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ABSTRACT

Let f be a holomorphic function on a ecomplex normed space F. The possibility
of extending f to the completion of F has been studied by Hirschowitz [6],
Nover [10], Dineen [3] and Dineen-Noverraz [5]. Here, following the ideas
in [4, Section 6.1], we study the extension problem for functions defined on
open subsets of E. Moreover, through a complexification process, we use these
results to obtain the analogous ones for analytic functions on real normed spaces.
We note that in the real case we do not have, among other things, Cauchy
inequalities and they are essential in the complex case.
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1. Notations

The letter B will denote a normed space over the real or the complex feld and £
will represent the completion of 5. The open ball in E with center in x and radius
r will be denoted by Bg (x,7) and the corresponding ball in E by Bg(z,r). Ifnis
a natural number n, P ("E) will denote the space of all n—homogeneous continuous
polynomials on E. If U is a non void open subset of [5, then A (U) will denote the
space of all analytic functions on U; when E is a complex space, we will write H (U)
mstead of A(U). Given f e A(U) and S C U, let

[l =sup{f ()] : = € S}
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We recall thal a subset A C U is a ?:5&5.\ subset in U/ il'every f € A(U) i

is bounded
on A. Tf U is an open subset of F, U will be the following open subset, of F:

QHcﬁmmAaul“amqqﬂvﬁ:ﬁ&mm?ulﬁﬁw.

Note that U is the biggest open subset of E such that U N E = U and U ¢ Qm

2. Extension to a neighborhood of each point

‘Throughout sections 2 and 3, the letter E will always represent a complex normed
space and U/ will be an open subset of k.

letzeU. If fisa holomorphic function on U, then the polynomial coefficients
(2

~1 1

admits an extension to F which will also be denoted by

of the Taylor series of f at z,
m&.:.\.AN

n!

are locally uniformly continuous [4, Proposition

1.11]. Therefore, cach

. Thus, we can consider the set

—

Af = < Bp(z,7) : Bg(z, lﬁQ@:aM E < 0
B,.(0,r)

The next proposition shows that Ay is non void.

Proposition 2.1. For every z ¢ U and every f € H(U) there exists r > 0 such that
B (z,7) € Ay.

Proof. Let z € U and | e H(U). As U is open and f is continuous on U, there exists
7 > 0 such that Bg (z,2r) € U and |flg, J(z2r) < 00. By the density oﬁ B (0,r) in
B (0,7) and the Cauchy inequalities,

o~ |47 (2) < |a
MU n! - M .\AN < M on _.\,_W\‘ (z,2r)

n=0 " B, (0r)  n=0 Bp(0,r) n=0
Then Bp(z,r) € Ay L
Proposition 2.2. If f ¢ \IQJ‘ then Slam exist an open subsct Qp C F and \
H(Q) such that U ¢ Q; < U and flo =
Proof. We define
Q = {Bu(er): B (zr) € Af}.
Let zo € U and r > 0 be such that Bj; (20, 7) belongs to As. Then

o0 |-~

3 d"f (z) < o,

!
n!
n=0 B;(0,r)

so the series

WEAT%

n!
n=0
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iformly convergent on 35(20,7). This implics that the function

Foy=S BB (o, 1)

i holomorphic on B (20, 7). _W.K definition, f = \ on Bg (z0,7). ‘
Jet us assume now that By (z1,71) and B (z2,m2) are two elements ol Ay such

\wm ANT?_VDQM Awml.wv wm )

d thal \w and M/N are extensions of f to Bg (zy,7) and B Aww.JV respectively. Let
_E )
be a point in B (z1,71) N Bg (z2,72). Since w € U c U, there is a sequence

(i, )., © U which converges to w. tlence there is ny € N m:nr that
RIS

wn € By (z1,7) N B (22,72)

for every n > ng. 'This implies that

o~

.\.w A\E:v - .\, A\E:v - .\\,./u Tt:v

lor every 1o > ng. As \>H and \m are continuous at w, we have that fi (w) = f2 (w);

that is. f; = wa on By (z1,71) N Bp (22,72). Therefore, it we extend the function f to
cach Br(z,r) € Ay c% the formula (1), then we obtain a holomorphic function f on
Q m:n: that ic =/. O

3. Extension to a given open set in the completion

In this section we deal with the problem ol the extension of holomorphic functions
[rom an open subsect of ¥ to a subsct of £.

Proposition 3.1. If f ¢ H(U), w € E and n € N, then the function
g: U —= C
e g(a) = TH2 ()
s holomorphic on U.

Proof. Let us define

and

G: P(*Ey - C
r — G(P)=P(w).

