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STABILITY OF CONIC BUNDLES (WITH AN APPENDIX BY
MUNDET I RIERA)

T. GOMEZ AND I. SOLS

ABSTRACT. Roughly speaking, a conic bundle is a surface, fibered over a curve,
such that the fibers are conics (not necessarily smooth). We define stability
for conic bundles and construct a moduli space. We prove that (after fixing
some invariants) these moduli spaces are irreducible (under some conditions).
Conic bundles can be thought of as generalizations of orthogonal bundles on
curves. We show that in this particular case our definition of stability agrees
with the definition of stability for orthogonal bundles. Finally, in an appendix
by I. Mundet i Riera, a Hitchin-Kobayashi correspondence is stated for conic
bundles.

1. INTRODUCTION

In this paper we introduce the notion of stable conic bundle. This notion appears
as the stability condition in the GIT construction of the moduli space of these
objects.

Let X be a smooth complex curve of genus g. Let » > 0 and d be two integer
numbers. Let £ be a line bundle over X. These data will be fixed throughout the

paper.

Definition 1.1. A conic bundle on X of type (r,d, L) is a pair (&,Q) where & is
a vector bundle on X of rank r and degree d, and Q is a morphism

Q: Sym*& — £.

A morphism between conic bundles ¢ : (&,Q) — (&',Q’) is a morphism f : & — &'
such that there is a commutative diagramme

2
Sym? & SymJ, Sym? &’

e 4l
y 2, ¥

where g is a scalar multiple of identity.

Then two conic bundles (&, Q) and (&”, Q") will be isomorphic when there is an
isomorphism & = &’ that takes @) into a scalar multiple of ’. The name conic
bundle comes from the case r = 3. We will be mostly interested in this case, and
in fact we will only define stability for r < 3.

If & = Ox and @ gives a nondegenerate quadratic form on each fiber, then the
conic bundle is equivalent to an orthogonal bundle (see [ﬂ]) In this case there is
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already a definition of stability, and we check in section @ that it is a particular
case of our definition.

Definition 1.2. Consider a conic bundle (£&,Q) and a subbundle & of & of rank
r'. Let © be a general point in X. If %1 and Fa are subbundles of &, we denote
by F1.%5 the subbundle of Sym? & generated by elements of the form f1fo where fy

and fo are local sections of F1 and Fo. We define a function cq(&’) as follows:

2, if Qe #0
c@)=4¢ 1, if Qs #0=0Qlss

Sometimes it will be convenient to write this type of conditions on @ in matrix
form. Choosing a basis compatible with the filtration &’ C & these three cases can
be expressed as follows

(7o) () (6 2)

where x means that that block is nonzero, 0 means that it is zero and - means that
it can be anything.

Definition 1.3. Let (&,Q) be a conic bundle. We say that two subbundles & C
& C & give a critical filtration of (&,Q), if tk(&1) = 1, k(&) = 2, k(&) = 3,
nglgz =0, and Q'glg #0# Q|g2<§“2-

The fact that & C & C & is a critical filtration of (&, Q) means that for a
generic point € X, the conic @, defined by @ on the fibre of P(&£) over x is
smooth, the point defined by &3 is in the conic and the line defined by &3 is tangent
to the conic. In matrix form with a basis adapted to the filtration & C & C &
this can be expressed as

0 0 x
Q= 0 x
X
Later on (definition P.g) we will introduce a similar definition for filtrations of vector
spaces.

Now we are ready to define the notion of stability. We will only define it for
r < 3. As it is usual when one is working with vector bundles with extra structure,
this notion will depend on a positive rational number 7. We could as well take 7
to be a real number, but this wouldn’t give anything new because when we vary 7
the stability of a conic bundle can only change at rational values of 7.

We follow the notation of [fl]: Whenever the word ’(semi)stable’ appears in a
statement with the symbol (<)’, two statements should be read. The first with
the word ’stable’ and strict inequality, and the second with the word ’semistable’
and the relation '<’.

Definition 1.4. Let 7 be a positive rational number. Let (£,Q) be a conic bundle
with v < 3. We say that (&,Q) is (semi)stable with respect to T if the following
conditions hold

(ss.1) If &' is a proper subbundle of &, then

deg(&’) — cqg(&)r, _ deg(&) — 21
I"k(g’§2 (<) r '




STABILITY OF CONIC BUNDLES 3

(ss.2) If & C & C & is a critical filtration, then
deg(&1) + deg(62)(<) deg(&).

Note that condition (ss.1) is reminiscent of the stability conditions for vector
bundles with extra structure in the literature, but condition (ss.2) is new. It is
due to the fact that in a conic bundle, @ is a nonlinear object. So far all objects
that have been considered were linear, and this is why this kind of conditions didn’t
appear. This nonlinearity is responsible for the fact that the proof is more involved,
and we have to consider only conic bundles with r < 3. For higher r we expect to
have more conditions of the form (ss.2).

Lemma 1.5. Let (£1,Q1) and (&3,Q2) be stable conic bundles of the same type
(r,d, ). Then any nontrivial morphism ¢ : (&1,Q1) — (62,Q2) is an isomor-
phism, and furthermore it is a scalar multiple of identity.

Proof. Assume that ¢ is nontrivial. Let f : &1 — &, be the corresponding morphism
of sheaves. Consider the subsheaves & = ker f of &1 and &” = im f of &. Assume
&’ # 0. By commutativity of the diagramme

2
Sym? & ——— Sym? & Sym? S, Sym? &

a| @ @
¢ = ¥ S ¥
we have that cg, (6') = 0, and then by stability
deg(&”) - d— 2t - deg(&") — 27 < deg(&") — cgn (&) - d—21
rk(&") r rk(&") - rk(&") T
which is a contradiction. Then &’ = 0 and f is an isomorphism. Now let x € X be

a point, and let A be an eigenvalue of f at the fibre over z. Then h = f — Aidg is
not surjective at x, hence h cannot be an isomorphism and then h = 0.

O

A flat family of (semi)stable conic bundles of type (r,d,. %) parametrized by a
scheme T is a triple (&7, Qr, A#") where & is a vector bundle on X x T, flat over
T, that restricts to a vector bundle of rank r and degree d on each fibre X X ¢,
and Qr is a morphims Q7 : Sym? & — %L ® pp.V where A is a line bundle
on T, and this morphim restricts to (semi)stable conic bundles on each fibre. Two
families (&7, Qr,-#) and (&}, Q%F, A”) will be considered equivalent if there is a
line bundle .# on T, an isomorphism f : & @ ph.# — &} and a commutative
diagramme

2
Sym? & @ ph.M? Sy ], Sym? &

Ql Q/l
PxL Ve N QP M —— L @ N

Let 9, (r,d, £)% (resp. M, (r,d,L)") be the functor that sends a scheme T to
the set of flat families of stable (resp. semistable) conic bundles of type (r,d, %)
parametrized by T'. The moduli space for this functor will be denoted by M. (r, d, Z)
(resp. M, (r,d,.Z)).
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Theorem I. Let X be a Riemann surface. Let 7 > 0 be a rational number. There
exist a projective coarse moduli space M, (r,d,.L) of semistable conic bundles with
respect to T of fived type (r,d, ). The closed points of M, (r,d,.L) correspond
to S-equivalence classes of conic bundles. There is an open set M, (r,d, L) cor-
responding to stable conic bundles. This open set is a fine moduli space of stable
conic bundles. Points in this open set correspond to isomorphism classes of conic
bundles.

