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Spectral subspaces
Decomposable operators

1. Introduction

A long-standing open problem is whether every rank-one perturbation of a diagonal-
izable normal operator on a separable infinite-dimensional complex Hilbert space has a
non-trivial closed invariant subspace (see, for example, Problem 8K in the 1978 Pearcy’s
monograph [18]). About fifteen years ago, remarkable results in this setting were proved
by Foiag, Jung, Ko and Pearcy in [7-9], and subsequently by Fang and J. Xia for the case
of finite-rank perturbations (see [10]). Recently, the authors in [11-13] have undertaken
a thorough study based on characterising spectral subspaces which has allowed them to
prove that a large class of finite-rank perturbations of diagonalizable normal operators
are decomposable operators in the sense of Colojoard and Foiag [3]. As a consequence,
every operator T in such a class has a rich spectral structure and plenty of non-trivial
closed hyperinvariant subspaces, which extends all the previously known results on such
question claimed as a stubbornly intractable problem in [7].

Nevertheless, the character of the finiteness rank of the compact operator plays a
fundamental role in the aforementioned study. Indeed, studying the existence of invariant
subspaces or the decomposability of perturbations of normal operators, even of hermitian
operators, by general compact operators is an old problem. Livsi¢ solved the existence
problem for nuclear perturbations of self-adjoint operators, Sahnovic¢ for Hilbert-Schmidt
perturbations, and Gohberg and Krein, Macaev, and Schwartz for perturbations with
compacts belonging to the Schatten von Neumann class C,, 1 < p < oo (see [5] for more
on the subject). In the setting of compact perturbations of normal operators N, if the
spectrum of N lies on a C? Jordan curve v, Radjabalipour and H. Radjavi [20] showed
that the linear bounded operator T'= N + K where K is a compact operator belonging
to Cp, 1 < p < 00, is decomposable if and only if the spectrum o(T") does not fill the
interior of 7 (see also [19]).

But, in 1977 Herrero [14] proved that not every compact perturbation of a unitary
operator is decomposable. So not every compact perturbation of a normal operator with
a spectrum lying on a C? Jordan curve is decomposable, and the situation becomes even
more hopeless if no assumption on the spectrum is required.

In this framework, the aim of this work is studying trace-class perturbations of diago-
nalizable normal operators (A +C;) acting on a separable, infinite dimensional complex
Hilbert space H from the standpoint of view of the existence of invariant subspaces. In-
deed, we will prove that there exists a large subclass (N +Cj)ps having non-trivial closed
hyperinvariant subspaces, namely, each T' € (N + C1)ps has non-trivial closed invariant
subspaces which are also invariant for every operator in its commutant {T'}. Moreover,
for those T' € (N + C1)ps such that the point spectrum of both T  and its adjoint T* is
at most countable, we will show that they do have more structure regarding invariant
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subspaces, namely, they are decomposable operators. Recall that a bounded linear ope-
rator T on H is decomposable if splitting the spectrum o(T') provides a decomposition
of H in terms of invariant subspaces. More precisely, if for every open cover {U, V'} of C
there exist two closed invariant subspaces Hi, Ho C H such that

o(T|a,) €U and o(T|a,) €V,

and H = H; + Hs. Here o
invariant subspace H;, i = 1,2. It is worthy to point out that the sum decomposition

1;) denotes the spectrum of the restriction of 7' to the

is, in general, not direct, nor are the spectra of the restrictions necessarily disjoint.
Decomposable operators were introduced by Foiag [6] in the sixties as a generalization of
spectral operators in the sense of Dunford [5] and Foiag’ original definition was somewhat
more technical, but equivalent to the one set down here (see [16] for more on the subject).

In order to state our main result, let H be a separable, infinite dimensional complex
Hilbert space and € = {e;, },,>1 an (ordered) orthonormal basis of H fixed.

If A= {\,}n>1 is any bounded sequence in the complex plane C, let D, denote the
diagonal operator with respect to £ associated to A, namely,

Dpe, = \pen, (n>1).

For k > 1, let ux and vg non zero vectors in H and let us denote their Fourier coefficients
with respect to £ as

i Jen, = iﬁ,ﬁk)en (k>1).
n=1 n=1

Our main theorem in this work reads as follows:

Main Theorem. Let H be a separable, infinite dimensional complex Hilbert space, A =
{An}tn>1 C C a bounded sequence and {ug}r>1, {vk tk>1 non zero vectors in H. Assume

1
Z |2 10g (1 + W) + Z 1882 1og (1 + | k)|> < 00, (1.1)
(

(n,k)EN, n n,k)EN,

where Ny :={(n,k) € N x N : ol £ 0} and N, := {(n,k) € N x N : 8{¥) £ 0}. Then,
the trace-class perturbation of Dy, T = Dp + Y 7, ux @ vi, acting on H by

o0 o0
Ty = (DA+Zuk®vk> x:DAx—l—Z(x,kak, (x € H), (1.2)

k=1 k=1

has non trivial closed hyperinvariant subspaces provided that it is not a scalar multiple
of the identity operator. Moreover, if both point spectrum o,(T) and o,(T*) are at most
countable, T is decomposable.
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Before proceeding further, a couple of comments are in order. Firstly, condition (1.1)
implies that

i (102 + 18P) < o0 (1.3)

1k=1

M8

n

and

1
Z |Oé£’Lk)2]‘Og<T)|>+ Z |57(Lk)|210g<
(077

(n,k)EN, (n,k)EN,

|Br(lk)|> < 00. (1.4)

In particular, (1.3) yields that Zi‘;l(HukHQ + ||uk]|?) < oo, so the compact operator
K= 21?;1 ui @y, is trace-class. Secondly, trace-class perturbations of normal operators
whose eigenvectors span H are unitarily equivalent to those expressed by (1.2).

Remark 1.1. It should be noted that the condition (1.1) is slightly different to the one
imposed in [12,13]. This modification is necessary to ensure the validity of both (1.3) and
(1.4). An equivalent condition for obtaining these summability properties is to assume
(1.4) and furthermore to suppose that there exist finite subsets 9,9, C N x N such
that

sup o] <1, sup 1B < 1.
(n,k)e(NxN)\N, (n,k)e(NxN)\M,

As it was aforementioned, the main theorem of this work extends the results in [7-10,
12,13]. In particular, in the rank-one perturbation case, if T'= Dj +u1 ® vy is non-scalar,
the summability condition (1.1) along with authors’ contributions yields, in particular,
that T has non trivial closed hyperinvariant subspaces as far as

D (oD P+ 18019 < oo
n=1

for every (p,q) € (0,2] x (0,2]\ {(2,7),(r,2) : r € (1,2]} being, indeed, decomposable
whenever the point spectrum of 7' and T™* are, at most, denumerable (see Fig. 1). More-
over, in the infinite-rank perturbation case, it comprises the results by Klaja [15] and
Theorem 1.2 of Albretch and Chevreau [2].

Before closing this introductory section, we outline the strategy in order to prove our
main theorem, pointing out the main differences with the previously aforementioned re-
sults. As in the finite-rank case, the proof relies on the construction of a family of spectral
idempotents associated to the operator T'= Dy + Ziozl u, ® vy, that is, idempotents J
belonging to the bicommutant of T" such that their ranges are spectral subspaces of T'.
These ranges will be the non-trivial closed hyperinvariant subspaces for 7. Moreover, we
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1 2

Fig. 1. Decomposability in the rank-one perturbation case.

will be able to construct a sufficiently rich Boolean algebra of such spectral idempotents,
which will provide the decomposability as in [9].

Accordingly, our main efforts are addressed to the construction of such operators and
for such a task, we will make use of the so-called unconventional Dunford functional
calculus, but with substantial modifications.

