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Álvaro de la Cruz Dombriz1

PhD thesis

under the supervision of

Dr. Antonio Dobado González and Dr. Antonio López Maroto
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Preface

The twentieth century witnessed the development of both gravitation and cosmology as
modern scientific disciplines subjected to observations. These observations have been per-
formed through terrestrial particle detection devices, telescopes and satellites that allow
to verify theoretical predictions and to rule out proposed theoretical models. With the
turning of the new century, called to be the century of precision cosmology, new pers-
pectives have been unveiled with recent experiments such as WMAP, PLANCK or SDSS.
These last experiments are able to determine with higher and higher accuracy the features
of the Cosmic Microwave Background (CMB), the distribution of large scale structures
and the fundamental cosmological parameters which describe our universe on the largest
scales. Despite the improvements in the observational side, a fundamental gravitational
theory, which is renormalizable from a quantum field theory point of view and applicable
to arbitrary scales, from micro-gravitational tests, passing through solar system tests, to
cosmological scales, is still lacking.

General relativity, in spite of being the most successful gravitational theory in the last
one hundred years, has left some of these problems without satisfactory answer. Although
within the string theory paradigm it would be possible to find a consistent quantum theory
of gravity, this is not the case of general relativity which turns out to be nonrenormalizable
as a perturbative field theory. Moreover, if this theory is used to construct the standard
cosmological model, where the fluid content is given by standard matter and radiation,
it cannot account for the observed accelerated expansion of the universe on sufficiently
large scales. In fact, it needs to be supplemented by some dark energy contribution to ac-
commodate this accelerated regime. On the other hand, general relativity with gravitating
luminous matter cannot account either for the observed rotation curves of galaxies. A dark
matter contribution needs to be introduced to reconcile data with theoretical predictions
within this paradigm.

Instead of adding new elements in the cosmological content, which try to accommo-
date observations with general relativity, those problems might show that the theoretical
framework in cosmology should be enlarged by alternative gravity theories. This thesis
will try to contribute to the understanding of those still open issues by considering two
recently proposed alternative and complementary theories to general relativity. We shall
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2 PREFACE

consider some relevant aspects of those models related to recent experimental results.

The present work is organized in the way that follows: First, we will briefly introduce
in Chapter 1 some modified gravity theories and their corresponding formalisms. In this
chapter special attention will be paid to f(R) gravities by summarizing the main features
of this paradigm in the metric formalism. Then some geometrical results for f(R) theories
and both cosmological and gravitational constraints usually imposed over such functions
will be provided. Other alternative modified gravities, the brane worlds, will then be
reviewed. Here we shall introduce both the notion of brane excitations, the branons, and
some topologically nontrivial solutions, the brane-skyrmions. We shall finish the chapter
by providing some insight about the possibility of mini black holes detection in the Large
Hadron Collider (LHC) as a signature for the validity of these modified gravity theories.

The second chapter will deal with f(R) theories which try to provide a cosmological
acceleration mechanism with no need for introducing any extra dark energy contribution in
the cosmological components. To do so, we shall use some reconstruction procedures which
start either from a given solution of the cosmological scale factor for an homogeneous and
isotropic metric or from an effective equation of state. In particular, those f(R) functions
able to mimic Einstein-Hilbert plus cosmological constant solutions will be obtained. In
this realm, f(R) theories will be shown to be able to mimic the cosmological evolution
generated by any perfect fluid with constant equation of state.

Then the third chapter will be devoted to the computation of cosmological perturba-
tions for f(R) theories. Since in Chapter 2 the modified Einstein equations will have been
studied as background equations, it is quite natural when modifying general relativity by
f(R) models, to ask about the first order perturbed equations for these theories and what
consequences in the growing of these perturbations may appear. This is the leitmotiv in
this chapter. Throughout it, special attention will be paid to the possibility of obtaining
a completely general differential equation for the evolution of perturbations and its par-
ticularization for the so-called sub-Hubble scales will be explicitly shown. The mentioned
differential equation in those scales will be shown to be very useful to understand the
regime validity of some approximations widely accepted in the literature and to rule out
that some proposed f(R) models could be cosmologically viable.

The introduction of modified gravity theories, with or without extra dimensions, may
lead to the existence of new solutions with respect to those of general relativity. In that
sense, the research about spherically symmetric solutions is of particular interest. For
instance, it may shed some light on the number of extra dimensions, the fundamental scale
of gravity or the required restrictions to be imposed over the parameters of those theories.
The possible detection of mini black holes at the LHC in the coming years will be a turning
point to discover certain properties of the underlying gravity theory. For this reason,
chapters 4 and 5 will be devoted to the study of spherical solutions in extra dimensions
theories. In particular, spherically symmetric and static black-hole solutions coming from
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f(R) theories in an arbitrary number of dimensions will be studied in Chapter 4 whereas
Chapter 5 will be focused on studying a particular topologically nontrivial solution with
spherical symmetry appearing in brane-world models – different from the well-known black-
hole solutions – the so-called brane-skyrmions.

Hence, in the fourth chapter we shall focus on the study of black holes in f(R) gravity
theories in an arbitrary number of dimensions. We shall concentrate on the existence of
black-hole solutions and we shall study which will be their inherited or different features
with respect to those in general relativity. With this purpose we shall study constant cur-
vature solutions for f(R) theories as well as perturbative solutions around the standard
Schwarzschild-anti-de Sitter geometry. An important part of this chapter will be then de-
voted to the thermodynamics of Schwarzschild-anti-de Sitter black holes in f(R) theories.
This research will prove that for f(R) gravities, there exists a thermodynamical viability
condition which is related to one of the conditions which ensure gravitational viability for
f(R) models.

In the fifth chapter we will thoroughly study other kind of spherically symmetric
solutions in brane-world theories that are not black holes. These solutions, the brane-
skyrmions, are topologically nontrivial configurations arising in the presence of these extra
dimensions theories. In this context, the recent claim of detection of an unexpected feature
in the CMB, referred to as the cold spot, will be explained as a topological defect on the
brane. After performing some calculations, it will be shown that results obtained are in
complete agreement with those in the literature that tried to explain that cold spot as
a texture of a non-linear sigma model. The physical interpretation of these results and
future prospects will finish this chapter.

At the end of each chapter, we shall include the corresponding conclusions. These
conclusions are summarized all together in the sixth chapter, which is followed by an
appendix where more detailed formulae for the calculations performed in the third chapter
are shown.
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Chapter 1

Introduction to modified gravity

theories

1.1 Motivation

From its very beginning, it was questioned whether general relativity (GR) was the unique
correct theory among other theories for gravitation. Thus for instance Weyl in [1] and Ed-
dington in [2] included higher order invariants in the gravitational action. Those attempts
were neither experimentally nor theoretically motivated, but it was soon proved that the
Einstein-Hilbert (EH) action was not renormalizable and therefore could not be conven-
tionally quantized. In fact, this action needs to be supplemented by higher order terms in
order for the resultant theory to be one-loop renormalizable [3, 4]. More recent research
has shown that when quantum loop corrections in field theory or higher order corrections
in the low energy string dynamics are considered, the effective low energy gravitational
action includes higher order curvature invariants [5, 6, 7].

Such results encouraged the interest in higher order gravity theories, i.e., modifications
of the EH gravitational action which include higher order curvature invariants. Nonethe-
less, those new added contributions were thought to be relevant only in very strong gravity
regimes, such as at scales close to the Planck scale and therefore in the early universe or
near black hole singularities. However, these corrections were not expected to affect gravi-
tational phenomenology neither at low curvature nor at low energy regimes, and therefore
they were assumed to be negligible at large scales such as those involved in the late universe
evolution.

Very recent evidence coming from both astrophysics and cosmology have revealed the
unexpected accelerated expansion of the universe. Different data from type Ia supernovae
(SNIa) surveys [8, 9, 10], large structure formation and delicate measurements of the CMB
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6 Chapter 1. Introduction to modified gravity theories

anisotropies, particularly those from the Wilkinson Microwave Anisotropy Probe (WMAP)
[11], have concluded that our universe is expanding at an increasing rate. This fact sets
the very urgent problem of finding the cause for this speed-up since standard GR with
ordinary matter and radiation is not able to do so. Usual explanations for this fact have
been categorized to belong to one of the following three classes:

1. The first type of explanations reconciles this acceleration with GR by invoking a
strange cosmic fluid, dark energy (DE) (see [12] and references therein), with a state
equation relating its pressure and energy density in the following way

PDE = ωDE ρDE (1.1)

where ωDE < −1/3 is required to provide acceleration in the usual Einstein equa-
tions as is described in Section 2.2. This state equation shows that the DE fluid
has a large negative pressure. For the particular case ωDE = −1 , this fluid behaves
just as a cosmological constant Λ . Within this approach of DE in the form of a
cosmological constant, recent data obtained by WMAP [11] provide the following
cosmological content distribution: 4.6% corresponds to ordinary baryonic matter,
22.7% to cold dark matter and 72.9% to DE. This is the so-called concordance or
Λ -Cold Dark Matter model ( ΛCDM) which is supplemented with some inflation
mechanism usually through some scalar field, the inflaton. The main problem of
this kind of description is that the fitted Λ value seems to be about 55 orders of
magnitude smaller than the expected vacuum energy of matter fields, this is the
so-called cosmological constant problem. From a more philosophical point of view,
the DE description also presents the so-called coincidence problem. This problem
wonders why the DE and matter densities are so close in order of magnitudes pre-
cisely in these days, i.e. in the present cosmological era, even though for both the
cosmological past and future that is not the case. This kind of problems comes to
claim that the ΛCDM model could be regarded as an empirical fit to data with a
poorly motivated gravitational theory behind and therefore, it should be considered
as a phenomenological approach of the underlying correct cosmological theory.

2. The second type of explanations consider a dynamical DE by introducing a new
scalar field. They are the so-called quintessence theories. The theories which intro-
duce an extra scalar field in the gravitational sector of the action are usually referred
to as scalar-tensor theories. Some very interesting subcases of such theories are the
so-called Brans-Dicke theories which are going to be explained in detail in the Section
1.4.

3. Finally the third one consists of trying to explain the cosmic acceleration as a
consequence of new gravitational physics [13, 14]. For instance, modifications
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to the EH gravitational action have been widely considered in the literature
[15, 16, 17, 18, 19, 20]. More recently, vector-tensor theories of gravity and the
electromagnetic field itself have also been proposed as compelling DE candidates
[21].

Some of those theories add higher or lower powers of the scalar curvature, the Rie-
mann and Ricci tensors or their derivatives [22]. Lovelock theories and f(R) gravity
theories are some examples of these attempts. In recent years, some f(R) proposals
have even tried to reconcile dark matter through a gravitational sector modification
[23] or to explain both the current cosmic speed-up and early inflation simultaneously
[24]. The core of Chapter 2 will thoroughly deal with some attempts of f(R) theories
to circumvent the necessity of introducing DE to explain the cosmic acceleration.

On the other hand, other open issues in the Standard Model (SM) of elementary parti-
cles, namely the hierarchy problem, could also be related to the fundamental gravity theory.
Thus, this problem appears in the renormalization procedure in theories containing scalar
fields. In such theories the renormalized scalar masses are expected to be given by the
cut-off of the theory, i.e., the Planck scale. Therefore an extreme fine tuning is required in
order to get the expected mass for scalars, in particular the Higgs mass. If on the contrary
the fundamental scale of gravitation is close to the electroweak scale, the corresponding
cut-off would be of the same order as the expected Higgs mass and an extreme fine tuning
would not be required.

With the aim of solving this problem, large extra dimensions theories have recently
been considered. Unlike ancient Kaluza-Klein theories, with compactified Planck scale size
extra dimensions, recent brane-world models may contain much larger extra dimensions.
In order to avoid the presence of Kaluza-Klein towers of copies of SM particles with similar
masses, these models restrict SM particles to propagate on the brane, whereas only gravity
can propagate in the whole bulk space. In this way, the fundamental gravity scale can be
reduced to the electroweak scale and the gauge hierarchy problem is avoided.

Brane-world (BW) theories may also explain the observed accelerated expansion of
the universe [19] and as will be shown in Section 1.8, they present excitations which can
produce weakly interacting massive particles (WIMPs), which are natural candidates for
the observed dark matter [25]. Let us finally remark that such modified extra dimensions
gravity theories, as will be explained in Section 1.10, may give rise to the production of
black holes (BHs) of little size at the LHC whose eventual detection may give valuable
information about the dimensionality of space-time.