The mapping F is holomorphic because f has derivatives of all orders. The
: . P . . . o N o p]
function 7 is holomorphic becanse it is lincar and continuous. Thercfore, g = G o F

O

is holomorphic.
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Definition 3.2. The symbol 75 denotes the locally convex topology on M (U) defined
by the scminorms p with this property: for every increasing countable open cover
(Va)oo, of U there are ' > 0 and ng € N such that

p(f) <C

[y forevery fe H(U).

o

This topology has been decply studied in many papers, as it is possible to see in [4]
and its list of references. It is the bornological topology associated with the compact

open topology on H (1) [4, Proposition 3.18]. We recall that if A is a bounding subset
A in U, the mapping

JeHU) =Sl

is a 75 continuous seminorm on H (U) [4, Example 3.20(c)].

Theorem 3.3. The following condilions are equivalent:
a) Every f € H (U) admils an extension Je iﬁ\wv

b) 1f 2 € U, then every sequence in U which converges to 7 is

a bounding sequence
inU. )

¢) Every point in U is the limit of a bounding sequence in UJ.

Proof. (a) = (b) Let (z,,),, be a sequence in U which converges to a point z € U.
If f € H(U), by (a) there is a holomorphic extension f of f to U. Then

sup {1/ (20) n € N} = sup { | F (z0)

;MANVV in € Zv < 00.

This supreme is finite because {z, : n € N} U {z} is a compact subset in U and N
continuous on .

N ) . . .
(b) = () If Z e U C U", then there is a sequence (z,),_, in U which converges
to Z. By (b), the sequence (2, )., is bounding in U.

(¢) = (a) Let us fix f € H(U). We will prove that Qf = U and then we will
Proposition 2.2. The prool will be divided in several steps.

is

apply

(i) For every k,n € N, let us consider the scts

i 2
Uy=<z€lU: Bg PM c U and _im:?vaw

and
" 1
Vi = C Uy + Bp {0, %

k=1
T'he family C\:VMQHH is an increasing opcn cover of U contained in U. Indeed,
it, is clear that (V,,)7, is an increasing sequence of open subsets. Moreover, if

n e Nand z € V,,, there arc k € {1,...,n}, 21 € Uy and zp € Bg (0, mv such

JAL Ansemil/J. L.opez-oatazar/o. FOHbe

—

(it

(i)

. 2
thal 2z = 21 + 2z2. By the definition of Uy, we have that By ANTHV C U. As
iz = 21l = llz2ll < +, we obtain that

L 2

z € Bg NTM C Bg N_,M cu

and then Vi, C U.

et z € U. Since U is open and f is contimious ol U, there exists n € N such
that )
Brplz,—)cCcU and :_mAqu\/ﬁ.
Y ’ n 1z, 2

o0
Then z € Uy, C Vy and, therefore, U = U Va.

n=1

Vor every n € N, the set Vi, + Bp Ao wv is contained in U. Indeed, let z € V,,

k) 7 H
and w € By Ao, wv There exist k € {1,....n}, 21 € U and 2y € By Ao“ mv
such that z = 2z, + z2. Then
1 1
s4w = zitzztwez + By o“m + Bg oum
1 N (2
C z1tBg Pm + Bg c»m = By {2

Since z; € U, the ball B ANQ mv is contained in . This proves that z +w € U
and hence V,, + B Aog wv cU.

For every n € N we have SS.;:AC L) < n.

let z € V,, and w € Be Ac wv. In (i1) we have seen that there are k € {1,..., n}

n

and z; € Uy such that z+w € Be ANT mv By the definition of U,

&

\f(zrw)l <flp, (o) sk

inally we prove that f admits an cxtension / om \l.AQv. h.ma z el wa%
hypothesis there is a bounding sequence A={z, )} inlU which converges to
Z. Then the seminorm

g€ HU) = l9la
is 75—continuous. As (V). is an increasing countable open cover of U, there
are (7 > 0 and ng € N such that

9] 4 <C-gly, (2)

o
for every g € H(U). As (Vi) is increasing we may assuine that ng is such
that Bg Am ! v cU.

T Ty

~ . (% 1.} and
Since (2,,)0., converges to z, {here exists & € N such that zx € Bg AN, @::V an
in=

1 o1 v ~
~ L— ) BalZ — U.
Bg AS: M::v £ A Thg



Then By AN? %:v cU.