The unconventional functional calculus was explicitly stated in [10] and used in [15,2]
to provide non-trivial closed hyperinvariant subspaces and decomposability for certain
compact perturbations of diagonalizable normal operators, as we already pointed out.
The main idea consists of considering piecewise-differentiable closed curves v C C inter-
secting the spectrum o(T") and defining a right-inverse R(z) of (T' — zI) for every z € 7.
This inverse turns out to be of the form

R(z) = (Dp — 2I)7' + K(2),

where K(z) is a compact operator for each z € 7. In general, (Dy — 2I)~! may be
unbounded, so R(z) would be unbounded as well. Nevertheless, the operator R(z) can
be integrated along the curve v, due to the Borel functional calculus for normal operators
(see [15, Proposition 2.6]). Hence, the spectral idempotents (or other kind of operators
with equivalent properties) are obtained as the operators defined via

1
v

Our approach will also rely on integrating expressions of the kind (D — 2I)~! + K (2)
throughout a curve (see (4.1)), but under the assumptions of summability (1.1) the
operator K (z) may not even be well defined for those z € v N o(T). Thus, we will
consider a formal right inverse of (T' — zI) and integrate it along a curve v which will
allow us to obtain bounded operators J (see Theorem 4.1) and which will turn out to
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be spectral idempotents (Theorem 4.5). The proof of this latter fact will be carried out
through Section 4, for which a characterization of the spectral subspaces associated to
T will be needed (Theorem 2.2).

Integrating formal right inverses of (T — zI) already appeared implicitly in the au-
thors’ work [13] (tracing back to [11, Theorem 6.7]) in connection with the existence of
spectral idempotents for finite rank perturbations of diagonalizable normal operators.
Nevertheless, in such a context, the definition of the spectral idempotents relies heavily
on finite-dimensional linear algebra since it deals with the determinant and cofactors of
a certain matrix My associated to the operator (see [13, Lemma 4.5 and Definition 4.8]).
Moreover, the expression of the determinant via the associated cofactors plays a decisive
role in the construction.

For trace class perturbations of normal operators, the finite-dimensional linear algebra
does not apply anymore and the tools coming from Fredholm theory of determinants seem
not to be suitable to face the problem. Accordingly, the construction of the idempotents
in this setting will depend on the invertibility of an auxiliary operator I + Y (2)X (z),
which plays a role similar to that of the matrix My along the curve ~. In addition, the
properties of continuity of the map 2z € v — (I + Y (2)X(z))~! will allow us to obtain
bounds of conditionally-convergent series and an inversion formula (Theorem 3.6) that
will be fundamental to obtain the desired properties for the operators J. The construction
of the operator I + Y (2)X(z) and the study of its properties will be carried out in
Section 3.

2. Preliminaries

In this section, we recall some preliminaries and prove a characterization of the spectral
subspaces associated to closed sets of the complex plane for trace-class perturbations of
diagonalizable normal along the lines of [11, Theorem 2.1].

Throughout this work, H denotes an infinite dimensional separable complex Hilbert
space, L(H) the Banach algebra of all bounded linear operators on H and € = {e;, },>1
an (ordered) orthonormal basis of H fixed.

Recall that compact operator K € L(H) belongs to the Schatten class C, with 1 <
p < oo if

> an(K)P < o,
n=1

where a,(K) denotes the singular values of K, namely, eigenvalues of the hermitian
operator | K| := v K*K Indeed, for every 1 < p < oo, the norm

00 1/p
1Kl (z anw) .
n=1
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makes each Schatten class Cp, a closed ideal of operators of L(H).

For p = 1, || [|¢, is the trace-class norm and K is trace-class if there exist two or-
thogonal sequences {z;} and {y;} in H and positive real numbers {);};>; in ¢! such
that

o0
x—T(x) = Z)‘i (z,xi)y;,, VYreH,
i=1

where {)\;};>1 are the singular values of K, with each value repeated as often as its
multiplicity.

As we mentioned in the introduction, the proof of the Main Theorem will be carried
out by constructing a sufficiently rich family of spectral idempotents of the operator T,
that is, idempotents with spectral subspaces ranges. Spectral subspaces play an important
role in order to produce non-trivial closed hyperinvariant subspaces and to introduce
them, let us recall a few relevant notions from Local Spectral Theory (we refer to the
monograph [16] for more on the subject).

A linear bounded operator T in H has the single-valued extension property (SVEP)
if for every connected open set G C C and every analytic function f : G — X such that
(T —A)f(A\) =0on G, one has f =0 on G. Note that every operator T" such that the
point spectrum o, (7") has empty interior has the SVEP.

When T has the SVEP and = € H, is possible to define the local resolvent pr(x) of
T at x as the union of all open sets U C C such that there exists a unique vector-valued
holomorphic function f, : U — H satisfying

(T—z2D)f.(2)=2 (z€U). (2.1)

The analytic extension of f, to pr(x) is called local resolvent function of T at . Likewise,
the complement of pr(x) is called the local spectrum of T at x:

or(z) = C\ pr(z).

Among many other properties, the local spectrum always satisfies that or(x) C o(T)
for every x € X and o7 (0) = 0.

The concept of local spectrum allows to define the local spectral subspaces of an ope-
rator. Given a subset (2 C C, the local spectral subspace of T" associated to (2 is

Hr(Q) ={z € H: or(z) C Q).

If Q; C Qg then Hr(Qq) C Hr(Q2) and Hr () = Hr(QNo(T)). It is worthy to note
that Hp () is a linear manifold that is hyperinvariant for T but not necessarily closed
even for closed subsets (see [1, Chapter 2| for instance).

We are in position to define the spectral idempotents of an operator, introduced in
[9] in connection with the study of decomposability.
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Definition 2.1. Given T' € L(H), an idempotent operator J € L(H) is said to be a
spectral idempotent for 7" if:

(1) J belongs to the bicommutant of T, that is J € {T'}".
2) The range of J is the spectral subspace associated to o(T|.an()), that is,
[ran(J)

ran(J) = HT(U(ﬂran(J)))'
In such a case, J is denoted by Jr(o), where o = U(T\ran(J))‘

With this definition at hands, we proceed to prove a characterization of certain
spectral subspaces associated to T which will be useful to define particular spectral idem-
potents. In order to state it, we introduce the following notation. Given A = (\,) C C
any sequence and A C C, N4 will stand for the set of positive integers:

NA:{’I’LEN:/\TLEAQA}.

In addition, given an open set U, a holomorphic map g on U and w € U, we define

9(z)—g(w)
OCES B

Observe that I'(g)(z,w) is continuous in U x U and for every w € U, the map z
I'(g)(#,w) is holomorphic in U.

Theorem 2.2. Let A = {\,}n>1 C C be a bounded sequence and u, = > -, a%k)en,
vE =Yoo B en, k > 1, non-zero vectors in H such that SO (ul P + [ow]]?) < oo.
Suppose that T = Dp + Y po; up @y € L(H) is a non-scalar operator having the SVEP
and F C C a closed set such that o(T)NF # 0. A vector x € H belongs to the spectral
subspace Hyp(F) if and only if there exist a sequence {gx }r>1 of unique analytic functions
defined on F° = C \ F satisfying:

(i) If x =37 | xne,, then

k=1

for every n € Npe.
(i) The function

ceF s Y ( r<gk><z,xn>a;’“>> n
1

nENgec k=

is a vector valued analytic function on F°.
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(iii) For each k € N, the identity

(k) (k) p(k)
TnSBn an’ B
> =(2) | D +1
nENFg /\n -z neENfg An 7
- 2)( N%MZA>W05W
nENpe m=1

n — %

(m) (k)
gm(2)an  Br
+ D 5

nENp \m#k

holds for every z € F°.
(iv) The series

>

oo
D gi(2)ay
k=1

is finite for every z € F°.