In the following sections of this chapter we shall deal with different aspects of the
already mentioned modified gravity theories, both f(R) theories and brane-world theo-
ries: in Section 1.2 we shall present some generalities about the formalism which will be
used throughout the thesis. Thus in Section 1.3, the modified Einstein equations derived
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from f(R) theories in the metric formalism will be presented. Then in Section 1.4, the
equivalence of such theories with Brans-Dicke theories will be briefly sketched. Some geo-
metrical results for f(R) gravities which were originally published in [26] will be presented
in Section 1.5. They deal with constant curvature solutions and analytical conditions to
reproduce Einstein’s equations for the EH action with or without cosmological constant.
Concerning BW theories, the main concepts for those models are analyzed in Section 1.7,
while a study of BW excitations, called branons, is presented in Section 1.8. Topologi-
cally nontrivial configurations, called skyrmions are introduced in Section 1.9 and some
gravitational consequences of those theories will be summarized in the final Section 1.10.

1.2 Generalities

The gravitational action for GR in an arbitrary number of dimensions D is given by the
so-called EH action

SEH =
1

2κ

∫

dDx
√

| g |R . (1.2)

Here, κ ≡ 8πGD where GD ≡M2−D
D holds for the D -dimensional gravitational constant,

with MD the gravitational fundamental scale, g is the metric determinant and R is the
Ricci scalar defined from the metric tensor.

With the aim of modifying the EH action, gravitational action for f(R) theories, con-
sidered as generalizations of GR, may be written as

SG =
1

2κ

∫

dDx
√

| g | (R + f(R)) . (1.3)

From either actions given in equations (1.2) or (1.3), the field equations, giving rise to
the so-called standard and modified Einstein equations respectively, can be derived by
using different variational principles. Two such variational principles have been mainly
considered in the literature: on the one hand, the standard metric formalism considers that
the connection is metric dependent and therefore the only present fields in the gravitational
sector are those coming from the metric tensor. On the other hand, there exists the
so-called Palatini variational principle where metric and connection are assumed to be
independent fields. In this case the action is varied with respect to both of them. Whereas
for an action linear in R such as that in expression (1.2) both formalisms lead to the
same field equations, this is no longer true for nonlinear gravity theories (see [27] for an
exhaustive review on nonmetric formalisms). In this thesis, we shall restrict ourselves to
the metric formalism. For that purpose, we shall assume that the connection is the usual
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Levi-Civita connection given by

Γα
µν ≡ 1

2
gαγ

(

∂gγν

∂xµ
+
∂gµγ

∂xν
− ∂gµν

∂xγ

)

(1.4)

where, as in the rest of the work, Einstein’s convention for implicit summation is assumed.

At this stage, let us point out that the convention to be used for the metric signature
will be (+, −, ..., −) , i.e., positive sign for temporal coordinate whereas negative sign for
spatial ones. With respect to the Riemann tensor definition, our conventions will be

Rµ
ναβ ≡ ∂ Γµ

να

∂xβ
−
∂ Γµ

νβ

∂xα
+ Γµ

σβΓσ
να − Γµ

σαΓσ
νβ. (1.5)

From expression (1.5), the corresponding Ricci tensor and scalar curvature are obtained
straightforwardly and they read respectively as follows

Rµν ≡ Rα
µαν ; R ≡ Rα

α. (1.6)

In addition to the already explained gravitational sector, the energy content may be
introduced in the cosmological content through energy-momentum tensors, which will des-
cribe the different components such as dust matter, radiation, dark matter, etc. which
are present in the cosmological content of the universe. For each different type of fluid
content (α ), assumed from now on to behave as a perfect fluid, the corresponding energy-
momentum tensor is given by

T (α)
µν = (Pα + ρα)u(α)

µ u(α)
ν − Pα gµν (1.7)

where Pα , ρα and uµ (α) are the pressure, energy density and 4-velocity of the α com-
ponent respectively. Therefore the total energy-momentum tensor will be nothing but

Tµν ≡
∑

α

T (α)
µν (1.8)

for all possible fluid contributions. The most usual approach is to consider barotropic
fluids where Pα = Pα(ρα) and very often the relation between these two quantities is
linear through an equation of state

Pα = ωαρα (1.9)

where for instance ωα = −1, 0, 1/3 if cosmological constant, dust matter or radiation are
the considered fluids respectively. DE fluids with constant equation of state are given by
the condition ωDE < −1/3 whereas phantom candidates for DE obey ωDE < −1 . In our
approach to modify GR, to be rigorously implemented in Chapter 2, DE will appear as a
modification of the gravitational sector itself so no DE component will be explicitly included
in the content expressed by the summation (1.8). In this case the cosmic acceleration will
be a consequence of the modification of the gravitational action by the presence of a f(R)
term. Let us finish this section by mentioning that each fluid component is assumed to be
conserved separately since no interaction among fluids is considered. This fact also implies
the conservation of the total energy-momentum tensor straightforwardly.
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1.3 Modified Einstein equations

Now that the previous generalities have been presented, the modified Einstein equations in
the metric formalism for f(R) gravity theories may be found by performing variations of
the gravitational action (1.3) with respect to the metric and equaling the result to minus
the energy-momentum tensor times κ providing the following equations:

(1 + fR)Rµν −
1

2
(R + f(R))gµν + DµνfR = −κTµν (1.10)

where fR ≡ df(R)/dR and

Dµν ≡ ∇µ∇ν − gµν� (1.11)

with � ≡ ∇α∇α and ∇ is the usual covariant derivative.

Taking the trace of the equation (1.10) we get:

R(1 + fR) − D

2
(R + f(R)) + (1 −D)�fR = −κT (1.12)

which provides a differential relation between R and T unlike GR where this relation
is just algebraic. An interesting point to stress at this stage is that in general, vacuum
solutions, i.e. Tµν ≡ 0 , do not imply straightforwardly R = 0 solutions.

By computing the covariant derivative of (1.10), it is found that the l.h.s. of those
equations vanishes identically, so the covariant derivative for the r.h.s. of equations (1.10)
must obey the conservation equations

∇µT
µ
ν = 0 (1.13)

where this identity does not depend explicitly on f(R) but only on the energy-momentum
tensor components and metric tensor elements.

Two particular simple choices for f(R) may be considered in the equations (1.10):

1. f(R) ≡ 0 , which allows to recover the standard Einstein equations without cosmo-
logical constant, i.e.,

Gµν ≡ Rµν −
1

2
Rgµν = −κTµν (1.14)

where the conservation equations (1.13) still hold.
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2. A second simple choice would be f(R) ≡ −(D−2) ΛD . This choice allows to recover
the standard Einstein equations in D dimensions with nonvanishing cosmological
constant ΛD , i.e.,

Rµν −
1

2
Rgµν +

D − 2

2
ΛDgµν = −κTµν (1.15)

where the particular choice of the ΛD normalization will be explained below. Let
us note that the equations (1.13) again hold. Notice that in this case the new piece
in the previous equation (1.15) proportional to ΛD can be moved to the r.h.s. and
then an energy-momentum tensor (TΛD

)µν can be defined as follows

(TΛD
)µν ≡ D − 2

2

ΛD

κ
gµν . (1.16)

In this case, both density and pressure from the cosmological constant contribution
may be written for any number of dimensions as:

ρΛD
≡ D − 2

2

ΛD

κ
; PΛD

≡ −D − 2

2

ΛD

κ
(1.17)

since PΛD
= −ρΛD

is the state equation for a cosmological constant.

Finally let us point out that the equations (1.10) may be expressed à la Einstein by
writing all extra terms due to the f(R) presence on the r.h.s. One can try to recover the
standard form of the Einstein equations as follows

Gµν ≡ Rµν −
1

2
gµνR =

−κ
1 + fR

(

Tµν + T eff
µν

)

(1.18)

where an effective energy-momentum tensor has been defined as

T eff
µν ≡ 1

κ

[

DµνfR − 1

2
(f(R) − RfR)gµν

]

. (1.19)

This energy-momentum tensor does not necessarily obey the strong energy condition which
holds in ordinary fluids (dust matter, radiation, etc.) do.
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1.4 Equivalence with Brans-Dicke theories

From a classical field theory perspective, it is always possible to redefine the fields of a
given theory in order to express the field equations in a more attractive way which would
be easier either to handle or to solve. The price to pay is to introduce new auxiliary fields
and even to perform either renormalizations or conformal transformations.

It is widely assumed that two theories are dynamically equivalent if, under a suitable
redefinition of either gravitational or matter fields, one can make the field equations to
coincide. Nevertheless, some controversy has appeared in recent times especially when
conformal transformations are used to redefine fields (see for instance [28] and [29] and
references therein).

As mentioned in Section 1.1 a possibility to construct alternative theories of gravity
are the scalar-tensor theories which are based upon the introduction of an extra scalar
field which modifies the gravitational sector. Those theories are still metric theories in the
sense that the newly introduced fields do not couple to the fluid contributions.

The gravitational action for a general scalar-tensor theory in D dimensions is

SST =

∫

dDx
√

| g |
[

y(φ)

2
R − ω(φ)

2
(∂µφ ∂

µφ) − U(φ)

]

. (1.20)

By choosing y(φ) = φ/κ , ω(φ) = ω0/(κφ) and U(φ) = V (φ)/κ , the action

SBD =
1

2κ

∫

dDx
√

| g |
[

φR− ω0

φ
(∂µφ∂

µφ) − V (φ)

]

(1.21)

is obtained from (1.20). This is the action for the Brans-Dicke theories which is obviously
a particular case of scalar-tensor theories.

It can be shown that f(R) gravities within the metric formalism are nothing but a
Brans-Dicke theory with Brans-Dicke parameter ω0 = 0 . This fact is easily proven as
follows: a new field χ is introduced and for the sake of simplicity let us define

F (R) ≡ R + f(R). (1.22)

Thus the action (1.3) can be seen to be equivalent to the action

Sχ =
1

2κ

∫

dDx
√

| g |
[

F (χ) +
dF (χ)

dχ
(R− χ)

]

(1.23)

since if a variation of (1.23) with respect to χ is performed, the equation which is found
reads:

d2f(χ)

dχ2
(R− χ) = 0 (1.24)
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and thus χ = R provided d2f(χ)/dχ2 6= 0 . Therefore the original action (1.3) is recovered.
Defining now the scalar field φ as φ ≡ dF (χ)/dχ and introducing a potential V (φ) as
follows

V (φ) ≡ χ(φ)φ− F (χ(φ)) (1.25)

the action (1.23) takes the form

Sφ =
1

2κ

∫

dDx
√

| g | (φR− V (φ)) (1.26)

which is exactly the same as (1.21) if ω0 = 0 is imposed.

By including the corresponding fluid sector given by an energy-momentum tensor Tµν ,
the field equations derived from (1.26) are

Gµν = −κ
φ
Tµν −

1

2φ
gµνV (φ) +

1

φ
Dµνφ (1.27)

R =
dV (φ)

dφ
(1.28)

where the trace of (1.27)

(D − 1)�φ+
D

2
V (φ) +

2 −D

2
φ

dV

dφ
= −κT (1.29)

gives the dynamics of φ in terms of the matter content.

Let us finally note that if fRR ≡ d2f(R)/dR2 vanishes, the equivalence between the
two theories cannot be guaranteed as can be seen from equation (1.24). On the other hand,
the resulting Brans-Dicke equivalent theory makes clear that f(R) gravity theories have
just one more extra degree of freedom than standard EH gravity. The apparent absence of
kinetic term in the action (1.26) must not be thought of as the absence of dynamics in φ
since this scalar is dynamically related to the matter fields, as can be seen from expression
(1.29). Thus φ , or equivalently f(R) , is indeed a dynamical degree of freedom.
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1.5 Geometrical results

In this section we present different geometrical results obtained from the modified Einstein
equations which were obtained in Section 1.3. Particular interest will be devoted in Sub-
section 1.5.1 to vacuum solutions. Then, the possibility of mimicking the usual GR results
using f(R) functions will be addressed in Subsection 1.5.2. These results were originally
presented in [26].

