) satisfies conditions (C) and (CW1!) on
the compact set E of R"™. By Theorem there exists a convex function F' € C1(R") with (F,VF) =
(f,G) on E. Moreover, F' can be taken so that

sup |VF(z)| < ksup|G(y)| = wsup |G(y)],
zeR? yeE yel

where & is an absolute constant. Furthermore, in view of Remark[4.19)] this function F' can be taken with
the property that lim |, F'(z) = +o0. O

4.3 Some relevant examples

In this section we will consider some examples relevant to the preceding results and proofs. We first
observe that the functions m(f) = m(f, Vf) in (4.2.2)) need not be differentiable outside £, even in the
case when F is a convex body and f is C*° on E. To see this, we provide two different examples.

Example 4.21. Let g be the function g(x,y) = max{z+y—1,—z+y—1, %y} Using for instance the
smooth maxima mentioned in Lemma [1.8] one can smooth away the edges of the graph of g produced
by the intersection of the plane z = %y with the planes z = y + x — 1, thus obtaining a smooth convex
function f defined on E := g~!(—00,0] N {(z,y) : y > —1}. However, m(f) will not be everywhere
differentiable, because for y > 2 we have m(f)(z,y) = max{x +y — 1, —z + y — 1}, and this max
function is not smooth on the line x = 0.

Example 4.22. [71, Example 9] Let E = {(z,y) € R? : |z| <1, y < 0} and

0 ify + |2 <0,
flzy) =4 a*+y*  ify—|z[ 20,
(2] +y)? otherwise

Then f is a C! convex function on R? but m(f) is not differentiable at any point (0,y) with y > 0.
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The following example shows that when E has empty interior there are convex functions f : £ — R
and continuous mappings G : £ — R™ which satisfy (') but do not satisfy (CW1!).

Example 4.23. Let E be the segment {0} x [0,1] in R?, and f, G be defined by f(0,y) = 0 and
G(0,y) = (y,0). If we define f(z,y) = xy then it is clear that f is a C' extension of f to R? which

satisfies V f(0,y) = G(0,y) for (0,y) € E. Therefore the 1-jet (f, G) satisfies Whitney’s extension
condition (W1). However, for every (0,y), (0,y") € E, we have that

£(0,9) = £(0,9") = (G(0,4),(0,y) — (0,%)) = (G(0,%), (0,5 —y)) = {(4/,0), (0,4 —y)) =0

but G(0,y) = (y,0) # (v',0) = G(0,y) for every y,y' € [0,1] with y # v'. Thus (f, G) does not
satisfy (CW1) on E. In particular f does not have any convex C'! extension F to R™ with VF = G on
E.

Finally, let us mention that in Theorem the condition of coercivity for ¢ (that s, lim ;| Y(x) =
+00) cannot be removed in general as shown by the next example due to J. Benoist and J-B. Hiriart-
Urruty in [14].

Example 4.24. The function ¢ : R? — R defined by ¢(z,y) = Va2 + e ¥* for all (z,y) € R?
is of class C'*°. Hoewever, the convex envelope conv(z)) of 1 satisfies conv(v)(z,y) = |x| for every
(x,y) € R2. That is, conv(1)) is not differentiable.

4.4 Interpolation of compact subsets by boundaries of C'! convex bodies

In this section we present a geometrical application of Theorem[4.7concerning characterizations of com-
pact subsets K of R which can be interpolated by boundaries of C'* convex bodies (with prescribed unit
outer normals on K). This result may be compared to [43], where M. Ghomi showed how to construct
C™ smooth strongly convex bodies V' with prescribed strongly convex submanifolds and tangent planes.
Theorem [4.29] below allows us to deal with arbitrary compacta instead of manifolds, and to drop the
strong convexity assumption. Unlike the C'™! case, the oriented distance function to a convex body V/
of class C'! is not necessarily of class C'' on a neighbourhood of AV, as M. C. Delfour and J. P. Zolesio
noted in [25, Remark 5.6]. For this reason we cannot make use of the tools in Subsection[2.4.1) Lemma
2.18| to construct C'' convex functions whose derivatives are equal (or, at least, are proportional) to the
outer unit normal 1y on the boundary OV of a given convex body V. Instead we will make an intensive
use of the differentiability properties of the Minkowski functional associated to convex bodies containing
the origin as an interior point. In fact, we will define the outer unit normal of C' convex bodies in terms
of the Minkowski functional.

4.4.1 The Minkowski functional. Elementary properties and differentiability

Definition 4.25. Given a nonempty subset V' of a Hilbert space (X, || - ||) we define the Minkowski
functional of V' by
py(z) =inf{t >0 : z€tV}, =zelX.

The following proposition sums up some well-known properties of the Minkowski functional asso-
ciated to convex subsets with nonempty interior. See [33, Chapter (II)] for details.

Proposition 4.26. If V' C X is convex with 0 € int(V') we have:
(1) 0 < py(z) < 4ooforallx € X, and puy(0) = 0.
(2) pv = Hint(v) = Ky
(3) If0 < t < o0, then py (x) < tifand only if x € tint(V') = int(tV).
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4

(4) pv is a positively homogeneous subadditive functional. In particular, py is convex.
G){zeX puy(@)<ly=mt(V)cVCcV={reX: uy(r) <1},

(6) Ifr > 0is such that B(0,7) C V, then uy (z) < r~Y|z|| for all z € X. Also,

(7)

7) pyisr- -Llpschltz, and

(8) py(x) —1<rtd(z,V) forallz € X.
Suppose in addition that V- C X is bounded and R > 0 is such that V C B(0, R).
(9) There exists R > 0 such that py (z) > R7Y||z|| forall x € X.

(10) For all z € X, we have d(x,0V) < R|uy(z) — 1|. In particular d(x,V) < R(uy(x) — 1) if
xe X\ V.

Now we study the differentiability of the Minskowski functional associated to convex bodies.

Proposition 4.27. Let F be a C'(X) convex function such that F(0) < 1. IfV = {x € X : F(z) < 1},
then the Minkowski functional py of V' is of class C*(X \ p1;,(0)) and

_ (z) x _
Vuy (r) = <VF l(:/“(z)) 7x> VF (MV(@) forall € X\ puy(0).

Proof. We know from Proposition that V' is a closed and convex with 0 € int(V') and that OV =
{z € X : F(z) = 1}. The convexity of F' gives

(VF(x),z) > F(z) — F(0) >0 forall z € dV. (4.4.1)

Because py is convex, in order to show that uy € CH(X \ u‘_/l(O)) it is enough to check that py is
differentiable at every xg € X \ ,u(/l(()). Let us distinguish two cases.

Case 1. Suppose first that 2o € 9V. Consider the function H(x,y) = F(y - ) — 1 for every (z,y) €
X xR. Since F is of class C*(X), the function H is of class C' (X x R) and it is clear that H (zg,1) = 0
and Dy H(zo,1) = DF(x)(z9) > 0 by @.4.1). The Implicit Function Theorem provides an open
neighbourhood U C X of xq and a unique function ¢ : U — R of class C'(U) such that () = 1 and
F(p(z)-2z) — 1= H(x,p(z)) = 0 for every x € U. Moreover, the derivative of ¢ at each z € U is

Do) = it s Do (o (0) = g O SDF((a) o)

In particular
-1

DF(xo)(zo0)
Obviously U can be chosen small enough so that ¢ and py are strictly positive on U. Because F'(¢(z) -

z) =1lonU, then p(z) -z € OV and 1 = py(p(x) - z) = p(x)uy (x) for every x € U. This shows that
wy = é on U and then py is differentiable at xy with

Dep(xg) = DF(zo).

-1 1

Vv (z0) = mvw(wo) = —Vp(zo) = WVF($O)~

Case2. If g € X \ M;I(O) is arbitrary, using that % € dV and that py is positively homogeneous
we can write

’MV(H?O +h) — py(zo0) — <V,uv <m> ,h>‘
IRl

_ ‘“V (Mv(l‘o) i (960)) I (va((;fo)) <WV ( (900)) WM

|

)
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and the last term tends to 0 as ||h| — 0 by Case 1. This shows that xy is differentiable at z( and

) pv (o)

Vet = Vv (o) = N (o)

4.4.2 An interpolation theorem for C'' compact convex bodies

Definition 4.28. We will say that a subset V- C R™ is a compact convex body if V' is compact and convex
with nonempty interior. If we further assume that 0 € int(V'), we will say that V is of class C* if its
Minkowski functional py is of class C* on R™ \ {0}. In this case, we define the outer unit normal to OV
by

Vv (z)
(Vv ()]

Finally, we will say that a vector u € S"~1 is outwardly normal to OV at a point y € OV if u = ny (y).

ny(x) = x € V.

Here and below S™~! denotes the unit sphere of R”. Now we have all the ingredients we need to state
and prove our interpolation theorem for C'* compact convex bodies containing the origin as an interior
point. The pertinent conditions are:

(0) (N(y),y) >0 forall yeK;
(K) (N(y),x )§0 forall z,y € K
(Kwh) (N(y),x —y) =0 = N(z)=N(y) forall z,y€K,

and our result for the class C'! then reads as follows.

Theorem 4.29. Let K be a compact subset of R™, and let N : K — S"™! be a continuous mapping.
Then the following statements are equivalent.

1. There exists a C* compact convex body V with 0 € int(V') and such that K C 0V and N(y) is
outwardly normal to OV at y for every y € K.

2. K and N satisfy conditions (O), (K), and (KW?).

Proof. (2) = (1): Weset E = K U {0}. Thanks to condition (O), continuity of N and compactness
of K, we can find a number « > 0 sufficiently close to 1 so that

0<1—a<min(N(y),y). (4.4.2)
yeK

Notice in particular that 0 ¢ K. We now define a 1-jet (f, G) on E by

(1 if yeK [ N(y) if yek
f(y)_{a it y=o G(y)_{ 0 if y=0.

Because [V is continuous, G is continuous as well and let us check that f and G satisfy conditions (C)
and (CW1) of Theorem [4.7|on the set E. Given x,y € E, we see from the definition of f and G that

f(@) = fly) = (G(y),z —y) = -« if zeK,y=0
a—14+(N(y),y) if z=0,ye€K.

Using condition (k) in the case x,y € K and the choice of « (see (4.4.2)) if x = 0 or y = 0, we obtain
that

f(@) = fly) = (G(y),x —y) 20, z,yckE.
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This shows that condition (C) is satisfied. Also, note that if z = 0 or y = 0, the above inequality is
in fact a strict inequality, which implies that condition (C'WW!) is trivially satisfied in these cases. In the
case when x,y € K, if we assume

—(N(y),z —y) = f(z) - fly) — (G(y),z —y) =0,

then condition (XWW?!) implies that G(z) = N(z) = N(y) = G(y). We have proved that ( f, G) satisfies
condition (CW1). Therefore, according to Theorem there exists a convex function F' € C'(R")
such that F' = f and VF = G on E. Moreover, from Remark [4.19] the function F can be taken so as to
satisfy lim|| o F'(7) = o0o. If we define V = {z € R" : F(z) < 1}, Propositiontells us that V'
is a compact convex body with 0 € int(V') (because F'(0) = a < 1) and {x € R" : F(z) = 1} = 9V.
Since F = f = 1 on K, we obtain that K C dV. Because F is of class C'(R") and, according to
Proposition the Minkowski functional py of V is of class C'(R™ \ 1;,'(0)). Note, since V is
bounded, Propositionm (9) gives that uy,' (0) = {0}. We have thus shown that V is of class C. In
fact, Proposition[4.27]tells us that the gradients VF(z) and V uy () are a positive multiple of each other.
This implies that, for each z € K,
VF(z) V(@)

N = @)~ Ml ™

which shows that N (z) is outwardly normal to OV at .
(1) = (2): Let py be the Minkowski functional of V. Define F' : R” — R by

F(z)=0(uy(x)), =xe€R",

where § : R — [0, +00) is a C* Lipschitz and increasing convex function with §(t) = ¢> whenever
|t| < 2 and 6(t) = at whenever |t| > 2, for a suitable @ > 0. The Minkowski functional is Lipschitz
and convex because V is a convex body and this implies that F' is Lipschitz. Also, because 6 is convex
and increasing, F' is convex as well. Since V is of class C'!, the function py is of C1(R™ \ {0}) and
then F' € C*(R™\ {0}). Let us see that in fact F is differentiable at 0 with VF(0) = 0. Indeed, because
0 € int(V), we can find 7 > 0 with B(0,7) C V, which implies that uy (z) < r~!|x| for every z € R".
This yields

2 —
lim [F(@) = FO)] = lim Hy (@) < lim M = lim py(x) =0.
|| 0 || =0 |z || —0 || || —0
Hence F is differentiable at 0 with VF(0) = 0. By Theorem[4.7|we then have that F’ satisfies conditions
(C) and (CW) on OV In addition, note that 9V = p;,' (1) = F~1(1) and, in particular, F = 1 on E.
Besides,
VF(x) =2uy(x)Vuy(x) = 2Vuy(z) whenever x € 0V.

Using this together with the fact that K’ C JV and N(z) is outwardly normal to 9V at z for every

x € K, we have that
Vuy(z) _ VF(z)
N(z) = = , xT€E€E.
Vv (@) [VF(2)]
Let us check that NV and K satisfy conditions (O), (K) and (XW?). For every y € K, the convexity of
F together with VF'(0) = 0 give

0< F(y) — F(0) = (VF(0),y) < (VF(y) — VF(0),y) = [VF(y){N(v),y)

which clearly implies, that (N (y),y) > 0andif (N (y),y) = 0, then the above inequality yields F'(y) =
0, which is a contradiction because y € K C 0V = F~1(1). Hence, condition (Q) is satisfied. In order
to check condition (K), we consider two points x,y € K and use condition (C') of F' on K (that is, the
convexity of F') to obtain

(N(y),y—2) = [VE@)| ™ (H(VE(y),z —y)) = [VF)| " (F(z) - F(y) = (VF(y),z —y)) <0,
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which proves (K). Finally, if z,y € K are such that (N(y),y — ) = 0, using the above identity we
have that
Fz) = Fy) = (VF(y),x —y) = 0,

and then condition (CW!) tells us

_ VFE(y) _ VF(x)
IVE(y)|  [VF(2)|

which shows the necessity of (XWW?!). O

N(y) = N(z),

4.5 Convex functions and self-contracted curves

Very recently, in [29], E. Durand-Cartagena and A. Lemenant have applied Theorem to find a char-
acterization of strongly self-contracted curves in R”. If T’ € (0, +00], a differentiable curve ~y : [0, 7] —
R™ is said to be strongly self-contracted if for every t, s € [0,T] with t < s and 7/(t) # 0 we have that

(Y (#),~v(s) —y(t)) > 0.

It turns out that, assuming C'1'® regularity, these curves are characterized to be solutions of the gradient
flow equation

V() ==V (1)

The exact statement of this characterization is as follows.

Theorem 4.30. [29, Theorem 1.2]. Let v : [0, L] — R™ be an arc-length parameterized curve of class
Cto([0, L)) for some o € (%, 1]. Then v is strongly self-contracted if and only if there exist a C' convex
function f : R™ — R and a parametrization 7 : [0,T] — R™ of v with T' < 400 such that

¥(t)=-Vf(3), teloT]

4.6 C" convex extensions from arbitrary subsets

We are now going to give the solution to the following problem in full generality.

Problem 4.31. Given E a subset of R", and functions f : E — Rand G : E — R", how can we
decide whether there is a convex function F € C1(R™) such that F(x) = f(x) and VF(x) = G(z) for
allz € B?

In Section 4.1] we gave the solution to Problem @.31]in the particular case that £ is a compact (or
bounded) subset, see Theorem (and Theorem [4.20). We have seen that in this especial situation the
two necessary and sufficient conditions on a 1-jet (f, G) with G continuous that we obtained for C}
extendibility are:

f(x) > f(y) +(G(y),x —y) forall z,ycFE ()

(which ensures convexity), and
f(@) = fy) + (Gy)x —y) — Glz) =Gly) forall z,yeE (W)

(which tells us that if two points of the graph of f lie on a line segment contained in a hyperplane
which we want to be tangent to the graph of an extension at one of the points, then our putative tangent
hyperplanes at both points must be the same). In fact, it is shown in Remark [4.6]that the continuity of G
plus conditions (C') imply Whitney’s condition (W1).

In Section 4.1 we also gave an example showing that the above conditions are no longer sufficient
when F is not compact (even if F is an unbounded convex body). The reasons for this insufficiency can
be mainly classified into two kinds of difficulties that only arise if the set £ is unbounded and G is not
uniformly continuous on E':



4.6. C' convex extensions from arbitrary subsets 97

1. There may be no convex extension of f to the whole of R™.

2. Even when there are convex extensions of f defined on all of R™, and even when some of these ex-
tensions are differentiable in some neighborhood of E, there may be no C''(R™) convex extension
of f.

Let us show how one can overcome these difficulties by adding new necessary conditions to (C), (CW1)
in order to obtain a complete solution to Problem |4.31

As is perhaps inevitable, our solution to Problem [{.31] contains several technical conditions which
may be quite difficult to grasp at a first reading. For this reason we will reverse the logical order of the
exposition: we will start by providing some corollaries and examples. Only at last will the main theorem
be stated.

The first kind of complication we have mentioned is well understood thanks to [59], and is not
difficult to deal with: the requirement that

i (G@r), 2x) — f(xr)
k—oo |G (z)|

= +oo for every sequence (xx)r C F with klim |G(z)| = +00 (EX)
—00

guarantees that there exist convex functions ¢ : R™ — R such that |, = f.

The second kind of difficulty, however, is of a subtler geometrical character, and is related, on the
one hand, to the rigid global behavior of convex functions (see Theorem [4.41] below) and, on the other
hand, to the fact that a differentiable (or even real-analytic) convex function f : R — R may have
what one can call corners at infinity. In a short while we will be giving a precise meaning to this vague
expression, but let us first ask ourselves this question: what would appear to be a natural generalization
of condition (CW1) of Definition to the noncompact setting? As a first guess it may be natural to
consider a replacement of (CW!) with the following condition: if (x1)x, (2x)x are sequences in E then

kl;rgo (f(zg) — f(zr) — (G(2x), 2k — 21)) =0 = klg](r)lo |G (z) — G(zx)| = 0. (4.6.1)

A natural variant of this condition is:
lim fzr) = flz) = (G(2k), 21 — 21)

k—o0 \xk — Zk‘

=0 = lim |G(x) — G(z)| =0,
k—oo

and it is clear that both conditions are the same as (CW!) if E is compact. However, if E is unbounded
none of these conditions is necessary for the existence of a convex function ' € C!(R") such that
(F,VF)=(f,G) on E, as the following example shows.

Example 4.32. Let f : R> — R be defined by f(z,y) = Vo2 + e~2v. This is a real analytic strictly
convex function on R? and one can check that the Hessian D?f is strictly positive everywhere, see
Example for details. We have

T e~
Vf(x,y) = <\/I‘2 T 672y’_\/l‘2 T 62y> )

and by considering the sequences

1
Zk:< k)u xk:(()?k)? kEN7

k?
we see that
Ve VBT e R g (k2 4 6—21€)—1/2

= lim

k—o00 k-1

1

— lim VE2e—2k — \/1 4+ k2e—2k

Jm ViR - 1+ B+ —eee

-1 1
= lim + =0;
k—oo \/k2e—2k + 1+ k2e2k V1 + k2e2k
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which in our case implies

lim (f(zk) — f(2k) — (VF(2k), 2k — 21)) = 0,

k—o00
and yet we have that
lim inf |V v shim | o L [
iminf |V f(zx) = Vf(z)| 2 lim | A | | # 0.

So our first guess turned out to be wrong, and we have to be more careful. In view of the above
example, and at least if we are looking for extensions (F, VF) with F' € C''(R") convex and essentially
coercive (that is, C'' convex extensions F'(x) which, up to a linear perturbation, tend to co as || goes
to infinity), it could make sense to restrict condition (4.6.1)) to sequences (xj); which are bounded. On
the other hand, if (G(zx)) is not bounded as well, then by using condition (EX), up to extracting a
subsequence, we would have

i (GGr)sz) — far) _

k—00 |G (21)] -

hence
(G(zk), zk) — f(2zx) = Mg|G(zx)|, with kli)ngo M, = oo,

and it follows that

fak) = f(zx) = (G(zr)s 2k — 21) = f(ar) — f(2) + (G(zk), 2k) — (G (2k), k)
> f(z) + (Mg, — |zg|) |G (25)] = 00

because (f(xx))xr and (x) are bounded and M), — oo. Thus we have learned that we cannot have

dim (f(ar) = fzi) = (G (2k), 2p — 21)) = 0
unless (G(zy)) is bounded. An educated guess for a good substitute of (CWW?!) could then be to require
that
lim (f(xr) — f(zk) — (G(zk), 2k — 21)) =0 = kli_}n;o |G(zr) — G(2x)| =0 (4.6.2)

k—ro0
for all sequences (xy)y, and (zi)x in E such that (zy)y, and (G(zy))x are bounded.

We will prove in Section4.8|below that this new condition is necessary for the existence of a function
F which solves our problem. Now, if we add (#.6.2)) to (EX) and (C'), will this new set of conditions be
sufficient as well? The answer to this question depends on how large the set span{G(z) — G(y) : =,y €
E} is. If this set coincides with R™ then those conditions are sufficient, and otherwise they are not; this
is the content of the following easy (but especially useful) consequence of the main result of this section,
Theorem 4.43]

Corollary 4.33. Given an arbitrary subset E of R™ and two functions f : E — R, G : E — R", assume
that the following conditions are satisfied.

(1) G is continuous and f(x) > f(y) + (G(y),x — y) forall z,y € E.
(13) If (xr)k C E is a sequence for which limy,_,~ |G(xy)| = 400, then
(G(zx), zk) — f(ak)

lim = +00.
k—00 |G (x)]

(7i1) If (xk)k, (2k)k are sequences in E such that (xy)y, and (G(zy))x are bounded and

lim (f(zk) — f(2) — (G(2k), 2k — 28)) = 0,

k—00

then limy_, 0 |G (zx) — G(25)| = 0.
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(iv) span ({G(z) — G(y) : x,y € E}) = R™

Then there exists a convex function F : R™ — R of class C* such that F| s =F (VF), =G, and Fis
essentially coercive.

Here, by saying that F' is essentially coercive we mean that there exists a linear function ¢ : R® — R

such that
lim (F(z)—{(x)) = oc.
|z| =00

Although Corollary 4.33]is a consequence of Theorem [4.43|below, the proof of Theorem.20|can be
easily adapted to produce a simpler proof of Corollary [4.33]

By comparing Example [4.32] with Corollary .33 we may arrive at a remarkable conclusion: our
given jet (f, G) may well have some corners at infinity and, for C* convex extension purposes, that will
not matter at all as long as the jet (f, G) forces all possible convex extensions to be essentially coercive
(equivalently, as long as span{G(z) — G(y) : =,y € E} = R™). Let us now explain what we mean by a
jet having a corner at infinity.

Definition 4.34. Let X be a proper linear subspace of R™ and let us denote by X its orthogonal
complement. We say that a jet (f,G) : E C R™ — R x R™ has a corner at infinity in a direction of X+
provided that there exist two sequences (xy)k, (2i )k in E such that, if Px : R™ — X is the orthogonal
projection, then we have that (Px (zk))r and (G(zk)), are bounded, limy,_, « |z1| = 00,

Jim (f(ar) = fzx) = (G (20), ax = 21)) = 0,

and yet
limsup |G(zg) — G(zx)| > 0.
k—o00
We will also say that jet (f,G) has a corner at infinity in the direction of the line {tv : t € R} (where
v € R™\ {0}) provided that there exist sequences (xy)x, (2 )i satisfying the above properties with Px
being the orthogonal projection onto the hyperplane X perpendicular to v.

For instance, the function f of Example when restricted to the sequences (), (2x )i defined
there, gives an instance of a jet that has a corner at infinity directed by the line = 0, see Figure {.1]
below. Of course, the pair (f, V f), unrestricted, provides another instance. In this case it is natural to
say that the function f itself has a corner at infinity. More pathological examples can be given in higher
dimensions.

Example 4.35. Consider the following two examples.

(1) Let 1 < k < n be an integer and define the function

n

k
flag,aa,.mn) = | > a2+ Y e i, z=(x1,...,2,) ER". (4.6.3)
J=1 J=k+1

Then f is a convex function of class C°° with strictly positive Hessian at every point, which has a corner
at infinity in the direction of e; for every j = k + 1,...,n and f is essentially coercive.

(2) Letn > 3 and 2 < k < n be integers and define the function

(4.6.4)

Then f is convex and of class C*°, f has a corner at infinity in the direction of e, forevery j = 2, ...k,
and is not essentially coercive. Nevertheless f is essentially k-coercive (meaning that f can be written
as f = co P, where P is the orthogonal projection onto a k-dimensional subspace of X of R" and
c: X — R is essentially coercive).
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Proof.

(1) Let us first check that f is strictly convex on R™. Given z = (1, ..
xis

., Zn) € R", the gradient of f at

1
Vf(z) = m (:L'l, T, —e 2T —6_2”5") . (4.6.5)

The second derivatives of f at x are

0’ f 1 Zk 9 Zn oz, O*f TiT . .
ax.? (m) f(x)g ‘rf + € Y 81'18.%'] (m) f(l’)B’ 1 — Z?.] — k? ? 7£ .]7

0=1, (#£] t=k+1

82 f

e = 1O D W) A
J l=k+1

82f 6_2xie—2xj
=—————, k+1<i,j<n,i#j
0z;0x; (z) F)3 +1<6,j<n, i#]
82f .%'Z'efz'rj

= 1< < 1< <k,
DDz, x) F@)F E+1<j<n, 1<i<k

We thus have, for every v = (v1,...,v,) € R" with |v| = 1, that

D) = 3 -2 Z I g
x)(v = 7 ' . Z)UiVj
ij=1 83328% 1<i<j<n Oxi0z;
k
Pf, | o 32]"
=D 5@ +2 Y o (@)
j=1 axj 1<i<j<k Oz;0z;
n n Jj—1 2
/ o f
+ W(z) ]2+2 Z Zf) o (x)viv;
j=k4+1 I j=k+1i=1 "
On the one hand
k
0% f
EIEEIEES
j=1 8x 1<i<j<k xlax]
1 n
= | 2 e MZU +Z Z viaf =2 ) wau
f(l') l=k+1 J=140=1,0#£j 1<i<j<k
1 n
= 3 Z 2”21) + Z v2x2+v:c -2 Z T;T V04
f(ﬂ?) l=k+1 1<i<j<k 1<i<j<k
1 . Zz k: 16 200
3= PIRED D DTSRG B T

{=k+1 1<i<j<k j=1
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On the other hand,

2 g @2 ) Zamlaxj Jvits

et 9 j=k+1i
n n
=Z§‘§ +2zza (@ +2 Za ()i,
J=k+1 J j=k+1 i= Jj=k+1i=k+1
Z e 2% 22$e+2 Z e 2 o2 UJZ-
j=k+1 t=k+1
n k n o j-1
+ 2 Z Ze*Qxfxivivj—Z Z Z 672%672%%1}]’
j=k+1i=1 j=k+1i=k+1
1 . —2x; 2
:f(x)3 Z J 223@1} +2szvzvj
j=k+1 i=1
n n n j—1
+ Z e 2% efzxjvjz—i-? Z 672‘/”’0]24 -2 Z Z e~ Hie iy,
j=k+1 O=k+1, 0£] j=k+1i=k+1

It is clear that the last term is greater than or equal to

1 - 2 : 2 2 - 2 2 2
(z) D e 2) jwpuy =) wfv =) v
Jj=k+1 =1 i=1 i=1
n n j—1 j—1
+ Z e 2% | e 2%igp2 19 6_2”1)]2-— Z 6_2‘“1)12— Z 23“1)]2
j=k+1 L=k+1, 0#] i=k+1 i=k4+1
1 - 2z : 2 2 : 2
:f(:zt)3 Z e 229361’] sz
Jj=k+1 /=1 i=1
n n n j—1
+ Z e~ 2% e_zxjv]2-+ Z e_zva32+ Z e‘“vf—— Z e_Qxivf
j=k+1 (=k+1, £#] 0=j+1 i=k+1
1 n n
> Fap | Z —2 Zv + Z e 2% e’zxjv]?—i- Z 672”1)]24
j=k+1 ‘ j=k+1 l=k+1, t#£]
+ Z Z 6—2:(;]6—290@0 Z Z 6—21‘@6—2:0]1)3
j=k-+1=j+1 j=k+1=k+1
1 . —2x —2x; —2x;,.2 . —2xy, 2
T f@)B| Z ]ZU + Z Tle Tt Z Y
j=k+1 j=k+1 {=k+1, £#£]
+ Z Z e 2:(:J6 ngv Z Z e 2:(:56 2%03
j=k-+16=j+1 O=k+1 j=0+1
k n

j=k+1 =1 j=k+1 O=k+1, 0#£]
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If we have that vy = --- = v, = 0, then

k
Z U +2 Z wj ZZ k+1€ - Zv > 0.

xzam]
1<i<j<k
Let us now assume (g1, .. .

°"\
~

,Un) 7 0. Then, then preceding inequalities yield

2, k
D2f(x)( ) > >0 k+1€ ZUJZ

n

Z ZxJZU + Z x; e—2m]-+ zn: 6—2@ UJQ‘

j=k+1 j=k+1 (=k+1, (4]
1 n n
oADK CRR D P I
x
j=k+1 O=k+1, 0£]

We have thus shown that f has strictly positive Hessian at each point of R™ and, in particular, f is
strictly convex on R"™. Let us now see that f is essentially coercive. We define the linear functional
0:R" - Rby{l(z) =21+ - + xx, forevery x = (x1,...,z,) € R™. The convavity of the function
(0, +00) > t — t1/2 yields

k 2 n —2z;
nx: ne J
_ J j
fla) + 0(z) = Z - +’Z — +¢ Z\ﬂx]H Z Vne % | + 4(z)
j=1 j=k+1 j=k+1
Sl e (e
:;\/%+]zk;rl<\/ﬁ+xj>’ forevery = = (x1,...,2,) € R";

and it is clear that the last term defines a coercive function on R™. Finally, let us prove that f has a corner
at infinity in every direction e;, j = k + 1,...,n. In order to do so, we fix j € {k + 1,...,n}, denote
X the orthogonal complement of the line directed by e; and define sequences

1
x?zﬁej, Z§:E€1+€€j, ¢/ e N.

If Px denotes the orthogonal projection onto X, it is obvious that the sequence (Px (:Uﬁ)) ¢ is identically
zero and, in particular, is bounded. Using (4.6.9), it follows that

_ 1
flag)=e™ f) =15 +e ™,
1 1
Vf($§) = —Qe_eej, Vf(zf) = <€61 - 26_2663‘) , JeN
/e% _‘_6725
We observe that
1 1 1 2e 2y

VI _<e —26£€‘> = e1 — e, 4.6.6
f(])WW )RR i e (4.66)

and then the sequence (V f (zf))é is clearly bounded. Also, we can write

. . T 1
lim (f(24) = £(z) ~ (Vf( )x—z§>)_h§n<ef WUJW)_O
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On the other hand, (.6.6) yields
1
V1 + 2¢-20

which tends to 1 as ¢ goes to infinity. According to Definition we have thus shown that f has a
corner at infinity in the direction e;.

IV f(z5) = V()] 2

(2) Let X be the subspace spanned by the set {ej,...,ex} and let P : R™ — X be the orthogonal
projection onto X. It is obvious that f can be written as f = c o P, where c is the function c¢(y) =
f(y,0,...,0) for every y € X. The function ¢ defined on X is one of the examples of (1) and then ¢
is convex and essentially coercive on X. This implies that f is convex on R™ and k-essentially coercive.
Finally, given j € {2,...,k}, let us denote by Y the orthogonal complement of the line directed by e;
and define the sequences

1
;v?:ﬁej, zf:zel—l—ﬁej, £ e N.

It is clear that <Pyj ($§)>e is identically zero. Since both sequences (azg) ¢ and (zf) ¢ are contained in X,

the calculations in (1) show that (Vc(zf))z is bounded,

lim (c(xg) —e(2) = (Ve(2), 2l — z§>) =0 and liminf |Vf(a}) - VF(z})| = 1

Because f = co P and
Vfi(xy,...,zy) = (Ve(zy, ..., 2x),0,...,0), x=(x1,...,2,) € R",

we obtain that f has a corner at infinity in the direction e;. O

Figure 4.1: f(z,y) = V22 + e 2, (z,y) € R2. This function has a corner at infinity directed by the
line x = 0 and it is essentially coercive.

In general it can be shown that the presence of a corner at infinity in the graph of a differentiable
convex function f : R™ — R forces essential k-coercivity of f, for some & > 2, in a subspace of
directions containing the directions of the corner. This is a consequence of the main result of this section,
Theorem 4.43]

We will not explicitly use the notion of corner at infinity in our proofs. Our reasons for introducing
these objects are the facts that: 1) one way or another, corners at infinity will be to blame for most of the
predicaments and technicalities involved in any attempt to solve Problem .31} and 2) we firmly believe
that the reader will be more able to understand the statements and proofs of the following results once he
has been acquainted with this notion. As a matter of fact, the most technical conditions of Theorems 4.3
and {.43| below can be rephrased more intuitively in terms of corners at infinity and essential coercivity
of data in the directions of those corners.