In such a case, the unique local resolvent function of T at x is given by

f(2)= > = Z; 19:(2)a en+ > ZF gz )aPe,, (2 € F).

n— 2
neNp nENpc k=1

The proof of Theorem 2.2 is based on that of Theorem 2.1 in [11] with suitable

modifications. We detail it for the sake of completeness.

Proof. Let us start by proving that the conditions (i) — (iv) are necessary. Let x € Hp(F)
be fixed. Since T has the SVEP, there exists an unique vector-valued analytic function

fz : F¢ — H such that
(T = 2D)fu(z) =@

for every z € F°. Now,

(T — 2I)fo(2) = (Da = 2D fu(2) + > _(fa

k=1

We define

gr(2) = (fa(2),08), (2 € F)

(2.2)
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for each k € N. Obviously, g is an analytic function in F'¢. Moreover, since f, unique,
it follows that the functions g are unique for each k € N. Now, write

fa:,n(z) = <fﬂc(z)’ en>'

From (2.2) it follows

( fwn +ng (k):xn

for every n € N and z € F*. Then, for every n € Np,

oo

Z gk(An)ast) = Tn,

k=1

what proves (7).
To show (i), equation (2.2) along with (7) yields that

for every n € Npc and z € F¢. On the other hand, for every n € Np

— 0 gk(z)a”

fan(z) = =L

for every z € F¢. Accordingly,

fa(z) = Z _Z/\k 1 9k (2)a en + Z ZF ) (2, A\n) (2.3)

n — %
neNp nENpc k=1

Observe that the map

z€F¢— Z (Zng )(z, An) ”)

neENpec

is just the orthogonal projection of f, onto span {e, : n € Npc}, so the analyticity of f,
yields that condition (47) holds.

To prove (#ii), it suffices to recall that gi(z) = (fz(2), vk) for each k € N and use the
expression (2.3) to deduce the equations.

Finally, in order to show (iv), let z € F°. By recalling that gi(z) = (fz(2),vx) and
upon applying twice the Cauchy-Scwartz inequality we obtain
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2 oo oo
< E g gk (= E |afP|?

a;m?) (z <fx<z>,vk>|2)
n=1k=1 k=1

< ZIIuHQ) (IIfx(Z)IIQZIIUkHQ)
k=1

I
M
b_ﬂg

which shows (iv).

In order to prove the sufficiency, let us assume that there exists a sequence {gi }r>1
of analytic functions on F¢ satisfying (4), (it), (ié¢) and (iv) and show that x € Hp(F).
Let us define

Y a’gl
folz)= > = Zflg’“() ent Y. ngk (z,A)aPe, (2 € FO).

—Z
neNp nENpe k=1

Observe that, by (i¢) and (iv), f, is analytic on F°. Moreover, by (iii), it follows that

(fo(2),v) = gi(2) for every z € F°.
Let us prove that

(T 2D fo(z) =2

for every z € F°. First, we observe that for every z € F°\ {\, : n € F°}
(T_Zl)fw( ) (DA_wa +ng

=Y (@ ng Nen+ > ng (2)alPe,

neNp n€ENpc k=1

+ ng(z)uk
k=1
=z — Z ng(z)aglk)en + ng(z)uk. (2.4)
n=1k=1 k=1

Now, condition (iv) implies that

=S ge(z)alM)e,
n=1 k=1
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converges in norm for every z € F¢\ {\, : n € F°}. In addition, >~ ; gx(z)uy converges
for every z € F¢\ {\, : n € F°} due to the boundedness of the operator > -, uy ® v
and the equality (f;(2),vk) = gr(z). The equality (G(2),en) = (O gr(2)uk, €n) for
every z € F¢\ {\, : n € F¢} and n € N shows that

2) =Y gr(z)un
k=1

for every z € F°\ {\, : n € F°}. This along with (2.4), yields that (T'— zI) f;(z) = « for
every z € F¢\ {\,, : n € Npc}. Since {\,, : n € Np<} is countable, the Identity Theorem
yields that (T — zI) f,(2) = x for every z € F°, as we wish to show. O

Remark 2.3. It is important to note that the hypothesis 2120:1(”1%”2 + ||ox][*) < o0 in
Theorem 2.2 is only required to demonstrate the necessity of the condition (iv). Clearly,
this summability hypothesis implies, in particular, that the operator K =Y 72 | ux ® vy,
is trace class. Indeed, in the absence of this hypothesis, conditions (i) — (iv) suffice to
establish that € Hp(F'), independent of any further convergence assumptions on the
norms of ug and vg, apart from the boundedness of the operator K.

We close this section with a generalization of [12, Lemma 2.2] in the setting of doubly
indexed series:

Lemma 2.4. Let A = {A\,}n>1 be a bounded sequence of complex numbers and let
{a;k)}nZLkZl be a doubly indexed sequence of complex numbers satisfying

1
g la®)2log [ 1+ —— | < o0 (2.5)
’ o]

(n,k)eEN. n

where N, = {(n,k) € N x N : alf) £ 0}. Then, for almost every x € R,

oo o0 |a
ZZ _X|<oo.

The proof is similar to that of [15, Lemma 3.1] in which [10, Lemma 2.1] is generalized.

[1
The same ideas work to extend [12, Lemma 2.2] to this setting, taking into account that

o0 o0 1

S : (k)2 (k)2 i

(2.5) implies that both series Z Z |y |2 and Z | |* log < ® ) are finite,
n=1 k=1 (n,k)EN, |a’ﬂ |

so we omit the proof for the sake of brevity.

3. Decomposability set and auxiliary operators

In this section, we prove those key results which will allow us to define the spectral
idempotents associated to the trace-class perturbations of diagonalizable normal opera-
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tors covered by the Main Theorem. We start introducing the decomposability set of such
perturbations.

Definition 3.1. Let A = {\,},>1 C C be a bounded sequence not lying in any vertical
line and such that the set of accumulation points A’ is not a singleton and denote by

a = min Re(z) b = max Re(z).
zEA zeN
Let {ux}r>1 and {vg}r>1 be non zero vectors in H satisfying (1.1) and assume that
the trace-class perturbation T' = Dp + > ;- | u, @ vy, acting on H satisfies that o, (7") U
op(T™*) is at most countable. The decomposability set of T' consists of those real numbers
satisfying:

8

(1) { (@,5) \ Re(0p(T) Uop (1) : 3 ( s 185 ) }
A(T) =<x € (a,b) \ Re(op(T) Uop(T)) : n + " < ooy,
PO 2 20\ Re(hn) —x]  [Re(hn) — ]

Remark 3.2. Note that the assumption that the sequence A does not lie in a vertical line

k

is not a restriction in the class of operators considered, since it can be achieved by a
rotation. It is included in order that a < b.

Before going further, observe that A(T) is non-empty, and even more, it contains
almost every point of (a,b) as a consequence of Lemma 2.4. Likewise, it is clear that the
decomposability set of T' does not contain the real part of any eigenvalue of Dy, T or
T*.

To avoid some technicalities, we will make the following assumption in the rest of the
manuscript, using the notation introduced in the Main Theorem.

(x) Assumption: We suppose that both o(Dp) = A and o(T) are contained in the unit disc D.

Note that multiplying by some appropriate complex number the assumption is achiev-
able and harmless regarding the existence of non-trivial closed hyperinvariant subspaces.
Likewise, it does not affect to the existence of non trivial spectral idempotents in the
bicommutant of T'.