1.5.1 Vacuum solutions

Let us consider the EH action (1.2) in D dimensions with nonvanishing cosmological
constant. In this case the equations (1.15) can be studied in vacuum, i.e. Tµν vanishes for
all its components and therefore

Rµν −
1

2
Rgµν +

D − 2

2
ΛD gµν = 0 (1.30)

whose solutions satisfy

Rµν = ΛDgµν ; R = DΛD (1.31)

which motivated our choice for ΛD normalization in Section 1.3. Equations (1.31) provide
the conditions to be accomplished by a metric gµν to allow vacuum solution in this case.
If now one considers the f(R) general case provided by the equations (1.10), one may
wonder about the condition for the existence of constant curvature solutions, R0 from
now on, in a vacuum scenario. Thus, the equations (1.10) may be simplified to become

Rµν (1 + fR) − 1

2
gµν (R + f(R)) = 0. (1.32)

Note that the term involving DµνfR in (1.10) has disappeared since it vanishes when
constant curvature is assumed. Taking the trace in the previous equation we get

2R (1 + fR) −D (R + f(R)) = 0. (1.33)

If R0 is a root of the previous equation, an effective cosmological constant may be defined
as Λeff

D ≡ R0/D . Provided the condition 1 + f ′(R0) 6= 0 is satisfied, R0 fulfills:

Rµν =
R0 + f(R0)

2(1 + fR(R0))
gµν . (1.34)

Let us illustrate this procedure considering a simple model:

f(R) =
g1

R
+ g0 (1.35)
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which has been widely studied in the literature (see for instance [30] where D = 4 and
g0 = 0 ). Then the constant curvature solutions – for an arbitrary number of dimensions
D – are

R0 =
−Dg0 ±

√

D2(g2
0 − 4g1) + 16g1

2(D − 2)
(1.36)

which reduce for D = 4 to the expression

R0 = −g0 ±
√

g2
0 − 3g1 . (1.37)

For the EH case in D = 4 with cosmological constant Λ ≡ Λ4 , i.e. g1 = 0 and
g0 = −2Λ , the constant curvature solutions are both R0 = 4Λ and R0 = 0 and for the
vanishing cosmological constant case, i.e. g0 = 0 , R0 = ±√−3g1 is obtained.

As a different approach, one can consider equation (1.33) as a differential equation for
the f(R) function so that the corresponding solution would admit any curvature R value.
The solution of (1.33) is just:

f(R) = αRD/2 − R (1.38)

where α is an arbitrary constant. Thus the gravitational action (1.3) becomes

SG =
α

2κ

∫

dDx
√

| g |RD/2 (1.39)

which has solutions of constant curvature for arbitrary R . The reason is that this action
is scale invariant since the ratio α/κ is a dimensionless constant.

1.5.2 Some EH solutions reproduced by f(R) theories

Now we shall address the issue of finding some general criteria to mimic, by using general
f(R) gravities, some solutions of the EH action not necessarily of constant scalar curvature
and either with or without a cosmological constant term.

Let the metric tensor gµν be a solution of EH gravity with cosmological constant, i.e.
such that the equations (1.15) are fulfilled. Then the same metric tensor gµν will be a
solution for (1.10) provided the following compatibility equation

fRRµν −
1

2
gµν [f(R) + (D − 2)ΛD] + DµνfR = 0 (1.40)

is fulfilled. Note that the fluid content comprised in Tµν has been considered to be strictly
the same as in (1.15). This allowed us to cancel this term out in order to obtain the
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compatibility equation (1.40). In Section 2.6, a slight deviation of fluid contents between
EH and f(R) approaches will be permitted.

Some particularly interesting cases in which to apply this approach are the following:

1. The simplest case is obviously vacuum, i.e. Tµν ≡ 0 , with vanishing cosmological
constant ΛD = 0 . Then the equations (1.15) become:

Rµν =
1

2
Rgµν (1.41)

which imply R0 = 0 and Rµν = 0 . Consequently gµν is also a solution of any f(R)
gravity provided the following condition

f(0) = 0 (1.42)

is accomplished as seen from (1.40). This is for instance the case if f(R) is analytical
around R = 0 and it can be written as follows:

f(R) =
∞
∑

n=1

fnR
n. (1.43)

2. If the cosmological constant is different from zero (ΛD 6= 0 ), but still Tµν ≡ 0 , the
constant curvature results given in (1.31) are again obtained. Then the compatibility
equation (1.40) reduces to (1.33) with R0 = DΛD . In other words, gµν is also a
solution of the f(R) case provided

f(DΛD) = ΛD(2 −D + 2 fR(DΛD)). (1.44)

Notice also that in this situation, i.e. nonvanishing ΛD and vacuum, according to
the result in (1.39) there would also be a solution for any R0 in the particular case
f(R) = αRD/2 −R .

3. If the considered case is ΛD = 0 and conformal matter (T ≡ T µ
µ = 0 ), then the

equations (1.15) would imply

R0 = 0 ; Rµν = −κTµν (1.45)

which will have a metric tensor gµν as solution. Therefore, provided

f(0) = 0 ; fR(0) = 0, (1.46)

the same gµν is also a solution of any f(R) gravity. This result could have particu-
lar interest in cosmological calculations for ultrarelativistic matter (i.e. conformal)
dominated universes.



1.6. Constraints on f(R) theories to ensure viability 17

4. Again in the conformal matter case with nonvanishing ΛD , constant curvature

R0 = DΛD (1.47)

is a solution for (1.15) for a given metric gµν which is also a solution of f(R) pro-
vided again that the condition (1.44) is satisfied.

5. Finally for the general case with no assumption about ΛD nor about Tµν , the
metric tensor gµν will be a solution for any f(R) gravity but for a modified energy
momentum tensor T µν given by:

T µν ≡ Tµν −
1

κ

{

fR Rµν −
1

2
[f(R) + (D − 2)ΛD] gµν + DµνfR

}

.

(1.48)

1.6 Constraints on f(R) theories to ensure viability

f(R) gravity models turn out to be severely constrained in order to provide consistent
theories of gravity. In this section we review both cosmological and strictly gravitational
conditions presented in [31]. Some relevant bibliography will also be provided.

The usual four conditions that are required for a viable f(R) theory are:

1. fRR ≥ 0 for high curvatures [32]. This is the requirement for a classically stable high-
curvature regime and for the existence of a matter dominated phase in the cosmological
evolution. In the opposite case, an instability, referred to in the literature as the ’Dolgov-
Kawasaki’ or ’Ricci scalar’ or ’matter’ instability, would appear. Indeed, if fRR is smaller
than zero, then the extra degree of freedom of the theory would behave as a ghost. This
stability condition may also be recovered in studies of cosmological perturbations [33] and it
can be given a simple physical interpretation as in [34] where if an effective D dimensional
gravitational constant is defined as Geff ≡ GD/(1 + fR) then

dGeff

dR
= − fRR

(1 + fR)2
GD. (1.49)

It is easy to notice from the previous equation that if fRR < 0 , Geff would increase as
R grows since R itself generates larger and larger curvature via equation (1.12). Such a
mechanism would act to destabilize the theory with no stable ground state since if a small
curvature starts growing it will do so without limit and the system would run away. If on
the contrary fRR ≥ 0 , a negative feedback mechanism operates to compensate the growth
of R and consequently the runaway behaviour will not appear 1.

1Note that in this analysis 1+fR has been supposed to be positive (i.e. Geff > 0 ) as will be required
from the second condition below to ensure viability.
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2. 1+ fR > 0 for all Ricci scalar curvature values. This condition ensures the effective
Newton’s constant to be positive at all times as can be seen from equation (1.18) and
the graviton energy to be positive. This condition will also be proven in Chapter 4 to be
required to recover standard thermodynamics of Schwarzschild-anti-de Sitter BHs in f(R)
theories.

3. fR < 0 ensures ordinary GR behaviour is recovered at early times. Together with
the condition fRR > 0 , it implies that fR should be negative and a monotonically growing
function of R in the range −1 < fR < 0 .

4. |fR| ≪ 1 at recent epochs. This is imposed by local gravity tests [33], although it is
still not clear what is the actual limit on this parameter and some controversy still remains
about the required |fR| value [20, 35]. This condition also implies that the cosmological
evolution at late times resembles that of ΛCDM . In any case, this constraint is not
required if one is only interested in building models for cosmic acceleration.

Let us summarize this section by saying that viable f(R) models can be constructed
to be compatible with local gravity tests and other cosmological constraints [36].

1.7 Brane-world theories

As mentioned in the Motivation section, many of the SM extensions try to solve open issues
in modern physics such as the hierarchy problem. Some approaches try to answer those
questions by introducing extra spatial dimensions, where the number of dimensions of the
total space (bulk space) D = 4 + δ . Those attempts were first proposed independently by
Kaluza [37] and Klein [38] and many proposals followed throughout the twentieth century
[39, 40].

First proposals for large extra dimensions were provided in [40]: in this model, the SM
matter is confined in a spatial 3-dimensional manifold and the brane itself is considered not
to be a gravitational source. Hence the background metric is assumed to be Minkowskian.
Gravitational fields are the only fields able to propagate through the whole bulk space.
Therefore gravity also propagates in the extra δ dimensions which are for simplicity often
compactified in a toroidal shape whereby all extra dimensions acquire a radius RB .

One of the most important consequences of this hypothesis is the relation between the
fundamental gravitational scale in D dimensions MD and the Planck scale MP which is
not a fundamental constant any more but the effective gravitational constant in the theory
reduced to 4 dimensions. In fact one may write

M2
P ≡ Vδ M

2+δ
D (1.50)

where Vδ is the compactified volume in δ dimensions [40], for instance in the toroidal
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case Vδ = (2πRB)δ . The expression (1.50) allows to reduce the fundamental gravitational
scale to the electroweak scale, MD ∼ TeV, if extra dimensions are large enough. For
instance, compactification scales of R−1

B ∼ 10−3 eV to 10 MeV provide this effect for
extra dimensions δ ∼ 2 and 7 respectively. By reducing the fundamental scale to MD ,
gravitational effects may be detectable in experiments involving energies of this order [40]
as will be explained in the Section 1.9.

1.8 Excitations in brane worlds: branons

Since no relativistic object may be considered as rigid in relativistic theories, the 3-brane,
when embedded in the total space-time, may present fluctuations. These fluctuations were
originally studied in [41]. In the extra dimensions of the BW models, such fluctuations are
usually referred to as branons. They give rise to new states whose low energy dynamics has
been widely studied [42, 43, 44]. A vast bibliography can be found dealing with branons
[45, 46], their predicted detection in future colliders experiments [47] and the explanation
that they may provide for the origin of dark matter [25, 48].

Let us consider a D dimensional bulk space MD wherein the brane lies embedded
and that for simplicity we shall assume to be factorized in the form MD = M4×B where
M4 is a 4-dimensional space-time and B is a δ -dimensional compactified manifold. The
brane is therefore assumed to lie on the M4 space-time manifold. As already mentioned,
the gravitational contribution of the brane itself will not be considered.

Let us denote the coordinates over the manifold MD as {xµ, ym} with µ = 0, 1, 2, 3
and m = 1, 2, ..., δ and the ansatz for the total space MD bulk metric will be

GMN =

(

g̃µν(x)
− g̃′mn(y)

)

(1.51)

with signature (+,−,−,− ; −, ...,−) .

In the absence of the 3-brane, this metric possesses an isometry group that is assumed
to be of the form G(MD) = G(M4) × G(B) . The presence of the brane spontaneously
breaks the symmetry to some subgroup G(M4) ×H with H ⊂ G(B) some subgroup of
G(B) . Therefore the quotient space K = G(MD)/(G(M4) × H) = G(B)/H may be
defined.

The position of the brane can be parameterized as Y M(x) ≡ {xµ, Y m(x)} where the
first four coordinates of the total space have been chosen to be the space-time coordinates
corresponding to the brane {xµ} . Let us assume that the brane is located at a point on
B , i.e., Y0 ≡ {Y m(x)} corresponds to the fundamental state of the brane. In this case
its induced metric in the ground state is just gµν ≡ g̃µν ≡ Gµν . However, when brane
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Figure 1.1: Brane with trivial topology in M3 = M2 × S 1 as originally presented in
reference [49]. The fundamental brane state is plotted on the left whereas on the right side
an excited state is presented.

excitations (branons) are present, the induced metric becomes

gµν = ∂µY
M∂νY

N GMN = g̃µν − ∂µY
m∂νY

ng̃′mn. (1.52)

This situation may be illustrated by the simple Figure 1.1 where a 1-brane (string) is
represented within a total space with two spatial coordinates M3 = M2 × S1 .

Since the brane creation mechanism is in principle unknown, or at least out of the scope
of the present section, let us assume that the brane dynamics is described by an effective
action, so we are allowed to consider for this action the most general expression which
is invariant under brane coordinates reparametrizations. Therefore, it is very common
to perform an expansion in derivatives of the induced metric given by equation (1.52) to
describe the brane dynamics. Then, the first order of this effective action would describe
the brane dynamics at low energies and it is usually referred to as the Dirac-Nambu-Goto
(NG ) action:

SNG = −f 4

∫

d4x
√

|g| (1.53)

where a constant f with energy units appears, which may be identified with the brane
tension τ ≡ f 4 and d4x

√

|g| is the brane volume element. As was mentioned above, the
presence of the brane will break any existing isometry of B except those which leave the
point Y0 on B invariant. In other words, the group G(B) is spontaneously broken to
H(Y0) denoting the Y0 isotropy group.

