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Resumen

La coherencia cuántica es la consecuencia tangible del principio de superposición, por
lo que debe estar completamente enraizada en todos los efectos cuánticos. La carac-
terística común a todos estos comportamientos de la naturaleza no explicables por las
teorías clásicas se define como no clasicidad. Al ser ambos conceptos bastante escur-
ridizos, pueden encontrarse varias interpretaciones de la coherencia y la no clasicidad.
Esto hace que su conexión sea a veces trivial y a veces contradictoria.

El objetivo principal de esta tesis es encontrar conexiones entre los principales efec-
tos no clásicos y la coherencia, analizando si esta última puede considerarse el único
fenómeno subyacente a todo comportamiento cuántico. Durante el proceso, investig-
amos los vínculos entre las potenciales causas de la no clasicidad, como la complemen-
tariedad, el proceso de medida y la separabilidad estadística, pero también los vínculos
entre diferentes efectos no clásicos, como el entrelazamiento, la polarización no clásica o
la super resolución. Dado que la coherencia cuántica es un concepto presente en varios
contextos, enfocamos su estudio desde distintas perspectivas: como recurso, como mag-
nitud medible experimentalmente y como característica fundamental en metrología. Se
incluye en este análisis la naturaleza cuántica de los detectores como pareja ineludible
en toda observación cuántica.

En este trabajo, la no clasicidad se define como la falta de una distribución de prob-
abilidad conjunta para observables incompatibles legítima. El mecanismo para obtener
dicha distribución consiste en realizar una medición conjunta de ciertas versiones no
ideales de los observables incompatibles a estudiar. Esto siempre es posible para cierto
grado de imprecisión en la medida. Puesto que se conoce la no idealidad utilizada,
esta puede invertirse, permitiendo inferir la distribución completa. Los signos de no
clasicidad surgen cuando esta distribución invertida resulta ser patológica.

Este protocolo de medidas no ideales de observables incompatibles seguido de la
correspondiente inversión de datos se aplica a experimentos tipo Bell, mostrando la
equivalencia exacta entre el fallo de los modelos de variables ocultas y nuestra misma
definición de no clasicidad. También nos permite trasladar el teorema de Bell a estados
con un único subsistema. Además, mostramos que la no clasicidad de los detectores
surge como condición necesaria para estas y otras señales típicas de comportamientos
cuánticos.

En la búsqueda de una unificación de los fenómenos cuánticos basada en la coheren-
cia, utilizamos una teoría de coherencia-no clasicidad para revelar una equivalencia
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RESUMEN

fundamental entre la polarización no clásica y el entrelazamiento multifotónico. Esta
teoría se evalúa también experimentalmente mediante tomografía de polarización de
un estado de vacío comprimido de dos modos. Además, introducimos una nueva teoría
de la coherencia directamente enraizada en un contexto metrológico, proporcionando
una relación notablemente sencilla entre la resolución de los procesos de detección de
una señal y las propiedades de coherencia de los elementos de la medida. Como re-
sultado especialmente significativo en el contexto de la coherencia, descubrimos que la
coherencia de los detectores tiene la misma influencia en la resolución que la coherencia
de la sonda. En el ámbito de las teorías de recursos estudiamos cómo las principales
operaciones en óptica cuántica, desplazamiento, compresión y división del haz, influyen
en la cantidad de coherencia de varios estados, mostrando una dependencia inesperada
de la coherencia con la intensidad de la luz, y una dependencia más natural con la
compresión.

En cuanto a los vínculos entre coherencia y no clasicidad, se desarrolla una relación
geométrica entre sus cuantificadores en el marco de las teorías de recursos. Finalmente
la dependencia con el cuantificador es eliminada y se estable una relación unívoca
entre las coherencias de la matriz densidad y la falta de una distribución conjunta para
observables incompatibles, nuestra definición de no clasicidad en si misma.

A partir de los diversos resultados obtenidos, concluimos que el mecanismo más
adecuado para detectar la no clasicidad y analizar sus causas es la medida conjunta
no ideal de observables incompatibles. También concluimos que es esencial tener en
cuenta las propiedades del detector los análisis cuánticos. Por último, resolvemos que
la coherencia y la no clasicidad surgen como conceptos equivalentes a un nivel muy
fundamental.

Para concluir, destacamos la consistencia del planteamiento general de este tra-
bajo: parte de una definición inequívoca de no clasicidad, expone un mecanismo para
detectarla y analizar sus causas y, en última instancia, permite concluir que la causa
fundamental de la no clasicidad es la coherencia.
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Abstract

Quantum coherence is the measurable consequence of the superposition principle, so
it must be completely rooted in all the quantum effects. The feature common to all
these behaviors of nature not affordable by classical theories is defined as nonclasi-
cality. Being both rather elusive concepts, several interpretations of coherence and
nonclassicality can be found. This makes their link sometimes trivial and sometimes
contradictory.

The main objective of this thesis is to find connections between the main signatures
of nonclassical effects and coherence, analyzing if the latter can be considered the sole
phenomenon underlying every quantum effect. During the process, we investigate the
links between different potential causes of nonclassicality, such as complementarity,
measurement process, and statistical separability, but also between different nonclassi-
cal effects, such as entanglement, nonclassical polarization, or sub-shot noise resolution.
Since quantum coherence is a concept present in several contexts, we face it from dif-
ferent perspectives: as a resource, as an experimentally measurable magnitude and as
a fundamental feature in metrology. We include in this picture the quantum nature of
detectors as the unavoidable partner in every quantum observation.

In this work, nonclassicality is defined as the lack of a legitimate joint probability
distribution for incompatible observables. The mechanism to obtain such joint dis-
tribution is to perform a joint measurement of nonideal versions of the incompatible
observables under study, which is always possible for some degree of added fuzziness.
As far as the nonideality utilized is known, it can be inverted, allowing to infer the
complete distribution. Quantumness emerges when this inverted distribution turns out
to be pathological.

This protocol of nonideal measurements of incompatible observables followed by
suitable data inversion is applied to Bell-type analyses in bipartite systems, showing
the exact equivalence between the failure of hidden-variable models and our very defi-
nition of nonclassicality. It also allows us to translate Bell’s theorem to single systems.
Furthermore, we show that the quantumness of detectors arises as a necessary condition
for these and other typical quantum signatures.

Looking for a unification of quantum phenomena based on coherence, we utilize a
coherence-nonclassicality theory to reveal a fundamental equivalence between nonclas-
sical polarization and multi-photon entanglement. This theory is also experimentally
evaluated by polarization tomography of a two-mode squeezed vacuum state. As a
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ABSTRACT

further development, we introduce a new theory of coherence directly rooted in a
metrological context, providing a remarkably simple relationship between the resolu-
tion of signal detection processes and the coherence properties of the measurement
elements. As a particularly meaningful result in the coherence context, we find out
that the coherence of the detectors has the same influence on the resolution as the co-
herence of the probe state. We study how the principal operations in quantum optics,
displacement, squeezing and beam splitting, alter the amount of coherence for several
states, showing an unexpected dependence on coherence with light intensity and a more
natural dependence on squeezing.

Regarding the links between coherence and quantumness, a distance-based relation
between nonclassicality and coherence quantifiers is developed within the framework
of resource theories. Moreover, the dependence on the quantifier is finally removed,
and we establish a univocal relation between the coherences of the density matrix and
the lack of a joint distribution for incompatible observables, our very definition of
nonclassicality.

From the diverse results obtained, we conclude that the most adequate mechanism
to detect nonclassicality and analyze its causes is the nonideal joint measurement of
incompatible observables. We also conclude that the properties of the detector have
to be taken into account in quantum analyses. Finally, we resolve that coherence and
nonclassicality have emerged as equivalent concepts at a very fundamental level.

To conclude, we remark on the consistency of the general approach of this work:
it starts from an unambiguous definition of nonclassicality, exposes a mechanism to
detect it and to analyze its causes, and, ultimately, allows the conclusion that the
fundamental cause of nonclassicality is quantum coherence.
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Introduction

De no hablar hasta saber, nunca diríamos nada.

A. L. A.

Quantum theory is one of the most fascinating proposals that physics has ever
made. Behind its extremely accurate precision in predicting the behaviour of nature,
surprisingly, one finds a probabilistic theory. Moreover, a probabilistic theory in an
intrinsic sense, unavoidable, not regarding lack of knowledge but built by probabilities
themselves. It makes statistics, correlation, and inference basic tools for describing
reality.

Leaving aside aspects of interpretation, which could be considered rather philosoph-
ical, the fundamental concepts behind the quantum theory, such as the definitions of
measurement and quantumness, are still under discussion [1, 2]. Moreover, from the
postulates to the superposition principle, the quantum theory itself is composed of an
intricate set of elements whose physical meanings and links are not always as clear
as we can see in other theories [3, 4]. The utmost discussion in this direction could
be searching for the main ingredient of the quantum theory. Is it the measurement
process? Is it complementarity? Is it the superposition principle? In the most proba-
ble scenario, where a complete identification between those elements cannot be made,
remains legitimate the question about the potential links between these concepts [5, 6].
To contribute to answering this question, the purpose of this work is to discern the
proper relation between quantum coherence and the main signatures of nonclassicality
introduced so far.

The lack of a consensual, neither definite nor final, interpretation of these concepts
obscures the links already established in the literature [7, 8]. In a similar way as
optical coherence manages classical randomness in classical optics, quantum coherence
is a property of nature essentially defined in a scenario driven by quantum randomness
to encompass all the consequences of the superposition principle. However, when these
consequences are specific enough, they are usually disengaged, even if they are included
by definition under the concept of coherence. Sometimes, this prevents us from a
general approach that may provide a common interpretation for some quantum effects.
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INTRODUCTION

The concept of nonclassicality was born to enclose the observations that classi-
cal theories cannot explain, being the ultimate reason for the introduction of such a
curious theory. Historically, the definition of classicality has been linked to the incoher-
ent superposition of coherent states. The definition itself labels deus ex machina the
classical-like states. This preference is based on their performance in certain scenarios,
however, these circumstances are by no means universal, which makes the choice of
classical states still a particular, biased decision. Consequently, a definition of non-
classicality that does not require any predetermined classical set of states is proposed.
This definition states that it is always necessary to appeal to incompatible observables
to disclose nonclassicality. This is because classical physics can mimic the statistics of
every single quantum observable by a series or particular initial conditions [9]. Accord-
ingly, this approach recognizes much more importance than usual to the measurement
and presents quantumness as a phenomenon, not only as a property of the state.

The deeper knowledge about how nature works, the more advantage we can take
of it. The accuracy with which quantum mechanics models the more subtle processes
allowed us to develop technologies previously reserved for science fiction [10]. For
example, quantum metrology is one of the pioneer areas of application of the advantages
of quantum features. Actually, quantum mechanics turned out to be both, the cause of
and solution to all of the sensitivity’s problems : When the detection processes achieved
the scales of the quantum fluctuations, the use of states with reduced fluctuations
allowed to further increase the sensitivity of the experiments. However, once again,
the efforts to exploit the properties of nature that quantum theory brings to light, either
to use or to analyze them, have led to considerable fragmentation in their analysis [11].
In this context, coherence is understood as the main resource regarding exploiting
quantumness, and, despite this, there is no definitive relationship between these two
properties. The absence of an explicit, unambiguous relation between sensitivity and
coherence brings one mayor aim of this work concerning coherence: to connect the
metrological resolution and quantum coherence of the signal detection process.

However, the value of coherence should not be reduced to its usefulness. Quantum
coherence appears as the fundamental resource for quantum technologies, but precisely
because without it, all is classical physics. In the same spirit that without classical
coherence, all optics is geometrical optics. Therefore, we are also interested in analyzing
the fundamental meaning of coherence. To this end, we focus on the basis-dependence
of the measures of coherence. This commitment will guide us to define and quantify
nonclassicality through the quantifiers of coherence by a geometrical relation between
them.

Regarding nonclassicality, the first objective is to analyze the relevance of some
elements -such as complementarity, statistical separability, and detector contribution-
involved in the emergence of quantum signatures. The aim is to provide a unified
picture embracing all of them, able to reveal any kind of structure. This leads us to
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INTRODUCTION

the second goal, which is to analyze the relationship between different nonclassical
signatures themselves. The last and central objective of this work is to establish a
direct, practical, and fundamental relation between the very roots of coherence and
nonclassicality disclosed in the previous objectives.

The mechanisms utilized to achieve the objectives of this thesis are general enough
to allow the study of several elements through the same tool. The main ones are
the nonideal measurement of incompatible observables, the theory of quasiprobability
distributions, and the framework of resource theories.
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Nonclassicality

HEISENBERG: ¡Porque supuse que no valía la pena hacerlo!
BOHR: ¿Supusiste? ¡Tú nunca suponías las cosas!

Copenhague, Michael Frayn.

1.1 Introduction to nonclassical features

Non-classical phenomena are experiences that cannot be explained by means of classical
theories, in particular by classical electromagnetism when talking about quantum optics
[12]. The black-body radiation and the photoelectric effect are irrevocably the seeds
of quantum theory. Those experiments accounted for the need to discretize some
variables to understand the behaviour of nature. Nowadays, the physical understanding
of these experiences has changed. Those phenomena can be essentially explained by
semiclassical theories, where quantumness can be ascribed only to matter instead of the
electromagnetic field, as originally inferred [13]. In any case, there is no fully classical
theory explaining these experiences. Although semiclassical theories may be interpreted
as incomplete or even biased, they are still an important tool for approaching intricate
problems and understanding the quantum-classical borderline [14, 15]. In this respect,
the semiclassical explanation of the photoelectric effect is the perfect example of the
self-evaluation of quantum theory.

Further typical nonclassical effects are those attributed to the vacuum fluctuations
[12]. They generate a manifold of amazing effects such as spontaneous emission, Lamb
shift and the Casimir effect, among other examples. If we focus on the specific quanti-
zation of the electromagnetic field, there are some emblematic quantum manifestations
that we should highlight: the anti-photon correlation and the Hong-Ou-Mandel effect,
the subPoissonian photo-counting statistics, the photon antibunching and the quadra-
ture squeezing [16], which will be further analyzed in this work.
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Nevertheless, strictly speaking, subPoissonian statistics, antibunching and quadra-
ture squeezing are not quantum signatures by themselves. This is because any prob-
ability distribution for a single-observable can be achieved in classical physics. These
features are commonly considered nonclassical signatures because they cannot be dis-
played by the states usually defined as classical in quantum optics, as we are about to
see.

It was considered that the fundamental evidence for the lack of classical explanation
could be the impossibility of defining a proper phase-space probability distribution for
certain states. The success of the phase-space description in classical theory motivated
the translation of this representation to quantum mechanics [17, 18]. However, infinite
quasiprobability distribution can be established due to the commutation relations be-
tween operators [19]. Moreover, not all of them have equivalent pathologies or even
pathologies at all.

Since the original works of Glauber and Surdashan [20, 21, 22], and being still
widely accepted [23, 24], the definition of nonclassicality in quantum optics have rested
on the Glauber-Surdashan P (α) function on a more or less consensual way. This choice
is rooted in the fact that the P (α) allows to compute the expectation value of normally
ordered operators just like a classical phase-space function, resting the importance of
the normal ordered in the operation of photoelectric detectors.

Additionally, P (α) allows the representation of the density in terms of coherent
states of the harmonic oscillator, |α⟩,

ρ =

∫
d2αP (α)|α⟩⟨α|. (1.1)

Therefore, it is considered classical-like any incoherent combination of Glauber-coherent
states, this is, any state with a well-behaved P (α) as a probability distribution on phase
space. On the contrary, a P (α) < 0 or any other pathology implies that the state can-
not be expanded as a convex combination of coherent states. Now we can see that
subPoissonian statistics or quadrature squeezing imply nonclassical behaviour, since
both features require statistics less fluctuating than the statistics of coherent states.

However, the concept of a preferred set of states considered classical by definition
could not be so attractive. This is why the definition of nonclassicality to be consid-
ered in this work is slightly different. We maintain the idea of the failure of a joint
probability distribution as the essential signature of quantumness, however, we do not
privilege any set of variables and we consider nonclassicality the failure to obtain by
any means a joint probability distribution, or its pathological behavior, for any two
incompatible observables [25, 26]. This definition includes as a particular case the
pathological P (α), which implies the absence of a joint probability distribution for the
quadrature observables. However, by choosing a different set of incompatible observ-
ables, even Glauber-coherent states can lack a well-behaved joint statistics [26, 27]. All
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the experiences introduced in this section as nonclassical effects reflect, in one way or
another, the lack of a joint probability distribution for different incompatible observ-
ables. Consequently, we may refer to them as indirect signatures of nonclassicality.

1.1.1 Joint measurements of incompatible observables

Incompatible observables cannot be measured in the same experiment. Since they
do not have common eigenvectors, states with both variables well defined, we cannot
obtain the value of both magnitudes in the same (individual) experiment respecting
the Born’s rule. What we can do is to measure each magnitude in different repetitions
and then we would have their individual statistics. But this is not a joint statistics.

We consider that this lack of joint distributions is actually the central fact of
quantumness. Consequently, we look for procedures to approach such a potentially
pathological probability distribution. It seems quite problematic to directly measure a
not legitimate statistics (how to find negative probabilities when repeating an experi-
ment?). The technique applied in this work is based on the indirect observation of the
distribution under study. To this end, a nonideal, inaccurate, unsharp measurement
is performed, followed by the corresponding data inversion based on our knowledge of
the arrangement. In this section, we briefly introduce the theoretical concepts behind
generalized measurements.

1.1.1.1 Positive Operator-Valued Measurements

There are two possible dynamics in the standard quantum theory. The Schrödinger
equation describes the continuous, deterministic evolution of an isolated system. Known
the initial state and the Hamiltonian of the system, it gives the final state univocally.
On the contrary, the description of the evolution in a measurement process is sharp and
nondeterministic. In an ideal formulation, the projection postulate, fully phenomeno-
logical, establishes the state after the measurement as the eigenvector associated with
the result. The discontinuity in the dynamics caused by the reduction of the state is a
controversial element in quantum theory, which gives rise to the measurement problem:
How to reconcile these two kinds of evolution. When a measurement is performed, go-
ing deep enough there is, one way or another, the observed system interacting with an
external detector, giving rise to the mentioned discontinuity. However, we may also
consider both, observed system and detector, as an entangled system whose correspond-
ing evolution would be driven by the deterministic Schrödinger equation. Therefore,
at what point does the discontinuity occur and why?

The relationship between states and the outcomes of measurements is just a mat-
ter of probabilities in quantum mechanics1. A physical magnitude, an observable, is

1Actually, the kind of objective, irreducible quantum uncertainty beyond human and nonhuman
knowledge.
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described by a self-adjoint operator, A = A†, whose eigenvectors {|a⟩} form an or-
thonormal basis of the Hilbert space [28, 29, 30]. This can be represented by the
closure relation ∑

a

|a⟩⟨a| =
∑
a

Π(a) = 1 (1.2)

where A is assumed non-degenerate and discrete for simplicity, and Π(a) = |a⟩⟨a| is a
projection operator. The orthogonality between projectors corresponding to different
eigenvectors is immediate. The spectral decomposition of the observable is

A =
∑
a

aΠ(a), (1.3)

where |a⟩ is the eigenvector of A related to the eigenvalue, a. When measuring an
observable, A, Born’s rule establishes that the probability of finding a certain value, a,
is

P (a) = tr[ρΠ(a))] (1.4)

being the only possible outcomes the eigenvalues of the observable. The measurement
described is represented by a Projective Valued Measurement (PVM), {Π(a)}.

However, not all realistic experiments can be represented by a self-adjoint operator.
It was shown that the probability distribution of the outcomes, b, of the most general
measurement allowed by the quantum theory can be described in the same way as in
Eq. (1.4) [31, 32],

P (b) = tr[ρE(b))], (1.5)

as long as the elements of the measurement, E(b), are not necessarily orthonormal
projectors but only positive operators. These operators form a Positive Operator-
Valued Measurement (POVM), {E(b)}, which is a generalization of the concept of
observable [29]. Its elements generate a non-orthogonal decomposition of the identity,∑

bE(b) = 1. One remarkable characteristic is that the number of outcomes can be
higher than in a PVM, this is higher than the dimension of the space.

One example of measurement represented by a POVM is a realistic photodetector
such as that in [30]. It is worth noting that when we make a PVM over a system coupled
to an auxiliary system in a fixed state, the measurement resulting on the initial system
is described by a POVM. This is related to the Naimark extension, which says that we
can always extend a non-orthogonal resolution of the identity to an orthogonal one in
a higher dimensional Hilbert space [32].

1.1.1.2 Generalized measurements

The formalism of POVMs is the perfect framework to describe non-ideal measurements
such as the realistic detector mentioned above. The concept of nonideal or inaccurate
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[30] refers to the possibility of relating the measurement elements of the POVM, E(b),
to the measurement of the corresponding ideal PVM, Π(a). This inversion can be made
utilizing some fixed, known matrix, µ(a, b),

E(b) =
∑
a

µ(a, b)Π(a). (1.6)

Recalling the case of the detector, this idea will be equivalent to relating the statistics
of a non-ideal detector to the statistics of an ideal one. The key concept is that we
cannot relate the individual result of an experiment, but we can connect both statistics.

The nonideality should not be understood as classical noise erasing information but
as a quantum mechanical process itself. It is determined by the experiment, therefore
known, and the information is enclosed in the matrices µ(a, b), called inversion matrices
in the following. This kind of matrices has inverse, µ(a, b)−1, as long as the non-ideal
process is reversible. To ensure the existence and uniqueness of the inverse, the POVM
and the PVM must have the same number of elements [30]. Under these conditions,
µ(a, b)−1 can be related as

Π(a) =
∑
b

µ(a, b)−1E(b), (1.7)

thus, the probability distribution of the exact observable is actually obtainable. This
process constitutes the inversion procedure. Now, it is described how to utilize this
procedure to make non-ideal measurements of incompatible observables.

We start by exposing how a POVM can be utilized to make joint measurements of
other POVMs. Let {E(b)} and {F (c)} be POVMs, they can be jointly measured if it
exists a measurement procedure characterized by a POVM, {G(b, c)}, such that the
elements of the individual ones can be recovered [30],

E(b) =
∑
c

G(b, c), and F (c) =
∑
b

G(b, c). (1.8)

From the measurement of {G(b, c)} we obtain a joint statistics for b and c,

p̃(b, c) = tr[ρG(b, c)]. (1.9)

The main point allowing the joint measurement is that {E(b)} and {F (c)} are
POVMs [30]. As we have seen Eq. 1.7, these POVMs can be chosen in such a way
that they represent non-ideal measurements of certain non-commuting observables. In
this manner, the concept of non-ideal joint measurement is obtained by combining
both ideas, see Fig. 1.1. It is, therefore, possible to define the elements of the joint
POVM such as the individual POVMs are non-ideal measurements of non-commuting
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Figure 1.1: Scheme of the relation between ideal, non ideal and joint measurements.

observables, ∑
cG(b, c) = E(b) =

∑
a µ(a, b)Π(a).∑

bG(b, c) = F (c) =
∑

a µ(a, b)Π(j). (1.10)

This is why we refer to this observation procedure as an indirect measurement:
We do not jointly measure the non-commuting observables directly, but two POVM
generated from them, their inaccurate versions.

This scheme can be utilized to obtain the complete inaccurate probability distri-
bution of the two observables. It is remarkable that the total probability distribu-
tion obtained from the joint measurement has more information than the two exact
marginals, and it may contain (depending on the actual experiment) information about
the correlations between the observables. This information cannot be properly defined
within the theory. Experimental implementations for these measurements were soon
proposed [33, 34].

As long as we know the characteristics of the experiment, and thus the nonideality
matrices (1.7), we can obtain from the statistics of the nonideal joint measurement
the marginals corresponding to the probability distributions of the individual, exact,
observables.

p(a) =
∑
b

µ(a, b)−1tr[ρ
∑
c

G(b, c)]. (1.11)

Moreover, as we will see, we can obtain the complete probability distribution of two
or more incompatible observables by inferring the statistics from indirect measurements
via this data inversion. This procedure always provides the legitimate joint probability
distribution of the observables at hand in classical physics [35]. On the contrary, in
quantum physics, the retrieved probability distribution may show pathologies when
the observables do not commute. These pathologies are our basis for nonclassicality.
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1.1.2 Fine’s theorem and Bell’s inequalities

Alternatively to inferring the complete probability distribution, it might be useful from
an experimental point of view, a way of tracing back the pathologies in the statistics
to some combination of measurable correlations and moments [36]. In this kind of
experiments, a measurement of different correlations is performed, and some bounds
are imposed by classical theories. Bell/CH’s inequalities [37, 38] are the best example
of this approach. A. Fine [25] demonstrated that any violation of these inequalities
corresponds to a lack of a joint distribution for the observables involved. Therefore, it
becomes an example of our approach.