Unfortunately Corollary .33|does not provide a characterization of the 1-jets which admit essentially
coercive C'! convex extensions. This is due to the fact that a jet ( f, G) defined on a set E may admit such
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an extension and yet span{G(z) —G(y) : =,y € E} # R™; that is to say, condition (7v) is not necessary,
as shown by the trivial example of the jet ( fo, Go) with Ey = {0} C R2, f5(0) = 0, Go(0) = 0, which
admits a C'! convex and coercive extension given by (Fy, VFp), where Fy(z,y) = 22 + y2.

Of course, a C' convex extension problem for a given 1-jet ( f, G') may have solutions which are not
essentially coercive; in fact it may happen that none of its solutions are essentially coercive. A sister of
Corollary which provides a more general, but still partial solution to Problem4.31} is the following.

Corollary 4.36. Given an arbitrary subset E of R™ and two functions f : E — R, G : E — R", assume
that the following conditions are satisfied:

(1) G is continuous and f(x) > f(y) + (G(y),x — y) forall z,y € E.
(1) If (zk)r C E is a sequence for which limy,_,~ |G(xy)| = +00, then

- (G(xg), xp) — f(zk) - 4o
N TeTEN] oo

(1ii) Let P = Py : R™ — R™ be the orthogonal projection onto Y := span{G(z) —G(y) : z,y € E}.
If (xk)k, (2x )k are sequences in E such that (P(xy)), and (G(zy))x are bounded and
lim (f(zx) — fz) = (G(zk), 2p — 21)) = 0,

k—o00
then limy,_, 0 |G (z1) — G(z5)| = 0.

Then there exists a convex function F : R™ — R of class C' such that F, = fand (VF), =G.

e

Condition (7i7) of the above corollary can be intuitively rephrased by saying that: 1) our jet satisfies a
natural generalization of condition (CW1); and 2) (f, G) cannot have corners at infinity in any direction
contained in the orthogonal complement of the subspace Y = span{G(z) — G(y) : z,y € E}.

It could be natural to hope for the conditions of Corollary .36]to be necessary as well, thus providing
a nice characterization of those 1-jets which admit C' convex extensions. Unfortunately the solution to
Problem [4.3T]is necessarily more complicated, as the following example shows.

Example 4.37. Let By = {(z,y) € R? : y = log|z|,z| € NU{L : n € N}}, fi(z,y) = |z,
Gi(z,y) = (-1,0) ifx < 0, G1(x,y) = (1,0) if z > 0. In this case we have Y := span{G1(z,y) —
Gi(z,y) + (z,9),(2',y") € E1} = R x {0}, and we will see in Example 4.39] that condition (4i7)
of Theorem is not satisfied. However, we will see that, for ¢ > 0 small enough, if we set Ef =
E,U{(0,1)}, ff = fi on By, f{(0,1) = &, G = G; on Ey, and G5(0,1) = (0,¢), then the
conditions of Corollary are satisfied for (f1,G1). This implies that the problem of finding a C!
convex extension of the jet (f;', G]) does have a solution, and therefore the same is true for the jet

(f1,G1).

This example shows that in some cases the C'' convex extension problem for a 1-jet (f, G) may be
geometrically underdetermined in the sense that we may not have been given enough differential data so
as to have condition (i) of the above corollary satisfied with Y = span{G(z) — G(y) : z,y € E}, and
yet it may be possible to find a few more jets (3, w;) associated to finitely many points p; € R" \ E,
j=1,...,m,so that, if we define E* = EU{p1,...,pn} and extend the functions f and G from E to
E* by setting

f(zj) =B85, Gpj):=w; for j=1,...,m, (4.6.7)

then the new extension problem for (f, G) defined on E* does satisfy condition (7i¢) of Corollary
Notice that, the larger Y grows, the weaker condition (i7¢) of Corollary becomes.
We are now prepared to state a first version of our main result.

Theorem 4.38. Given an arbitrary subset E of R™ and two functions f : E — R, G : E — R", the
following is true. There exists a convex function ' : R" — R of class C" such that F, =1/ and
(VF),. = G, if and only if the following conditions are satisfied.

|E
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(1) G is continuous and f(x) > f(y) + (G(y),x — y) forall z,y € E.
(1) If (zk)r C E is a sequence for which limy,_,~ |G(xy)| = +00, then

o \G@R), k) — flaw)
S Gzp)] =t

(1ii) Let Y := span{G(x) — G(y) : x,y € E}. There exists a linear subspace X DY such that,
eitherY = X, or else, if we denote k = dimY, d = dim X and Py : R™ — R" is the orthogonal
projection from R™ onto X, there exist points p1, . ..,p4_r € R™\ E, numbers B, . .., Bi_r € R,
and vectors w1, . .., wq_j. € R™ such that:

(a) X =span({u—v : u,v € G(E) U{wr,...,wa—r}}).

(b) B; > maxi<izj<q—k{Bi + (wi,p; —pi)} forall1 < j <d—k.

(¢) Bj > sup.cg |6(:)|<n1f(2) +(G(2),pj — )} forall1 < j < d—kand N € N.
(d) infyep, |py(a)) <N 1f(x) — maxi<jcq k{B; + (wj,z — pj)}} > 0 forall N € N.

(i) If X and Px are as in (iii), and ()i, (2x)r are sequences in E such that (Px(xy))x and
(G(zk))k are bounded and

lim (f(zk) — f(2) — (G(2k), 2k — 2x)) = 0,

k—o00
then limy,_, o |G(zk) — G(z1)| = 0.

As we see, the difference between Theorem [4.38] and Corollary [4.36] is in the technical condition
(#41), which can be informally summed up by saying that, whenever the jets (f(x), G(x)), z € E, do not
provide us with enough differential data so that condition (ii) of Corollary holds, there is enough
room in R” \ F to add finitely many new jets (/3;, w;), associated to new points p;, j = 1,...,d — k,
in such a way that the new extension problem does satisfy the conditions of Corollary Hence the
new extension problem will be one for which, even though there may be corners at infinity, those corners
at infinity will necessarily be directed by subspaces which are contained in the span of the putative
derivatives, and the new data will force essential coercivity of all possible extensions in the directions of
those corners.

In Section .10 below we will show that, in the particular case that G is bounded (and so we may
expect to find an F' with a bounded gradient), these complicated conditions about compatibility of the
old and new data admit a much nicer geometrical reformulation, see Theorem .57 below.

Let us consider some examples that will hopefully offer further clarification of these comments.

Example 4.39. Consider the following 1-jets ( f;, G;) defined on subsets F; of R™:

1. By ={(z,y) e R? 1y =log|z|,|z| e NU{L : n € N}}, fi(z,y) = |=
x <0,Gi(z,y) = (1,0)if x > 0.

> Gl(l‘,y) = (_170) if

2. By = {(z,y) € R? : y = log|z|,|z| € NU{2 : n € N}}, fo» = ¢, G2 = Vi, where
p(z,y) = Va*+e .

3. By = {(z,y,2) €R3: 2 =0,y = log|z|, |z| e NU{L : n € N}}, f3 = ¢, G3 = Vi, where
o(z,y,z) = Va? + e .

4. E4 = El U {(ﬂj,y) € RQ : ‘I‘| > 1}’ f4(x7y) = ‘I‘|, G4($,y) = (_170) ifx < 0’ G4(l‘)y) =
(1,0) if z > 0.

We claim that:
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(1) For thejet (f1,G1), and with the notation of Theorem4.43| we have Y = R x {0}, but the smallest
possible X we can take is X = R? (and all possible extensions F' must be essentially coercive on
R?).

(2) For the jet (f2,G2) we have Y = R2, and all possible extensions I must be essentially coercive
on R2.

(3) For the jet (f3,G3) we have Y = R? x {0}, and we can take either X =Y or X = R3.

(4) For the jet (f4, G4) we have Y = R x {0}, but one cannot apply Theorem with any X . There
exists no F € CL ., (R?) such that (F, VF) extends (f1, G4).

conv
Proof.
(1) Itis clear that Y = span{G(z,y) — G(2',y') : (z,y),(2',y) € E1} =Y x{0}. Let us see that con-
dition (v) of Theorem [4.43]is not satisfied for X = Y. Indeed, the sequences z;, = (1/k, —logk), 2 =
(—1/k,—logk), k € N, belong to E; and

fzr) = f(ZR) = (G(ZR), 21— Zk) = 7 — 1 — ((-1,0),(3,0)) = 2

tends to 0 as k goes to infinity; but limy, |G(z,) — G(2))| = 2. This shows that we cannot apply Theorem
with X = Y. However, let us see that conditions (i) — (v) of Theorem are fulfilled with
X = R2. The first condition (4) follows from the fact that the function ¢(z,y) = |z| is convex on R?
and for every x # 0, the function ¢ is differentiable at = with Vi (z,y) = (sign(x), 0). Conditions (i7)
and (74i) trivially hold. Let us now check condition (iv). We define 8 = e¢~!, p = (0,1) and w = (0, 3).
It is then clear that X = span{u —v : u,v € G(E;) U {w}}. We immediately see that conditions
(1v)(a) and (iv)(b) are satisfied. To check condition (iv)(c), take a point (z,y) € E; and write

B_f(x7y)_ <G(x,y),p— (x,y)) =pB- ’.CE“ - ((sign(w),O), (Oa 1) —(iL‘,y)> =p- ‘x’"i_xSign(x) =f.

=

In order to show that condition (iv)(d) is satisfied, we take a point (z,y) € E; and we write

fla,y) =B~ (w,(z,y) —p) = |z[ = B~ ((0,8), (z,y) — (0,1)) = |z] = By = |2 — e ' log|z].

The function (0,+00) > t — t — e !logt attains a global minimum at t = e~!. This shows that
| — e 1log |t| > 2e~! = 23 for every t # 0, which in turn implies that

flx,y) — B —(w, (z,y) —p) > 28, forall (z,y)€ Ej.

Finally, let us check that condition (v) is true for f, G and X = R?. Given two bounded sequences (2 )
and (2 )k in By, we write 2, = (2, log(zk)) and 2;, = (2%, log(Zx)) for every k. This yields

fQee)—f(Z) — (G(Zk), 26 — 2k)

= |zg| — |Zk| — ((sign(zx),0), 2k — Z) = |xg| — sign(Tx)zr = zy (sign(xg) — sign(y)) ,
for every k. If we assume that

lim (f(21) = £(Z) = (G (Z), 2 — 2k)) = 0,

the preceding equations lead us to that either (xy)x tends to O or else sign(zy) = sign(zy) whenever
k > ko for some k. But limy, z;, = 0 implies that limy, log |x;| = —oo and the sequence (zj ), would be
unbounded, which is a contradiction. Then, we must have

lim |G (2r) — G(Zk)| = lim | sign(z) — sign(z)| = 0,

which proves condition (v).
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(2) Let us see that the function ¢(x,y) = Va2 + e~2¥, for (x,y) € R? is a C* convex function on R2.
The function ¢ is clearly C* on R? and, after elementary calculations, we obtain

x —e~% Ho(z,y) = i 1 x
Voo Vo) BV =iy e 2 p e

Vo(z,y) = <

for all (z,y) € R?, where Hy(x,y) denotes the Hessian matrix of ¢ at the point (z,y). If follows
immediately that H,, is positive definite at every point, which implies that ¢ is convex (in fact, strictly
convex) on R2. On the other hand, the points (z,y) = (1,0), (2/,3') = (—1,0) and (z”, y") = (2,10g 2)
belong to F» and

Ve(z,y) — Vola',y) = (v2,0),

Ve(a,y) - V(") = (272 - a(am)712, —271 2 4 a7 ar) 2.

This clearly implies that Y = span{G(x,y) — G(2',v') : (z,y), (z',y') € E2} = R2. In particular, we
have that span{Vp(z,y) — Vo(2',y) : (2,y), (2/,y') € R?} = R?, thatis X, = R? (see Theorem
4.41] for notation). Thus we can use the only if part of Theorem [4.43] (which will be proved in Section
4.8)) to obtain that (f2, G) satisfies conditions (i) — (v) with X = R,

(3) With identical calculations as for (fa, g2, F2) we obtain that Y = R? x {0}. The function ¢ is a
C' convex function on R? with X, = R? x {0} and the only if part of Theorem implies that
(f3, G3) satisfies conditions (i) — (v) with X = R? x {0}. On the other hand, if we consider the function
Uz, y,2) = plx,y,2) + 22 for every (x,y,2) € R3, we see that ¢ is C' and convex on R3, with
Xy = R? and (¢, V1)) = (f3,G3) on E3 too. Again, the only if part of Theorem shows that the
1-jet (f3, G'3) satisfies conditions (i) — (v) with X = R3.

(4) It is clear that Y = R x {0}. Using the same calculations as in the first example (note that Ey
contains F1), we see that condition (v) of Theorem is not satisfied with X = Y. On the other
hand, if X = R2, let us see that condition (iv) is not satisfied. Indeed, assume there exist a point
p = (p1,p2) € R?\ Ey, anumber 3 € R and a vector w = (wy,ws) € R™ such that conditions
(1v)(a) — (d) are satisfied with p, 8 and w. From condition (iv)(d), we must have

] = B —wi(z —p1) — w2y —p2) = f(z,y) = B — (w,(x,y) —p) >0 forevery (z,y) € Ey.
Then, if we consider points in E, of the form (1, y) the above inequality tells us that
1-8—wi(1—p1) —wa(y—p2) >0 forevery yeR.

If we first let y — +o00 and then y — —o0, we obtain both wy < 0 and we > 0, and then we = 0. This
implies that w € R x {0}, which contradicts condition (iv)(a). Therefore, condition (iv) does not hold
with X = R?.

O

Even though Theorem [{.38] fully solves Problem [4.31] an important question (as coercivity of a
convex function may be relevant or even essential to a number of possible applications, e.g. in PDE
theory) remains open: how can we characterize those 1-jets (f, G) such that there exists an essentially
coercive convex function F' € C1(R™) so that (F, VF) extends ( f, G)? The answer is: those jets are the
jets which satisfy the conditions of Theorem with X = R”. More generally, one could ask for C"*
convex extensions with prescribed global behavior (meaning extensions which are essentially coercive
only in some directions, and affine in others). This ties in with a question which will be extremely
important in our proofs: what is the global geometrical shape of the C'! convex extension we are trying
to build?

In this regard, it will be convenient for us to state a refinement of Theorem 4.38| which characterizes
the set of 1-jets admitting C'* convex extensions with a prescribed global behavior, and which requires
our introducing some definitions and notation.
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Definition 4.40. Let Z be a real vector space, and P : Z — X be the orthogonal projection onto a
subspace X C Z. We will say that a function f defined on a subset E of Z is essentially P-coercive
provided that there exists a linear function ¢ : Z — R such that for every sequence (xx)r C E with
limg_, o0 | P(zk)| = 00 one has

(f =) (zx) = oo

We will say that f is essentially coercive whenever f is essentially /-coercive, where [ : Z — Z is the
identity mapping.

If X is a linear subspace of R", we will denote by Py : R™ — X the orthogonal projection, and
we will say that f : E — R is essentially coercive in the direction of X whenever f is essentially
Px-coercive.

We will also denote by X+ the orthogonal complement of X in R". For a subset V of R", span(V)
will stand for the linear subspace spanned by the vectors of V. Finally, we define CL  (R™) as the set of
all functions f : R"™ — R which are convex and of class C''.

lim
k—o0

In [[1] essentially coercive convex functions were called properly convex, and some approximation
results, which fail for general convex functions, were shown to be true for this class of functions. The
following result was also implicitly proved in [1, Lemma 4.2]. Since this will be a very important
tool in the statements and proofs of all the results of this section, and because we have introduced new
terminology and added conclusions, we will provide a self-contained proof in Section[d.7for the readers’
convenience.

Theorem 4.41. For every convex function f : R" — R there exist a unique linear subspace Xy of R",
a unique vector vy € X fL and a unique essentially coercive convex function cy : Xy — R such that f
can be written in the form

f(z) = ¢y (Px,(v)) + (vy, ) forall z € R™.

Moreover, if Y is a linear subspace of R™ such that f is essentially coercive in the direction of Y, then
Y C X;.

The following Proposition shows that the directions Xy given by these decompositions are stable by
approximation.

Proposition 4.42. With the notation of the preceding theorem, if f,g : R® — R are convex functions
and A is a positive number such that f(x) < g(x) + A for all x € R, then X; C X,
In particular, if | f — g| < Athen Xy = X,.

Proof. The inequality f(z) < g(x)+ A and the essential coercivity of f in the direction Xy implies that
g is essentially coercive in the direction X;. Then Xy C X, by the last part of Theorem [4.41] O

We are finally ready to state the announced refinement of Theorem .38 which characterizes pre-
cisely what 1-jets (f, G) admit extensions (F, VF) such that ' € C}  (R") and Xf coincides with a
prescribed linear subspace X of R™.

Theorem 4.43. Given an arbitrary subset E of R™, a linear subspace X C R", the orthogonal projection
P := Px :R" = X, and two functions f : E — R, G : E — R", the following is true. There exists a
convex function F : R™ — R of class C' such that F, =f (VF), =G, and Xp = X, if and only if
the following conditions are satisfied.

(1) G is continuous and f(x) > f(y) + (G(y),x — y) forall z,y € E.
(i1) If (xx)x C E is a sequence for which limy_, . |G(x)| = +00, then

o \G@R), k) — flaw)
i Gzp)] = oo
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(13i) Y = span ({G(x) — G(y) : z,y € E}) C X.
(iv) IfY # X and we denote k = dimY and d = dim X, there exist points p1, . ..,pa—r € R" \ E,
numbers 31, ..., Bq_r € R, and vectors w1, . .., wq_ € R™ such that:
(a) X =span({u—v : u,v € G(E)U{wr,...,wa—r}}).
(b) B; > maxi<izj<d—k{Bi + (wi,pj —pi)} foralll < j < d—k.
(c) Bj > sup.eg, |G(z)<nif(2) + (G(2),p; — 2)} forall1 < j < d—kand N € N.
(d) infocp, |pa)<nif(z) — maxi<j<i—k{B; + (wj,z — pj)}} > 0 forall N € N.

(v) If (xk)k, (21 )i are sequences in E such that (P(xy)), and (G(zy))x are bounded and

lim (f(zx) = f(26) = (G(2k), 2k — 21)) =0,

k—o0
then limy,_, o |G(zx) — G(25)| = 0.

In particular, by considering the case that X = R", we obtain a characterization of the 1-jets which
admit C'' convex extensions F' such that X = R™, that is, C'' convex extensions which are essentially
coercive in R".

It is clear that Theorem [4.38]and Corollaries[4.33]and [4.36]are immediate consequences of the above
theorem. The proof of Theorem .43 will be given in Sections #.8]and 4.9]

Remark 4.44. In practice, if Y # X and we are able to calculate (or at least appropriately estimate) the
minimal convex extension of the jet (f, G), defined by

m(z) =m(f,G)(r) = ;telg{f(y) +(G(y),x — y)},

then a natural way to check condition (iv) is as follows. Define, for each u € X, p € R", § € R, the
sets
S(m,u,p,B) ={z € R" :m(z) < B+ (u,x —p)},

and consider vectors {u1, ..., uq—x} such that X = span ({u — v : u,v € G(E) U{u1,...,ug—g}}).
Find p; € R"\ E, 31 € R such that S(m,u1,p1,51) # 0 and

m(x) > 1+ (ui,x —p1) +r forall z € E,

for some r > 0. Also, find ¢; € S(m,u1, p1, £1) sufficiently close to p; such that

/
T
m(q1) < B+ (ur,q1 —p1) =’ and  [(ur,p1 —q1)| < 3
for some 7’ > 0 with ' < r. Then set Ef = E U {q}, and define f; := Ef — R, G} : E} — R" by
fila) = B, fi(e) = f(e)ifz € B; Gi(q) = w, Gi(r) = G(z)ifz € E.

Notice that the new putative tangent hyperplane h(x) = 81+ (G (q1), z — ¢1) that we have added to our
problem lies strictly below the graph of the old function f. Indeed, because f = m on E, we have for all
reFE:

f(z) = fi(q) — (Gi(q1),z — qu) ) — b1 — (ui, & —p1) + (ui,q1 — p1)

=m(x

-
27+ (u,q - p1) 2 5
On the other hand the old hyperplanes x — f(y) + (G(y),x — y), y € E, lie strictly below the point
(q1, f1(q1)), as for all y € E we have

%\

fila) = fly) = (G), a1 —y) > B —m(qr) > + (ur,p1 — q1) >

|
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Next, for the jet (f;, G?) defined on Ef we consider the analogous CL . extension problem. Now we
have that

Y1 := span{Gi(z) — G1(y) : x,y € Ef}

has dimension k + 1 and contains Y. Proceeding as before we consider the minimal function
my(z) = m(fi, G7)(x)

and find p2, g2 € R", B2 € R with the same properties as pi, g1, 31 with respect to Ej instead of E.
Then we set E5 = E U {g2} and define f5 := E5 — R, G5 : E5 — R" by

f2(@2) = Ba, fi(x) = fi(x) ifx € BY;  G5(q2) = ug, Ga(x) = Gi(x) ifw € EY.

By continuing the process in this manner we will obtain, in d — k steps, points g;, vectors w; = u; and
numbers f3;, j = 1,...,d — k, satisfying condition (iv) of Theorem

4.7 Global behaviour of convex functions

In this section, we shall prove Theorem @ as well as some properties related to the subspace Xy
mentioned in that theorem which will be crucial in the proof of Theorem .43 Let us first recall some
terminology from [[1]]. We say that a function C' : R™ — R is a k-dimensional corner function on R™ if
it is of the form

C:max{€1+bl,€2+bg,...,Ek—l—bk},

where the /; : R" — R are linear functions such that the functions L; : R"™! = R” x R — R defined
by Lj(z,Tpt1) = Tpt1 — £j(z), 1 < j < k, are linearly independent in (R"*1)*, and the b; € R. This
is equivalent to saying that the functions {{o — {1, ..., ¢, — (1} are linearly independent in (R™)*.

We also say that a convex function f : R™ — R is supported by C' at a point x € R" provided we
have C < fonR" and C(x) = f(x).

Let us first study the essential coercivity of corner functions, which will be helpful in the proof of
Theorem 4471

Lemma 4.45. Every (k + 1)-dimensional corner function on R" is essentially Px-coercive, where
Px : R"™ — X denotes the orthogonal projection onto a k-dimensional subspace X of R". In fact,
ifly,..., 01 € (R™)* and by, ... by € R are such that {{; — {, }f:l are linearly independent in
(R™)* and C = maxi<j<i+11¢j + b}, then C is essentially Px-coercive, where

4
k+1

X = | [ ker(£; — 1)
j=2

Proof. Let C be a (k + 1)-dimensional corner function and let 41, ..., 011 € (R™)*, by1,...,bp11 €R
and X as in the statement. Forevery j = 1,..., %k + 1 we denote by v; the unique vector of R" such that
lj(x) = (vj, x) for every x € R™. Hence, the function C' can be written as

C(z) = max{(vi,z) + b1, ..., (Vgy1,2) + bp+1}, =z €R",

where the vectors vy, ..., v+ € R™ satisfy that {va —v1, ..., Vg1 — v1} is linearly independent in R"
and X = span{vy — v1,...,vk+1 — v1}. Let us denote

k+1
i 1

uj=v —vj, j=2,...,k+1, and v:)\Zvi, A= ——.
P k+1
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Note that X = span{ug, ..., ur,1}. We now write, for every = € R",

k+1
C(x) — (v,x) = max (Uj,:v)—)\z<vi,x)+bj : jzl,...,k+1}
i=1

i=1

k+1
—IH&X{(U]'—’01,$>+/\Z<’U1—vi,$>+bj : j—l,...,k—i—l}

k+1
(vj—vl,x>+/\z<v1—vi,x>+bj : jzl,...,k—i—l}

k+1 k+1
:max{)\zwi,@+b17—<uj,x>+)\2(ui,x>+bj : j:2,...,kz+1}.
=2 =2

For every i € {2,...,k + 1} we have that (u;,z) = (u;, Px(x)) because u; € X. This allows us to
write

C(z) = ¢(Px(x)) + (v,z), x€R" where,

k+1 k+1
c(y):max{AZ<ui,y>+b1,—<uj,y>+AZ<ui,y>+bj : j:2,...,k+1}, y€X. (47.1)
=2 =2

The function c is obviously a convex function on X (in fact, a corner function on X) and let us see that
¢ is coercive on X. For the sake of contradiction, let (yy), be a sequence on X with limy |y,| = 400
such that (c(y¢)), is bounded above. Here | - | denotes the Euclidean norm on X (the restriction of the
Euclidean norm | - | on R™ to X). If we define

Iyl := max{[{uz, 9)|. ..., [{wrt1. [}, vy € X,
the fact that X = span{us, ..., ur,1} tells us that || - || is a norm on X, which is necessarily equivalent
to the Euclidean norm | - | on X. This implies that limy ||y¢|| = +oc and then we can find a subsequence

of (y¢)e, which we will keep denoting by (y;)¢, such that, for every j = 2,...,k + 1, the sequence
({uj,ye)), either tends to 400 or tends to —oo or else is bounded. Also, we have that limy |(u;, y¢)| =
+oo for atleastone j € {2,...,k+ 1}. We set

Jt={je{2,... ) k+1}: li§n<uj,yg> =400}, J ={j€{2,....,k+1}: li?rl(uj,yg) = —00}.

The preceding observations show that J= U J~ is nonempty. Assume first that J~ = (). Then each
sequence ({u;, ye)),, @ = 2,...k + 1, is bounded below and there is some j, € J*. We thus have from

@7.1) that

k+1

1
c(ye) > )\Z(ui,yg> + by > §<uj*,yg> for ¢ large enough.
i=2

This implies that lim, c¢(y,) = +oo, which contradicts that (c(y)), is bounded above. Assume now that
J~ # () and set m = card(J~) < k. Let @ € R be a constant such that

A ¢ZJ (uwisye) + jzglui.yl]lcﬂ bj > a forevery /.
Pyl

Using again (4.7.1)) we can write

c(ye) > max {—<Uj7ye>+>\ Z (wis Yo)+A Z <Uz‘,yz>+bj} > o+max {-(Uj,yeH)\ Z (ui,ye>};

ax
J icd- igd- J icd-
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and thanks to the trivial inequality max(ay, ..., ay) > % (a1 + -+ + am,) (which holds for all real
numbers aq, .. ., a,,), the above term is greater than or equal to

1 1

p— > —(ujye) +mA D (i ye) | = p— > = (1= mA) (uj,y0)
JjeEJ~ €]~ JjeEJ~

Because mA = 7 is strictly smaller than 1, the last term tends to +oco as £ — +oo, which implies

that limy ¢(ys) = +o0, a contradiction. Therefore ¢ must be coercive and this completes the proof of our

Lemma. O

Let us now prove that, assuming that a convex function f admits a decomposition such as that of
Theorem (4.41] then the subspace Xy is uniquely determined in terms of the subdifferentials of f. In
order to do so, we use the following auxiliar lemma, which is important by itself.

Lemma 4.46. Let f : R™ — R be a convex function such that f admits a decomposition f = co Px +
(v, ), where Px : R™ — X is the orthogonal projection onto X, ¢ : X — R™ is convex and essentially
coercive and v € R". Given x € R" andn € 0f (x), we haven —v € X andn — v € dc(Px(x)).

Proof. Suppose that z € R™ andn € df(x) but n—v ¢ X. Then we can find w € X+ with (n—v, w) =
1. It follows from f = co Px + (v, -) that

(n,w) < f(z+w) - f(x) = e(Px(z+w)) + (v,z + w) — c(Px(2)) — (v, 2) = (v, w).

This implies that (n — v,w) < 0, a contradiction. This shows that » — v € X. Now, let z € X and
z € R™. We have

c(2) = c(Px(x)) = f(2) = (v, 2) = f(@) + (v, 2) = (N — v, 2 —x) = (n — v, 2 = Px(x)).
Therefore, n — v € dc(Px (z)). O

Lemma 4.47. Let f : R™ — R be a convex function and assume that f can be written as f = co Px +
(v,-), where Px : R™ — X is the orthogonal projection onto the subspace X of R", ¢ : X — R is
convex and essentially coercive and v € R". Then

X =span{&, — &, : & € 0f(x), & € 0f(y), =,y € R"}.
In particular, if f is differentiable on R™, then
X =span{V f(z) =V f(y) : v,y € R"}.

Proof. Let us denote by Z the subspace of the right side term. Given two points z,y € R™ and &, €
0f(x), & € 0f(y), we know by Lemma that £, — v and &, — v belong to X, which implies that
& — & € X. This shows that Z C X. In order to prove that X C Z, assume that there exists some
we X\ {0} withw L Z. We take g € R" and & € Of (zo +tw) forevery ¢t € R, thatis, & € 0 f(zo).
Thus &y — & € Z for every t € R and then

0 < f(xo +tw) — f(w0) — (€0, tw) < (& — &o, tw) = 0,

that is, f(zo + tw) = f(zo) + (€0, tw) for every t € R. The decomposition f = c o Px + (v,-) of f
yields

¢ (Px(zo) 4+ tw) = f(xo + tw) — (v, 20 + tw) = f(x0) + (&0, w) — (v, 20 + tw), tER,

which is an affine function on R and contradicts the fact that c is essentially coercive on X. Therefore
we must have X = Z.
O
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Finally, let us prove that if our convex function to be decomposed as in Theorem [4.41]is given by a
supremum of a (possible infinite) family of affine functions, then the subspace of the decomposition can
be written in terms of the linear parts of these affine functions. These will be very useful in the proof of
the if part of Theorem 4.43]

Lemma 448. Let f : E — Rand G : E — R" two mappings defined on a subset E of R" satisfying
that f(z) > f(y) + (G(y),x — y) for all z,y € E. Consider the function

m(z) = sup{f(y) + (G(y),z —y)}, = eR",
yerR
and assume that m(zx) is finite for every x € R™ and that m admits the decomposition m = coPx+ (v, -),
where Px : R" — X is the orthogonal projection onto the subspace X of R", ¢ : X — R" is convex
and essentially coercive, and v € R™. Then X = span{G(x) — G(y) : x,y € E}.

Proof. Let us denote Z = span{G(z) — G(y) : z,y € E}. By definition of m, it is clear that m(z) =
f(z) for every z € E. Moreover, G(z) € Om(z) for every z € E. By Lemmafd.47] G(z) — G(y) € X
for every x,y € E, which proves that Z C X. Now, if X # Z, we can take a vector w € X \ {0} such
that w L Z. If we consider a point zg € E we obtain, for all £ € R, that

m(zo + tw) — m(zo) — (G(zo), tw) = m(zo + tw) — f(z0) — (G(z0), tw)

= sup{f(z) = f(z0) + (G(2) = G(o), tw) + (G(2), 20 = 2)}

= sup{f(2) ~ f(x0) + (G(=). 70~ 2)} <0,

Because G(xg) € Om(zo), we also have m(zo + tw) — m(xo) — (G(zo), tw) > 0, which implies
c(Px(x0) + tw) = m(zo + tw) — (v, 9 + tw) = m(xg) — (v, z0) + (G(z0) — v, tw)

for all ¢ € R, and in particular the function R > ¢ — ¢(Px(xo) + tw) cannot be essentially coercive,
contradicting the essentiall coercivity of c. Therefore we must have X = Z.
O

Once we have established all these properties, let us prove Theorem 4.41

Proof of Theorem Let f : R™ — R be a convex function and let us show that f admits a decompo-
sition f = co Px + (v, -), where P is the orthogonal projection onto the subspace X of R, ¢: X — R
is convex and essentially coercive and v € X 1. Let us study two cases separately.

Case 1. We will first assume that f is differentiable (and therefore of class C, since f is convex). If f
is affine, say f(x) = a(u,x) + b, then the result is trivially true with X = {0}, ¢(0) = b, and v = au.
On the other hand, if f is essentially coercive then the result also holds obviously with X = R", v = 0,
and ¢ = f. So we may assume that f is neither affine nor essentially coercive. In particular there exist
zo,y0 € R™ with Df(z9) # Df(yo). It is then clear that Ly (2, zp+1) = Znt1 — Df(zo)(z) and
Lo(x, 24 1) = Znt1 — D f(yo)(x) are two linearly independent linear functions on (R"*1)*, hence f is
supported at zg by the two-dimensional corner

R" 2 2 — max{f(zo) + D f(x0)(z — x0), f(yo) + Df(yo)(z — yo)}-

Let us then define k as the greatest integer number so that f is supported at 2o by a (k + 1)-dimensional
corner. The assumption together with Lemma.43|give 1 < k < n. Then we also have that there exist
li,... g1 € (R")* and by,...,bgy1 € R so that {¢; — 61}2‘121 are linearly independent in (R™)*
and the corner function C' = maxi<j<g+1{¢; + bj} supports f at xg. The subspace ﬂf;l ker (¢; —
(1) has dimension n — k and then we can find linearly independent vectors w1, . . ., w,_j such that
ﬂfi% ker (¢; — ¢1) = span{wy, ..., w,_j}. We now claim

%(f—ﬁl)(y+twq):0 forall yeR", teR, ¢g=1,...,n—k. 4.7.2)
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Indeed, assume that there exist y € R", tg € Rand ¢ € {1,...,n — k} such that &(f — ¢1)(y +
twg)|e=t, # 0. It follows that (D f (y+towy) —¢1)(wy) # 0, which in turn implies that D f (y+tow,) —¢;
is linearly independent with {¢; — El}kH because w, € ﬂkH ker (¢; — ¢1). Therefore, by convexity of
f, the function

z — max{li(z) +bi,..., l1(z) + bpg1, Df(y + towg) (x — y — towg) + f(y + towg) }

is a (k + 2)-dimensional corner supporting f at xo, which contradicts the choice of k. This proves that
is true and then the Mean Value Theorem yields

n—k

(f=t) |y+ Zt wj | =(f—0) | y+ thwj == (=) (y+tn—rwnr) = (f—l)(y)
j=2

(4.7.3)

for every y € R™ and ¢1,...,t,_x € R. Let Px be the orthogonal projection of R™ onto the subspace

X := span{wy, ..., w,_;}. We may define
c(z)=(f—1l1)(z) forall ze€ X,

which obviously is a convex function. For every « € R", we can write

n—k
x = Px(x) + Px1(z) = Px(z) + thwj for some t1,...,t,—p €R
j=1

and then gives (f — ¢1)(x) = ¢(Px(z)). Now let us write
l(z) = (u,x) + (v,z) forall xe€R",
where u € X and v € X . We then have
f(x) =c(Px(z)) + (v,z) forall xe€R",
where ¢ : X — R is defined by
c(x) =¢(z) + (u, x).