The brane excitations with respect to the broken Killing fields in B correspond to the
zero modes and they are parameterized by the branon fields πα(x) , α = 1, ..., k where
k ≡ dim(G(B)) − dim(H) . These fields πα(x) may be interpreted like the corresponding
coordinates in the quotient manifold K = G(B)/H .
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In particular, for a fundamental state independent of the position Y0 of the brane in
the B space, the action of an element of G(B) over Y0 will take Y0 to the point on B
with coordinates

Y m(x) ≡ Y m(Y0, π
α(x)) = Y m

0 +
1√

2κf 2
ξm
α (Y0)π

α(x) + O(π2) (1.54)

where the branons fields normalization is performed through κ = 8π/M2
P . At this stage

it is important to stress that coordinates for the transformed point given by (1.54) only
depend on πα(x) , i.e., on the corresponding transformation parameters of the broken
generators.

If B is considered to be an homogeneous space, the isotropy group does not depend
on the particular chosen point where the brane lies, i.e. H(Y0) = H . In this case B is
homeomorphic to the coset K = G(B)/H which is the space of the Goldstone bosons
associated to the spontaneous isometry breaking - transverse translations - produced by
the presence of the brane. Thus the transverse translations of the brane - branons - can
be considered as Goldstone bosons on the coset K and the branon fields can be defined as
coordinates πα on K , which are chosen to be proportional to B coordinates, since the
number of Goldstone bosons is equal to dim(B) , as:

πα =
v

RB
δα
m Y

m (1.55)

where

v = f 2RB (1.56)

is the typical size of the coset K and RB is the typical size, in length units, of the
compactified space B .

Therefore, according to the previous assumption (1.55), it is obvious that

∂µY
m(x) =

∂Y m

∂πα
∂µπ

α =
1√

2κf 2
ξm
α (Y0) ∂µπ

α + O(π2) (1.57)

and the induced metric on the brane (1.52) is rewritten in terms of the branon fields π as

gµν = g̃µν −
1

f 4
hαβ(π)∂µπ

α ∂νπ
β (1.58)

where hαβ is the K metric which is easily obtained from the B metric

hαβ(π) = f 4 g̃′mn(Y (π))
∂Y m

∂πα

∂Y n

∂πβ
(1.59)

as explained in [45]. In more complicated cases in which translational isometries in the
bulk space are not only spontaneously but also explicitly broken, the metric gµν could also
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be a function of the extra dimension coordinates {ym} . Then it is possible to show that
branons may become massive. In fact in [25] these massive branons were shown to behave
as WIMPs and thus form natural candidates for dark matter in this kind of scenario.

Therefore for small brane excitations in a background metric g̃µν , the effective action
(1.53) can be expressed as a derivative expansion as follows:

Seff [π] = S
(0)
eff [π] + S

(2)
eff [π] + S

(4)
eff [π] + ... (1.60)

where the corresponding zeroth order is

S
(0)
eff [π] = −f 4

∫

M4

d4x
√

|g̃|. (1.61)

Note that S
(2)
eff [π] and S

(4)
eff [π] hold for contributions to the effective action containing

two and four derivatives of the branon fields respectively. Let us finish this digression by
remarking that the term S

(2)
eff [π] , with two field derivatives, is nothing but the non-linear

sigma model action associated to the coset space K .

1.9 Brane-skyrmions

Apart from branons, the brane may support other states due to the nontrivial homotopies
of the coset space K such as strings, monopoles or skyrmions. This fact appears due to
the possibility of wrapping around the extra dimension space B giving rise to nontrivial
topological configurations as was studied in detail in the reference [49].

In fact, texture-like configurations, called brane-skyrmions, arise when the third homo-
topy group of K is nontrivial. In particular, for

π3(B) = π3(K) = Z, (1.62)

the third homotopy group will be the minimal one supporting the existence of those non-
trivial configurations2. Those brane-skyrmions can be nicely understood in geometrical
terms as some kind of holes [50] in the brane which make it possible to pass through them
along the B space. This is because in the core of the topological defect the symmetry
is reestablished. In particular, in the case we are interested in, the broken symmetry is
basically the translational symmetry along the extra-dimensions.

In order to simplify the calculations, we shall consider an homogeneous compactified
manifold B and the coset space K homeomorphic to SU(2) and equivalently to S3 .
Then

B ≃ K ≃ SU(2) ≃ S3. (1.63)

2Note that π3(B) = π3(K) if B is an homogeneous space.
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Figure 1.2: Brane-skyrmion configuration with nW = 1 and nonvanishing size in M3 =
M2 × S 1 as originally presented in [49].

This fact allows to hold a third homotopy group Z .

Furthermore, let us introduce spherical coordinates on both spaces, M4 and K as
follows: in M4 we denote the coordinates {t, r, θ, ϕ} with φ ∈ [0, 2π) , θ ∈ [0, π] and
r ∈ [0,∞) . On the coset manifold K , the spherical coordinates are denoted {χK , θK , φK}
with φK ∈ [0, 2π) , θK ∈ [0, π] and χK ∈ [0, π] . Notice that such coordinates cover the
whole spherical manifolds and relate to the physical branon fields (local normal geodesic
coordinates on K ) by:

π1 = v sinχK sin θK cosφK ,

π2 = v sinχK sin θK sinφK , (1.64)

π3 = v sinχK cos θK .

The coset metric in spherical coordinates is written as

hαβ =





v2

v2 sin2(χK)
v2 sin2(χK) sin2(θK)



 . (1.65)

1.9.1 Static brane-skyrmions

For static configurations, it can be proven that the mass for the brane-skyrmion may be
obtained directly as:

M [π] = −
∫

M3

d3xLeff = f 4

∫

M3

d3x
√

|g| (1.66)
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where the effective Lagrangian comes from the expression (1.53). In general this expression
is divergent due to the contribution of the zeroth order term when

√

|g| is expanded in
branon fields derivatives, reflecting the fact that the brane is an infinite object with finite
tension. To prevent that, we substract this term in order to get a brane-skyrmion finite
mass, i.e.:

MS[π] ≡ M [π] −M [0] = f 4

∫

M3

dx3
√

|g| −M [0]. (1.67)

As was shown in the previous section, the πα fields are mappings from the M4 manifold to
the coset manifold K . For static, i.e. time independent, field configurations, these could be
understood as mappings from the corresponding spatial 3-dimensional hypersurface (M3 )
to the coset space (S3 in the case we are studying). For finite energy configurations, fields
should vanish at the spatial infinity and M3 can be compactified to S3 . Therefore one
may write πα : S3 → S3 . Since the third homotopy group of S3 is Z , the mappings
can be classified by an integer number nW . Thus, branons can be identified with the
topologically trivial configurations nW = 0 , whereas those configurations with nW 6= 0
will be denoted as brane-skyrmions.

Consequently, for static skyrmions this mapping may be implemented in the following
way:

φK = φ ; θK = θ χK = F (r) (1.68)

with the boundary conditions F (0) − F (∞) = nWπ for a winding number nW 6= 0 .

In this case, MS[π] may be written as a F (r) functional and the correct mass for this
kind of skyrmions is obtained by minimizing MS[F ] in the space function with adequate
boundary conditions.

From expression (1.67), it can be proven that the skyrmion is point-like, stable and its
mass becomes:

MS = 2π2f 4R3
B (1.69)
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1.10 Gravitational signatures at the LHC

As already mentioned, it can be seen from the equation (1.50), the fundamental gravita-
tional scale could be as low as the electroweak scale if extra dimensions are large enough.
Since the LHC is operating at a center of mass energy of

√
s = 14 TeV , if the fundamental

scale of gravitation is MD ∼ TeV , both the production and decay of Schwarzschild mini
BHs at high ratio becomes possible [51].

These BHs once produced would decay into SM particles with a clean signature and
a low background. Several features of such objects could then be extracted from expe-
rimental data: for instance BH masses MBH may be determined very precisely due to
the absence of missing energy and their temperature could be extracted from the energy
spectrum of the products. Thus the correlation between these two quantities may provide
relevant information able to determine the number of extra dimensions, and therefore the
fundamental scale of gravity. On the other hand the Hawking evaporation law could be
tested experimentally.

The total cross section when two partons collide at the LHC with an impact parameter
less than the Schwarzschild radius RS is of order

σ(MBH) ≈ πR2
S =

1

M2
D

[

MBH

MD

(

8Γ(D−1
2

)

D − 2

)]
2

D−3

(1.70)

and it does not contain small coupling constants. If MD ∼ TeV the cross section is of order
TeV−2 ≈ 400 pb and therefore BHs will be produced copiously. The total production cross
section ranges from 0.5 nb for MD = 2 TeV , D = 11 to 120 fb for MD = 6 TeV D = 7 .
For MD ∼ 1 TeV , the LHC – with a peak of luminosity of 30 fb−1/year – will produce
107 BH/year.

Experimental signatures rely on two qualitative properties: on the one hand, the
absence of small couplings as seen from expression (1.70) and on the other hand, the flavor
independence nature of BHs decays as will be explained in the following paragraph. Note
that when MBH approaches MD , some stringy corrections to the previous assumptions
may arise but semiclassical arguments remain valid as long as MBH ≫MD .

Once the BHs have been produced they decay following a process governed by their
Hawking temperature TH ∼ 1/RS with an associated wavelength λ = 2π/TH larger than
the BH size and therefore BHs would emit, in a first approximation, as point radiators
mostly in the s-waves. This indicates that BHs decay equally to particles on the brane and
in the bulk since the decay is only sensitive to the radial coordinate. If the approxima-
tion MBH ≫ TH is made, the average multiplicity of particles 〈N〉 produced in the BH
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evaporation is given by:

〈N〉 =
2
√
π

D − 3

(

MBH

MD

)
D−2
D−3

(

8Γ
(

D−1
2

)

D − 2

) 1
D−3

. (1.71)

Since the decay is thermal, it does not discriminate between particle species (of the same
mass and spin) and therefore BHs decay, roughly speaking, with the same probability to
all SM particles. The signal of hard primary leptons and hard photons is quite clean with
a negligible background since the production of SM leptons or photons occur at much
smaller rate than BH production [51].

The way to determine MBH and TH deals with the study of decay products and the
fits of the energy spectrum of those products to the Planck formula respectively. Once
those two quantities are determined, they could provide some evidence of the Hawking
radiation and of the fact that the observed events indeed come from BH evaporation and
not from any other mechanism.

The relation between those two quantities, MBH and TH obtained independently, may
shed light about the dimensionality of the space since it can be proved that

log(TH) = − 1

D − 3
log(MBH) + constant (1.72)

where the constant does not depend on MBH . Therefore the previous equation provides a
direct method to determine the dimensionality D of the space as the slope of this relation.

The experimental signatures outlined above allow us to state that if the fundamental
scale of gravitation is of order TeV, as suggested in BW scenarios, some important physical
consequences may appear. In fact, colliders study of BHs – eventually produced at a high
rate in accelerators such as LHC – could help revealing the main features of physics in the
vicinity of the electroweak scale or even determining the total number of dimensions of the
space-time.



Chapter 2

Dark energy in f(R) theories

2.1 Introduction

As was commented in Chapter 1, when the modified Einstein equations were rewritten
à la Einstein, the presence of a function f(R) in the gravitational sector modifying the
usual EH Lagrangian may be understood as the introduction of an effective fluid which is
not restricted to hold the usual energy conditions. Therefore f(R) functions may be used
to explain the present cosmological acceleration. Historically, some f(R) models were
proposed to modify GR at short scales, i.e., high energies trying to explain inflation, as for
instance f(R) ∝ R2 , but no interest was paid in those models to provide a mechanism to
cause late time acceleration. First attempts to induce cosmological acceleration considered
f(R) ∝ 1/R but those models turned out to be in conflict with solar system tests [52] and
even to be unstable when matter is introduced [53].

Before studying these issues, let us mention that f(R) models, apart from satisfying
those gravitational and cosmological conditions given in Section 1.6, should verify some
extra conditions of cosmological viability. For instance, they have to include a background
evolution with Big Bang nucleosynthesis (BBN) and both radiation and matter dominated
cosmological eras. This fact will be explicitly studied in this chapter in Section 2.6. On the
other hand, they must provide cosmological perturbations compatible with cosmological
constraints from CMB and large scale structures (LSS). This fact will be studied thoroughly
in Chapter 3.

The present chapter is organized as follows: in Section 2.2 we shall revise the standard
approach to describe the cosmological evolution in the ΛCDM model in a homogeneous,
isotropic and spatially flat metric. In the following Section 2.3 we shall generalize the
usual Einstein equations when f(R) gravity theories are present. Then we shall study in
Section 2.4 the cosmological viability conditions for f(R) theories to hold a dust matter

27
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dominated era followed by a late time acceleration and some interesting models which have
been proposed to be viable will be provided in Section 2.5. Then, Section 2.6 will be the
core of the chapter and it will be devoted to study if f(R) theories are able to mimic
standard ΛCDM evolution. These f(R) models will possess vacuum solutions with null
scalar curvature what allows to recover some GR solutions usually considered.