1.1.2.1 Bell’s theorem: the role of separability

Originally, Bell’s inequalities were derived not to test the existence of a joint probability
distribution, but to examine whether a particular classical model underlies the results
of certain quantum experiments.

The classical model proposed by Bell [39] translates to mathematical conditions
the concerns exposed by Einstein, Podolsky and Rosen, [40]. In this manner, those
requirements become experimentally testable: Bell’s theorem implies that if the model
is applicable to the statistics of the experiment, then some bounds to some function of
correlations will never be exceeded. On the contrary, violations of Bell-like inequalities
imply that the model is not applicable and, therefore, the failure of at least one of the
hypotheses on which it is based.

The type of experiment is the measurement of two observables on each subsystem
of a bipartite system, for example, we may call X, Y the observables measured on
subsystem A and U, V those on subsystem B. The system is typically represented by
two entangled 1/2-spin particles or polarized photons. This model includes a set of
variables that would completely determine the state of the system, these are the hidden
variables, λ, with probability distribution p(λ). It also considers the measurements
performed on each subsystem statistically independent. This includes that the results
in one subsystem cannot influence the results in the other, but neither can influence
the election of measurements (the results on one subsystem cannot depend on which
measurement is being performed in the other subsystem). These hypotheses are usually
referred to as reality, locality and non-contextuality conditions. All these conditions
are translated into the following model

p(x, u) =

∫
dλp(λ)p(x|λ)p(u|λ), (1.12)

where x, y, u, v are the outcomes of the corresponding observables. We also refer
to this model as separable due to the factorization of the conditional probabilities,
p(y|λ)p(x|λ). Experimental violations of Bell-like inequalities have been reported in
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recent years to the point that they are generally without loopholes [41, 42, 43]. There-
fore, we conclude that Bell’s realistic, local, non-contextual model is not applicable
to quantum statistics. However, only by testing this model we cannot specify which
hypothesis (or hypotheses) fails.

At this point arise two main concerns related to the mathematical translation of the
hypotheses. First, does separability truly account for locality? Or is it an assumption
by itself? [44, 45, 46] The second one points to Fine’s theorem. This is, can we obtain
any information about the hypotheses of a model for a probability distribution when
the tested probability distribution does not exist at all? [47, 48, 49, 50]. This can
be related to the question of whether there is room for contextuality and nonlocality
without complementarity, see [51] and references therein.

1.1.3 Chapter outline

This chapter utilizes the joint measurement of incompatible observables (JMIO) as the
instrument to connect different signatures of nonclassicality between those advanced in
this introduction. Since we have introduced the pathologies in the common statistics
as the very concept of nonclassicality, we show how this technique provides an excellent
arena to analyze specific aspects related to the potential pathologies of the statistics.
Our study goes from the attempt to explain the presence of pathologies in terms of
classical-like models to analyzing the necessary conditions for obtaining them.

We start by analyzing the main component in the definition of nonclassicality,
which is the complementarity between observables. We replicate Bell’s theorem in this
scenario and propose a classical-like model for complementarity. We follow this program
and derive a set of inequalities that account for the presence of complementarity in the
observed statistics. Finally, we apply the inversion procedure introduced to link the
absence of a joint distribution for the observables involved with the violation of the
inequalities and, accordingly, with the failure of the classical model.

Then, we scale the study to bipartite systems in a natural way. One of the main
difficulties in the realization of Bell-like experiments is to ensure the same probability
space for the outcomes of the whole system when incompatible observables must be
measured. We demonstrated the legitimacy of this method to obtain the complete,
potentially pathological statistics for all the observables involved in a Bell-type mea-
surement in a single experiment. This approach allows us to recover Fine’s theorem.

In the following section, we wonder which part of the retrieved pathologies of the
statistics is caused by the measurement itself. This question arises because state and
measurement contribute symmetrically to the computation of probabilities in quantum
physics; however, the nonclassicality is usually fully ascribed to the state. First, we
utilize the JMIO, but the inversion procedure is directly applied to the POVM rep-
resenting the detector. This allows discovering negativities on the own representation
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of the measurement. We show how these pathologies are necessary for obtaining any
negativity in the final statistics.

Keeping the latter result in mind, several indirect signatures of nonclassicality are
studied. The highly nonclassical measurements are replaced for their classical-like vari-
ants, without pathologies ascribed. Under these conditions, the result of the experiment
is always a well-behaved probability distribution. We refer to these quantum signa-
tures as indirect, since we utilize the P-representation to characterize the nonclassicality
instead of the joint statistics.

In the last section, we report the study of two, in principle, different nonclassical
behaviours. We found that SU(2) coherent states can be expressed as the tensor
product of identical photons. This equivalence unifies nonclassical polarization and
photon entanglement.

1.2 Complementarity in quantumness

By definition, incompatibility is the key ingredient when talking about nonclassical
signatures. It is, therefore, interesting trying to isolate to the maximum the contribu-
tion of complementarity to the pathologies of the statistics of the experiments without
classical explanation. Two analyses of complementarity are reported, both of them
based on the imperfect measurement of incompatible observables. First, a translation
of Bell’s hidden variables model is translated to a single subsystem scenario. The very
same idea of separability as statistics independence is assumed. Secondly, we obtain
the complete statistics of the experiment and analyze the conditions where pathologies
appear. The results mimic the Fine’s Theorem: when the classical-like model is not
applicable, the complete probability distribution is not legitimate and vice versa.

1.2.1 A classical model for complementarity

The first test for complementarity was performed by designing a suitable classical model
for the measurement process. By classical model we mean a structure for the joint
probability distribution that would be accomplished if the process had no quantum
characteristics. The model involves several assumptions, acceptable from a classical
point of view. It leads to a set of inequalities that can be tested employing unsharp
measurements [52].

1.2.1.1 The experiment

In order to be presented, the experiment is divided into three parts, say the prepared
state, the performed measurement and the obtained statistics. We consider an arbitrary
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quantum two-level system (qubit) on a two-dimensional Hilbert space, whose more
general state can be described as

ρ =
1

2
(σ0 + s · σ) , (1.13)

being σ = {σX , σY , σZ} the Pauli matrices, σ0 the identity matrix, and s = {sX , sY , sZ}
a real vector fulfilling |s| ≤ 1. The qubit can be fully characterized in the density matrix
formalism by the vector |s|, which is equivalent to the Stokes parameters within a
polarization context. It symbolizes the position of the state in the Bloch sphere: A
null module, |s| = 0, represents the maximally mixed state. On the contrary, the states
on the surface of the Bloch sphere, |s| = 1, are pure.

To measure two incompatible observables in the same experiment, we follow the
standard method introduced in Sec. 1.1.1: The observed system is coupled to auxil-
iary degrees of freedom, and then, two compatible observables, the non-ideal versions,
are measured in the combined system-auxiliary space. As the incompatible observables
under study, we chose those described by the Pauli matrices σX and σZ , whose eigen-
values are represented by x′ and z′. The nonideal observables measured are X and Z,
respectively, with [X,Z] = 0. Their outcomes are labelled by the variables x and z.
In accordance with the spectra of σX and σZ , x and z are assumed dichotomic, with
possible values ±1.

The most general structure for the observed statistics p̃(x, z), without specifying
any particular form for X and Z, is

p̃(x, z) =
1

4
(1 + xx+ zz + xzxz) , (1.14)

where x, z, and xz are the measured mean values and correlations of X and Z,

x =
∑

x,z=±1

xp̃(x, z), z =
∑

x,z=±1

zp̃(x, z), (1.15)

and
xz =

∑
x,z=±1

xzp̃(x, z). (1.16)

The exact expression in Eq. (1.14) can be straightly obtained by means of a Taylor
series in powers of x and z. The infinite sequence is reduced to these four terms as a
consequence of the dichotomic behaviour of the outcomes: x2n = 1 and x(2n+1) = x

∀n ∈ N, and equivalently for z. It should be noted that p̃(x, z) is a truly measurable
statistic, meaning it has to be positive and normalizable for all x and z. This constrains
the values of x, z and xz.

To link the measured mean values x and z with observables under study, σX and
σZ , we assume a linear relation between analogous quantities

x = γXtr (ρσX) , z = γZtr (ρσZ) , (1.17)
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where γX and γZ are two real factors, for definiteness and without loss of generality
γX , γZ ∈ (0, 1). We can see how they encompass the inaccurate character by computing
variances: For dichotomic variables, the variance is determined by the mean value,

∆2x = 1− x2, (1.18)

and from Eq. (1.17) we know, x2 ≤ [tr (ρσX)]
2. Thus, ∆2x is at least equal to ∆2σX

∆2x ≥ 1− [tr (ρσX)]
2 = ∆2σX ,and the lesser γ2X , the larger the difference.

The link between the correlations xz and σX , σZ is not so straightforward due to
their non-commutativity. There is no ambiguity for the observed xz, which is just the
mean value of the commuting product XZ. We assume it related to a given observable
of the system, σn = σ ·n being n a real unit vector, that may differ depending on the
experimental settings. Considering quantum linearity,

xz = γXZtr (ρσn) , (1.19)

where again 1 ≥ γXZ ≥ 0. Since the joint distribution p̃(x, z) in Eq. (1.14) has to be
nonnegative, the values of the three γ parameters are not independent. The particular
form of the constraint depends on the specific σn. For example, when σn = σY then
γ2X + γ2Z + γ2XZ ≤ 1, which is actually the case of the Young example to be examined
in detail below, while if σn = σX we would have (γX + γXZ)

2 + γ2Z ≤ 1.

1.2.1.2 The classical model

Any classically consistent model must assume the existence of the joint probability
distribution for the variables x′ and z′ on the system. In our model, it is labelled by
pΛ(x

′, z′).
A key assumption derived from a classically legitimate framework is the statistical

independence or separability. This concept requires that the observed statistics of X
not depend on the observation of Z and vice versa. This implies not depend on the
specific observable chosen nor on the result of the measurement:

p̃(x, z) =

∫
dx′dz′pX(x|x′, z′)pZ(z|x′, z′)pΛ(x′, z′), (1.20)

being pX(x|x′, z′) and pZ(z|x′, z′) conditional probabilities which along with pΛ(x
′, z′)

are assumed to be real, nonnegative, and normalized in x, z x′ and z′. It is also implicit
in the idea of separability that the values available for σX and σZ , this is x′, z′ = ±1,
and that the values of x′ do not condition the measure of Z. Therefore, in this context
the separability condition is translated into the following definition: The probability
distribution p̃(x, z) is separable provided that

p̃(x, z) =
∑

x′,z′=±1

pX(x|x′)pZ(z|z′)pΛ(x′, z′). (1.21)
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The following step is to propose a form for the conditional probabilities pX(x|x′) and
pZ(z|z′) compatible with the observed marginals. By introducing the proportionality
proposed in Eq. (1.17) in the general statistics, Eq. (1.14), the corresponding observed
marginals result,

p̃A(a) =
∑
b=±1

p̃(a, b) =
1

2
[1 + γAatr (ρσA)] , (1.22)

for A,B = X,Z and a, b = x, z. Compatible with those marginals, we consider the
following conditional probabilities for the exact observables

pX(x|x′) =
1

2
(1 + γXxx

′) and pZ(z|z′) =
1

2
(1 + γZzz

′) . (1.23)

These conditional probabilities also manifest the noisy role of γ since the probability
of obtaining the value a known a′ is total, p(a|a′) = 1, if and only if γa = 1, and there
is no information when γa → 0 being p(a|a′) → 1/2.

1.2.1.3 Measurable inequalities

Now we have to derive the probability distribution of the state, pΛ(x′, z′), which links
the measured statistics with the conditional probabilities. It is the key element to
determine if the model is fulfilled. pΛ(x

′, z′) has to satisfy the separability condition
presented in Eq. (1.21) considering the conditional probability distributions in Eq.
(1.23),

1

4
(1 + xx+ zz + xzxz) =

∑
x′,z′=±1

1

2
(1 + γXxx

′)
1

2
(1 + γZzz

′) pΛ(x
′, z′). (1.24)

In addition, it has no more than four terms, resorting again to a Taylor series on x′, z′.
Under these conditions there is only one solution for the probability distribution of the
state,

pΛ(x
′, z′) =

1

4

(
1 + x′

x

γX
+ z′

z

γZ
+ x′z′

xz

γXγZ

)
. (1.25)

This is the most general distribution compatible with the experimental data and the
natural physical assumptions of a classical theory. The analysis is then reduced to the
question of when is it a legitimate probability distribution.

Equation (1.25) is a bona fide probability distribution provided that pΛ(x′, z′) ≥ 0

for all x′, z′ leading to the following family of four inequalities:

1 + x
γX

+ z
γZ

+ xz
γXγZ

≥ 0, 1− x
γX

− z
γZ

+ xz
γXγZ

≥ 0,

(1.26)

1 + x
γX

− z
γZ

− xz
γXγZ

≥ 0, 1− x
γX

+ z
γZ

− xz
γXγZ

≥ 0.

They can be regarded as the conditions on the observed mean values x, z, and cor-
relations xz to be consistent with the classical model. These four relations can be
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summarized by looking for the most restrictive among them in each situation: For
example, the second one is more restrictive than the first one when both x and z are
positive numbers, and therefore, if the second inequality is fulfilled, also is the first
one. Looking for the most restrictive condition in the general case, we use the formula
for the minimum of two real numbers a, b,

min(a, b) =
a+ b− |a− b|

2
. (1.27)

Then, we can encapsulate the first two as,

min(1+
x

γX
+

z

γZ
+

xz

γXγZ
, 1− x

γX
− z

γZ
+

xz

γXγZ
) = 1−

∣∣∣∣ xγX +
z

γZ

∣∣∣∣+ xz

γXγZ
≥ 0, (1.28)

and the second two as,

min(1+
x

γX
− z

γZ
− xz

γXγZ
, 1− x

γX
+
z

γZ
− xz

γXγZ
) = 1−

∣∣∣∣ xγX − z

γZ

∣∣∣∣− xz

γXγZ
≥ 0. (1.29)

Combining both results, we can finally rewrite our inequalities (1.26) as

1−
∣∣∣∣ xγX − z

γZ

∣∣∣∣ ≥ xz

γXγZ
≥
∣∣∣∣ xγX +

z

γZ

∣∣∣∣− 1. (1.30)

We can also express it in terms of the parameters of the density matrix ρ in Eq. (1.13),

1− |sX − sZ | ≥
γXZ

γXγZ
sn ≥ |sX + sZ | − 1, (1.31)

being sj = tr (ρσj), j = X,Z, n. Consequently, the measured statistics could be
explained through the classical model proposed in Eqs. (1.21) and (1.23) only when
the state and measure parameters fulfill the inequality (1.31).

Noting that the system observables σX and σZ may always be chosen so that sX =

sZ = 0 with sn = sY = |s|, complementarity inequalities are satisfied provided that

|s| ≤ γXγZ
γXZ

. (1.32)

Thus, for all states different from the maximally mixed state, |s| ≠ 0, we may always
find values of γXZ , γX and γZ such that this inequality is violated. In conclusion, for
every state different from the identity, it is possible to find a joint measurement so
that the state violates the corresponding complementarity inequality, being therefore
nonclassical regarding this classical model.

1.2.1.4 Example: the Young interferometer

The paradigmatic example of complementarity appears in the Young interferometer as
the inability to determine at the same time which slit was illuminated by the photon
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and the interference pattern at the screen. This path-interference duality provided a
nice illustration of the above formalism.

First, we introduce the observables under study. The slits of the interferometer are
represented by the two orthogonal kets |±⟩. Considering them as the eigenvectors of
the Pauli matrix σZ , it becomes the path observable. In this manner, if the state only
illuminates the upper slit, the mean value of σZ becomes ⟨σZ⟩ = tr(|+⟩⟨+|σZ) = 1, and
equivalently ⟨σZ⟩ = tr(|−⟩⟨−|σZ) = −1 for the lower slit. However, any interference on
the screen only occurs provided by the coherent superposition of those states |±⟩ so that
we may represent interference by the observable σX . For |±⟩, the expectation value of
σX is cancelled, ⟨σX⟩ = tr(|±⟩⟨±|σX) = 0, and there is no interference. Nevertheless,
in the case of the superposition state |ψ⟩ = 1/

√
2(|+⟩ + |−⟩) the expectation value

reveals maximum interference ⟨σX⟩ = tr(|ψ⟩⟨ψ|σX) = 1.
We consider that σX is directly measured on the system space by projection on

its eigenstates |x⟩ = 1/
√
2(|+⟩ + x|−⟩). Roughly speaking, those states physically

correspond to detect maximum and minimum interference on the screen.
The path information will be transferred from the system space to an auxiliary

space. Following a suggestive optical implementation of the interferometer, such auxil-
iary space may be the polarization of the light at each aperture. A different phase plate
placed on each aperture can imprint the path information in the polarization states.
We assume the apertures illuminated by right-handed circularly polarized light, rep-
resented by the vector | ⟳⟩ in the polarization space, so the phase plates produce the
following aperture-dependent polarization transformation

|±⟩| ⟳⟩ → |±⟩| ± θ⟩, (1.33)

being

| ± θ⟩ = cos
θ

2
| ⟳⟩ ± sin

θ

2
| ⟲⟩. (1.34)

Then, the path information is retrieved by measuring any combination of the ob-
servables represented by the Pauli matrices ΣX and ΣY in the auxiliary polarization
space spanned by | ⟳⟩ and | ⟲⟩ as eigenvectors of ΣZ , say

Σφ = cosφΣX − sinφΣY . (1.35)

We denoted here the Pauli matrices by capital letters to emphasize that they are
defined not in the system space, with basis {|+⟩, |−⟩}, but in the auxiliary polarization
space, with basis {| ⟳⟩, | ⟲⟩}. This polarization measurement can be easily achieved
in practice with the help of a linear polarizer, where φ represents the orientation of its
axis.

We denote as |z⟩φ the eigenvectors of Σφ, i. e., Σφ|z⟩φ = z|z⟩φ with z = ±1. The
photon passing through the polarizer is represented by the vector |1⟩φ while the photon
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|−⟩

|-⟩

Figure 1.2: Young interferometer scheme with the polarization auxiliary space included
[52]. Different phase plates, ±θ, are placed on each slit, and an analyzer with angle φ
is situated in front of the screen.

being stopped by the polarizer is represented by the vector | − 1⟩φ. The statistics of
such quantum measurement when the system state is ρ in Eq. (1.13) leads to the
following joint statistics by projection on the system-polarization states |x⟩|z⟩φ after
the transformation (1.33)

p̃(x, z) =
1

4
(1 + xγXsX + zγZsZ + xzγXZsy) , (1.36)

with
γX = cos θ, γZ = cosφ sin θ, γXZ = sinφ sin θ, (1.37)

being in this case σn = σY . As advanced, the γ factors are actually points on the
surface of a unit sphere,

γ2X + γ2Z + γ2XZ = 1. (1.38)

The path observation is more accurate, i. e. γZ → 1, as φ → 0 and θ → π/2. In
that case, it tends to be no observation of interference γX → 0. On the contrary, the
interference is more noticeable γX → 1 as θ → 0, in which case tends to be no path
observation γZ → 0.

The complementarity inequality Eq. (1.32) becomes

|s| ≤ γXγZ
γXZ

=
cos θ

tanφ
, (1.39)

so that nonclassical results are more clearly revealed as θ → π/2 and φ→ π/2.
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1.2.2 Joint probability distribution for complementarity

The second test for complementarity consists in applying the inversion procedure in-
troduced in Sec. 1.1.1.2 to relate the legitimacy of the inferred distribution to the just
retrieved inequalities.

1.2.2.1 Inversion procedure

The path to obtaining the inversion matrices, µ in Eq. (1.7), is to impose that the
complete statistics of the ideal observables σX and σZ ,

pA(a) =
1

2
[1 + atr (ρσA)] , (1.40)

is contained in the observed marginals p̃X(x) and p̃Z(z) in Eq. (1.52). Under these
conditions, the inversion becomes

pA(a) =
∑
a′=±1

µA(a, a
′)p̃A(a

′), (1.41)

more explicitly,

1

2
[1 + atr (ρσA)] = µA(a, 1)

1

2
[1 + γAtr (ρσA)] + µA(a,−1)

1

2
[1− γAtr (ρσA)] , (1.42)

from which the inversion matrices can be computed [35], resulting

µA(a, a
′) =

1

2

(
1 +

aa′

γA

)
, a = x, z. (1.43)

Now that we have the individual inversion matrices, the inversion procedure consists
of applying both of them to the complete observed statistics p̃(x, z) in Eq. (1.14) to
infer the ideal joint distribution p(x, z),

p(x, z) =
∑

x′,z′=±1

µX(x, x
′)µZ(z, z

′)p̃(x′, z′), (1.44)

leading to

p(x, z) =
1

4

[
1 + xtr (ρσX) + ztr (ρσZ) + xz

γXZ

γXγZ
tr (ρσn)

]
. (1.45)

It can be seen that this distribution contains the ideal marginals for σX and σZ ,∑
z p(x, z) =

1
2
[1 + xtr (ρσX)].

The final step is to determine under which conditions is p(x, z) > 0. It arises that
the inferred joint distribution p(x, z) is exactly the same distribution as pΛ(x′, z′) in Eq.
(1.25) as it can be readily seen using Eqs. (1.17) and (1.19). Thus, both distributions
will be legitimate probability distributions under the same conditions in Eq. (1.31).
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In conclusion, the classical-like model is valid when the joint probability distribution
exists and is legitimate, which can be seen as a single-system version of Fine’s theorem.

1.2.3 Concluding remarks

The classical-separable model in Eq.(1.20) formally adopts the standard structure of
the hidden variables model from which Bell’s inequalities are derived [53, 2]. In the
case of Bell’s theorem, statistical independence is required between the conditional
probabilities of subsystems through separability. In the model for complementarity,
this idea of statistical independence has been applied to the conditional probability of
each individual observable. In this case, this condition does not reflect any locality
hypothesis since there is only one subsystem and entanglement plays no role [54]. This
is to say that the failure of a separable model in this single-system situation cannot be
addressed to any non-local effect. On the contrary, it should be understood as a failure
of the factorization condition by itself, pointing out the possible further implications
that this condition may have.

The structure of the classical model, Eq. (1.20), and the structure of the inversion
procedure, Eq. (1.44), share, to a certain level, the assumption of separability. This
can be seen since the product of the inversion matrices of each observable is utilized
to perform the total inversion. Moreover, by definition, the inversion matrices of each
observable do not depend on the other observable (or outcome).

The joint nonideal measurement in the Young interferometer was reproduced in the
classical domain [55]. The fundamental difference is the use of intensities instead of
probabilities so that the inferred distribution is an intensity distribution. More specifi-
cally, as a suitable classical-like analog of p(x, z), we obtain a joint distribution I(ϕ, z)
compatible with the exact intensity distribution in the interference plane I(ϕ) and the
intensity distribution in the apertures I(z), which becomes potentially pathological,
I(ϕ, z) ≤ 0. To clarify this non-intuitive result, it is remarkable that intensity distri-
butions can replicate any probability distribution without carrying the same physical
implications [56]. However, we consider that developing tools such as the inversion
procedure, applicable on both sides of the classical-quantum borderline, might assist
in this study as long as the differences and similarities remain clear.

1.3 Analysis of bipartite correlations

Bell’s theorem establishes a series of bounds for the marginals of any legitimate statis-
tics fulfilling his realistic, local, non-contextual model [39]. Clauser and Horn [38],
derived an equivalent inequality for some combinations of statistical correlations. A
mayor constraint in deriving and evaluating Bell/CH inequalities is that their exper-
imental violation requires the measurement of incompatible observables. In addition,
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the experimental procedures do not necessarily must share common joint statistics
[48, 49, 57, 58, 59, 60, 61]. Both remarks obscure the certainties that we can obtain
from the Bell inequalities.

In this context, the JMIO is a useful tool to overcome the contextuality difficulties
in Bell-like experiments. In this manner, the statistics of all the observables involved
are obtained from a single joint measurement of several non-ideal POVM in one and
the same experimental arrangement [62].

The use of unsharp measurements in Bell scenarios has already been studied [63, 64].
However, the perspective was finding a realisable experimental arrangement to violate
Bell’s bounds. In this section, we go beyond the violations in terms of correlations
and recover Fine’s theorem [25]. We show that the statistics obtained after the data
inversion violate Bell’s inequalities if and only if it is pathological. We conclude that
this joint-measurement approach is appropriate not only to evaluate Bell’s inequalities
but also to deeper investigate the pathologies in the statistics.