For a definition of S-equivalence, see subsection E

At the same time we wrote this article, I. Mundet i Riera found the conditions
for existence of solutions to a generalization of the vortex equation associated to
Kaehler fibrations. As expected, the condition he finds is, in the case of conic
bundles, the same as the condition we have found for stability. This is explained in
the appendix.

2. GIT CONSTRUCTION

In this section we will construct the moduli space of semistable conic bundles.
This construction is based on the ideas of Simpson for the construction of the
moduli space of semistable sheaves ﬂ?]) We will follow closely the paper [B] of
King and Newstead and the paper [[l] of Huybrechts and Lehn. In @ we prove
some boundness theorems that are needed later, and in E we give the construction
of the moduli space and prove the semistability condition. The base field k£ can be
any algebraically closed field of characteristic zero, but we are mainly interested in

C.

2.1. Boundness theorems.

Proposition 2.1. Let X be a genus g curve. Let S be a set of vector bundles on
X with degree d and rank r. Assume that there is a constant b such that if & € S
and &' is a monzero subsheaf of &, then
deg(&”)
&' = <b.
/’L( ) I‘k(@@/) —

Then there is a constant mqy such that if m > mg, for all & € S, we have
hY(&(m)) =0 and &(m) is generated by global sections. Hence S is bounded.

Proof. Let x be a point of the curve X and & € §. The exact sequence
0—&(m)®0x(—x) = E(m) — E(M)|, — 0

gives that if h'(&(m) ® Ox(—z)) = 0 for all z € X, then &(m) is generated by
global sections and h'(&(m)) = 0.

Assume that (& (m) ® Ox (—x)) # 0. Then by Serre duality there is a nonzero
morphism &(m) ® Ox(—x) — Hx, where #x is the canonical divisor. This gives
an effective divisor D on X and an exact sequence

0— &' (m) — &(m) — Hx(x— D) — 0.
Let d’ = deg(&”). We have rk(6”) =r — 1. Then
d=0-rym+d+rm—(29g—1—deg(D)) >d—2g9+1+m

On the other hand, by hypothesis d’ < (r — 1)b, and combining both inequalities
we get
m<(r—1b—d+2g9—1.
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Then if we take mg > (r — 1)b — d + 2¢g — 1, for any m > mgy and z € X we
will have ht(&(m) ® Ox(—z)) = 0, thus &(m) is generated by global sections and
h'(&(m)) = 0. By standard methods using the Quot scheme, this implies that S
is bounded.

(|

Corollary 2.2. The same conclusion is true for the set of vector bundles & occur-
ring in semistable conic bundles (&,Q) of fized type. The constant mq depends on
X, 7, r and d, but not on L.

Proof. By condition (ss.1) we have that for every subsheaf & of &
/! _ !/ _

deg(&”) < d—2t n cq(&r < d—27
k(&) — or k(&) — r

Take b = d‘% + 27 and apply the proposition.

+ 27.

O

Corollary 2.3. Let S be the set of semistabilizing sheaves, i.e. sheaves &', &1, &
that give equality in condition (ss.1) or (ss.2). Then the conclusions of proposition
@ are also true for S.

Proof. By semistability, the slope of a subsheaf of a sheaf in S is bounded. On the
other hand there are only a finite number of possibilities for rhe rank and degree
of a sheaf in S, then we can apply proposition @

O

Now we will state two lemmas of King and Newstead ([J, lemma 2.2] and [B]
corollary 2.6.2]).

Lemma 2.4. Let & be a torsion free sheaf such that for all subsheaf F# of &,
w(F) <b. If b <0, then h°(&) = 0. If b > 0 then h°(&) < 1k(&£)(b+ 1).

O

Lemma 2.5. Fiz R, b, k. Then there exists an ng such that if S is a set of torsion
free sheaves with

(i) k(&) < R

(i1) p(F) < b for all nonzero subsheaves F of &

(i1i) For some n > ng

h(&(n)) > k(&) (x(Ox (n)) + k)
Then the set S is bounded.

2.2. Construction and proof of main theorem.

Now we will give the GIT construction of the moduli space. We will assign a
point in a projective scheme Z to a conic bundle (&, Q) of fixed type (r,d,.£). Let
P be the Hilbert polynomial of &, i.e. P(m)=rm+d+r(l —g). We will assume
that m is large enough so that corollaries @ and E are satisfied. Let V be a vector
space of dimension p = P(m). Let H be the Hilbert scheme Hilb(V ® Ox(—m), P)
parametrizing quotients of V' ® Ox (—m) with Hilbert polynomial P. Let I > m be
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an integer, W = H°(Ox (I —m)), and G be the Grassmannian Grass(V ® W, p) of
quotients of V' ® W of dimension p. For [ large enough we have embeddings

H— G — PATD(V W)
Let B = H(Z) and P = P(Sym?(VY ® B)). Given (&,Q) and an isomorphism

V = HO(&(m)) we get a point (¢, Q) in H x P as follows:
The vector bundle &(m) is generated by global sections (corollary B.9), then we

have a quotient
q:V®0x(—m)= H°&(m)) @ Ox(—m) - &.

Denote by ¢ the point in H corresponding to this quotient. On the other hand, we
get a point @ in P by the composition

Sym?V = Sym? H°(&(m)) — H°(Sym? &(m)) — H°(Z(2m)) = B

Let Q be a point in P. We will denote by Q" a representative of Q, i.e. Q' :
Sym?V — B. This gives (up to multiplication by a scalar) an evaluation

ev: Sym?*V ® Ox(—2m) — B® Ox(—2m) — £.

Let Z be the closed subset of H x P of points (§,Q) such that (some multiple) of
this evaluation map factors through Sym? &

Sym?V ® Ox(—2m) — Sym? & — Z.

The group SL(V') acts in a natural way on H x P. A point in Z will be called
“good” if the quotient

q:V0x(—m) > &

induces an isomorphism V — H 9(&(m)), and & is torsion free. Note that a conic
bundle (&, Q) gives a “good” point in Z and conversely we can recover the conic
bundle from the point, and two “good” points correspond to the same conic bundle
iff they are in the same orbit of the action of SL(V'). This action on H x P preserves
the subscheme Z and the subset of “good” points.

Let .# be the line bundle on H given by the embedding H — P(ATW(V @ W)).
Embedd Z in projective space with Oz(n1,ne) = pi, A ™ @ p5Op(n2)

Z — P(Sym™ [APO(V @ W)] @ Sym™[Sym? V" @ B])

The group SL(V) acts naturally on Sym™ [AP)(V @ W)] @ Sym™*[Sym? VV @ B,
and this gives a linearization for the action of SL(V') on Z.

Now we will characterize the (semi)stable points of Z under the action of SL(V)
with the linearization induced by Ox (n1,n2). We will take

ny _ PU) - Plm)_
n P(m)—2r

Notation. Given a point (g, Q) € Z and a subspace V' C V we denote by &y
the image of V' ® Ox(—m) under the quotient ¢ : V ® Ox(—m) — &. Note that
V' C H°(&v/(m)), but in general they are not equal. If & C & is a subsheaf of
& we have Exo(gr(my) C &', with equality if &”(m) is generated by global sections.
Given a sheaf .7, we will denote by Pz its Hilbert polynomial.

The following definition is analogous to definition B
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Definition 2.6. Let (g, Q) be a point in Z. Let Vi C Vo C V3 =V be a filtration
of V.. Let Q' be the restriction of Q' : Sym*V — B to V, ® V. We say that Vi,

Va give a critical filtration of (q,Q), if tk(év,) = 1, tk(&y,) = 2, Q15 = 0, and
Qi3 # 0 7 Q.