To finish this chapter, we shall study in Section 2.7 how the modification of the gravi-
tational sector by f(R) models may mimic the influence of perfect fluids (parameterized
by a constant equation of state) in the cosmological evolution without any presence of
such a fluid in the fluid content. The chapter will finish with Section 2.8 by drawing some
attention over the main obtained conclusions.

The results presented in this chapter were originally published in [54].

2.2 Standard Einstein equations in a FLRW universe

Since the leitmotiv of this chapter is to study cosmological solutions, our universe, which is
assumed to be isotropic and homogeneous at large enough scales for fundamental observers,
may be represented with a D = 4 dimensional Friedmann-Lemâıtre-Robertson-Walker
(FLRW) metric

ds2 = dt2 − a2(t)

(

dr2

1 − kr2
+ r2dΩ2

2

)

(2.1)

expressed in cosmic time t and where a(t) is usually referred to as the scale factor.
Alternatively, this metric may be expressed in conformal time τ , defined by the relation
dt ≡ a(τ)dτ and thus this metric becomes

ds2 = a2(τ)

(

dτ 2 − dr2

1 − kr2
− r2dΩ2

2

)

(2.2)

In this metric, the Hubble parameter may be defined in either cosmic or conformal time
as

H(t) ≡ da(t)/dt

a(t)
≡ ȧ

a
; H ≡ da(τ)/dτ

a(τ)
≡ a′(τ)

a(τ)
(2.3)

respectively and the identity aH ≡ H is straightforwardly inferred.

For the values of the parameter k smaller, equal or bigger than zero, the universe is
spatially hyperbolic, flat or spherical respectively. In the following calculations we shall be
considering k = 0 . This choice is justified according to WMAP data [11] where the results
obtained for ΛCDM model are: Ωk ≡ −k/H2

0 , with H0 ≡ H(ttoday) = 100h km s−1Mpc−1
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and h = 0.699 ± 0.018 and −0.0133 < Ωk < 0.0084 ( 95% CL). Therefore terms related
with k will be subdominant in either Friedmann’s or generalized Friedmann equations to
be presented in following the section.

Considering the previously introduced metric (2.1) and perfect fluids given by (1.7)
for the present fluids, the only two independent Einstein equations for D = 4 are the
Friedmann and the acceleration equations respectively, which may be written in cosmic
time as:

H2 ≡
(

ȧ

a

)2

=
8πG

3

∑

α

ρα (2.4)

ä

a
= −8πG

6

∑

α

(ρα + 3Pα) (2.5)

where G ≡ G4 is the gravitational constant in four dimensions and the summation over
subindex α holds for the present fluids contributions (baryons, radiation, dark matter,
DE, etc.). If positive cosmological acceleration is required, i.e. ä > 0 , the condition to be
accomplished from expression (2.5) would be

∑

α(ρα + 3Pα) < 0 . This condition would
require that if only a perfect fluid is present, its state equation would satisfy the condition
ωα < −1/3 which is not the case for standard fluids, such as for instance dust matter and
radiation. On the contrary a cosmological constant does provide positive acceleration in
equation (2.5) since its state equation satisfies ωΛ = −1 .

For this metric, the energy-momentum conservation equations lead, in cosmic and
conformal time respectively, to the following equations:

ρ̇α + 3(1 + ωα)H ρα = 0

ρ′α + 3(1 + ωα)Hρα = 0 (2.6)

which hold separately for each fluid whose state equations are assumed to be Pα = ωαρα .
Previous equation is integrated to give:

ρα(t) = ρα(t0)

(

a(t0)

a(t)

)3(1+ωα)

(2.7)

where t0 is an arbitrary time and the corresponding scale factor is a(t0) .

By using the definition given in (1.5) and (1.6), the Ricci scalar curvature for FLRW
spatially flat metric is written in terms of the scale factor and its derivatives as follows

R = 6

[

(

ȧ

a

)2

+
ä

a

]

=
6

a2
(H′ + H2). (2.8)
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Let us finish this section by rewriting the previous Friedmann equation (2.4). To do
so, let us divide that equation by H2

0 ≡ H2(t0) and consider as present fluids dust matter
(ωM = 0 ), radiation (ωRad = 1/3 ) and cosmological constant Λ (ωΛ = −1 ). Thus,
taking into account (2.7) for each present fluid, we get:

H2(t)

H2
0

= ΩM a(t)−3 + ΩRad a(t)
−4 + ΩΛ (2.9)

where we have used the notation:

ΩM ≡ 8πGρM(t0)

3H2
0(t0)

; ΩRad ≡ 8πGρRad(t0)

3H2
0 (t0)

; ΩΛ ≡ Λ

3H2
0(t0)

(2.10)

and the normalization of the scale factor a(t0) = 1 has been used. Note that if expression
(2.9) is evaluated at t = t0 , then ΩM + ΩRad + ΩΛ ≡ 1 .

2.3 Modified Einstein equations in a FLRW universe

Inserting the metric (2.1) for D = 4 in the equations (1.10) and assuming also energy-
momentum tensor as given in (1.7) for a fluid with energy density ρ0 and pressure P0 ,
the only independent modified Einstein equations are

3(1 + fR)
ä

a
− 1

2
(R + f(R)) − 3

ȧ

a
ṘfRR = −8πGρ0 (2.11)

(1 + fR)(Ḣ + 3H2) − 1

2
(R + f(R)) − 1

a

d

dt

(

a2ṘfRR

)

= 8πGP0 (2.12)

and in conformal time τ , these equations are given by

3H′

a2
(1 + fR) − 1

2
(R + f(R)) − 3H

a2
f ′

R = −8πGρ0 (2.13)

1

a2
(H′ + 2H2)(1 + fR) − 1

2
(R + f(R)) − 1

a2
(Hf ′

R + f ′′
R) = 8πGP0. (2.14)

Remind that dot denotes here derivative with respect to time t whereas τ derivative was
denoted with prime. A very useful equation to use in the following calculations is the
combination (2.14) minus (2.13) which becomes

2(1 + fR)(−H′ + H2) + 2Hf ′
R − f ′′

R = 8πG(ρ0 + P0)a
2. (2.15)

At this stage we should note that, for instance, according to equations (2.11), (2.12)
together with (2.8), it is clear that modified Einstein equations are not second order in
derivatives any more, but at least third order in the scale factor derivatives provided
fRR 6= 0 .
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2.4 Cosmological viability for f(R) dark energy mo-

dels

In this section we shall revise the conditions that a model for DE given by a f(R) theory
must fulfill in order to be cosmologically viable: i.e., any viable f(R) model should have
a matter dominated phase long enough to provide the adequate cosmological evolution
prior to a late time acceleration phase. As a matter of fact, equations (2.11) and (2.12)
with dust matter as the unique present fluid, can be rewritten in the form of a system of
autonomous equations [55]. In that reference two variables, m and r are introduced as
follows:

m ≡ RfRR

1 + fR
; r ≡ −R(1 + fR)

R + f(R)
. (2.16)

Both the dynamics and stability of that autonomous system are determined by six critical
points P1,...,6 – according to the notation in [55] – that appear in the system resolution.

2.4.1 Critical points and stability

According to the results presented in [55], both points P5 and P6 satisfy

m(r) = −r − 1. (2.17)

If in the previous equation m is assumed to be constant, the condition (2.17) holds straight-
forwardly from two other equations in the autonomous system. In this case the points P2,...6

always exist while P1 and P4 are present for values m = 1 and m = −1 respectively.
The critical points P5 and P6 which give the exact matter era evolution, i.e., a(t) ∝ t2/3 ,
exist only for m = 0 (P5 ) or for m = −(5±

√
73)/12 (P6 ) but the latter corresponds to

a vanishing matter density and obviously it does not give a standard matter era.

If on the contrary m is not assumed to be constant, the number of solutions depends
on the particular f(R) choice, but only P1,5,6 can be accelerated and only P5 might give
rise to matter era. This last situation would require m ≃ 0 to resemble the standard
matter era evolution. Summarizing the result in this case, only trajectories passing near
P5 with m ⋍ 0 at r ⋍ −1 and landing on an accelerated attractor would give a viable
cosmological evolution.

2.4.2 Classification of f(R) models

By studying all possible trajectories in the m and r variables of the already mentioned
autonomous system, it can be shown [55] that a classification of f(R) models can be
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based entirely upon geometrical properties of the curve m(r) . These two variables allow
to classify the f(R) models in four different classes: I, II, III and IV depending on the
existence of a standard matter epoch and a final accelerated expansion as follows: on the
one hand, the viable matter dominated epoch requires

m ≈ +0 ;
dm

dr
> −1 (2.18)

at r ≈ −1 . On the other hand, the late time acceleration epoch requires to fulfill one of
the following two conditions: a de Sitter acceleration follows the matter epoch if and only
if

1. 0 ≤ m(r) ≤ 1 at r = −2 (2.19)

whereas a non-phantom accelerated attractor follows the matter dominated epoch if and
only if

2. m = −r − 1 ;

√
3 − 1

2
< m ≤ 1 ;

dm

dr
< −1. (2.20)

For instance, according to the previous requirements over m and r variables, models
of the type f(R) = αR−n − R and f(R) = αR−n do not satisfy these conditions for any
n > 0 and n < −1 and are consequently cosmologically nonviable.

The main features of each class of models are:

Class I: this class covers all the cases for which the curve m(r) does not connect
the accelerated attractor with the standard matter point (r,m) = (−1, 0) either
because m(r) does not pass near that matter point, i.e., m(r → −1) 6= 0 , or be-
cause the branch of m(r) that accelerates is not connected with the standard matter
point. Moreover, instead of having a standard matter phase given by a scale factor
a(t) ∝ t2/3 , these f(R) models possess a peculiar scale factor behaviour a(t) ∝ t1/2

before accelerating epoch and are therefore unsuitable models.

Class II: for these f(R) models the m(r) curve does connect the upper vicinity
(m > 0) of (r,m) = (−1, 0) with a critical point able to provide acceleration. There-
fore models here have a matter epoch and are asymptotically equivalent (hardly
distinguishable) to ΛCDM model (ωeff ≡ −1 − 2Ḣ/3H2 = −1 ), i.e., they are
asymptotically de Sitter and observationally acceptable. These models satisfy both
equations (2.18) and (2.19).

Class III: these f(R) models may possess an approximated matter era but as a
transient state followed by a final and strongly phantom attractor at late-time. This
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f(R) models m(r) Class I Class II Class III

−R + αR−n −1 − n n > −0.713 − −1 < n < −0.713

αR−n −n(1+r)
r n > 0 n ∈ (−1, 0), α < 0 −

−R + Rp [log (αR)]q (p+r)2

qr − 1 − r p 6= 1 p = 1, q > 0 −
−R + Rpexp qR −r + p

r p 6= 1 − −
−R + Rpexp(q/R) −p+r(2+r)

r p 6= 1 p = 1 −

Table 2.1: Classification of some f(R) DE models presented in [55]. None of these models belongs
to Class IV. Models that belong to Class II for the provided parameter intervals, at least satisfy the
conditions to have a matter era followed by a de Sitter attractor.

is due to the fact that the m(r) curve intersects the critical line m(r) = −r − 1 at
−1/2 < m < 0 . The approximated matter era is a very fast transitient phase and
only a narrow range of initial conditions may allow it. Since matter era is practically
unstable, these models are generally ruled out by the observations.

Class IV: for models of this class the connection between the upper vicinity of the
point (r,m) = (−1, 0) to the region located on the critical line m(r) = −r − 1
is possible. Therefore these models are observationally acceptable: they possess an
approximate standard matter epoch followed by a non-phantom acceleration with an
effective equation of state ωeff ≡ −1 − 2Ḣ/3H2 > −1 , thus these models posses a
standard DE behaviour. These models satisfy both equations (2.18) and (2.20).

Classes II and IV have therefore some chance to be cosmologically viable but the
basin of the attractor has to be determined to provide acceptable trajectories according to
the already mentioned analysis fully performed in [55]. In Table 2.1 the previous analysis
have been applied to some f(R) models usually considered in the literature.

2.5 Some cosmologically viable f(R) models

In this section we provide three f(R) models already presented in the literature which
claim to be cosmologically viable.

a) f(R) = λR0

[

(

1 + R2

R2
0

)−n

− 1

]

This model was originally considered in reference [56] with n, λ > 0 and R0 of the
order of the presently observed effective cosmological constant. Then f(0) = 0 and the
cosmological constant is claimed to disappear in flat space-time but fRR(0) is negative
and therefore, according to condition 1 in Section 1.6, flat space-time would be unstable.
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For scalar curvatures R ≫ R0 , f(R) tends to λR0 and the model would behave as
the EH case with an effective cosmological constant. On the other hand, de Sitter space-
time with curvature R1 > 0 is also a vacuum solution provided R1(fR(R1)− 1) = 2f(R1)
according to equation (1.33) for D = 4 and R = R1 . Thus, this case would present an
effective cosmological constant Λ(R1) = R1/4 .