1.3.1 The joint measurement

The system is composed of two subsystems, A and B, each one described in a two-
dimensional Hilbert space, HA and HB. As a physical example, we may consider two
photons in two distinguishable field modes. The complete Hilbert space is the tensor
product of both subspaces, HA ⊗HB, and the system state is described via the most
general density matrix in the total space [65],

ρ =
1

4
(σ0 ⊗ σ0 +

3∑
i=1

aiσi ⊗ σ0 +
3∑

i=1

biσ0 ⊗ σi +
3∑

i=1

ciσi ⊗ σi), (1.46)

for i = 1, 2, 3, where σi are the Pauli matrices and a = {ai}, b = {bi}, c = {ci} are real
vectors with |a|, |b| ≤ 1.

Next, we define the non-ideal measurement performed. First, two observables are
considered on each subsystem, X, Y in the subsystem A, and U, V in the subsystem
B. The exact, noiseless statistics of each observable is described by the corresponding
POVM,

∆W (w) =
1

2
(σ0 + wSW · σ) , (1.47)

for W = X, Y, U, V respectively. The spectrum of each observable is w = x, y, u, v =

±1. As usual, σ is the vector formed by the Pauli matrices. SW are real vectors with
|SW | ≤ 1, ensuring ∆†

W (w) = ∆W (w) and ∆W (w) > 0. Therefore, X, Y, U and V are
dichotomic observables that, in the proposed physical example, represent polarization
measurements performed along a suitable spatial direction specified by the vector SW .
Thus the observables may or may not commute depending on these vectors.
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Now, to define the joint nonideal measurement on each subsystem we utilize the
most general POVM for dichotomic observables in a two-dimensional space is consid-
ered

∆̃A(x, y) =
1

4

[
σ0 + S̃A(x, y) · σ

]
, ∆̃B(u, v) =

1

4

[
σ0 + S̃B(u, v) · σ

]
. (1.48)

Once again it is necessary to restrict the modulus of the vectors |S̃A(x, y)| ≤ 1,
|S̃B(u, v)| ≤ 1 so that the joint measurement is a well defined POVM, ∆̃†

A,B = ∆̃A,B

and ∆̃A,B > 0. The specific form of these vectors in our context is

S̃A(x, y) = xγXSX + yγYSY + xyγXYSXY ,

S̃B(u, v) = uγUSU + vγVSV + uvγUVSUV , (1.49)

where γX,Y,U,V are the real factors expressing the accuracy in the observation of each
observable. In addition, in γXY,UV it is included any information about the correlations
between observables provided by the measurement.

Finally, the complete measurement is described by the tensor product of the POVMs
of each subsystem,

∆̃A (x, y)⊗ ∆̃B (u, v) , (1.50)

which is the POVM corresponding to the total joint non-ideal. The implementation of
this POVM leads to observing a joint non-ideal statistics for the four outcomes,

p̃(x, y, u, v) = tr
[
ρ∆̃A (x, y)⊗ ∆̃B (u, v)

]
, (1.51)

where ρ is the density matrix of the complete system in Eq. (1.46). These measure-
ments are slightly more sophisticated than the Stern-Gerlach or polarization measure-
ments, characterized by three spatial directions in stead of just one. Nevertheless, they
still admit considerably simple experimental implementations, and, for example, the
joint statistics (1.51) can be obtained in an eight-port homodyne detector [26, 66, 67].

1.3.2 Inversion procedure

In this bipartite context we need there are four inversion matrices to be founded. The
concept is the same than in Sec. 1.2.2.1, however, in this scenario we link the ideal
and non ideal POVMs instead of the probability distributions.

The POVMs ∆̃A (x, y) and ∆̃B (u, v) are assumed to provide complete information
about the corresponding observables X, Y and U , V , respectively. Therefore, the exact
statistics of each ∆W has to be contained in the corresponding marginal POVM,

∆̃X(x) =
∑
y=±1

∆̃A (x, y) =
1

2
(σ0 + xγXSX · σ) , (1.52)
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and equivalently for ∆̃Y (y), ∆̃U(u) and ∆̃V (v). Thus, we assume that for each W

there are state-independent functions µW (w,w′) so that the exact ∆W (w) in Eq. (1.47)
related to the nonideal marginal ∆̃W (w) in Eq. (1.52) as

∆W (w) =
∑

w′=±1

µW (w,w′)∆̃W (w′) . (1.53)

This equation allows computing the inversion matrices. Since each subsystem is essen-
tially the system discussed in the complementarity case, these functions are the same
as in Eq. (1.43),

µW (w,w′) =
1

2

(
1 +

ww′

γW

)
. (1.54)

Then, we can apply the inversion to the join POVM on each subsystem,

∆A (x, y) =
∑

x′,y′=±1 µX(x, x
′)µY (y, y

′)∆̃A (x′, y′) ,

∆B (u, v) =
∑

u′,v′=±1 µU(u, u
′)µV (v, v

′)∆̃B (u′, v′) , (1.55)

leading to the inferred operators

∆A(x, y) =
1
4
[σ0 + SA(x, y) · σ] ,

∆B(u, v) =
1
4
[σ0 + SB(u, v) · σ] , (1.56)

with

SA(x, y) = xSX + ySY + xy γXY

γXγY
SXY ,

SB(u, v) = uSU + vSV + uv γUV

γUγV
SUV . (1.57)

The restrictions on the modulus of S̃A,B and SX,Y,U,V determine that the measured
statistics and the true statistics of the corresponding observables are legitimate. How-
ever, there are no such restrictions of modulus for SA,B. Finally, the inferred joint
distribution is obtained as

p(x, y, u, v) = tr [ρ∆A (x, y)⊗∆B (u, v)] . (1.58)

Before analizing the possible pathologies, it has to be recalled that in classical physics
this inversion always leads to a proper joint probability distribution [35, 26].

1.3.3 Retrieved statistics for an arbitrary state

Considering the general state in Eq.(1.46) the inferred distribution is,

p(x, y, u, v) =
1

16

[
1 + a · SA(x, y) + b · SB(u, v) +

3∑
i=1

ciSAi
SBi

]
, (1.59)

24



Analysis of bipartite correlations

where S̃A, S̃B, SA and SB are in Eqs. (1.49) and (1.57), while SAi
are the corresponding

vector components. In order to better understand the potential negativities in the
statistics, the different marginals of this joint distribution are examined.

The one-observable marginals are by construction the exact ones Eq. 1.47. The
joint A and B marginals are:

pX,Y (x, y) =
1

4
[1 + a · SA(x, y)], pU,V (x, y) =

1

4
[1 + b · SB(u, v)]. (1.60)

The lack of restrictions for SA,B allows the appearance of negativities in these marginals,
which represent the joint probability distribution for two incompatible observables on a
two-level system. In agreement, the result is equivalent to the obtained in Sec. 1.2.2.1.
Finally, the cross two-observable marginals:

pX,U(x, u) =
1

4

(
1 + ub · SU + xa · Sx + xu

∑
ciSXi

SUi

)
, (1.61)

and equivalently for pX,V , pY,U , and pY,V . In difference with Eq. (1.60) this is the joint
statistics of two commuting observables X and U , so it has no problem being defined
directly in terms of their common eigenvectors.

As further proof of the validity of our method, it is show how Eq. (1.61) is exactly
the true joint distribution for X and U . To this end, we recall that the POVM elements
associated to X and U are, in their corresponding Hilbert spaces,

∆X(x) =
1

2
(σ0 + xSX · σ), ∆U(u) =

1

2
(σ0 + uSU · σ), (1.62)

so that the joint statistics is

pX,U(x, u) = tr [ρ∆X(x)⊗∆U(u)] . (1.63)

For the state (1.46) and using the good properties of Pauli matrices under the trace,
we readily get that this is the same as in Eq. (1.61).

Finally, we compute the three-observable marginals, which will be utilized in the
next section,

pX,U,V (x, u, v) =
1

8

[
1 + b · SB + xa · SX + x

3∑
i=1

ciSXi
SBi

(u, v)

]
. (1.64)

Equivalent expressions hold for pY,U,V , pX,Y,U , and pX,Y,V . These are maybe the most
interesting marginals regarding Bell’s inequalities since the pathology of these distri-
butions is responsible for the violation of Bell’s inequalities. This is because they
are the simplest distributions containing information about both subsystems and two
complementary observables.
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1.3.4 Recovering the Fine’s theorem

This section explicitly shows how the violation of Bell inequalities implies that the
retrieved joint distribution p(x, y, u, v) takes negative values and vice versa.

To this end we consider Bell’s inequalities expressed directly in terms of probabilities
instead of mean values [25, 38]. The four double inequalities to be satisfied are of the
form:

0 ≥ pX,U(x, u)− pX,V (x, v) + pY,U(y, u) + pY,V (y, v)− pY (y)− pU(u) ≥ −1, (1.65)

for x, u = ±1, and three other equivalent relations obtained by suitably permuting the
observables. We define C as the nucleus of the Bell double inequality in Eq. (1.65),

C = pX,U(x, u)− pX,V (x, v) + pY,U(y, u) + pY,V (y, v)− pY (y)− pU(u), (1.66)

so that the inequalities are
0 ≥ C ≥ −1. (1.67)

Now, starting from the expressions for the two- and three-observable marginals in
Eqs. (1.61) and (1.64), it can be proved that

Σ = pX,U,V (x, u,−v) + pX,U,V (−x,−u, v) + pY,U,V (y, u, v) + pY,U,V (−y,−u,−v)
= C + 1, (1.68)

which can also be derived using general properties of the probability distributions.
Now, both bounds for Σ are analyzed. If the joint distribution P (x, y, u, v) is

legitimate, then the combination of marginals, Σ, is always such that 1 ≥ Σ ≥ 0. This
is because Σ is a sum of probabilities, so it is nonnegative. Regarding the upper bound,
for all W = X, Y and w = x, y = ±1 we have

pW,U,V (w, u, v) ≤ pU,V (u, v), (1.69)

and therefore

Σ ≤ pU,V (u,−v) + pU,V (−u, v) + pU,V (u, v) + pU,V (−u,−v) = 1. (1.70)

In consequence, a violation of any of the bounds of Bell’s inequalities (1.67) implies
either Σ < 0 or Σ > 1, which are situations incompatible with a legitimate joint
distribution for the observables involved in the experiment. Thus, Bell’s inequalities
can be expressed in terms of Σ, simply by replacing C = Σ− 1 in Eq. (1.67),

1 ≥ Σ ≥ 0. (1.71)
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1.3.5 Bell-CH inequality violation example

An example of bad-behaved inferred statistics is reported, together with the violation
of Bell inequality (1.65). As the physical system, we consider the usual singlet state,

ρ =
1

4

(
σ0 ⊗ σ0 −

3∑
i=1

σi ⊗ σi

)
. (1.72)

As the measurement to be performed, a remarkably simple scenario can be consid-
ered. We establish SXY = SUV = 0 as well choosing zero as all the third components
of SX , SY , SU and SV . Therefore, the observables are measured along some plane
XY , with directions specified by angles α, α′, ξ and β′

SX = (cosα, sinα, 0) , SY = (cosα′, sinα′, 0) , (1.73)

and
SU = (cos β, sin β, 0) , SV = (cos β′, sin β′, 0) . (1.74)

Under these conditions, the following angles can be chosen

α = 0, α′ =
π

2
, β =

3π

4
, β′ = −3π

4
, (1.75)

and directly compute the corresponding probability distribution in Eq. (1.59),

p(1− 1,−1, 1) = −0.026, (1.76)

meaning that p(x, y, u, v) cannot be a legitimate probability distribution. Accordingly
to the study presented in this section, this election of measurement violates the Bell-CH
inequalities, being C in Eq. (1.66)

C = −1

2
− 1√

2
= −1.21 < −1. (1.77)

1.3.6 Concluding remarks

From this study, we conclude that this procedure to measure incompatible observables
is a useful tool to evaluate pathological behaviours directly on the statistical correla-
tions. The examination of the marginals highlights the relevance of complementarity
in the violation of Bell/CH’s inequalities. The possibility of a joint probability distri-
bution is bound to fail since two incompatible observables are involved, as observed
in the corresponding marginals. This reinforces the legitimacy of the study of com-
plementary through the same approach. However, the entanglement is necessary to
violate the inequalities, which is clear if we examine the derivation of Fine’s theorem,
which relates the correlation in the inequalities to the three observable marginals. This
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is, the state has to be such that it can reveal the pathologies. We elaborate on this
idea in the next section.

As a step further, the union of both models, this is the classical model for comple-
mentarity and the Bell’s model, which could be expressed as follows,

p(x, y, u, v) =

∫
dλP (λ)PX(x, |λ)PY (y|λ)PU(u|λ)PV (v|λ), (1.78)

would be interesting in order to study quantum correlations in a unified way. This
complete model would have the same assumptions as Bell’s, but it would unify the
analysis of entanglement and complementarity.

In addition to the mentioned hypotheses of locality, causality, and non-contextuality,
it has been pointed out that the quantum linear relation between the probabilities and
the field state, p(x) = tr[ρ∆(x)], may also be an implicit condition of the Bell’s Hid-
den variables model [68]. To this end, a semiclassical violation of Bell inequalities for
classical fields in terms of probabilities has been studied. The conversion between the
classical-field intensities and probabilities utilizes the standard photon-counting equa-
tion. This equation is non-linear in these variables when more than one photon is
present. This would indicate that Bell’s inequalities are still a useful tool for learn-
ing about the origin and implications of quantum features and, moreover, about the
quantum-classical borderline.

1.4 Detector contribution to nonclassical effects

When talking about quantum phenomena, we are used to refer to them as nonclassical
features displayed by the states: squeezed states, entangled states... The nonclassical
character is then attributed to the observed state[69] and it is called a nonclassical
state.

As we have already introduced, all nonclassical effects are revealed in the patholo-
gies of the observed statistics. In the simplest case of projector measurements, the
probability of each outcome is, according to Born’s rule, p(m|ψ) = |⟨m|ψ⟩|2, where
|m⟩ is the eigenstate of the measured observable When talking about generalized mea-
surements, which involve positive operator-valued measures ∆(m), the probabilities of
the outcomes are computed as p(m|ψ) = tr [|ψ⟩⟨ψ|∆(m)]. In both situations, the sym-
metry between the state and measurement can be appreciated. Moreover, the states
participating in the typical measurements, such as projection onto number states for
photo-counting statistics, are considered highly nonclassical by themselves. Thus, may
the paradoxical experimental results be ascribed to the measurement states?

In this section, it is demonstrated that the nonclassicality of the detector is a neces-
sary condition to obtain nonclassical statistics [70]. We report on the general analysis
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and its particularization for some common signatures of nonclassicality: subPoisso-
nian statistics, photon anti-correlations, quadrature squeezing, and Bell inequalities
violations.

Due to the optical context, as the generalized nonclassicality signature we consider
the lack of a bona fide Glauber-Surdashan P (α) distribution [12, 16, 18, 69]. As has
been mentioned, it reveals the lack of joint statistics for field quadratures, so it is an
indirect and limited signature of nonclassicality, but it is still useful. Moreover, the P-
representation can be extended from density matrices to every quantum operator [71].
This makes it possible to establish, in the same way as for states, that the lack of a
bona fide Glauber-Surdashan P (α) is a sign of the nonclassicality of the measurement.
This can be applied alike to projective and generalized measurements.

Based on this, we address whether quantum experimental results are possible
when the measurement performed admits a classical description. Specifically, whether
pathologies in the recorded statistics remain when a measurement process with a le-
gitimate P (α) is performed.

1.4.1 Nonclassical evidences

The same approach of indirect measurement presented in Sec. 1.1.1.2 is utilized. In
the most general case, the measurement of two commeasurable observables, say X

and Y , can be properly represented in the system space by a positive operator-valued
measure ∆̃(x, y), where x, y are the outcomes of each observable. The corresponding
statistics become p̃(x, y|ρ) = tr

[
ρ∆̃(x, y)

]
, where ρ is the density matrix of the system

state again. The statistics marginals related to each observable are assumed to provide
complete information about the ideal individual statistics, so the inversion exists. The
link between ideal and non-ideal marginals reads

∆A(a) =

∫
da′µA(a, a

′)∆̃A(a
′), (1.79)

for a = x, y and A = X, Y . The inversion matrices, µA(a, a
′), are state-independent

and completely determined by the measurement process, then we can invert the POVM
itself instead of the statistics. The inversion (1.79) is extended from the marginals to
the complete joint measurement, in order to obtain an operator-valued measure ∆(x, y)

[26, 30, 72],

∆(x, y) =

∫
dx′dy′µX(x, x

′)µY (y, y
′)∆̃(x′, y′), (1.80)

which is not a proper POVM since it can lead to negative values as signature of non-
classicality.
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1.4.2 Apparatus contribution

As a density matrix, ρ is always a well-behaved positive semidefinite matrix. There-
fore, the potential pathologies in the inferred statistics p(x, y) are likely to correspond
to pathologies in the inferred operator-valued measure ∆(x, y) in Eq. (1.80). In this
manner, if p(x, y|ρ) does not exists, it is because ∆(x, y) does not exists, and if p(x, y|ρ)
takes negative values it is because ∆(x, y) is not positive definite. Then, the nonclassi-
cality of the detector would be a necessary condition to observe nonclassicality in the
state, and therefore their mutual contributions can hardly be split.

In order to demonstrate this affirmation, a complete characterization of the nonclas-
sical detectors is developed fully equivalent to that of nonclassical states, the inferred
operator measure (1.80) is expressed via the Glauber-Sudarshan P (α) representation
as

∆(x, y) =
1

π

∫
d2αP (x, y|α)|α⟩⟨α|, (1.81)

where |α⟩ are the Glauber coherent states. This description is equally valid for one
or multi-mode fields, |{α}⟩ = |α1, . . . αn⟩. The P (x, y|α) function provides a practical
characterization of a detection process, in agreement with the idea of detector tomogra-
phy [73, 74, 75]. In our context, it serves as well to distinguish quantum from classical
measurements: If ∆(x, y) is pathological, then P (x, y|α) cannot be a classical-like bona
fide probability distribution and the measurement would be considered nonclassical.

First, we analyze what happens to the statistics if the measurement is classical so
that P (x, y|α) is well-behaved. In that case, the inferred joint statistics becomes

p(x, y) = tr

[
ρ
1

π

∫
d2αP (x, y|α)|α⟩⟨α|

]
=

∫
d2αP (x, y|α)Q(α|ρ), (1.82)

where Q(α|ρ) the Husimi Q-function [12] of ρ

Q(α|ρ) = 1

π
⟨α|ρ|α⟩. (1.83)

The key point is that for every ρ the function Q(α|ρ) exists and is nonnegative
Q(α|ρ) ≥ 0. This demonstrates that for classical detectors, the statistics for the
experiment is always classical and well-behaved. Consequently, there are nonclassical
effects only provided that the measurement performed is itself nonclassical and that
the system state ρ has a significant projection in the negative spectrum region of the
detection operator-valued measure.

1.4.3 Examples

After linking nonclassicality with pathological P -representation of the measurement ∆
in a general enough framework, we can illustrate this scenario with some paradigmatic
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examples of nonclassical effects.

1.4.3.1 Bell tests

The most straightforward example that can be addressed is the violation of Bell in-
equalities pressented in Sec. 1.3. Here we show how any violation of Bell inequalities
requires nonclassical detection. After the inversion procedure, the obtained joint dis-
tribution for the observables X, Y and U , V , on their respective subsystems A and B
in Eq. (1.58) is,

p(x, y, u, v) = tr [ρ∆(x, y)⊗∆(u, v), ] , (1.84)

where the operator-valued measures after the inversion are in Eq. (1.56)

∆A(x, y) =
1

4
(1 + SA(x, y) · σ) and ∆B(u, v) =

1

4
(1 + SB(u, v) · σ),

with SA(x, y), SB(u, v) in Eq. (1.57). We consider the simple situation utilized in
Sec. 1.3.5 to violate Bell-CH inequalities, where SXY = SUV = 0, vectors SA(x, y) and
SB(u, v) become SA(x, y) = xSX + ySY and SB(u, v) = uSU + vSV . In the case of the
singlet maximally entangled state in Eq. (1.72) the statistics become

p(x, y, u, v) =
1

16
(1− SA(x, y) · SB(u, v)), (1.85)

which is pathological provided that |SA(x, y)| > 1, |SB(u, v)| > 1, or both, that imply
∆A(x, y) < 0 and ∆B(u, v) < 0 respectively, and therefore, do not admit a classi-
cal representation regarding its P-function. In the precedent example, |SA(x, y)| =
|SB(u, v)| = 2.

This example shows how there is no room for pathologies in p(x, y, u, v) and, there-
fore, for the corresponding violations of Bell-CH inequalities if the measurement per-
formed admits a classical description even when the state at hand is the maximally
entangled.

1.4.3.2 SubPossonian statistics

A photon-number variance smaller than the mean number of photons is an emblematic
test of nonclassicality. SubPossonian statistics, ∆2n < ⟨n̂⟩, is inconsistent with a well-
behaved P-representation of the field state since the coherent states have Poissonian
statistics and a convex combination of them cannot reduce the variance. The number
statistics can be measured by projection onto number states |n⟩ as

p(n) = tr(ρ|n⟩⟨n|). (1.86)

The number projectors can be expressed as

|n⟩⟨n| =
∫
d2αPN(n|α)|α⟩⟨α|, (1.87)
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where PN(n|α) is the Glauber-Sudarshan P -function of a number state [22]

PN(n|α) =
n!e|α|

2

2π|α|(2n)!
∂2n

∂|α|2n
δ (|α|) . (1.88)

As it can be seen, the P-function of the number measurement is extremely singular,
containing derivatives of the delta function. The objective then is to examine whether
the subPoissonian behaviour of the statistics still holds when we replace the above
highly nonclassical PN(n|α) by closest POVM with a well-behaved P -representation.

To define the classical version of this measurement, we look for a POVM element Πn

as close as possible to |n⟩⟨n| but with a well-defined, positive and normalized PΠn(n|α),
i. e.,

Πn =

∫
d2αPΠn(n|α)|α⟩⟨α|. (1.89)

The criterion of closeness considered is the maximum overlap between the new
elements of the POVM, Πn, and the original |n⟩⟨n|, by maximizing

⟨n|Πn|n⟩ =
∫
d2αPΠn(n|α) |⟨n|α⟩|

2 . (1.90)

Considering |⟨n|α⟩|2 as a function of α, it has a maximum for |α|2 = n. Therefore, the
maximum overlap occurs when PΠn(n|α) is concentrated in such point. We follow Ref.
[76] to utilize n as a continuous variable so PΠn(n|α) can be defined as

PΠn (n|α) = δ
(
n− |α|2

)
. (1.91)

This switch to the continuum also ensures the completeness of Πn, this is
∑

nΠn ∝ I.
In this situation, the corresponding measured statistics reads

pΠ(n) =

∫
d2αPΠn(n|α)Q(α|ρ) =

1

2

∫
2π

dϕQ
(
α =

√
neiϕ|ρ

)
, (1.92)

where we have used that d2α = (1/2)d|α|2dϕ and ϕ is the phase of α. By replacing the
Q function in Eq. (1.83) and expressing the coherent states in the number basis, the
statistics can be expressed in the form

pΠ(n) =
∞∑

m=0

nme−n

m!
⟨m|ρ|m⟩, (1.93)

where |m⟩ are number states.
To analyze if the subPoisonian statistics hold, we compute the variance on the

statistics obtained by means of the classical detector, Eq. (1.93). The explicit forms
of the moments ⟨nk⟩ for any integer k are,

⟨nk⟩ =
∫ ∞

0

dn nkpΠ(n) =

∫ ∞

0

dn
∞∑

m=0

nm+ke−n

m!
⟨m|ρ|m⟩. (1.94)
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Taking into account the following expression,∫ ∞

0

dn nm+ke−n = (m+ k)!, (1.95)

the first and second moments become,

⟨n⟩ =
∞∑

m=0

(m+ 1)⟨m|ρ|m⟩, ⟨n2⟩ =
∞∑

m=0

(m+ 1)(m+ 2)⟨m|ρ|m⟩. (1.96)

Remembering the normalization of the state,
∑∞

m=0⟨m|ρ|m⟩ = 1, the variance of statis-
tics in Eq. (1.93) results,

∆2n = ⟨n2⟩ − ⟨n⟩2 =
∞∑

m=0

m2⟨m|ρ|m⟩ −

(
∞∑

m=0

m⟨m|ρ|m⟩

)2

+ ⟨n⟩ (1.97)

Note that ⟨m|ρ|m⟩ = tr[ρ|m⟩⟨m|] = p(m) is the original photon-number distribu-
tion and therefore ⟨n̂⟩ =

∑∞
m=0m⟨m|ρ|m⟩ and ⟨n̂2⟩ =

∑∞
m=0m

2⟨m|ρ|m⟩ are respec-
tively the first and second moments of the quantum detection statistics. Thus, we can
express Eq. (1.97) in terms of the variance of the quantum detection, ∆2n̂, which is
always nonnegative,

∆2n = ∆2n̂+ ⟨n⟩ ≥ ⟨n⟩, (1.98)

so that there is no possibility of subPoissonian statistics. Accordingly, if quantum
measurements are replaced by classically-describable measurements all states are Pois-
sonian or superPoissonian. Thus, we may safely say that subPoissonian statistics holds
only if the measurement is subPoissonian itself, and so nonclassical.