Proposition 2.7. For | large enough the point (§,Q) € Z is (semi)stable by the
action of SL(V') with respect to the linearization by Oz(nyi,ne) iff:
(*1) If V' C V is a subspace of V, then

dim V' (ny P(1) + 2n2)(<) dim V (n1 Ps, , (1) + cq(&yvr)ns2).
(*.2) If Vi C Vo C V is a critical filtration, then
(dim Vi + dim Va)(n1 P(1) + 2n2)(<) dim V(n1 (Psy, (1) + Psy, (1) + 2n2).

Proof. We will apply the Hilbert-Mumford criterion: a point (g, Q) is (semi)stable
iff for all one-parameter subgroup (1-PS) X of SL(V) we have u((4,Q),\)(<)0,
where 1((¢, @), \) is the minimum weight of the action of A on (g, Q).

Let p = P(m). A 1-PS X of SL(V) is equivalent to a basis {v1,...,v,} of V and
a weight vector (y1,...,7p) with v; € Z, v < --- < ~,, and ) v; = 0. The set C of
all weight vectors is a cone in ZP. If a basis of V' has been chosen, then by a slight
abuse of notation we will denote u((q, @), \) by u((4,@Q),~), where v € C.

We will choose a set of one-parameter subgroups, calculate u((q,Q),\), and
then imposing 1((q, @), \)(<)0 we will obtain necessary conditions for (¢, Q) to be
(semi)stable.

Then we will show that the chosen set of one-parameter subgroups is sufficient,
in the sense that if we check that u((G, @), A)(<)0 for all one-parameter subgroups
in this set, then the same will hold for any arbitrary one-parameter subgroup in C.

We have 1((4,Q), ) = nipu(q, ) + nap(Q, A), where (g, A) (resp. u(Q, N)) is

the minimum weight of the action of A on § € H (resp. @ € P). Fix a basis
{v1,...,v,} of V. Define ¢(i) = dim¢'((vy,...,v;) @ W), where ¢ : V@ W — kF'®
is the quotient corresponding to the point ¢ € H. We have (see M])

P

(@) =D yilpli) — (i —1)).

i=1

On the other hand
w@Q,y) = min {7+ Q' (v, v;) # 0}

5,J€{1,..,p

Note that 1(g,~) is linear on € C, but x(Q,~) is not.
GIT (semi)stable implies conditions (*)

Let (¢, Q) be a (semi)stable point in Z. Let {v1,...,v,} be a basis of V. Define
i = min{i : rk(@“’@l’m’vi)) > k}.

Note that if (¢, Q) is “good”, then the map V — H®(&(m)) is an isomorphism (in
particular injective), and then i; = 1. Later on we will see that for sufficiently large

m, a semistable point is “good”, but now we won’t assume that (¢, @) is “good”.
Define a filtration of V'

‘/1:<’Ul,...,1)i1>C‘/2:<’Ul,...,1)i2>c‘/3:‘/.
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Let Q' , be the restriction of Q' : Sym®V — B to V, ® V4. To calculate 1(Q, \) we
distinguish seven cases.

1) Qu#0 (@, A) =27,

2) /11 =0, Q/12 #0 ,U(Qv )‘) = Yip T Yis

3) Q/12 = Oa Q/13 7£ 0 7£ Q/22 U(Qv )‘) = min(27i277i1 + FYia)
4) /13 = 07 Q/22 7é 0 N(Q? )‘) = 27i2

5) Q3 =0, Q3 #0 (@5 A) = iy + Vi

6) /13 = I22 = 07 Ql23 7é 0 N(Qa)‘) = iz + Yis

7) Qi3 =0, Q3 #0 1(Q; A) = 2,

Note that in all cases, except case 3, u(Q, \) is a linear function of € C.
First we will consider weight vectors of the form

1 p—1i
. —
and define V' = (v1,...,v;) (it is clear that any subspace of V' can be written in

this form, after choosing an appropriate bases for V).

We have u(q,7®) = —pg(i) 4+ ip(p). To obtain a formula for u(Q, ") we have
to analyze each of the seven cases. We will only work out the details for cases 2
and 3, the remaining cases being similar to case 2.

In case 2 we have u(@, v(i)) = 71-(11-) + 71-(;). Then, according to the value of i we
have

_ . 24 1< (I‘k(@@‘//) = 0)
W@ =3 2i—p i1 <i<iy (tk(&y)=1)
2% — 2 iz <i (tk(&y1) > 2)
In case 3 we have M(Q, @) = min(2y®, 71-(? + 71-(;)), hence
_ . 24 1< (I‘k(éov/) = 0)
W@ =13 2i—p i1 <i<iy (tk(&y)=1)
2%-%p ix<i (k&) >2)

Doing the calculation for the seven cases we check that in every case we have
wQ,7Y) = 2i — cq(&v)p
Then 4((¢, @),7")(<)0 gives
m(=pp(i) +ip(p)) +n2(2i — c(v))(<)0

If we vary V' (allowing V/ = V), the submodules &y are bounded, so we can take
I large enough such that ¢(i) = Ps,, (I). We have i = dim V’, and ¢(p) = P(l), and
then we obtain condition (*.1).

To obtain condition (*.2), assume that we have subspaces Vi C Vo C V giv-
ing a critical filtration. Let ¢ = dimV; and j = dim V5 — dim V. Take a bases

{v1,...,vp} of V adapted to this filtration, i.e. such that Vi = (v1,...,v;) and
Vo = (v1,...vi4j). Consider the weight vector

A () 4y iH0) =
i J p—i—j

) Qi+j—2p,....2i+j—2p2i+j—p,....2+]—p2i+7....2+])
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An easy computation then shows u(Q,~® 4 ~(F7)) = 2(dim V; + dim V4 — dim V).
On the other hand (g,7" + (7)) = (dim V1 + dim V) P() — dim V (Py, (1) +
Py, (1)), and then u((g,Q),y® 4+ ~(+)(<)0 gives condition (*.2).

Conditions (*) imply GIT (semi)stable

Now we have to show that the one-parameter subgroups that we have used are
sufficient. As we did before, we will fix an arbitrary base V', and we consider the
seven different cases. In all cases except 3, M(Q,'y), and hence p((q, Q),v), is a
linear function of v € C, and then to prove that u((q, Q),y)(g)o for all v it is
enough to check it on the generators v(*) defined above (fl).

In case 3 we have x(Q,~) = min(2v,,vi, + Vi, ), hence it is no longer linear on
7, and it is not enough to check the condition on the generators 4(*). But it is a
piecewise linear function. The cone C of weights is divided in two cones

C”={(n,--.m) €C: 29, 270y + i}
c* = {(717---a7p) €C: 2y, <y +Fyi3}
Observe that ;L(Q,’y) is linear on each of these cones. We will use the following

lemma.

Lemma 2.8. Let C be a cone in ZP, let vV be a set of generators of C, i.e. C =
(@:QtyNNZP. Let A : ZP — Q be a linear function such that A(y?) € {1,0,—1}.
Let C> be the subcone {v € C : A(v) > 0}. Then the set of vectors

4@ , A(e;) >0
vig =14 YO+ Ae) = —1, Afeiry) = 1
0 , otherwise.

generate C~ .

O

We apply this lemma with A(y) = (27vi, —7i, —7i5)/p (and then with the negative

of this, for C<), and we obtain a set of generators for C> and C<. But all these

vectors are either of the form () with 1 < i < p, or of the form v(*) 4 ~(+7) with
k(S 0py) = 1 and tk(Ey, v,y ,)) = 2, and we have already considered them.

[l

..........