Let n € NU{0} and let w € B, AoJ m:._v By Proposition 3.1, the function

g: U — C

o g(e) = LU (g

n!
is holomorphic on U. As z;, € A, by (2) we get that
drf (k) dn
—a (W) =lg(z) <C-lgly, =C sup "/ (z) (w)
: "o 2€Vy, n!
‘'herefore,
Tl 7
Ty, ([
N B, Aouw::v 2V "

We now use that the ball By Ao | v is dense in Bg Ao. Pv”

' 2ng > 2ng
A f (z1) < Csup & f (=)
n! ] - - !
5, €V ™o g, (0.55)
C dnf
- g [[1E)
2 ev, 7!

By the Cauchy inequalitics,
w&.:.\. ANFV (&
—— < sup
7! on
By AD,N::V 2V

Using (iii), we obtain

:<

M: ::+m7A ,:cv )

A f () C

7! 8, Ac v - 9n

*Zng
T'his inequality holds for all n, o

This implies that B ANT %SV € A; and then By AN?

1
wﬁo

v C §1y. 'T'herelore,

1
2ng

zZe QW 2k, C D&.
As Z'is arbitrary in U, we get that U ¢ Q. Asalways Q; C Qu we have 2y = U.

O
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4. The real case

I (his section we obtain the results proved in the above sections in the context of real
normed spaces. Analytic functions on those spaces have been studied by Bochnak [1]
and Chae [2], among others.

Il /2 is a real normed space, then the symbol E will denote the Taylor complexifi-
cation of 12, That is, FE is the complex normed space 1 x I2 endowed with the natural
operations

() + (@) = (e+ayty)  lor (x,y),(«y) € E,
(v +ip)(z,y) = (ax— Py, ay+ fzx) for « +if € C and (z,y) € E

and with the norm

@) o)’ e F. o] =1

G2, )l 5

= sup

Note that ||, )|l = ||| for every x € E.

Proposition 4.1. Lel U be an open subsel of a real normed space I4. If fe A(U),
then there s an open subsel Q‘ in I and therc is [ € \IAQ\V such that U < {0} C Uy
and [ (x, 0) = f(x) forallz € U.

PProof. For every a € U there is 74 > 0 and there is a sequence (P, :v — o of polyno-
s, where cach P, belongs to P (" /), such that the series

Mﬁa: .~.|Qv

converges to [ (x) unilormly on Bg (a,r,). Every polynomial P, has a complex
extension P, ,, € P("E) such that :@P: < 2™ [Py ]l (sce |7] or [9]). Hence

1y 1

n

lim sup

1y —1L 1
Q:zﬁ:v__ Panl v Wmﬁ:

. L ‘H ;—
A_::msz | Panal v =3

P

50 the radius of convergence of the series

> P (z—(a,0) ()
n=0

Is bigger than or equal to W T'herelore, the function

o0

M W(va;: AN - AQ; va

n=0

Il

Ja(2)

is holomorphic on By ((a,0),

e ). By definition, Ja (2,0) = f (&) forallz € Bp (a
Lot

Q\ = CAR@ QFOVJ“MV ta € :W.

Q9
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Supposc that a,b € U and

B AE of!v N B A@é“wv £0.

Then

(o) e ()

is a non void open subset of E.

Since f, (z, ov = f(z) = £ (2,0) for all z € V, we obtain that fo = \Wv on
B ((a,0),2) N Q@ ov ) (see [2, Theorem 12.11}). Therefore, we can define a
ro_o::;w?n E:oio: \ : Q.\ —Cas

Ta -
€ By ((@0),5) 5 [(2) = fu(2)
for every a € U. U

Proposition 4.2. Let E be a real normed space. Suppose that g is a holomorphic
function in an open subset V in E such that V N (£ x{0}) # 0 and let

U={recE:(z,00cV}.
Then:
(a) U is open in E and the Junctions

u: U — R a:&cuﬁi%
& = u(x) = Relg(z,0)] T = v(z)=Imlg(z,0)

are real analytic on U.

(6) If A is a subset of U which is bounding for A(U), then A x {0} is bounding for
H(V).

Proof. (a) Let zy € U/. Thereisr > 0 such that By ((20,0),r) C V. Ifz € Bg (zo,7),

then

(2,0) = (20,0)|| 5 = |z — zol| < r,

so (x,0) € Bg ((xg,0),7) C V. Therefore, Bg (z9,7) C U, so U is an open subset in

>zm 9 1s holomorphic on V| there are R > 0 and a scquence ()", where P, €
P("E) for every :,mcnrﬁ‘,@ﬁwmAAH?cvquﬁe\mbmgommlmm