1.4.3.3 Anticoincidences

Next, we analyze the correlations of two photodetectors placed at the output ports of a
beam splitter when it is iluminated with one or two photons as the flagship of quantum
optics experiments.

In the first scenario, illustrated in Fig. 1.3a, a single photon impinges on a lossless
beam splitter and two joint intensity measurements are performed at the output ports.
Since the photon is indivisible, the detectors can never trigger both simultaneously, so
that ⟨n̂1n̂2⟩ = 0. This is maybe the clearest and simplest evidence of the quantum
nature of light [77].

To analyze the closest classical scheme, a two-mode version of the single-mode
number detection introduced in Eqs. (1.89) and (1.91) is considered,

Πn1,n2 =

∫
d2αPΠn(n1, n2|α, β)|α, β⟩⟨α, β|, (1.99)
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(a) Single-photon input sate illuminating
a lossless beam splitter.

|1>
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n1 I1

n2 I2

(b) Twin-photon input sate illuminating a
balanced lossless beam splitter.

Figure 1.3: Experiment of anti-correlation of photo-counts [70].

with
PΠ (n1, n2|α, β) = δ

(
n1 − |α|2

)
δ
(
n2 − |β|2

)
. (1.100)

This classical-like measurement generates the following statistics

pΠ(n1, n2) =
∞∑

m1=0

∞∑
m2=0

nm1
1 e−n1

m1!

nm2
2 e−n2

m2!
⟨m1,m2|ρ|m1,m2⟩. (1.101)

Considering a beam splitter with reflection coefficient R and transmission coefficient
T , with |R|2 + |T |2 = 1, the output state is,

ρ = (R|1, 0⟩+ T |0, 1⟩)(R∗⟨1, 0|+ T ∗⟨0, 1|). (1.102)

Then, the statistics in Eq. (1.101) results in this case of one-photon field,

pΠ(n1, n2) =
(
|R|2n1 + |T |2n2

)
e−n1−n2 . (1.103)

The correlation under study leads ⟨n1n2⟩ = 2, so the alleged quantum effect would be
never observed if the detectors were classical-like devices.

In these conditions, the case of one photon impinging simultaneously on each input
port of a lossless 50 % beam splitter can be examined. This case, illustrated in Fig.
1.3b, corresponds to the Hong-Ou-Mandel effect. The quantum theory again predicts
the result ⟨n̂1n̂2⟩ = 0 as evidence of the quantum nature of light.

The measurement performed is the same as in the previous case, therefore we utilize
the same closest-classical measurement, described in Eqs. (1.99) and (1.100), leading to
the statistics in Eq. (1.101). In the Hong-Ou-Mandel effect, the corresponding output
state is

ρ =
1

2
(|2, 0⟩+ |0, 2⟩)(⟨2, 0|+ ⟨0, 2|), (1.104)
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which makes the joint statistics in Eq. (1.101) become,

p(n1, n2) =
1

4

(
n2
1 + n2

2

)
e−n1−n2 . (1.105)

The latter statistics lead again to a not-null correlation, ⟨n1n2⟩ = 3, and therefore the
nonclassical effect vanishes.

1.4.3.4 Quadrature squeezing

The last nonclassical feature analyzed is the quadrature squeezing. It is characterized
by a variance in a field quadrature, for example x = ℜ{α}, smaller than the variance of
the coherent states, ∆2X < 1/4, where we have chosen units so that X = (a+a†)/2. As
in the case of Sub-Poissonian statistics, this variance cannot be produced by a convex
combination of coherent states, so it is incompatible with a legitimate P (α).

The statistics of a quadrature measurement results by projection on the quadrature
eigenstates, |x⟩, which are highly nonclassical since they are infinitely squeezed. The
closest classical measurement is built by replacing the strongly nonclassical PX(x|α)by

PΠx (x|α) = δ (x−ℜ{α}) . (1.106)

Taking into account that d2α = dxdy, the corresponding statistics reads

pΠ(x) =

∫
d2αPΠx(x|α)Q(α|ρ) =

∫ ∞

−∞
dyQ (α = x+ iy) , (1.107)

this is

pΠ(x) =

√
2

π

∫ ∞

−∞
dx′e−2(x−x′)2⟨x|ρ|x⟩. (1.108)

We can proceed by computing the first two moments. Again, the classically measured
moments can be related to the moments of the quantum measure, ⟨X̂⟩, since p(x) =
⟨x|ρ|x⟩. Therefore it can be seen that

⟨x⟩ = ⟨X̂⟩, ⟨x2⟩ = ⟨X̂2⟩+ 1

4
, (1.109)

and the corresponding variance results

∆2x = ∆2X̂ +
1

4
≥ 1

4
. (1.110)

Therefore we conclude that with classical quadrature measurements there is no
possibility of no nonclassical behaviour regarding this physical variable.

Finally, the latter example is utilized to illustrate how these classical detectors can
be created in a quantum world. A detector with a classical description emerges from
a quantum one after a thermalization process. This is, by adding thermal noise to the
quantum device, which is actually the same idea of combining a nonclassical state with
thermal light to remove all its nonclassical properties [78]. To this end, we substitute
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each highly nonclassical element of the quadrature measurement, Πx = |x⟩⟨x|, for a
combination of them with thermal distribution:

Πτ
x =

∫
d2α

e−|α|2/2τ

2πτ
D†(α)|x⟩⟨x|D(α), (1.111)

where D(α) is the displacement operator and τ is a measure of the amount of thermal
fluctuations, leading to

Πτ
X =

∫
d2α

e−|α|2/2τ

2πτ
|x+ ℜ(α)

2
⟩⟨x+ ℜ(α)

2
|. (1.112)

The probability distribution resulting from this measurement, tr[ρΠτ
x], is identical to

the obtained in Eq. (1.108) for τ = 1. Alternatively, the same result is obtained by
modeling a real detector as an ideal one preceded by a beam splitter of finite transmit-
tance, where τ would be proportional to the inverse of the quantum efficiency [79].

1.4.4 Concluding remarks

The link between the lack of classical description for detectors and for the recorded
statistics has been described, demonstrating that there is no quantum light without
quantum detectors. We have explicitly shown that this is the case for the most typical
signatures of nonclassical behaviour. However, this cannot mean that the state plays
no role. The state must be such that it can reveal these pathologies. This is especially
clear in the violations of Bell’s inequalities, where a separable state ρ = ρA ⊗ ρB will
never be able to violate them, even if the measurement performed is nonclassical.

To further develop this idea we remark on the possibility of expressing Eq. (1.82) in
the opposite way, this is, with the state being described as usual by its P-representation
P (ρ|α) and the measurement by its always positive Q-function, Q(α|Π(x, y)). Under
these circumstances, the pathologies in the P-representation of the state would be
needed together with an appropriate measurement capable of revealing these patholo-
gies. Therefore, we conclude that the nonclassicality of the detector is a necessary but
not sufficient condition to obtain nonclassical statistics.

The same questions about the influence of the detector can be approached using
the analysis of complementarity proposed in Sec. 1.2.1. This can be done by emulating
Eq. (1.25), where the state is described by a well-behaved quasiprobability distribution
Q(ρ|α) and the potential pathologies of the detector are the cause of the measured
pathologies. In the same spirit, it may be investigated a model for complementarity
similar to Eq. (1.20) assuming a nonpathological description of the state pΛ(x

′, z′)

and without previous assumptions on the conditional probabilities relating variables
q̃(x, z|x′, z′). In this situation, the classical model for the measured joint statistics of
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X and Z may read as

p̃(x, z) =
∑

x′,z′=±

q̃(x, z|x′, z′)pΛ(x′, z′), (1.113)

where q̃(x, z|x′, z′) is the conditional probability describing the complete measurement.
Not even the factorization condition q̃x(x|x′, z′)q̃z(z|x′, z′) assumed. As previously es-
tablished, pΛ(x′, z′) describes the probability distribution for the variables x′, z′, that
also will be a pair of dichotomic variables, x′, z′ = ±1. In line with the precedent ex-
amples, the purpose would be to describe the state, pΛ(x′, z′), in such a way that there
is no room for pathologies on its description. As the most classical-like distribution
compatible with quantum mechanics, a discrete Q-like distribution may be considered,
which is always positive and well-behaved. This Q-like function or Q-Symbol [80, 81],
is given by projection of the system density-matrix on the four pure states described
by s = 1√

3
(x′, z′, x′z′) in Eq. (1.13) with x′, z′ = ±1. Then, the analysis may consist

in analyzing under what conditions of q̃(x, z|x′, z′) any pathological behaviour of the
inferred statistics disappear.

1.5 Unification of nonclassical polarization and pho-
ton entanglement

This chapter has already discussed several manifestations of the quantum nature of
light. In recent years, efforts have been made to clarify what is truly common and
what are the inevitable differences between the wide variety of nonclassical evidence
and criteria, especially when talking about the consequences of the superposition prin-
ciple [82, 83, 84, 85, 86]. This attempt is compelling not only from a theoretical point
of view, by allowing a better understanding of the engaging phenomena behind the
quantum theory, but also from the perspective of its applications. A common descrip-
tion of different quantum features may permit to exchange or even optimize their use
as resources for quantum technologies.

In this context, we demonstrate that nonclassical polarization is equivalent to the
entanglement between indistinguishable photons. As an example of applicability, the
measurement of both magnitudes within the same experiment is reported in Chapter
2.

1.5.1 Quasiprobability quantum coherence

We have seen how nonclassicality in quantum optics has been historically defined as
the lack of a well-behaved Glauber-Sudarshan P-representation [19]. This absence of
a legitimate P (α) corresponds to the impossibility of expressing the state at hand as
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a convex combination of the states considered classical in this context, the Glauber
coherent states {|α⟩}. This idea of nonclassicality can be generalized to different sce-
narios by modifying the set of states considered as the classical reference. Thus any
convex combination of the elements of this new classical set can be considered classical,
including classical statistical mixtures of pure reference states.

This is the case of the quasiprobability representation of quantum coherence (QPQC)
introduced in [87]. It arises from the decomposition of a state in terms of a finite num-
ber of states among the set of classical ones {|c⟩},

ρ̂ =
∑
i

Pi|ci⟩⟨ci|+ ρres, (1.114)

where ρres is a residual component that does not lie in the linear span of classical
states. The decomposition of the state presented in Eq. (1.114) is optimal since the
quasiprobability Pi corresponding to any classical state is always non-negative. On the
contrary, a negative Pi or a ρres ̸= 0 revelates the nonclassicality of the state.

The states defined as classical, |c⟩, depend on the quantum feature being investi-
gated. For example, the set of factorizable states {|ψ1⟩ ⊗ · · · ⊗ |ψN⟩} is considered
as the classical reference for entanglement [88]. Regarding polarization, the angular-
momentum coherent states [89], also known as SU(2) coherent states, have been histor-
ically considered classical-like states. This is due to their minimum uncertainty in the
phase space, their invariance under SU(2) transformations, and their straightforward
relation to Glauber coherent states [90, 91, 92]. Thus, if the set of classical states were
the same for several quantum features, these characteristics would be unified, and their
characterization in terms of QPQC would be equivalent to all intents.

1.5.2 Factorization of angular momentum coherent states

In this section it is shown how the angular momentum coherent states, |s⃗⟩, can be
expanded as the tensor product of indistinguishable photons, |q⟩. This is to say, they
are factorizable states:

|s⃗⟩ ↔ |q⟩⊗N . (1.115)

Note that, as long as we focus on indistinguishable photons, |ψ1⟩ = · · · = |ψN⟩, factor-
izable states of N total number of photons can be written as |ψ1⟩⊗· · ·⊗|ψN⟩ = |ψ⟩⊗N .

To demonstrate the equivalence in Eq. (1.115), we start with the usual parametriza-
tion for the angular momentum coherent states,

|s⃗⟩ =
N∑

m=0

(
N
m

)1/2(
cos

θ

2

)m(
sin

θ

2

)N−m

e−i(N−m)ϕ|m⟩H |N −m⟩V , (1.116)

where {|m⟩H} and {|N −m⟩V } are the photon-number basis of each one of the orthog-
onal polarization modes that define the polarization space. In this case, we consider

38



Unification of nonclassical polarization and photon entanglement

horizontal and vertical linear polarization. The notation |s⃗⟩ instead of the more usual
one |θ, ϕ⟩ is just a matter of simplicity, since we are not interested in the specific value
of each angle. For the same reason, we condense the terminology via

(
cos θ

2

)m
= χnH ,(

e−iϕ sin θ
2

)N−m
= ξnV and |m⟩H ⊗ |N − m⟩V = |nH⟩ ⊗ |nV ⟩, so we can rewrite Eq.

(1.116) as

|s⃗⟩ =
N∑

nH ,nV =0
nH+nV =N

(
N

nH

)1/2

χnHξnV |nH , nV ⟩, (1.117)

in the mentioned two-mode Fock basis {|nH , nV ⟩}, with the usual tensor product no-
tation, |nH , nV ⟩ = |nH⟩ ⊗ |nV ⟩.

On the other hand, the description of the polarization state of a single photon is
formally equivalent to the description of a 1/2-spin particle. One possible basis of the
two-dimensional Hilbert is formed by the horizontal and vertical polarization states
{|H⟩, |V ⟩},

|H⟩ =
(

1
0

)
, |V ⟩ =

(
0
1

)
. (1.118)

Therefore, any pure state, or qubit, becomes

|q⟩ = αH |H⟩+ αV |V ⟩, (1.119)

with |αH |2+ |αV |2 = 1. Then, the tensor product of N indistinguishable photons reads
as follows,

|q⟩⊗N = (1.120)

αN
V |V ⟩⊗N +

(
N
1

)
αHα

N−1
V |H⟩|V ⟩⊗N−1 + · · ·+

(
N

N−1

)
αN−1
H αV |H⟩⊗N−1|V ⟩+ αN

H |H⟩⊗N

=
N∑

m=0

(
N

m

)
αm
Hα

N−m
V |H⟩⊗m|V ⟩⊗N−m,

which belongs to a 2N -dimensional Hilbert space, H⊗N , whose basis can be defined by
the tensor product of the basis of N two-dimensional Hilbert-spaces {|k1⟩⊗ · · ·⊗ |kN⟩}
for k1, ..., kn = H,V .

The key point of this derivation is the connection that can be made between the
elements of both bases. Specifically, the states composing the two-mode Fock basis uti-
lized in Eq. (1.117), |nH , nV ⟩, can be expressed in the single-photon basis, {|H⟩, |V ⟩},
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as
|nH , 0⟩ = |H⟩⊗nH

|1, 1⟩ = |H,V ⟩+ |V,H⟩√
2

· · ·

|nH , nV ⟩ =
|H⟩⊗nH |V ⟩⊗nV + permutations(

N

nH

)1/2
.

(1.121)

These equivalences allow us to express the symmetric tensor product of qubits in the
Fock basis, Eq. (1.120), showing the total correspondence with the angular momentum
coherent state, Eq. (1.117),

|q⟩⊗N =
N∑

m=0

(
N

m

)
αm
Hα

N−m
V |H⟩⊗m|V ⟩⊗N−m

=
N∑

nH=0

(
N

m

)1/2

αm
Hα

N−m
V |m,N −m⟩ = |s⃗⟩.

(1.122)

Following Ref. [93], the first line would be the angular momentum coherent state in
the particle description whereas the second line would be the mode description. We
utilize this treatment to find that two nonclassical properties are equivalent via the
QPQC.

Eq. (1.122) determines that the set of states utilized as the classical reference for
computing entanglement, factorizable states, and the classical set for nonclassical po-
larization, angular-momentum coherent states, are actually identical even though those
states are usually expressed in different bases. This makes entanglement quasiprobabil-
ity distribution and polarization quasiprobability distribution exactly the same prop-
erty with the same potential pathologies. We take advantage of this feature in the
following chapter to detect both polarization nonclassicality and entanglement in a
certain state by means of a single experiment.

1.5.3 Concluding remarks

The strict equivalence between non-classical polarization and photon entanglement
has been shown. Remarkably, strong relationships between polarization squeezing and
quantum correlations between the individual components have been established since
the very definition of spin-squeezing [94, 95, 96, 97]. However, the proposed unification
goes further in this direction for several reasons. Firstly, we found the equivalence with
particle entanglement: neither modes nor continuous variable entanglement. These no-
tions of entanglement have recently been confirmed as independent quantum resources
[98]. Secondly, this analysis includes all polarization nonclassical features, beyond the
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signature of squeezing. Finally, the presence of one phenomenon is found as a neces-
sary and sufficient condition for the presence of the other. Moreover, if we consider the
quasiprobability quantum coherence as the quantifier of polarization nonclassicality
and entanglement, both quantities become identical.

In this section, the difference between the two main definitions of nonclassicality
present in this work becomes evident. One is based on choosing a set of states with some
required characteristics and considering them the classical reference. This is the case of
the historical concept of nonclassicality in quantum optics in terms of quasiprobabilities
in the phase space, but it is also the concept of the recently introduced QPQC presented
in this section. On the other hand, nonclassicality regarded as the lack of common
statistics for incompatible observables [35, 99].

As we have already said, the latter definition implies the former since a lack of a well-
behaved P-representation is related to a lack of a joint distribution for complimentary
quadratures. However, these interpretations are clearly different, as we can see from
the nonclassical behavior of SU(2) coherent states, or even Glauber-coherent states,
regarding its lack of a joint distribution for certain incompatible observables [26].

What makes the latter definition more general is the possibility of looking for any
pair of incompatible observables giving rise to a pathological distribution instead of
restricting ourselves to the corresponding defined by the classical states. This seems
compelling from a conceptual point of view, even if this definition leads to just one
classical-like state, the maximally mixed state, proportional to the identity operator
at least in finite-dimensional spaces. In that sense, recalling the nonclassicality given
by the different quasiprobabilities, one is also always allowed to choose a different
nonclassical feature for which the state might not be a convex combination of the new
classical set. Therefore, any state could show any nonclassicality if the feature is wisely
chosen.
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Anytime my life flashes in front of me
I see a child there, as if on a screen.
Standing in the shadows, flickering,
for a moment I know what it means

Secrets of the Stars. The Milk Carton Kids

2.1 Introduction to coherence

Coherence is a deeply-rooted concept in physics theory. Historically, it arose in a
classical optical context as the perfect tool to deal with the statistical properties of
light. Nowadays, its quantum version accounts for the statistical properties of quantum
nature and it is on the spot regarding the technological applications of quantum theory.

2.1.1 Classical background

The statistical behaviour of light is inherited from the very statistical nature of its
emission, i.e. from the matter itself. The lack of knowledge due to the high number of
emitters and the extremely small time scale of these phenomena situates the electric
field as a random variable [100]. By contrast, the large resolving time of the light
detectors provoked for a long time that all light measurements were a time average
of the intensity, so randomness and statistics are present in light from generation to
detection.

Classical coherence appears as the relationship between electromagnetic fields in
two space-time points, with interference and diffraction as its primordial workspaces.
In order to introduce the basic concepts, we consider two ergodic fields interfering at
some point of space, for example in a Young interferometer. The intensity I(z) at the
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point of observation of the interference, z, becomes

⟨|E(z)|2⟩ = ⟨|E⃗(x1, t1)|2⟩+ ⟨|E⃗(x2, t2)|2⟩+ ⟨E⃗(x1, t1)
∗E⃗(x2, t2)⟩+ ⟨E⃗(x1, t1)E⃗(x2, t2)

∗⟩,
(2.1)

where ⟨. . . ⟩ = limt→∞
1
2T

∫ T

−T
dt represents the time average carried out by the detector.

The function governing the interference is called mutual coherence function,

Γ(x1, t1;x2, t2) = ⟨E⃗(x1, t1)E⃗(x2, t2)
∗⟩ and g(2) =

⟨E⃗(x1, t1)E⃗(x2, t2)
∗⟩√

⟨|E⃗(x1, t1)|2⟩⟨|E⃗(x2, t2)|2⟩
,

(2.2)
is its normalized version, the second-order degree of coherence. Since the fields at hand
are stationary, the mutual coherence function depends only on the time difference,
τ = t2 − t1. One of the main results in classical coherence theory is the Wiener-
Khintchin theorem, which gives the relation between the mutual coherence function of
a stationary field and the cross-spectral density, I(ν),

Γ(x1,x2, τ) =

∫ ∞

0

I(x1,x2, ν)e
−i2πντdν, (2.3)

where ν is the light frequency.
The mutual coherence function can be extended to describe the statistical relation

between more than two electric fields, thus the average of all the fields considered
defines the correlation function,

Γ(m,n)(x1, t1; ...;xn+m, tn+m) = ⟨
m∏
j=1

E⃗(xj, tj)
m+n∏

k=m+1

E⃗(xk, tk)
∗⟩. (2.4)

From this function, infinite degrees of coherence can be defined as

g(n) =
Γ(n,n)(x1, ...,x2n)[

2n∏
j=1

Γ(n,n)(xj, ...,xj)

] 1
2n

. (2.5)

In classic interferometers, the second-order degree of coherence can be directly
related to visibility,

V =
Imax − Imin

Imax + Imin

∝ |g(2)| (2.6)

so, for a long time, it was considered the more coherence, the more resolution. However,
this connection between resolution and coherence is substantiated in the direct observa-
tion of the interference by the human eye (or by a same-operation better-performance
element as the cameras) implicit in the concept of visibility. This behaviour defined
the role of coherence until the 20th century, when different types of interference were
measured [101] and new light states arose, some of which were able to generate higher
resolution measures without second order of optical coherence [102]. The light sources
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utilized until that moment had been thermal, for which the probability distribution
of the electric field is Gaussian. This is why the definition of coherence based on the
second momentum of these distributions had been enough to describe the phenomena
until then [100]. However, the mentioned discoveries stimulated a new description of
light, accounting for the complete statistical distribution of fields P (E,E∗). In this
manner, higher orders of coherence started to play a part in the description and use of
light,

⟨f(E,E∗)⟩ =
∫ ∞

0

dEdE∗f(E,E∗)P (E,E∗). (2.7)

2.1.2 Quantum-optical coherence

A direct translation of the previous theory into the quantum domain, this is by exchang-
ing the random variables by their corresponding operators and averages by expectation
values, implicates an ordering problem when the operators involved do not commute.
As an example, considering one mode fields, we can compute the n-order degree of
coherence as,

g(n,n) =
tr(ρa†nan)

tr(ρa†a)n
̸= tr(ρana†n)

tr(ρaa†)n
. (2.8)

This problem is extensible to the whole statistics, so there can be built multiple
quantum-optical coherence approaches corresponding to the different ordering of oper-
ators. In addition, the functions P (E,E∗) that play the role of probability distribution
may be non legitimates taking for example negative values, as it has been seen in
Chapter 1.

The well-established quantum-optical theory of coherence was developed by Glauber
and Surdashan [20, 21, 22]. It is a direct translation of the classical theory by choosing
one particular order for the operators. This is the normal ordering, where the creation
operators are always to the left of the annihilation operators. This selection is actually
grounded in the operating way of the most commonly used detectors, the photoelectric
detectors. The action of those elements is described as the absorption of photons and
emission of electrons due to the photoelectric effect. This ordering allows the quantum
correlation functions to agree with the classical ones by exchanging variables with the
corresponding operators.