Remark 2.9. In the following propositions we will prove that conditions (*) are
equivalent to the stability conditions (s). Recall that dimV = p = P(m), ¢(i) =
Pg,, (1), ¢(p) = P(l) and dim V' = i. The idea is to show that for I > m > 0, we
can replace P(l) by rk(E)l, Pg,, (1) by tk(E")l, P(m) by deg(E) + rm and dim V"’
by Pg,,, (m), and this by deg(E’) + rm.

Proposition 2.10. Form and! large enough we have that conditions (*) are equiv-
alent to:
(**.1) If V' GV is a subspace of V, then

r(dim V' — cqg(&v)) < tk(&y/)(dim V — 27),

and in case of equality we also require dim V' (<)Pg,, (m).
(**.2) If Vi C Vo C V is a critical filtration, then

dimV; +dim Vs, < dimV
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and in case of equality we also require dim V; + dim Va(<) Py, (m) + P, (m).
Proof. We rewrite (*.1) using

ny _ PU) - Plm)_
n P(m)—2r

We obtain

[(dim Vi — cq(&v/)T)r — rk(&y/ ) (dim V — 27)](I — m) +
+(dim V' — 27) dim V(dim V' — Py, , ) (m)(<)0.

We have (I —m) > 0 and m > 0, hence dim V' > 27 and the result follows. Now
we rewrite (*.2), using r = 3, rk(&y, ) = 1 and rk(&y,) = 2.

3(dim Vi +dim Vo — dim V)(I —m) +
+(dim V' — 27) dim V/(dim Vi + dim Vo — Py, (m) — Peg,, (m))(<)0,

and the result follows.

Proposition 2.11. For m and l large enough, we have

(i) If (£,Q) is a (semi)stable conic bundle, then the corresponding point (§,Q)
in Z is GIT (semi)stable under the action of SL(V').

(i) If (§,Q) € Z is a GIT semistable point, then G is “good” and h*(&(m)) = 0.

(iii) If (§,Q) € Z is a GIT (semi)stable point, then the corresponding conic
bundle (&,Q) is (semi)stable.

Note that thanks to (i), in (iii) we know that & is torsion free.

Proof. We will proof the three items in three steps

Step 1. (Semi)stable conic bundle = GIT (semi)stable (G,Q)

We will use proposition P.10. We will start checking (**.1). Let S be the set
of vector bundles &’ that are subsheaves of bundles & occurring in semistable
conic bundles. It satisfies hypothesis (i) and (ii) of lemma P.J with R = 3 and
b= @ +27. Let k = @, n large enough, so that propositions @, @ and E
hold, and let S,, be the subset of S consisting of bundles &’ that satisfy hypothesis
(iii) of lemma @ Then the set S,, is bounded. Taking m > n large enough we
then have h'(&’(m)) =0 for & € S,,. In other words,

!
(3) RO(&'(m)) = tk(&")(x(Ox (m)) + det(& )), for & €S,
rk(&)
On the other hand, we still have
d—2T1

(4) R(&'(m)) < rk(&")(x(Ox (m)) + ), for & e€S\S,
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Let V'’ be a subspace of V, and &y the corresponding sheaf. If &, belongs to S,
we get that condition (ss.1) implies (**.1), because

dim VI — CQ(G)@V/)T < ho(éav/ (m)) — CQ(éaV/)T o

(&) = rk(&y/)
- deg(&éﬁ(}fﬁ G (Oxm))(<)
(=20 4 (O (my) = S22

r

and dim V' < h°(&y/(m)) = Pg,, (m), because h*(&’(m)) = 0. On the other hand,
if & belongs to S\ Sy, inequality () implies (**.1)

dim V' —cq(&y) _ hP(&v(m))  d—27 dimV — 27

< O =
I’k((o@‘//) - l"k((o@‘//) < T + X( X(m)) r

In both cases, if inequality (ss.1) is strict, then inequality (**.1) is also strict. But
assume that there is a semistabilizing subsheaf & of & (i.e. giving equality in (ss.1)).
By corollary P.3, &’(m) is generated by global sections. Let V' = H(&'(m)) C
H°(&(m)) = V. Then &' = &, and we have

dim V' — CQ(gv/)T - deg(&//) - CQ(@@V/)

rk((o@{//) - I’k((o@{//) + X(OX(m)) -
d— 2t +(Ox(m)) = d1mt—27

and dim V' = Pg, , (m).

Now we will check condition (**.2). Let 7 be the set of vector bundles of the
form & @ & such that & C & C & gives a critical filtration of a (semi)stable
conic bundle (£, Q). Hypothesis (i) and (ii) of lemma .5 are satisfied with R = 3
and b = @ + 27. Let k = d/3, and n large enough. Let 7, be the subset of 7
consisting of vector bundles & ® & satisfying hypothesis (iii). Then 7,, is bounded,
and taking m large enough we have 0 = h!((& @ &)(m)) = h* (& (m)) + k1 (&(m))
for & ® & € 7T,,. Hence for & & & € 7,

(5) RO(&1(m)) + h° (& (m)) = 3x(Ox(m)) + deg(&1) + deg (&)
On the other hand, for & & & € 7 \ 7,, we still have
(6) RO(& (m)) + hP(&(m)) < 3x(Ox(m)) +d

Let V3 C Vo C V be a critical filtration of V. If &y, @ &y, € T, we get that (ss.2)
implies (**.2), because
dim V; + dim Va < h%(8y, (m)) + h°(&y, (m)) =
— 3x(Ox(m)) + deg(&1;) + deg(1,)(<)3x(Ox (m)) + deg(&) = dim V
and also dim V; + dim Va < h%(&y, (m)) + h%(&v, (m)) = Ps, (m) + Ps,, (m).
On the other hand, if &, ® &, € T \ 7, inequality () implies (**.2)
dim V; + dim Va < h%(8y, (m)) + h°(&y, (m)) < 3x(Ox(m)) +d = dimV

In both cases, if inequality (ss.2) is strict, also (**.2) is strict. But assume that
we have subsheaves &1 C & C & giving a critical filtration of a semistable conic
bundle (&, Q). By lemma P.3 & (m) and &(m) are generated by global sections
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and h' (& (m)) = h(&(m)) = 0. Taking Vi = H(&1(m)) and Vo = HO(&(m)) we
have &y, = & and &y, = &2, hence
dim Vi + dim V5 = deg(&1) + deg(é2) + 3x(Ox(m)) =
= deg(&) +3x(Ox(m)) =dimV
and also dim Vi + dim Va = Pg,, (m) + Peg,, (m)

Step 2. (G,Q) GIT (semi)stable = h'(&(m)) =0 and § good

If h1(&(m)) # 0, then by Serre duality Hom(&, #x) # 0. Take 1) € Hom(&, #x).
The composition V @ Ox — &(m) — Hx gives a linear map
f:V — H(#x).

Let U be the kernel of f. We have dimU > dimV — dim H°(#x) = p — g. Then
by (semi)stability of (§,Q) we have
r(p =9 —c(éy)r) < r(dimU — cq(éy)7)(<) rk(Ev) (p — 27),
(r —1k(év))p < (g + co(év)T) — tk(év )27
We have rk(éy) < r. Then if m is large enough the inequality forces r = rk(&y).
By definition of U we have &y(m) C ker, then rk(ker ) = r, rk(im¢) = 0, and
then ¢ = 0 because £x is torsion free. We conclude that (for m large enough)
R (&(m)) = 0.
Then dim V = p = h%(&(m)), and to show that G is “good” it is enough to show
that the induced linear map
V — H(&(m))
is injective. Let V' be the kernel. Then we have rk(&y/) = 0. By semistability we
have (**.1)
r(dim V' — cq(&vr)) <0,
but cg(&y/) =0, and then dim V' must be zero.
To show that & is torsion free, let 7 C & be the torsion subsheaf. We have
V = HO(&(m)), and then U = H°(.7 (m)) is a subspace of V. The associated sheaf
&y has rank equal to zero, and arguing as above we get U = 0.