Now, as in [13], given x in the real decomposability set we consider the positively
oriented curves

V)jZZKXUA;:—v %:ZZZXUA;u
where
by :={z €D :Re(z) =x},

and
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Af = {e” € T : Re(e”) > x}, A :={e" € T : Re(e') < x}.

Here T denotes the unit circle. Observe that, by definition, 7,5 and v, are piecewise
differentiable curves that do not intersect the sequence A and the point spectra o, (T)
and o, (T™*).

Let us denote by

Ff=int(y), F :=int(yy),

where int(;5) and int(vy¢ ) stand for the set of points in C with index 1 with respect to
the closed Jordan curve 7, or v, respectively.

In order to define particular square roots of bounded diagonal operators, we fix the
square root in C \ {0}:

z€C\ {0} — 2= |z|1/26iarg(2)/2

where arg(z) € [—m,m). It is important to remark that this is not a continuous branch of

the square root, as there are no branches of the square root that are continuous in such

a domain. Nevertheless, the chosen square root is well defined as a function in C \ {0}.
Having in mind that Dy = Y7 A\pe, ® e, € L(H), we denote

(Dp — 2D)Y? Z 2)Y2%, @ e, for z € C\ A, (3.1)
- 1

(Dp — 21)~Y/? ;:Zmen@)en for z € C\ A. (3.2)
n=1 no

Observe that (D — 2I)'/? is a well defined bounded operator for every z € C \ A, while
(Dp — 2I)~'/? is bounded if z ¢ A, and it is well-defined but unbounded if z € A\ A.

We are in position to introduce the infinite-dimensional counterpart of those operators
considered by Fang and Xia in the proof of [10, Lemma 3.1].

Proposition 3.3. Let A = {\,},>1 C C be a bounded sequence not lying in any vertical
line such that A" is not a singleton and {uy}r>1 and {vg}r>1 non zero vectors in H
satisfying (1.1). Assume that the trace-class perturbation T = Dy+Y 2~ | ur®uvy, satisfies
both 0(Dy) = A and o(T) are contained in D. For each x € A(T) the operators

(D — 2I) 720, @ ey, for z € vF;

WE

XT(z) =

=~
Il
-

YH(2) = ex @ (Dy —2)" o, forzeny],
k=1
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are well-defined bounded operators in H. The analogous statement holds for v .

Proof. Let us fix x € A(T) and z € v = £, U A and prove the result for X (z). The
proof for Y¥(2) is similar arguing with the adjoint operator Y+ (2)*.

First, let us show that (Dj — zI)’l/zuk belong to H for every k > 1. Since A C D,
the operator (Dy — zI)~'/? is bounded whenever z € A}, so (Dy — 2I)~"/?u;, € H.

Accordingly, the real task is when z € /¢ and in such a case, having in mind that
e N A =), we note that

12, 2 0 |O¢(k)‘2 © ‘a(k)‘z
Dy — 21 H - n oot T 3.4
H( n==D” ;|)\n—z|_;\f{e( An) — X| > (34)

s0 (D — 2I)~'?uy, € H as well for every k > 1.
Now, we deal with the operator X+ (z). As before, if z € A the proof is obvious, so
let us assume z € 4. If 2 = >°°°  x,e, € H, applying Cauchy-Schwarz inequality, we

have
) % % al® 2
IXF (@)l = || wu(Da — 20 P (Zxk 1/2) €n
k=1 =1 \Uoz
W Ian
- Z Zxk 2)1/2 < e ZZ Re(A) — x|’
n=1 k=1 =1k=1

which is finite since x belongs to the decomposability set A(T'). As a consequence, X ()
is a well-defined bounded operator in H, which concludes the proof O

A word about notation. For the sake of simplicity, throughout the rest of text we will
state most of the results only for the curves v and denote the operators in (3.3) by
X (z) and Y (z), respectively. Clearly all the results will also hold when the curves -y,
are considered.

Our next goal is proving that I + X (2)Y(z) and I +Y (2)X (z) are invertible for every
z € 7. For such a purpose, we recall that two operators T, S € L(H) are said to be
quasisimilar if there exist operators A, B € L(H) such that TA = AS and BT = SB
and their kernels satisfy

ker A = ker A* = ker B = ker B* = {0}.

In this case, the operators A, B are called quasiaffinities. It is worthy to note that if T
and S are quasisimilar, 0,(T") = 0,(5).
Next lemma is a generalization of [7, Theorem 2.5] and [12, Theorem 4.8].

Lemma 3.4. Under the hypotheses of Proposition 5.3, let x € A(T) and £ € v&. Then,
the linear bounded operators T — &I and
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oo
—1/2 1/2
T =(Dxn—&D)+ Y ((Da— &)~ up) @ (Da — £1)1?) vy,
k=1

are quasisimilar.

The proof follows the same lines of that of [12, Theorem 4.8], and we include it for
the sake of completeness.

Proof. Note that both operators (Dy — &I)Y/2 and T — €1 = (Da — £1) + Y00, up @ vy,
are quasiaffinities, since the curves 7, and v, do not contain any eigenvalue of Dy, T
or T*. Now, define

U = (Dy — 1) Y2(T —¢1)

and observe that it is also a quasiaffinity. Since, (T — ¢I) = (Dp — &1)Y2U and T =
U(Dy — £1)Y?, we deduce

(T = €1)(Da — €1)"/2 = (Da — €)'
Finally, U(T — £I) = U(Dy — £I)Y/2U = TU, and the statement follows. O
We are in position to state a first step to approach the proof of the Main Theorem.

Theorem 3.5. Under the hypotheses of Proposition 3.3, if x is in the decomposability set
A(T) and z € v, the operators

I+X(2)Y(2), I+Y(2)X(2)
are invertible in H.

Proof. Let x € A(T) and z € v = x U A be fixed. First, note that
Z DA—ZI 1/2uk®(DA—zI)71/2)*vk.
k=1

Observe that if z lies in the segment /x

| e
k=1

‘2> 1/2

< (ZH(DA 721)71/21%“ ) <ZH(DAZI)1/2)*W
k=1 k=1
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(St (ESear)

k=1n=1 k=1n=1

< 00,

and, accordingly, X (2)Y (z) is a trace-class operator.

On the other hand, having in mind that (Dj — 2I)~'/2 is uniformly bounded when
z € A} and that the operator K = Y, ui @ vy, is trace-class, it follows that X ()Y (z)
is as well trace class whenever z € AJ. Consequently X (2)Y (z) is a trace class operator,
and hence compact.

In order to prove that I + X(z)Y(z) is invertible, let us argue by contradiction.
Assume that I + X (2)Y(2) is not invertible. Hence, by compactness, it follows that
-1 € 0,(X(2)Y(2)) and —1 € 0,((X(2)Y (2))*). That is, there exists h € H \ {0} such
that

h+ (X(2)Y(2))"h = 0.

Applying (Dp — zI)*, we deduce that

(Dp — 2I)*h + (Z((DA — 2D)Y?) %0, @ (Dp — 21)1/2uk> h=0.

k=1

Then, 0 is an eigenvalue of the operator
S = (Dp—=I)* +Z DY 0, @ (Da — 20) ™Y 2,
k=1

By Lemma 3.4, it follows that T'— 21 is quasisimilar to S*, so T* — ZI is quasisimilar to
S. Finally, Z is an eigenvalue of 7™, which is a contradiction.

Hence, I + X (2)Y (z) is invertible, which deals with the first statement of the Theo-
rem 3.5.