For this model it can be proved that conditions 1 and 2 of Section 1.6 are satisfied
in the curvature interval [R1,∞) if they are accomplished at R = R1 . Then these two
conditions hold if and only if

[

1 +

(

R1

R0

)2
]n+2

> 1 + (n+ 2)

(

R1

R0

)2

+ (n + 1)(2n+ 1)

(

R1

R0

)4

. (2.21)

Note that condition 3 in that section is straightforwardly satisfied if as considered, pa-
rameters λ and n are positive. On the other hand, this model also satisfies the required
conditions to provide a matter dominated era at R≫ R0 and does not possess the already
mentioned Dolgov-Kawasaki instability. The remaining condition 4 is easily accomplished
if R0 is considered much smaller than R at recent epochs.

A simple choice of parameters λ , n and R0 shows that this model obeys the conditions
(2.18) and (2.19) and therefore according to the analysis in the previous section it possess
a matter dominated epoch and a de Sitter late time acceleration.

b) f(R) = −αm1

(

R
α

)n [
1 + β

(

R
α

)n]−1

This model was first proposed in reference [33] in order to mimic ΛCDM evolution in
the high-redshift regime and to accelerate at low redshift with an expansion history close
to ΛCDM model. In this model, the parameter n was considered to be positive and for
convenience the mass scale α was given by

α ≡ 8π Gρ0

3
= (8315 Mpc)−2

(

ΩMh
2

0.13

)

(2.22)

where ρ0 is the average density today. This model does not have a bare cosmological
constant since f(0) = 0 and its parameters m1 , β and n may be rewritten as [57]

m1

β
≈ 6

1 − ΩM

ΩM
(2.23)

m1

β2
= −fR(R0)

n

(

12

ΩM
− 9

)n+1

(2.24)

where ΩM is the effective matter energy density at the present time. Finally the constraint
|fR(R0)| < 0.1 was imposed and R0 is the scalar curvature today as would be obtained
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from ΛCDM model, i.e.

R0 ≈ αm1

(

12

ΩM

− 9

)

. (2.25)

Setting the values n = 1 and ΩM = 0.3 , it was proven in reference [57] that this model
belongs to the Class II presented in the previous section.

c) f(R) = −αR∗ log
(

1 + R
R∗

)

This two-parameter f(R) model presented in [58], where parameters α and R∗ are
positive, has claimed to be cosmologically viable and different from ΛCDM . In fact, it
does satisfy both cosmological conditions (2.18) and (2.19) presented in previous Section
2.4, provided α > 1 and regardless of the value of R∗ .

Conditions 1, 2 and 3 given in Section 1.6 are also satisfied but concerning the condition
4 also given in that section, it will be shown in Section 3.4 that this f(R) theory does not
satisfy this condition, showing that this model is indeed distinct from ΛCDM . This fact
and its consequences will be studied in Section 3.4.

2.6 f(R) with no cosmological constant

Now that the modified Einstein equations have been presented for FLRW metric, some
interesting results at cosmological scales will be obtained in this section. The presented
approach tries to mimic cosmological well-known GR results in different cosmological eras
employing adequate f(R) functions. Reconstruction procedures of this kind have been
widely studied in the literature [59, 60, 61] where by rewriting the involved equations in
new variables and assuming a given cosmological solution, mainly in vacuum, the required
f(R) gravity is obtained.

In this section the addressed issue will be to find a f(R) gravity able to reproduce
the current cosmic speed-up appearing in standard ΛCDM cosmology. This function is
required to be analytical at R = 0 and to have R = 0 as a vacuum solution, therefore
it will not contain any cosmological constant contribution. From a more formal point
of view we are seeking for some f(R) gravity model having the same FLRW solution
as the standard EH action with cosmological constant for nonrelativistic matter (dust
matter, i.e. PM = 0 ). For the searched cosmological constant absence it is clear that the
f(R) expansion at R = 0 must start at the R2 term to avoid, on the one hand, having
cosmological constant and, on the other hand, redefining the gravitational constant.
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2.6.1 Cosmological evolution in ΛCDM model

Let us solve Einstein’s equations (1.15) for the standard EH action plus a cosmological
constant Λ with dust matter in the energy-momentum tensor side.

The most recent cosmological data quoted in reference [11] are compatible at late times
with a cosmological model based on a spatially flat FLRW metric like (2.1) together with
Einstein’s equations with a cosmological constant Λ 6= 0 and dust matter (including dark
matter). In this case, the equations (1.15) will be valid and matter content will be written
in terms of a pressureless perfect fluid

T µ
ν = diag (ρM0(t), 0, 0, 0). (2.26)

Equation µ = ν = 0 (time-time component) in (1.15) becomes
(

ȧ0(t)

a0(t)

)2

=
8πG

3
ρM0(t) +

Λ

3
(2.27)

where ρM0(t) in previous equation is given by expression (2.7) if ωα=M is fixed to 0. Thus

ρM0(t) = ρM0(t0)

(

a0(t0)

a0(t)

)3

(2.28)

where the 0 subindex means that the standard EH equations (1.15) with a cosmological
constant are being considered. This notation will be relevant later on when standard
ΛCDM cosmology will be compared with the results coming from the action (1.3) for the
f(R) function that we shall find in this section.

Substituting the expression (2.28) in the equation (2.27), the solution a0(t) , using the
notation introduced in Section 2.2 in this chapter, is found to be:

a0(t) =

(

ΩM

ΩΛ

)1/3

sinh2/3

(

3
√

ΩΛ

2
H0 t

)

. (2.29)

On the other hand, by taking the trace of (1.15) in this case, i.e. cosmological constant
and dust matter, it is found that

R0(t) − 4Λ = 8πG ρM0(t). (2.30)

2.6.2 f(R) case with no cosmological constant

Now let us consider the equations (1.10) but in the case where no cosmological constant
is considered and the energy-momentum tensor for dust matter will be

T µ
ν = diag (ρM(t), 0, 0, 0). (2.31)
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Then the equation (2.11) becomes

3(1 + fR)
ä

a
− 1

2
(R + f(R)) − 3

ȧ

a
ṘfRR = −8πGρM (2.32)

where we have eliminated the subindex 0 in the different quantities to avoid any confusion
with the previous case presented in Subsection 2.6.1. As was already mentioned, it is clear
that the solutions for equation (2.32) will strongly depend on the function f(R) : different
choices for this function will lead to different evolutions of the universe for the same initial
conditions. However, our approach to the problem will be to find a function f(R) so that
the solution a(t) of the equation (2.32) will be exactly the same as the solution provided
by the expression (2.29) that we obtained by using GR with nonvanishing cosmological
constant and which seems to fit the present cosmological data. In other words, we want
to find the f(R) model such that the solution for the equation (2.32) is exactly the scale
factor (2.29), i.e.:

a(t) ≡ a0(t) (2.33)

for the same initial (or present, i.e. t = t0 ) conditions. If it were possible to find such
a function f(R) then, it would be possible to avoid the necessity for introducing any
cosmological constant just by considering a gravitational action such that given in the
expression (1.3). In the following it will be shown that such a function happens to exist and
its precise form will be provided. In order to do that one first notices that accomplishing
the condition (2.33) after radiation-matter equality clearly implies

R = R(t) ≡ R0(t) (2.34)

and then R(t) and R0(t) may be used indistinctly. On the other hand we shall write
the matter density as the former matter density provided by expression (2.7) plus a new
contribution, i.e.

ρM(t) = ρM0(t) + ∆ρ(t), (2.35)

accounting for a slight variation with respect to the density provided in the Subsection
2.6.1. Assuming that matter for arbitrary f(R) is still nonrelativistic in this cosmological
era we have

∆ρ(t) = ∆ρ(t0)

(

a0(t0)

a0(t)

)3

(2.36)

where according to the expression (2.7) particularized for the constraint (2.33) and consi-
dering the relation given in (2.30) we can write

(

a0(t0)

a0(t)

)3

=
R(t) − 4Λ

8πG ρM0(t0)
(2.37)
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and then (2.36) becomes

∆ρ(t) = −ηR(t) − 4Λ

κ
(2.38)

where we have introduced the parameter

η ≡ − ∆ρ(t0)

ρM0(t0)
(2.39)

so that matter density (2.35) is rewritten as

ρM(t; η) = (1 − η)ρM0(t) (2.40)

Finally the last term on the l.h.s. of equation (2.32) can be written in terms of the scalar
curvature by differentiating expression (2.30) with respect to cosmic time t and using the
conservation equation (2.6). Hence, we get

3 (R − 3Λ) (R − 4Λ) fRR +

(

−1

2
R + 3Λ

)

fR − 1

2
f(R) − Λ

− η (R − 4Λ) = 0 (2.41)

where the time dependence of R is implicit. This last equation can be considered as a
second order linear differential equation for the function f(R) , so two initial conditions are
needed to solve it: the natural choice that has been judged more convenient and physically
meaningful is the following:

1. Firstly, the absence of any cosmological constant in the gravitational action is re-
quired, so that f(0) = 0 .

2. Secondly, the standard EH action behaviour should be recovered for low scalar cur-
vatures without redefining the Newton constant, i.e. fR(0) = 0 .

Moreover, f(R) function is wanted to be analytical at the origin so that R = 0 should
be a solution for the field equations in vacuum. This is an extremely important requirement
since it allows both Minkowski and Schwarzschild solutions to be vacuum solutions.

With these initial conditions, the equation (2.41) can be solved by using standard
methods. One particular solution is:

fp(R) = −ηR + 2 (η − 1) Λ. (2.42)

The homogeneous equation associated with (2.41) is a Gauss-type equation solved in terms
of hypergeometric functions. The general solution of the homogeneous equation can be
written as:

fh(R) = Λ (K+f+(R) +K−f−(R)) (2.43)
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where

f±(R) =

(

3 − R

Λ

)−a±

2F1

[

a±, 1 + a± − c, 1 + a± − a∓;−
(

3 − R

Λ

)−1
]

(2.44)

and the symbol 2F1 holds for hypergeometric functions and the constants

a± = − 1
12

(

7 ±
√

73
)

; c = −1/2 (2.45)

have been introduced. The η -dependent constants K+ and K− must be determined from
the initial conditions given above. Numerically it is found that:

K+ = 0.6436 (−0.9058 η + 0.0596) ; K− = 0.6436 (−0.2423 η + 3.4465). (2.46)

The hypergeometric functions given in (2.44) are generally defined in the whole complex
plane. However, a real gravitational action is wanted. In principle this requirement is very
easy to achieve since the coefficients in the equation (2.41) and the constants K± are all
real. Then it is obvious that the real part of the functions appearing in the expression
(2.44) is a proper solution of the homogeneous equation associated with (2.41). Thus the
function we are seeking can be written as:

f(R) ≡ fp(R) + Re [fh(R)] . (2.47)

Nevertheless, the situation is more complicated. The homogeneous equation has three
regular singular points at R1 = 3Λ , R2 = 4Λ and R3 = ∞ . This results in the
solution fh(R) having two branch points R1 and R2 . More concretely there are two cuts
along the real axis: one from minus infinity to R1 and another from R2 to infinity. Thus
one must be quite careful when interpreting (2.47). From minus infinity to R1 there is
only one Riemann sheet of fh(R) where f(0) and fR(0) vanish and therefore this is the
one that we have to use to define f(R) . From R1 to R2 the real part of fh(R) is well
defined. Finally from R2 to infinity there is only one Riemann sheet producing a smooth
behaviour of f(R) . To reach this sheet one must understand R in the above equation
as R + iǫ . At the present moment we do not know if this analytical structure has any
fundamental meaning or it is just an artefact of our construction. Much more important
is the fact that the function R + fp(R) + fh(R) , which is the analytical extension of our
Lagrangian, is analytical at R = 0 , having at this point the local behaviour R + O(R2) .
Therefore our generalized gravitational Lagrangian R+f(R) does guarantee that R = 0 is
a vacuum solution as can be seen from expression (1.12). At the same time, this Lagrangian
reproduces the current evolution of the universe without any cosmological constant.