2.1.3 Quantum-mechanical coherence

The later theory of quantum-optical coherence is specifically designed for electromag-
netic fields, as was its classical predecessor. However, the superposition principle al-
lows the formulation of an equivalent concept of quantum coherence accounting for the
statistical relationship between different state elements. The superposition principle
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establishes that the normalized linear combination of states is also a state

|ψ⟩ = β1|ϕ1⟩+ β2|ϕ2⟩+ ... with
∑
i

|βi|2 = 1. (2.9)

In classical optics, coherence describes the statistical relationship between the ampli-
tudes of the electric field components in which the total field state can be decomposed.
In quantum mechanics, quantum coherence describes the statistical relationship be-
tween the probability amplitude of the states, βi, that compose the total state,

⟨ϕ1|ψ⟩⟨ψ|ϕ2⟩ = β1β
∗
2 . (2.10)

It is therefore clear the dependence on the basis, which gives the states the opportunity
to be both coherent and incoherent depending on the choice. This dependence is
already present in classical optics, as it can be seen for example in the case where the
field components are orthogonal polarization modes. Also to this dependence can be
related the possibility of transforming quantum coherence into more specific types of
correlations such as entanglement or steering [104, 105, 106].

Quantum coherence leads to fascinating implications at a fundamental level, such
as the classical-quantum borderline itself [107, 108, 109], along with prospering practi-
cal applications [110, 111, 112]. Among them, quantum computing is maybe the most
eye-catching application of quantumness nowadays. Along with quantum information
processing, both entail an immense increase in computational speed. This may allow an
incredible development in calculus with a huge computational time cost, which is one
of the main problems in many areas of research such as material science, atmospheric
optics or chemistry [113, 114, 115]. However, quantum technologies go beyond these
promising advantages and concentrate at this point plenty of results, so they can only
be described as an ongoing revolution[116]. We can remark on quantum communica-
tion protocols for long-term security [117], programmable quantum systems providing
a practical advantage in simulations [118], or quantum sensing [119], which will be
discussed in more depth in the following.

2.1.3.1 Resource theories

This interest in manipulating quantum correlations generated a complete field of study,
the quantum resource theory. The aim was to give a protocol to manipulate and quan-
tify the amount of resources in order to optimize their performance. Initially proposed
for entanglement, [120], the main structure of these theories has been extended to a
wide variety of resources such as coherence [103], purity [121], nonclassicality [122],
etcetera. To the point of multi-resource theories for systems handling with different
conservation laws [123]. As the last example, we include the resource of superposition
[124]. This is considered a generalization of quantum coherence. Its particularity is
that it is defined in systems where the states of the bases are not orthogonal but only

46



Introduction to coherence

linearly independent. This is a great example of the sometimes extreme subdivision
in studying quantum correlations. This escalation of theories is due to the effective
support to take advantage of quantum features demonstrated by resource theories, for
instance, in quantum information processing [125] or in metrology [127].

Initially defined for finite-dimensional spaces and discrete orthonormal basis, the
elements and mathematical structure underlying these theories are common. The set
of free states, lacking the resource under study. In contrast, the resource states contain
a certain amount of resource distillable, this is likely to be utilized. The set of free
operations, which enclose the physical transformations over the states that do not
generate resource when applied to free states. Finally, it is necessary to define a
quantifier, which gives account for the amount of resource. Given certain resource,
the definition of these elements can be more or less evident. For example, regarding
coherence, the set of free states is composed of diagonal states. However, recalling
the basis dependence, the diagonal states are not univocally defined [128]. Still, there
are several definitions of incoherent operations [126], each one of them giving rise to
slightly different legitimate quantifiers.

The quantifiers utilized in this work are distance-based, this is, the amount of
coherence corresponds to the distance between the state and the nearest incoherent
one. Different distances produce different quantifiers. Among those used, only the
relative entropy of coherence is considered a true measure of coherence accomplishing
all the mathematical conditions set in Ref. [129] to properly reflect the presence and
evolution of the resource. The remaining quantifiers do not fulfill all these mathematical
conditions so they are understood as monotones: nonnegative, convex quantifiers that
do not increase under incoherent operations but that are not unique for pure states,
not additive under tensor products, or that can increase under incoherent operations
if there is the possibility of post-selecting the outcomes of the measurement. In the
following, the concept measure is utilized in a more flexible way than in Ref. [129],
being in this particular case synonym of monotone.

2.1.3.2 Previous connections between coherence and nonclassicality

Quantumness has been historically related to the capacity to produce unexpected in-
terference (by electrons[130], single photons[77], molecules [131], or even cats [132]). In
this regard, coherence would be what quantumness is all about, and decoherence the
way to recover the classical world. However, this concept is also usually distinguished
from entanglement, steering, and Bell-like correlations [133, 134]. And also distin-
guished from more sophisticated definitions of quantumness, such as those for Markov
processes [135], in which the connection to coherence disappears for non-Markovian
statistics.

As we have seen in the previous chapter, in quantum optics the concept of quantum-
ness was related to quantum mechanical coherence by definition: all the non-diagonal
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states on the basis of classical-like states were nonclassical. Therefore, coherence and
nonclassicality were one and the same thing -as well as incoherence and classicality-.
For this relationship to be sustained, the basis for computing the coherence is re-
stricted to the basis of classical states. Curiously, the classical (incoherent) states are
the Glauber-coherent states and they are highly coherent regarding the photon number
basis.

In definitions such as the quasiprobability representation of quantum coherence [87],
nondiagonal states (states with coherence) are nonclassical concerning that specific
feature. Even if this still implies a preferred set of states, this may be more reasonable
since the classical-like states are not universally valid but really explainable by classical
theories regarding the feature we want to study or exploit.

In both scenarios, coherence is the signature of nonclassicality by definition. This
connection is, however, not so immediate if we consider the definition of nonclassicality
as the absence of joint distribution for incompatible observables since this surely forces
us to abandon the comfortable classical-like diagonal state.

2.1.4 Chapter outline

This chapter considers several of the most important aspects of quantum-mechanical
coherence among the just presented in this introduction. Each section deals with one
angle of this multifaceted element in quantum theory, trying to obtain a comprehensive
scope that allows for a better understanding of the concept at the present time.

The exposition of the study starts from its most pragmatic component, the experi-
mental measuring of a remarkably versatile definition of coherence, the quasiprobability
representation of quantum coherence. The experiment that enables this reconstruction
is evidence of the astonishing precision achievable in the production and detection
of quantum states. It also illustrates how quantum correlations can be realistically
handled in practice. We report the reconstruction of the quasiprobability quantum
coherence of a two polarization-mode squeezed vacuum and its polarization basis in-
dependence.

We continue considering the role of coherence in quantum metrology. As it has
been said, the first scenario in which coherence arose was the study of interference.
Interferometry has been the main tool of metrology for decades, and it continues to
play a central role in extremely accurate detections [136]. This is why the development
of coherence was soon promoted to characterize and improve the resolution of inter-
ferometers. Nevertheless, there was no clear relation between quantum coherence and
resolution estimators. We describe a new definition of coherence specially designed for
a signal detection process and its straightforward connection to the resolution of the
measurement.
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In the subsequent two sections, we work from the perspective of the resource theo-
ries. Firstly, we present a quantitative research about quantum coherence as a resource.

The last aspect of coherence discussed is perhaps the main one from a conceptual
perspective: the role of coherence as the main quantum feature. From this considera-
tion, it seems reasonable to define a measurement of nonclassicality for which coherence
is the necessary and sufficient condition. In this spirit, we introduce a definition of non-
classicality based on quantum coherence.

To conclude, we demonstrate that this definition of nonclassicality equals the ab-
sence of joint probability distribution for two incompatible observables introduced in
Chapter 1.

2.2 Experimental characterization of quantum coher-
ence

In addition to its fundamental role in the understanding of quantum theory mecha-
nisms, quantum coherence is an empirically exploitable property of nature [106, 104].
Its relevance in quantum computer science is especially remarkable, from the hardware
itself [137] to the quantum algorithms [138]. Correcting errors that generate deco-
herence is a principal task in this context, to the extent that a whole field such as
Quantum Error Correction emerges [139]. In consequence, the several quantifiers in-
troduced from a theoretical point of view have to be measurable in practice with the
appropriate experimental setup [140, 141]. The possibility of performing such mea-
surements has an intrinsic value as proof of the usefulness of the quantum theory of
coherence for practical purposes. Moreover, finding results compatible with the ideal
cases shows the extreme accuracy achievable by this kind of experiments [142].

In this section, we report an analysis of the coherence of a two-mode squeezed
vacuum (TMSV),

|ξ⟩ =
√

1− |ξ|2
∞∑
n=0

ξn|n, n⟩, (2.11)

where the modes are orthogonal polarization directions. Talking specifically about the
quantifiers of coherence presented in this thesis, they are all calculated, one way or an-
other, from the density matrix of the state. Therefore, the experimental determination
of the density matrix in the first place allows indirect measurement of the quantifiers
under study. The corresponding quantifiers were the Hibert-Schmidt (HS) coherence
[103] and the quasiprobability representation of quantum coherence (QPQC) [87] in-
troduced in Sec. 1.5. Then, we compared their performances regarding the dependence
with the polarization basis.
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2.2.1 Polarization tomography

In the examination of quantum features, polarization is a widely employed degree of
freedom since it is easy to handle but still capable of presenting several nonclassical
behaviours. This is why it is a useful encoder of quantum information. Besides,
quantum tomography allows the indirect determination of a state when many identical
copies are available [143]. In the following, the polarization tomography performed
on the TMSV is presented[144]. This characterization allowed the reconstruction of
the two-photon polarization sector of the state [90, 91]. The setup which generated
the data under study belongs to the Integrated Quantum Optics Group at Paderborn
University led by Prof. Dr. Christine Silberhorn. Avoiding technical details, the system
can be described by dividing it into three parts (see Fig. 2.1). The production of the
state consists of a pump laser imprinting a spontaneous parametric down-conversion
source which generates two-mode squeezed states [145]. These modes are orthogonal
polarization modes, say horizontal (H) and vertical (V). The analyzer is a conventional
polarization tomography experiment: a half-wave plate (HWP) and a quarter-wave
plate (QWP) followed by a polarized beam splitter (PBS) that separates horizontal and
vertical polarized photons. Finally, the detection process is carried out by two click
counter detectors (CC) which give the number of photons arriving at each detector
on each realization. These are composed of superconducting nanowire single-photon
detectors with ≈ 82% efficiencies, preceded by a multiplexing system that allows for a
resolution of up to eight photons [146, 147].

QWPHWP PBS

CC

CC

SU(2)

Figure 2.1: Scheme of the setup for the polarization tomography. The SU(2) trans-
formation is performed by means of a combination of a half-wave plate (HWP) and a
quarter-wave plate (QWP). The polarization beam splitter(PBS) sends each polariza-
tion to one click counter detector (CC).

As mentioned, on each repetition one detector measures the number of photons
arriving with horizontal polarization nH , and the other the number of photons with
vertical polarization, nV . The amount of times that each combination (nH , nV ) is
detected is collected in a coincidences matrix CnH ,nV

. One example of coincidences
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matrix is presented in Fig. 2.2. As we can see, during the experiment there where two
realizations in which 2 horizontal and 0 vertical photons were detected.

Figure 2.2: Example of recorded coincidence matrix for polarization setting with
θHWP = θQWP = 0◦.

The combination of wave plates generates a SU(2) transformation of the initial
polarization modes. The polarized beam splitter decomposes the H/V components
after the rotation performed by the wave plates. The combinations of the wave-plates
angles were

2θHWP ∈{0◦, 15◦, . . . , 165◦} and

2θQWP ∈{−90◦,−75◦, . . . ,+90◦}.
(2.12)

Each one of these polarization settings corresponds to one direction on the Poincaré
sphere, which is represented as

Ω⃗ =

[
cos(2θQWP) sin(4θHWP − 2θQWP)

sin(2θQWP)
cos(2θQWP) cos(4θHWP − 2θQWP)

]
. (2.13)

As shown in Fig. 2.3, the 156 configurations cover the Poincaré sphere relatively
densely and generate an overcomplete tomographic measurement provided we will re-
strict ourselves to a finite number of photons.

2.2.2 Density operator reconstruction

The data generated by the previously presented measurement approach allow us to
reconstruct the density operator of the incoming state. The basis at hand is the two-
mode Fock basis,

{|nH , nV ⟩} with |nH , nV ⟩ = |nH⟩H ⊗ |nV ⟩V and nH , nV ∈ {0, 1, ...∞}. (2.14)
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Figure 2.3: Directions on the Poincaré sphere of the 156 polarization measurements
performed.

When there is no wave-plate transformation, Ω⃗ = (0, 0, 1)T , the POVM representing
the measurement performed is |k,N − k⟩⟨k,N − k| where N defines the subspace of
constant total number of photons so N = nH + nV , N ∈ {0, 1, ..., 16} and 0 ≤ k ≤ N .

On the contrary, when there is a nontrivial SU(2) transformation involved, Ω⃗ ̸=
(0, 0, 1)T , the modus operandi utilized is to obtain the corresponding rotated POVM.
To this end, a beam-splitter-type transformation is applied to the polarization modes,[

â+
â−

]
7→
[
t r

−r∗ t∗

] [
âH
âV

]
, (2.15)

where â+ and â− are the annihilation operators after the transformation and |r|2 +
|t|2 = 1. This transformation can be related to the Poincaré vector as t = cos(θ/2),
r = sin(θ/2), arg r − arg t = ϕ and Ω⃗ = (sin θ cosϕ, sin θ sinϕ, cos θ)T . This conduces
to the following photon-number state transformation,

|(k,N − k)Ω⃗⟩ =
(|t|âH + |r|âV )†k√

k!

(−|r|âH + |t|âV )†(N−k)√
(N − k)!

|vac⟩

=
N∑
l=0

eiϕlql,k(θ)|nH = l, nV = N − l⟩,
(2.16)
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using the abbreviation

ql,k(θ) =

min{l,N−k}∑
u=max{0,l−k}

(−1)u
√
k!(N − k)!l!(N − l)!

(l − u)!(k − l + u)!u!(N − k − u)!
tN−k+l−2urk−l+2u. (2.17)

Therefore the elements of the POVM result

Π̂k(Ω⃗) = |(k,N − k)Ω⃗⟩⟨(k,N − k)Ω⃗|. (2.18)

The density operator of the state, fixed a N -photon subspace, can be expanded in
the computational H-V Fock basis, Eq. (2.14), as

ρ̂(N) =
N∑

l1,l2

ρl1,l2|l1, N − l1⟩⟨l2, N − l2|. (2.19)

In the following, the subscript j ∈ {1, 2, ..., 156} is utilized to denote the different mea-
surement directions, Ω⃗j. On each measurement, the probability of finding k photons
in the first detector and N − k photons in the second is

pk(Ω⃗j) = tr[ρ(N)Π̂k(Ω⃗j)] =
N∑

l1,l2=0

ei(l2−l1)ϕjql1,k(θj)ql2,k(θj)ρl1,l2 . (2.20)

These probabilities can be obtained from the measured coincidences matrices. Since
we restrict ourselves to a given N -photon subspace, we are interested in the matrix
elements Ck,N−k, and the probabilities are

pk(Ω⃗j) =
Ck,N−k∑N
k=0Ck,N−k

. (2.21)

We combine the probabilities pk(Ω⃗j) of all the measurements in one vector with
double index, p⃗ = [pk(Ω⃗j)](k,j). In the same way we can express ρ̂ as a vector with
double index, ρ⃗ = [ρl1,l2 ](l1,l2). Finally, the vectors qk,l(θ) can be grouped in the matrix,

Q = [ei(l2−l1)ql1,k(θj)ql2,k(θj)](k,j),(l1,l2). (2.22)

The relation (2.20) between the probabilities and the matrix elements can be expressed
now as

p⃗ = Qρ⃗. (2.23)

The inverse of this relation allows obtaining the elements of the density matrix. Since
Q is a rectangular matrix, the needed inverse is numerically computed as the Moore-
Penrose pseudoinverse Q+, [149].

ρ⃗ = Q+p⃗. (2.24)
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Due to the accessible data, the reconstruction and the consequent coherence analysis
were centered on the two-photon subspace. Higher pump power would make appear
more frequently states with a higher number of photons, allowing the reconstruction
of subspaces of larger dimension. In consequence, we reconstruct the density operator
corresponding to Eq. (2.19) with N = 2 using Eq. (2.24), finding (see Fig. 2.4)

ρ̂ =

(
0.07 0.07− 0.04i 0.04

0.07 + 0.04i 0.866 −0.05 + 0.04i
0.04 −0.051− 0.04i 0.06

)
, (2.25)

with standard deviation

σ(ρ̂) =

(
0.04 0.04 0.08
0.04 0.004 0.06
0.08 0.06 0.04

)
. (2.26)

The error estimation of the elements of the density matrices is computed by following
a quadratic propagation,

σ(ρi,j) =

√√√√∑
k

(
∂ρi,j
∂pk

)2

σ(pk)2, (2.27)

where an error margin is assigned to each probability pk,

σ(pk) =

√√√√ pk (1− pk)(∑N
k Ck

)
− 1

. (2.28)

The imaginary parts of the reconstructed density operator elements, Eq.(2.25), are
comparable to the obtained standard deviation, Eq.(2.26). This allows us to neglect
these components of the reconstruction as they are consistent with a zero contribution
within the error margin.

Finally, we address the ideal case of the two-mode squeezed vacuum introduced in
Eq. (2.104), which on each N -photon subspace (with N even) becomes

ρNξ = |N/2, N/2⟩⟨N/2, N/2|. (2.29)

Due to experimental imperfections, other elements different from ρ1,1 are not canceled
in this reconstruction. At this point, it is worth remarking that there was no correction
for detection losses or any other statistical treatment during the data process. Hence,
this analysis considers all the experiment’s impurities while still exhibiting quantum
properties.
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Figure 2.4: Reconstructed density matrix in the 2-photon subspace. Darker blue bars
represent the estimated error (±10σ).

2.2.3 Computation of the Hilbert-Schmidt coherence

Once the density operator is reconstructed, it is possible to compute any quantifier
of coherence. As a representative example of the distance-based quantifiers [129], we
focus on the coherence based on the HS-norm,

CHS (ρ̂) =
∑
k ̸=k′

|ρk,k′ |2. (2.30)

This measure of coherence goes from CHS = 0, for incoherent states, to CHS = 1− 1

N
for pure states with constant probability ρii = 1/N , which is deeply discussed in Sec.
2.4.

In the Fock basis, {|nH , nV ⟩}, the analyzed state is almost incoherent since it is
almost diagonal, and the coherence reads

CHS(ρ̂) = 0.028± 0.001, (2.31)

where the error was estimated again through a standard quadratic error propagation.
One of the main characteristics of quantum coherence is its basis dependence, with

the exception of some measures specially designed to try to avoid this connection [148].
The HS-coherence of the reconstructed density operator is computed as a function of
the polarization basis orientation, this is, CHS (ρ̂

′) where ρ̂′ = U(Θ⃗)ρ̂U †(Θ⃗) with the
unitary transformation corresponding to the SU(2) rotation

U(Θ⃗) =
[
eiϕlql,k (θ)

]
(l,k)

(2.32)

where ql,k (θ) is the same as in Eq. (2.16). In Fig. (2.5), the HS-coherence for the rest
of the orientations of the basis is shown. Therefore, it can be seen how the state almost
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reaches both bounds by varying the basis, going from an incoherent to a maximally
coherent state. It also can be seen how the minimum of coherence does not coincide
with the case θ = 0◦ and there is a small angular translation of 3◦. This means that
the modes of the produced state are not exactly horizontal and vertical polarization
modes but are slightly rotated.
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Figure 2.5: Coherence based on the Hilbert Schmidt distance for the TMSV recon-
structed state in Eq. (2.25) as a function of the polarization basis orientation. The
blue band shows an error margin of ±5σ.

2.2.4 Quasiprobability quantum coherence computation

The second measure of coherence computed for the reconstructed state is the quasiprob-
ability representation of quantum coherence introduced in [87], which has been previ-
ously presented in Sec. 1.5. Remarkably, the current report refers to the first experi-
mental reconstruction of this kind of coherence measurement.

The elements of the incoherent set are the angular-momentum coherent states [89].
Since we are restricting ourselves to the two-photon subspace, we can explicitly express
the N = 2 case in Eq. (1.117),

|s⃗⟩ = ξ2|0, 2⟩+
√
2χξ|1, 1⟩+ χ2|2, 0⟩, (2.33)

assuming |χ|2 + |ξ|2 = 1. The QPQC is given by the quasiprobabilities P⃗ = [P (si)]i

from the optimum decomposition of the state, see Eq. (1.114),

ρ̂ =
∑
i

P (si)|si⟩⟨si|+ ρres, (2.34)
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where stationary elements of the incoherent set |si⟩ are those satisfying [87]

∂⟨s|ρ̂|s⟩
∂χ∗ = 0 and

∂⟨s|ρ̂|s⟩
∂ξ∗

= 0. (2.35)

As demonstrated in Chapter 1, we can express |s⃗⟩ in the basis {|H⟩ ⊗ |H⟩, |H⟩ ⊗
|V ⟩, |V ⟩ ⊗ |H⟩, |V ⟩ ⊗ |V ⟩}, and it becomes equivalent to the tensor product of two
qubits |q⟩. Therefore, the stationary elements become

|s⃗i⟩ = |qi, qi⟩. (2.36)

To find them, the separability eigenvalue equations [88] can be utilized,

ρ̂q|q⟩ = λ|q⟩, (2.37)

where ρ̂q = (⟨q| ⊗ 1) ρ̂ (|q⟩ ⊗ 1) with ρ̂ expressed likewise in the basis {|H⟩⊗|H⟩, |H⟩⊗
|V ⟩, |V ⟩ ⊗ |H⟩, |V ⟩ ⊗ |V ⟩}. Accordingly, the quasiprobabilities corresponding to the
stationary qubit states, P (qi), are equivalent to the P (qi) in Eq. (2.34) ∀i.

We follow the latter procedure and resolve Eq. (2.37). The obtained states |qi⟩ are
represented in the Bloch sphere on the left side of Fig. 2.6. In the right section of this
figure are represented the stationary states for the ideal TMSV state. It can be seen
how those for the experimental state are slightly biased with respect to those for the
ideal one.

Figure 2.6: Representation on the Bloch sphere of the stationary qubit states |qi⟩ for
the reconstructed state (left) and for the ideal TMSV state (right).

Once we have the stationary points, the QPQC is computed as follows [87],

P⃗ = G−1g⃗, (2.38)

where gi = tr (ρ̂ |qi, qi⟩ ⟨qi, qi|), and G−1 is the inverse of the Gram-Schmidt matrix,
Gi,j = tr (|qi, qi⟩ ⟨qi, qi | qj, qj⟩ ⟨qj, qj|). The quasiprobability distribution obtained for
the reconstructed state is represented in Fig. 2.7.

57



Experimental characterization of quantum coherence

Figure 2.7: Quasiprobabilities for the reconstructed state (blue) as a function of the
corresponding stationary qubit states. The black bars represent the estimated error
(±5σ). In grey, the quasiprobabilities corresponding to the ideal case.

As expected, we find negativities accounting for the nonclassical behaviour of the
experimentally produced state. The negative values, P1 = P2 = −0.380 ± 0.003, are
considerably similar to the ideal case, for which P1 = P2 = −0.5. We can contrast this
result with previous realizations of the experiment. For example, for lower pump power
and distinguishable photons, the negativities decay to P1 = −0.012 ± 0.002 and P2 =

−0.014± 0.02.
The error estimation for the quasiprobability distribution has been computed fol-

lowing a Monte Carlo approach. We randomly generated 25.000 matrices with Gaussian
distribution of standard deviation 2.26 around the reconstructed density operator Eq.
(2.25). From each matrix, the quasiprobabilities were produced, obtaining 11.171 valid
quasiprobability distributions. Finally, the resulting distribution of each element Pi

has the standard deviation represented in Fig. (2.7).
As a final step to complete the reconstruction of the state, we compute the compo-

nent orthogonal to the plane formed by the classical states,

ρ̂res = ρ̂−
∑

P (qi) |qi, qi⟩⟨qi, qi| = 6× 10−10, (2.39)

which is virtually zero if we consider a typical simple machine precision of 10−7, in
agreement with [87].
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2.2.4.1 Polarization basis rotation independence

The elements of the incoherent set are invariant under polarization basis transforma-
tion. This quality is transferred to the QPQC as we can see from both theoretical and
experimental points of view, as we are about to demonstrate.

To this end, we start by noting that the stationary elements solving Eq. (2.35) are
different. For η = χ, ξ and U(Θ⃗) in Eq. (2.32), we find,

∂⟨s|ρ̂′|s⟩
∂η∗

=
∂⟨s|U(Θ⃗)ρ̂U †(Θ⃗)|s⟩

∂η∗
= 0 → |s′i⟩ (2.40)

connected to the non-rotated solutions |si⟩ through

|s′i⟩ = U(Θ⃗)|si⟩. (2.41)

This difference is shown in Fig. 2.8 where we display the stationary states corresponding
to the reconstructed state expressed in different polarization basis.