Nevertheless, from here the invertibility of I+Y (2) X (z) is just a standard fact (see [4,
p. 199]) since the operator I —Y (2)(I+ X (2)Y (2)) "1 X (2) is an inverse for I +Y (2) X (2).
This concludes the proof. O

As a consequence of Theorem 3.5, we observe that if x € A(T) and z € 77 we may
write

(I+Y(2)X ZZ&W z)e; @ e; (3.5)

1=15=1

where

aij(2) = (I +Y(2)X(2) "ej, €).- (3.6)
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Our next step consists of relating the coefficients a; j(z), by means of a functional
equation, to the operator T' = Dy + ZZ.;1 ur ® v which allows us to construct the
idempotents announced in the outline of the proof in introductory section. For such a
purpose, we recall in this setting the Borel series associated to T', that is, the series
defined by

& ()5
Z ((i.5) € N x N) (3.7)

for those z € C such that the series converges. It is worthy to remark that fT defines
an analytic function in C \A7 and played a fundamental role in the existence of the
invariant subspaces in the finite-rank perturbation case (see the works [11-13]).

Next theorem is the main result of this section, and the key of the construction of the
idempotents to prove the Main Theorem.

Theorem 3.6. Under the hypotheses of Proposition 3.3, let x € A(T) and z € v . There
exists a positive constant Cf > 0, independent of z, such that for everyx = > | xpe, €
H

) ‘ ijai,j(z)f < G el (3.8)

i=1 j=1

Moreover, for each n € N

ZZ%% )(Grom + £ (2)) = @, (3.9)

k=1 j=1
where 0, =1 if n =k and 0 otherwise.
In order to prove Theorem 3.6, the following fact is required:
Proposition 3.7. Under the hypotheses of Proposition 3.3, for each x € A(T) the map
zert = (I+Y(2)X(2)™ e £(H)
is continuous in the norm topology of L(H).
Proof. Let x € A(T) be fixed. Since I + Y (z)X(z) is invertible for every z € v (Theo-
rem 3.5), and taking inverses is continuous in the topology of L(H), it suffices to prove

that the map

z €T = Y(2)X(2) € L(H)
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is continuous.
For every z € v = ¢, U A, it is easy to check that

Y(2)X(2) =YY A (2)en @ ex.
n=1k=1

If z€ g and z =)~ | xye, € H, upon applying Cauchy-Schwarz inequality twice we
deduce that

1Y ()X ()] =)

) 0o 00 ) |Oé(-k)‘2 00 |5(”)|2
J J
< [lll EE:EZ §:|A — §:|A»—-d
n=1k=1 \j=1"'" j=1 179
co 0o (k)2 oo 00 (n)2
. 2 |aj | |5j |
e (S L) (N
k=14=1'"7 n=1j=1 "7
0o oo o (k)|2 0o 0o W(”)\Q
< ||=|)” |,
35w (5w

which is finite since x belongs to the decomposability set A(T).
On the other hand, if z € AF, denoting d := dist(T,A) > 0 and applying the same
arguments, we deduce that

1 o0 oo X o) %) .
YEXEI <5 (X1 ) [ D 1877 ) .
k=1 =1 ne1 j=1

which is also finite.
Note that, as a consequence of the previous estimates, the finite-rank operators

N N
:ZZf(kn €n®€k
n=1 k=1

converge uniformly on v to Y (-)X(-). Accordingly, it suffices to show that for each
N € N the maps
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z € = Un(2)
are continuous, or equivalently, that the maps
zeqf e () ec
are continuous for every k,n € N. But taking into account that

(k) ) - )2 V2 B

* a8 ,
DN e R U1 e e B P i w e

e (e . 1
J J
>[5 | < gl

for every z € Af, it follows that each Borel series f (k,m) converges uniformly on ~;", so

X 7

they define continuous functions on 7. This concludes the proof. O
Finally, we are in position of proving Theorem 3.6.

Proof of Theorem 3.6. Let x € A(T) fixed and z € ~. To prove (3.8), having in mind
the expression of a; ;(z) given by (3.5), we note that for each x = > >~ | z,e, € H,

2
1T+ Y ()X (2)" 2| |* = P DIERON I :Z\Z a2 ’ (3.10)

Now the map 2z € v — (I +Y(2)X(2))~* € L(H) is continuous by Proposition 3.7, so
the compactness of ;" yields that there exists C7 > 0 such that

IT+Y()X() | <o
for every z € ;. This along with (3.10) yields
> wjais)| < el
7

which is (3.8).
Finally, let us prove that (3.9) holds. Fix z € v, and note that

I+Y(z ZZCSknJrf(kn)( ))en ® eg.
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If z = Zzozl Tnen, € H, a computation shows

anen = ([ +Y (X)) +Y(2)X(2) 'z

I +Y()X(2) | D | D wiaig(=) | e

i=1 \j=1
o0
:Z (5kn+f(kn) <Z Z%am €i,6k>€n
i=1 Jj=1

M 1
M T

(Bn + 117 (20) D 50 (2)e

n=1k=1
=3[0 v (2)@m + 157 2) | en.
n=1 \k=1j=1

Matching the n-th Fourier coefficients for n € N, (3.9) follows and the proof of the
Theorem 3.6 is finished. O

4. Spectral idempotents: the key ingredient

In this section we introduce a family of non-trivial idempotents in the bicommutant
{T}" such that their ranges are spectral subspaces for T.

Theorem 4.1. Let A = {\,},>1 C C be a bounded sequence not lying in any vertical
line such that A’ is not a singleton and {ug}tr>1 and {vy}r>1 are non zero vectors in
H satisfying (1.1). Assume that the trace-class perturbation T = Dx + > po; ug ® v
satisfies that both o(Dp) = A and o(T) are contained in D. Let x € A(T) and X(-),

Y (-) the operators defined on 7 given in (3.3) and write

(I+Y() Zzai,j(’)ei®€j~

Then the operator

| / PO v (Zf,f:l Wﬂk,m(@) g | a®e,.  (a1)

)\n_§
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where x = Z:;o:l Tnen, € H, is well-defined and bounded in H.

As we mentioned in Section 3, for the sake of simplicity, we will deal with the curves
v and the analogous results will also hold when the curves v, are considered.

Proof. It is obvious that the map x = Y o zne, € H — > Tpen is bounded,

neN
so our task is dealing with the second summand of (4.1). Namely, the goal is finding a
bound for

o | oo $° J (m)
d — de | P 4.2
Y - : (12
which is, clearly, less than or equal to

Bk (€)]

00 0o oo ‘Z: j
2 ZE}“[ 3 —&Pn ¢l
x

(4.3)

n=1 \ k=1 j=1

Now, we apply the Cauchy-Schwarz inequality twice, first under the integral sign and
then to series indexed in k& > 1, having that (4.3) is less than or equal to

00 (m) ? v v 2
f: iimﬂ / ‘Zm:l Bj ak,m(f)) dé| /|d4§ glk) <
2|2 N — €2 |An —&|?
i o’
’ : 9 1/2)?
= zmlﬁm%m@ﬂ =1 |de] .
x o) 1) (/e
3] pa ol / e ]
_ T
which is equal to
1/2
oo | oo ‘Z;’le j( )ak,m(ﬁ) i = |d¢| ) |?
Yl | [ >3 el
pe ot n=1k=1",
i o
> (I1)
(4.4)

First, we focus our attention on (II) in (4.4). As it is shown in the proof of [13,
Theorem 2.8], there exists a constant C' > 0 such that
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|d€]| C
< . .
55 < e (45)
o
Thus,
2 gl 1w & Jalp
<
S5 [t e <oy ms
=1 k‘:l’y’j, n=1k=1

which converges since x € A(T).
Now, let us bound the factor (I) in (4.4). Upon applying the Cauchy-Schwarz inequal-
ity to the series indexed in j > 1, we obtain

‘2 1/2 2

|dé|

mw 5% B g ()
2|21 /’ e

k=1 |j=1

()

m= 1ﬁ( ™ g (€ )‘2

<WMZZ/E — e

kl]l

g 2
an/ammmfwk@ww’ o

where last equality follows as consequence of the Monotone Convergence Theorem.