Finally, let us see that c is essentially coercive on X. Since C' = maxi<j<p+1{¢; + b;} is a (k + 1)-
dimensional corner function and X+ = ﬂfi; Ker (¢; — ¢1), Lemma tells us that C' is essentially
Px-coercive, that is, the restriction of C' to X is essentially coercive on X. Besides,

c(x) = f(x) — (v,x) = f(x) > C(x) forevery z € X,

and therefore c is essentially coercive on X.

Case 2. In the case that f : R™ — R is convex but not everywhere differentiable, we can use [1,
Corollary 1.3] in order to find a C 1 (or even C™) convex function g : R® — Rsuchthat f —1 < g < f
on R™. Then we may apply Case 1 in order to find a subspace X C R", an essentially coercive convex
function ¢ : X — R and a vector v € X such that

9(2) = c(Px(2)) + (v, 2)

for all z € R™, where Px : R® — X is the orthogonal projection. Given z € X and ¢ € X, the
function

R3¢t glx+t&) = c(Px(z)) + (v,&)t + (v, )
is affine. Since f < g + 1 and f is convex, the subdifferentials of the function R > ¢ — f(z + ¢£) must

coincide with (v, £). In other words, the function R 5 ¢ — f(x + t£) is affine and with linear part equal
to (v, ). This shows that

flz+1t€) = f(x) +t(v,§)
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forevery x € X, ¢ € X+ and t € R. Hence, by writing z € R" as z = Px(z) + Py (z) and bearing
in mind that v € X+ we obtain

F(2) = F(Px(2)) + (v, Py (2)) = o(Px(2)) + {v,2) forall =€ R,

where ¢ : X — R is defined by p(z) = f(z) for all z € X. Moreover, because ¢ < ¢ on X and g
is essentially Py -coercive it is clear that ¢ is essentially coercive on X. This shows the existence of the
decomposition in the statement.

Now let us see that this decomposition is unique. In order to do so, let f : R™ — R be convex and
assume that we have two subspaces Z1, Zs, two convex and essentially coercive functions ¢ : Z; —
R, 2 : Zo — R and two vectors & € ZlL, & € Zj for which

f(@) = ¢1(Pz, (z)) + (&1, 7), (4.7.4)

and
f(x) = p2(Pz, (7)) + (&2, ), (4.7.5)

for every x € R™. Thanks to Lemma we know that both Z; and Z5 must coincide with
Span{&l’ - é.y : 533 € af(:v)v gy € 8f(y)7 1’7?/ € Rn}7

in particular Z; = Zs. Next, let us see that & = &. If we set = 0, then (4.7.4) and (4.7.3) yield
©1(0) = £(0) = 2(0) and then, for every v € Zi-, we have

21(0) + (€1, 0) = f(v) = ©2(0) + (£2,v) = ¢1(0) + (&2, 0),

which implies that (&1, v) = (&, v) forall v € Zi-. Because &1, & € Zi- this shows that & = &. Once
we know that Z; = Z3 and &; = o, it immediately follows from (4.7.4) and @#.7.5) that ¢o; = 2. This
shows that the decomposition is unique.

Finally let us prove that if f is essentially coercive in the direction of a subspace Y then Y C X;.
So, let us assume that there exists a linear form ¢ on R"™ such that f(z) — ¢(x) — oo as |Py(z)| — oo
but Y ¢ X ;. Then there exists a vector £ € X J% \ Y and this implies that the function

R >t f(t) — £(t8) = c(Px,(t€)) + t{v, &) — ()t = c(0) + t{v, &) — L)t (4.7.6)
is affine. Since & ¢ Y, then |Py(&)| > 0 and |Py(t€)] — oo as |[t| — oo, which implies that

f(t&) — £(t§) — oo as |t| — oo by the assumption on f. This contradicts the fact that the function of
is affine. Therefore we must have Y = X . The proof of Theorem [4.41]is thus complete. O

4.8 Proving the necessity of the conditions

We start with the proof of Theorem In this section we are going to prove the only if part. So, let F'
be a convex function of class C'*(R™) such that (F, VF) extends (f,G) from E, and X = X. Let us
check that conditions (i) — (v) are satisfied for (f, G) and X.

4.8.1 Condition (7)

The inequality f(x) — f(y) — (G(y),z —y) > 0 forall z,y € E follows from the fact that F' is convex
and differentiable with (F, VF') = (f,G) on E.
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4.8.2 Condition (i7)

Assume that (|VF(xy)|), tends to o0 for a sequence (), C R" but

<VF(£L‘k),:Bk> — F(xk)
[VEF(2)]

does not go to +oco. Then, passing to a subsequence, we may assume that there exists M > 0 such that
(VF(zr),zx) — F(xg) < M|VF(xy)| for all k. We denote z, = 2M|¥§g’;§|. By convexity, we have,
for all k, that

0 < F(zr) — F(ag) — (VF(x), 2 — z) < F(2) — M|VF(xy)],

which contradicts the assumption that |V F'(xy)| — oc.

4.8.3 Condition (i)

Making use of Theorem and bearing in mind that X = X, we can write F' = co Px + (v, -), where
Px : R™ — X is the orthogonal projection onto the subspace X, the function ¢ : X — R is convex and
essentially coercive on X, and v L X. Because F' is differentiable on R and ¢ = F' — (v, -) on X, the
function c is differentiable on X and VF(z) = Ve(Px(z)) + v for all z € R™. Since F' = G on E, we
get that

G(z) — G(y) = VF(z) — VF(y) = Ve(Px(x)) — Ve(Px(y)) € X, forall z,y€ E.

4.8.4 Condition (v)

Let us consider sequences (2 ), (2x)r on E such that (Px (zx))x and (VF(2x))s are bounded and

lim (F(xk) — F(zr) — (VF(2), z — 21)) = 0. (4.8.1)

k—o00

Suppose that |V F(xy) — VF(z)| does not converge to 0. Then, using that (Px (z)) is bounded, there
exist some xop € X and ¢ > 0 for which, possibly after passing to a subsequence, Px (xj) converges to
xo and |VF(xy) — VF(z)| > € for every k. By using the decomposition F' = co Px + (v, -) and some
elementary properties of orthogonal projections together with (4.8.1)) we obtain

lim (e(Px(wg)) — c(Px(z)) — (Ve(Px (2k)), Px(7x) — Px(z))) = 0.

k—o0

Since VF(y) — v = Ve(Px(y)) for all y € R™ we have that (Ve(Px (zx)))x is bounded and
[Ve(Px (2x)) — Ve(Px (21))| = €
for every k. Besides

lim (C(l‘o) - C(Px(zk)) — <VC(Px(Zk)),£L‘0 — Px(zk)>) = 0.

k—o0

The contradiction follows from the following lemma.

Lemma 4.49. Let h : X — R be a differentiable convex function, xo € X, and (yi )i be a sequence in
X such that (Vh(yx) )k is bounded and

lim (h(zo) — h(yk) — (VA(yk), 2o — yk)) = 0.

k—00

Then limy_,~ |Vh(zo) — Vh(yi)| = 0.
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Proof. Suppose not. Then, up to extracting a subsequence, we would have |Vh(zg) — Vh(yx)| > ¢, for
some positive € and for every k. Now, for every k, we set

Vh(yr) — Vh(zo)

ay = h(zo) = h(yr) — (VA(yk), 20 — yk), vk := S hye) = Vhizo)]

In Lemma it is proved that oy, = 0 implies |Vh(zg) — Vh(yr)| = 0, which is absurd. Thus we
must have o, > 0 for every k. By convexity we have

\/OT]C<Vh($0 + \/OTkUk),Uw > h(xo + mvk) — h(xo)
> h(yx) + (Vh(yr), To + /agvr — yx) — h(zo)
= —ag + Var(Vh(yr), vi)

for all k. Hence, we obtain

(Vh(zo + ogvr) — Vh(zo),vk) > —v/oug + |[Vh(yr) — VR(xo)| > —/ax + €.

But the above inequality is impossible, as Vi is continuous and o — 0. O

4.8.5 Condition (iv)
By applying Theorem 4.41| we may write

F(z) = c(Px(x)) + (v, z),
with ¢ : X — R convex and essentially coercive, and v L X. And from Lemma[4.47]
X =span{VF(zx) — VF(y): z,y € R"}.

Let us denote Y := span{VF(z) — VF(y) : ,y € E} C X and assume that Y # X. Let k and
d denote the dimensions of Y and X respectively. We can find points xg, x1,...,x, € F such that
Y =span{VF(z;) —VF(x9) : j =1,...,k}. We claim that there exists p; € R" such that VF(p;) —
VF(xg) ¢ Y. Indeed, otherwise we would have that VF(p) — VF(xzg) € Y for all p € R™, which
implies that

VF(p)—VF(q) = (VF(p) — VF(x9)) — (VF(q) —VF(z9)) €Y, forall p,qeR"

This is a contradiction since X # Y. Then the subspace Y7 spanned by Y and the vector VF(p;) —
V F(x¢) has dimension k + 1. If d = k 4 1, we are done. If d > k + 1, using the same argument
as above, we can find a point p, € R" such that VF(p2) — VF(x¢) ¢ Y1. By induction, we obtain
points p1,...,p4—x € R" such that the set {VF(p;) — VF(xo) ;l;f is linearly independent and X =
Y @ span{VF(p;) — VF(x9) : j =1,...,d— k}, which shows that

X =span{u —w:u,w € VE(E)U{VF(p1),....,VF(pa—i)} }-

This shows the necessity of (iv)(a). Obviously we have VF(p;) — VF(zp) € X \ Y forall j =
1,...,d — k, and we claim that

pj €R"\E forall j=1,...,d—k.

Indeed, if there exists a sequence (q¢)¢ C E with (g¢)¢ — p; for some j = 1,...,d — k, then, because
Y is closed and VF is continuous, VF(p;) — VF(xg) = lim, (VF(qe) — VF(x9)) € Y, which is a
contradiction. By the (already shown) necessity of condition (v), applied with E* = EU{p1,...,ps—r}
in place of F, we have that
lim |VE(z¢) — VF(z)| =0 (4.8.2)
{—00
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whenever (z)¢, (2¢)¢ are sequences in E* such that (Px (z/))¢ and (VF(z)), are bounded and

lim (F(z¢) = F(ze) = (VF(20), x¢ — z0)) = 0.

{—00

But the fact that dist(VF'(p;) — VF(x),Y) > 0 foreach j = 1,...,d — k prevents the limiting
condition (4.8.2)) from holding true with (z¢); C {p1,...,pi—x} and (z¢)¢ C E. This implies that the
inequalities

>

F(pj) sup {F(2)+(VF(2),pj —2)}, 1<j<d—k, NeN, and
2€E,|VF(z)|<N

F(z) > F(p;) +(VF(p;),x —pj), 1<j<d—k zeR",

which generally hold by convexity of F', must all be strict. Moreover, the last of these inequalities,
together with (4.8.2)), also implies that

for all N € N. Setting w; = VF(p;) and 5; = F(p;), j = 1,...,d — k, this shows the necessity of
(1v)(b) — (d).

4.9 Proving the sufficiency of the conditions

We are now going to prove the if part of Theorem[d.43] So, let us assume that E is an arbitrary subset
and that (f,G) and X satisfy conditions (i) — (v) of Theorem 4.43]

First of all, with the notation of condition (iv), if Y # X, we define
E*=EU{p1,...,Pa-k}
and extend the functions f and G to E* by setting
f(pj) =B, G(pj):=w; for j=1,...,d—k. (4.9.1)

If Y = X, we just set E* = E and ignore any reference to the points p; and their companions w; and
B; in what follows.

Lemma 4.50. We have:
(1) X = span ({G(z) - Gly) : 2,y € B}).
(2) There exists r > 0 such that f(p;) — f(pj) — (G(p;),pi —p;) > rforalll <i# j<d-—k.

(3) For every N € N, there exists ry > 0 with f(p;) — f(z) — (G(2),pi —z) > ry forall z € E
with |G(2)| < Nandall1 <i<d—k.

(4) For every N € N, there exists ry > 0 with f(z) — f(pi) — (G(pi),x — pi) > rn forallz € E
with |Px(z)| < Nandall1 <i<d—k.

Proof. This follows immediately from condition (iv) and the definitions of (4.9.1). O
Lemma 4.51. The jet (f, G) defined on E* satisfies the inequalities of the assumption (i) on E*| that is,
f(@) = fly) +{G(y),x —y), x,ye k"

Moreover, if (zk)k, (2k)k are sequences in E* such that (Px (x))r and (G(zk))r are bounded, then

Jim (f(zr) = f(zk) = (G(2k), 2 — 21)) =0 = Jm |G(xk) — G(z)| = 0.
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Proof. Suppose that(xy )k, (2x )i are sequences in E* such that (Px (zx)); and (G(zx))y are bounded
and limy_,o0 (f(z%) — f(z1) — (G(2k), Tk — 2)) = 0. In view of Lemma [4.50] (2), (3) and (4), it is
immediate that there exists kg such that either there is some 1 < ¢ < d — k with x;, = 2, = p; for all
k > kg orelse zy, z; € F forall k > k. In the first case, the conclusion is trivial. In the second case,
limy oo |G (21) — G(21)| = 0 follows from condition (v) of Theorem [4.43] O

We now consider the minimal convex extension of the jet (f, G) from E*, defined by

m(x) = m(f, G, E")(x) = yseug*{f(y) +(Gly),z—y)}, zeR™

It is clear that m, being the supremum of a family of affine functions, is a convex function on R". In fact,
we have the following.

Lemma 4.52. m(x) is finite for every x € R"™. In addition, m = f on E* and G(z) € Om(x) for all
x € B*.

Here Om(x) := {€ € R" : m(y) > m(x) + (§,y — x) for all y € R™} is the subdifferential of m at
Z.

Proof. Fix a point zy € E*. For any given point x € R" it is clear that there exists a sequence (yx )
(possibly stationary) in E* such that

f(20) +(G(20), 2 — 20) < f(yw) + (G(yk), x —yx) forall K,
and f(yx) + (G(yk),r — yk) — m(x) as k — oo. On the other hand, by the first statement of Lemma

4.51] we have
k) +(Gyk)s z — yr) < f(20) + (G(Yk), Yk — 20) + (G(yx), = — yx) = [(20) + (G(Yk), ® — 20)-

for every k. Then it is clear that m(z) < +oo when (G(yk))x is a bounded sequence. We next
show that this sequence can never be unbounded. Indeed, in such case, by the condition (77) in The-
orem (which obviously holds with E* in place of F), we would have a subsequence for which
limy 00 |G (yx)| = +00 which in turn implies

li \GWk). yr) — f(yr)
k00 |G (k)|

= 4-00.

Hence, by the assumption on (yx)x we would have

FQyk) = (GQyk) yk) o [(20) + (G(20), & = 20) _< G(yk) x>
|G (yw)] - |G ()| Gye)l 7

Since limg_,o, |G(yx)| = +o0, the right-hand term is bounded below, and this leads to a contradiction.
Therefore m(z) < +oo for all z € R™. In addition, by using the definition of m and the first statement
of Lemma for the jet (f, G), we obtain that m = f on E* and that G(z) belongs to Om(z) for all
x e B O

Making use of Theorem .41] we can write
m=coPx, + (v,-) on R"

where ¢ : X, — R is convex and essentially coercive on X,, and v | X,,. Thanks to the first part of
Lemma[4.51} we can apply Lemma to obtain that X,,, = span{G(z) — G(y) : x,y € E*}, which
in turn coincides with X by virtue of Lemma[4.50| (1). We thus have X,,, = X and

m=coPx+ (v,-) on R" (4.9.2)
By combining Lemma .46 with the second part of Lemma[4.52] we obtain that
G(z) —v € dc(Px(x)) C X forall ze€ E". (4.9.3)

We are now going to study the differentiability of the function c.
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Lemma 4.53. The function c is differentiable on Px (E*), and, if y € Px(E*), then Vc(y) = G(z) —v,
where x € E* is such that Px () = y.

Proof. Let us suppose that ¢ is not differentiable at some yy € Py (FE*). Then, by the convexity of ¢ on
X, we may assume that there exist a sequence (hy)r C X with |hg| N\, 0 and a number € > 0 such that

< c(yo + he) + c(yo — hi) — 2¢(yo)

forall k.
Al

We now consider sequences (y ) C Px(E*) and (zg), C E* with

Px(xp) =yr and yir — yo.

In particular, the sequence (Px (z))x is bounded. Since each hy belongs to X, we can use (4.9.2)) to
rewrite the last inequality as

< m(yo + hi) +m(yo — hi) — 2m(yo)
- ||

for all k. 4.9.4)

By the definition of m we can pick two sequences (zx )k, (2k)r C E* with the following properties:

o+ ) > F(e1) + (G ax)oto + = 3) > mlao + ) — 1
m(yo — hi) > f(Ze) + (G(Zk), yo — by — Z&) = m(yo — hi,) — ;LZ’

for every k. We claim that (G(zx))x must be bounded. Indeed, otherwise, possibly after passing to a
subsequence and using the condition (i7) of Theorem 4.43 we would obtain that
(G(2k), k) — f(zr)

I i _
dm G(z) = m == oo

Due to the choice of (zj); we must have
m(yo) = lim (f(zx) + (G(zk), 2o + hi — 21))
k—oo

o F) — (Cla)z) ) Gla)
‘JE?JG(Z’“)'( By ey

which is absurd. Similarly one can show that (G(2y)) is bounded. Now we write

f(@e)=f(zk) — (G(2k), 2 — 2k)
= f(zx) — (v,zk) — (M(Yo + ki) — (v, Y0 + i)
+m(yo + he) — f(zk) = (G(2k), Yo + i — zk)
+(G(2k) — v,90 + hy, — x).

, oo + hk>> = —00,

By (4.9.2), the first term in the sum equals ¢(Px(zx)) — c¢(yo + hx), which converges to 0 because
Px(xx) — yo and c is continuous. Thanks to the choice of the sequence (zy ), the second term also
converges to 0. From (@.9.3), we have G(z;) — v € X for all k, and then the third term in the sum is
actually (G(zx)—v, yo— Px (z)+h), which converges to 0, as (G(z) ), is bounded and Px (zx) — o.
We then have

lim (f(zr) — f(2k) — (G(2k), 2k — 2x)) = 0,

k—oo

where (Px (z))), and (G(z1,))y are bounded sequences. We obtain from the second part of Lemma4.51]
that limy_, ~ |G (%) — G(2x)| = 0, and similarly one can show that limy_,~, |G(x) — G(z})| = 0. This
obviously implies
lim |G(zx) — G(z)| = 0. (4.9.5)
k—o0
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By the choice of the sequence (zx)r, (Zx)r and by inequality (@.9.4) we have, for every &,

f(z) + (G (2k), yo + hi — 2x) n f(Z) +(G(2k), 0 — b — 2k)

- i [
() (G0 — )+ )+ (G0 — )
|hi|
= (Ga0) = G(ER). 5 ) + gy < [6(30) = GE| + g

Then @.9.3) leads us to a contradiction. We conclude that ¢ is differentiable on Px (E*).

We now prove the second part of the Lemma. Consider y € Px(E*) and x € E* with Px(z) = y.
Using (4.9.3), we have G(z) — v € Jc(y). Because c is differentiable at y, we further obtain that
G(z) —v = Ve(y). O

In order to complete the proof of Theorem[4.43] we will need the following lemma.

Lemma 4.54. Let h : X — R be a convex and coercive function such that h is differentiable on a closed
subset A of X. There exists H € C'(X) convex and coercive such that H = h and VH = Vh on A.

Proof. Since h is convex, its gradient Vh is continuous on A (see [57, Corollary 24.5.1] for instance).
Then, for all z,y € A, we have

h(z) — h(y) — (Vh(y),z —y)

0<
|z — |

< (Vh(z) - Vhiy) é - ; ) < [Vh(z) - Vh(y)|,

where the last term tends to 0 as | — y| — 0 uniformly on x,y € K for every compact subset K of A.
This shows that the pair (h, Vh) defined on A satisfies the conditions of the classical Whitney Extension
Theorem for C' ! functions, see Theorem Therefore, there exists a function h € C(X) such that
h = hand Vh = Vh on A. We now define

o(x) := |h(z) — h(z)| + 2d(z, A)?, z € X. (4.9.6)
Claim 4.55. ¢ is differentiable on A, with V¢(xo) = 0 for every xg € A.

Proof. The function d(-, A)? is obviously differentiable, with a null gradient, at every zo € A. Since
h = h and Vh = Vh on A, the same argument as in the proof of Claim shows that |h — h| is
differentiable, with a null gradient, at every zy € A. O

Now, because d(-, A)? is continuous and positive on X \ A, according to Whitney’s approximation
theorem [70] we can find a function ¢ € C*°(X \ A) such that

lo(x) — ()| < d(z, A)?* foreveryz € X \ A. (4.9.7)
Letusdefinep: X - Rbyp=¢onX \ Aand p =0on A.
Claim 4.56. The function ¢ is differentiable on X and Vi = 0 on A.

Proof. 1t is obvious that ¢ is differentiable on int(A) U (X \ A) and Vi = 0 on int(A). We only have
to check that ¢ is differentiable on 0A. If zy € A we have

[8() = Blzo)l _ 18(@) _ [9(x)| +d(x, 4)°

|z — xo - | — x| — |z — xo

as |x — wg| — 07, because both ¢ and d(-, A)? vanish at 7 and are differentiable, with null gradients, at
xo. Therefore ¢ is differentiable at x(, with V@(z) = 0. O
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Now we set ~
g:=h+¢p

on X. It is clear that g = h on A. Also, by Claim[4.56] ¢ is differentiable on X with Vg = Vh on A.
By combining (4.9.6) and (#.9.7) we obtain that

g(z) > h(z) + ¢(x) — d(z, A)? > h(z) forall ze X\ A.

Therefore ¢ > h on X and in particular g is coercive on X, because so is h, by assumption. We next
consider the convex envelope of g. If we define

H = conv(g)

we immediately get by Theorem that H is convex on X and H € C'(X). By definition of H we
have that h < H < g on X, which implies that H is coercive. Also, because ¢ = h on A, we have
that H = h on A. Since h is convex and H is differentiable on X with h = H on Aand h < H on X,
Lemma [2.14] shows that VH = Vh on A. This completes the proof of Lemma[4.54] O

Now we are able to finish the proof of Theorem Setting A := Px(E*), we see from Lemma
that c is differentiable on A. Moreover, since ¢ : X — R is convex and essentially coercive on X,
there exists n € X such that h := ¢ — (), -) is convex, differentiable on A and coercive on X. Applying
Lemma to h, we obtain H € C'(X) convex and coercive on X with (H,VH) = (h,Vh) on
A. Thus, the function ¢ := H + (n,-) is convex, essentially coercive on X and of class C'(X) with
(¢, V) = (¢, Ve) on A. We next show that F' := ¢ o Py + (v, -) is the desired extension of (f, G).
Since ¢ is C*(X) and convex, it is clear that F' is C*(R") and convex as well. Bearing in mind Theorem
and the fact that ¢ is essentially coercive, it follows that X = X. Also, since ¢(y) = c(y) for
y € Px(E), we obtain from (#.9.2) and Lemma[4.52] that

F(z) = o(Px(z)) + (v,z) = ¢(Px(2)) + (v,2) = m(z) = f(z).
Finally, from the second part of Lemma@ we have, for all x € F, that
VF(z) =Ve(Px(x)) +v=G(z)—v+v=_G(x).

The proof of Theorem [{4.43]is complete. O

4.10 A C' extension theorem for Lipschitz convex functions

In the special case that the function G of Theorem 4.43|is bounded, one should expect to find Lipschitz
convex functions F' € C'(R") such that (F, VF) extends (f,G) and Lip(F) < ||G|lec. As we have
observed in Section this kind of control of Lip(F) in terms of sup,cp |G(y)| solely cannot be
obtained, in general, for nonconvex jets, but it is possible in the convex case, at least when F is bounded;
see Theorem The next result tells us that this is indeed feasible, and moreover shows that the
technical conditions of (iv) in Theorem can be replaced (just in this Lipschitz case) by a nicer
geometric condition which tells us that the complement of the closure of £ in R” contains the union of
a certain finite collection of cones.

Theorem 4.57. Given an arbitrary subset E of R", a linear subspace X C R", the orthogonal projection
P = Px :R" = X, and two functions f : E — R, G : E — R", the following is true. There exists a
Lipschitz convex function F : R™ — R of class C* such that F|E = f, (VF)|E =G, and Xp = X, if
and only if the following conditions are satisfied.

(i) G is continuous and bounded and f(x) > f(y) + (G(y),z — y) forall z,y € E.
(13) Y :=span ({G(x) — G(y) : z,y € E}) C X.
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(iii) IfY # X and we denote k = dimY and d = dim X, there exist points p1,...,pq_r € R"\ E,
a number ¢ € (0,1), and linearly independent normalized vectors wy, . .., wq_ € X NY* such
that, for every j = 1,...,d — k, the cone V; := {x € R" : e(wj,x — p;) > |Py(x — pj)|} does
not contain any point of E. Here Py : R™ — Y denotes the orthogonal projection onto 'Y .

(iv) If (xk)k, (2x )i are sequences in E such that (Px (xy))y is bounded and

lim (f(zr) = f(26) = (G(z), 2k — 2)) =0,

k—o0
then limy,_, o |G(zk) — G(z1)| = 0.

Moreover, there exists an absolute constant k> 0 such that, whenever these conditions are satisfied, the
extension F' can be taken so that

Lip(F) = sup [VF(z)| < rsup [G(y)]-
z€eR™ yel

Remark 4.58. If F is a bounded subset, and we have a 1-jet (f,G) on E satisfying the conditions
of Theorem then conditions (i7), (i74) and (iv) of Theorem are trivially satisfied with any
subspace X containing Y. This shows that, in this case, for any X containing Y := span{G(z) — G(y) :
x,y € E}, the extension F' can be taken so that X = X.

A consequence of Theorem is the following corollary.

Corollary 4.59. Given an arbitrary subset . of R™ and two functions f : E — R, G : E — R", let us

denote by Px : R" — X the orthogonal projection onto the subspace X = span{G(z) —G(y) : x,y €
E}. There exists a Lipschitz convex function F : R™ — R of class C' such that F,=f(VF),=G,
and Xp = X, if and only if the following conditions are satisfied.

(i) G is continuous and bounded and f(x) > f(y) + (G(y),x — y) forall z,y € E.

(13) If (zk)k, (2x )k are sequences in E such that (Px (xy))x is bounded and

lim (f(zk) — f(2) — (G(2k), 2k — 2x)) = 0,

k—o00

then limy_, . |G(x) — G(zx)| = 0.

4.11 Necessity of the conditions for C' convex Lipschitz extensions

In this section we are going to prove the only if part of Theorem So, let F' be a Lipschitz convex
function of class C1(R") with (F, VF) = (f,G) on E and Xr = X and let us see that (f,G) and X
satisfy conditions (i) — (iv) on the set E. Also, we learn from Lemma that

Xrp =span{VF(z) —VF(y) : z,y € R"}.

We already know from Section 4.8 that conditions (), (i7) and (iv) are necessary for the existence of a
convex function F' € C1(R"™) with (f,G) = (F,VF) on E and Xz = X. Let us prove that condition
(131) is satisfied as well. If Lip(F') = 0 then F is constant, so we have X = Xp = {0} = Y, and
condition (447) is trivially satisfied. Otherwise we have X = X # {0}, and assuming that Y # X we
may find points xg, z1,...,7; € Eand p1,...,ps_r € R"\ E such that

Y =span{G(z;) — G(zo) : j=1,...,k},

VF(pj) — Glxzo) € X\Y forevery j=1,....d—k

and the set {VF(p;) — G(xo) : j =1,...,d — k} is linearly independent. Now we define, for each
j =1,...,d — k, the subspace Y; spanned by Y and the vector VF(p;) — G(z). Obviously we can
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find w; € Y; NY+ with |w;| = 1and Y; =Y @ [wj], forevery j = 1,...,d — k. Moreover, w; can be
taken so that
pi = (VF(pj) — G(zo),wj) >0, forall j=1,...,d—k.

Let us take € > 0 small enough so that

1
e < ;
2Lip(F) + 2| Gl

forall j=1,...,d—k.

Note that, because p; < 2 Lip(F) for each j, we have that ¢ < 1. Now, assume that there exists some
x € Ewithe € V; :={z e R" : e(w;,x —p;) > |Py(x—pj;)|} forsome j =1,...,d— k. Using the
convexity of F' we can write

F(x) — F(pj) — (VF(pj),z — pj)
< (VF(x) = VF(p;),r —pj) = (VF(x) — G(x0),x — p;) + (G(w0) — VF(pj), = — pj)
= (VF(z) — G(x0),x — pj) — pj(wj, x — pj) + (Py (G(x0) — VF(pj)), x — pj)-

Since we are assuming that z € E, the continuity of VF yields VF(x) — G(z¢) € Y. Then, the last
term coincides with

(VF(z) — G(20), Py (x — pj)) — pj{wj, x — pj) + (Py(G(x0) — VF(p;)), Py (z — pj))
< (2[|Glloo + 2Lip(F)) |Py (x — pj)| — pj{ws, © — pj) <0,

where the last inequality follows from the definition of € and the fact that z € V;. We have thus shown
that

F(z) — F(pj) — (VF(p;), = — p;) = 0.

By condition (CW1) (see Definition 4.3| and Lemma [4.12) we must have VF(p;) = VF(z), where
x € E. It then follows that VF(p;) — G(x9) = VF(x) — G(xp) € Y, which contradicts the choice of
p;. Therefore E and U?;f Vj are disjoint.

4.12 Sufficiency of the conditions for C'!' convex Lipschitz extensions

Let us denote by m the minimal convex extension of the jet 1-jet (f, G) from E, that is

m(z) =sup{f(y) + (G(y),z —y)}, z€R"™
yel

Because G is bounded, the function m is a supremum of ||G||s-Lipschitz convex functions on R™ and
therefore m is convex and ||G||oo-Lipschitz as well. In particular, the supremum defining m(z) is finite
for every x € R™. By Theorem{4.41} we can write

m=co Px, + (v,-),

m

where v € R" and ¢ : X;,, — R is a coercive convex function. Moreover, we know from Lemma [4.48
that X,,, =Y = span{G(x) — G(y) : x,y € E} and therefore

m=co Py + (v,-). @.12.1)
Let us prove some properties of m, ¢ and v.
Lemma 4.60. Let us denote K = ||G||c = supycp |G (y)|. We have that:
(1) The function m is K-Lipschitz on R™.

(2) The vector v belongs to the subdifferential of m at some point yo € Y, and |v| < K.
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(3) There exists points x1, . ..,z € E such that {G(x;) — v};?:l is a basis of Y.
(4) The function c is 2K -Lipschitz on Y.

(5) There exists numbers 0 < o < 2K and 8 € R such that c(y) > aly| + B foreveryy € Y.
Proof.

(1) As we have said before, the function m is a supremum of K -Lipschitz affine functions on R™ and
therefore m is K -Lipschitz as well.

(2) Since c is coercive on Y, the function c attains a global minimum. Thus there exists a point yy € Y
with ¢(y) > ¢(yo) for every y € Y. We then have, for every x € R", that
m(z) = c(Py(z)) + (v,z) = c(yo) + (v,2) = c(yo) + (v, y0) + (v, z — yo) = m(yo) + (v, = — yo),
which implies that v € dm(yo). Since m is K-Lipschitz, we obtain, for every =z € R",

K|z — yo| +m(yo) > m(z) > m(yo) + (v, ® — o),
which implies that (v, |§:ng> < K, for every x € R™ \ {yo}. This shows that |v| < K.
(3) Recall that n — v € Y for every n € Om(x) by virtue of Lemma In particular we have
G(x) —v € Y forevery x € E. Let us take some 21 € Y with G(z1) — v # 0. If dim(Y) = 1, there
is nothing to say. If dim(Y’) > 1, we claim that there exists some z2 € E such that G(z2) — v and

G(x1) — v are linearly independent. Indeed, assume that G(z) — v and G(x1) — v are proportional for
every x € E. Then we would have for every x,y € E that

G(x) = G(y) = (G(z) —v) + (v = G(y))

is proportional to G(x1) — v, hence dim(Y’) = 1, a contradiction. Using repeteadly this argument we
obtain (3).