Now that the f(R) function in (2.47) has been obtained, it is possible to check our
result out by solving (2.11) in terms of a(t) for the f(R) given in (2.47). This is done
by rewriting the equation (2.32) in terms of a(t) by using (2.8) and (2.7) together with
the dust matter density in terms of η and a(t) as provided by expression (2.35). At this
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stage, the consistency of our results has been checked out by introducing the scale factor
(2.29) and f(R) given in (2.47) in (2.11) and both sides of the equation turned to be equal
for all η values. Thus it has been guaranteed that our gravitational action proportional
to R + f(R) provides the same cosmic evolution –in the required cosmological eras –
as the EH action with cosmological constant Λ in a dust matter universe. Therefore,
our model does verify, in the same range of precision, all the experimental tests that the
standard cosmological model does in the present era. Notice also that in principle this can
be achieved for any value of η , i.e. for any desired amount of matter. Nevertheless, some
restrictions should be imposed on the parameter η . For instance it is obvious that in a
dust matter dominated universe ρM(t; η) ≥ 0 implies η ≤ 1 .

Much more stringent bounds can be set on parameter η by demanding that this model
works properly back in time up to Big Bang Nucleosynthesis (BBN) era. Observations in-
dicate that the cosmological standard model fits correctly primordial light elements abun-
dances during BBN , that means that the expansion rate H(t) cannot deviate from that
of standard cosmology H0(t) in more than 10% for the background evolution (see for
instance [62] for further details). Therefore by the time of BBN, departure of our model
from the standard cosmology must not be too large and the equation (2.11) should provide
a similar behaviour to the one given by the standard Friedmann equation (2.27) where
now the density will include both dust and radiation contributions.

At BBN the DE contribution is negligible compared with dust and radiation densities.
The scalar curvature is of order 10−39 eV2 (with ~ = c = 1 for these calculations)
and by that time dust and radiation densities are of the order of 1016 eV4 and 1021 eV4

respectively. Since R ≃ R0 we can rewrite the equation (2.11) as a modified Friedmann
equation as follows

H2(t) = H2
0 (t)

{

105R− ηR + 1
2
(RfR − f(R))

105R [1 + fR − 3fRR(1 − η)R]

}

. (2.48)

As was commented above, to reproduce light elements abundances it is required that
H2(t) = H2

0 (t)(1±0.2) for curvatures of order RBBN . This implies that the second factor
on the r.h.s. of the previous expression (2.48) should be between 0.8 and 1.2 by that
period. Thus in order to match our f(R) gravity model with the standard cosmology at
the BBN times we need to tune η to a value about 0.065 with a stringent fine tuning.
Therefore the matter content of our model is not too different from the one in the standard
cosmology and the difference is in fact smaller than experimental precision in [11].

Concerning the problem of viability for this particular f(R) model, if conditions 2,
3 and 4 given in Section 1.6 are required to hold, the parameter η has to be fixed to
a fine tuned value η ≈ −1.4311 but for this value fRR reverse its sign at high enough
curvatures and therefore the condition 1 in that section is not accomplished. Therefore it
may be stated that the f(R) model given by expression (2.47) should be considered as an
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effective model able to reproduce ΛCDM model cosmological expansion after radiation-
matter equality but not as a consistent gravitational theory valid for all scales.

2.7 Effective fluid description of f(R) gravities

In this section we shall be interested in finding those f(R) functions such that the corres-
ponding modified Einstein equations in vacuum exactly reproduce the cosmological evolu-
tion of EH gravity with a given perfect fluid, i.e., the introduced modifications of the EH
action through a function f(R) will play the role of the fluid source.

Let us thus consider such a perfect fluid ’f’ obeying the following barotropic state
equation

Pf = ωf ρf (2.49)

with constant ωf and whose density ρf scales according to the conservation equation (2.7)
with the scale factor a ≡ a(t) as

ρf(a) = ρf(a(t0))

(

1

a(t)

)3(1+ωf)

= ρf(a(t0)) x
1+ωf (2.50)

where ρf(a(t0)) is the value of the fluid density for a given value of the scale factor a(t0) ≡
1 . For the sake of simplicity a new variable x has been introduced in the previous
expression (2.50) defined as follows

x ≡ 1

a3
. (2.51)

With this new variable x , if the only present (or at least the dominant one) fluid is the
defined above, the standard EH Friedmann and acceleration equations in cosmic time t
are respectively

H2 =
8πGρf

3
= H2

0x
1+ωf

ä

a
= −8πG

6
ρf(1 + 3ωf) = −1

2
H2

0 (1 + 3ωf)x
1+ωf (2.52)

where as usual 8πGρf(a(t0)) ≡ 3H2
0 .

Analogously to the procedure in the previous section of this chapter, we shall consider
the modified Einstein equations where there will not be any fluid contribution. The solution
for these equations is wanted to be the same scale factor as the one which is the solution
of equations (2.52). In other words, the presence of the fluid in the EH equations wants to
be replaced by the contribution of some f(R) function in the modified Einstein equations.
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To do so, note that the scalar curvature according its expression (2.8) for spatially flat
FLRW metric may be rewritten as

R ≡ 6

[

(

ȧ

a

)2

+
ä

a

]

= 8πG(1 − 3ωf)ρf (2.53)

and

Ṙ ≡ dR

dt
= −3H 8πG(1 + ωf)(1 − 3ωf)ρf(a(t0)). (2.54)

At this stage, let us introduce a dimensionless variable R̃ ≡ R/H2
0 . Hence with this

notation in variables R̃ and x we get from expression (2.53) that

R̃ = 3(1 − 3ωf)

(

1

a

)3(1+ωf)

= 3(1 − 3ωf)x
1+ωf . (2.55)

Note that for the specific choices ωf = −1, 1/3 no relation between variables R̃ and
x may be straightforwardly established through (2.55). For those cases x has to be
determined by solving the equations (2.52).

Since ẋ = −3Hx the following equalities can be written down

H2

H2
0

= x1+ωf (2.56)

˙̃R = −9H (1 − 3ωf)(1 + ωf)x
1+ωf (2.57)

dR̃

dx
≡ R̃x = 3(1 − 3ωf)(1 + ωf)x

ωf (2.58)

d

dx

(

1

R̃x

)

= − 1

R̃2
x

3(1 − 3ωf)(1 + ωf)ωf x
ωf−1 (2.59)

df̃

dR̃
=

df̃(x)

dx

1

R̃x

; H2
0

d2f

dR2
=

d2f̃(x)

dx2

1

R̃x

− df̃(x)

dx

3

R̃3
x

(1 − 3ωf)(1 + ωf)ωf x
ωf−1 (2.60)

ȧ

a
Ṙ = −3H2xR̃xH

2
0 (2.61)
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where f̃(R̃) ≡ f(R)/H2
0 .

Therefore, by considering a fluid density given by expression (2.50), the modified Fried-
mann equation given by (2.11) may be rewritten as a second order differential equation
for f(R) . Analogously, this equation may be expressed as a differential equation in x
variable for f(R(x)) ≡ f(x) and it becomes

df̃(x)

dx

1

R̃x

{

3
ä

a
R̃x − 9H2 [3(1 − 3ωf)(1 + ωf)ωfx

ωf ]

}

− 1

2
H2

0 f̃(x) + 9H2 x

R̃x

d2f̃(x)

dx2

= 3H2
0 x

1+ωf (2.62)

where expressions (2.52) and (2.58) have to be substituted in the previous equation.

The general solution of (2.62) is then:

f̃(x) = −3(1 − 3ωf)x
1+ωf + c+x

ω+
f + c−x

ω−

f (2.63)

where

ω±
f =

1

12

[

9ωf + 7 ±
(

9ω2
f + 78ωf + 73

)1/2
]

. (2.64)

Requiring ωf 6= −1, 1/3 to avoid possible indeterminacies, it is possible to rewrite (2.63)
in terms of R̃ as

f̃(R̃) = −R̃ + c+

[

R̃

3(1 − 3ωf)

]

ω
+
f

1+ωf

+ c−

[

R̃

3(1 − 3ωf)

]

ω
−

f
1+ωf

. (2.65)

2.7.1 Some examples

Some interesting cases for the fluid content are the dust matter, radiation and cosmological
constant fluids, , i.e., ωM, Rad,Λ = 0, 1/3,−1 and η f = ηM, Rad, Λ respectively. For these
three cases, the corresponding functions become

f̃M(x) = c+x
1
12(7+

√
73) + c−x

1
12(7−

√
73) − 3x

f̃Λ(x) = −12 + c−x
−1/3 + c+

f̃Rad(x) = c+x
5/3 + c− (2.66)

where constants c± are arbitrary integration constants that can be fixed if either boundary
or initial conditions are imposed.
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2.8 Conclusions

In this chapter we have found the f(R) gravity which exactly reproduces the same evolu-
tion of the universe, from BNN up to the present time, as standard ΛCDM model does,
but without the introduction of any form of DE or cosmological constant. The gravitatio-
nal Lagrangian R+ f(R) is analytical at the origin and consequently R = 0 is a vacuum
solution for the field equations. Therefore Minkowski, Schwarzschild and other important
R = 0 GR solutions, with Λ = 0 , are also solutions for this f(R) gravity. This result
was originally presented in [54].

The price that we have to pay for all those good properties is that our Lagrangian,
considered as a function of R , has a very complicated analytical structure with cuts
along the real axis from infinity to R = 3Λ and from R = 4Λ to infinity. Obviously
the only reasonable interpretation of our action is as some kind of effective action. In
classical physics one typically starts from some action principle, obtains the corresponding
field equations and finally solves them for some initial or boundary conditions. In this
work we have proceeded in the opposite way: we started from solutions obtained in the
standard cosmological model and then we have searched for an action that, possessing
certain properties, gives rise to field equations having the same solutions.

Classical actions are of course real but effective quantum actions usually have a complex
structure coming from loops and related to unitarity. The presence of an imaginary part
in the action, evaluated on some classical configuration, indicates quantum lost of stability
by particle emission of this configuration [63]. Therefore it is tempting to think that our
action could have some interpretation in terms of an effective quantum action. However,
our action determination procedure does not allow to make such a kind of statement.
Complications in the action could be just an artifact of our construction. In any case it
was shown that such action exists and it reproduces the present universe evolution without
DE having R = 0 as a vacuum solution. As a drawback of this result, we have shown that
this f(R) function cannot be considered as a fully consistent gravitational theory since it
does not obey the viability conditions revised in Chapter 1 and that therefore it should be
regarded as an effective model to mimic ΛCDM cosmological background evolution.

To conclude the chapter a completely general procedure to reproduce EH gravity with
an arbitrary perfect fluid by using f(R) theories has been implemented. It has been
explicitly shown that any perfect fluid when is described by a constant equation of state
can be mimicked by an appropriate f(R) model. Standard cases for perfect fluids such as
dust matter, radiation and cosmological constant have been presented in this analysis.



Chapter 3

Cosmological perturbations in f (R)
theories

3.1 Introduction

This chapter will be devoted to a study of the evolution of scalar cosmological perturba-
tions in f(R) theories. To do so, a completely general procedure will be implemented and
several consequences will be analyzed. The importance for addressing the present problem
lies in the necessity to discriminate among different DE models, including f(R) modified
gravities, by using observations. It is well-known that by choosing adequate f(R) func-
tions, one can mimic any expansion history, and in particular that of the ΛCDM model.
Accordingly, the exclusive use of observations from SNIa [64], baryon acoustic oscillations
[65] or CMB shift factor [11], based upon different distance measurements which are sen-
sitive only to the cosmological expansion history, cannot settle the question of the DE
nature [66].

However, there exists a different type of observations which are sensitive, not only to the
cosmological expansion history, but also to the evolution of matter density perturbations.
Pioneering work on density perturbations in FLRW cosmological models was presented in
[67]. The fact that the evolution of perturbations depends on the specific gravity model,
i.e., it differs in general from that of Einstein’s gravity even though the background evo-
lution is the same, means that this kind of observations will help distinguishing between
different models capable to explain cosmic acceleration. This is therefore the aim of the
present chapter: to provide a completely exact method to determine how cosmological
perturbations grow in f(R) theories and to settle the extracted consequences from this
result. Such a problem has been exhaustively considered in the literature [68]. In this chap-
ter we shall show that for f(R) theories the differential equation for the matter density

45
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contrast is a fourth order differential equation in the longitudinal (also called conformal
or Newtonian) gauge but it reduces to a second order differential equation for sub-Hubble
modes.

This general equation will be compared with the standard simplification procedure
(so-called quasi-static approximation) widely used in the previous literature. This appro-
ximation considers simplifications in the density equation determination from the very
beginning. We shall show that for general f(R) functions, the quasi-static approximation
is not justified. However, for those f(R) adequately describing the present phase of acce-
lerated expansion and satisfying local gravity tests, it does give a correct description for
the evolution of perturbations.

Once the general results are presented, some immediate applications may be imple-
mented. For instance, our analysis may also be used to settle the validity of some proposed
f(R) models, by comparing the predicted matter spectra with recent observations of LSS
[69].