Figure 2.8: Stationary qubit states for the reconstructed state expressed in different
polarization basis. The applied basis transformations correspond to ϕ = 0◦ and θ = 20◦

left, θ = 45◦ center, and θ = 80◦ right.

However, the relation between solutions in Eq. (2.41) allows the Gram-Schmidt
matrix as well as the vector g⃗ to remain invariant,

G′ = [|⟨s′i|s′j⟩|2]i,j = [|⟨si|U †(Θ⃗)U(Θ⃗)|sj⟩|2]i,j = G

g⃗′ = [⟨s′i|ρ′|s′i⟩]i = [⟨si|U †(Θ⃗)U(Θ⃗)ρU †(Θ⃗)U(Θ⃗)|si⟩]i = g⃗,
(2.42)

and therefore the values of the quasiprobability distribution do not alter

P⃗ ′ = G′−1g⃗′ = G−1g⃗ = P⃗ . (2.43)

2.2.4.2 Distinguishable case

Finally, we show the performance of this method in detecting nonclassicality without
falsifying the results. To this end, we reproduced the analysis for data of a state
composed by distinguishable photons. This distinction is performed by the time delay
between photons on each mode caused by the high birrefringence of the source. For
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the data utilized in the preceding sections, this delay was compensated in the setup
itself. However, we considered interesting to utilize this states to test the reliability of
the method.

The negativities in the quasiprobabilities disappear in this case, as it can be seen in
Fig. 2.9. This behavior accounts for the classical nature of the state, which results in an

statistical mixture of just two stationary states, ρ̂ ≈ 1

2
(|q5, q5⟩⟨q5, q5| + |q6, q6⟩⟨q6, q6|).

Thus, we conclude that this method does not falsify signatures of photon entanglement
and polarization nonclassicality.

Figure 2.9: Quasiprobabilities for the distinguishable state (green bars) as a function
of the corresponding stationary qubit states. The black bars represent the estimated
error (±5σ).

2.2.5 Concluding remarks

The first experimental characterization of QPQC has been reported in this section.
The outcome is in strong agreement with the theoretical values. Moreover, the basis-
independence shown by the experiment coincides exactly with the theoretical conclu-
sions.

This invariance under polarization basis transformations is a highly desirable but
also reasonable characteristic of the QPQC if we recall its character as nonclassicality
marker. Since the SU(2) transformation does not alter the polarization structure of
the state, it should not modify its classical or quantum character.
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2.3 Coherence for signal estimation

Among the areas of application of coherence we can include quantum metrology as one
of the most fruitful. The effort to perform the most careful observation of physical
phenomena, from temperatures [150], to gravitational waves [151], meets the limits
imposed by the bizarre consequences of quantum physics, involving basic issues such
as state reduction and uncertainty relations [153, 154].

In the usual framework of quantum metrology, the value of a parameter is encoded
on a probe state by means of a unitary transformation. Then, a measure is performed
to estimate the parameter with a certain sensitivity. The central point of quantum
metrology is to choose the best combination of these elements in order to obtain the
highest accuracy possible. For example, certain quantum correlations of the probe
state enhance this sensitivity [156, 157], as well as nonlinear transformations [158]. In
this context, the resource theories consider the practical scenario in which there are
clear practical limits to the amount of energy, entanglement or coherence available, and
try to optimize the performance of the experiment taking this restriction into account
[159, 160].

Despite this direct application, there is not a clear theory regarding the relationship
between the concept of coherence and the accuracy of the measurement process [161,
162], being sometimes even contradictory [163, 164]. We elaborate on this relation
without assuming previous definitions of resolution or coherence. This leads to a new
definition of quantum coherence specifically defined in the measuring context. The
corresponding quantifier of coherence is related to resolution by a rather simple equality
that fills the gap between the resource of coherence and the accuracy of the signal
estimation process.

2.3.1 Estimation process

The concept of measurement can be attributed to uncountable very different processes
that humans do to obtain knowledge about several magnitudes. From measures of
reflectance [165] to trans-Neptunian objects [166], the process behind the information
acquisition is quite universal: a known state is modified as a function of the property
that we want to measure and then the variation is compared to the original state.

This is the paradigmatic signal detection process and it defines our metrological
scheme. Specifically, the signal to be detected, λ, shifts the pointer ρ0 against a "ticked
ruler” in which the ticks or references are actually repeated shifts of a basic mark
[167, 168]. The pointer is a quantum state with density matrix ρ0, which is transformed
by a signal-dependent unitary transformation D(λ) = exp(−iλG) to

ρ(λ) = D(λ)ρ0D
†(λ), (2.44)
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whereG is the infinitesimal generator of the transformation, satisfyingD†(λ) = D(−λ).
G also defines the basis of the space by means of its eigenvectors.

The ticked ruler is the measurement performed, to be called M , described by a
POVM Π(m), where the outcomes m represent the ticks of the ruler. We consider that
the ticks are spaced by the effect of the same transformation that shifts the probe, this
is

Π(m) = D(m)Π0D
†(m), Π0 = Π(0), (2.45)

for the same unitary transformation D(m) above, and Π0 is the origin for the ticks. In
consequence, M becomes a covariant measurement [93]. For definiteness and without
loss of generality, we will assume that m is a continuous variable extending from −∞
to ∞. Thus, the measurement is actually the ordered collection of all the effects caused
by the range of values of interest for the signal. Detection then consists on inferring
the signal from the observation of the effect. This is how meters, clocks, thermometers,
voltmeters, etcetera, are actually constructed.

This structure guarantees that we can derive general conclusions about the per-
formance of the detection process independent both of the signal value λ and of the
outcome m obtained. This is clearly manifest by computing the statistics of the mea-
surement p(m|λ) conditioned to the signal value λ,

p(m|λ) = tr [ρ(λ)Π(m)] , (2.46)

which explicitly in terms of the value of ρ0 and Π0 leads to

p(m|λ) = tr
[
ρ0D(m− λ)Π0D

†(m− λ)
]
= p(m− λ). (2.47)

This conditional probability, along with the prior information we might have about
λ if any, are the building blocks of a complete signal-estimation process, for example
within a Bayesian formulation [93, 169, 170].

As a result, the conditional probability depends on λ and m just through the
combination m − λ, this is p(m|λ) = p(µ), where µ = m − λ. We can refer to this
property as shift invariance [200, 201]. The performance of the whole detection process
is fixed by the coherence properties of ρ0 and Π0 with respect to G, as we shall see
clearly below.

There are some conditions that Π0 must satisfy so that the shift-invariant ruler
Π(m) = D(m)Π0D

†(m) provides a legitimate measurement. Given the form of Π(m),
the necessary and sufficient conditions for the reality, nonnegativity, and normalization
of p(µ) are Π†

0 = Π0, Π0 ≥ 0 and ∫
dmΠ(m) = I. (2.48)
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The consequences of the latter condition are particularly interesting talking about
coherence. To see this, we twice insert in the first relation in Eq. (2.45) the resolution
of the identity in terms of the eigenvectors of G, G|g⟩ = g|g⟩, assumed to be continuous
and nondegenerate without loss of generality. Then, using D(m)|g⟩ = exp(−igm)|g⟩
we get

I =

∫
dm

∫
dg

∫
dg′eim(g−g′)|g⟩⟨g|Π0|g′⟩⟨g′| = 2π

∫
dg|g⟩⟨g|Π0|g⟩⟨g|, (2.49)

which implies

⟨g|Π0|g⟩ =
1

2π
, (2.50)

which further implies

⟨g|Π(m)|g⟩ = 1

2π
. (2.51)

Consequently, the only elements of Π(m) with non-trivial meaning are its non-
diagonal components in the basis of the generator of the transformation, which can be
regarded as the physical origin of coherence [202, 203, 204].

2.3.2 Mutual coherence function

A new definition of coherence arises quite naturally after some algebra in the statistics
of the measurement outcomes in Eq. (2.47). The statistics p(µ) can be related to ρ0,
Π0, and G by a suitable choice of the |g⟩ basis for the trace, together with another use
of the resolution of the identity

p(µ) =

∫
dg

∫
dg′⟨g|ρ0|g′⟩⟨g′|Π0|g⟩ei(g−g′)µ. (2.52)

By means of the change of variables g′ = g + τ , it can also be expressed as

p(µ) =

∫
dτΓ(τ)e−iτµ, (2.53)

where Γ(τ) is the quantum mutual coherence function, introduced as [205]

Γ(τ) =

∫ ′
dg⟨g|ρ0|g + τ⟩⟨g + τ |Π0|g⟩. (2.54)

The prime on the integral denotes the fact that the range of integration over g may
depend on τ . It is remarkable how Γ(τ) merges, in a symmetrical way, the quantum
coherences in the |g⟩ basis of both elements involved in the measurement process: the
detection apparatus, ⟨g + τ |Π0|g⟩, and the probe state, ⟨g|ρ0|g + τ⟩. This is why it is
also labeled as process coherence function.

This definition allows interpreting Eqs. (2.53) and (2.54) as a quantum version
of a celebrated theorem of classical coherence optics, the Wiener-Kintchine theorem
[19, 206], already recalled in Sec. 2.1.1, which establishes that the spectral density and
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the coherence function are a Fourier transform pair. In the current case, the statistics
p(µ) plays the role of the spectral density I(ν) while Γ(τ) plays the role of the coherence
function with the same name. This analysis can be extended to the discrete variable
domain since Eqs. (2.53) and (2.54) also holds in the case in which m and/or g are
discrete variables, which can be seen by replacing where necessary integrals by sums
in the process from Eq. (2.47) to Eq. (2.52). In that context, the conditions for Π(m)

being a POVM are still positivity and resolution of the identity, however, in the discrete
case, the latter does not translate into Eq. (2.51) and the equivalent will depend on
the ranges of m and g.

The next objective is to establish a link between the width of the spectral-like
function, p(µ), and the width of the coherence-like function, Γ(τ). To this end, we
follow the approach presented in Ref. [100] as particularly simple and insightful. Thus,
regarding the measure of coherence, we utilize the coherence time introduced by Mandel
[207, 208]

τc =

∫
dτ |γ(τ)|2, (2.55)

where γ(τ) is the corresponding degree of coherence as the properly normalized coher-
ence function γ(τ) = Γ(τ)/Γ(0) = 2πΓ(τ). Along, concerning resolution, we define the
signal uncertainty ∆λ as

∆λ =
1

2
√
π
∫
dµp2(µ)

, (2.56)

which takes account of the fluctuations of the measurement statistics, p(µ) = p(m|λ).
This is a measure of uncertainty in terms of Rényi entropy [209, 210, 211]. By applying
the Parseval’s relation to Eq. (2.53), the resolution-coherence relation is obtained,

τc∆λ =
√
π. (2.57)

Therefore, the signal uncertainty is inversely proportional to the coherence time as a
rather clear and meaningful relation between signal resolution and coherence. This
relation does not establish a bound but an exact value of the resolution, determined
once and for all when we choose the measurement and the probe, depending just on
their coherence properties with respect to the generator of the transformation and
independent of the signal value.

2.3.3 Gaussian model

Computing this relation in the particular case of Gaussian form for probe and ruler
allows a fruitful connection with other metrological quantifiers, such as the Cramér-Rao
bound [212, 213]. In addition, Gaussian elements are easily implementable in practice,
so it is considered a suitable test of relation in Eq. (2.57).
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The probe is assumed to be in a pure state ρ0 = |ψ0⟩⟨ψ0| so that

ψ0(g) = ⟨g|ψ0⟩ =
1√

∆G
√
2π
e−(g−g0)2∆2ΦSeik0g, (2.58)

being Φ the observable conjugate to G and its variance

∆2Φl = 1/(4∆2G), (2.59)

where l = S,M represents the evaluation of the variances in the probe or ruler states
respectively. Likewise, the ruler elements are of the form

⟨g|Π0|g′⟩ =
1

2π
e−∆2ΦM (g−g′)2/2. (2.60)

∆2ΦM and ∆2ΦS are parameters characterizing the measurement and probe, respec-
tively, that essentially represent the uncertainty in the observable Φ conjugate to the
generator G that imprints the signal value on the probe. In these terms, they actually
encode the coherence of the probe and measurement in the basis corresponding to the
degree of freedom expressed by G. Taking this into account, the mutual coherence
function becomes

Γ(τ) =
1

2π
e−(∆2ΦM+∆2ΦS)τ

2/2, (2.61)

leading to a coherence time

τ 2c =
π

∆2ΦM +∆2ΦS

, (2.62)

and, finally, a resolution
∆2λ = ∆2ΦM +∆2ΦS. (2.63)

This value can be compared with the Cramér–Rao bound, which establishes the
maximum resolution achievable as the inverse of the Fisher information. Both coincide
exactly in the case of the Gaussian model (2.63),

∆2
CRλ =

1

F
= ∆2λ, (2.64)

where F is the Fisher information,

F =

∫ ∞

−∞
dm

[
∂p(m|λ)
∂λ

]2
1

p(m|λ)
, (2.65)

being p(m|λ) the statistics of the measure in Eq. (2.47).

2.3.3.1 Examples: position and phase shifts

This general analysis is made concrete for specific transformations, i.e. for specific
generators, G. It fits perfectly well to signal detection based on the Heisenberg-Weyl
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group of transformations. As the physical system at hand, we can consider the one-
dimensional motion of a particle with position- and momentum-like operators satisfying
the commutation relation [X,P ] = i. This is equally valid for a one-mode field where
X and P are the field quadratures. Let it be G = P so we are detecting position shifts
leading to a signal uncertainty

∆2λ = ∆2XM +∆2XS. (2.66)

We can see that the larger the squeezing, the larger the coherence and the larger the
resolution. This is a natural and intuitive relation, that nevertheless is not satisfied by
other approaches to coherence where larger squeezing means lesser coherence as shown
for example in Ref. [161].

The second example considered, G = N , is one of the most useful and studied
generators in quantum metrology which includes as the prime physical example time
delays emerging from free evolution of single mode fields [214]. The phase shift gener-
ated by N is the fundamental basis of interference, which is the most powerful signal
detector as demonstrated in the detection of gravitational waves [215].

As it can be inferred from the Cramér-Rao bound, in order to be metrologically
useful the probe states experiencing phase shifts must have a very large mean number
of photons. This requirement allows the useful approximation of the discrete spectrum
of N by a continuous one, extending its domain to the entire real axis as a good
simplifying assumption. Similarly regarding the domain of variation for the phase.

There is a readily physical picture of the observable Φ conjugate to G, this is the
quantum-optical phase observable [216, 217]. For a single-mode field, Φ can be well
described by the positive operator valued measure

Π(ϕ) = |ϕ⟩⟨ϕ|, |ϕ⟩ = 1√
2π

∞∑
n=0

e−iϕn|n⟩, (2.67)

where |ϕ⟩ are the nonorthogonal, unnormalized Susskind-Glogower phase states being
|n⟩ the photon-number states as the eigenstates of the number operator N , this is
N |n⟩ = n|n⟩. This represents the case of an ideal phase measurement. To deal with a
more realistic one we just replace Π0 by

Π0 =
1√

2π∆ΦM

∫
dϕe−ϕ2/(2∆2ΦM )|ϕ⟩⟨ϕ|, (2.68)

leading, in the number representation, to

⟨n|Π|n′⟩ = 1

2π
e−∆2ΦM (n−n′)2/2, (2.69)

with the above-mentioned approximation for the variable n. Furthermore, the probe
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considered is a Gaussian in the number basis described as

ψ0(n) ≃
1√

∆N
√
2π
e−(n−n̄)2/(4∆N2). (2.70)

All these elements together exactly reproduce the results of the general analysis in
Eq. (2.63) being ∆2ΦS = 1/(4∆2N).

2.3.4 Non-Gaussian scenario

Finally, the performance of the quantum Wiener-Kintchine theorem was examined
outside the Gaussian scenario by applying it to a non-Gaussian probe state together
with a ruler with non-Gaussian elements. To this end, the measurement considered
was an ideal phase measurement (2.67) over a normalizable version of the Susskind-
Glogower phase states as the probe,

|ξ⟩ =
√

1− |ξ|2
∞∑
n=0

ξn|n⟩, (2.71)

specially interesting when |ξ| → 1. The signal uncertainty obtained by computing
(2.56) is

∆2λ = π

(
1− |ξ|2

1 + |ξ|2

)2

. (2.72)

We compare this result with that arising from calculating the Fisher information, which
conduces to

∆2
CRλ =

(1− |ξ|2)2

2|ξ|2
. (2.73)

It is worth noting the similarity between the findings of both methods, regarding that
we are working with |ξ| → 1. In this limit, the quantum Wiener–Kintchine theorem
gives a resolution of π(1 − |ξ|2)2 and the Cramér–Rao bound of 2(1 − |ξ|2)2. This
example shows the generality of the theorem introduced beyond the more developed
Gaussian model.

Moreover, this example provides a case where the introduced theory is not compat-
ible with previous approaches. This is when |ξ| → 0 where we have ∆2

CRλ→ ∞ while
∆2λ→ π, being this last limit more physically sound as far as for G = N we have that
λ is a phase and therefore bound to a 2π interval. This constraint is not respected by
the Cramér–Rao bound because of its local nature.

2.3.5 Concluding remarks

Despite the clear classical parallels, this coherence-resolution theory is of quantum
nature by construction, and so it embraces the classical-limit scenario, where the probe
is a convex combination of Glauber coherent states with resolution bounded by the
standard quantum limit, as well as situations where quantumness allows to improve
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resolution beyond the classical limit via a Heisenberg-limit scaling. These different
scenarios, from classical to fully quantum, are actually implicit in the choices of Π0,
ρ0, and G, which will manifest for example in Eq. (2.64) through the scaling of the
Fisher information with the mean energy.

The developed formalism of quantum coherence focused on quantum metrology
shows compelling evidence that coherence is the true resource behind the resolution.
The relation between both magnitudes involves all the elements of the estimation pro-
cess, with the apparatus and probe contributing equally to the detection performance.
This is a valuable result that acknowledges that the system and detector are inextrica-
bly mingled to produce the observed statistics, as required by basic quantum postulates
such as the very Born’s rule. This also agrees with the results on nonclassicality re-
ported in Chapter 1. In addition, the value of the resolution does not depend on the
value of the signal and its accuracy has been confirmed by the more common Fisher
information analysis. This approach can be extended to transformations with two pa-
rameters by studying the transformations represented by phase-space displacements
[218].

2.4 Study of coherence based on the Hellinger-like
distance

In this section we analyze the performance of coherence regarding the principal trans-
formations in quantum optics, say, displacement, squeezing and beam splitters.

The central quantifier of coherence utilized is the quantifier based on the l1-norm,
which is a well-established coherence monotone in spaces of finite dimension, [103, 129].
The first objective is to express this quantifier as a distance-based quantifier, within
the spirit of the equivalence between the l2-norm and the Hilbert-Schmidt distance
[129]. To this end, we introduce a Hellinger-like distance, differing from the proper
Hellinger distance in the definition of the square root. It is utilized to redefine the
quantifier and compute it for the examples considered more relevant. In the following
section, the need for this definition becomes clear.

2.4.1 The definition

The usual workspace regarding coherence analyses is an abstract Hilbert space of fi-
nite dimension, N . Due to the dependence on the basis, we also set an abstract basis,
{|j⟩}j=1,...,N , assuming it orthogonal and representing some physical variable or observ-
able J [219].

To determine the distance between two density matrices, a suitable version of the
Hellinger distance [220] was introduced [221]. Therefore, given two matrices ρ1 and ρ2,
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the Hellinger-like distance between them is defined as

dH(ρ1, ρ2) =
√
tr[(

√
ρ1 −

√
ρ2)2], (2.74)

where the square root represents, in this case, the square root of the individual elements,

⟨i|√ρ|j⟩ =
√

⟨i|ρ|j⟩. (2.75)

where ρi,j = ⟨i|ρ|j⟩ are the matrix elements of ρ in the basis {|j⟩}. In accordance with
the usual definition of coherence in this context, we set the quantifier as the distance
to the closest incoherent state, ρd, meaning by incoherent the states diagonal in the
reference basis. In such a way ρd turns out to be the diagonal part of ρ in the same
basis [219],

ρd =
N∑
j=1

ρj,j|j⟩⟨j|, (2.76)

Thus, the quantifier of coherence based on the Hellinger-like distance is defined as [221]

CH = [dH(ρ, ρd)]
2 = tr

[
(
√
ρ−√

ρd)
2
]
, (2.77)

reproducing the definition of coherence established in Ref. [202] based on the genuine
Hellinger distance. As it has been introduced, CH can be reduced to the quantifier of
coherence based on the l1-norm [103],

CH = Cl1 =
N∑
j ̸=k

|ρj,k|. (2.78)

This formulation highlights the role of the nondiagonal terms as the essential ele-
ments determining the coherence of a state in a basis. The latter expression can be
disclosed in terms of the purity of the square root density matrix

CH = tr
(√

ρ2
)
− 1. (2.79)

When ρ is a pure state, it becomes

CH =

(
N∑
j=1

√
pj

)2

− 1, (2.80)

being pj = ρj,j the statistics of the basis variable J , which makes it specially advanta-
geous.

Finally, it is necessary to remark that the l1-norm of coherence in Eq. (2.78) can
be applied to Hilbert spaces of infinite dimension [221, 222]. As long as the basis we
chose is a numerable, orthonormal one, say {|n⟩}n=0,1,...∞, so Eqs. (2.78) and (2.80)
are equivalent by replacing N by ∞ in the summations.
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2.4.2 Computing coherence

In the following, the coherence of some representative states is reported with the pur-
pose of analyzing its performance regarding the fundamental elements of each state.

2.4.2.1 Phase-like states

By optimizing Eq. (2.80) it can be seen that the states making CH maximum are those
with constant distribution in pj, this is ρii = 1/N . In that case, the maximum value
obtained for pure states is

CHmax = N − 1, (2.81)

which is actually the maximum value that any state, pure or mixed, may display
[223, 224]. The pure states with this probability distribution are

|Φ⟩ = 1√
N

N∑
j=1

eiϕj |j⟩, (2.82)

where ϕj are arbitrary phases, so these states can be regarded as finite-dimensional
phase states after a suitable phase adjustment [225]. Note that this measure of coher-
ence is not bounded when N is allowed to vary, this is, it is possible to enhance the
coherence by adding photons. This is quite counterintuitive regarding classical optics
where the degree of coherence does not depend on the intensity.

2.4.2.2 Rotated number states

Looking for a finite-dimensional space where implementing this measure of coherence
we focus on the Hilbert space of a two-mode field,

H1 ⊗H2 =
∞⊕

NT=0

HNT . (2.83)

Each subspace of a fixed total number of photons, HNT , is a subspace of finite dimension
NT + 1, isomorphic to a spin space with S = NT/2. HNT can be expanded by the
basis {|j⟩} with

|j⟩ = |j,NT − j⟩, j ∈ 0, ..., NT. (2.84)

These two modes represent in our analysis the two output modes of a lossless beam
splitter (BS). As a brief reminder, the BS can be parameterized by a 2 × 2 matrix
linking the input a1,2 and output b1,2 complex-amplitude operators(

b1
b2

)
=

(
τ1 ρ2
ρ1 τ2

)(
a1
a2

)
, (2.85)

where τ1,2, ρ1,2 are the corresponding complex transmission and reflection coefficients,
see Fig. 2.10. Since we are working with a lossless beam splitter the transformation

70



Study of coherence based on the Hellinger-like distance

matrix is unitary [179], implying

|τ1| = |τ2| = cos θ, |ρ1| = |ρ2| = sin θ, (2.86)

where θ ∈ [0, π/2] express the balance between transmission and reflection, and

δρ1 − δτ2 + δρ2 − δτ1 = π, (2.87)

where δ are the phases of the corresponding coefficients.

Figure 2.10: Scheme of a beam splitter specifying the transmission and reflection co-
efficients τ1,2, ρ1,2.

Regarding the quantum resource theories of coherence, beam splitters are not free
operations since these elements are able to enhance the coherence previously present in
the system [178, 221] as long as we are on the number basis. In this context, we study
how much CH is able to generate a beam splitter when we consider input incoherent
pure states, this is when a different number state illuminates each one of the BS input
ports

|n1⟩a1 ⊗ |n2⟩a2 = |n1, n2⟩ =
1√
n1!n2!

a†n1

1 a†n2

2 |0, 0⟩. (2.88)

The output state can be readily obtained in the number basis by inverting the
input-output relation (2.85) to express the input modes a1,2 in terms of the output
modes b1,2, and translating the result to Eq. (2.88) to get

|out⟩n1,n2 =
1√
n1!n2!