At this point, we note that for each j > 1, the vector > ~_, Bj(-m)em € H, so by (3.8)
in Theorem 3.6, we deduce that

2

<o > pmP

m=1

Wak,m(g)

[eS) [eS)
=1|m=1

for every £ € v¢. This along with (4.5) yields that

S B m (€) o ww|
Z/k‘ = ‘%chzzﬁm

j=1m=1

which is finite, since x € A(T).
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Consequently, there exists a positive constant M > 0 given by

) oo 00 ,8(m| oo oo |O(£lk)|2
M = c2cy ZZ|Re — <sz, (4.7)

j=1m=1

such that

el < || Y anen|| + MY2lal| < 1+ M) |||,
nENFj

for € H, which proves the theorem. 0O

The next step consists of applying Theorem 2.2 to show that the ranges of J* are
contained in the spectral subspaces associated to the closed sets F:¥ for every x in the
decomposability set of T'. We state it for J:

Theorem 4.2. Under the hypotheses of Theorem 4.1, for each x € A(T)
ran(J) C Hp(F).

Proof. Let y = > 07, ynen, € H be fixed and denote = Jty. We will prove that
x € Hp(FJ) applying Theorem 2.2: note that T enjoys the SVEP (because o,(T) is
at most countable) and the series 22021(”“16”2 + [|vg|[?) is finite (as a consequence of
(1.1)). Accordingly, our task is defining holomorphic functions g : C\ F,t — C for k > 1
satisfying conditions (i) — (iv) of the aforementioned theorem.

For k > 1 let

gr(z) = ¢ (z€C\).

2mi

L e (o A akm(©)
/ =

o

We will show that g is a well-defined and holomorphic function in C \ Ff.
Fix K C C \ v a compact set and denote d = dist(K,~;") > 0. Observe that, for
every z € K, Cauchy-Schwarz inequality applied twice yields

51 [, B (€)
Z/ - ‘A = FET: P "df'
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Il S A )] "
= / Py — &P
1/2
< W oy [ 3037 /M'dg' , (4.8

j=1m=1

(111)

where £ := length(y;})'/? and the bound (3.8) of Theorem 3.6 has been applied in the
last inequality.
Finally, (4.5) yields that (III) is finite since x € A(T'), and hence the series in (4.8)

m= 16("" km(&)

Z/y] S P

converges uniformly in K. As a consequence, we have that

) S5 st (S A anm(©))

gk (2) T omi / L _¢ dg
Tx
_ - Yj Zfrj:l W%,m(ﬁ)
R o | Sy 4

for z € C\ ~y.

Since the series in the right hand side of (4.9) converges uniformly on compact subsets
of C \ vy, in order to prove that g, is holomorphic it would be enough to show that for
each 7 € N the map

S,
e C\ g 0—)/2 =1/, angg)df (4.10)

is holomorphic.
For such a task, fix j € N and define §8; := > ~°_, B;m)em € H. Observe that given
e,

2 B g (€) = (T + Y (©)X(€) ™ By en),

=1

which along with Proposition 3.7 yield that the map



26 E.A. Gallardo-Gutiérrez, F.J. Gonzdlez-Dotia / J. Funct. Anal. 289 (2025) 110903

221021 @ak,m (&)
OV IICEI)

fer —

is continuous for every z € C \ 74 .
Finally, for £ € v the map

1
C\nf — ——
z € \vxr—>z_€

is holomorphic, so for each j € N the map (4.10) is holomorphic and, hence, g is
holomorphic as well.

Now, let us show that for each k > 1 the function g meets the conditions (i) — (iv)
of Theorem 2.2. To prove (i), let n € Nj+. and note that

(x,en) = (JFy, en) ng Jall.

Thus, condition (i) is fulfilled.
In order to show (i), observe that for every z € C \ v{,n € N and z # )\, we have

-1 / Yitin e (Z:::lwak’"l@) de.

I'(gk) (2, An) = (z=8n — )

211
T

If h =377 hye, € H, we are required to prove that the map

(1 TR (S @)
zeC\yr e Y > o CETTs " de | o® h,

neN k=1
(Fehye v

(4.11)
is holomorphic. Since the map z € C \ 7" — I'(gx)(z, \n)ax ) s holomorphic for every
n € N+ and k € N, it suffices to show that the double series in (4.11) converges

uniformly on compact subsets of C \ ;.
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Fix K € C \ 7 a compact subset and denote d = dist(K,~; ). Note that

]S s (S B e ©)
Y Y| T g e

(Fhe &
| EEE Izm 15“" e <£>\
il d (k) hy,
2 1/2
o0 S B arm(€)
< i ZZZI%I/’ 15H>\ 7 ’|ds||a$f>| ,
n=1 k=1 j=1
(Iv)

where last inequality follows upon applying Cauchy-Schwarz inequality. But, observe
that (IV) looks like (4.3) (where y; plays the role of x;), and (4.3) was already shown to
be finite. Consequently, (i7) follows as well.

Now, let us prove condition (i4). Having into account that gi is holomorphic in C\ 74",
our task is proving that

Z ynﬁn = gr(2) — Z Zf(gg)(z, )‘n)o‘%)w’ (4.13)

nEN n=1 /=1

for each z € (F)¢ and k € N.
Now,

0o oo o - Zoo 5(m)aé m(&))
0 20 _ -1 = 5( =t 5
P(ge)(z, AnJan B = 30 3 2 / (z=8(n -8 dgos ) By (4.14)

n=1¢=1
wx*

MS

>

n=1

o~
Il
-

V)

for z € (F)¢ and k € N. But the series

SN et By 1t m(€)
ZZZ%I/M e & el 13

converges (analogously as (4.3)), so we can change the order of summation of n, ¢, j and
the integral in (V) (note that we are not changing the series indexed in m) and (4.14)
turns out to be:
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i if(gz)(z, An)al®gF)

n=1/¢=1
oy 0o 0o o(m) o a®pP)
1 S T (S A (©) T
2w (z—=¢) ¢
4
1 SR e B (S0 A an OO
" 2mi (z—¢) &
e
for each z € (F)¢ and k € N.
Hence, equality (4.13) turns into
Z ynw _ 1 PO /\in (Z;ozl 5§m)ak,m(§)) g +
An — 2 2mi z—£
YLENF+ +
% e
N 1 P A =PI (Zﬁ:l 5§m)az,m(f) %Z’k)(ﬁ))d
2mi (z=¢) ¢
e
1 R S (S0 5@+ £0©)
~omi -9 ¢
v
0o (k)
1 Z] 1 Aj 755
=5 Tdf, (4.15)
v

where the last equality follows upon applying Theorem 3.6, identity (3.9) with the vector

S B;m)em € H for each j € N.
So, proving identity (4.13) is equivalent to prove the identity:

RN DY v
neN+>‘"_Z 271 z—£

Fx o

de, (4.16)

for each z € (F7)¢ and k € N. At this point, we argue as in [13, p. 24] to check that
such equality holds.
Observe that

oo Yi (k) o)

2o %, 25 _ Sm [ de
[=EEE =l [ e -

1
'nyr 7 Txt
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for every z € (F,F)¢ since

yjﬁ““) *) |d¢|
Z/ 5|1l = Zw |/A i
9 1/2

[yl - / |dé| (k) (2
<—=— 1> | [ 5= 18"
. + L b
dist(z,7%") | = J IA; — €] J

being the latter series convergent because x belongs to the decomposability set.
Accordingly, proving (4.16) turns into showing

ynﬁn - ) 1 3
2 o= 2ub 2m/<xj—§><z—§>

nEN j=1
o

for each z € (F;")¢ and k € N, which holds upon applying Cauchy’s integral formula.
Thus, condition (#4) is fulfilled.
It remains to show that condition (iv) holds. That is, we have to prove that, for each
z € (FF)e,