Step 3. GIT (Semi)stable (§,Q) = (semi)stable conic bundle

By the previous step we know that we can choose m large enough so that ¢
is “good”. We will check first (ss.1). Let &’ be a subsheaf of &. Define V' =
HO(&'(m)). We have & C &', tk(&y/) < tk(&'), dim V' > Pger(m), and cq(&') >
cq(&yr). Then

r(Pg(m) — cq(&)1) < r(dim V' — cq(&)7)(<L)
(<) rk(&y ) (dim V — 27) < 1k(&7)(dim V — 27).
Note that if (**.1) is strict, then also (ss.1) is strict. But assume that there is a

subspace V/ C V that is semistabilizing, i.e. both conditions in (**.1) are equalities.
Then

deg(gv/) - CQ(gvl)T - dim V' — CQ(gvl)T -
rk(é”v/) - I’k((o@{//) B X(OX(m)) -
_ dim\i— 2r (Ox(m)) = deg(@@r) - 27'7
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and we get that (ss.1) for &y also gives equality.

Now we are going to check (ss.2). As in step 1, consider the set 7 of vector
bundles of the form &) & & such that & C & C & gives a critical filtration. We
have already proved condition (ss.1), thus hypothesis (i) and (ii) of lemma P.5 are
again satisfied. Then, as in step 1, we define the subset 7,, C 7, and taking m large
enough we can assume that the vector bundles & and & are generated by global
sections if & ® & € T.

Let & C & C & be a critical filtration of (&,Q). Let V3 = H°(& (m)) and
Vo = H%&(m)). If &, & &y, € T, then &y, and &y, are generated by global
sections and then &y, = &1, &y, = &, and Vi C Vo C V is a critical filtration of V'
and (**.2) holds

deg(&1) + deg(62) = dim Vi 4+ dim Vs — 3x(Ox (m))(<)
(<) dimV — 3y(Ox (m)) = deg(&).
On the other hand, if &, ® &y, € T \ T,,, inequality (f]) implies (**.2)
deg(61) + deg(£2) < h%(&1(m)) + h*(&2(m)) — 3x(Ox (m)) < deg(&).

Note that if (**.2) is strict then (ss.2) is also strict. But assume that there is
a semistabilizing critical sequence Vi C Vo C V, i.e. a critical sequence giving
equality in both conditions of (**.2). Then

deg(&v,) + deg(éy,) = dim Vi +dim Vs — 3x(Ox(m)) =
=dimV —3x(Ox(m)) = deg &,

and we also get an equality in (ss.2).
(|

Once we have established proposition and lemma E we can prove theorem
I using standard techniques. We follow closely @]

Proof of theorem I. Let M, (r,d, L) (resp. M, (r,d, L)) be the GIT quotient of Z
(resp. Z*%) by SL(V).

First we construct a universal family on Z°° using the universal families of the
Quot scheme Q and on P = P(Sym? V¥ @ B) (we think of P as the Grassmannian
of one dimensional subspaces of Sym? VY @ B, and hence the universal subbundle
of subspaces is Op(—1)).

Recall that Z°° is in H x P. The universal quotient & on ‘H x X pulls back to a
vector bundle &zs: = p3,, o6 on Z*°. On the other hand the universal subbundle
on P x X gives a morphism Sym? V' @ p% Ox(—2m) — p%.Z ® Op(1) of sheaves
over Z% x X. By the definition of Z, there is a line bundle .4#” on Z*¢ such that this
last morphism factors and gives Qzss : Sym? &zes — p%xZL ® ph...V. Note that
the line bundle .4 is needed because the factorization on Z is only up to scalar
multiplication. The triple (&zss,Qzss,.4) is a universal conic bundle.

Given a family (&7, Qr) of conic bundles parametrized by T, and using the
universal family on Z°°, we obtain a morphism 7" — ﬁT(r, d,Z). This is done in
the following way: Let m be large enough so that proposition holds. Given
a family (&p,Qr,/#") of conic bundles parametrized by T, consider the locally
free sheaf V = pp, (&r ® p5Ox(m)), and note that prV ® p5Ox(—m) — &r is
a surjection. Cover T with open sets U; such that there are isomorphisms ¢; :
V ® Oy, — V. Then we have quotients ¢; : V ® p5Ox(—m) — &y, and families
of subspaces Oy, — Sym?’ VY ® B® Ov,, and these give maps U; — Z°°. On the
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intersections U; N U; this maps in general will differ by the action of SL(V'), then
they combine to give a well defined morphism 7' — M, (r, d, Z).

It is straightforward to check the universal property for M, (r,d,.#), and then
M, (r,d,.£) is a coarse moduli space.

Now we will show that the universal family restricted to Z° descends to M, (r, d, ¥),
making it a fine moduli space. Applying Luna’s étale slice theorem [J], we can find
an étale cover U’ of M, (r,d, L) over which there is a universal family (&7}, Q7).
Consider U" = U’ xgp_(r.4,4) U" and take an isomorphism ® : pj (&, Qyr) —
p3(&), Q) with the condition pQ4;, = p5Q};, o Sym? ®. This isomorphism exists
and is unique by lemma , and then it satisfies the cocycle condition of descend
theory [[], Chap. VII], and hence the family (&}, Q};/) descends to M. (r,d,.L).

O

2.3. S-equivalence.

Let (£,Q) and (&’,Q") be two nonisomorphic conic bundles. If they are strictly
semistable, it could still happen that the corresponding points in the moduli space
M, (r,d, L) coincide. In this case we say that they are S-equivalent (note that
this is not the usual definition. Usually one defines two bundles as S-equivalent if
the graded objects of their Jordan-Holder filtrations coincide, and then proves that
S-equivalence classes corresponds to points of the moduli space). In this section,
given a strictly semistable conic bundle (&, Q), we will show how to obtain a canon-
ical representative (&°,Q%) of its S-equivalent class. In other words, given two
semistable conic bundles (&, Q) and (&”,Q’), they will be S-equivalent iff (&%, Q%)
is isomorphic to (5’5, Q’S).

Let (&,Q) be a strictly semistable conic bundle. Then there exists at least one
“semistabilizing object”, i.e. there exists either a subbundle & C & that gives
equality on (ss.1)(and then we say that &’ is a semistabilizing object of type I), or
there is a critical filtration & C & C & giving equality on (ss.2)(and then we say
that the filtration is a semistabilizing object of type II). Choose one semistabilizing
object. We define a new conic bundle (&, Qo) as follows (it will depend on which
semistabilizing object we choose):

In the first case (corresponding to (ss.1)), the vector bundle is defined to be
&= 8" @® &/E (note that if & is semistable and &’ gives equality on (ss.1), then
& /&' is torsion free). To define Qq, let v and w be local sections of & on an open
set U. We distinguish three cases:

2, then Qo (v, w) = Qv,w) v,we &'(U)

0 otherwise
AN ! /
If co(&') = 1, then Qo(v, w) = OQ(U,w) stiefaw(ge) orw € &'(U)

0, then Qo(v,w) = Q(v,w)

In matrix form this can be written as follows

Ifcg_(f< ) thenQo_(

IfQ_( X) thenQo_(
0

IfQ_< ><>’ thenQ0_<

OO X o OX
X © o x o
~——

oo X O
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It is easy to see that this is well defined.