(
eiδτ1 cos θb†1 + eiδρ2 sin θb†2

)n1
(
eiδρ2 sin θb†1 + eiδτ2 cos θb†2

)n2

|0, 0⟩.

(2.89)
The subscripts n1 and n2 express the initial distribution of the total number of photons
between the input modes. These states include as particular cases the SU(2) coherent
states, for n1 = 0 or n2 = 0 [89], and the Holland-Burnett states of maximum SU(2)
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squeezing and maximum interferometric resolution, the twin photon states, for n1 = n2

[180].
Another description of the output state can be performed by using the decomposi-

tion formulas for the SU(2) Lie algebras [181]. After some simple algebra, and using
relation (2.87), we get that the output state (2.89) in the basis {|j⟩} in Eq. (2.84)
becomes

|out⟩n1,n2 =

n1+n2∑
j=0

cj|j⟩, (2.90)

where

cj =
√
n1!n2!j!(n1 + n2 − j)!eij(δτ1−δρ2 )

×
n1∑

k=max(0,j−n2)

(−1)k cosn2+2k−j θ sinn1−2k+j θ

(n1 − k)!k!(n2 + k − j)!(j − k)!
.

The aim is to analyze the coherence of the output states in Eqs. (2.90) and (2.91)
as a function of the three variables involved say, the BS transmitance/reflectance ratio,
θ; the relation between the number of photons on each input mode, n1/n2; and the
total number of photons involved, NT = n1 + n2. CH was computedd by using Eq.
(2.80) with pj = |cj|2.

We started by setting the total energy of the subspace and studying the CH depen-
dence on θ and the different input configuratons. The result can be express analytically
for one and two photons cases:

When n1 + n2 = 1, the qubit example, there is just a single configuration of n1/n2,
the input number state |1, 0⟩. The corresponding output state, omitting irrelevant
relative phases, is the split photon |out⟩1,0 = cos θ|1, 0⟩ + sin θ|0, 1⟩. The maximum
value of coherence, CH = 1, occurs for a 50 % beam splitter, θ = π/4. In this situation
the output state becomes a phase-like state |ϕ⟩ in Eq. (2.82).

For n1 + n2 = 2 there are only two meaningful output states,

|out⟩2,0 = cos2 θ|2, 0⟩+
√
2 sin θ cos θ|1, 1⟩+ sin2 θ|0, 2⟩ (2.91)

and

|out⟩1,1 =
√
2 sin θ cos θ|2, 0⟩+

(
cos2 θ − sin2 θ

)
|1, 1⟩ −

√
2 sin θ cos θ|0, 2⟩. (2.92)

It is noticeable that the SU(2) squeezed state |out⟩1,1 can paradoxically get larger
coherence than the SU(2) coherent state |out⟩2,0, see Fig. 2.11, which betrays its name
a bit. Moreover, this maximum value, CH = 2, holds for an unbalanced BS, with θ
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(b) |out⟩4,0 black-dashed line,
|out⟩3,1 blue-dotted line and
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(c) |out⟩5,0 black-dashed line,
|out⟩4,1 blue-dotted line, and
|out⟩3,2 orange-solid line.

Figure 2.11: CH for different rotated number states as a function of the beam splitter’s
parameter θ.

satisfying tan(2θ) = ±
√
2. For these optimum beam splitters we have that the output

states are once more phase-like states (2.82),

|out⟩1,1 =
1√
3
(±|2, 0⟩+ |1, 1⟩ ∓ |0, 2⟩) . (2.93)

A numerical computation is presented for a larger number of photons, confirming
the main results already presented. For the case of an even number of photons, that is
n1 + n2 = 2k for integer k, we focused on NT = 4. The twin-photon states obtain the
larger coherence |out⟩2,2 emerging from an unbalanced beam splitter, as shown in Fig.
2.11b. Such states |out⟩2,2 are no longer phase-like states, so the absolute maximum
coherence CHmax = n1 + n2 is not reached. Nevertheless, for the optimum case, there
is a symmetric split of the photons between the output modes, this is

|⟨n1, n2|out⟩2,2| = |⟨n2, n1|out⟩2,2|, (2.94)

which results specially useful in relation to the sensitivity of two-path interferometers
[185].

Regarding an odd number of photons, the situation is quite similar, with maximum
coherence obtained for input states closer to the equal splitting of the photons between
input modes, say |k + 1, k⟩, and unbalanced beam splitter θ ̸= π/4, as shown in Fig.
2.11c for five photons.

The maximum value of coherence in Eq. (2.81) is not always achievable, regardless
of the beam splitter parameters. This is because the outcome states become more
and more distant to the phase-like states (2.82). This idea led us to an alternative
expression for the coherence as a function of the maximum overlap between the system
state |ψ⟩, assumed pure, and the phase-like states |ϕ⟩ when ϕ is varied

CH = (
√
n1 + n2 + 1 maxϕ⟨ϕ|ψ⟩)2 − 1. (2.95)
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In Fig. 2.12, it is represented the maximum coherence achievable on each subspace
along with the maximum available CH = n1 + n2.
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Figure 2.12: Maximum coherence achieved for incoming two mode number states on
each subspace as a function of the total number of photons involved NT (orange circles).
In blue squares maximum coherence available on each subspace, CHmax = n1 + n2.

2.4.2.3 Phase states

As we have remarked, the definition of coherence introduced in Eq. (2.77) can be ex-
tended to Hilbert spaces of infinite dimension [221]. As the basis we chose a numerable
one, say {|n⟩}n=0,1,...∞, so Eqs. (2.78) and (2.80) are equivalent by replacing N by ∞
in the summations.

To begin with the examples of states in infinite dimensional spaces, we consider the
normalizable Susskind-Glogower phase states [226]

|ξ⟩ =
√

1− |ξ|2
∞∑
n=0

ξn|n⟩. (2.96)

The coherence becomes
CH =

2|ξ|
1− |ξ|

, (2.97)

which, in terms of the mean number of photons

|ξ|2 = n̄

1 + n̄
, (2.98)

results
CH = 2

(
n̄+

√
n̄+ n̄2

)
. (2.99)

Therefore CH → ∞ as |n̄| → ∞, becoming proportional to the mean number of photons
when it is large enough, n̄≫ 1.
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(b) Fixed mean number of photons, n̄ = 49.

Figure 2.13: Coherence for displaced number states D(α)|n0⟩ as a function of the
displacement |α|.

2.4.2.4 Displaced-number states

We study the coherence generated by the displacement operatorD(α) = exp(αa†−α∗a)

in the case of displaced number states, D(α)|n0⟩. These include the coherent states as
the displacement of the vacuum state, n = 0. The general trend of CH in the number
basis is to grow with the displacement |α|. More specifically, in Fig. 2.13a it is shown
how this growth is quite irregular and softer for the coherent state, n0 = 0. This
trend implies, again, the more energetic, the more coherent. However we can see that
the grown in coherence is higher for high number states, so, we can ask which is the
optimum distribution of energy between n0 and |α|. As it can be seen In Fig. 2.13b,
actually exist such optimum distribution of enegy between the initial number state and
the displacement. It is shown the case of n̄ = 49, but the behaviour is reproduced by
all the cases studied.

2.4.2.5 Squeezed coherent states

We analyzed the coherence generated by the displacement operator and by the squeeze
operator, S(ξ) = exp[1

2
(ξ∗a2 − ξa†2)], in pure displaced squeezed vacuum states,

D(α)S(ξ)|0⟩, (2.100)

where the coherent amplitude is R = |α|, and the squeezing parameter r = |ξ|. As
in the previous cases, coherence increases with the energy, in this particular case it
turns out that both relevant parameters, the displacement R and the compression r

make CH increase. This implies that squeezed coherent states are more coherent than
coherent states. For low energetic states, say low compression and low displacement,
the squeezed state almost remain incoherent, see Fig. 2.14. In that regime, CH is almost
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linear. It is when both parameters are relatively high that the growth in coherence is
significant.

Figure 2.14: CH of squeezed coherent states as a function of displacement, R, and
compression, r.

We proceed to fix the total energy of the state, the mean photon number of photons,
looking for the optimum distribution of energy between squeezing and displacement.
In Fig. 2.15 is shown an optimum configuration when around 30% of the energy
is utilized to squeeze the state. This case implies a huge improvement in the total
amount of coherence. Such optimum distribution corresponds to the limit in which
squeezed coherent states become suitable approximations of normalized phase states,
as states that tend to be optimum regarding metrology [227].
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Figure 2.15: CH of squeezed coherent states as a function of displacement, R, for a
given mean number of photons, n̄ = 9 orange solid line, n̄ = 12 black dashed line and
n̄ = 16 blue dotted line.
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2.4.2.6 Coherent state throughout a beam splitter

As in the case of incoherent incoming states, we can analyze the coherence gained by
the coherent states when passing thought a beam splitter. The BS considered is the
one introduced in Eqs. (2.85)-(2.87). The input in terms of the vacuum state is

|α1, α2⟩ = eα1a
†
1−α∗

1a1eα2a
†
2−α∗

2a2|0, 0⟩, (2.101)

and the output becomes

|out⟩α1α2 = |eiτ1α1 cos θ + eiρ1α2 sin θ, e
iτ2α2 cos θ + eiρ2α1 sin θ⟩, (2.102)

where the kets represent the product of Glauber coherent states.
In Fig. 2.16, it can be seen how the optimum beam splitter configuration is the

one that allows a symmetrical output, with the same mean number of photons on each
mode. The minimum coherence corresponds to the single-mode coherent state CHmin

=

CH(|α =
√
N̄⟩), and it appears when the output state is of the form |α =

√
N̄ , 0⟩.

Figure 2.16: CH for the state |out⟩√N̄,0 as a function of the parameter θ.

Since the coherence of the initial state is not zero, we can compute the CH gained
when it goes through the beam splitter as a function of the incoming amount of coher-
ence. To this end we define the gain in coherence as the following percentage

G =
CHmax

CHinput

× 100. (2.103)

for an input state of the form of a single-mode coherent state |α =
√
N̄ , 0⟩.

Different definitions of this concept have been developed [186]. In Fig. 2.17, it can be
seen how G increases with the initial coherence of the single-mode state but the growth
ratio is smaller for high N̄ .
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Figure 2.17: Percentage of coherence gained as a function of the mean number of
photons in the coherent input case.

2.4.2.7 Two-mode squeezed vacuum throughout a beam splitter

As a particular application of the previously presented twin photons state, |n, n⟩, we
consider the situation when each port of the BS is illuminated by one mode of the
two-mode squeezed vacuum state (TMSV),

|ξ⟩ =
√

1− ξ2
∞∑
n=0

ξn|n, n⟩, (2.104)

where ξ is the squeezing parameter, considered real without loss of generality. There-
fore, we can calculate its coherence as

CH =

[
∞∑
n=0

(√
1− ξ2ξn

n∑
j=0

|cj|

)]2
− 1, (2.105)

where cj is in Eq. (2.91). The minimum coherence, at θ = 0, becomes [221]

CH =
2ξ

1− ξ
(2.106)

and the optimum transformation regarding coherence is not a balanced beam splitter,
reasonable if we recall the performance of each element of the state |n, n⟩ (figures 2.11a
and 2.11b).

To compare the performance of the beam splitter when illuminated by the coherent
state and by the TMSV, we consider two different situations: a) both presenting the
identical incoming amount of coherence, CHinput

, and b) both having the same mean
number of photons, n̄.

When the two states have the same incoming coherence, e. g. CHmin
= 3.0, the

corresponding coherent state before the beam splitter is |α1 =
√
0.83, 0⟩. The coherence

gain caused by the coherent state transformation is Gα ≈ 245%. However, the gain
produced by the beam splitter considering a TMSV is remarkably higher, Gξ ≈ 364%.

Regarding states with the same energy, the mean number of photons of the TMSV
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Figure 2.18: Gain in coherence for the TMSV as a function of the squeezing parameter
ξ [189].

is n̄ = ξ2

1−ξ2
, thus, for n̄ = 1 the gain in coherence caused by the beam splitter is

Gξ ≈ 470% whereas for a coherent state with |α|2 = 1 it is Gα ≈ 260%. Therefore, the
TMSV is able to obtain more coherence since the squeezing allows it to resemble the
constant statistics of phase-like states better.

2.4.3 Concluding remarks

Along the process, a detailed study of the role of beam splitters as quantum coherence
makers was performed. The optimum configuration of the reflectance-transmittance
parameters was obtained for several incoming states. In all cases, the best combination
is such that the outcoming state is as similar as possible to the phase-like states. This
is also the conclusion in infinite dimensional spaces. For instance, talking about the
optimum relation between squeezing and displacement in squeezed coherent states, the
more coherent states are closer to the normalized phase states.

The intuition given by classical optics of using balanced beam splitters to generate
maximum coherence is just a particular case, of course, valid for incoming coherent
states. Nevertheless, we have seen this is not universal and shown a general description
of the optimum configuration. This asymmetry has been recently evidenced in the
metrological domain [187, 188], where unbalanced beam splitters make optimal the
phase sensitivity of a Mach-Zehnder interferometer.

The results on beam splitters can be qualitatively reproduced by using the relative
entropy of coherence [189], whose form adapted to pure states is

CS = −
∑
j

|cj|2 ln |cj|2. (2.107)

To illustrate this resemblance we reproduced in the finite-dimensional space the
rotated number states cases shown in Fig. 2.11. The relative entropy of coherence
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shows the same trend, as can be seen in Fig. 2.19. Nevertheless, the behaviour around
the symmetrical beam splitter is considerably smoother.
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(a) |out⟩2,0 (black, dashed
line) and |out⟩1,1 (orange,
solid line) as functions of the
beam splitter’s parameter θ.
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(b) |out⟩4,0 (black, dashed
line), |out⟩3,1 (blue, dotted
line), and |out⟩2,2 (orange,
solid line)
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(c) |out⟩5,0 (black,dashed
line), |out⟩4,1 (blue, dotted
line), and |out⟩3,2 (orange,
solid line).

Figure 2.19: CS for different rotated number states.

The maximum value Cmax
S = −ln [(n1 + n2 + 1)−1] is again achieved by the phase-

like states in Eq. (2.82) and the difference with the maximum coherence achievable for
the rotated number states also increases as the dimension does.

2.5 Approach to nonclassicality based on coherence

As it has been presented in the introduction of this chapter, the concept of coherence
is understood as the distinctive quantum feature. Therefore, it seems consistent to
assume it as the basis of any approach to understanding and quantifying nonclassical
behavior.

In this spirit, we establish a measure of nonclassicality arising as the maximum
coherence that a field state can display by varying the basis [221], in the same under-
standing that the degree of polarization is the maximum coherence between two filed
modes that can be reached under unitary transformations [190, 191, 192]. The quan-
titative relation between quantum coherence and nonclassicality ensures that nonzero
coherence concerning at least one basis is a necessary and sufficient condition for finding
some nonclassicality in any basis, which agrees with previous reports of nonclassical-
ity in the absence of coherence [128]. As a result, the new measure does not hide
nonclassical features due to an unsuitable choice of the basis at hand.

2.5.1 Quantifier of nonclassicality based on Hellinger-like dis-
tance

We introduced a distance-based quantifier of nonclassicality, in line with previous mea-
sures of quantumness of this kind present in quantum resource theories [159, 122]. The
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distance employed is the Hellinger-like distance introduced in Eqs. (2.74) and (2.75).
We utilized the same abstract Hilbert space of finite dimension N , and the same or-
thogonal basis {|j⟩}j=1,...,N . As the state of reference, the classical state, we considered
the maximally mixed state, I/N . It has been shown how the normalized identity is
actually the only classical state under very generic conditions, [26, 228]. Supporting
this concept emerges the approach to nonclassicality in Ref. [229]. These two ideas
merge, recalling that the identity is the only matrix that is diagonal in all bases, so the
classical state will always remain classical.

The resulting quantifier of nonclassicality is

NCH = [dH(ρ, I/N)]2 = tr

[(√
ρ− I/

√
N
)2]

. (2.108)

The minimum NCHmin
= 0 clearly holds if and only if ρ = I/N as the only classical

state. On the contrary, the maximum value NCHmax = N − 1 occurs again for pure
phase-like states for which ρii = 1/N .

2.5.1.1 Pythagorean equation

In order to establish the relation between CH and NCH it was necessary to quantify the
fluctuations on the statistics of the observable defined by the basis, J . The probabilities
for the potential outcomes are the diagonal terms of the density matrix, pj = ρj,j. We
refer to the quantity accounting for the fluctuations on this statistics as certainty [230],
in contrast to the concept of uncertainty. This name reflects the relationship between
this magnitude and the insight we have about the value of the observable. Accordingly,
it has to be maximum when the probability distribution has only one therm, pj = δj,j0 ,
so the value of the observable is known. On the other hand, the certainty has to be
minimum when the probabilities are equally distributed, this is pj = 1/N , so that
all the possible values are equally probable. Since these fluctuations are absolutely
independent of the coherence terms of ρ, we define the certainty quantifier as the
Hellinger-like distance between ρd and I/N :

SH(ρ) = [dH(ρd, I/N)]2 = tr

[(√
ρd − I/

√
N
)2]

= 2

(
1− 1√

N

N∑
j=1

√
ρjj

)
. (2.109)

This implies that I/N is the incoherent state with larger indetermination on the
statistics of J in the coherence basis {|j⟩}. Therefore, the larger the distance between
ρd and I/N , the lesser the fluctuations. As it was required, the maximum SH(ρ) =

2(1 − 1/
√
N) holds for the elements of the coherence basis {|j⟩} while the minimum

SHmin
= 0 occurs when ρii = 1/N . After the last equality in Eq. (2.109), SH can be
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related to the Rènyi entropy of order 1/2 [231]

H1/2 = 2 ln

(
n∑

k=1

p
1/2
k

)
, (2.110)

reinforcing its interpretation of certainty.

Given the previous definitions of coherence (2.77), nonclassicality (2.108), and cer-
tainty (2.109), we can establish the following relation between these magnitudes

NCH = CH + SH . (2.111)

One way of proving this statement is by inserting the closest incoherent state ρd in
the definition of the quantifier of nonclassicality in Eq. (2.108),

NCH = tr

[(√
ρ−√

ρd +
√
ρd − I/

√
N
)2]

= (2.112)

tr
[(√

ρ−√
ρd
)2]

+ tr

[(√
ρd − I/

√
N
)2]

+ 2tr
[(√

ρ−√
ρd
) (√

ρd − I/
√
N
)]
.

As long as tr
(√

ρ
√
ρd
)
= tr

(√
ρd

2
)
, it can be readily shown that

tr
[
(
√
ρ−√

ρd)
(√

ρd − I/
√
N
)]

= 0. (2.113)

Therefore, we obtain the following Pythagoras-like equation in a finite-dimensional
space:

tr

[(√
ρ− I/

√
N
)2]

= tr
[
(
√
ρ−√

ρd)
2
]
+ tr

[(√
ρd − I/

√
N
)2]

.■ (2.114)

The central point of this version of the Pythagorean theorem is the interpretation
that we can make of each term in the underlying right-triangle structure. This may be
illustrated with the aid of Fig. 2.20, where ρd is the orthogonal projection of ρ into the
incoherent hyperplane. The hypotenuse represents nonclassicality while coherence and
certainty are the cathetus since both are orthogonal as shown in (2.113). Arbitrary
Pythagorean theorems may be obtained by replacing I/N with any incoherent state
so that the orthogonality (2.113) will still hold. However, the choice I/N is clearly the
one where hypotenuse and cathetus have the clearest physical meaning. As already
studied in Refs. [232], Eqs (2.111) and (2.114) can be regarded as a duality relation
between coherence and certainty in the coherence basis.

Accordingly to this relation any difference between coherence and nonclassicality
relies on the properties of the basis, represented by SH . In particular, the maximum
value achievable for CH by varying the basis is bounded by NCH , in agreement with
[233]. It is worth remembering here the dependence of NCH on the basis. This seems
to disagree with a more classical-like perspective where the distance to I/N has been
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Figure 2.20: Right-triangle formed by ρ, ρd and I/N in finite dimensional spaces.
Image from [221].

proposed as an intrinsic or absolute form of coherence, independent of any reference
observable [148, 222, 234, 235]. However, even if the value of NCH may change, we
can consider this measure of nonclassicality as an on/off the detector in the following
sense: Recalling that the normalized identity is invariant under basis transformations,
NCH is zero if and only if the state is I/N , and therefore any state presenting some
nonclassicality in one basis will present certain nonclasicality in all bases. The max-
imum NCH by varying the basis is NCHmax = N − 1, coincides with the maximum
coherence (2.81), as it can be seen in the following example for the qubit state.

These implications are connected to draw the following conclusion of Eq. (2.111):
Nonzero coherence in at least one basis is a necessary and sufficient condition for
nonzero nonclassicality in all bases. In consequence, CH = 0 in one basis does not
imply NCH = 0 since the state may have coherence in a different basis in agreement
with [128].

2.5.1.2 The qubit

As an example, we computed the coherence, nonclassicality, and certainty of an element
in a two-dimensional Hilbert space, N = 2. In quantum optics the most famous qubit
is a single photon split into two field modes, representing typically two orthogonal
polarization states or the two inner paths in a two-beam interferometer. A qubit can
be fully characterized in the density matrix formalism by a three-dimensional real
vector s = {sx, sy, sz}, which represents the position of the state in the Bloch sphere,
Eq. (1.13). Recalling that the elements of σ are the Pauli matrices, the qubit density
matrix becomes

ρ =
1

2
(1 + s · σ) . (2.115)

Choosing the basis {|j⟩}j=−1,1 as the eigenvectors of the σz matrix we arrive to

CH =
√
s2x + s2y, SH = 2−

√
1 + sz −

√
1− sz, (2.116)
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and naturally NCH = CH + SH .
Next, we vary the basis in order to obtain both maximum and minimum values of

the coherence and see what happens to the nonclassicality. For fixed |s|, this is for
fixed purity, the maximum of both magnitudes CH and NCH holds when the projection
of the Bloch vector along the direction of the basis vanishes, this is sz = 0, giving

CHmax = NCH = |s|. (2.117)

This example shows again the deep equivalence between maximum coherence, nonclas-
sicality, and purity that has been already put forward in works such as [236], [237], and
also in Ref. [233] identifying purity as the maximal coherence which is achievable by
unitary operations, purity being the most elementary resource for quantum information
processing.

Now we compute those quantities in the basis in which ρ is diagonal where the
corresponding Bloch vector reads s′z = |s|, s′x = s′y = 0. In this basis null coherence is
found

CHmin
= 0, (2.118)

and yet nonclassicality is not canceled for any state different from the maximally mixed

NCH = 2−
√
1 + |s| −

√
1− |s|. (2.119)

2.5.2 Infinite dimension: numerable basis

We have already seen that the l1-norm of coherence can be extended to infinite-
dimensional Hilbert spaces with a numerable basis in Sec. 2.4. Now we seek to extend
the whole analysis, including the definition of nonclassicality and the Pythagorean
relation between magnitudes.

The major difficulty of this translation is the lack of a physical state proportional
to the identity in infinite dimensional spaces. This would imply the absence of classical
states in such spaces. As an alternative, we replace the identity with an incoherent
physical state ρT as close as desired to having a uniform distribution in the coherence
basis, once more we choose a numerable, orthonormal basis, {|n⟩}n=0,1,...∞. Such a state
approaches to be a maximally mixed state, which can be the case of a thermal-like state
in the limit when the analog of the temperature, T , tends to infinity

ρT = (1− ξ)
∞∑
n=0

ξn|n⟩⟨n| with ξ → 1. (2.120)

Thus, the definition of NCH in Eq. (2.108) translates into the corresponding limit of
tr
[(√

ρ−√
ρT
)2]

.
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The key point to transcribe the Pythagorean theorem in Eq. (2.111) is to prove the
orthogonality condition,

tr [(
√
ρ−√

ρd) (
√
ρd −

√
ρT )] = 0, (2.121)

where ρd has the same meaning as the diagonal part of ρ. The above relation holds
for any ρT diagonal in the number basis since it ensures tr

(√
ρ
√
ρT
)
= tr

(√
ρT

√
ρd
)
,

and by construction tr
(√

ρ
√
ρd
)
= tr

(√
ρd
√
ρd
)
. Therefore, we readily get this new

version of the Pythagorean theorem in an infinite-dimension Hilbert space:

tr
[
(
√
ρ−√

ρT )
2
]
= tr

[
(
√
ρ−√

ρd)
2
]
+ tr

[
(
√
ρd −

√
ρT )

2
]
, (2.122)

which has the same interpretation as in the finite-dimension scenario as far as we
consider the above-mentioned limit ξ → 1 for ρT . A particular consequence of this
limit can be seen by computing the certainty

SH = tr
(√

ρd
2
)
+ tr

(√
ρT

2
)
− 2tr

(√
ρd
√
ρT
)
= 2− 2

√
1− ξ

∞∑
n=0

ξn/2
√
pn, (2.123)

where pn = ⟨n|ρ|n⟩. In order to proceed with the ξ → 1 limit we shall consider that
the following quantity is finite, which is the key ingredient of coherence as shown in
Eq. (2.80),

∞∑
n=0

√
pn <∞, (2.124)

which is actually satisfied by all the cases to be considered in this work. In such a case,
limξ→1

[
tr
(√

ρd
√
ρT
)]

= 0, so that

NCH = CH + 2. (2.125)

Roughly speaking, SH = 2 means that as ξ → 1 the distance between the physical
state ρd and ρT tends to be maximum. Therefore, in this infinite-dimensional case,
in the conditions specified above, coherence equals nonclassicality. This conclusion
has an inevitable implication: not only squeezed states but also coherent states are
nonclassical states. Moreover, the more energetic, the more nonclassical.