>

ng(z)a(k)
k=1

So, let z € (F)¢. Having in mind (4.9), it follows that

- 2

= e 1 X e (X0 8 am(©)
| =2 = <Z_5 : aca)|
n=1 k=1 "/x+

(4.18)
which turns out to be equivalent to the series (4.2) considered in the proof of Theorem 4.1,

where z — £ plays the role of )\, — £. Hence, arguing analogously as in the proof of
Theorem 4.1 and taking into account that

S5 [ el < tengtho) 5 303 jalb <o,

n=1 k=1"/X+ n=1k=1

with d = dist(z,75) > 0, it follows that (4.18) holds.
Finally, Theorem 2.2 yields that z = J}y € Hp(F/), so ran(J) C Hr(F.), as we
wished to prove. O
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Now, the goal is proving that for almost every x in decomposability set the operators
J are spectral idempotents. The proof is based on the following two lemmas:

Lemma 4.3. Under the hypotheses of Theorem 4.1, for every x € A(T)
JE+J; = Idy.

Proof. Let x € A(T) be fixed. In order to prove J + J; = Idy, it is enough to show
that

(JF+J)en =en

for every N € N. Note that

(J,f%—J;)eN:eN%—ZZQL/ AN 52 iy —f akm(f)a;k)dgen, (4.19)

so let us show that the second summand in the right-hand side of (4.19) is zero. Arguing
as in (4.2) in the proof of Theorem 4.1, we can change the series indexed in n and k with
the integral and prove that

1 0o p(m)
ol / I Zm{,f I 0l () e =0 (4.20)

n=1k=1 —¢

for every N € N. For this purpose, the strategy will be finding the inverse of the operator
T —zI for z € T and applying an argument involving the Dunford Functional Calculus.
For each z € T, let B(z) be the operator

Z Zaw (Dy — 21" Yu; @ (D —21) ;. (4.21)

=1 5=1

Since A C D, it follows that (Dy — 2I)~/2 and (Dp — 2I)~" are well defined bounded
operators for every z € T and moreover, Proposition 3.3 yields that the operator

L(z) = X(2)(I +Y(2)X(2)) 'Y (2)
is bounded. Note that
L(z) =X(2)(I + Y (:)X()) 'Y (2)

S5 s (2)(Da — 1) Mg (D — )My, (4.22)

i=1 j=1
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s0 B(z) = (Dp — 2I)"Y2L(2)(Dp — 2I)~*/? and hence, a bounded operator.
Now, we claim that for each z € T

R(z) = (Dp — 2I)™' — B(2)

is the inverse of T'— zI. Note that for each z € T, the operator R(z) is bounded since
o(Dp) C D, so in order to prove the claim, it suffices to show that R(z) is the right
inverse of (T — zI).

Let z € T be fixed. Having in mind that (T —2I) = (Dj —2I)Y/2(I+ X (2)Y (2)) (D —
2I)Y/? and (4.22), we deduce

(T — zI)R(z)
= (T - 2I)((Dy — 2I)"" — B(2))
— (T — 2I) ((DA D)7 = (Dy — 2D V2L(2) (D — z[)*lﬂ)
(T — 2I)(Dy — zI) "2 (I — L(2)) (D — 2I)"'/?
(Dp — 2D)Y2(I + X (2)Y (2))(Da — 2D)Y?(Dp — 2I)7Y2 (I — L(2)) (Dy — 2I)"'/2
= (Da = 2D)'2(I + X (2)Y (2))(I = L(2))(Da — 21)7*/?
(Da = 2D)2(I + X (2)Y (2))(I = X(2)(I + Y (2)X(2)) 'Y (2)(Da — 21) V2.
At this point, it is enough to notice that (I + X(2)Y(2))™' = (I — X(2)(I +
Y(2)X(2))71Y (2)) (see, for instance, [4, p. 199]) to obtain that (T — zI)R(z) = Idg, as

claimed.
Now, by means of the Dunford functional calculus, we have that

[ ree =10y / (D — £1)"1dé = Idg,
T

27
T

SO
1
5 /B(g)dg =0. (4.23)
T

Having in mind (4.21), we observe that

oo 0o 1 oo (m)
T Al .ml 2
B(z)eN = E E ANz Zm)\_1 JZ b ( )agzk) €n

for every z € T.
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Thus, (4.20) turns into
0= [ B@ends
=5 EN
271 ’
T

which holds by (4.23) and concludes the proof. O
Lemma 4.4. Under the hypotheses of Theorem 4.1, for almost every x € A(T)
J (Hr(F)) = Jy (Hr(F)) = {0}
Consequently, for almost every x € A(T),
JrI- =J JF=0.

This proof is based on that of [13, Lemma 2.14], so we will highlight the differences
instead of repeating some arguments.

Proof. We are showing that J (Hr(F, )) = {0} and JSJ; = 0, the other equalities are
equivalent.

First, following the computations of the proof of [13, Lemma 2.14] and using (3.9),
it is easy to check that Jif € {T'}’, and as a consequence J (Hr(Fy )) = {0} for every
y € A(T) and y < x.

We claim that for almost every x € A(T), there exists a sequence (%xp,)neny C A(T)
such that x, > x, x, \( x and J;; — JF in the weak operator topology. Note that, in
particular, the claim implies the equality Jf (Hr(Fy)) = {0} for almost every x € A(T).

In order to prove the claim, let p € N. Egorov Theorem yields the existence of a
measurable subset X, C A(T'), such that the Lebesgue measure of A(T) \ &), is strictly
smaller than 1/p and the double series

S Pj fcixs Eixli
22 Re(hn) — x| Re(A,) — x (4.24)

n=1 k=1

converges uniformly and is uniformly bounded on &},. Define
D, :={z€D:Re(z) € X,}.

Arguing as in Proposition 3.7 and having the uniform convergence and boundedness
of (4.24), it follows that, indeed, the maps

z2€D,— (I+Y(2)X(2)" € L(H)

are continuous for each p € N.
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Likewise, reasoning as in the proof of [13, Lemma 2.14], it suffices to show the claim
for those x € Xz;o where po € N. In this situation, there exists a sequence (X, )neN C Xp,
such that x,, /* x. Let us prove that J;: — JF in the weak operator topology.

Consider

= J v
neN

and observe that it is a compact set. In particular, the map z € T' —
||(I—|—Y(Z)X(z))*lH2 is continuous, so there exists A > 0 such that the constants
Cy{ given in (3.8) are bounded by the constant A.

In order to show the weak convergence of (Jif ),>1, we first check that the norm
sequence (|[J5 ||)n>1 is uniformly bounded. Indeed, taking into account (4.7), it is enough
to recall the uniform bound of C;rn by A, and the uniform bounds of the series

and S e
>3 eth o 2 2 e

given by the uniform convergence of (4.24) in X,,,. Finally, the constant C' > 0 given in
(4.5) was obtained in the proof of [13, Theorem 2.8], and it does not depend on x. Thus,
||JQ‘ ) H are uniformly bounded.