(4) follows at once from (1), (2), and the fact that c = m — (v,-) on Y.

(5) We first claim that there exist two positive numbers « and r such that ¢(z) > «|y| whenevery € Y
is such that |y| > r. Indeed, otherwise we can find a sequence (y¢); € Y with

1
lye| > ¢ and c(y) < Z|yg| forevery ¢ € N.

By convexity of ¢ we obtain

c (éy& < Wi‘c(yz) + (1 _ @) (0) <1+ (1 - @) ¢(0) < 1+ ¢(0).

But the sequence (ﬁyg)e clearly converges to oo, and the coercivity of ¢ implies that lim, ¢ (ﬁya =
400, which contradicts the above inequality. Thus there exists a;, 7 > 0 with

c(y) > aly| whenever |y| > r.

Now, if |y| < r, we can write

c(y) > Bi(r()lfr)g =ar+ Bi(%fr) c—ar > aly| + (Bi(%,fr) c— ar> ,

where B(0, r) denotes the closed ball centered at 0 and with radius r on Y. If we set
8= min{ inf ¢— ar,O},
B(0,r)
we obviously have c(y) > aly| + 3 for every y € Y. Now, because ¢ is 2K -Lipschitz, we have that

c(0) +2Ky| > c(y) 2 aly| + 8, yeY.
This clearly implies that @ < 2K. O
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4.12.1 Defining new data

Let us consider wy,...,wg_r € YN X, € € (0,1), p1,...,pa—k and Vi, ..., V4 as in condition
(i7) of Theorem Using the constants « and 3 of Lemma.60| (5), we consider a positive 7' > 0
large enough so that

(e)T>2=fF— max {olPy(p;)|+m(p;) - {v,p;)}

and

Ea)T _min (1= (wnw))} =1+ max {e(Py(p) — o Pr(p)) +eafwg.ps = p)}

Note that, since the vectors {w;}¢_" have norm equal to 1, then (w;,w;) = 1 if and only if w; = w;,

which is equivalent (as the vectors {w, ..., w4} are linearly independent) to ¢ = j. So, it is clear that
we can find a positive T' > 0 satisfying both inequalities. We define the following new data:
¢ =p; +Tw;, f(q;) =m(g;)+1, Gg) =v+eaw;, j=1,...,d—k. 4.12.2)

Note that ¢; = ¢; if and only if p; — p; = T'(w; — w;). Since w; # w; whenever ¢ # j, it is clear
that we can take 7" large enough so that the points ¢; and ¢; are distinct if ¢ # j. On the other hand,
because each w; is orthogonal to Y, we immediately see that ¢; € V; and, in particular, ¢; ¢ E for every
j=1,...,d—k.

Lemma 4.61. The following inequalities are satisfied.

(1) f(gj) — f(z) — (G(x),q; —x) > 1foreveryx € E, j=1,...,d—k.

(2) f(z) = flgj) = (G(gj),x —qj) = Lforeveryx € E, j=1,...,d—k.

3) fla) — fla5) = (G(g5), s — q5) = Lforeveryl <i#j<d—k.
Proof.
(1) Since f(g;) = m(q;) + 1, the definition of m leads us to

faj) = f(@) = (G(z),q5 — z) = m(q;) — f(x) = (G(x),¢; —2) + 1 = 1,
forreF, j=1,...,d—k.
(2) Wefixz € Eand j = 1,...,d — k. The decomposition of m yields
m(q;) = c(Py (pj) + Py (Twy)) + (v, q5) = c(Py (p;)) + (v, q5) = m(p;) + (v, 45 — p;)-

We obtain from this the following:

f(x) = f(g5) — (G(g;), x — g5) = m(z) — m(p;) + (v,pj — q;) — (G(g;),x —q5) — 1

= co (Py(2)) +(v,x) —=m(pj) + (v,pj — ;) — (v + cawj, z — ¢j) =1
= co (Py(x)) —m(p;) + (v,pj) — eafwj, x — gj) =1
= co (Py(x)) —m(pj) + (v, pj) — ealwj, x — pj) — eafwy, pj — ¢j) — 1
= co (Py(x)) —m(p;) + (v,p)) — eafwj, x — pj) +eal — 1.

Now, using Lemma (5), the last term is bigger than or equal to

alPy(z)| + B —m(p;) + (v,pj) — eaw;j, x — p;) +eal —1
> a|Py(z —pj)| — a|Py (p;)| + B — m(p;) + (v, pj) — eafwj, & — p;) + eaT — 1
> a|Py(z — pj)| — eaf{wj,z — pj) + 1,

where the last inequality follows from the choice of 7. Now, since 2 € E, the condition (7i7) tells us that
x does not belong to the cone V;, which implies that the last term is greater than or equal to

ea(wj, z — p;) —ea(w;, x —pj) +1 =1
This establishes the inequalities of (2).
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(3) Consider 1 < i # j < d — k. Notice that

f(ai)—f(qj) = c(Py (pi+Tw;)) —c(Py (pj+Twj))+(v, gi—q;) = c(Py (pi))—c(Py (pj))+(v, i —q5)-

This implies

flai) = fla5) —

—~

G(4j),a — q5) = c(Py (pi)) — c(Py (pj)) + (v, i — qj) — (v + e aw;, ¢ — g;)

= c(Py (pi)) — c(Py (pj)) — € a(wj, pi — pj + T'(wi — w;))
= c(Py (pi)) — c(Py (pj)) — € alwj,pi —pj) +eaT (1 — (wi,w;)) > 1,
where the last inequality follows from the choice of T O

4.12.2 Properties of the new jet

We now define the set E* = E'U {qu,...,q4—r}- Note that we have already extended the definition of
(f,G) to E*.

Lemma 4.62. We have that:

(1) X =span{G(z) = G(y) : =,y € E*}.

(2) G is continuous on E* and f(x) > f(y) + (G(y),x —y) forall z,y € E*.
(3) |G(z)| < 3K for every x € E*.
(4)

4) If (x¢)e, (z0)¢ are sequences in E* such that (Px (xy))g is bounded and

lim (f(2e) — f(ze) — (G(z0), 20 — 20)) = 0,

{—00
then limy_, o |G(z¢) — G(z¢)| = 0.

Proof.

(1) By Lemma[4.60| (3), there are points z1, ...,z € E withY = span{G(z;) —v : j =1,...,k},
where v is that of (4.12.1)). Since the vectors wy, ..., wq_ are linearly independent, the definitions of
#@.12.2) show that

span{G(q;) —v : j=1,....,d—k}=span{(ca)w; : j=1,....,d—k}=XNY*
We thus have that
X =span{G(x1) — v,...,G(xr) —v,G(q1) — v,...,G(qa—r) — v}
For every two points x,y € E*, we can write
G(z) = G(y) = (G(z) —v) = (G(y) —v),

but notice that G(z) — v € Y = span{G(x;) — v}%_, for every = € E and obviously G(z) — v €
span{G(g;) —v};l;]f if z € E*\ E. This implies that G(z) — G(y) € X forevery x,y € E*. Conversely,
if z € E*, we can write

G(z) —v = (G(2) = G(21)) + (G(21) — v),

where the first term belongs to span{G(x) — G(y) : xz,y € E*} and the second one belongs to
Y =span{G(z) — G(y) : x,y € E}. We conclude that X = span{G(z) — G(y) : =,y € E*}.
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(2) The points q1, . . ., g4 are distinct and none of them belong to E. Because G is continuous on E, G
is in fact continuous on E*. Condition (i) of Theorem together with Lemma4.61]tell us that

f(z) > fy) + (G(y),z —y) forall =z,y€ E*.

(3) From @#122), G(g;) = v + (¢ @)wj, for j = 1,...,d — k. Now Lemma4.60| tells us that [v| < K
and a < 2K, where K denotes sup, ¢ iz |G(y)|. Since € € (0, 1) and the vectors w;’s have norm equal to
1, we can write |G (p;)| < |v] + o < 3K.

(4) Suppose that(xy)s, (2¢)¢ are sequences in E* such that ( Py (7)) is bounded and

lim (f(xe) — f(ze) — (G(20), 20 — 2)) = 0.

f—00
In view of Lemma4.61] it is immediate that there exists £y such that either thereissome 1 < j < d — k
with zy = 2z, = ¢q; for all £ > £y or else xp, 2, € F for all £ > {y. In the first case, the conclusion
is trivial. In the second case, limy_,, |G(z¢) — G(2¢)| = 0 follows from condition (iv) of Theorem

457 O

We now define m*(z) = sup,cp-{f(y) + (G(y), z —y)} forevery x € R". We learnt from Lemma
[.48|that X~ = span{G(z) — G(y) : z,y € E*}. And from Lemma[4.62] (1), X,,» = X. The function
m* is convex and using Lemma4.62|(2) it is clear that m* = f on E*. Also, for every z € E*, we have
that G(z) € Om*(z) and, by virtue of Lemma [4.62] (3), m* is 3K -Lipschitz on R". The function m*
has the decomposition

m* =c"oPx + (v*,-) on R" (4.12.3)

where ¢* : X — R is convex and coercive on X, and v* € R™. With the same proof as that of Lemma
(2), we see that v* € Om*(z) for some zy € X, the function ¢* is 6 K-Lipschitz and |v*| < 3K.
We study the differentiability of ¢* in the following Lemma.

Lemma 4.63. The function c* is differentiable on Px (E*), and, ify € Px(E*), then Vc*(y) = G(x) —
v*, where x € E* is such that Px (z) = y.

Proof. Thanks to Lemma (4) we can repeat the proof of Lemma {4.53] which proved the result for
the general (not necessarily Lipschitz) case. O

4.12.3 Construction of the extension

Lemma 4.64. Let h : X — R be a convex, Lipschitz and coercive function such that h is differentiable
on a closed subset A of X. There exists H € C1(X) convex, Lipschitz and coercive such that H = h and
VH = Vhon A. Moreover, H can be taken so that Lip(H) < ko Lip(h), where ko > 1 is an absolute
constant.

Proof. We are going to use the ideas of the proof of Theorem [4.7] (see Section {.2)) and of the proof of
Lemma.54] Since h is convex, its gradient V/ is continuous on A. Then, for all z,y € A, we have

h(z) — h(y) — (Vh(y),z —y)
[z — y

0<

< (Vh(z) - Vhiy) é - z| ) < [Vh(z) - Vh(y)|,

where the last term tends to 0 as |z — y| — 0T uniformly on x,y € K for every compact subset K
of A. This shows that the pair (h, Vh) defined on A satisfies the conditions of the classical Whitney
Extension Theorem for C'! functions. If we use Theorem instead of Theorem [4.1, we obtain a
function 7 € C*(X) such that h = h, Vh = Vh on A and we can arrange Lip(h) < x* Lip(h), where
k* > 1is an absolute constant.
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Let us denote L = Lip(h). Foreach ¢ > 0, let 6, : R — R be defined by
0 ift<o0
0-(1) = t2 ift < £3<
(L+e) (1= 152) + (559)" ife > L.

Observe that §. € C*(R), Lip(f-) = L + . Now set
O, () = 0 (d(x, A)),

where d(x, A) stands for the distance from z to A, notice that ®.(x) = d(x, A)? on an open neighbor-
hood of A, and define N
H.(z) = |h(x) — h(x)| + 2P (x).

Note that Lip(®.) = Lip(6.) because d(-, A) is 1-Lipschitz, and therefore

Lip(H.) < Lip(h) + L+ 2(L +¢) < (3 + *)L + 2¢. (4.12.4)
Claim 4.65. H. is differentiable on A, with V H.(x) = 0 for every x € A.
Proof. Same as that of Claim [£.55] O

Now, because ®. is continuous and positive on X \ A, by using mollifiers and a partition of unity,
one can construct a function ¢, € C*°(X \ A) such that

|pe(x) — He(x)| < @ (x) foreveryz € X \ A, (4.12.5)

and
Lip(¢:) < Lip(H.) + €. (4.12.6)

Let us define o = p. : X — R by

v pelx) ifreX\A
w@%—{ 0 ifzeA

Claim 4.66. The function ¢ is differentiable on X and it satisfies Vo(xg) = 0 for every xy € A.

Proof. Same as that of Claim[4.56] O
Note also that
Lip(¢) = Lip(p:) < Lip(H.) + ¢ < (34 k)L + 3e. (4.12.7)
Next we define N
g=ge:=h+o (4.12.8)

The function g is differentiable on X, and coincides with h on A. Moreover, we also have Vg = Vh on
A (because V@ = 0 on A). And, for z € X \ A, we have

9(w) = h(x) + He(z) = @e(x) = h(x) + [h(z) = h(@)| + P=(z) = h(z) + ().

This shows that g > h, which in turn implies that g is coercive. Also, notice that according to (¢.12.7))
and the definition of g, we have

Lip(g) < Lip(h) +Lip(¢) < "L+ (34 ™)L + 3e = (34 2x™)L + 3¢. (4.12.9)

If we define H = conv(g) we thus get, thanks to Theorem that I is convex on X and H €
C1(X), with

Lip(H) <Lip(g) < (3+2x")L + 3e. (4.12.10)

Thus, we can take € small enough so that Lip(H) < 2kL, where ko = 3+ 2x*. Finally, we know (using

Lemmal [2.14) that H = hand VH = Vh on A. Also, because h is a coercive convex function, we have
that H > h is coercive as well. This completes the proof of Lemma4.64 O
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Now we are able to finish the proof of Theorem Setting A := Px(E*), we see from Lemma
4.63| that ¢* is differentiable on A. Moreover, since ¢* : X — R is convex and coercive on X, Lemma
4.64|provides us with a Lipschitz, convex and coercive function H of class C*(X) such that (H, VH) =
(¢*,Vc*)on A and

Lip(H) < ko Lip(c") < 6M K,
where kg is the absolute constant of Lemma Recall that K denotes sup,¢ g |G (y)|- We next show
that F' := H o Px + (v*, ) is the desired extension of (f, G). Since H is C*(X) and convex, it is clear
that F' is C'(R™) and convex as well. Because H is coercive on X it follows (using Theorem |4.41) that
Xr = X. Also, since H(y) = c¢*(y) for y € Px(F), we obtain from (4.12.3)) that
F(z) = H(Px(x)) + (v%, 2) = ¢"(Px(2)) + (v, 2) = m"(z) = f(z).
Besides, from the second part of Lemma[.63] we have, for all z € E, that
VF(x) =VH(Px(z)) +v* =G(z) —v*" +v* = G(z).
Finally, note that

Lip(F) < Lip(H) + |[v*]| < 6koK + 3K = (6k¢ + 3)K = (69 + 3) sup |G(y)|-
yer

The proof of Theorem {.57]is complete O

4.13 Interpolation of arbitrary subsets by boundaries of C' convex bodies

Finally, let us turn our attention to a geometrical problem which is closely related to our results.

Problem 4.67. Given an arbitrary subset E of R"™ and a unitary vector field N : E — R", what
conditions will be necessary and sufficient in order to guarantee the existence of a convex hypersurface
M of class C* with the properties that E C M and N (x) is normal to M at each x € E?.

As we have already mentioned, this question is equivalent to ask: given an arbitrary subset E of a
Hilbert space X and a collection H of affine hyperplanes of X such that every H € H passes through a
point 7 € E, what conditions are necessary and sufficient for the existence of a C! convex hypersurface
S'in X such that H is tangent to S at xy for every H € H?

This is a problem which we solved in Section in the case that E is a compact subset. Now, with
the help of Theorem[4.57] we are able to give the solution to Problem [4.67]in full generality.

Definition 4.68. We say that a subset V of R™ is a (possibly unbounded) convex body provided that V is
closed and convex, with nonempty interior. Assuming that 0 € int(V'), we will say that V is of class C*
provided that its Minkowski functional

pyv(z) =inf{A>0: fz € V}
is of class C* on the open set R™ \ u‘_/l (0). The outer unit normal ny of V' is defined by

1
Vv (@)l

Finally, we will say that a vector u € S"~1 is outwardly normal to OV at a point y € OV if u = ny (y).

ny (@) Yy (), =€V,

Recall that S”~! denotes the unit sphere of R".

Theorem 4.69. Let E be an arbitrary subset of R", N : E — S™~! a continuous mapping, X a linear
subspace of R", and P : R™ — X the orthogonal projection. Then there exists a (possibly unbounded)
convex body V of class C' such that E C 9V, 0 € int(V), N(z) = ny(x) forall x € E, and
X = span (ny (0V)), if and only if the following conditions are satisfied.



4.13. Interpolation of arbitrary subsets by boundaries of C' convex bodies 131

1. (N(y),x—vy) <O0forallz,y € E.
2. For all sequences (xi)k, (zx )i contained in E with (P(xy)), bounded, we have that

lim (N(z), 2 —2) =0 = klirn IN(z;) — N(x)| = 0.
— 00

k—o0

3.0 < infyep(N(y),y).

4. Denoting d = dim(X), Y = span(N(E)), £ = dim(Y'), we have that Y C X, and if Y # X
and Py : R" — Y is the orthogonal projection then there exist linearly independent normalized
vectors wi, . .., wq—¢ € X NYL, points py, ... ,pa—e € R, and a number € € (0,1) such that

d—~
(Eu{onn UV | =0

where Vj := {x € R" : e(wj,z —pj) > |Py(x — pj;)|} foreveryj=1,...,d — L.

Proof. Let us assume first that there exists such a convex body V, and let us check that NV and P = Px :
R™ — X satisfy conditions (1) — (4). Define F' : R” — R by

F(z)=0(uy(x)), =xe€R",

where 6 : R — [0,400) is a C! Lipschitz and increasing convex function with 6(t) = ¢> whenever
|t| < 2 and 6(t) = at whenever |t| > 2, for a suitable a > 0. Because V' is a convex body with
0 € int(V), the Minkowski functional jy of V' Lipschitz and convex thanks to Proposition and
this implies that F' is Lipschitz. Also, because 6 is convex and increasing, F' is convex as well. In
addition, note that OV = py,' (1) = F~1(1), and in particular F' = 1 on E. Since V is of class C*, the
function py is of class C* (R™ \ ,u‘_,l(O)) and then F is C*(R™ \ ;' (0)). Let us see that in fact F is
differentiable with null gradient at all points of ;" (0). Indeed, because 0 € int(V), we can find 7 > 0
with

B(0,r) C int(V), (4.13.1)

where B(0,7) denotes the closed ball centered at 0 and with radius r. Then gy is 7~ !-Lipschitz on R™
by Proposition and for every ¢ € p1y,(0) we have F(zq) = 0 and

F@) = Fao)l _ @) _ e —wof

lim =0.

T—x0 ’x—x()’ o T—T0 ’,Qj—x()’ T x—o |x—aj0’
We have thus shown that F' is differentiable on R"™. Moreover, the gradient of F' is given by

0 it pv(z) =0,
VF(z) =4 2pv(@)Vpy(z) if 0 <py(z) <2,
aVuy () if  py(z)>2.

This shows that V F'(x) is a positive multiple of Vi (x) for every x € R™ \ ,u‘_/l (0) and then
Vuy (z) VF(x)

WO = G @)~ WE@ €0
B VF(x) .
N(x)_i\VF(x)]’ € E.

Using VF(0) = 0 together with Lemma4.47]it follows

Xr =span{VF(x) — VF(y) : z,y € R"} =span{VF(z) : z € R"} = span{Vyuy(z) : © € R"}
= span{Vpuy (x) : © € OV} =span{ny(z) : x € IV} = X.



132 Chapter 4. C' extensions of convex functions on R"

Therefore (F, VF) satisfies conditions (i) — (iv) of Theorem on the set E* := E U {0} with
projection P = Px : R” — X. Then condition (1) follows from () and the fact that F' = 1 on E.
In order to check (2), take two sequences (zx)k, (2x)x contained in E with (P(zy))x bounded. Now
suppose that

lim <N(Zk), Tk — Zk> =0.

k—o00

Then we also have, using that F'(z) = 1 = F(zy), that

lim (F(xk) — F(2k) — (VF(2k), 2k — 21)) = 0,

k—00

and according to (iv) of Theorem[4.57] we obtain

Jim |VF(ay) = VF ()| = 0. (4.13.2)
—00

Suppose, seeking a contradiction that we do not have limy,_,~, | N (%) — N (2x)| = 0. Then, after possibly
passing to subsequences, we may assume that there exists some € > 0 such that

|N(z) — N(z)| > ¢ forall k € N.
Since F'(z) = 1, F(0) = 0 and VF(z) € X, the convexity of F' yields
0 < F(0) = Far) = (VF(2r), =) = =1+ (VF(xp), 2p) = =1+ (VF (), P(x1))

and this shows that infy, |[VF(zx)| > 0. Thanks to (4.13.2), we have infy |VF(zx)| > 0 too and both
(VF(xy)), and (VF(z)), are bounded above because F' is Lipschitz. So we may assume, possibly
after extracting subsequences again, that (V F'(xy)), and (VF(zx))x converge, respectively, to vectors

&ne R\ {0}. By @#.13.2) we then get & = 7, hence also

| VF(r)  VF(z) & |
e < |N(zx) — N(ap)| = ’vF(x]]:)‘ - \VF(ZZ)\‘ - ‘!é - !n\‘ -0

a contradiction.

Let us now check (3). Consider » > 0 as in @.I13.1). If y € E C 9V is parallel to N(y), then
(N(y),y) = |y| > r. Otherwise, by convexity of V, the triangle of vertices 0, 7N (y) and y, with
angles «, 3, at those vertices, is contained in V. So is the triangle of vertices 0, 7N (y), p, where
p is the intersection of the line segment [0, y| with the line L = {rN(y) + tv : ¢t € R}, where v is
perpendicular to N (y) in the plane span{y, N'(y)} (see Figure [4.2|below). Then we have that [p| < |y
and |p| cos @ = 7, hence

B

(N(y),y) = |y| cosa > |p|cosa =r > 0.

Figure 4.2
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Finally condition (4) follows immediately from (i¢7) of Theorem applied with E* = E U {0}
(and from the fact that VF'(0) = 0).

Conversely, assume that N : £ — S"~!and P = Py : R® — X satisfy conditions (1) — (4), and let
us construct a suitable V' with the help of Theorem Thanks to condition (3), we can choose r > 0
with

0 <7< inf (N(y),y), (4.13.3)
yerR

and then we define E* = FU {0}, f : E* - R, G : E* — R" by

(1 if zeE _ [ 2N(z) if z€E
f(f”)_{o it w=o, G(f”)_{ 0 if z=0.

It is clear that condition (3) implies that dist(0, E) > 0, hence the continuity of G on E* follows
immediately from the continuity of N on E. We need to prove that the 1-jet (f, G) satisfies on E*
conditions (i) — (iv) of Theorem[4.57| with Py. Let us first check that

f(z) = fly) —(G(y),z —y) 20 forall z,y€ E"

Indeed, if x,y € FE, then

£(@) ~ F5) —{Gl), o — 1) = (Gly)y — ) = SN ()y — ),
which is nonnegative by condition (1). The situation when x € E and y = 0 is trivial because
f@) = fly) = (Gy),x —y) = 1.
Finally, if z = 0 and y € E we have
£() = £6) = (Glw),x — 4} = F0) = f(1) ~ (Gw),0— ) = —1+ ~(N@)p) 21, (4134

by virtue of (@.13.3). Therefore condition (i) of Theorem is fulfilled. Condition (ii) of Theorem
follows from (4) and from the fact that G(0) = 0 because

Y =span{N(x) : z € E} =span{G(z) : v € E} =span{G(z) — G(y) : =,y € E*}.

On the other hand it is clear that (ii7) follows immediately from (4). It only remains for us to check (iv).
Consider two sequences () and (2i)y in E* such that (Px(x)), is bounded. In the case that both
(zg)r and (zx)x belong to E, we have that

(o) = flzr) = (G(zk), 2p — 2) = (G(2k), 21 — T) = §<N(2k), Zp — Tp)

for every k. If we have that
lim (f(zr) = f(zk) = (G2r), 2 — 21)) = 0,
then lim (N (2x), 2z — zx) = 0 and condition (2) yields
lin G x) — G(z1)] = - lim [N (1) — N(z1)] = 0,

which proves condition (iv) in this case. In the case that x;, = 0 for every k and (z); belongs to E, the
same calculations as in (4.13.4)) lead us to

flak) = f(2e) = (G(zk), 2 — 21) > 1,
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and then condition (iv) is trivially satisfied in this case. We have thus shown that condition (iv) is
satisfied. Thus we may apply Theorem in order to find a Lipschitz convex function F' € C'(R™)
such that (F, VF) extends the jet (f,G), and, with the notation of Theorem Xr = X. In fact,
from the proof of Theorem [4.57] (more precisely, from Lemma [4.60] and Subsection [4.12.T)), we know
that there are points ¢1, . .., g4—¢ € R™, a vector v € Om(yo) with yo € Y and a positive constant \ such
that VF(q;) = v+ Aw; forevery i = 1,...,d — £. Here m denotes the function

m(z) = yseug*{f(y) +(G(y),z -y}, zeR™

We also learnt from Section that Y = span{G(z) — G(y) : x,y € E*} coincides with X,,, the
subspace associated to the decomposition of m provided by Theorem [4.41] This subspace X,,, can be
also written as

Y = X, =span{{, — & : & € Om(x), & € Om(y), z,y € R"}

by virtue of Lemma[4.47] Since G(0) = 0, we have that 0 € 9m/(0) and then, because v € dm(yo),
the vector v belongs to X,,, = Y. Recall that Y denotes the subspace span(/N(E)) and coincides with
span(G(FE)). Because dim(X) = d,dim(Y) = £and w1, ..., wg_¢ € X NY" are linearly independent,
all these observations lead us to

X = span (G(E) U{wi,...,wq_¢})

= span (G(E) U{v + Awr, ..., v+ Awg_¢}) = span (VF(E)U{VF(q1),...,VF(qa—¢)})-
(4.13.5)

Moreover, from Lemma |4.61, we have that
F(q) > f(0)+(G(0),¢q;) +1 =1, forall i=1,...,d—¢. (4.13.6)

We then define V = F~!((—o00, 1]). According to Proposition[2.16| V" is closed and convex and, because

F(0)=0<1,0 € int(V). Hence V is a convex body. In addition, itis clearthat E C OV as F = f =1

on E. Also, because F is of class C'(R™) and, according to Proposition the Minkowski functional

pry of V is of class C*(R™ \ 17,1 (0)). This shows that V' is of class C. In fact, Propositiontells us

that the gradient V F'(z) is a positive multiple of Vuy (z) for every z € R™ \ u‘_/l (0). This implies that
Vupy(z) _ VF(z)

W) = G T WE@ “CY

and then () VF()
M@ =160 = WE@) ~ e e E

Thus N (x) is outwardly normal to OV at x. Finally, let us show that X = span(ny (0V")). Proposition
4.27| says that VF(z) and VF (%) are proportional to Vuy (z) and Vyuy ( L~ ) respectively

py (z pv (@)
and that Vyuy (z) = Vuy (ﬁ(m)) . That is, VF(z) is proportional to VF (W“"(x)) for every = €
R™ \ 113, (0). This shows that
span(ny (0V)) = span{VF(z) : € 9V} = span{VF(z) : = € R"\ py;'(0)} (4.13.7)

Thanks to (.13.6), the points ¢i, ..., q4—¢ do not belong to int(V') and then uy(¢;) > 1 for every
t=1,...,d— £. The fact that 4,y = 1 on E together with (4.13.5) yields

X = span (VF(E)U{VF(q1),...,VF(qa—r)}) Cspan{VF(z) : z € R"\ puy,*(0)}.

Finally, Lemma and the fact that VF'(0) = 0 imply that X = Xp = span{VF(z) : = € R"},
which shows that span(ny (0V')) = X by virtue of (4.13.7). O
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As before, in the case that X = span(/V(E)), the above result is much easier to use.

Corollary 4.70. Let E be an arbitrary subset of R", N : E — S"~! a continuous mapping, X a linear
subspace of R"™ such that X = span(N(F)), and P : R™ — X the orthogonal projection. Then there
exists a (possibly unbounded) convex body V of class C' such that E C 9V, 0 € int(V), N(z) = ny(z)
forall x € E, and X = span (ny (0V)), if and only if the following conditions are satisfied:

1. (N(y),z —y) <O0forall z,y € E.
2. For all sequences (i )k, (k)i contained in E with (P(xy))r bounded, we have that

lim (N (z1), 25 — 2) =0 = lim [N(zx) = N(ax)| = 0.
k—o0

k—o0

3. 0 < infyep(N(y),y).

Proof. It follows immediately from Theorem 4.69] O

4.14 The problem in the setting of Hilbert spaces

It is natural to wonder whether it is possible to establish a Whitney Extension Theorem for C'! convex
functions similar to Theorems M.20] or B.43] in the setting of infinite dimensional Hilbert Spaces.
In Chapter [2| we solved this question for the class of C'' convex functions with uniformly continuous
derivatives, see the comments in Remark [2.45] In this section we show that there exist bounded, smooth
convex functions defined on an open neighborhood of a closed ball in X := E;R), the space of square
summable real valued sequences, which have no continuous convex extensions to all of X. This indicates
that even for the best possible convex domain and the best class of differentiability of the jet, we should
look for new conditions (stronger than (CW1!)) in order to solve the C'* convex extension problem for
1-jets in separable Hilbert spaces.

Let us denote by C' the closed unit ball of X. The natural complexification of the space is X¢ = /3.
AlsoletU ={z € X : ||z]| <2}, Uc ={zx € Xc: ||z|| < 2},and Sx = {z € X : [|z|| = 1}.

Example 4.71. There exists a function F' : U — R such that
(i) F is real analytic on U;
(ii) F is convex on U with D*F(x)(v?) > 1 for everyx € U, v € Sx;
(iii) F is bounded on C, and
(iv) F). has no continuous convex extension to the whole space X.

Proof. Let {e;, }nen be the canonical basis of X, and consider the sequence of vectors {e;,},>2 C C
defined as follows:
-~ _ 1 3

€p = 561 + 76”’7 n Z 2.

For every n > 2, we define the linear functional h,, € X* by h,(z) = (z,é,) for all x € X. Equiv-

alently, for every x = (zy,)n>1 € X, we have h,(z) = %an + @xn for every n > 2. Now let us
define
f:+ U — R
o Yolo(ha(2))?,

2n
or equivalently f(z) = >, -, (%xl + @xn) for all z = (x,), € U. Let us first check that f is

well defined. Given z € U, take r = 2 — |z1| > 0. Because x € E(QR), there is some ng € N such that
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|z, | < \f whenever n > ng. Therefore, if n > ng, we have

1 V3 1 V3 1 V3
‘2“*2% = gl Syl = 5@ =)+ e
1 r r
< —-(2- —=1—-==:\
_2( r)+4 1
Since A < 1,
1 \/g 2n )
D prit gl < DN

n>ng n>ng

converges and this shows that f(x) is finite.

Claim 4.72. f is bounded above by M := 4?1 on C.

Proof. Given z € C, and & = (xn)n>1, since Y, 5z < 1, we have that Z >0 < 1 —x; and
1— 5’31

this implies that there is at most one coordinate N > 2 such that 23 N > . Hence, the rest of the
coordinates satisfy

2

|zn| < forevery n >2 with n# N.

And, of course,

2n 2N 2n
f(l‘)SZGIMIJr\fIxnI) =<§|x1\+“f|xm> Y <§|x1\+\f|xn|>

n>2 n>2,n#EN

et 8, o B

2
1— 21

n>2 n#EN
In order to get a bound for the first sum in the last term, we consider the function g(t) = % + % 1—1¢2
for t € [0,1]. A simple calculation shows that g has a maximum at ¢t = 3 and then g(¢) < g(1/2) =1

forall t € [0, 1]. Therefore

2N
1 V3

The second sum can be bounded as follows. Take h(t) = 5+ Y3y 1['5 , t € [0, 1]. This function h attains

a maximum at ¢ = \/g Hence h(t) < h (\/g) = /2, for every t € [0, 1], which in turn implies

2n 2n
1 3 /1 —a? 5 5\"
<2|x1]+\2f\/ 2‘“) §<\/;> :(8> forall n>2, n#N.

Therefore, f(x) <1+ Zn22,n7§N (%)n <1+ anz (%)n = %' O

Claim 4.73. f is real analytic on U.