M~ 2 y) — (20, 0) Mwm (¢ — 20, y) +NMN§ :A&I&o;\v_

n—0

converges 1o g (x,y) uniformly for (z,y) € By AAH?S“NV.
For cvery n, the [unction

re B RelP, (z,0)] ¢ R

- ,
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i an i --homogeneous continuous polynomial on K. If @ € B (2o, R), then
u(r) = ml MU Re [P, (w — x0,0))

and this series converges uniformly on Bg (xg, R), so u is rcal analytic on U. The
prool for the function v is analogous. , .
(1)) Let g be a holomorphic functiorn on V. By Proposition 4.2(a), the functions

u:x €U Relg(x,0)] and yix €U Imlg(z,0)]

are real analytic in U. Then
sup 19 (#,0)] < sup ua)] + sup fo(a)] < .
(z,0)€ Ax {0} TEA x€A

O

Theorem 4.3. Let U be an open subset of a real normed space E. The following
conditions are equivalent:

(a) buery f € A(U) admits an exlension | € A(U).

) Ifx e ~>ﬁ then every sequence in U which converges Lo T is a bounding sequence
wn U
(¢) Every point in U is the limit of a bounding sequence in U.
Proof. 'The prool of (a)=-(b) and (b)=(c) are completely similar to the corresponding
casc in Theoremn 3.3. In order to prove that (¢)=(a), let us take a function f € A(U).
By T:::Z::: 4.1, there is an open subset ~$ in F and therc is f € \IAQE such that
U x {0} c Q\ and \Aﬁcv =f(x) forallz e U. ~ R
By Proposition 2.2, there is an open subset Sw in I¢ and there is f € iAD\z.v such

that Q.x < 27 and W_Q = f. Then the set
Q= ﬁ&. € B (x0) € SL

15 open in J5 and the function

"~

[iuxc Qs > \>A$ = Re \ZA&“ 0)

is analytic on Q1 by Proposition 4.2. ¥ = € U, then (z,0) € Q\ c Q FEEEAS Qs
that is, I/ ¢ Q. Also, if « € U, then

f(x) = Re \\WAHJS = Re T«(A,TDL =Relf (x)] = f(x).

Let 7€ {7, By (¢), there is a sequence A&:v _, in U which converges to @ .A:_.Q
il is a bounding subset for A(U/). By Proposition 4.2, the sct {(2,,,0) : n € N} is
bounding for \IAQ\V As A::cv (%, 0), the proof of (¢)=(a) in 'Theorem 3.3 shows
that (7,0) ¢ Q7. Therefore, T € . U
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In the proof of T'heorem 4.3 we have also obtained the following result:

Proposition 4.4, Let U be an open subset of a real normed space E. If [ € A(U),
then there is an open subset Q5 in F and there is f € A(Sy) such that U C Qf and
flo=1.

5. Some examples

In this section we give examples of spaces and open subsets U of them in which it is
impossible to extend every function from U to U and others in which this extension is
possible. We first need to recall the definition of domain of existence of a holomorphic
function and the definition of pseudoconvex set.

Definition 5.1. A connected open subset U of a complex normed space F is the
domain of existence of a function f € H(U) if there are no open sets V and W in ¥
and no function f € H(V) with the following properties:

(i) V is connected and not contained in U.

ip#=WcUnV.

(iii) f=fon W.

Definition 5.2. A function 8§ : U — [—00,+00) is plurisubharmonic on U if ¢ is
upper semicontinuous and

1 2 )
0(a) < o /. 0 (a +e"b) do
forall a € U and b € F such that {a + Ab: |A| <1} C U.
Given z € U, let dy (x) denote the distance from z to the boundary of U. 'The
set U is said to be pseudoconvex if the function —logdy is plurisubharmonic on U.

Definition 5.3. Given an open subset U of a real or complex normed space F, we
define

Uo =0y : f € AU}
Note that U < Uy C 0.

Proposition 5.4. If U s an open subsel of a real or complez normed space E, then

Up = C A" Aisa bounding subset of U

Proof. Let us take z € Uy and let {z,}o0, be a sequence in U such that z, — 2. If
[ € A(U), then, by Proposition 2.2 in the complex case, and by Proposition 4.4 in
the real one, there is gﬂm A(§y) such that \ﬂ._c = f. As ﬁmzwwou_ and z are in Up,
then {z, : 1 € N} U{z} € Q;. Therefore, [ (z,) = [ (2), s0 {f (22)}52, is bounded.
This implies that *fooﬂcu_ is a bounding subset of U and z belongs to its closure in
U.