Let us prove that J,j: = JJ in the weak operator topology. Indeed, it is enough to
show that

(e eiej) = (Seireg) (4.25)

for every 4,7 € N. Now,

= §fm 1ﬁ( akm(§) . (k)
(Ji ei,ej) = 0pi déa;
i 2; ! YO — &) J

/ PO 1Zm B g ()l

= O d¢
=& —¢)
~ 1 I+Y(X 15, a;
e [ UHYEOXO) M)
2mi (N =& =)
i,
where Snﬂ»’j = 1if i = j € Np+ and 0 otherwise, by = Y, ﬁi(m)em and

= > ;k)ek for every 4,5 € N. Finally, observe that the map ¢ € T' —
(I +Y(6)X(&) 'b;,a;) is continuous, so a standard argument involving Lebesgue’s
Dominated Convergence Theorem shows the convergence of (4.25).
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As a consequence, we have shown that J (Hrp(Fy)) = {0} for almost every x € A(T),
which finishes the first part of the proof.

Finally, let x € A(T) such that JS(Hr(F,)) = {0} and observe that ran(J;) C
Hp(F7). Tt is trivial then that JJo = 0, and Lemma 4.4 is proved. 0O

We are now in position to prove the announced result of this section:

Theorem 4.5. Under the hypotheses of Theorem 4.1, for almost every x € A(T)
JE+J = Idy, JrJ- =J-JF=0. (4.26)

In particular, for almost every x € A(T) the operators J& and J are non-trivial spectral
idempotents for T.

Proof. First, Lemmas 4.3 and 4.4 yields that for almost every x € A(T') the operators
Jg and Jg are idempotents satisfying (4.26).

Let us show that they are spectral idempotents for T'. Let us take x € A(T) such that
JI(Hr(F.)) = {0} and JF + J_ = 0. Following the arguments of [13, Corollary 2.15],
it follows that J& € {T}" and ran(J) = Hp(F.). Accordingly, Hy(F.) is a closed
subspace and JiF is a spectral idempotent for T'.

Finally, let us show that J is non-trivial for every x € A(T). By the equality JS +
Jo = Idy, it is clear that if J is non-trivial, J_ is non-trivial as well.

Assume that J = Idg. If J& = 0 then J; = Idg and the argument is analo-
gous. Since ran(J) = Hp(F), it follows that Hp(F) = H. In particular, o(T) =
o(T |y () € Fy, which is a contradiction: recall that a < x, where a = ?él/g Re(z).

X 7

So, there exists A\ € o(T) such that Re(\) < x and hence, A ¢ F.". This ends the
proof. O

5. Proof of the Main Theorem

Finally, we are in position to prove the Main Theorem stated in the introductory
section, which we recall again for the sake of clarity:

Main Theorem. Let H be a separable, infinite dimensional complex Hilbert space, A =
{An}n>1 C C a bounded sequence and {uy}x>1, {vktk>1 non zero vectors in H. Assume

1 1
Z |a[* log (1 + W) + Z 18 log (1 + —> < o0, (5.1)

(k)
(n.k)EN, n ) oen, |18’

where N, :== {(n,k) € N x N : alf) 0} and N, :={(n,k) e N x N : B £ 0}. Then,
the trace-class perturbation of Dy, T = Dp + 220:1 up Q@ vk, acting on H by
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Tx = (DA+Zuk®vk> :c:DAx—i—Z(a:mkmk, (x € H), (5.2)
k=1 k=1

has non trivial closed hyperinvariant subspaces provided that it is not a scalar multiple
of the identity operator. Moreover, if both point spectrum o,(T) and o,(T*) are at most
countable, T is decomposable.

Proof. First of all, assume that T is not a scalar multiple of the identity. For the first
half, we may assume that o,(T) U 0,(T*) is empty, since otherwise 7' or T* will have
eigenvalues and then T will have non-trivial closed hyperinvariant subspaces. Moreover,
one may assume that A’ is not a singleton: if A’ = {\}, then Dy = M dy + K, where K is
a compact operator. Thus, T'= A\I + K+K , so T' commutes with the non-zero compact
operator K + K and Lomonosov’s Theorem (see [17] or [21, Corollary 8.24]) provides
a non-trivial closed hyperinvariant subspace for T'. In such a case, the decomposability
also follows since the spectrum of T is totally disconnected [16, Proposition 1.4.5].

Likewise, we also may assume that o(Dj) and o(7") are contained in D and are not
contained in a vertical line, since these properties may be achieved by translating and
multiplying the operator by a scalar, which do not change the existence of non-trivial
closed hyperinvariant subspaces and or the decomposability of 7. In these conditions,
we can apply Theorem 4.5 to obtain non-trivial spectral idempotents JF and J_ for
T for almost every x € A(T). In particular, observe that Hp(F.) = ran(JF) and
Hyp(F;) =ran(Jy ) are non-trivial closed hyperinvariant subspaces for T

Finally, for the second half, we may assume that o,(T") Uo,(T™) is at most countable.
Then, in order to show that T is decomposable, it is enough to mimic the construction
of [13, Section 3] in order to define the non-trivial spectral idempotents for T associated
to horizontal lines (instead of vertical lines as J; ) and generate a Boolean algebra of
spectral idempotents associated to rectangles in C. At this point, it remains to apply
the arguments exposed in the proof of [9, Theorem 3.2] to obtain the decomposability of
T, which yields the statement of the Main Theorem. O

5.1. A local version of the result

In this subsection, we prove a local version of the Main Theorem that will allow us
to obtain non-trivial closed hyperinvariant subspaces replacing the assumption (5.1) by
a weaker local summability condition. The result, which extends [12, Corollary 2.8] to
trace class perturbations of diagonalizable normal operators, reads as follows:

Theorem 5.1. Let A = {\,},>1 C C be a bounded sequence not lying in any vertical
line such that A’ is not a singleton and denote a := Hli[{l Re(z) and b := max Re(z).
zeN z€N

Let up, = Z;’ozl a%k)en and v, = 23;1 BT(Lk)en be non-zero vectors in H for each k > 1.

Assume that K = 2;0:1 ug @i s trace class and the compact perturbation T = Dy + K
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satisfies both o(Dp) = A and o(T) contained in D. If there evist a < x; < Xo < b such
that

or”? 60 |
2:: P (IRe M) x| IRe(An)—xi|> <oo  (i=1,2), (5.3)

then T has non-trivial closed hyperinvariant subspaces.

Proof. We may assume that 0,(T) U 0,(T™*) is empty. A careful reading of the proofs
of Theorems 4.1 and 4.2 yields that the operators J_ and Jg are well-defined bounded
operators such that ran(Jg) C Hr(Fg,) and ran(J+) C Hp(F).

Moreover, arguing as in the proof of Lemma 4.3, it follows that J& + J, = Idg.
Likewise, the arguments shown in the proof of Theorem 4.5 yield that J;; is a non-
trivial operator. We remark that we cannot assure these operators are idempotent, since
the uniform convergence of the series (4.24) is used to prove Lemma 4.4. Therefore,
we know that HT(F)EE ) is a non-zero spectral subspace. At this point, observe that the
same construction can be carried out for the adjoint T*, since it also verifies (5.3). As a
consequence, Hrp-(Fg

Finally, by means of [16, Proposition 2.5.1], it follows that Hr(Fy!) is non-dense, since

) is also a non-trivial spectral subspace.

Hr-(Fy)) is non-zero and F,— N F 4 = = (). Accordingly, Hr(Fy,) is a non-trivial closed

X1
hyperinvariant subspace for T Wthh concludes the proof. O

An open question

In order to conclude, we note that the Main Theorem does not include every operator
T in the class (N + Cy), that is, the class of trace class perturbations of diagonalizable
normal operators. Therefore, we close this manuscript with the following question:
Question. Let H be a separable, infinite dimensional complex Hilbert space. Does every

operator T in the class (N + C;) have non-trivial closed hyperinvariant subspaces? If so,
if 0,(T) U op(T™) is at most countable, is T' decomposable?
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