Proof. Consider the complex function

f : U — C
2n
z o >, (%21 + @%)

Obviously the restriction of fto U is the function f, and we can see that f is well defined with the same
calculations as we made above for f. Of course it is enough to prove that f is holomorphic on Ug, for
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which in turn it is enough to check that, given z € Ug there are > 0 and a sequence {M,, },>2 of

positive numbers such that

1 V&g 2n o
Y M, < +occ and gU1+ 5 Un| <My forall y€Be(zr) CUc, n>2
n>2

where Be(z,7) = {y € X¢ : ||z—y|| < r}.Indeed, fix z € Uc. We take 7 > 0 such that B¢ (z,7) C Uc

2
with ||z|| + 7 < 2and r < 4(1;}) Find ng € N such that |z,| < \|/Z§1|

these 7 > 0 and ng € N only depend on z. Define the numbers

whenever n > ng. Of course

1+v3 if 2<n<ny—1,
An - 6'+|Zﬂ

3 if n > ng,

and M,, = A" for all n > 2. Since |21| < 2, the sum 3, >o M;, converges. If y € Be(z,7), with

Yy = (Yn)n>1, then |y,| < r + |z,| for every n > 1. Therefore, if n > ng, because |z,| < 2 \‘/’%ﬂ and
2—|z1|
r< 01v3) we have
1 V3 1 V3 V3
5 o] < gl + Pl < 5l 1)+ sl 1)

L14VE 2-fa] | Jal+d@ =)

2 4(1+3) 2 —

And for integers 2 < n < ng — 1, we have the obvious inequality ‘%yl + @yn‘ < 1++/3 = \,.Hence

2n

Y1+ —Yn <M, forevery n >2

1 V3
2 2

and this proves our statement. O

Now, the convexity of f can be checked as follows. The function f,, = g, o hy,, being h,, a linear
functional and R > t — ¢, (t) = 2" a convex function for all n > 2, is convex on U, and f, being the
sum of convex functions, is convex on U as well. Now define F' := f + N, where N : X — R is the
function defined by N(x) = @ for all x € X. Since X is a Hilbert space, the function /V is analytic
on X. Of course N is bounded on C' and D?N(x)(v?) = |[v||> = 1 forall v € Sx and all z € X.
Hence F is real analytic, is bounded on C and, since f is convex and differentiable, D?F(z)(v?) =
D?f(x)(v?) + D?N(x)(v?) > 1forall x € U and all v € Sx. We then have proved (i), (ii) and (iii)
of our Theorem.

In order to prove (iv), consider the minimal convex extension of F,

me(F)(z) = EEE{F@) +(VF(y),z -y}, z€X.

Observe that (iv) will be proved as soon as we find points € X with m¢(F)(xz) = +o00. We next
prove that in fact m¢(F') = +oo for all z of the form = = rej, with r > 2. So fix r > 2 and = = re;.
For any k& > 2 and n > 2 we inmediately see that (¢, ex) = 1/4 for n # k and (éy, é;) = 1. Then

2n
fE =1+ 3 (i) and N(é;):%, k> 2.

Since f is analytic, we can calculate its derivatives by differentiating the series term by term, and then

2n—1
(Vf(er), Z 2n(én, en) " v, ) = Z 2n (i) (v, €n) + 2k (v, ex)

n>2 n>2, n#£k
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for every v € X and k > 2. On the other hand, (VN (ey),v) = (e, v) forall v € X. Forv = = — ey,

we have /3
_ 1 3 - -
(v,en) = <7’€17 561 + 26n> — (€ks€n) = 5 {

<

if n=k,
if n#k.

= =

Gathering the above inequalities we obtain, for k > 2,

F(éx) +(VF(ex),x — ex) = f(er) + N(&) + (Vf(er),z — &) + (VN(e),z — )

AR N Yr 1 r
=1+ n>;#(4) AP ) G-1)+=G-)+G-)
> k(r—2);

and the last term tends to +o0o as k goes to +o0o. We thus have proved that m¢(F)(x) = 4oo for those
points x € X of the form z = rey, r > 2. O

4.15 Convex functions and Lusin properties

Very recently, in [7], D. Azagra and P. Hajtasz have found an interesting application of Corollary [4.33|
concerning the Lusin property for convex functions.

If L™ denotes Lebesgue’s measure on R™, we will say that a convex function f : R” — R has a
Lusin property of type CL . (R™) if for every € > 0 there exists a convex function g € C'(R™) such that
L' ({zeR": f(x) # g(x)}) < e. In [7] the following characterization of convex functions satisfying
this property is proved.

Theorem 4.74 (Azagra-Hajlasz). Let f : R — R be a convex function, and assume that f is not of
class C'. Then f is essentially coercive if and only if for every ¢ > 0 there exists a convex function

g:R" — Rofclass C* such that L ({z € R" : f(z) # g(x)}) < e
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Chapter 5

C'" extensions of convex functions on R"

5.1 Whitney’s Extension Theorem for C'"

The fundamental starting point for our extension results is the classical Whitney Extension Theorem for
C™, see [70].

Theorem 5.1 (Whitney’s Extension Theorem for C™). Let m be a positive integer, C' C R" be a closed
subset of R™ and { fa}‘ al<m afamily of real valued functions defined on C. Let us write

fa) = Y Iyt e

[B]<m—|al
forall x,y € C and every multi-index  with || < m. Then there exists a function F' : R™ — R of class
C™(R™) such that O“F = f,, on C for every |a| < m if and only if

| Ra(2,y)]

J— b m
o g = gmta] O wniformlyon .y € K (Wm)

for every compact subset K of C and all |a| < m.

Note that for every multi-index o = (a1, ..., ay) € (NU{0})" of R”, we denote |o| = a1+ - -+ap,
the order of «, and a! = «y!---a,!. Also, given a vector x = (x1,...,2,) € R™ we denote 2 =
z{? - - - x8. Finally, by 0*F we mean

olelf
(Ox1)21 -+ (D)’

The extension F' of Theorem [5.1] can be explicitly defined by means of the formula

F(x) = {f(x) fred (5.1.1)
T\ (Siagen 28— p)*) oxl@) ifz e RT\C, -

where each py, is a point of C' which minimizes the distance of C to the cube Q, {Qy }« are the Whitney
cubes of the complement of C' and {y }i is the Whitney partition of unity associated to {Qy}x. See
Propositions [2.2] and [2.3| for notation and terminology.

Equivalently Whitney’s Extension Theorem for C™ can be formulated in terms of families of poly-
nomials of degree up to m.

0F = a=(a1,...,0n).

Theorem 5.2. Let C be a closed subset of R, and m € N. If {szn}yec is a family of polynomials
of degree less than or equal to m, a necessary and sufficient condition on the family {Pén}yec for the
existence of a function I : R™ — R of class C™(R") with J;' F = P, is that

611%1+ pm(K,6) = 0 for each compact subset K of C, (Wwm™)
ﬁ
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where

|DIP,(z) — DIP.(2)||
ly — z|m=3 '

pm(K,é):sup{ j:O,...,m,y,zEK,O<|y—z§5}.

Here J;' I, denotes the Taylor polynomial of order m of F at y. Also, for every j € {0,...,m} and
every y, z € A we denote

ID7By(2) = sup  |DVPy(2)(ui, ..., u5)l,

UL,..,uj € SP1

where S” ! is the unit sphere of R™. Let us briefly explain why Theorems and|5.2|are equivalent. If
we are given a family of functions { fa}‘ a|<m defined on a closed subset C' of R", then we can define for
eachy € C a polynomial P of degree less than equal to m by setting

P (x) = Z fﬁﬁ('y) (z—y)’, xecR™
1Bl<m

We then have that 0% P)"(z) = fq(x) for every z € C. Conversely if we are provided with a family
of polynomials {P;”}yec of degree less than or equal to m, then we can define, for each multi-index o
with |a| < m, the function f, on C via fo(z) = 0P} (x) for every x € C; and we have the identity.

orpm
P?@%:E:g}w@—yﬁzzz:ﬁﬁn@—w@xeRﬂyeC

|8]<m |8]<m

Therefore if we are given either a family of functions { fa}|a‘§m on C or a family of polynomials
{ P, }yec of degree up to m, with the above remarks we have that

o) = 3 ) J ‘”gfy) (z— )| = |0°PI(z) — 0° P (2)]

for every multi-index o with || < m and every x,y € C. This clearly shows the equivalence between
both (W™) conditions of Theorems|[5.1]and[5.2}

Furthermore, we can give an equivalent version of the Whitney’s Extension Theorem in terms of
symmetric k-linear forms. Given an integer £ > 0, by a symmetric k-linear form A on R”, we un-
derstand a mapping A : (R™)* — R such that A is linear on each coordinate and A(vy,...,v;) =
A(Vg(1)s - - - s Vo)) for every permutation o : {1,...,k} — {1,...,k} and all vy, ..., v € R™. In the
trivial case k = 0, by a k-linear form we merely understand a real number. The vector space of all the
symmetric k-linear forms on R™ will be denoted by £*(R", R).

Theorem 5.3. Let C be a closed subset of R, and m € N. Assume that we are given a family of
functions {Ap}iY,, where Ay, : C — LE(R™, R) for every k = 0,...,m. Then, a necessary and
sufficient condition on the family { A}, for the existence of a function F' : R™ — R of class C™(R")
with DEF = Ay, on C is that for every compact subset K of C

HAk<z> Sy AL ) — )
lim

ly—z|—0*t |y — Z‘m_k

= 0 uniformly on y, z € K, (Wwm)

where we denote | L|| = sup,, ., csn—1 |L(v1, ..., vg)| for every L € L¥(R",R).
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If we are given a family of polynomials {P?;“}yec of degree up to m, then we can construct a family
{Ag}m,, Ar : C — L¥(R™,R), by setting Ay (y) = Dkum (y) and Taylor’s theorem gives us

??‘

|-

m—Fk

1
o

m—
Dk+ﬁp
=0 =0

AkJrf Z‘ - y)€7 € Rn? S C

Conversely, if we have a family {A;}7, where each Ay, is a £¥(R", R)-valued function defined on C,
then we can define for every y € C' a polynomial P of degree less than or equal to m via the formula

=3

=0

)Z, r e R",

E’\\r—*

and it is clear that Dkum(y) = Aj(y) forevery k = 0,...,mand every y € C. In view of this remarks,
it is clear that Theorems[5.2] and [5.3] are equivalent.

From now on, by a m-jet on a closed subset C' of R™ we will understand either a family of real-
valued functions {fa }jq|<m defined on C' satisfying condition (W) of Theorem [S.1} or a family of
polynomials { P} },cc of degree less than or equal to m satisfying condition (W™) of Theorem
or a family {A}}" ; of functions defined on C' such that each Ay, is LF(R™, R)-valued and satisfies
condition (W™) of Theorem [5.3]

52 The(C™

rony €Xtension problem for jets

It is natural to wonder what further conditions (if any) on a m-jet { fo }|a|<m, ™ > 2, defined on a closed
subset C' would be necessary and sufficient to ensure that the extension F' of Theorem [5.1] can be taken
to be convex. This is a problem that we were able to solve for the C' class on Hilbert or superreflexive
spaces in Chapters|[2{and [3|and for the C"! class on R™ in Chapter As in those cases, we cannot expect
that a construction similar to Whitney’s provides a solution because partitions of unity destroy the
possible convexity of our jet on C. Here, by convexity of a jet we understand that the jet can be extended
to a C™ function f on R” whose second derivative D?F" is semidefinite positive at every point of C. Of
course, if C' is convex, this implies that f is convex on C.

Unlike the C! and C1% cases, if the domain C is not assumed to be convex, the problem seems to
have a much more complicated solution. For instance, if our domain C is finite, a natural approach to
construct a C"™ convex extension of a m-jet which has a semidefinite positive Hessian on C, would be
to imitate some of the ideas of the proof Theorem for the C'! class. That is, if we are able to find a
C™(RR™) (not necessarily convex) function g which extends our jet from C' and lies above the minimal

convex extension
m(z) = max {fo(y) + ) faly) (@ - y)"‘},

lal=1

then we consider f = conv(g), that is, the convex envelope of g (see (2.1.5])). We saw in Theorems
and that the convex envelope of a differentiable function is of class C'*! whenever the derivative
of the function is uniformly continuous or of class C'* whenever the function is coercive. Unfortunately
these results concerning the differentiabilty of convex envelopes are optimal and, no matter what order
of smoothness the function f could have, the best possible class of differentiability we can obtain with
this tool is C'* or C+1. To see this, let us consider the following example.

Example 54. Let C = {—1,1} and define fo(z) = fi(x) = 0 and fo(x) = 1 for every z € C.
The function g(z) = %(mz —1)2, 2 € R, is a C™ extension of the jet (fo, f1, f2) from C and ¢
lies above the function identically zero, the minimal convex extension of the jet. However, the convex
envelope f = conv(g) of g is the function f(z) = %(z* — 1)® whenever |z| > 1 and f = 0 on

[—1, 1]; which is of class C1! but it is not of class C2. In fact, there is no convex function F' of class
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C?(R) such that F' = fy, F' = f; and F” = f5 on C. Indeed, any convex extension F of class
C?(R) of the 2-jet (fo, f1, f2) is necessarily equal to 0 on the interval [—1, 1] because I’ must satisfy
0=F'(-1) < F'(t) < F'(1) = 0 for every t € [—1, 1]. Therefore F/(—1) = F(1) = 0 and F" does
not extend f5.

In view of the existence of this kind of examples even in the one dimensional case and for finite
domains, we will restrict our attention to the problem when the domain is closed and convex. On the
other hand, if C' is not assumed to be compact, we need to deal with the problem that our m-jet may have
corners at infinity (see Definition [4.34) because these geometrical phenomena persist no matter what
order of differentiability our jet could have, as we saw in Example [d.35] For this reason, it is reasonable
not to study the problem for unbounded closed domains until we have a full solution to the problem when
our domain is compact, as we did in Chapterfor the class C.

Therefore, at least in a first approach to the problem, it seems reasonable to assume that C'is convex
and compact, which we will do in the rest of this chapter, and ask ourselves if our extension problem can
always be solved in this relatively simple case.

The problem of extending convex functions f which are the restriction of a C"™ (not necessarily
convex function) to a convex function of class C" was considered by M. Ghomi [44] and M. Yan [72]].
A consequence of their results is that, under the assumption that f has a strictly positive Hessian on the
boundary OC, there always exists a function F' € C™(R™) such that F' is convex and F' = f on C.
See also [43],45] [21] for related problems. Observe that for a nonconvex domain C, Example above
shows that the requirement that our jet has strictly positive hessian on C' (meaning that the jet admits a
C™ extension with positive definite second derivative at every point of C) does not ensure the existence
of C™ convex extensions. The situation does not improve if C' is convex but unbounded. Indeed, a
modification of [59, Example 4], which will be presented in Section @] below, shows that there exist
strongly convex functions f which have smooth convex extensions to small open neighborhoods of C,
but no convex extensions to R™. Therefore the results by M. Ghomi [44] and M. Yan [72] for functions
with strictly positive Hessian on the boundary of the domain are no longer true if the domain is not
assumed to be a convex compactum.

Of course, strict positiveness of the Hessian is a very strong condition which is far from being nec-
essary, and it would be desirable to get rid of this requirement altogether, if possible. However, some
other assumptions must be made in its place, at least when m > 3, as already in one dimension there are
examples of C* convex functions ¢ defined on compact intervals I which cannot be extended to C3(.J)
convex functions for any open interval J containing /. To see this, let us consider a couple of examples.

Example 5.5. We claim the following.

(1) The function g(z) = 22 — 23 defined for 2 € I := [0, 3] satisfies Whitney’s condition (™)
for every m € N and ¢” > 0 on I but there is no C® convex extensions of g to any open interval

containing /.
(2) The above example generalizes to arbitrary dimension n by considering for instance
flr, .. xp) =22+ a2 — a3 (x1,...,1,) € B(0,1/3). (5.2.1)

The function f has semidefinite positive Hessian at every point of the ball B(0, 1/3) and satisfies
Whitney conditions (W™) of every order on B(0, 1), but there is no C* convex extension of f to
any open neighbourhood of B(0,1/3).

Proof. The function g of (1) admits a C* extension to all of R and then g satisfies Whitney’s conditions
of every order. Also, we have that g”(x) = 2 — 6z for every x € I and g"” = —6 on I. This shows that
g" > 0on I and any convex C? extension h : J — R of g to an open interval .J containing I must satisfy
that 4" < 0 on a neighbourhood of the point z = 1/3. Since h”(1/3) = ¢”(1/3) = 0, we obtain, by
virtue of the Mean Value Theorem, that

W'(z) = " (23)(x — 3), forsome =z, € (1/3,z), andall z>1/3, z€J
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In view of the above remarks about h, the values h"’(z,) are negative if z is close enough to 1/3. This
implies that A” < 0 on some open interval contained in .J, which contradicts the convexity of hon J. []

In particular these examples show that the condition D?f > 0 on C' is not sufficient to ensure the
existence of a convex function ' € C™(R™) such that ' = f on C for any m > 3. Therefore, we
should look for new conditions on the derivatives of f on C' (beyond D?f > 0 on C) that are necessary
and sufficient to guarantee that f has a C"™ convex extension £’ to all of R".

5.3 New conditions for the C"" convex extension problem

Let us introduce new conditions for the C"* convex extension problem for m-jets.

Definition 5.6 ((CTW™) condition for m-jets). Let m € N, m > 2 and C a compact subset of R".
We will say that a family of polynomials { P} },cc of degree up to m satisfies the condition (CW™)
provided that

tm—2
lim inf
t0+ tm—2

(PP oot g PR W™ ) 20 (cw)

(m —2)

uniformly ony € C,w,v € S*L. This of course means that for every ¢ > 0 there exists t. > 0 such that
tm—Q

D2P"(y)(v®) + t D* P (y)(w,v?) + -+ + e

DB () (@™, o) > et

forally € C,v,w € SP=l 0 <t <t..
We will also say that { P, } yec satisfies (CW™) with a strict inequality if there are some n > 0 and
to > 0 such that

tmfZ

DQPZ;”(y)(vQ) +1 D3P;”(y)(w,v2) +-+ (m =2

DB (y)(w™ 2 v%) = pt™

forally € C, v,w eS* 1 0<t<ty.

Observe that for m = 2, the above condition (CW?) merely says that DQPy2 (y)(v?) > 0 for every
y € C and every v € S" 1.

Definition 5.7 ((CW™) condition for functions). We will say that a function F' : R" — R of class C™
satisfies condition (CW™) on a compact subset C' provided

tm72

1
lim inf P (DQF(y)(UQ) 4ot

t—0t

D W) ) 20w

uniformly ony € C,w,v € S*~1
We will also say that F satisfies (CW™) with a strict inequality on C' if there are some n > 0 and
to > 0 such that

tm—?

D?F(y)(v*) +t D°F(y)(w,v®) + - + mDmF(y)(wm”wQ) >t

forally € C,v,w € S" 1,0 <t<tg.

Since for a function F" of class C™(R™) and a subset C of R", the family of polynomials {.J;" F'},ec
(where each .J;" ' denotes the Taylor polynomial of I’ of order mn at the point y) satisfies that D™ (.J;" F') (y) =
D™F(y) for every y € C; the condition (CW™) on C for F' given in Definition is equivalent to
condition (C'W™) on C for the family {J;"F'},cc given in Definition An equivalent definition of
condition (CW™) for k-linear forms instead of polynomials or functions is the following.
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Definition 5.8 ((C'W™) condition for linears forms). Given a family of functions { Ay}, defined on a
compact subset C such that each Ay, is L¥(R™,R)-valued, we will say that { A }7"_, satisfies condition
(CW™) on C provided that

tm—?

(m —2)!

lim inf
t—0+

- (A4 Al %)) 20 (W)

uniformly ony € C,w,v € S*~!
We will also say that { Ay} satisfies (CW™) with a strict inequality on C' if there are some 1 > 0
and tg > 0 such that

As(y)(v*) + t As(y)(w,v*) + - + mAm(y)(wm_27 v?) > ™2

forally € C, v,w eS* 1 0<t<t.

Note that, for m = 2, the condition (CW"™) above merely says that A>(y) is semidefinite positive
for every y € C.

Let us now prove that condition (CW™) is a necessary condition on a family of polynomials { P} },ec
of degree up to m for the existence of a convex function F of class C" with J;"F' = P forevery y € C.
In view of the comment subsequent to Definition , this is equivalent to proving that any convex C"
function F satisfies condition (C'W™) (in the sense of Definition on every compact convex subset
of R".

Lemma 5.9. Let F' : R™ — R be a function of class C™, m > 2, such that F' is convex on a neigbour-
hood of a convex compact subset C. Then F satisfies condition (CW™) on C.

Proof. Let U be a convex open subset of R™ with C' C U and such that F' is convex on U. By continuity
of F, we further have that F is convex on the closure U on U. Since F is of class C™, we must have
D?F(z)(v?) > 0forevery z € U, v € S* 1. By the compactness of C, there are points z1, . ..,zy € C
and positive numbers 71, . .., 7y such that

UE 2j,75)

zj,27'] U, (5.3.1)

||C2

where each B(zj, ;) is the closed ball centered at z; and radius ;. Let us consider 0 < ¢ < min{r;
j=1,...,N}. Ify € Cand w € S"!, then y belongs to some ball B(z;,r;) by virtue of (3.3.1), and
hence y + tw € B(r;,2r;) C U. This implies that D*F(y + tw)(v?) > 0 for every v € S"~!. Making
use of Taylor’s Theorem for the second derivative D?F of F at the point 3, we obtain that

0 < D?F(y + tw)(v?)

= D*F(y)(v*) + ¢ D°F(y) (w,v*) 4 -+ + - D™ F(y) (w2, 0%) + R (8,9, v, w),

where, by compactness of C,

lim Rm (t7 Y,v, U})

L ) =0 uniformlyony € C,w,v € S"71.
t—0

We have thus shown that
75m—2
(m —2)!

t—0t

- 1 ” .
lim inf 2 <D2F(y)(112) 4ot D™F (y)(w 2,1)2)> >0

uniformly on y € C,w,v € S"~1, that is, F satisfies condition (CWW™) on C. O
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The relation between the conditions (CW™) and (CW™"1) is given in the following remark.

Remark 5.10. Let C be a compact subset of R"™. Assume that {PJ"‘H}yEc satisfies (W™ and
CW™Y) on C for some m > 2. Then {P™},cc satisfies (CW™) on C too, where each P™ is
( y Jye Y
obtained from P;”‘H by discarding its (m + 1)-homogeneous terms.

Proof. Since the family of polynomials { P)"*'}, < satisfies condition (CW™*!) on C, given & > 0,
we can find a positive ¢, > 0 such that

QP t,v,w)
_ DERH(y)(v?) + IDPPP T () (w,0?) + - gy DB () (0 0?)

(m—1)! > _&
gm—1 -2

forevery 0 <t <t., y € C, v,w € R" with |v| = |w| = 1. On the other hand, Whitney’s condition
(W™mH1) for the family { P;"*'},cc tells us that there exists 7 > 0 such that

||Dm+1P:1+1(Z) _ D’”“P;”“(Z)H <1 whenever |y—z|<r y,zeC.

Thus, because C' is compact, sup,¢¢ || D™ P/ *1(2)]| is finite and then we can choose ¢, so that

3

0<t < .
7 2(1 4 sup.eo [ DMHLPETH(2)]))

Since we have
m+1 1

Pg;n+1($) = Z EDkuTn+1(y)(x_y)k7 S Rn7 RS C7
k=0

each polynomial P* can be written as

m
|
Plw) =) D' P ()@ —y)t, weR", yeC
k=0

and then DkP;”(y) = DkP;”H(y) for every K = 0,...,m and every y € C. Using the preceding
observations it follows that for every 0 < ¢t < t., y € C, v,w € R" with |[v| = |w| =1,

tm—2

D2PJ(y)(v2) + tD3 B (y) (w,0?) + -+ (o D™ P () (w2, o)

Q(Pg:natﬂ%w) - = $m—2

tm72

| D2P()(0?) + tDPPP () (w, 02) + - (e DP () (w2, 02)

tmf2

t
DR () (w2, 0?)

(m—1)

3 3 3
> ——t—tsup |[D"TIPT ()| > 2t — —t = —et > —c.
2 leo 2 2

= tQ(PymH,t,v,w) -

Therefore the family of polynomials { P} },cc satisfies condition (CW™) on C. O

We are now going to make some observations on the formulation of the condition (CTW™) when the
convex compact set C' has nonempty interior.

Remark 5.11. If C' C R" is compact and convex with nonempty interior and we have a function f : C —
R, then, because the interior of C'is dense on C, the derivatives D7 F of any extension F' € C™(R") of f
are uniquely determined by the values of f on C'. Thus, if there exists a family {P;"}ygc of polynomials
of degree up to m with P;"(y) = f(y) for every y € C and satisfying Whitney’s condition (W™ ) on C,
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this family is unique. Therefore, in the case that C' has nonempty interior, the condition (CW™) on C'
for may be reformulated as follows

tm_2

lim inf 1_2 (DQf(y)(UQ) +- 4

t—0t+ t™

Dm m—2 , 2 >0 cwm
g D)) > (cwn)
uniformly on y € C,w,v € S"~!, understanding that D7 f denotes the derivative of order j at 3 of any
C™ extension of f to R™.

In view of the above remark, one might then think that for our convex extension problem, by consid-
ering the relative interior of the convex compact set C, there would be no loss of generality in assuming
that C' has nonempty interior (and therefore considering that (C'W™) holds only for v, w in the linear
span of the directions y — 3’ with ¢,y € C). However, since we are looking for convex analogues
of the classical Whitney’s extension theorem (which deals with prescribing differential data as well as
extending functions) such an approach would make us lose some valuable insight about the question as
to what extent one can prescribe values and derivatives of convex functions on a given compact convex
set with empty interior. Indeed, for a convex compact set C' with empty interior and a convex function
f : C — R, there are infinitely many convex functions F' : C' — R with very different derivatives on C
and such that F' = f on C. Let us look, for instance, at the extreme situation in which C' is a singleton,
say C' = {0}. One of our results in this chapter (see Theorem below) implies that, for any m > 2
and any polynomial P of degree up to m such that

. D2P(0)(0?) + - + gy D P(0) (w2, 0?)
lim inf >0
t—0+t tm—2

uniformly on v, w € S"~!, there exists a convex function F of class C™ such that the Taylor polynomial
of F' of order m at 0 is P. Consequently, there are many degrees of freedom in prescribing derivatives of
convex functions of class C"™ at a given point.

On the other hand, if C' is a convex compact set with nonempty interior (what is usually called a
convex body) and f : C' — R is a convex function which has a (not necessarily convex) C"* extension to
an open neighbourhood of C, then it is clear that f automatically satisfies D2 f(x) > 0 on the interior of
C, that is f satisfies (CWW?) on the interior of C. Conversely, if f satisfies (C'W2) on the interior of C
then it immediately follows, using Taylor’s theorem, that D2 f(x) is positive semidefinite for all z in the
open convex set int(C'), hence f is convex on int(C'), and by continuity we infer that f is also convex on

C.

Remark 5.12. The above observation together with Remark show that if C' is a convex compact
subset of R" with nonempty interior, m € N,m > 2, and { P, } ;¢ is a family of polynomials of degree
up to m, then a necessary condition for the existence of a convex function F' of class C™(R"™) with
J'F = P forevery y € C'is that

1. {P"},cc satisfies (W) on C and (CW™) on dC and D? P, (y)(v?) > 0 for every y € int(C)
and every v € S"~!; or equivalently:

2. {P}"}yec satisfies (W™) on C and (CW™) on 9C' and the function C' 3 y — P (y) is convex.

Remark 5.13. One might wonder whether the conditions (CW™) could be deduced from the condition

D?f > 0on C, at least in the case that C' has nonempty interior. The answer is negative: the function f
defined in (5.2.1) satisfies D?f > 0 on the ball C = B(0,1/3) but f does not satisfy condition (CTW3).

Proof. The function f is defined on C' = B(0,1/3) by f(z) = 22 + 23 + --- + 22 — x3. The second
derivative of f is

n n

82 * * * * * *

D?f(z) = Z @(m)ei ®e =(2—6x1)e] ®e] + 22%’ ® e;,
i=1 i =2
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where each e} denotes the linear function (1, ..., xy) — x;. We have, forevery v = (v1,...,v,) € R"
with |v| = 1, that

D?f(z)(v?) = (2 — 621)v? + f:%? >0 forevery xze€C.
=2
The third derivative of f is given by the expression
D3f(z) = —6¢f @ef @ e},
and then, for every v = (v1,...,v,), w = (wy,...,w,) € R" with |v| = |w| =1,
D3 f(x)(w,v?) = —6viwy, x€C.
We thus have, forevery ¢t > 0,y = (y1,...,yn) € 0C,v,w € R™ with |v| = |w| = 1, that
D2f(y)(v*) +tD°f(y)(w,v®) _ (2= 6y1)vf + 31y 207 — 6tvfw

t t

If we take y = %61 and v = w = ey, the above expression is equal to —6 for every ¢ > 0. In particular,
f does not satisfy condition (CTW3) on 9C. O

5.4 ("™ extensions from compact convex subsets

The best we have been able to obtain for general compact convex subsets if the following.

Theorem 5.14. Let C be a compact convex subset of R". Let m € N with m > n + 3, and let
{ P, }yec be a family of polynomials of degree less than or equal to m. Assume that {P%”}yec satisfies
conditions (W™) and (CW™) on C. Then there exists a convex function F' € C™ "~ (R") such that
J;’”“”le = P;”*"*1 for every y € C, where each P;"fnfl denotes the polynomial obtained from P
by discarding its homogeneous terms of degree greater than m —n — 1.

On the other hand, if C has nonempty interior and { P} },cc satisfies conditions (W™) on C and
(CW™) on 9C, and the function C > y — Py (y) is convex, then there exists a C™=HR") convex
function F', with J;”_”_lF = Pym_”_lfor everyy € C.

The above result is probably not optimal, at least in the case when C has nonempty interior. If
C' has empty interior then conditions (C'W™) and (W) are not sufficient for a family { P;"},cc of
polynomials of degree less than or equal to m to have a C" convex extension to R™, as we will see in
Example [5.35]in Section [5.9] below. In fact, this example shows that one cannot expect to find smooth
convex extensions of jets satisfying (W™) and (CW™) on C' without losing at least two orders of
smoothness. However, it is conceivable that these conditions (CT/™) might be sufficient in the case
when C has nonempty interior. In Chapter[6] we will prove an optimal result for functions of class C*°.

Throughout the rest of this section we will give the proof of Theorem [5.14] Since the family
{ P, }yec satisfies Whitney’s condition (W™) on C, we may assume that there exists a function f :
R™ — R of class C™ such that J;" f = P;" for every y € C and f satisfies condition (CW™) on C
in the sense of Definition Observe that, in view of Remark |5.10, we have that D? f(z)(v?) > 0 for
every z € C and every v € S™ 1. On the other hand, if C has nonempty interior and we assume that the
family { P} },ec satisfies condition (C'W™) only on OC and also that the function C' > y +— P;"*(y) is
convex, then the function f is convex on C, which implies that D? f(z)(v?) > 0 for every x € C and
every v € S"~! because C has nonempy interior. This indicates that with either of the two conditions of
Theorem [5.14] (for arbitrary compact convex sets or for compact convex bodies), the function f satisfies

f satisfies (CW™) on OC and D?*f(z)(v?) >0, ze€C,ve S (5.4.1)

Moreover, multiplying f by a suitable bump function we can also assume that f has support contained
on C' + B(0,2). We will split the proof into several subsections.
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5.4.1 Idea of the proof.

Let us give a rough sketch of the proof of Theorem [5.14] so as to guide the reader through the in-
evitable technicalities. This proof has two main parts. In the first part we will estimate the possible
lack of convexity of f outside C' by using conditions (CW™), Lemma In fact, we will construct
a nondecreasing continuous function w : R — [0, +00) such that w > 0, w™!(0) = (—o00,0], and
minj, =1 D?f(z)(v?) > —w(d(z,C))d(x,C)™ 2 for every 2 € R". In the second part of the proof
we will compensate the lack of convexity of f outside C with the construction of a C? function ¥ (R™)
such that ¢ > 0, ¢~1(0) = C, and min,_; D*¢(z)(v?) > 2w(d(z, C))d(x,C)™ * on R™. Then, by
setting F' := f + 1 we will conclude the proof of Theorem We will see that the highest order of
differentiability we can obtain for the function ¢ is m — n — 1. However, we will use a similar plan for
the proof of Theorem (and for the proof of Theorem of Chapter [6), and we will see that, in
these cases, we can obtain smoothness of order m — 1 for the corresponding function ).

There are many ways to construct such a function 4. For an arbitrary compact convex subset, the
essential point is to write C' as an intersection of a family of half-spaces, and then to make a weighted
sum, or an integral, of suitable convex functions composed with the linear forms that provide those
half-spaces. If the sequence of linear forms is appropiately distributed, in the weighted sum approach,
or if one uses a measure equivalent to the standard measure on S”~!, in the integral approach, then the
different functions v produced by these methods will have equivalent convexity properties. See [2] for an
instance of the weighted sum approach, and [45], Proposition 2.1] for the integral approach. Of course our
situation is more complicated than that of these references, as we need to find quantitative estimations of
the convexity of v outside C' which are good enough to outweigh our previous estimations of the lack of
convexity of f outside C. It turns out that, in the present C"" case, this goal can be achieved with either
method of construction of 7). Here we will follow the integral approach of Ghomi’s in [45) Proposition
2.1], as it will lead us to easier calculations.