In the second case (corresponding to (ss.2)) we define the vector bundle to be
&0 =8 D E/E D EJE. Again let v and w be local sections of & on an open set
U. Then we set

Q(v,w) vandw € &(U)
Qo(v,w) =< Q(v,w) wvorwe &(U)

0 otherwise,
and in matrix form
0 0 x 0 0 x
Q= 0o x - Qo = 0 x 0
X . x 0 0

Again it is easy to see that this is well defined.

Proposition 2.12. The conic bundle (£, Qo) is also semistable. Furthermore,
if we repeat this process, eventually we will get a conic bundle that we will call
(&%, Q%) with the following properties

(i) (£%,Q%) is semistable, and if we apply this process to it with any object we
obtain an isomorphic conic bundle (i.e. this process stops).

(ii) (&%,Q%) only depends on the isomorphism class of (&,Q).

(iii) Two conic bundles (&,Q) and (&', Q") are S-equivalent if and only if (67, Q%)
is isomorphic to (&'°,Q'®).

Remark 2.13. The conic bundle (&%, Q%) is the analogue of the graded object
gr(&) of the Jordan-Hélder filtration of a semistable torsion-free sheaf. Note that
gr(&) can also be obtained by a process similar to this.

Proof. We start with a general observation about GIT quotients. Let Z be a pro-
jective variety with a linearized action by a group G. Two points in the open subset
7% of semistable points are S-equivalent (they are mapped to the same point in the
moduli space) if there is a common closed orbit in the closures (in Z*%) of their or-
bits. Let z € Z*°. Let B be the unique closed orbit in the closure G - z in Z** of its
orbit G- z. Assume that z is not in B. Then there exists a one-parameter subgroup
A such that the limit zo = lim;—,o A(¢) - 2z is in G - 2\ G - z. Note that we must have
u(z,A) = 0 (otherwise 2o would be unstable). Note that G- 20 C G-z \ G - z, and
then dim G - zg < dim G - z. Repeating this process with 2z, we then get a sequence
of points that eventually stops and gives Z € B. Two points z; and zy will then be
S-equivalent if and only if after applying this procedure to both of them the orbits
of Z1 and Zy are the same.

We will use the notation introduced in subsection @ We will prove the propo-
sition using the previous observation. The fact that choosing a “semistabilizing
object” of (&,Q) induces a one parameter subgroup with p(z,\) = 0 (where z
is the corresponding point on Z*%) follows from proposition and the proof of
proposition @ The fact that the limit point zo corresponds to (&p, Qo) is an
easy calculation (see [[, lemma 1.26]). The conic bundle (&, Qo) is semistable by
proposition .

It is easy to check that Z corresponds to (£, Q%), and then items (ii) and (iii)
follow from the fact that z is in B.

O
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Proposition 2.14. Let A be a 1-PS of SL(V). Let SL(V) act on Z. Asume this
action is linearized with respect to an ample line bundle . Let z € Z°°. Let
zo = limy o A(¢) - z. If u(z,A) = 0, then zo € Z°°.

Proof. This proof was given to us by A. King. We can assume, without loss of
generality, that the polarization ¢ of Z is very ample, and then Z embedds in
P(H?()V) and SL(V) acts on H°(#)V. A point z € Z is (semi)stable iff its image
in P(H°(5#)V) is (semi)stable, and then we can assume (Z, 5#) = (P(C"),O(1)),
with SL(V') acting on C™.

Let 7 : C*\ {0} — P(C™) be the projection. Let z € P(C™) be a semistable point
and X a 1-PS with u(z,\) = 0. Let Z € C" be a point in the fibre 771(2), and let

Zy = %1_{1(13 Alt) - 2.

This limit exists and it is not the origin because p(z, A\) = 0. We have zy :=
limy_0 A(t) - z = w(Zp) (by continuity of 7). Assume that the point zq is unstable.
Then the closure of the orbit of Zy contains the origin, but this closure is included
in the closure of the orbit of Z, and this doesn’t contain the origin because z
is semistable. Then zg is semistable. Furthermore, z; cannot be stable because
w(zo, A) = p(z, A) = 0, then zq is strictly semistable.

O

3. PROPERTIES OF CONIC BUNDLES
3.1. Irreducibility of moduli space.

First we will show that the semistability and stability of conic bundles are open
conditions.

Proposition 3.1. Let (&7, Qr, #") be a flat family of conic bundles parametrized
by T. The subset T*® (resp. T*°) corresponding to stable (resp. semistable) conic
bundles is open.

Proof. Let m and [ be large enough so that ¥ = p,_ (67 ® pxOx(m)) is locally
free, ph?¥ @ p5 Ox(—m) — &r is a surjection and proposition holds.

Note that the universal family that was constructed on Z°° in the proof of
theorem I can be extended to the set Z9°°? of “good” points. Arguing as in the
proof of theorem I, there is a finite open cover {U;};csr of T and morphisms f; :
U; — Z9°°4 C Z. These morphisms depend on the choices made (the choice of
local trivializations of ¥), but the SL(V') orbit of f;(t) are independent of the
choices. In particular, the property of f;(¢) belonging to Z** only depends on ¢. By
proposition .11, f;(t) lies in Z* (resp. Z**) iff the conic bundle (&, Qy) is stable
(resp. semistable). Then

T° = U fifl(Zs)
il
and the openness of Z° in Z proves that T is open (the same argument works for
ZSS).
O

Theorem 3.2. Let X be a Riemann surface. Fizr, d and 7. Then there exists an
integer ly such that if deg L > lo, then M, (r,d, L) and M, (r,d, L) are irreducible
or empty.
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Proof. We will construct a flat family of conic bundles parametrized by an irre-
ducible scheme Y with the property that every semistable conic bundle of type
(r,d, ) belongs to the family. Then there is a surjective morphism yss
M, (r,d,.L), where Y'$5 is the open subset representing semistable points, and this
proves that M, (r,d,. ) is irreducible. Repeating this with the open subset ys
corresponding to stable points, we prove that 2 (r,d, %) is also irreducible.
Let m be large enough so that for any semistable conic bundle (&, Q) in M, (r, d, .£),

the vector bundle &(m) is generated by global sections (corollary .9), and such
that

(7) 2g—2—-d—-rm <0.

Note that m only depends on X, r, d and 7, but not on .Z. If we choose r — 1
generic sections of &(m), we have an exact sequence

0— 0% (-=m)— & — M(~m)—0

where .# is a line bundle of degree d + rm.

By standard methods we can construct a universal family %y of extensions of
line bundles of degree d + (r — 1)m by O%"~*(—m). This will be parametrized by
a scheme Y that has a morphism to Pic®*"™(X), and the fibre over a line bundle
M is naturally isomorphic to Ext' (.#(—m), 0%"~*(—m)). Note that to construct
this family we need that the dimension of this Ext! group is constant when we vary
A, but this is true thanks to (ﬂ) Each point y € Y corresponds to an extension
of the form

0— O (—m) — F, — M (—m) — 0.
It follows from the argument in the previous paragraph that all vector bundles in
semistable conic bundles do occur in this family.