Ansomil/J. Lopez-Salazar/S. Ponte Analytic completion of an open sct
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Now suppose that zp € N:q where A is a bounding subset. of U. Let x e A(U).
he proof of (¢)=(a) in Theorem 3.3 in the complex case and Theorem 4.3 in the real
' ows that zo € 2. As [ is arbitrary in A(U), we deduce that 2y € Uo. O

ONnes sl

r cvcmmﬁo: 5.5. If E is a real or complex normed space of countable Qi:m:.&c.:
n; 17 s an open subset of E, then U = Up. Therefore, there is at least onc analytic
il ' o P

[unelion [ on U such that Qy C U that is, [ canmot be extended to U.
| .

7roof. We [irst assume that F is a complex space. The symbol £y will denote the

2o of absolutely summing sequences of complex numbers.

‘ 143 N < o "} 3
Suppose there is zp € Up\U. By Proposition 5.1, there is a bounding subset A

i . m
in {7 such that zg € >~ . Let AN:VWV\_ be a sequence in A such that z, — Zo. [he
i v =

=P

. . < T
onstruction in [4, Exercise 6.6(c)] gives a continuous lincar mapping 7' : I = £1 and
(6 B ,
a plurisubharmonic function 0 : £ — [—oo, +o0) such that

V={zet :0(z) <0(T(z))}

is a pscudoconvex open subset of ¢, and T'(E) C V. By [8, Theorem 45.8], V is a
domain ol existence. . -

The sequence (1 (zn))ney converges to 1'(zq), 1 (zn) € V forall nand 1" (z0) ¢ V.
o V is a domain of existence, by [8, Theorem 11.4] there is g € H (V) such that

sup {|g (1 (z.))} : n € N} = o0.

However, as g o 1)y is holomorphic on U and A is bounding in U,

sup {lg o1 (za))] 7 € N} < sup {lg o' (2))] s z € A} < o0,

We have obtained a contradiction. 'Therefore, such zp € Up\U does not exist; that
15, N\\\~\C ] ) o

Now lob us assume that E is a real space. Suppose there is zg ma,QB/Q‘ Again by

i aY ), be

Proposition 5.4, there is a bounding subset A in U such that g € A . Let A@:v@nH d

a sequence in A such that , — xg. As we have seen before, there are a continuous

lincar mapping £’ : /5 — £1, an open subset V < ¢, and a holomorphic function
g € H (V) such thai
sup {lg (1" (wn))] : n € N} = 00.

p) are analytic on U. As Ais bounding in

The funetions Re (go T'y) and Im(go T

.
sup{|Re(gol'(z))] 2 € A} <oo and sup{|Im(go L)) w € A} < o0,
80
sup {19 (T (z))] 1 n € N} <oc.
This contradiction gives that U = Uq. O

Remark 5.6. An example of a normed space of countable dimension is <00, the space
of all cventually null sequences, with any of the p norms, .H‘M p < oo We note that
the above proposition is an adaptation to open sets of [10, Theorem 5.3.7]. Qur proof
follows the arguments in [4, Example 6.6(d)].



Proposition 5.7. [5, Corollary 11] If I' is an infinite dimensional complex Banach
space, then there is a dense hyperplane H in I such that Ho = F. Thercfore, cvery
holomorphic function on Il can be extended to a holomorphic function on F.

Remark 5.8. We note that the argument in [5, Corollary 11] really proves that there
are infinitely many dense hyperplanes with this property.
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ABSTRACT

This is a survey on results about topological classification of finite groups acling
as orientation-preserving homeomorphisms on compact connected oriented two
dimensional manifolds.
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1. Introduccion

‘

I'he goal of this note is to survey known results on the classification up to topologieal
cquivalence of finite group actions on surfaces of genus g > 2. By a surface here we
mean a compact connected oriented two dimensional manifold. These surfaces have
the hyperbolic plane H as their universal covering and therefore they are orbit spaces
H /1" of H under the action of a Fuchsian group I'. This endows the surface H/T with
an analytic structure and yields the coneept of Riemann surface. Tt follows from the
positive answer to the Nielsen realization problem, see [25], that finite groups acling
on surfaces can be seen as groups of analytic automorphisms of Riemann surfaces.
There is a vast literature on the study of groups ol automorphisms of Riemann
sirfaces, sce for instance the introductory chapter in [9] or the recent survey (7).
Much effort has been devoted to find lists of non-isomorphic abstract groups acting
on prescribed families of surfaces. The problem we deal with here, that is, the clas-
sification of inequivalent topological group actions, is a [iner classification sinec the
same abstract group may act on the same surface in different topological ways.
There are important motivations for classifying topological group actions rather
than just the groups. One of them is the existence of a one-to-one correspondence
between equivalence classes of group actions on a surface and conjugacy classes of
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