5.4.2 The function w

Lemma 5.15. There exists a non decreasing continuous function w : [0, 4+00) — [0, 4+00) withw(0) = 0
such that
D?f(x)(v?) > —w(d(z,C))d(z,C)™ % forall zcR" veS"

Proof. Let us denote

tm72

D (y)(v?) + - + g D™ () (w2, v?)
tm—2

Qm(ta y,v,w) =
forallt > 0,y € 9C, v,w € S" ! and

em(t) = sup ID™f(z) — D™ £ ()]
{z€R", 2'€8C, |z—2'|<t}
By using condition (CW™) and uniform continuity of D™ f, given a positive integer p, there exists
rp > 0 such that

1
Qm(t,y,v,w) > 2 and &, (t) < (5.4.2)

1

P 2p

for every y € OC, v,w € S" ! and 0 < ¢ < r,. We may suppose that this sequence {r,},>1 is strictly

decreasing to 0. Since the derivatives of f up to order m are bounded on R™ we can find a constant
M > 1 such that

em(t) — Qm(t,y,v,w) <M forall yedC,v,weS" ' t>r. (5.4.3)

Now, given z € R\ C and v € S"~!, we denote by y € IC' the metric projection of = onto C, w =
(x —y)/|r — y| and t = d(z, C'). By Taylor’s theorem and the definition of (),,, and &,,,, we have

D?f(z)(v?) > t"2Qum(t, y, v,0) — t™ 2ep(t) = —t" 7 (en(t) — Qu(t,y,v,w)).
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We define w : [0, +00) — [0, 400) by setting
1
p—1
w affineoneach [rp11,7] p>1, w(t)=M t>r).

w(0) =0, w(ry) = p>2, w(r)=M,

Since the sequence {ry},>1 is strictly decreasing to 0, it is clear that w is a non decreasing continuous
function such that w(t) > % for every ¢t > 7,11 and every p > 2, and that w(t) > 1 for every t > ry.
Using inequalities (5.4.2) and (5.4.3)) we deduce that

D?f(z)(v?) > —Mt™ % for t>r

1
D2f(z)(v?) > —=t™"% for t<r, peEN
p

and by the properties of w we conclude
D?f(x)(v?) > —w(d(z,C))d(z,C)™" % forevery z€R"\C,veS

where the above inequality trivially extends to z € C thanks to (5.4.1). O

5.4.3 The function ¢

Using the function w defined in Lemma [5.15] we introduce two new functions

btz ftmenstomen—2 . i
g@%:{ Jo Jo? - Jo w(2 $)ds dbm—n—1---dty ift>0 (5.4.4)

0 ift <0,

Since w is continuous, the function g is of class C™ "~ 1(R) with g*)(0) = 0 for every 1 < k <
m —n — 1. In addition, g~*(0) = (—o0, 0] and ¢"(t) = &(¢) > 0 for all £ > 0. In particular, g is convex
on R and positive, with a strictly positive second derivative, on (0, +00).

Now, for every vector w € S"~! define h(w) = max,cc{z,w), the support function of C' (for
information about support functions of convex sets, see [57] for instance). Since C'is compact, it is clear
that the function A is Lipschitz on S*~! with Lipschitz constant equal to diam(C') and then, in particular,
h is continuous. We also define the function

¢: STIxR* — R
(w,z)  — o(w,z) = g({z,w) — h(w)).

For every w = (w1, ..., w,) € S*1, the function ¢(w, -) is of class C™~"~(R"™) because so is g, and
for every multi-index o = (a1, . .., oy, ) with |a] < m —n — 1, we have
(0%

() = gD () — hw)u,

Ox™
where |a| = a1 + -+ + @, and w* = W -+ - wS". In addition, we note that when = € C, we have
(z,w) < h(w) for every w € S"~1. Therefore, the properties of g and its derivatives imply that ¢(w, -)
is a function of class C™~"~!(R") whose derivatives of order less than or equal to m —n — 1 and ¢(w, -)
itself vanish on C for every w € S*~!. Moreover, the function ¢(w, -), being a composition of a convex
function with a non-decreasing convex function, is convex as well.
Finally, we define the function ¢ : R™ — R as follows:

o(z) = ¢(w,x) dw forevery x € R"™.
Sn—1

Here the integral is taken with respect to the (n — 1)-dimensional Hausdorff measure 74" ~! on the sphere
S™~!. For information about integration with respect to Hausdorff measures, see [35] for instance. In
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the case n = 1, recall that H"~ ! = H is the counting measure on S° = {—1,1} and then ¢ =
#(—1,-) + ¢(1,-). Anyhow, in Section below we will see that, in the one dimensional case, the
statement and the proof of Theorem|[5.14]can be very much improved and simplified and we will not need
to deal with these functions ¢ and ¢, see Proposition[5.25] By the properties of ¢, we see that ¢ = 0 on C
and ¢ is convex on R™. Because ¢(w, -) is of class C™ "~ 1(R"), the derivatives (w, x) ~ %(ﬁ(w, x)
are continuous for every multi-index o with |a| < m —n — 1, and S"~! is compact, it follows from
standard results on differentiation under the integral sign that the function ¢ is of class C"~"~1(R") as
well and that 0%p(z) = 0 for every x € C and every multi-index o with || < m — n — 1. In other
words, J™ "1y = ( for all z € C. The second derivative of ¢ is

D?p(x)(v?) = / J"({(z,w) — h(w)){w,v)? dw, zcR" ves L (5.4.5)
gn—1

5.4.4 Selection of angles and directions

For given # € R\ C and v € S"! we will now find a region W = W (z,v) of S"~! of sufficient
volume (depending only, and conveniently, on d(z,C)) on which we have good lower estimates for
g"({z,w) — h(w))(w, v)2. This will involve a careful selection of angles and directions.

Fix a point z € R™ \ C, let z¢ be the metric projection of x onto the compact convex C, and set

1

= m(fc —xc),

Ug

and
d(z,C)

d(z,C) + diam(C)

ay =
Lemma 5.16. With the above notation we have (z,uz) — h(uy) = d(z,C) and

d(z,C) > (z,w) — h(w) > =d(z,C)

DN =

—1 —_— - -
forallw € S"* such that w u, € [%’ 0‘7]
Here w u, denotes the length of the shortest geodesic (or angle) between w and 1, in S* 1.

Proof. Let us check that (x,u;) — h(uz) = d(x,C). Suppose that there exist z € C' and n € R with
(x — z,uy) < |x — xc| —n and denote z; = z¢ + t(z — z¢) for all t € R. We immediately see that
2, € C whenever t € [0, 1]. Also, if we define the function f(t) = |z — z|? for t € R it is obvious that
f € C*(R). Moreover, we can write

f(t) = (we —x + Uz = x0), 20 — &+ 1(z — 20)) = |z =z + 2{wc — 2,2 — wc) + |20 — =[*.
We see from this that f/(t) = 2t|z — 2¢|? + 2(zc — z, 2 — 2¢) and, in particular,

f10) =2(xc —z,2—xc) =2((xc — 2,2 — x) + (¢ — x,x — xC))
= 2zc — x| ((ug, z — z) + |zc — x|) < —2n|x — a:c|2 < 0.

Thus there exists € € (0, 1) such that
|z — 2| = f(t) < f(0) = |z —xc|* forall te (0,¢),

and this contradicts the fact that 2 ¢ is a point of C' which minimizes the distance of C' to the point z. For
Qr Qg

the second part, given w € S" ! with wu; € [%, %], let us denote 6 = W ug. Since C' is compact, we
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can find £ € C such that h(w) = (§, w). Using that (x,uy) — h(ug) = | — x¢| and |w — uy| < 6, we
have
(z,w) — h(w) = (z,w — uz) + |z — zc| + h(ug) — h(w)
> (r,w—ug) + |z — zo| + (£ up — w)
(x —&w—ug) + |z — 2]
— (diam(C) + |z — zc]) 6 + |z — 0]

v

> — (diam(C) + & — ac]) 5 + o — ac|

Yo — 2ol
= -\ — X .
9 C

The other inequality, d(z, C') > (x,w) — h(w) follows from

(x,w) — h(w) = (x,w) — igg(z,w) <(x—zc,w) <|z—zc|=d(z,C).

O]

The region W C S™~! that we need will be a hyperspherical cap on the sphere S"~!, that is, the
portion of the sphere between two paralell hyperplanes. An hyperspherical can be also seen as the set of
points w in the sphere S"~! such that w forms an angle between /3; and (3 with a given point wy € S* 1,
where 0 < 1 < B2 < 7. The following proposition gives us an explicit value for the Hausdorff measure
H"~! of hyperspherical caps on S* 1.

Proposition 5.17. Let 0 < 8 < 5 and wy € S"=1 where n > 2. The Hausdorff measure H"~! on the
sphere S"~! of the hyperspherical cap A = {w € S"~! : wwg € [0,5]}, is

B
HPL(A) = P2 (S 2) / sin™ (1),
0

where H" =2 denotes the (n — 2)-dimensional Hausdorff measure on the sphere S"~2 of R"~1.

Proof. If d > 2 is an integer, from [35] Chapter 3, pg. 250] we deduce that, for every %~ !-measurable
subset B of S¢1,

+oo +o0o 1

£l = / rd_l/ e (ru) dHA (u)dr = / =Ly / yi(w) dH L (w) = L1a1(B),
0 §d—1 0 Sd—1 d

(5.4.6)

where B* = {tu : t € [0,1], u € B}, xp and xp~ denote the characteristic functions of B and B*

respectively and £ denotes the Lebesgue measure on R%. If we set B = S?~!, then B* is the closed
unit ball B4(0,1) of R? and (5.4.6) gives H1(S¥!) = dL(B4(0,1)). We consider the standard

hyperspherical coordinates on R?. That is, we set Uy = (0, +00) X Qq4_1, where Qq_1 = (0,7)472 x
(—m,m) and ¥y = (UL, ..., ¥9) : Uy — R, where
\Ilgl(r, ¢) = rcosoy
\Ilfl(r, ¢) = rsingcosp
: (54.7)
\Ilg_l (r,¢) = rsingysingg---singg_o cos dq_1
Ud(r,¢) = rsingsings---singg_osingg_1,

for every (r,¢) = (r,¢1,...,¢04-1) € Uy. The image of Uy is ¥4(Uy) = R\ {z = (x1,...,24) €
Re : 24 =0, zq_1 <0}and ¥y : Uy — W(Uy) is a dipheomorphism of class C> with jacobian Jy,
equal to

d—2
Ju, (r,0) =T T 1(6),  Ji_q(p) = H sin?™1 (¢;), forevery (r,¢) € Uy (5.4.8)
j=1
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Since the set {x = (x1,...,24) € R? : 24 =0, 24_1 < 0} has £¢ measure equal to zero, we can write
d L 1
L) = [ roldds = [ et [ @ae = [ g,
\I/; (Bd([),l)) 0 d—1 d—1

where the last integral is taken with respect to the Lebesgue measure £¢~! on the cube Q4_;. We thus
have

HIZHSTY) = dLd(By(0,1) = / Ji_(@)de, forevery d>2. (5.4.9)

Qd—1

Now we use (5.4.6) for d = n, B equal to our hyperspherical cap A and B* = A* = {tw : t € [0, 1], w €
A} to obtain H"1(A) = nL"(A*). Since the Lebesgue measure is invariant under isometries, we may
and do assume that A* = {tw : t € [0,1], wey € [0,0]}, where e; = (1,0,0,...). Bearing in
mind the parametrization of (5.4.7), observe that a point (r, ¢) of U,, belongs to ¥, 1(A*) if and only if
(1,2, -, dn_1) € [0,1] X Qq_2 and ¢ € [0, B3]. Then (5.4.8) gives

H* N (A) =nLM(A") =n / | Jw,, (r,¢)|drdp =n / r" LG (9)drd
U, l(A%) Yt (A7)

=n / LTS (B, .. dg—1) sin(py)" " 2drde
v

n (A%

1 B
:/ nr”_ldr/ sin”—2(¢1)d¢1/J;2(¢2,...,¢>d_1)d¢2...d¢n_1
0 0

Qa—2
B B
_ / sin™ (1)t / Tiy = (S 2) / sin™ (1),
0 d—2 0
where the last equation follows from (5.4.9). This proves the assertion. O

Finally we construct the desired region W. See Figure below for a picture on R?.

Lemma 5.18. Given any v € S"~1 with (uy,v) > 0, there exists a vector wy = wo(z,v) € S*~! such
that if we define

W =Wy, = {wESnfl Cwwg € [O,%]},

then:

(1) Foreveryw € W, we have uz w € [%,

w2

(2) Foreveryw € W, we have (w,v) > sin(%).
(3) HY(W) > V(n)a2 L, where V(n) > 0 is a constant depending only on the dimension n.

Proof. We prove (1) and (2) at the same time by studying two cases separately.

Case 1. u, # v. Take an wy in the unit circle of the plane spanned by the vectors u, and v, in such a
way that Wo Uy = %, and that the arc in that circle joining u, with wg has the same orientation as the
arc joining u, withv. Set W = {w € S : wwy € [0, %]} andletw € W.

First, recalling that the angles shorter than 7 give the usual distance between points of S”~!, we may use
the triangle inequality to estimate

/\</\+/\<5aw+am [
Uy W Uy W, wo w —_— _— = —
T =Te TOT 0T =9 T 12 T 2
and

— e _ by 0y Oy
Uy W > Uy W — Wo W

=712 12 37
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that is Uz w € [%E, %] . It only remains to see that (w,v) > sin(ay/3) for all w € W. First, it is clear

)
that 0wy < § — 2. Now, for an arbitrary w € W, we have

/\<A+/\<7T 5ax+ozx ™
vw UV W, wo w —_— — = —
=0T =9 T T2 T 9

Therefore (v, w) = cos(Vw) > cos(% — %) = sin %. 5
Qg

Case 2. u, = v. Take wy in the sphere S™~1 such that wo uy = 5 If we define

— Q
W:{wegnfl D wwg € [O,—x]},
12
following the same estimations as in Case 1 we obtain Uy W € [%, a—;] for every w € W. And we
conclude that (w, v) = (w, uz) > sin %.
Let us now prove (3). Note that for those angles 3 such that 0 < 3 < 9% < % itis clear that sin 3 > %6.

Thanks to Proposition [5.17) we obtain

ag/12 g /12
HYTHW) = (") / sin”2(8)df = H" 2 (S"?) / (38)" " dp
0 0
n—1lqagmn—2/Qn—2 n—1lgyn—2/Qn—2
_ oy :H (S 2 _ oy H'EES D) ymant,
(12)7~Y(n—1)27=2 ~ 12(n — 1)(24)"2
where ) )
_ HTE(S)
Vi) = 0 =1
for every n > 2. This proves (3). -

Uy
Wy
W
al‘
L D)
|/ A— )
Ic

Figure 5.1: The spherical cap W = W (z, v) of Lemma in two dimensions.

5.4.5 A convex extension on a neighbourhood of the domain

Let us denote
V(n)

36 - 22+3+-+(m—n=2)(1 + diam(C))"+1’

k(n,m,C) =

where V' (n) is the constant of Lemma|5.18
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Lemma 5.19. Consider the function H = [ + ng defined on R™. Then, for every x € R" such
that d(x,C) < 1, and for every v € S*~!, we have

D?H(z)(v?) >0

with strict inequality whenever 0 < d(z,C) < 1. Also, the function H is of class C™ "~ Y(R™) with
H=fonCand JJ* " 'H = P;*""! forall y € C.

Proof. If x € C there is nothing to prove because ¢ is convex on R and D? f (x) > 0 for every v € S*~!
by (5.4.1). We now claim that

D?p(z)(v?) >0 forevery x€R™\C, veS" L (5.4.10)

Indeed, if z € R™\ C and v € S"~! is a direction then Lemma provides an open subset U, of S"~*
such that (x,w) — h(w) > 0 for every w € U,. Obviously, there is an open subset V,, of U, for which
(v,w) # 0 for every w € U,. It follows by the properties of the function g and equation (5.4.5)) that

D)) 2 [ ¢ (z.0) ~ hw)) {o.0)dw > 0
which proves our Claim. Once we have checked this, suppose that z € R™ \ C with d(z,C) < 1 and
denote
t:=d(x,C).

Fix also a direction v € S*~ 1. Since D?H (z)(v?) = D?H (x)((—v)?), we may suppose that (v, 1) >
0, where u, = (x —x¢)/|xr — x¢| and z¢ is the metric projection of = onto C'. Let us consider the angle
a = o, and the subset W = W, ,, of S*"! as in Lemmas and respectively. By Lemma
(2) we know that (v, w) > sin (§) whenever w € W. It then follows from the identity that

D2p(x)(v%) > / g ((x,w) — h(w))sin? (5 ) dw.
w 3
Since t < 1, the angle « satisfies
o ¢ N t
~ t+diam(C) T 1+ diam(C)’

For any w € W, Lemma (1) gives that i, w € [§,$] and; on the other hand, Lemma says
that, in this case,

< (z,w) —h(w) <t
Because ¢” is non decreasing, we have that
t
g ({x,w) — h(w)) > ¢" <2> forall we W.
These estimations lead us to
2 2 n—1 () 2(Q
D2p(x)(?) > M (W)g <2> sin? (2).

Note that Lemma (3) also shows that there exists a positive constant V'(n) only depending on n
such that H"~*(W) > V(n)a""'. Because a < 1, we must have sin” ($) > g—é and then the Hessian
of ( at x on the direction v satisfies

D2p(z)(v?) > Vg(g) <1 +digm(0)>n+l g <;> : (5.4.11)
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We next give a lower bound for g’ (¢/2). By the construction of g we have

t/2 to tm—n—3
"(t/2) = / / : / wW(2™28)ds dtpy—p_3 - - - dio,
o Jo 0

where, in the special case m = n + 3, the above expression means ¢”(¢/2) = w(t). Using that w is
nonnegative and nondecreasing we may estimate:

t/2 to tm—n—3
g"(t/2) > / / e / w(2™"28)ds dtyy—p_3 - - - dio
0 0
t/4 to tm—n—4a
> 1 / / _ / w(2m_”_2s)d8 Atm—n—a - - - dtg

" t/g to tm—n—5

273 / / / (22 s)ds dbyy 5 - dy
. fm—n— 3

~ 4 § 2m*n—3 2m7n72 w(t) = 92+3+-+(m—n-2) " wit)

By plugging this estimation in (5.4.1T)), we obtain that
D2p(z)(v?) > k(n,m, C)t™2w(t) > 0.
On the other hand, Lemma [5.13]implies that
D2f( )(v?) > —w(t)t™ 2,
Therefore, the function H = f + 525 ¢ satisfies D?H (x)(v?) > 0 on the neighbourhood {z € R™ :

d(z,C) < 1} of C, with strict mequahty whenever 0 < d(x,C) < 1. Finally, since ¢ € C™ "~ 1(R")
with J;""""1p = 0 for every y € C, we also have that the function H is of class C"~"~1(R") with
H=fonCandJ) " 'H=Jy " f=Pr " forally e C. O

5.4.6 Conclusion of the proof: convexity of the extension on R".

To complete the proof of Theorem [5.14] we only have to change the funcion H of Lemma [5.19]slightly.

Lemma 5.20. There exists a number a > 0 such that the function F := f + ap is of class C™ "~ 1(R"),
concides with f on C, satisfies J;”*”*IF = Pym*"*1 for every y € C, is convex on R", and has a
strictly positive Hessian on R™ \ C.

Proof. Letus denote ¢ = Ww, where k(n, m,C) is that of Subsection We recall that f = 0
outside C' + B(0,2). Since C; := {x € R" : 1 < d(z,C) < 2} is a compact subset where 1) has a
strictly positive Hessian (see inequality (5.4.10)), and using again that f has compact support, we can
find M > 1 such that

1
sup  |D*f(z)(v*)| <M and inf  D%*(z)(v?) > —. (5.4.12)
z€R", peSn—1 zeCq, veSn—1! M

Let us take A = 2M? and F = f + At. If d(z, C) < 1 (this includes the situation z € C) and v € S*~!
we have, by Lemma[5.19] that

D?*F(x)(v?) = 2M*D*(z)(v®) + D* f(z)(v*) > D*(x)(v®) + D* f(z)(v?) > 0.
In the case when d(z, C) € [1, 2], given any |v| = 1, the inequalities of (5.4.12) lead us to
D?F(z)(v?) = 2M%D*(z)(v?) + D? f(x)(v?) > 2M — M = M > 0.
Finally, in the region {x € R" : d(z,C) > 2}, we have that f = 0. Hence
D?F(z)(v?) = 2M%D?*(z)(v?) > 0

thanks to (5.4.10). Therefore, by setting a = 2A4/k(n,m,C), we get that F' = f + Ay = f + apis of
class C™ "~ 1(R"), satisfies F(y) = f(y) and J;" " 1F = Jn=""1f = P~ for every y € C,
and D?F(x) > 0 on R™ with strict inequality on R™ \ C. In particular, F' is convex on R". O
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5.5 Assuming a strict inequality on the boundary

We are going to show that, in the special case when condition (C'TW*) is satisfied with a strict inequality
for some k, the problem becomes much easier to solve, because in this situation f must be convex on a
neighbourhood of C, and then we may use the following proposition.

Proposition 5.21. Let m € N. If C' C R" is compact, and if there exists an open convex neighbourhood
U of C such that f : U — R is C™ and convex, then there exists a convex function ' € C™(R"™) such
that F = f on C.

Proof. Because f is of class C™(U) and U is an open neighbourhood of C, the derivatives of f up to
order m satisfy Whitney condition (/) on the closure of an intermediate open convex neighbourhood
V of C, thatis, C C V C V C U. Thus Whitney’s Extension Theorem provides an extension of
class C"(R™), which we keep denoting by f, and f is convex on this open neighbourhood V' of C.
Furthermore, by compactness of JC, it is clear that we can find points z1,...,zxy € 9OC and positive
numbers 71, ..., 7y such that

N N
oCc c | JB(z,ry), |JB(z.2r) V.
j=1 j=1

If we take 7 = min{ry, ..., 7y}, then the set C'+ B(0, ) is contained in V' because for every x = z+w,
where z € 0C and |w| < r, we can find some j € {1,..., N} with |z — z;| < r;, which shows that

|z — zj| < |z —z|+ |z — 2| <r+r; <2y

We thus have obtained that C' + B(0,r) is a neighbourhood of C where f is convex. Also, observe that
multiplying by a suitable bump function, we may and do assume that f has compact support contained
in C + B(0,2r). In a similar way to the proof of Theorem we are going to construct a function
¢ : R™ — [0, 4+00) of class C™ such that ¢~ 1(0) = C and D?¢ is strictly positive on R™ \ C. Consider
a function ¢ : R — [0, +00) of class C*° such that § = 0 on (—o0, 0] and § > 0 on (0, +00). Then the

function Lo
g(t) = / / d(u) duds, te€R,
0 JO

is a C'*° nonnegative function with g = 0 on (—o00, 0], g > 0 on (0, +0o0) and ¢ = 6 > 0 on (0, +00).
We next consider the function h(w) = sup,c (%, w) and define the function

o(z) = /Snl g ({z,w) — h(w))dw, x€R"

With the same arguments as in Subsection [5.4.3] we obtain that ¢ is a nonnegative function of class
C™(R™) (in fact, of class C*°(R™)) with ¢ ~1(0) = C. Then second derivative of ¢ is

D?p(x)(v?) = / g ((z,w) — h(w)) (v,w)?dw, xR ves L
Sn—1

It is then clear that D?¢ is semidefinite positive on R™ and, using the same calculations as in the proof
of Lemma (see inequality (5.4.10)) we obtain that D%y is definite positive on R" \ C. Because f
is convex on the set C' 4+ B(0,r), it is clear that the function f + ¢ is convex on C' + B(0,r) and has
strictly positive Hessian on the set {z € R™ : 0 < d(z,C) < r}. With the same proof as that of Lemma
[5.20)it follows that multypling ¢ by a positive constant & > 0 big enough, the function f + a is convex
and of class C™ on R", and coincides with f on C. O

It is worth noting that, in the above Proposition, the assumption that C' is compact cannot be removed
in general. In Example [5.34] below we will present an smooth convex function defined in a closed subset
of R™ which has a strictly positive Hessian and admits an smooth convex extension to a neighbourhood
of its domain and yet it does not admit a convex extension to all of R".

As a straightforward consequence of Proposition [5.21| we obtain the following.
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Corollary 5.22. Let m € N, m > 2. Let C be a convex compact subset of R", and let f : C' — R be
a convex function having a (not necessarily convex) C™ extension to an open neighbourhood of C. If f

satisfies (CW*) with a strict inequality on C for some 2 < k < m, then there exists a convex function
F € C"™(R") such that F = f on C.

Proof. Since f satisfies (CW*) with a strict inequality on C' (see Definition , there exists some
to > 0 such that

th—2

= 2)!D’“f(y)(wk’2,v2) > it

D2f(y)(v?) + t DPf(y)(w,v2) + - +

forally € C, w,v € S™!, 0 < t < tg and, on the other hand, by Taylor’s theorem and uniform
continuity of D™ f,

D2f(y + tw)(v?)
tm—2
= D?f(y)(v*) +t D> f(y)(w,v?) + - + mDmf(y)(wm_sz) + R (t, y,0,w),
where
t
lim M’;’w) =0 uniformlyon yé€ C,w,ve S" L.
t—0+ tm—

We may assume ¢y < 1. Then we may also find ¢{, € (0,%() such that R, (¢, y,v,w) > —2t™2 for all
yeC,w,ve S 0<t<t), and it follows that

D2f(y + tw)(v?) > gt"”

forally € C, w,v € S*"1, 0 < t < ¢). This implies that D% f(z)(v?) > 0 for all v € S"~! whenever
d(z,C) < t{, and therefore that f is convex on U := {z € R" : d(z,C) < t;}. Our corollary then
follows from Proposition [5.21] O

The easiest instance of application of this corollary is of course when f has a strictly positive Hessian
on JC, in which case we recover the aforementioned consequence of the results of M. Ghomi’s [44] and
M. Yan’s [72].

Let us also note that in this case f automatically satisfies (CWP) for all the rest of p’s.

Proposition 5.23. Let m € N, m > 2. If f € C™(R") satisfies (CW*) with a strict inequality on OC
for some k > 2, then f satisfies (CWP) with a strict inequality on OC for everyp € {2,...,m}.

Proof. Obviously we can assume that k& < m. There exists § > 0 and 0 < ¢y < 1 such that

th—2

2 2 3 2 "% nk k—2 92
OulF. b0 0) = D% f(y)(v?) + tD3 f (y) (w,v 7);2 + = D f () (wh 2, 0?) -

forall 0 < t < tp, y € 9C and v,w € R™ with |v| = |w| = 1. On the other hand, since the derivatives
D¥f k =0,...,m,are continuous and C'is compact, sup,.¢ | D7 f(z)|| is finite forevery j = 0,...,m
and we can choose ty small enough so that

to < ! j ‘
2 (1 +sup.ec, j—o,...m 107 F(2)]])
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Then we can write
7577172

D? f(y)(v*) +tD° f(y) (w, v*) + -+ + mDmf(y)(wm_2, v?)
tm—2

= 1)!Dk+lf(y)(wk_l,1}2) ot mDmf(y)(wm_Q,vz)
k—1 tm—2

ka—Hf(y)(wk_l, UZ) 4+ 4 mDmf(y)(wm—27 02)

>t 2 (-t s IDf()) ) 220
zecvj:07 g 2

tk—l

=t"2Qk(f,y,t,v,w) +

for0 <t <tg, y € 0C, v,w € R™ with |v| = |w| = 1. Therefore the function f satisfies condition
(CW™) with strict inequality on 0C. O

5.6 The two easiest situations

5.6.1 The case when the domain is a singleton

Let us prove that, when the domain is a singleton, condition (C'W™) is necessary and sufficient for the
C™ convex extension problem. Note that por a point xg € R and a polynomial P of degree up to m on
R™, the fact that P satisfies (CW™) on C' = {z(} means that

tmf2

(m—2)!

lim inf 5
t—0t tm—

<D2P(ac0)(z;2) +tD3P (o) (w,v?) + - - D™P(20)(w™ 2, U2)> >0

uniformly on v, w € S*1.

Theorem 5.24. Let C = {x¢}, where x is a point of R™. Let m > 2 an integer and let P be a polynomial
of degree less than or equal to m. There exists a convex function F' € C™(R") such that J;} F = P if
and only if P satisfies the condition (CW™) at the point x.

Proof. We will essentially repeat the strategy of the proof of Theorem Because C' = {x¢}, the
polynomial P trivially satifies Whitney’s condition (") at the point xy and then we may and do
assume that there exists a function f (not necessarily convex) of class C™(R") such that J? f = P.
Also, because f satisfies condition (CW™) on C = {x¢}, Lemma[5.15| provides us with a continuous
non decreasing function w : [0, +00) — [0, +00) with w(0) = 0 and

D2 f(x)(v?) > —w(|z — zo|)|z — 2o/ 2 z€R™, wveS" L
As in the proof of Theorem[5.14] we consider the functions

(t) B f()t OtQ ...fomw (2m—1s) ds dtmdtg ift>0
- 0 ift <O,

o(z) = /S"l g((z,w) — h(w)) dw, x € R".

Since w is continuous, the function ¢ is of class C™(R) with ¢*)(0) = 0 for every 1 < k < m. The
same arguments and calculations of Subsection[5.4.3|allow us to deduce that ¢ is of class C™(R™) with
¢ 1(0) = C and J'¢ = 0. Given & € R™ \ {z(} with ¢ := [z — x| < 1 and a direction v € S"~!, we
learn from Subsection [5.4.6] that

D)) 2 #0005 ) sn ().
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Here
oy = 775
Tt 4 diam(C)

and W, , is defined in Lemma with H" Y (W,.o) > V(n)a™ !, where V (n) is positive and only
depends on n. Since C'is a singleton, we obviously have that o, = 1 for every point z € R™\ {z¢}. We

thus have the estimation .
t
D?p(z)(v?) > V(n) sin® (3) q’ <2> .
t

In order to estimate the term g” (5) , we make similar calculations as that of Subsection to obtain

p(ty ot 1 t t _ tm—2

This implies that

V(n)sin? (1 _

Dp(x)(v?) > MW(W — @ol)|z — o[,

for every x € R" and every direction v € S"~!. Using the same argument as at the end of Subsection
5.4.6, we construct a convex function F' € C"™(R"™) with J'F = P. O

5.6.2 The one dimensional case

In dimension n = 1 the boundary of every compact interval I has only two points and there are only
two directions in which to differentiate. Hence Definition of condition (CW™) can be very much
simplified and this allows us to stablish an if and only if theorem for C" convex extensions of convex
functions.

Proposition 5.25. Let I be a closed interval in R, and m € N withm > 2. Let f : I — R be a convex
function of class C™ in the interior of I, and assume that f has one-sided derivatives of order up to
m, denoted by f*)(at) and f*)(b™), at the extreme points of I. Then f has a convex extension F of
class C™(R) with F®) (a) = f®)(at) and F®)(b) = %) (b™) if and only if the first (if any) non-zero
derivative which occurs in the finite sequence { f® (b=), f® (b7),..., f™ (b™)} is positive and of even
order, and similarly for {f® (a*), f®)(a™),..., f((a)}.

Proof. Let F be a convex function of class C"*(R"™). Given any point x € R, we claim that either
FO(z) = FO(z) = --- = F™M)(2) = 0 or else the first non-zero derivative of the finite sequence
{FO(z), F®)(z),..., F™)(z)} is positive and of even order. Let 2 < k < m the order of the first
non-zero derivative. Indeed, if k¥ = 2, then F(*)(z) > 0 by convexity and we are done. Assume that
k > 2. We have that

FO@)=-..= F* V@) =0 but F®(z)£0. (5.6.1)

By continuity of F(*), there exists some § such that if |z — z| < & then F(¥)(z) # 0 and sign(F*)(2)) =
sign(F*)(z)). Combining with Taylor’s theorem, we obtain, forany y € Rwith0 < |y —z| <6,
apoint z € (z,y) such that

Ply) = F@)+ Fla)(y —a)+ — (g — =

Since F is convex, it follows that F'*)(2)(y —)* > 0. And because 0 < |z — z| < |z —y| < & we have
that F¥)(2)(y — z)* > 0 and

sign(F®) (z)) = sign(F®(2)) = sign((y — 2)F) whenever 0 < |z —y| < 4.

This implies that k& is even and F (k)(x) > (0. We then have proved our claim. Now, assume also that
F = fonI=[a,bland F*¥)(a) = f*)(at) and F*)(b) = f*)(b~) forevery k = 0,. .., m. If follows
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immediately that the first (if any) non-zero derivative in the finite sequence { f*)(b~) Y, is positive and
of even order, and similarly for { f(*)(a*)}7,.