Note that, if (&,Q) is a conic bundle, @ can be thought of as an element of
HO(Sym? F,) © Z). Now choose Iy large enough so that for any line bundle .#" of
degree deg(.¥) > Iy the following holds

H'(Sym®.Z) ® £) =0
for any y € Y. Then HO(Sym2 9; ® Z) is constant when we vary y, and we can

construct a (flat) family of conic bundles parametrized by ¥ = V(Sym? .Z " p%L),
and every semistable conic bundle of type (r,d,.Z) belongs to this family.
O

3.2. Orthogonal bundles.

An orthogonal bundle is a vector bundle associated to a principal bundle with
(complex) orthogonal structure group. Equivalently, it is a conic bundle (&£, Q) with
% = Oy, such that the bilinear form Q : Sym? & — Ox induces an isomorphism
Q: & — &Y. We will call such a conic bundle a smooth conic bundle. In this
case the conic bundle gives a smooth conic %, for each point z € X. Note that
the isomorphism Q : & — &V induces an isomorphism det @ : det & — det &, and
then deg(&) = 0 (in fact (det(&))®? = Ox).

There is a notion of stability for orthogonal bundles (see [f): a bundle & is
orthogonal (semi)stable iff for every proper isotropic subbundle .7, deg(.%)(<)O0.
The notion of stability that we have defined for conic bundles depends in principle
on a parameter 7, but we will show that in the case of a smooth conic bundle, the
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notion of stability doesn’t depend on the particular value of the parameter. In fact
we will prove that a smooth conic bundle is 7-(semi)stable iff it is (semi)stable as
an orthogonal bundle.

Lemma 3.3. Let (&,Q) be a smooth conic bundle, and let .F be a proper vector
subbundle of &. Then

(i) There is an exact sequence

0>t 5867V 50

and deg(F) = deg(F 7).
(i1) If F is isotropic (cq(F) <1), then tk(F) = 1.
(1it) If rk(F) = 1, then co(F) > 1
Proof. (i) Follows from the exact sequence
0= F+t 62" -7V -0
and the fact that deg(&) = 0.
(i) Assume that rk(.%#) = 2. Then, in a basis adapted to & C &

0 0
Q=10 o0

)

and then det @ = 0, contradicting the fact that the conic bundle is smooth.
(ili) If co(&F) = 0, then
0 0 0
=10
0
and then det @ = 0, again contradicting the fact that the conic bundle is smooth.
O

Proposition 3.4. A smooth conic bundle (&, Q) is T-semistable iff the vector bun-
dle & is semistable as an orthogonal bundle. Furthermore, it is T-stable iff it is
stable as an orthogonal bundle.

Proof. Let (&,Q) be a smooth 7-semistable conic bundle. Let .%# be an isotropic
vector subbundle. By lemma B.3 (i), rk(#) = 1. We have .# C .Z+ rk(F1) =2
(by lemma B.3 (i), and we check that # < FL C & is a critical filtration.
Then deg(.%) + deg( F1) <0, but deg(F) = deg(.F1) (lemma B.3 (i), and then
deg(:#) < 0, which proves that & is semistable as an orthogonal bundle. Further-
more, if (&,Q) is T-stable, then deg(.#) + deg(F1) < 0, deg(F) < 0 and & is
stable as an orthogonal bundle.

Conversely, let & be an orthogonal semistable bundle. Let .# be any vector
subbundle. Following [[f] let 4" = % N %, and let .4 be the vector subbundle
generated by .#. We have an exact sequence

(8) O—>JV'—>9®§J‘—>.////—>O

where ./’ is the subbundle of & generated by % . We have 4" = (N ’)L
If /7 =0,then & =.F & FL, cg(F) =2, and deg( 7) = 0 (lemma B.3 (i)

Then
deg(F) —co(F)r = =21 - —27  deg(&) — 27
rk(F) - k(F) 3 3 '
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If A" # 0, then deg(#) = deg(.#") (by lemma B.3 (i) and the exact sequence
(B)), and then deg(.#) < (because & is orthogonal semlstable and A4 is isotropic).

If tk(F) = 2, then cg(F) = 2 (by lemma B.3 (ii)), and if rk(#) = 1, then
cQ(F)>1 (by lemma B.J (iii)). In any case
deg(F) — co(F)T —cQ(y)T - —27  deg(&) — 27
rk(F) - 1k(F) 3 3

Now let &1 C & C & be a critical filtration. Then & is isotropic, & = do@ﬁ, and
then

deg(&1) + deg(&2) = 2deg(&1) <0,

because &) is isotropic and & is orthogonal semistable. This finishes the proof that
(&,Q) is T-semistable. Furthermore, if & is orthogonal stable, the last inequality
is strict, and we obtain that (&£, Q) is T-stable.

O

APPENDIX: HITCHIN-KOBAYASHI CORRESPONDENCE FOR CONIC BUNDLES
(By I. Mundet i Riera)

In this appendix I use the result in [I] to relate the notion of stability for conic
bundles to the existence of solutions to a certain PDE. This is similar to the
well known relation between stability of vector bundles and existence of Hermite—
Einstein metrics, or between stability of holomorphic pairs and solutions to the vor-
tex equations. As usual in the literature, I call such a relation a Hitchin—-Kobayashi
correspondence (see [} and the references therein).

Take a non-degenerate conic bundle Q : Sym* & — £ on a Riemann surface
X. Let E be the smooth bundle underlying &. We denote 0 the 9 operator on
E given by &. Fix a metric (In this appendix metric will always mean Hermitian
metric). on £ and consider the following equation on a metric h on E:

TR® Q™™
2 QI

where F3 o p 18 the curvature of the Chern connection of ds with respect to h,
A:Q3(X ) — (X)) is the adjoint of wedging with the Kaehler form of X and the
subscript h in % and || - || is to recall that both depend on h. Finally, 7 > 0 and ¢
are real numbers.

We will take a (rather standard) point of view putting equation (f) inside the
setting considered in % Then we will study the existence criterion to solutions of
the equation given in [{] applied to this particular case, thus arriving again at the
notion of stability for conic bundles.

Fix a metric ho in E. Let G° be the complex gauge group of FE, i.e., the group of
its smooth automorphisms covering the identity on X. The group gc acts on the
space of @ operators on E by pullback. So g € G° sends d¢ to g*0s = godgo g™ "
Any metric h on & is the pullback h = g*hy by some g € G¢. Furthermore, for any
metric h and gauge transformation g

(9) iNFf, 4+ 5 = cld,

—1 —1 * * (%

. QR ('Q™Y L, QeQrem
g(F,*—k )gle—,* and g( — g =
B e Rl Q12
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So if h = g*hg solves (f]) then, conjugating by g, we get

: T9lQ®gTIQM
(10) iNF 1y, he T 2 QR cId.
We will now see that equation ([L(]) on g € G° is a particular case of the equations
considered in [ff].

Let F = P(Sym?(C?)*). Take on F the symplectic structure 7w, where w is the
symplectic structure on F obtained from the canonical metric on Sym?(C?)*. (For
that we view F as the symplectic quotient F' = uy*(—i)/S*, where uo(z) = —i|z|?
is the moment map of the action of S* on Sym?(C?)*.) Consider on F the action
of U(3,C) induced by the canonical action on C3. This action is Hamiltonian, and
the moment map evaluated at z € F is

. o) = =15 ().

where & € Sym?(C?)* is any lift of x.

Let P be the U(3,C) principal bundle of hg-unitary frames of E, and let F =
P xys,cy F. The conic bundle @ gives a section ® € I'(F), and by formula ([L1))
the term in ([IJ) involving @ is iu(®). Let A be the set of connections on P. Let
A = Az ;. be the Chern connection. The action of G on A considered in [ is
as follows: g € G° sends A to g(A) = A .5, ;. Finally, since the conic bundle

Q : Sym? & — & is non-degenerate, the pair (A, ®) is simple. So by the theorem
in [[]] there is a solution g € G¢ to equation ([L0)) if and only if (A, ®) is c-stable.
Furthermore, the metric g*hg is unique.