2.5.3 Extension to continuous basis

The next step in the analysis is to extend it to continuous bases both in finite and
infinite-dimensional spaces. By a suitable generalization we consider as coherence with
respect to any basis |ϕ⟩, even if it is continuous or nonorthogonal, the contribution of
the nondiagonal terms of ρ, this is an expression of the form

CH = tr
(√

ρ2
)
− 1. (2.126)
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as in Eq. (2.79). The question to be addressed is whether such a definition of coher-
ence has the same geometrical meaning we have found above in the case of discrete
orthogonal basis. To discuss this we focus on whether there is a proper definition of
ρd as the incoherent state closest to ρ. First we consider normalized nonorthogonal
bases in finite-dimensional spaces, and then orthogonal nonnormalized ones in infinite-
dimensional spaces.

2.5.3.1 Finite-dimensional case

For definiteness, we use as the basis the set of finite-dimensional phase states

|ϕ⟩ = 1√
N

N∑
j=1

eijϕ|j⟩, (2.127)

where the |j⟩ refers to some orthonormal number-like basis. In this scenario we may
consider

ρd =
N

2π

∫
dϕ⟨ϕ|ρ|ϕ⟩|ϕ⟩⟨ϕ| (2.128)

to be the “incoherent" state of reference, no longer diagonal in the |ϕ⟩ basis, as we will
see in the following. In addition, it is necessary to determine the meaning of the square
root suitable for this continuous framework. Thus we define √

ρd as

√
ρd =

√
N

2π

∫
dϕ
√

⟨ϕ|ρ|ϕ⟩|ϕ⟩⟨ϕ|, (2.129)

so that coherence is null if ρ = ρd. After these definitions it turns out that tr
[
(
√
ρ−√

ρd)
2
]

does not reproduce Eq. (2.126) nor the Pythagorean theorem holds due to

tr
[
(
√
ρ−√

ρd)
(√

ρd − I/
√
N
)]

̸= 0, (2.130)

as it can be easily checked for example for the qubit state. We may ascribe this behavior
to the lack of orthogonality of the phase states

⟨ϕ′|ϕ⟩ = 1

N

N∑
j

eij(ϕ−ϕ′) ̸= 0, (2.131)

which makes ρd nondiagonal, meaning ⟨ϕ′|ρd|ϕ⟩ ≠ 0 for ϕ ̸= ϕ′.

2.5.3.2 Infinite-dimensional case

Next, we consider the case of a continuous basis made of unnormalizable orthogonal
states, such as the quadrature or position eigenstates |x⟩, where x can take any real
value. Although they are orthogonal in the sense of ⟨x′|x⟩ = δ(x − x′) there is the
difficulty of |x⟩ being no normalizable. As a consequence, any state diagonal in the
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|x⟩ basis is not physical since its trace diverges, in particular this is the case of the
following definition of ρd:

ρd =

∫ ∞

−∞
dx⟨x|ρ|x⟩|x⟩⟨x|. (2.132)

As we have done above with ρT we can try to avoid this via some kind of regularization
in some proper limit. To this end, we replace |x⟩ by some normalizable states, for
example, displaced-squeezed states |x⟩∆ with quadrature-coordinate wave function

⟨x′|x⟩∆ =
1

(2π∆2)1/4
exp

[
−(x− x′)2

4∆2

]
(2.133)

so that we can define a truly unit-trace ρd as

ρd =

∫ ∞

−∞
dx⟨x|ρ|x⟩|x⟩∆∆⟨x| (2.134)

in the spirit of considering afterwards the limit ∆ → 0. Through this definition it
can be easily seen that lim∆→0⟨x|ρd|x⟩ = ⟨x|ρ|x⟩, simply by invoking the Gaussian
representation of the Dirac delta function lim∆→0 |⟨x′|x⟩∆|2 = δ(x− x′).

Now we introduce √
ρ and √

ρd respectively as

√
ρ =

∫ ∞

−∞

∫ ∞

−∞
dx′dx

√
⟨x|ρ|x′⟩|x⟩⟨x′| and

√
ρd =

∫ ∞

−∞
dx
√

⟨x|ρ|x⟩|x⟩∆∆⟨x|, (2.135)

and try to recover an expression for the coherence in Eq. (2.126) as a suitable distance,
this is in terms of tr

[(√
ρ−√

ρd
)2].

On the one hand tr
(√

ρd
2
)

vanish in the limit ∆ → 0 since

lim
∆→0

|∆⟨x′|x⟩∆|2 = 2
√
π∆δ(x− x′) → 0. (2.136)

On the other hand, in this limit we may consider ⟨x′|x⟩∆ and ∆⟨x|x′′⟩ so peaked func-
tions hence they act as Dirac delta functions

lim
∆→0

⟨x′|x⟩∆∆⟨x|x′′⟩ = 2
√
2π∆δ(x− x′)δ(x− x′′), (2.137)

implying tr
(√

ρd
√
ρ
)
→ 2

√
2π∆

∫
dx⟨x|ρ|x⟩ → 0. All this together it emerges

lim
∆→0

tr
[
(
√
ρ−√

ρd)
2
]
= tr

(√
ρ2
)
, (2.138)

and therefore Eq. (2.126) and the geometrical meaning of coherence are essentially
recovered. In view of this we wonder whether Pythagorean relation in Eq. (2.122) also
holds. Note that in this continuous case √

ρT is defined as

√
ρT =

∫
dx
√

⟨x|ρT |x⟩|x⟩∆∆⟨x|. (2.139)

This question is answered in the affirmative since the limits lim∆→0 |∆⟨x′|x⟩∆|2 in Eq.
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(2.136) and lim∆→0⟨x′|x⟩∆∆⟨x|x′′⟩ in Eq. (2.137) ensure the orthogonality condition
tr
[(√

ρ−√
ρd
) (√

ρd −
√
ρT
)]

= 0 in Eq. (2.121).
From this analysis of infinite dimensional spaces and continuous bases can be con-

cluded that the critical point is the definition of incoherent states, and, therefore,
any basis or space that does not allow a diagonal states implies a more sophisticated
treatment of the idea of coherence.

2.5.4 Different distance-based quantifiers of nonclassicality

The importance of the preceding study lies in two main ideas, namely, the interpre-
tation of the distance to the identity as nonclassicality, Eq. (2.108), and the relation
between this concept and coherence by means of the basis properties, Eq. (2.111).
Similarly to the large number of quantifiers of coherence suggested in the literature,
alternative quantifiers of nonclassicality based on different distances can be consid-
ered. The question then is whether their relation to coherence remains, so comparable
phytagorean equations could be obtained.

As a first example we appealed to the Hilbert-Schmidt distance,

dH(ρ1, ρ2) =
√
tr[(ρ1 − ρ2)2], (2.140)

which has already been used to quantify other magnitudes in addition to coherence
[193]. By means of Eq. (2.140) it can be defined equivalent quantifiers of coherence
CHS = tr

[
(ρ− ρd)

2], nonclassicality NCHS = tr
[
(ρ− I/N)2

]
and certainty SHS =

tr
[
(ρd − I/N)2

]
, and the corresponding Pythagoras-like equation is recovered in finite

dimensional spaces:

tr
[
(ρ− I/N)2

]
= tr

[
(ρ− ρd)

2]+ tr
[
(ρd − I/N)2

]
. (2.141)

We presented the study of this distance in more depth in Ref. [221]. Despite of its
widespread use, Braumgratz et al. demonstrated in Ref. [103] that the measure of co-
herence based on the Hilbert-Schmid distance does not satisfy the strong monotonocity
condition. This requirement reflects the intuition that coherence should not increase
on average under incoherent measurements if there is the possibility of filtering the
final state according to the measurement outcomes. The importance of this condition
is imposed by the experimental availability of sub-selection [103, 194] and it is also
applied in other resource theories [122, 193].

Alternatively we can recall the quantum relative entropy between two density ma-
trices

S(ρ1∥ρ2) = tr [ρ1log2ρ1]− tr [ρ1log2ρ2] . (2.142)
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The corresponding relative entropy of coherence is considered a legitimate measurement
of coherence satisfying all the requirements imposed so far [129]

CS = S(ρ∥ρd) = S(ρd)− S(ρ), (2.143)

where S(ρ) = −tr(ρlog2ρ) is the Von Newmann entropy. Another remarkable property
of this measure is that it has been demonstrated to quantify a direct physical resource,
the maximum coherence distillable from a mixed state. For all these reasons, we
considered it appropriate to test our model of nonclassicality. To this end, we defined
the corresponding quantifiers,

NCS = S(ρ∥I/N), SS = S(ρd∥I/N), (2.144)

along with the well-established relative entropy of coherence introduced in Eq. (2.143).
It is simple to obtain a Pythagorean-like relation if we consider the following simplifi-
cation for the relative entropy in Eq. (2.142)

S(ρ∥σ) = S(ρd)− S(ρ) + S(ρd∥σ), (2.145)

applicable when one of the states is diagonal. Thus, in finite dimensional spaces and
discrete basis the relative entropy gives rise to Nonclassicality as the sum of coherence
and certainty due to

S(ρ∥I/N) = S(ρ∥ρd) + S(ρd∥I/N). (2.146)

The extension to infinite dimensional spaces and discrete basis takes advantage of
the same definition of classical state introduced in Eq. (2.120). Since ρT is diagonal,
Eq. (2.145) remains applicable and the latter equation is straightforward reproducible

S(ρ∥ρT ) = S(ρ∥ρd) + S(ρd∥ρT ). (2.147)

In the case of nonortogonal basis of finite dimensional spaces we faced the same
difficulties caused by the definition of the closest incoherent state, see Eq. (2.131),
so it results impossible to find a suitable geometrical formulation of coherence and
nonclassicality in such continuous frameworks.

Finally, we considered an infinite dimensional space and continuous bases made of
unnormalizable orthogonal states, where an identical definition to the incoherent state
proposed in Eq.(2.134) can be utilized. In the same spirit, we define the classical state
as

ρ∆T =

∫
dx⟨x|ρT |x⟩|x⟩∆∆⟨x|, (2.148)

diagonal in the limit ∆ →0 as it follows from Eq. (2.137). Therefore we also obtain
NCS = CS + SS in this context.
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2.5.5 Concluding remarks

In Sec. 2.4, we translated an established measure of coherence into a distance between
states so that distance could be utilized to quantify different magnitudes. In particular,
it has been utilized to quantify two magnitudes introduced in this section, say the
nonclassicality and the certainty. The connection between these three quantities turns
meaningful and consistent in the analyzed scenarios except for the continuous non-
orthogonal bases case, where there is no straightforward expansion of the formalism. All
these conclusions are shared by the analyses made with Heillinger-like, relative entropy,
and Hilbert-Schmidt distances, except in the case of continuous non-orthogonal basis.

The concordance between results when using different measures suggests that the
concept of nonclassicality as the maximum coherence achievable can go beyond the
specific distance-based quantifier applied, reinforcing the consistency of this approach.

The quasiprobability representation of quantum coherence introduced in Sec. 1.5
perfectly illustrates that nonclassical features can manifest in different ways depending
on the definition of classicality at hand. In the explicit example of qubit states the idea
of SU(2) squeezing appears in many equivalent proposals, such as the ones in Refs.
[238, 239, 240, 241, 242, 243]. Some of these criteria imply that every qubit is classical,
as far as all qubit pure states are SU(2) coherent states with a well-behaved SU(2)
P -function. On the other hand, according to the criterion of qubit entropic squeezing
in Ref. [244], all density matrices different from the identity would show squeezing
which agrees with the general formalism of nonclassicality developed in Refs. [26]. We
have shown how the definition of nonclassicality based on the Hellinger-like distance is
somehow able to unify the criteria by detecting nonclassicality in every state different
from the identity matrix, regardless of the basis.

2.6 Equivalence between quantum coherence and non-
classicality

In the previous section, we found a quantitative relation between some quantifiers of
coherence and nonclassicality. To conclude this thesis, we show how the very concept of
nonclassicality as introduced in Chapter 1, this is, the lack of a proper joint distribution
for incompatible observables, equals the concept of quantum coherence, regardless of
the quantifier utilized. This deep, qualitative equivalence unifies two concepts with
no so clear connections at first sight, even if both of them are at the heart of the
question about what makes the world quantum. We derive this equivalence for a finite-
dimensional space of dimension N , however, it can be extended to spaces of arbitrary
dimension as introduced in [26]. We recall that the basis at hand {|j⟩} is defined by
the eigenvectors of a given observable J , J |⟩ = j|j⟩.
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For any state, ρ, the coherences [28] are the nondiagonal terms of the density matrix,

ρj,k = ⟨j|ρ|k⟩, j ̸= k, (2.149)

since their presence implies that ρ is a coherent superposition of the states |j⟩ and |k⟩.
Therefore, these terms define the coherence of the state regarding the corresponding
basis. Based on this, one may define different functions of these terms in order to
quantify the concept of coherence. We have already seen several examples, CH =∑

|ρjk|, CHS =
∑

|ρjk|2 or, less explicitly, CS in (2.143). All of them are not null
whenever any ρjk is not null. Thus, in this section we refer to a state as having
coherence in a certain basis when any nondiagonal element is non-zero, ρjk ̸= 0.

On the other hand, we recall the definition of nonclassicality without any prior
assumption about a definite set of states being classical [195, 196, 197, 198, 82, 26].
Instead, we need to invoke two incompatible observables to see pathologies in the
common statistics which accredit the presence of nonclassicality. In this regard, we
consider the observable given by the basis, J , and another observable, say M , with
[M,J ] ̸= 0.

With this in mind, we demonstrate that the quantum nature of ρ with respect to
J and M lies precisely on the non-diagonal matrix elements of ρ in the basis J . This
is, we show how in the basis in which there is coherence, there is nonclassicality in the
lack of joint J −M distribution. However, coherence is a basis-dependent property.
Nevertheless, we have seen in the previous section that for every state different from
the identity you can find a basis where the coherences are not null. In the same
spirit but regarding nonclassicality, it is also always possible to find a combination of
incompatible observables for which there is no legitimate probability distribution for

every ρ ̸= I

N
, [26].

Theorem. A state ρ is nonclassical if and only if there is a basis {|j⟩} such that
⟨j|ρ|k⟩ ≠ 0 for at least a pair of basis elements, |j⟩ ≠ |k⟩.

Proof. To prove that coherence implies nonclassicality we restrict ourselves to the
two-dimensional subspace spanned by the basis components |j⟩ and |k⟩. We can define
the Pauli-like matrices

σz = |j⟩⟨j| − |k⟩⟨k|,
σϕ = eiϕ|j⟩⟨k|+ e−iϕ|k⟩⟨j|, (2.150)

σ⊥ϕ = i(eiϕ|j⟩⟨k| − e−iϕ|k⟩⟨j|),

being the basis of the subspace the eigenvectors of σz, which plays the role of J .
Moreover we chose ϕ so that

⟨σϕ⟩ = 2|⟨j|ρ|k⟩|, ⟨σ⊥ϕ⟩ = 0. (2.151)
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To address the pathologies in the statistics we apply the approach of the joint
measurement of incompatible observables introduced in Chapter 1 [35, 26]. In this case,
we consider the blurred measurement of σz, and σ⊥ϕ, that plays the role of M . The
dichotomic variables y, z = ±1 are the possible outcomes of σz, and σ⊥ϕ respectively.
The POVM representing the measurement performed lies

∆̃(z, y) =
1

4
(σ0 + zγzσz + yγyσ⊥ϕ + zyγzyσϕ) (2.152)

where once again σ0 is the 2×2 identity matrix and the γi are parameters characterizing
the measurement, which are constrained to obey the relation γ2y + γ2z + γ2yz ≤ 1. The
state, Eq. (1.13), in terms of the mean values of these Pauli-like matrices, Eq. (2.150),
result as

ρ =
1

2
(σ0 + szσz + s⊥ϕσ⊥ϕ + sϕσϕ) (2.153)

being si = tr(ρσi) = ⟨σi⟩ for i = z,⊥ ϕ, ϕ. After the data inversion introduced in
Eqs. (1.79) -(1.45), we obtain the inferred joint distribution for σz and σ⊥ϕ, with exact
marginal distributions for both observables,

p(z, y) =
1

4
(1 + z⟨σz⟩+ y⟨σ⊥ϕ⟩+ yz

γyz
γyγz

⟨σϕ⟩). (2.154)

If the state has nondiagonal terms, |⟨j|ρ|k⟩| ̸= 0, this is sϕ = ⟨σϕ⟩ ̸= 0, there is
always a posible combination of the γ factors giving rise to negativities in the statistics.
For example, it is easy to imagine a γyz ̸= 0 together with γy → 0 and γz → 0, which
will give negative probabilities p(y, z) < 0 for the outcome y = −z = 1 .

Finally, to prove that nonclassicality implies coherence, we note that the only way
that p(y, z) ≥ 0 in Eq. (2.154) for all y, z and all the allowed γ values is that the
mean value of σϕ is null, ⟨σϕ⟩ = 0 which is only possible in the conditions established if
there are not non diagonal terms, ⟨j|ρ|k⟩ = 0. Therefore a negative joint distribution,
p(y, z) < 0, implies necessarily any coherence, ⟨j|ρ|k⟩ ≠ 0. ■

2.6.1 Concluding remarks

Essentially, the statistical information corresponding to the observables orthogonal to
the observable generating the basis is encapsulated in the nondiagonal terms of the
density matrix. This is quite direct from the representation of the state in terms of
Pauli matrices in Eq. (1.13). In this section, we demonstrate that this information is
accessible from the nonideal joint measurement of both observables. A straightforward
relationship between coherence and quantumness occurs when the definition of non-
classicality relies on the incoherent superposition of classical states. However, we have
found a similar relationship in our context, without the need for a previous definition of
classical states. In any case, nonclassicality and coherence of ρ with respect to J holds
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provided that [J, ρ] ̸= 0, where by J we mean here the family of projectors {|j⟩⟨j|}.
This agrees with the recent results in Refs. [246, 247, 248], where some measures of
quantumness and coherence are introduced that rely on [J, ρ] ̸= 0.

In the previous section we demonstrated that, for every state different from the
identity, the quantifier of nonclassicality is always not null since it is always possible
to find a basis where the coherences are not null. In the same spirit but regarding the
joint statistics of incompatible observables, it is also always possible to find a combi-
nation of incompatible observables for which there is no legitimate joint probability
distribution [26]. This establishes a relationship between a measured statistics of two
observables and the nondiagonal elements of the density matrix. Thus, we have found
an equivalence between coherence and nonclassicality irrespective of the quantification
of these magnitudes.
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Conclusions

Otro día se dará peor.

I. A. D.

The common thread of this thesis has been to discern the potential structural
connections between different elements of the quantum theory at several levels: from
the relationship between observed quantum effects, to the correspondence between key
concepts of the theory itself. Always with the idea of coherence as the main element
underlying nonclassical effects kept in mind. We remark in this section on the main
contributions of this work to the current knowledge in the area.

From the diverse tests carried out, we conclude that the nonideal joint measurement
of incompatible observables (JMIO) followed by the corresponding data inversion has
been demonstrated as the essential complement to the definition of nonclassicality
based on the practical detection of pathological joint probability distributions.

On the one hand, the JMIO has manifested to be suitable for investigating indirect
signatures of nonclassicality, such as Bell’s test, allowing to recover Fine’s theorem. It
has propitiated the definition of an indirect signature of nonclassicality, the inequalities
for complementarity. These translate the equivalence between the failure of classical
models and lack of common statistics to the single subsystem scenario with equivalent
meaning and conclusions than in the bipartite scheme.

Specifically, this approach has given rise to setting the statistics separability in the
spotlight even in systems without spatial separation. The failure of a factorizable model
when talking about measurements on a single system points to a different element
than non-locality to be considered as its cause. On the other hand, it allowed us
to demonstrate the relevance of the detector in quantum effects. We came to the
conclusion that the nonclassicality of the measurement element is a necessary condition
to address any nonclassical statistics. This offers a different perspective on nonclassical
results, joining the role of states and measurements in complete agreement with the
very foundations of quantum theory.

According to this, quantumness should be seen not as a property of the state itself
but as a consequence of certain measurements over certain states. Hence, what has true
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meaning is the concept of nonclassical effect, which refers to the concrete combination
of state and measurement that gives rise to pathological statistics. This does not mean
that a state may be classical or quantum depending on the chosen measurement, in
the spirit of contextuality. On the contrary, we have shown in this thesis that every
state different from the identity can lead to nonclassical effects as long as the adequate
measurement is performed.

Related to the importance of the measurement process, we also analyzed the impli-
cation of the coherence of the detector in the resolution of properly defined metrological
processes. It has been naturally obtained that the coherence properties of the detector
and those of the probe state contribute equally to the resolution of the process. The
relevance of this contribution lies in the relationship between coherence and resolution
itself, which was missing in the literature despite the active use of coherence to enhance
precision in quantum metrology.

Regarding the connections between quantum effects, we concluded that there is
a complete equivalence between polarization nonclassicality and multi-photon entan-
glement. This correspondence goes beyond connections previously presented in the
literature since it is not restricted to polarization squeezing and relates a multi-mode
property with a multi-particle feature.

The experimental feasibility of the quasiprobability representation of quantum co-
herence has been shown. We reported the first experimental reconstruction of this
property, concluding that it is a suitable indirect signature of nonclassicality, not only
from a theoretical but from an experimental point of view.

The analysis of the dependence of coherence on the basis led us to introduce a
geometrical approach directly expressing the quantifier of nonclassicality in terms of
the quantifier of coherence. We concluded that this quantifier of nonclassicality can be
regarded as an on/off detector for coherence, being coherence in any basis a necessary
and sufficient condition for the presence of nonclassicality in all basis. The link be-
tween both magnitudes is related to the properties of the corresponding basis. These
results have been proven valid for several distance-based quantifiers. Thus, we have
demonstrated that the approach to nonclassicality based on coherence is consistent in
the framework of resource theories.

Finally, we concluded that the nondiagonal terms of the density matrix and the
lack of a joint distribution for incompatible observables are equivalent concepts. This
establishes a univocal relation between coherence and nonclassicality, which represents
the accomplishment of the main objective of this thesis.

To sum up, we remark on the consistency of the general approach of this work:
it starts from an unambiguous definition of nonclassicality, exposes a mechanism to
detect it and to analyze its causes, and, ultimately, allows the conclusion that the
fundamental cause of nonclassicality is coherence.
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Appendix A: List of publications derived from the
thesis

• Elisa Masa, Laura Ares, Alfredo Luis, Nonclassical joint distributions and Bell
measurements, Physics Letters A 384, 126416 (2020).

• Alfredo Luis and Laura Ares, Apparatus contribution to observed nonclassicality,
Physical Review A 102, 022222 (2020).

• Laura Ares and Alfredo Luis, Signal estimation and coherence, Optics Letters
46, 5409-5412 (2021).

• Elisa Masa, Laura Ares, Alfredo Luis, Inequalities for complementarity in ob-
served statistics, Physics Letters A 427, 127914 (2022).

• Laura Ares and Alfredo Luis, Distance-based approach to quantum coherence
and nonclassicality, Physical Review A 106, 012415 (2022).

• Laura Ares and Alfredo Luis, Beam Splitter as quantum coherence-maker, Phys-
ica Scripta 98, 015101 (2022).
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