Conversely, assume that the first (if any) non-zero derivative in the finite sequences { f (k) (b)) ik,
and {f(*) (a™)}7_, are positive and of even order. The function defined by

fz ifz € [a, b
F(z) =13 fla)+ f'(@")(z—a) + LfP(at) (@ —a)? + -+ L (at) (@ —a)" ifz<a
FO) + F(07)(@—b)+ 5B (b7) ot LMY @ - itz >0

is of class C™(R) with F = f on (a,b) and F®)(a) = f®)(a™), FE)(b) = fF)(b7) for all k =
0,...,m. Since f is convex on [a,b], the second derivative F"” of F' is nonnegative on [a, b]. We are
now going to prove that there exists a function F of class C™(R) with F9 = FU) on (—o0, b] for all
4 =0,...,mand F has nonnegative second derivative on [a, +00). If f@)(b=) = -.. = f(™)(b~) =0,
then F(x) = f(b) + f/(b~)(x — b) for all z > b and, in particular, /() = 0 on the interval [a, +00).
Thus, in this case, it is enough to take F = F. Now assume that 2 < k < m is the order of the first
non-zero term in { f (j)(b_)}gnzg. By assumption k is even and f(*)(b—) > 0. It follows from Taylor’s
theorem that

F'(z) = FPO )@ =024 b —— () (@ — b))

1
(m—2)!
1

= (zr— b)k‘—Q ((k _1 2)!f(k)(b—) et mf(m) (b )(z — b)m—k—2> 7

for z > b. Thus there exists some ¢ > 0 such that /() > 0 whenever b < z < b + 6. Now we pick a
nonnegative function g € C°°(RR) such that ¢ = 0 on (—o0,b+d/2] and g > 0 on (b+ /2, 4+00). Then
the function /& : R — R defined by

(k—2)!

x rt . s
h(z) = Jo Jo 9(s)ds dt ¥fx > b+3
0 ifr<b+9

is also nonnegative and of class C*°(R) with » = 0 on (—o0, b+ %] and b = g on R. By the properties
of g we see that A" > 0 on R, which implies that / is convex, and " > 0 on [b + 6/2,4+00). We also
consider a function 6 : R — [0, 1] of class C*>° with § = 1 on (—o0,b + 6] and § = 0 on [b + 26, +00).
The function I = OF is of class C"(R) with F()) = F) on (—oo,b 4+ ¢] forall j = 0,...,m and
F =0on[b+ 20, +00). Since h" is strictly positive on [b -+ ,b + 2], we can define

_ L1+sup{l+|F"| : z€[b+d,b+ 28]}

A
inf{h"” : x €[b+,b+ 20]}

> 0. (5.6.2)

We consider the function F = F'+Ah on R. It is clear that F is of class C""(R) with FY = fU) = )
on (—oo,b + 6/2] for all j = 0,...,m. This shows that F' > 0on [a,b 4+ ¢/2]. On the interval
[b+d/2,b+ d] we have that F" = F"+ Ag" > F" > 0. By virtue of (5.6.2) we can write

F”:F”+Ah”2ﬁ”+1+]ﬁ”| >1 on [b+6,b+26].

Finally, F' = AR” > 0 on [b + 26, +00). In conclusion, the function F is of class C™(R) with
F9 = F on (—oo,b] forall j = 0,...,m andf has nonnegative second derivative on [a, +00).
By repeating the same arguments with the function F instead of " at the extreme point a, we obtain a

function F € C™(R) with f(j) = FU) on [a,b] forall j = 0,...,m and F > 0 on R. In particular, '

is convex, F = f on (a,b) and f(j)(a) = fUW(a™), f(ﬁ(b) = fW (™) forall j =0,...,m. O
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5.7 Assuming further conditions on the domain: almost optimal results

In this section we find a class of relatively nice convex bodies for which Theorem[5.14]can be very much
improved.

5.7.1 Definition of (F'/0) body of class C"™

Definition 5.26 (F'1O™ bodies). Given an integer m > 2, we will say that a subset C of R™ is an ovaloid
of class C™ if there exist M > 0 and a function ¢ : R™ — R such that

(i) v is of class C™(R™).
(ii) D*p(x)(v?) > M forall x € R™ and for all v € S*~1.
(iii) C =4~ ((—o0,1]).

We will also say that a set C' is (F1O™), or an FIO body of class C™, if C' is the intersection of a finite
Sfamily of ovaloids of class C™.

By restricting our attention to the class of (F'/O) bodies, we can find convex extensions of functions
satisfying (/") and (CW™) with a loss of just one order of smoothness.

Theorem 5.27. Let C be a convex subset of R". Let m € N with m > 3, and let {P}"}ycc be a
family of polynomials of degree less than or equal to m. Assume that C'is (FIO™ 1) and that the family
{P) Yyec satisfies (W™) on C, (CW™) on OC' and the function C' > y — P;(y) is convex. Then
there exists a convex function F € C™Y(R"™) such that J?T_lF = Pym_1 for every y € C, where each
P;”_l is obtained from P by discarding its homogeneous terms of order m.

We will give the proof of Theorem into several subsections. The idea of the proof is similar to
that of Theorem[5.14] (see Subsection[5.4.1); but, in this case, the function ¢» which compensates the lack
of convexity of any C" (not necessarily convex) extension of the family {P;”}yec is essentially given
by the functions ;s defining the ovaloids C}’s (see deﬁnition@ , where C' = ﬂ;vzl C;. Nevertheless
we will need to prove several properties of these functions 1);’s and their derivatives.

5.7.2 Sublevel sets of strongly convex functions

Here we gather some elementary properties of ovaloids that we will need in the proof of Theorem[5.27]

Proposition 5.28. Suppose that 1) : R™ — R is a convex function of class C"™(R™), with m > 2, such
that there exists a constant M > 0 with D*y(x)(v?) > M for all x € R™ and for all v € S"~L. If we
denote C' = {x € R" : o(z) < 1}, then the following is true.

(1) C is a convex compact set, 0C = {x € R™ : ¢(x) =1} and int(C) = {x € R™ : ¢(z) < 1}.
(2) Ifint(C) = 0, then C is a singleton.
If we further assume that int(C') # () then we also have:
(3) V4 does not vanish on OC and OC' is a one-codimensional manifold of class C™.
(4) 1+ attains a unique minimum in int(C').
(5) There is a constant 3 > 0 such that

Y(x) —1> pd(x,C) forevery ze€R"\C.

Proof.
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(1) It is clear that C, being a sublevel set of the continuous function 1), is a closed subset. In order to
see that C' is also bounded, let us check that 1 is a coercive function, that is, lim|,|_, ¥(z) = +oo.
Consider a sequence (xy); C R™ with limy, |z;| = +o00 and fix a point zy € R"™. By Taylor’s theorem,
there exists, for every k > 1, a point z;, € [z, 2] such that

Yox) = (o) + (Vi (o), 21 — w0) + 5 D (ax) (e — o)
This leads us to
V(o) 2 (o) — V(o) llow — ol + 3 Mlex — w0, k2 1,

which in turn implies, because limy, |y — x| = 400, that limy, ¥ (yx) = +oo. This proves the coercivity
of 1. Now it is clear that C' is a bounded subset because otherwise we would have a sequence () with
limg, |z| = 400 but ¥(x) < 1 for all k, contradicting the coercivity of 1. The convexity of C follows
from the convexity (in fact, strong convexity) of ¢ on R™. In order to prove that int(C') = {z € R" :
Y(z) < 1}, observe that for every = € int(C'), we can find a line segment [y, z| contained in int(C')
such that x € (y, z), thatis, x = Az + (1 — \)y for some A € (0, 1). The strict convexity of ¢ allows us
to write
() < M=) + (1= Nb(y) S A+ (1= A) = 1.

We thus have that int(C') C {x € R™ : 9(z) < 1} and the converse inclusion is a consequence of the
continuity of ¢. The fact that 0C = {z € R™ : (x) = 1} follows immediately.

(2) Assume that int(C') = () and that there are two points x,y € C with 2 # y. Using (1), it is clear that
C ={z € R" : ¢(x) = 1}. By convexity of C, the point z = %ﬂ/ belongs to C. Because ) is strictly
(in fact, strongly) convex on R”, we obtain

1= () < 59(2) + 38() = 1

which is absurd.
(3) By replacing the smoothness C'* with C™, it follows immediately from Proposition m

(4) Because v is continuous and C' is a compact subset, the function ¢ attains a local minimum in C.
Since v is a convex function on R", this local minimum is in fact a global one. Moreover, because 1
is strictly convex, this minimum is attained at a unique point, say xo € C. But g ¢ 9C by (4), which
implies that zo € int(C).

(5) We learn from (3) that Vi) # 0 on OC. Then, by the compactness of JC' and the continuity of
V1, we can find 8 > 0 such that |V (x)| > S forall z € 9C. If z ¢ C, by taking x¢c € JC with
|z — z¢| = d(x, C), the convexity of ¢ leads us to

Y(z) — 1 =9Y(x) —Y(zc) > (Vi(zc), v — 20).
By Proposition 2.16] Vi)(z¢) is a positive multiple of x — z¢ and then the last product coincides with
\Vip(zo)||z — zc| > Bd(x,C). O
5.7.3 The distance to the intersection of convex sets

For the proof of Theorem we will need to estimate the distance to a finite intersection of convex
subsets in terms of the supremum of the distances to each subset. In order to do this, we will momentarily
make use of some properties of the Minkowski functional asociated to convex subsets.

Proposition 5.29. If C C X is convex with 0 € int(C') we have:

(1) IfC = ﬂ]kvzl Cl, where each Cy, is a convex subset with 0 € int C then jic = maxi<k<n C, -
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Suppose in addition that C C X is bounded.

(2) IfC = ﬂévzl C, where each Cy, is convex and bounded with 0 € int(C'), we have

max d(z,Cy) < d(z,C) < B max d(xz,Cy) forall z € X,

1<k<N r 1<k<N
whenever v, R > 0 are such that B(0,7) C C C B(0, R).

(3) If C = Ni_, Ck, where each Cj, is convex and bounded with int(C') # 0, but not necessarily
0 € int(C), we have

max d(z,Cy) < d(z,C) <

R
1<k<N r

d(z,C /) X
1I§I}€EL<XN (,Cy) forall xe€ X,

where v, R > 0 are such that B(xq,7) C C C B(zg, R) and x¢ € int(C).

Proof.

(1) By Proposition (3) we have that po(x) < tif and only if x € ¢int(C) = tﬂj-v:l int(C}). This
is equivalent to uc; () < t forevery j = 1,..., N, thatis, max{uc;(x) : j=1,...,N} < t. This
proves that uc = maxi<g<n fCy -

(2) When z € C there is nothing to prove. If z ¢ C, using Proposition[4.26/ (8) and (10) we obtain

i(2.0) = Rluc() ~ 1) = R s (o)~ 1) = 7 (s Gy (0) - 1))

By (2), the last term is less than or equal to % max<k<n d(z, Ck).

(3) After a translation, the same proof as in (2) holds. O

5.7.4 Proof of the extension result for (7'/0) bodies

First of all, let us make a small remark.

Remark 5.30. If a set C is (F1O™), (see Definition , then either C' has nonempty interior or C'is
a single point.

Proof. LetC = ﬂ;vzl C}, where each C} is an ovaloid of class C"™. Suppose that int(C') = ﬂ;vzl int(C}) =
(), and let us show that C' is a single point. Indeed, assuming that there exist z,y € C with = # y, the
point z = ZI¥ belongs to C by convexity. On the other hand, we have that z ¢ C; \ int(C;) for
some j € {1,..., N}, which implies that ¥;(z) = 1. Also, because =,y € C;, we obviously have
¥;(x),;(y) < 1. Bearing in mind that 1; is a strictly convex function on R", we obtain

1 1
L=1;(2) < 5%’(3«“) + 5%‘(9) <1,
which is absurd. O

In view of the above Remark, we may thus suppose that C' has nonempty interior, as the result
follows immediately from Theorem [5.24]in the case that C is a singleton. We are now ready to complete
the proof of Theorem[5.27]

Fix m € N with m > 3 and suppose that C'is (F O™ ') with nonempty interior. Since the family of
polynomials { P, },,cc satisfies Whitney’s condition (W) or order m, we may assume that there exists
some f € C™(R") satisfying the property (CW™) on OC, D?f(x) is semidefinite positive for every
r € Cand J'f = PJ" for every y € C. According to Definition , we can write C' = ﬂ;V: 105,
where for each 1 < j < N there are M; > 0 and a function ¢; : R™ — R of class C™1(R")
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such that C; = 1/1;1(—00, 1] and D?;(z)(v?) > M, for all z € R™ and v € S" L. Let us denote
M = min{M; : 1 < j < N}. By Proposition [5.28| (5), for each j € {1,...,N}, the set C; is a
convex compactum and there is a constant 5; > 0 with ¢;(z) — 1 > B;d(z,C;) whenever z ¢ Cj.
Set # = min{f; : j = 1,...,N}. Using Proposition [5.29| (3), we obtain L > 0 with d(z,C) <
L maxi<j<n d(z,C;) for all z € R™. To sum up, we have found positive constants L, 3, M satisfying

d(z,C) <L max d(z,C;) forall ze€R"; (5.7.1)

1<j<N
Yi(x) —1> Bd(x,C;) forall z¢ C;, 1<j<N; (5.7.2)
D*j(z)(v*) > M forall z€R" veS"! 1<j<N. (5.7.3)

Since f : R™ — R satisfies (CW™) on C, the estimation given in Lemma involving the function
w holds for f. For these positive constants L, 3 > 0, we define the following functions

fo .. tm Yw(2m72s) ds dtpy—y -+ dty  ift >0
0 ift <0,
h(t) =g(LB™'t), teR,
and
N
=> h¥(x) - 1), zeR"
j=1

It is clear that g € C™1(R) with ¢®*)(0) = 0 for all 0 < k < m — 1. By the definition of the v’s and h,
we have that ¢ ~1(0) = C and ¢ € C™ }(R"). It is clear that every partial derivative % is a sum of
functions all of them multiplied by derivatives of the form () (1 — 1) and then, because hk) = 0 for
every 0 < k < m —1land¢; = 1on C, we have that 0%¢p(z) = O forall z € C' and all || < m — 1,
that is, J™ !¢ = 0 for all z € C. A simple calculation and the fact that g” > 0 lead us to

Zh”% ) — 1)(Ve(x +Zh’wj ) = 1)D?y;(x) (v°)

N
zZ (v(z) — 1) D*p;(x) (v?),

for every z € R™ and every v € S"~!. Now, we study the convexity of ¢ outside of C. Fix z € R* \ C
and v € S*!. From (5.7.3)) we deduce

N
>Zh’ ;(x) — 1)D*;(x) (v?) > MY W (1hj(x) — 1).
j=1

But the above sum is greater than or equal to MA/(¢(x) — 1), where we consider an index j := j
with d(z, C;) = maxi<;<n d(z,C;). Of course, for this index j, we have that z ¢ C;. This implies
¥;(x) > 1 and therefore

D*p(x)(v*) > MK (¢;(x) = 1) = MLB™ ¢/ (LB~ (¥(z) - 1)).
Using inequalities (5.7.2)) and (5.7.1)) and the choice of j, we obtain

Y;(x) — 1> Bd(x,C;) > BLd(z, C).
The above inequality and the fact that ¢’ is non decreasing imply that

g (LB~ (W(2) — 1)) = ¢'(d(x, C)) = ¢'(t),
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where ¢ := d(z, C'). Recalling that w is nonnegative and nondecreasing, we obtain

t t2 tm72
= / / / w (2"728) ds dty—o - - dts
0 Jo 0
t to tm—2
2/ / / w(2™28)ds dtyy_o - - - dts
t/2Jo 0
t t/? to tm—3
> 2/ / / w(2m_23)ds dtm—3 - - - ditg

t t/4 to m—4
> / / / w(2™28)ds dtyy_y - - - dty
t t t/2m 3
t t t tm—2
> A= 2m_2w(t) = 21+2+3+m+(m_2)w(t).
Therefore
D?p(x)(v®) > MLE™ g (t) = k(n,m, C)t" 2w(t),
where

MLB™!
91424344 (m—=2)

k(n,m,C) =
On the other hand, Lemma [5.13] gives us the following inequality:
D?f(z)(v?) > —w(t)t™ 2.

Hence F' := f+ Fomoy P has a strictly positive Hessian on R™\ C, is of class C™~!(R"), and coincides

with f on C. Slnce Jm lo = 0forall z € C, we have that J7~1F = Jm~1f = P~ forallx € C.
Because f is convex on C and the extension F' is differentiable, we have that F' is convex in R"™. The
proof of Theorem [5.27]is complete.

5.8 Relation between (C'W/?) and (CW!)

It is natural to ask whether conditions (CW™) defined on this chapter for compact convex domains
imply the condition (C'W1) defined in Chapter [4] for C* convex extensions of functions. As we saw
in Theorem condition (CW?!) together with condition (C') (which is automatically fulfilled if we
assume that our function f is convex on the domain) are necessary and sufficient conditions on a 1-jet for
having a C'! convex extension from a compact convex domain. We are now going to prove that (CW?)
implies (CW!) on compact convex subsets.

Proposition 5.31. Let E be a closed convex subset of R™ and f : R™ — R a function of class C*(R")
such that f satisfies the condition (CW?) on E and

M :=sup{D?*f(z)(v?) : |v] =1, z € E} < +oc. (5.8.1)
Then M(V f(z) =V f(y),z —y) = |V f(z) = Vf(y)|* forall z,y € E.
Proof. Given two symmetric linear operators A, B : R — R" by A < B we mean that
A(?) ;= vl Av <v'Bv =: B(v?) forall v eR", |v| =1.

Let us fix x € E. The fact that f satisfies (CW?) on E together with (5.8.1)) lead us to 0 < D?f(z) <
M1, where I : R™ — R™ is the identity map. It immediately follows that

~MI <2D*f(x) — MI < MI,
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which in turn implies
|(2D?f(z) — MI)(v®)| < M forall |v|=1.

Recall that, for a selfadjoint linear operator A : R™ — R", we have the identity
IA]l = sup{|A(v)] : [v] =1} = sup{[A(?)| : |o| = 1}.

We then have shown that ||2D?f(z) — MI|| < M. Now, we fix z,y € E and v € R™ with |v| = 1.
Since F is convex and V f is differentiable on R", we can use the mean value theorem to obtain some
z € FE for which

(2Vf(z) = Ma) = (2Vf(y) — My),v) = ((2D*f(z) = MI)(v), 2 —y) < Mz —y|.

Beacuse |v| = 1 is arbitrary, the above inequality shows that 2V f — M1 : R™ — R™ is M-Lipschitz on
E. Thus, for every z,y € E, we have

M2z —y> > |2V f(z) — Mz) — 2V f(y) — My)[*> = |2(V f(z) = Vf(y)) — M(z — y)|*
=4|Vf(z) = Vi) + M|z —y|> —4M(V f(z) = V(y),z — y).

This immediately implies the desired inequality. O

Lemma 5.32. Suppose that f : R™ — R is a function of class C*(R™) such that f satisfies (CW?) on a
compact convex subset E of R". Then (f,V f) satisfies condition (CW') on E, that is,

f(x)=fy) +(Vf(y),z —y) = Vf(x)=Vf(y), forevery z,y€ckE.

Proof. Given z,y € E with f(z) = f(y) + (Vf(y),x — y), we need to prove that V f(x) = V f(y).
Case 1. We first suppose that f(y) = 0 and Vf(y) = 0. We thus have f(z) = 0. The fact that D? f
is positive semidefinite implies in particular that f is convex on E. Therefore, if we define h(t) =
f(tx+ (1 —t)y) forall t € R, we see that h is of class C?(R) and h is convex on [0, 1] with h(0) = 0 =
h(1) = K'(0) = 0. By convexity and differentiability we must have A = 0 on [0, 1], which implies that
(Vf(x),x —y) = Rh'(1) = 0. Hence we get that (V f(z) — V f(y),z — y) = 0. Since F is compact and
D?f is continuous, inequality (5.8.1)) holds for some M > 0. According to Proposition we have
Vi(z) = V).

Case 2. Let f(y) and V f(y) be arbitrary. Defining g(z) = f(z) — f(y) — (Vf(y),z — y) for all
z € R™, we have that g(z) = g(y) = 0 and Vg(y) = 0. Since f satisfies (CWW?) on E, it is clear
that g satisfies (CW?2) on E as well. According to Case 1, we have Vg(z) = 0, which is equivalent to
V f(x) = V f(y). This proves the Lemma. O

Thanks to Lemma(5.32] we obtain the following corollary which tells us that if we assume condition
(CW?) on a compact convex subset, then at least we always have a C'! convex extension to all of R".
We will use the formulation of Whitney’s extension theorem for linear forms rather than the formulation
for polynomials, see Theorem [5.3]

Corollary 5.33. Let C be a compact convex subset of R". Let f : C — R, G : C — (R")* and
H : C — L2%(R"™ R) be three functions such that (f, G, H) satisfies Whitney’s condition (W?). If H (y)
is semidefinite positive for every y € C, then there exists a convex function F € C'(R") with F = f
and DF =Gon FE.

Proof. Recall that condition (CW?) on the set C for a 2-jet (f, G, H) merely says that H(y)(v?) > 0
for every v € S"~! and every y € C. By Whitney’s Extension Theorem (see Theorem , we may and
do assume that f is extended to a (not necessarily convex) function of class C?(R") with Df = G and
D?f = H on C. On the other hand, we have that D? f(z)(v?) = H(x)(v?) > 0 for every z € C and
every v € S"!. Hence, according to Lemmal[5.32} (f, V f) satisfies condition (CW) on C. Also, since
f is convex on C' and f is differentiable, then

f(@) > fy) +(Vf(y),z—y) =zye€C;

which shows that (f, V f) satisfies condition (C) on C. Therefore, Theorem provides us with a
convex function F of class C! such that F = f and VF = V f on E. O
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5.9 Remarks and Counterexamples

The following example is a variation of [59, Example 4] and shows that Theorem|[5.14]fails if we drop the
assumption that C' be compact, even in the presence of strictly positive Hessians. Moreover, this proves
that, in contrast to Proposition the fact that f has a smooth convex extension to an open convex
neighbourhood of C' does not imply that f can be extended to a convex function on R".

Example 5.34. Let C = {(z,y) € R? : > 0, 2y > 1}, and define

1 1
= -9 _— _—
f@y) VI T T T

for every (x,y) € C. The set C is convex and closed, with a nonempty interior. Let us extend the

L _ 2 . : _ 1 1
definition of f to the set B = {(z,y) € R® : z,y > 0} by setting f(z,y) = —2,/7Y + ;37 + T
for all (z,y) € B. Itis clear tha f is of class C'™ on the interior int(B) of B and the first and second
derivatives of f are

11 1 11 1
Vfilx,y) =| -z 2y2 — , —x2y 2
fa) < ey Y (y+1)2>
and 1 -3 l_i_ 2 1 -1 _ 1
ST 2Y2 —5x 29y 2
Hf($7 y) = ? 1 -1 @1—1)2 1 1 2 3 2
f?@ 29 2 §x2y er

for every (z,y) € int(B). It is then clear that f has a strictly positive Hessian on int(B). In particular,
f is convex on int(B) and then, by continuity of f on B, f is convex on B. We claim that f does not
have any convex extension to all of R?. In order to prove this it is sufficient to see that, for instance,
me(f)(—1,—1) = oo, where m¢(f) is the minimal convex extension of f from C, defined by

mC(f)(x7y) = Sup {f(u,v) + (Vf(u, U)a (l’,y) - (u,v)>}, for all ([E,y) eC.

(u,w)eC

As a matter of fact, we are going to see that m¢(f)(x,y) = oo for every (x,y) € R? such that x < 0 or
y < 0. Considering the curve ¥(t) = (¢, }), ¢t > 0, which parameterizes the boundary of C, we have

mC(f)(xvy) > f (ta %) + <Vf (tv%) ) (fL‘ - tvy - %)>

S I I S P <1+ ! ) o <t+1>
t 1+t7! t (141)2 (14¢71)2
R ek k.
t (1+1)2
for every t > 0. By letting ¢ — 0" when z < 0 and t — +oco if y < 0, we obtain that the above term
tends to +o0o, which shows that ma(f)(z,y) = +oo.

The following example shows that if C' has empty interior then one cannot expect to find smooth
convex extensions (of functions satisfying (W™) and (CW™) on C) without experiencing a certain
loss of differentiability. The example also shows that in R? this loss amounts to at least two orders of
smoothness, and that the situation does not improve as m grows large (unless m = oo, as we will see in
the next chapter, Chapter [6)).

Example 5.35. Consider the function 0(y) = 1_*752@), y € R. Clearly, § € C*(R), with §(0) =

0(1) =0, 6(1/2) = L and #'(y) = sin(2my). Let m > 2 be an even integer and and define h(z,y) =
0(y)x™, (z,y) € R%. Let C := {0} x [0,1]. We have D*h = 0 on C forall k € {0,...,m — 1}, and

D"h(z,y) =m!O(y)e] ®---®e] for (x,y)eC

(here €] denotes the linear function (x1,x2) — x1). Therefore D™h(0,0) = D™h(0,1) = 0, and
D™h(0,3) = mﬁé{ ® -+ ® e}. We claim the following.



168 Chapter 5. C'™ extensions of convex functions on R"

(1) There is no convex function F' € C"™(R?) such that D*F = D*h on C for k € {0,...,m}.
(2) h satisfies conditions (1W*) for every order k and (CW™*1) (and in particular (CTW™) too) on C.
(3) h does not satisfy condition (CW™*2) on C.

Proof. The statement (1) follows immediately from the following remark.

Remark 5.36. If m > 2, there exists no convex function f € C™(R?) such that D* f(0,vy) = 0 for
all k € {0,...,m — 1}, y € [0,1], and such that D™ f(0,0) = D™ f(0,1) = 0 and D™ f(0, %) =
Ael ® - - ® e], where A > 0 is a constant.

Proof of Remark[5.36] For the sake of contradiction, suppose there is such an f. Using Taylor’s theorem
we have

f('rvy) = %Dmf(o,yo)(x,y - yO)m +R($,y,y0) (-f,y) S R2a Yo € [07 1]>
R(z,y)

(2, y — yo)|™
§ = 8(¢) > O such that if yo € [0,1] and (z,y) € R? satisfy (2% + (y — y0)?)"/? < & then

where — 0as (z,y) — (0,yp), uniformly on yp € [0,1]. Fix 0 < € < %, and take

|3

1
fl@y) = D" f(0,30) (2, - yo)m‘ = |R(z,y)| < e(@® + (y — y0)*)
Evaluating for y = yo = 1/2 we obtain
1 ™ .
f(z,5) — AW’ <eglz|™, if || < 0.

Fory = yo € {0,1} and |z| < § we get

max{|f(z,0)[, [f(z,1)[} < e|z|™.

Fix 2y > 0 with 2y < 4. We then have

m
f (o, %) > A% —exy > 2exy — exg' = exy’ > max{ f(zo,0), f(zo,1)}.

This implies that [0,1] 5 ¢ — ¢(t) = f(zo,t) satisfies ¢(3) > 2¢(0) + 2¢(1), and in particular f

cannot be convex. OJ

Let us now prove (2). For any function g : R™ — R, which is k times differentiable at some point
x € R™, we will compute the derivative D¥g(x) of g at x via the formula

n
kg
k _ . @ ek
DFg(z) = | Z oo Brr (z) e}, @ @€, (5.9.1)
21 5eey =1
where each e;‘j denotes the linear function (1, ..., y,) = x;,. Of course, because h is of class C>(R?),

h satisfies condition (TW*) for every k on the set C. Let us check that & satisfies (CTW™*+1) on C. We

must see that, given € > 0 there exists ¢ > 0 such that

ﬁDmh(O? y) (’1)2, wm72) + ﬁDmJﬂh(Oa y) (UQ, wmil)
t

Qm+1(y7tav7w) = 2 —&,

for every y € [0,1], v,w € St, 0 < t < t.. With the help of (5.9.1) we obtain

J"h

(07 y) Uiy Vip Wig * * - Wy,
e al’im

2
DR,y ™) = Y

i1yeesim=1
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where x1 and z9 stand for the variables x and y respectively. Because (O y) = 0 whenever k # m,

it is clear that the only possible nonzero term in the above sum is that in Wthh the m-tuple (i1,...,0mn)
satisfies 41 = - - - = 1,,, = 1. This shows that
m 2 . m—2 o"h m—2 | m—2
D™h(0,y) (v, w™ %) = S —— (0, y)viw? = m! O(y)viw] (5.9.2)

For the derivatives of order m + 1, we use again (5.9.1)) to obtain

2

D™ h(0,y)(v?, w™ ) = am—ﬂho o
( 7y)(v ,'LU ) - Z ( ,y) ’Ull U22w23 w2m+1
i1,... im+1 =1 8:611 8mlm+1

Since —(0 y) = 0 whenever k # m, it is clear that the only possible nonzero terms in the above
sum are those whose (m + 1)-tuple (i1, ..., %m+1) contains m 1’s and one 2’s. Among these admissible
tuples, let us study two cases separately. In the case when i1 = i3 = 1, the (m — 1)-tuple (i3, ..., %m+1)
must contain (m — 2) 1°s and one 2’s and the product v;, v;,w;, - - - w;,, ., coincides with v?w!" 2ws.
Observe that there are (m — 1) possible (m + 1)-tuples (i1, . . ., im,+1) satisfying this. In the case when
(i1,42) # (1,1), we must have i3 = --- = 4,41 = 1 and the product vy, vi,w;, - - - wj,,,, coincides
with v1v9w!" ™!, Note that there only 2 possible (m + 1)-tuples (i1, ... ,im+1) satisfying this. All these
observations lead us to

8m+1h
sy 09 [

=m! ¢ (y) [(m — Dodw™ 2wy + 21}11)2101”71] . (5.9.3)

D™ h(0,y) (v, w™ ) = — D)odw 2wy + 2v1v9w” 1]
For our given € > 0, let us fix ¢, such that

" Am(2m + 3)(m + L)ym(m — 1)> '

0 < t: < min <1
Take y € [0,1], v,w € St and 0 < ¢ < t.. We have

1 m! m! _ _
Qm+1(y, t,v,w) == 7 [(m_Q)lg(y)U%win 2+ mw/(y) ((m - 1)”%111?1 2wy + 2v1vowy” 1)

Since m is even, we have w]"™ 2 > 0, and we obtain from the preceding equation that

m(m — 1)|vy [Jw |2

Let us now distinguish the following cases.
Case 1. Assume y € [1, 3]. Then 27y € [%, 3T]. Therefore cos(27ry) < 0, which implies 6(y) > 5-.
Since we always have |0’ (y)| = | sin(27y)| < 1, it follows from (5.9.4) that
m(m — 1)|vy||w1 ™2 [ |v
Qm+1(y7t7v7w)2 ( )t1| 1‘ (‘271_‘_|_(m+1)t>

Subcase 1.1. Assume |v1| > 27(m + 1)¢. Then it is clear that Q41 (y, t,v,w) > 0 > —&.
Subcase 1.2. Assume 27(m + 1)t < |vg| < 27(m + 1)t. Then, since |wy|,t,1 — ¢ < 1, we obtain

Qs (otyv,w) = O gy 1y

= (m+ Dm(m — Doy |Jw|"72(t — 1) > =21 (m + 1)*m(m — V)t|w|" 21 —t)
—2rt(m 4 1)?m(m — 1) > =2zt (m + 1)?m(m — 1) > —

Vv
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Subcase 1.3. Assume |v1| < 2m(m + 1)t2. We have

-1 m—2
Qm+1(y7t; v, U}) > _m(m )‘:1”101‘ ((m 4 l)t _ |;)1|>
T

N _2mm(m —1)(m + 1)t2|wy ™2
a t
> —2n(m + Dym(m — 1)(m+2)t, > —=.

<m+ 1+ ;ﬂ) > 2r(m+1)m(m—1)(m+2)t

Case 2. Assume y € [0, ). Then 7y € [0, Z) and 27y € [0, 5 ). We have

1 — cos(2m sin?(m
0y) = ’ (2my) _ sin*(my)
T T
On the other hand,
10/ (y)| = | sin(2my)| = sin(27y) = 2sin(7y) cos(my).

By substituting in (5.9.4), we get

Qnastt) > 2= Dl (el
m PR ) —_

; - (m+1) sin(27ry)t>

_ m(m — 1)|vy||w1 ™2 sin(7y) (sin(Try)|v1| B
t

- 2(m+1) cos(wy)t) .

Subcase 2.1. Assume sin(7y)|vi| > 27(m + 1) cos(my)t. Then obviously Qu,11(y, t,v,w) >0 > —e.
Subcase 2.2. Assume 27 (m + 1) cos(my)t? < sin(ry)|v1| < 27(m + 1) cos(ry)t. We have

Qu+1(y,t,v,w) > m(m — 1)|v|Jws |2 sin(my)2(m + 1) cos(my) (¢ - 1),
whose absolute value is less than or equal to

2(m + D)m(m — 1)|vy|sin(ry) < 4mw(m + 1)%m(m — 1) cos(my)t
< dr(m+1)*m(m — D)t < 4x(m + 1)*m(m — Dt, <e.

This shows that Q,,+1(y, t,v,w) > —¢.
Subcase 2.3. Assume sin(7y)|vi| < 27(m + 1) cos(my)t2. Recall that

Qm—&-l(% t? v, ’LU) Z

m(m — 1)[vy|wy "2 sin(my) (sin(rrynvn B
t m

2(m+1) cos(wy)t) .
The absolute value of the last term is less than or equal to
m(m — 1)|v|sin(ry) (£ +2(m + 1)) < m(m — 1)2m(m + 1) cos(my)t2(1 + 2(m + 1))

t - t
<2r(m+1)m(m —1)(2m + 3)t <27(2m + 3)(m + 1)m(m — 1)t. < e.