The previous discussion applies also to bundles of quadrics on projective bundles
of arbitrary dimension. In the next section we will study the c-stability condition
on any rank and in the next one we will give a more precise description of c-stability
for conic bundles.

Stability for bundles of quadrics.

We will suppose from now on that Vol(X) = 1. The stability condition stated
in [@] refers to reductions of the structure group of our bundle to parabolic sub-
groups plus antidominant characters of those parabolic subgroups. In our case the
structure group is GL(n,C), so a parabolic reduction is equivalent to a filtration
by subbundles:

OcEiC---CFE.=F,
where the ranks strictly increase. The action on E of any antidominant character

for this reduction is given by a matrix of this form (written using any splitting
E=E ®FE/E.®---®E./E._)

(12)
ZHmi 4 My 0 e 0
0 Z24mo+-r+me_q1 ... 0 ! rk(Ey)
_ _ 1d
X : : R ;mk tk(E)
0 0 ce. 2

where z is any real number and m; < 0 are negative real numbers (strictly speaking
this is the action of 7 times an antidominant character; however, we will ignore
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this in the sequel. Using the notation of [E} this matrix is gy, Where x is an
antidominant character).

Stability of a quadric. To write the stability notion for (A4, ®) we need to
compute the maximal weight of the action of x on the section ®. So fix a point
x € X and write

ocw,c---CcW,=W
the induced filtration in the fibre W = E, over x. Take a basis eq, ..., e, of W such
that for any 1 <k <r, {e1,...,eww,)} is also a basis of W},. Write e], ..., e}, the
dual basis, so that @ gives on W the quadratic form

x) = Z ajj(ere
i<j
The action of x on Sym? W* diagonalizes in the basis {ejei}i<j, and one has

x(eje;) =
r—1

dlmW
<—(2z+2m1+---+2mj_1+mJ+ My +2Z ’“)

(e7e7)-

Here and in the sequel we follow this convention: the index I (resp. J) is the
minimum one such that e; belongs to Wr (resp. e; belongs to Wy). From this one
deduces that

dim (W,
w(Q(x);x) = o{{ljax{ (2z42my+- - -+2my_1+my+- - +m,_1 }+2;mkﬁﬂ/]€))'
Define M; = —(my + -+ m,—1). Given two subspaces W/, W' C W, we will
write Q(W',W") = 0 if for any w’ € W’ and w” € W”, Q(w',w") = 0. Otherwise
we will write Q(W', W") #£ 0. Then,
r—1

(13)  u(Qx)ix) = e #O{Mz + My -2z} 42 Z

dim (W)

dlm(W) 1d.

Stability for the bundle of quadrics. The pair (A, <I>) is by definition c-stable
if for any filtration o of E' by subbundles

OCEiC---CE.=F
and any antidominant character y as in (1) one has

(14) deg(o,X) + 7 / Q@) = fdd) >0

Here the degree of the pair (o, ) is

deg(o,x) = zdeg(F) + Zma <de II{((EE})) deg(E)) )

and, on the other hand, (x,cld) = zerk(FE) = zen. The map @ is holomorphic,
and the function u(Q(z);x) is lower semicontinuous and takes a finite number of
values as  moves on X. Hence, p(Q(x); x) takes its maximal value in a Zariski
open dense subset of X, and so

[ Q)0 = Vol X) ma 1(Q(w): ) = mie Q) ).

recX zeX
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For any pair of subbundles E’, E” C E, define Q(E’, E") = maxyex Q(E,, EY).
Then

r—1
I‘k(Ek)
15 ) = M; + M; — 2 2 :
(15)  maxpu(Q@)ix) = max  {Mi+ M Z}Jr; " IK(E)

Putting everything together ) becomes

0 < zdeg(E) — 27z — zerk(E) + i my (deg(Ek) - rﬁ{(gc)) deg(E) + 27 ri((EEk))>
k=1

+7 max {M;+ M,}.
Q(Ei)Ej)7éO

This must be true for any real number z, so the pair (A, ®) can only be stable if
_deg(E) — 27
 1k(E)

Define now

rk(Ek)

rk(E) -

dy, = deg(E}y) — rrIL((EEk)) deg(E) + 27

Then the stability condition reduces to

r—1
16 mypdr +7  max M;+ M;} > 0.
(16) kZ;: K Q(Ei)Ej#O{ it
And this must hold for any choice of (not all zero) negative numbers myq, ..., m,_1.

4. THE CASE rk(FE) =3

In the sequel we will use the following notation. If E’ is a vector bundle and «
is any real number,

deg(E') — «

- 1k(E)

In this section we assume that rk(E) = 3. Hence, @ describes a bundle of conics
in a bundle of projective planes P(E) on X. Recall that we assume that @ is
(generically) non-degenerate. We have seen above that the pair (A, ®) cannot be
c-stable unless

/La(E/)

¢ = par(E).
Suppose this holds. Now, according to formula ([Lg), (A, ®) is stable if and only if
for any filtration 0 C Ey; C Fy C E and for any pair of (not all zero) real numbers
my, ma <0,
(17) midy + mods + 7  max {Mi + Mj} >0,
Q(E;,E;)#0

where, as before, dy, = deg(Ey) — rfk((%)) deg(F) + 27

to consider:
e Q(E1,E1) =Q(E1,Ey) =0, Q(Es, Es) # 0. Geometrically, Eq gives fibrewise
a point on the conic and E» a tangent line to the conic at the point given by
F1. In this case,

rk(Ek)

(B - There are three cases

Q(Er?%:;(#o{Mi + M} = max{—2mgq, —mq, —ma}.
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Hence,
I‘k(El) I‘k(E1>
diy — 17 =deg(Ey) — deg(E 2 —
0>d —7 eg(F1) K(E) eg(E) + Trk(E) 7,
- rk(Eg) rk(Eg)
0> dy — 27 = deg(F2) — k() deg(E) + 27 (E) 27,

0>dy +dy — 27
Simplifying, we obtain the following conditions:
pr(Er) < por(E),  por(E2) < por(E), deg(E1) + deg(E2) < deg(E).

° Q(El,El) = 0, Q(El,EQ) }é 0 (:> Q(EQ,EQ) }é 0) Geometrically, FEq is
a point on the conic and Fs> a line passing through FE; but generically not
tangent to the conic. In this case,

M; + M;} = —my — 2ma.
Q(EI?aE§>¢0{ My} = —ma = 2m,

Hence,

I’k(El)
rk(E)

I’k(El ) _
rk(E) ’
I‘k(EQ)
rk(E)

0>dy —7=deg(Er) — deg(E) + 27

k(E
0> dy — 27 = deg(Es) — k() deg(E) + 27

k(E) — 27

Simplifying, we obtain the following two conditions:

pr(Er) < par(E), p2r (E2) < por (E).

o Q(E1,Er1) #0 (= Q(E1,E2) # 0and Q(Es, E;) # 0). Geometrically, Ey
gives a point generically not on the conic and E» any line through F;. In this

case,
max {Ml + MJ} = —2mq — 2meo.
Q(EWEJ')750
Hence,
I‘k(El) rk(El)
di — 27 = deg(E1) — deg(FE) + 2 -2
0>dy —27 eg(E1) K(E) eg(E) + 27 K(E) T,
- rk(Eg) rk(Eg)
0> do — 27 = deg(E») K(E) deg(E) + 27 K(E) 27.

Simplifying, we obtain the following two conditions:

par (Er) < par(E), p2r (E2) < pa-(E).

In conclusion, and as claimed at the beginning, the condition of c-stability ob-
tained from studying equation (E) coincides with that of stability obtained from
the GIT construction of the moduli space of conic bundles.
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