Hence Qm+1(y7 t,v, w) > —€.
Case 3. Assume finally that y € (
— sin(27y). Therefore 0(z) = O(y

,1]. Take z = 1 — y. Clearly cos(27z) = cos(2my), and sin(27z) =
and |0’ (y)| = |6'(2)|, hence

[

~—

m(m — 1)|vy |Jw |2
t
m(m — 1)|vy |Jw |2

- ; (0(2)|v1] — (m + 1)t|0'(2)]) ,

Qm+1(y,t,v,w) > (O@)lv1| = (m + 1)t]0' (y)])

and since z € [0, 1), we can apply Case 2 with z instead of y to obtain Q41 (y,t, v, w) > —¢.
We have thus shown the statement (2).
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Finally, let us prove statement (3). For every y € [0, 1], v,w € S!, we obtain from (5.9.1)) that

2 m
D™ 2h(0,y) (v, w™) = Z a—+2h(0 Y) Vi, Vip Wy wj
) ) ) 11 Yo Wag « - - Wiy

115y bimt2=1 " tm+t2

where 1 and x2 stands for the variables x and y respectively. If we set v = (0,1) and w = (1,0), the

only possible nonzero term is that for which the (m + 2)-tuple (i1, ..., im,12) satisfies i1 = io = 2 and
i3 =+ -+ = ;42 = 1. This shows that
m-+42 2 m 8m+2h 2. .m 1 o'
D™T2h(0,y) (v, w™) = W(O,y) vaw(t =m! 6" (y) (5.9.5)

Combining (5.9.2), (5.9.3) and (5.9.3)) we get

Qm+2(y7 tv v, ’(U)

= 1 D?h(0,y)(v?) + - + ! D™HLR(0,9) (v, w™ ) + ﬁDmHh(O y) (02, w™)

Com ’ (m—1)! ’ ’ m! ’ ’

—1)0 292 m—1)¢ m — 12w 2wy + 2009w !
— m(m )tQ(y)Ulwl _|_ ( ) (y) (( ) 1t 1 2 1V2Wy ) +9/l(y) — ell(y)

But the function " (y) = 2 cos(2my) is strictly negative on the interval (1, 3) and so is Q42 (¥, t, v, w)
on that interval. Therefore, condition (CW™%2) is not satisfied for h on C. t
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Chapter 6

C'*® extensions of convex functions on R".

6.1 Whitney’s Extension Theorem for C'*
The Whitney’s Extension Theorem for C* reads as follows.

Theorem 6.1 (Whitney’s Extension Theorem for C*°). Let C' C R" be a closed subset of R"™ and
{ fa}ae(Nu {oy)» an infinite family of real valued functions defined on C. Let us write, for every positive
integer m > 0,

ORIV ot (o )9 4 B2 o)

forall x,y € C and every multi-index « with || < m. Then there exists a function F' : R™ — R of class
C>°(R™) such that O“F = f, on C for every multi-index c if and only for every m > 0,

R (z,
RE @, y)| =0 wuniformlyon x,y€ K
la—yl—0 |z — y[m =l

for every compact subset K of C and all |a| < m.

An infinite family of real valued functions { fa }aenuio})» defined on C' is called a co-jet on C.
Observe that Theorem essentially says that a co-jet { fa}aE(Nu{O})" defined on C' has a extension
F € C®(R"), that is, 09F = f, on C for every multi-index «, if and only if the m-jet {fo }jaj<m
satisfies condition (W) of Theorem on C for every m > 0. If {Qy}x are the Whitney cubes of
R™\ C (see Proposition [2.2)), ps denotes a point of C' which minimizes the distance of C' to the cube Q.
and {y }i, is the Whitney partition of unity associated to {Qy, } 1, (see Proposition 2.3), the function F' of
Theorem [6.1] can be defined via the formula

Fla) = f(x) ifreC 61D
TN (S 282 @ - p)) oula) iz eRM\C, -

where (v )y is an strictly increasing sequence of integers carefully chosen and depending on the funcions
{fa}aenu(oy, on the set C' and on the dimension n. An explicit exposition of this construction is given
in [70].

Let us also restate Theorem [6.1]in terms of families of polynomials.

Definition 6.2. Given a closed subset C of R™, we will say that family of polynomials {ngn}yeC,meNU{O}
with deg(P;") < m for every y € C and every m € N U {0}, is a compatible family of polynomials
for C° extension if for every k > j the polynomial Pg is the Taylor polynomial of order j at y of the
polynomial P; foreveryy € C.
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Theorem 6.3. Let C be a closed subset of R"™ and let {P}""},cc menuqoy be a compatible family of
polynomials for C*° extension with deg(Pym) < mforeveryy € C and every m € NU{0}. There exists
a function F € C>°(R"™) with J)"F' = P for every m € N U {0} and every y € C' if and only if for
each m € N the subfamily { P;"}ycc satisfies Whitney’s condition (W™) of order m of Theorem
We will abreviate this by saying that the compatible family { P, },cc menu{o} satisfies condition (W)
onC.

Similarly, Whitney’s Extension Theorem for C*° can be reformulated in terms of k-linear forms.

Theorem 6.4. Let C be a closed subset of R™ and let {Am}meNu{O} be a family of functions defined on
C' such that each A, is L™(R",R)-valued. There exists a function F € C>*(R") with D™F = A,,
on C for every m € N U {0} if and only if for each m € N the subfamily { Ay }7" , satisfies Whitney’s
condition (W™) of Theorem We will abreviate this by saying that the family { A, }menuqoy Satisfies
condition (W) on C.

With the same arguments as in Chapter[5] Section one can see that Theorems and[6.4]are
equivalent.

6.2 (°° convex extension theorem

We are now going to present our main result for smooth convex extension of jets. We saw in Chapter 3]
that condition (CTWV™) of Definitions and is necessary for C"" convex extension but is not
sufficient in general, as we learnt from Example [5.35] Nonetheless, for m = oo we are able to prove an
if and only if theorem from compact convex subset (possibly of empty interior).

Let us now define the suitable condition for C'°° convex extension. Similar to the C™ case (see Chap-
ter[5] Section[5.3) we are going to give several (equivalent) definitions in terms of functions, polynomials
and linear forms.

Definition 6.5 (Condition (CW*)). Let C' be a compact subset of R" and let { P} },cc.menu{oy be
a compatible family of polynomials for C*° extension with deg(P;”) < m for every y € C and every
m € NU {0}. We will say that the family { P, },cc.menu{oy Satisfies condition (CW ) on C provided
that, for each m > 2, every subfamily { P} },ec satisfies condition (CW™) of Deﬁnition that is,
for eachm > 2,

. 1 m m tm—Q
lim inf t'mfj <D2Py (y)(’l}2) -+ tDBPy (y)(u}71}2) + .o+

t—0t

MD’”Pmy)(wM,w) >0

uniformly ony € C, v,w € S*~ 1.

Definition 6.6 ((CTV°°) condition for functions). We will say that a function F : R™ — R of class C*°
satisfies condition (CW ) on a compact subset C provided that F satisfies, for every m > 2, condition
(CW™) on C in the sense of Definition|5.7]

Since for a function F' of class C°°(R™) and a subset C' of R", the family {J;"F'},cc, menuoy
(where each J;" I denotes the Taylor polynomial of I of order 1 at the point y) satisfies that D™ (.J;" F') (y) =
D™F(y) forevery y € C and every m € NU{0}, the condition (CW*°) on C for F' given in Definition
is equivalent to condition (CW*°) on C for the family {.J;" '}, cc menuqoy given in Deﬁnition
Finally, let us give the corresponding definition in terms on k-linear forms.

Definition 6.7 ((CW ) condition for linears forms). Given an infinite family of functions { A } menuio}
defined on a compact subset C' such that each Ay, is L™ (R", R)-valued, we will say that { Ay }menuo)
satisfies condition (CW ™) on C' provided that each subfamily { Ay}, m > 2, satisfies condition
(CW™) on C'in the sense of Definition[5.8|



6.2. C'*° convex extension theorem 175

It is clear that the three above definitions are equivalent. Let us first see that this condition is necessary
for C*° convex extension.

Lemma 6.8. Let ' : R™ — R be a function of class C*°(R™) such that F' is convex on an open
neighbourhood of a compact convex subset C of R™. Then F satisfies condition (CW°) on C.

Proof. Using Lemmawe obtain that F' satisfies condition (CW™) on C for every m > 2, that is F'
satisfies (CTW°) on C. O

From Remark [5.12]and Definition [6.5] we immediately observe the following.

Remark 6.9. If C' is a convex compact subset of R with nonempty interior and {P;ﬂb}yec, meNU{0} 18
a compatible family of polynomials for C*° extension, then a necessary condition for the existence of a
convex function I of class C>°(R") with J;" ' = P;" for every y € C and every m € N U {0} is that:

L. {P]"}yecc, menugoy satisfies (W) on C and (CW) on dC and D*P}"*(y)(v?) > 0 for every
y € int(C) and every v € S"~! and every m > 2,

or equivalently:

2. {P]"}yec, menuqoy satisfies (W) on C and (CW*™°) on OC' and each function C' > y
P(y), m > 2, is convex.

Let us also see that condition (C'W*) with a strict inequality for some & (see Definition auto-
matically implies condition (CW ).

Proposition 6.10. If C is a compact subset of R"™ and the family { P;"* } ,cc menuqoy satisfies (W) on
C and there exists some integer k > 2 for which the subfamily {P;}y € C satisfies condition (C’Wk)
on C with a strict inequality, then { P },cc menu{oy Satisfies condition (CW°).

Proof. Tt immediately follows from Proposition that each subfamily {P)" },cc, m > 2, satisfies
condition (CW™) (in fact, with a strict inequality) on C, that is, { P;" },cc.menuqoy satisfies (CW)
on C. O

We are now ready to present the main result of this chapter.

Theorem 6.11. Let C be a compact convex subset of R™. Let {P;’L }yEC,mENU{O} be a compatible family
of polynomials for C* extension. Then there exists a convex function F' : R™ — R of class C*° with
J F = P} for every y € C and m € N U {0}, if and only if the family {P;"'},cc menujoy satisfies
(W) and (CW*) on C.

Moreover, if C has nonempty interior, then there exists a convex function F' : R" — R of class C*
with J'F = P for every y € C and m € NU {0}, if and only if { P}, cc menuqoy satisfies (W)
on C, (CW*®) on 9C and the function C' > y — PJ"(y) is convex for every m > 2.

An equivalent reformulation of this result is the following.

Theorem 6.12. Let C' be a compact convex subset of R". Let {Am}mGNU{O} be a family of functions
defined on C such that each Ay, is L™ (R™, R)-valued. Then there exists a convex function F' : R" — R
of class C* with D' F = Ay, on C for every m € NU{0} if and only if { Apm }rmenugoy satisfies (W)
and (CW) on C.

Moreover, if C has nonempty interior, then there exists a convex function F' : R™ — R of class
C* with D™F = Ay, on C for every m € N U {0} if and only if { Am }imenuqoy satisfies (W) on
C, (CW*®) on OC and As(y) is semidefinite positive for every y € C.
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6.3 Proof of the main theorem

In this section we will prove Theorem [6.T1] The only if part of the Theorem follows immediately from
Lemma [6.8] On the other hand, if C' has nonempty interior, Remark [6.9] tells us that the conditions
(W) on C, (CW*)ondC and that C' > C' +— P;"(y) is convex for each m > 2 are necessary for the
existence of such a function F. Obviously, the major effort goes in proving the if part of the Theorem.

First of all, by using Whitney’s extension theorem (see Theorem we may and do assume that
there exists a function f € C°°(R"), with J'f = Py forallm € Nand all y € C, and that [ satisfies
condition (CW™) on C for every m > 2 in the sense of Definition On the other hand, if C' has
nonempty interior and we assume that the family {P]"},cc. menugoy satisfies conditions (CW™) for
every m > 2 only on 0C and also that each function C' > y — P;n(y), m > 2 is convex, then the
function f is convex on C, which in turn implies that D?f(z)(v?) > 0 for every z € C and every
v € S"~! because C has nonempy interior. This indicates that with either of the two sets of conditions of
Theorem [6.11] (for arbitrary compact convex sets or for compact convex bodies), the function f satisfies

f satisfies (CW®) on dC and D?f(z)(v?) >0, ze€C,veS" (6.3.1)

Since C' is compact, multiplying f by a suitable bump function of class C'*°, we may also assume
that f has a compact support contained in C' + B(0, 2).

6.3.1 Sketch of the proof.

We will follow a plan of proof similar to that of Theorem [5.14] see Subsection [5.4.1] However, we warn
the reader that what we now say we are going to do is not exactly what we will actually do. Our proof
could be rewritten to match this sketch exactly, but at the cost of adding further technicalities, which
we do not feel would be pertinent. This proof has two main parts. In the first part we will estimate
the possible lack of convexity of f outside C' by using condition (CW ), that is Lemmal6.13] In fact,
using a Whitney partition of unity, and some ideas from the proof of the Whitney extension theorem
in the O case, we will construct a function n € C*°(R) such that > 0, n71(0) = (—o0, 0], and
minj, =1 D?f(x)(v?) > —n (d(z,C)) for every z € R™ and every v € S"~!. In the second part of
the proof we will compensate the lack of convexity of f outside C' with the construction of a function
¢ € C°°(R") such that ¢ > 0, ¢»1(0) = C, and minj,_; D*¢(z)(v*) > 21 (d(z, C)). Then, by
setting F' := f + 1) we will conclude the proof of Theorem|[6.11}

As in the proof of Theorem in order to construct such a function v, we will write C' as an inter-
section of a family of half-spaces, and then we make an integral of suitable convex functions composed
with the linear forms that provide those half-spaces.

6.3.2 Lower estimates for the Hessian of f.

We next show how the assumption of conditions (C'W™) for every m > 2 implies a lower bound for the
Hessian of f in terms of the distance to C.

Lemma 6.13. Given m € N if f € C™(R") and f satisfies (CW™) then there is a number ry,, > 0
such that, whenever d(x,C) < rp,, we have

D?f(x)(v?) > —d(x,C)™ 2, forall veS"L

Proof. If x € C, the desired inequality follows immediately thanks to (6.3.1). Now, given x € R™ \
C, |v| =1, t :=d(z, C), let y be the unique point of dC' with the property that d(z, C') = |z — y|. Take
w = (z —y)/|r — y|. We have y =  + tw. By Taylor’s Theorem, we can write

m—2
D?f(x)(v*) =D*f(y)(v*) +t D*f(y)(w, v*) + - + (T’i_mDmf(y)(wm_2, v?)
tm—2

BT (D™ f(y + sw)(w™ %, v%) = D™ f(y)(w™ %, v*)]
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for some s € [0, t]. Since f satisfies condition (CTW™), there exists a positive number r,,, independent
of y, v and w, for which

m—2

, D2f(y)(v?) + rD*f(y)(w,v?) + - + =gy D™ f(y) (w™ 2, v?) 1
inf — > ——.
0<r<rm r 2
Thus, for 0 < t < 7y,
D?f(z)(v?) 2 S [D™f(y + sw)(w™?,v?) — D™ f(y)(w™ >, v%)]
=" 2 T m—2) Y ’ 4 vl

On the other hand, if s € [0, t], we can write
D™ f(y + sw)(w™ 2, v?) — D™ f(y)(w™?,0%) < D™ f(z + sw) — D™ f(y)]|,

where we denote [|A|| := sup,,, ., esn—1 |A(u1,...,un)|, for every symmetric m-linear form A on
R™. Moreover, the above expression is smaller than or equal to

Em(t) = sup ID™ f(z) = D™ f(2)])-
{z€R", 2’€0C, |z—2'|<t}

Since D™ f is uniformly continuous, there is ], > 0 such that if 0 < r < r/ , then g, (r) < % (in fact
we have lim,_,g+ ,,,(r) = 0). Therefore, if we suppose 0 < ¢ < min{r,,,/,}, we obtain

tmf2 tmf2
2 (m-2)

D?f(z)(v)? > — !é‘m(t) > ™2,

6.3.3 A Whitney partition of unity on (0, +00)

For all k£ € Z, we define the closed intervals

3. 9
Ik — [2/6’ 2k+1]’ I]:( — |:42k, 82k+1:| .

Obviously (0, +00) = [Jy.cy, Ir- We note that I, and I} have the same midpoint and ¢(I}}) = 3((1}),
where ((I;) = 2k denotes the length of Ij. In other words, the interval I is I}, expanded by the factor
3/2.

Proposition 6.14. The intervals I, I} satisfy:
1. Ift € I}, then

3 9
—0(I)) <t < —=0(I.).
45( k>_t—4€( k)

2. If I} and I} are not disjoint, then

%euk) < (1) < 26(I).

3. Given anyt > 0, there exists an open neighbourhood Uy C (0, +00) of t such that Uy intersects at
most 2 intervals of the collection {I} }rez.

Proof.
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1.Ift € I} = [32F, 225F1] 'we have ((1;) = 2¥ and

3 okt _ 9
2 <t< 2ok = Zy1).
S0 < < 22 = 2

2. First of all, we note that I;; N I}, = @ for all k € Z. Indeed,

* okt1 _ 9 okt2 _ Sokt2 _ -
sup(I}) = §2 = 1752 < 12 T2 =inf(I},).
This shows that if two intervals of the family {I}};cz are not disjoint, then their indices must be two
consecutive integers. Hence, if [} and I3 are not disjoint, because (1) = 2k and £(I;) = 27, we
immediately obtain

éé([k) < U(I;) < 20(I1).

3. Fixt > 0 and k € Z with t € Ij;,. Then int(/;) is an open neighborhood of ¢ and, thanks to the
preceding remark, /;; cannot intersect I;;_, or I;, ,. Thus I;’ can only intersect with some of the intervals
Iy, I or I . Now we claim that either I;; contains an open neighborhood of ¢ which can only
intersect with I;” or I;;_, or else I;; contains an open neighborhood of ¢ which can only intersect with I};
or I} ;. To check this, let us study two cases.

Suppose first that 2% < t < %2’“. Set Uy = (t — %,t + %) If ¢ € Uy, then

3 2k 2k 2k 10 3
inf(I}) = Zz’f <2k TSt-g < t<t+ 7 < §2k < ZQkH = inf(I}, ) < sup(I}).
This shows that U; C int(/};) and that U; and I}/, ; are disjoint. Thus Uy can only intersect with I;_, or
It
Now, we suppose that $2% < t < 25+1 If we take § = min{t — 32", %} and set Uy = (t — 6,t + 0),
we have for all t/ € U, :

9 9
inf(I}) <sup(l;_;) = §2k <t-0<t<t+6< §2k+1 = sup(l}).
Hence U; C int([};) and that U; and I};_, are disjoint. Thus U; can only intersect I} 401 I;. ]

This is a special case of the decomposition of an open set in Whitney’s cubes, see Proposition [2.2]
for instance. In the one dimensional case things are much simpler and, for instance, one may replace the
number N = 12 in Proposition with the number 2. Anyhow, dealing with the number 12 instead of
2 would have no harmful effect in our proof.

We now relabel the families {/;}, and {/} },, k € Z, as sequences indexed by k € N, so we will
write {I},};>1 and {I}};>. For every £ > 1, we will denote by t;, and ¢}, the midpoint and the length
of Iy, respectively.

Next we recall how to define a Whitney partition of unity subordinated to the intervals ;. Let us
take a bump function 6y € C*°(R) with 0 < 6y < 1, 6y = 1on[-1/2,1/2];and p = 0on R\ (-2, 2).
For every k, we define the function 6, by

It is clear that 6, € C°°(R), that 0 < 6, < 1, that 6, = 1 on I, and that §;, = 0 outside int (/).

Now we consider the function ® = 3, - 0 defined on (0, +00). Using Proposition every point
t > 0 has an open neighbourhood which is contained in (0, +o00) and intersects at most two of the
intervals {I}}. Since supp(f;) C I}, the sum defining ® has only two terms and therefore ® is of
class C'*°. For the same reason, ®(t) = Zl;;at 0r(t) < 2, for t > 0. On the other hand, every ¢t > 0
must be contained in some [, where the function 6, takes the constant value 1, so we have 1 < ¢ < 2.
These properties allow us to define, on (0, c0), the functions 0}, = %. These are C'*° functions satisfying
Yoefr =1,0<0; <1,and supp(d;) C I}. Less elementary, but crucial, is the following property.
See [[70,163]] for a proof in the more general setting of R™.
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Proposition 6.15. For every j € N U {0}, there exist positive constants Aj, A%, A7 such that, for all
t>0and k> 1,

(1) 16 (t)] < A,
(2) Ift € I}, then |2 (1)] < A”¢, 7
(3) 169 (t)] < A6,

Proof. For the case j = 0 it is enough to take A9 = A = 1 and Aj = 2. For j > 1, we let us check the
three inequalities separately.

(1) Since supp(fp) is compact, there exists A’ > 0 with |9(()j)(t)| < A forall t > 0. Given k > 1, we

have )
: N (t—t
0(3) t) = 70(]) k

and therefore |9,E:j )(t)] < A;-K,;j :
(2)Ift € I} and i € N are such that ¢ € I, then we have %ék < ¢; < 24y by virtue of Proposition
Then inequality (1) yields

. _ ) . 1 -7
2D(@) =) 67 (t)’ <> AT <Y 4 (2@) .

Iyt It It

Because in the above sum there are at most 2 nonzero terms, we have |®() (¢)| < QAQE’%; = Aj E;j ,
where A7 := 271,

(3) Since supp(#;) C I}, we may and do assume that ¢t € I};. Let us prove this statement by induction
on j. For j = 1, note that (®6;)" = 6. Thus we have

0, — 079’
9* r_ k k )
oy =

The facts that 0 < 6f < 1 and ® > 1 together with statements (1) and (2) lead us to

10 (D)] + 105 (6)[19"(1)]

(0] <A+ AV = At

|(67)(1)] <

where A; := A} + AY. Now, let us suppose that, for every 1 < [ < j, there exist A; > 0 such as in
inequality (3). We next use Leibniz’s rule in order to compute the (j + 1)-th derivative of 6;® = 6, and
then we write separately the (j 4 1)-th derivative of ; and the rest of the sum to obtain

J .

(7)) + 3 <J %l- 1> (07)D@UHD — it
=0

Using first the fact that ® > 1 and then inequalities (1) and (2) together with the induction hypothesis,

we can estimate |(6;)UF1)(¢)] in the following way:

J .
60501 <001+ Y (77O wler -
=0
Gt S (T g i GHD ~(j+1)
< Ajb, + Z I Al Ajaiby = Ajrily ’
=0

where Aj 1 := AL, + Z{:O (jJ{l)AlA;.’Hfl. This concludes the proof of (3). O
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6.3.4 The sequence {0, }, and the function ¢

Let us consider the numbers r,,, of Lemma It is clear that we can construct a sequence {d,}, of
positive numbers satisfying

1
5p Smin{T‘IHQ, (])_'_2)'} y forp Z 1

Op
6p<pTl, forp > 2.

Of course the sequence {,}, is strictly decreasing to 0. Now, for every k we define a positive integer
v as follows. In the case that £, > 61, we set v, = 1. In the opposite case, £ < §1, we take ;. as the
unique positive integer for which

(5%_;_1 <l < (5%.

Finally let us define:

_f X () it >0,
g(t)_{ T 0 if ¢ < 0.

In the following lemma we show that ¢ is of class C'">° on R and satisfies an additional property which
will be important in Subsection [6.3.6]

Lemma 6.16. The function < satisfies the following properties.
(1) e is of class C*®(R) and satisfies €9)(0) = 0 for every j € NU {0}.
(2) If 0 <t < 64 and q € N are such that 641 <t <, and% < s < t, then £(2s) > 92,

Proof. For the first statement, we immediately see that e~(0) = (—oc, 0], that € > 0 on (0, +-00) and
that ¢ € C°°(R \ {0}). In order to prove the differentiability of ¢ at ¢ = 0 and that all the derivatives of
e att = 0 are 0, it is sufficient to prove that for all j € N U {0},

()
RG]

t—0+ t

To check this, fix j € NU {0} and > 0 and take

~ . n .
tj = min {23]4](‘]—1—1)'75j+5} s where Bj = maX{Al : 0 S l S ]}

Recall that the numbers A; are those given by Proposition Let0 <t < IZ Due to the fact that

{6p}p is strictly decreasing, we can find a unique positive integer ¢ such that d,,1 <t < ¢,, and because
t < d;15 < 1, we must have g > j + 4. Now, if & is such that t € I}, Proposition [6.14]tells us that
j+ k p

4
Ek < gt <2t < 2(5]'_;,_5 < 51,
and using the definition of 7, we have
4
5»}%4_1 < Ek < gt <2t < 2(5(1 < 5q—l'

The above inequalities imply that v, + 1 > g — 1, that is 7, > ¢ — 1. In particular y;, > 7 + 3. On the
other hand, using Proposition [6.14] again, we obtain:

Oy, > Uy >
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oV < g+ 2.
If we use Leibnitz’s Rule, we obtain

and since 7y, > j + 3 for those k such that ¢t € I}, we can write

_\ZZ<> l”"llw*ﬂ ZZ]%WHA s
-

I;>t 1=0 1>t 1=0

Now, by Proposition we know that ¢, > %t > %t. Moreover, because v < q + 2, we have
! < (¢ + 2)! and the last sum is smaller than or equal to

ZZ] (q+2)! 7k —l- 1A] l4l —-

1>t 1=0

Writing ¢ —=1 = ¢2¢m=1=3 < ¢ g t7%~1=3  this sum is smaller than or equal to

ZZ] (g +2)!td, tW”’A],—g 49 ‘B]ZZQ+2‘(S —=i=3 | 4.

1>t 1=0 I;>t 1=0

Noting that t < 645 < 1 and 7, > j + 3, we must have t7%—J=3 < 1. By construction of the sequence
{0p}p we have that (¢ + 2)! 6, < 1, and using that the sum }_;..., has at most 2 terms, we obtain

V@)
t

<A(j+1)512B;t < 4 (j+ 1)1 2B;t; <.

This completes the proof of statement (1).
Now we prove the second statement. First of all, we note that 6441 <t < 2s < 2t < 264 < d¢4—1, and in
particular ¢ > 3. Let us suppose that 2s € I;’. Using Proposition [6.14

4
Oyt1 < < §(25) < 2(2s) < 264—1 < 0g—2,

that is v > ¢ — 2. If we use Proposition [6.14] again,
4(28) (28) > (5q+1

> > 6q+37
and then v, < g+ 2.

Finally, note that 2s < 2t < §4—1 < 01 < 1, and due to the fact that v, < ¢ + 2 for those k such that
2s € I}, we have that (2s)772 < (2s)7. This allows us to obtain the desired inequality:

12 < (25)7F7 = D (25)71205(25) < D (28)7465(25) = £(2s).

I7>2s I;>2s



182 Chapter 6. C*° extensions of convex functions on R".

6.3.5 The function ¢

As we said in Subsection[6.3.T|we need to construct a function ¢ which compensates the lack of convexity
of f given by Lemma We begin by defining

e(2t)
E(t) = nis ift >0
0 ift <0

Since ¢ € C*(R), with ¢()(0) = 0 for all j € NU {0}, we have that £ € C*®(R) and £)(0) = 0 for
all j € NU {0} as well. Now, let us consider the function

ot) = { Iy [2e(rydrds ift>0

0 ift <0.
It is clear that g € C°°(R) and ¢U)(0) = 0 for all j € N U {0}. In addition, g~'(0) = (—o0,0] and
g"(t) = &(t) > Oforall ¢t > 0. In particular, g is convex on R and positive, with a strictly positive second
derivative on (0, 400).
Now, for every vector w € S"~ ! define h(w) = max,cc(z,w), the support function of C. We also
define the function

¢: S"IxR* — R
(w,z)  — o(w,z) = g((z,w) — h(w)).

Using similar arguments as in Chapter |5, Subsection it follows that ¢(w, -) is a function of class
C>(R™) whose derivatives of all order and ¢(w, -) itself vanish on C for every w € S"~. Moreover,
the function ¢(w, -), being a composition of a convex function with a non-decreasing convex function, is
convex as well. Finally, we define the function ¢ : R™ — R as follows:

o(z) = 1 ¢(w,x) dw forevery x € R"™.
Sn—
We have that ¢ ~1(0) = C and that ¢ is convex on R"™. Because ¢(w, -) is in C°°(R"), the derivatives
(w,z) — %(ﬁ(w, x) are continuous for every multi-index «, and S*~! is compact, it follows from
standard results on differentiation under the integral sign that the function ¢ is of class C*°(R") as well,
and that 0%p(x) = 0 for every x € C and every multi-index «. In other words, J"¢ = 0 for all
m € NU{0} and all € C. Besides, the second derivative of ¢ is

D?p(x)(v?) = / J"((z,w) — h(w)){w,v)? dw, zcR" ves" L
S§n—1

6.3.6 A smooth convex extension on a neighbourhood of the domain

In the same spirit as in the proof of Theorem Subsection we are going to compensate the
lack of convexity of our function f with the function ¢ that we have just constructed. Using the constant
V(n), obtained in Lemma|5.18] define

V(n)

) = S dam (@)

Lemma 6.17. With the notation of Subsection consider the function H = f + %go defined on

R™, and take r = d4. Then, for every x € R™ such that t := d(x,C) < r, and for every v € Sr1 we
have
D?H(z)(v?) > 9,

where q is the unique positive integer such that g1 <t < dy.
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Proof. As we saw in the proof of Lemma([5.19] we have that
D?p(z)(v?) >0 forevery x€R™\C,veS" L (6.3.2)

Now, fix z,t, v, q as in the statement. If z € C there is nothing to prove because ¢ is convex on R™ and
D?f(x) > 0 by (6.3.1). Let us now suppose that z € R \ C. Since D*H (z)(v?) = D?H (z)((—v)?),
we may suppose that (v, u,) > 0, where

1

=—(z—2¢
\a:—:vc|( )

Ug

and z¢ € OC is the metric projection of = onto C'. Take the angle o, and the set W = W (x,v) as in
Lemmas [5.16 and [5.18| respectively. By the construction of ¢, we have

DPpla)?) = [

E((z,w) — h(w)){w,v)? dw > / E({x, w) — h(w)){w,v)? dw >0, (6.3.3)
Sn—l

w

and for w € W, Lemma gives us that w u, € [%I, %] ; on the other hand Lemma says that, in
this case,

% < (2, w) — h(w) < t < 4.
Using the second statement of Lemma[6.16 we obtain
B e(2({z,w) — h(w))) tat2 tat2 t4
—h = > > = .
e =) = oy =R = Ty = Ry = 78~ o

On the other hand, due to Lemma the product (v, w) is greater than or equal to sin(<%*) for all
w € W. By combining the preceding inequalities, we get

2 2 o Qz\ 5 n—1
D2p(@)(v?) 2 oy sin (3 )’H (W).

By the third part of Lemma(5.18] the last term is greater or equal than

1 5/« 1
TSI (?) V(n)al ™",

where V(n) is a positive constant only depending on n. Since a; < 1, we have that sin(%) > 1% so
we obtain

1 o2 _ 14 qntl
D2p(@)(v?) 2 zog SEVmal ™ = V().
Moreover, we have . .

Qy

= >
t + diam(C) — 1+ diam(C)’
because t < r = J4 < 1. Gathering these inequalities, we get
4 tn+1
D? >
POW) 2 55T 360 diam(C))r

Vin) = C(n)te.

Finally, due to the construction of the sequence {d,},, (see Subsection [6.3.4) we have d(z,C) =t <
0g < rg+2, hence Lemma ensures that

D f(x)(v?) > —t.
Therefore
2

DH()(v?) = D (@)0?) + g s

D?p(x)(v?) > —t7 4 2t = t9,
O

Since J'¢ = 0 for y € C and each m € N U {0}, we have proved that H is of class C*°(R"),
H=fonC,J"H = J"f = PJ" forevery y € C and every m € N, and H has a strictly positive
Hessian on the set {x € R" : 0 < d(z,C) < r}.
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6.3.7 Conclusion of the proof: convexity of the extension on R"

To complete the proof of Theorem [6.11| we only have to change the funcion H slightly.

Lemma 6.18. There exists a number a > 0 such that the function F' := f + ayp is of class C*>°(R"),
concides with f on C, satisfies J;' F' = P for every y € C, m € N, is convex on R", and has a strictly
positive Hessian on R™ \ C.

Proof. Let us denote ¢ = %cp. We recall that f = 0 outside C' + B(0,2). Take r > 0 as in Lemma

Since C; := {x € R" : r < d(x,C) < 2} is a compact subset where v has a strictly positive
Hessian (see inequality (6.3.2)), and using again that f has compact support, we can find M > 1 such
that

1
sup  |D*f(z)(v*)| <M and inf  D%*(z)(v?) > —. (6.3.4)
zER", veSn—1 z€Cy, veSn—1 M

Letus take A = 2M?% and F' = f + Av. If d(z, C) < r (this includes the situation z € ) and v € S*1
we have, by Lemma|6.17] that

D*F(z)(v?) = 2M*D*(2)(v*) + D*f(2)(v*) = D*(2)(v*) + D*f () (v*) > 0.
In the case when d(z, C) € [r, 2], given any |v| = 1, the inequalities of (6.3.4)) yield
D?F(z)(v?) = 2M?*D*(x)(v?) + D f(z)(v?) > 2M — M = M > 0.
Finally, in the region {z € R™ : d(z,C) > 2}, we have that f = 0. Hence
D?F(x)(v?) = 2M2D%*)(z)(v?) > 0

by virtue of (6.3.2). Therefore, by setting a = 2A/C(n), we get that the function F = f+ Ay = f+ap
is of class C°°(R"), satisfies F'(y) = f(y) and J,"F' = P;* for every y € C, m € N, and has a
nonnegative Hessian on R"™. This proves that F' is convex on R"™. In fact, the Hessian of f is strictly
positive on R™ \ C. O
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