The present chapter is organized as follows: in Section 3.2 we briefly review the theory
of cosmological perturbations for the standard ΛCDM model, introducing the gauge-
invariant variables and revising the well-known results for the EH theory in order to es-
tablish a comparison with f(R) gravities. Next, Section 3.3 will be devoted to thoroughly
study cosmological perturbations in f(R) theories. The perturbed modified Einstein equa-
tions are obtained through a completely general procedure for those theories in the Sub-
section 3.3.1. In Subsection 3.3.2 the density perturbations equation is obtained whereas
the Subsection 3.3.3 compares the obtained exact results with the ones given by using the
quasi-static approximation. Finally in this section, in Subsection 3.3.4 we shall study the
growth of perturbations for some particular f(R) models. Section 3.4 will then show how
our previous results may be used to constrain or rule some f(R) models out and finally
some general conclusions for the presented results will be given in Section 3.5.

This chapter is based upon the results presented in references [70, 71, 72].

3.2 Theory of cosmological perturbations

3.2.1 Generalities

To study cosmological perturbations, the 4-dimensional full line element may be decoupled
into background and perturbed parts as follows

ds2 = g(0) µνdx
µdxν + δgµνdx

µdxν (3.1)
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µ, ν = 0, 1, 2, 3 with g(0) µν representing the homogeneous FLRW background metric and

δgµν describing a small perturbation. This perturbation may be split [73] in three different
types: scalar (S), vector (V) and tensor (T) contributions as follows

δgµν = δgS
µν + δgV

µν + δgT
µν . (3.2)

This classification obviously refers to the way that fields included in δgµν transform
under three-space coordinate transformations on a constant time hypersurface. Tensor per-
turbations produce gravitational waves which do not couple to energy density and pressure
inhomogeneities and propagate freely. Vector perturbations are dumped with cosmological
expansion and are therefore negligible today. On the contrary, scalar perturbations may
lead to growing inhomogeneities which will give rise to the large scale structures and the
CMB anisotropies which are seen today. Thus let us explicitly implement each type of
perturbations:

- Scalar perturbations: the most general metric perturbations of this type are given by
four scalar functions: φ , ψ , E and B of the space-time coordinates, as follows

δgS
µν = a2(τ)

(

2φ −B,i

−B,i 2(ψδij −E, ij)

)

(3.3)

where i, j = 1, 2, 3 from now on hold for spatial indices and subindex , i means ordinary
derivative with respect to ith -coordinate.

- Vector perturbations: these perturbations can be represented by two divergenceless three-
vectors Fi and Si as follows:

δgV
µν = −a2(τ)

(

0 −Si

−Si Fi, j + Fj, i

)

(3.4)

where divergenceless conditions - Einstein’s convention applied - mean

F i
,i = Si

,i = 0 (3.5)

and shift from upper to lower indices –and viceversa– is performed through the spatial
part of spatially flat background metric tensor, i.e., δij and its inverse δij .

- Tensor perturbations: tensor perturbations are given by a symmetric three-tensor hij

satisfying the following conditions

hi
i = 0 ; hij

, j = 0 (3.6)

i.e., traceless and transversality conditions respectively, meaning that hij does not contain
any piece transforming as scalars nor as vectors. Thus, the metric contribution δgT

µν is
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simply given by

δgT
µν = −a2(τ)

(

0 0
0 hij

)

. (3.7)

The number of independent functions introduced to define δgµν without loss of generality
is ten: four scalar functions for scalar perturbations, two three-vectors for vector pertur-
bations with one constraint each and one symmetric three-tensor with four conditions for
tensor perturbations. This number coincides with the number of independent components
of δgµν as a 4 × 4 symmetric tensor.

3.2.2 Gauge-invariant variables and gauge choice

Metric perturbations, as the ones defined above, are gauge-dependent, i.e. an infinitesi-
mal coordinates transformation could give rise to two apparently different perturbations
whereas they indeed represent the same physical perturbation. This is the reason why
Bardeen introduced [74] gauge-invariant quantities that are explicitly invariant under in-
finitesimal coordinate transformations. The starting point is to consider infinitesimal co-
ordinate transformations

xµ → x̃µ = xµ + ξµ(x). (3.8)

It can be proven very easily that in the new coordinates {x̃µ} the metric gµν(x) can be
written as:

g̃µν(x) = gµν(x) + Lξgµν(x) + O(ξ2) (3.9)

what proves that two metrics gµν and g̃µν differing on a Lie derivative represent the
same physical perturbation 1. Let us consider a coordinate transformation given by the
parameters (ξ0, ξi) , i.e.,

τ̃ = τ + ξ0

x̃i = xi + ξi = xi + ξ
i
+ δijξ,j (3.10)

where prime holds for derivative with respect to τ , and ξi is decomposed as ξi = ξ
i
+

ξ,j δ
ji , i.e., it is given by a solenoidal part, ξ

i
, and an irrotational part ξ,jδ

ji according to
Helmholtz’s theorem. Therefore dτ , dxi and a(τ) can be expressed in terms of the new

1Lie derivative of a twice covariant tensor gµν with respect to ξ is given by Lξgµν ≡ −gλ
µξλ;ν −

gλ
ν ξλ;µ + gµν;λξλ where gµν;λ = 0 if Levi-Civita connection is considered.
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coordinates {x̃µ} as:

dτ = dτ̃ − ξ0′dτ̃ − ξ0,i dx
i

dxi = dx̃i − ξi′dτ̃ − ξi,j dx̃j

= dx̃i −
(

ξ
′

+ δijξi′, j

)

dτ̃ − (ξ
i
,j +δikξ, kj )dx̃j

a(τ) = a(τ̃ ) − ξ0a′(τ̃ ) . (3.11)

Therefore if identities (3.11) are applied to the expression (3.1), the obtained metric should
have the aspect of the original line element provided the involved quantities defined in ex-
pressions (3.3), (3.4) and (3.7) transform as follows:

- Scalar perturbations:

Φ̃ = φ−Hξ0 − ξ0′

Ψ̃ = ψ + Hξ0

B̃ = B + ξ0 − ξ
′

Ẽ = E − ξ (3.12)

where only scalar contributions ξ0 and ξ are present.

- Vector perturbations:

F̃i = Fi − ξ
i

S̃i = Si + ξ
i′

(3.13)

where only vector contribution ξi is present.

- Tensor perturbations:

h̃ij = hij (3.14)

which turn out to be gauge-invariant.

From previous results, gauge-invariant quantities can be constructed. For scalar per-
turbations, since four scalar functions were introduced and two scalar gauge parameters
( ξ0 and ξ ) are present, two gauge-invariant quantities could be, for instance:

Φ = φ+
1

a
[(B − E ′)a]

′

; Ψ = ψ + H(B −E ′) (3.15)

where by construction Φ = Φ̃ and Ψ = Ψ̃ are known as the Bardeen’s potentials in [74].
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For vector perturbations one gauge-invariant quantity could be

Si = Si + F
′

i . (3.16)

With all previous results in mind, one can choose, i.e. one may specify in which coordinate
system the scalar perturbations are going to be studied. There exist several possibili-
ties for the gauge choice. Among them we can mention synchronous and longitudinal (or
conformal-Newtonian) gauges.

Synchronous gauge : This gauge is defined by the conditions φ = B = 0 [67]. However,
it can be shown that the required synchronous coordinates are not completely fixed since
a residual coordinate freedom remains, what renders the interpretation of calculations in
this gauge difficult.

Longitudinal gauge : This gauge is defined by the conditions B = E = 0 and, in this
gauge, coordinates are totally fixed since E = 0 determines ξ uniquely. Using this re-
sult, B = 0 allows to fix determines ξ0 without any uncertainty. We draw the important
conclusion that in this gauge φ and ψ coincide with the gauge invariant variables (3.15)
Φ and Ψ respectively which have a simple physical interpretation as the amplitudes of
the metric perturbations in the usually so-called conformal-Newtonian coordinate system.

3.2.3 Equations for cosmological perturbations in EH gravity

In ΛCDM model within the metric formalism it is possible to obtain a second order
differential equation for the growth of matter density perturbation. Let us previously
define the density contrast δ as follows:

δ ≡ δρ

ρ0

≡ ρ− ρ0

ρ0

(3.17)

where ρ0 holds for the unperturbed mean cosmological energy density for a fluid and ρ
for the perturbed energy density of the same cosmological fluid.

In the following, as was mentioned in the beginning of the chapter, the longitudinal
gauge will be considered to perform our calculations. Thus, the flat FLRW D = 4 metric
tensor with scalar perturbations expressed in this gauge and by using conformal time τ is
written as:

ds2 = a2(τ)
[

(1 + 2Φ)dτ 2 − (1 − 2Ψ)(dr2 + r2dΩ2
2)
]

(3.18)

where Φ ≡ Φ(τ, ~x) and Ψ ≡ Ψ(τ, ~x) are the well-known Bardeen’s potentials [74]. From
this metric, the first order perturbed standard Einstein equations are obtained:

δGµ
ν = −8πG δT µ

ν (3.19)
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Now that the metric with scalar perturbations is known, δGµ
ν is straightforwardly de-

termined through Einstein’s tensor Gµ
ν definition. Therefore the first order perturbed

standard Einstein equations, i.e., for EH gravity read:

δG0
0 = −6H2Φ − 6HΨ′ + 2∇2Ψ = 8πGa2δT 0

0

δG0
i = (2HΦ + 2Ψ′),i = 8πGa2δT 0

i

δGi
j = (−4H′Φ − 2H2Φ − 2HΦ′ − 2Ψ′′ − 4HΨ′ −∇2D)δi

j +D, ij = 8πGa2δT i
j

(3.20)

where D ≡ Φ − Ψ , the prime denotes derivative with respect to conformal time τ and
the subindex , i is the usual derivative with respect to the ith -spatial coordinate.

To study the growth rate of cosmological perturbations we shall consider models with
conventional hydrodynamical matter described by a perfect fluid energy-momentum tensor
as given in Section 1.2. It should be reminded that uµ ≡ dxµ/ds is the mean 4-velocity
of the fluid. Unperturbed 4-velocity in FLRW conformal coordinates becomes:

uµ
(0) =

1

a(τ)

(

1,~0
)

(3.21)

and to first order in scalar perturbations, it can be shown that

uµ = a(τ)−1(1 − Φ, δui) (3.22)

where δui can be decomposed as follows:

δui = ui + v, i (3.23)

with ui and v, i being the solenoidal and irrotational components respectively. Note at
this stage that ui only contributes to the vector perturbations but not to the scalar ones
and v is usually referred to as the potential for velocity perturbations.

Taking into account the previous digression, the perturbed energy-momentum tensor
components are proven to be:

δT 0
0 = δρ = ρ0δ

δT i
j = −(δP )δi

j

δT 0
i = −δT i

0 = − (ρ0 + P0)∂iv (3.24)

with δP pressure fluctuation. Substituting expressions (3.24) in (3.20), they become

−3H2Φ − 3HΨ′ + ∇2Ψ = 4πGa2δρ

(HΦ + Ψ′),i = 4πGa2(ρ0 + P0)v,i

(−2H′Φ −H2Φ −HΦ′ − Ψ′′ − 2HΨ′ − 1

2
∇2D)δi

j +
1

2
D, ij = −4πGa2δPδi

j

(3.25)
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For i 6= j considered, D, i
j = 0 which in Fourier space means kikjDk = 0 for any i, j

values and then D is identically null and thus

Φ(τ, ~x) ≡ Ψ(τ, ~x). (3.26)

Such a result permits to simplify the previous equations (3.25) to become:

∇2Φ − 3H2Φ − 3HΦ′ = 4πGa2δρ

(aΦ),
′

i = 4πGa3(ρ0 + P0)v,i

Φ′′ + 3HΦ′ + (H2 + 2H′)Φ = 4πGa2δP. (3.27)

At this stage, a short digression about the pressure P dependence may be valuable: the
pressure is, in principle, a quantity depending on energy density and entropy per baryon
ratio. Thus, a pressure fluctuation δP can be expressed in terms of density and entropy
perturbations as follows

δP =

(

∂P

∂ρ

)

S

δρ+

(

∂P

∂S

)

ρ

δS ≡ c2Sδρ+

(

∂P

∂S

)

ρ

δS (3.28)

where c2S can be understood as the squared sound velocity of the fluid perturbations.
In a single component perfect fluid with constant equation of state there are no entropy
perturbations. However, if the perturbation description needs to include more than one
component, entropy perturbations may be present.

In the following we shall restrict ourselves to adiabatic perturbations, i.e. δS = 0 and
therefore

δP = c2S δρ (3.29)

and equation of state for the fluid will be considered constant, i.e. P = ωρ with ω
constant. Thus, perturbed and unperturbed content matter are assumed to have the same
equation of state, i.e. δP/δρ ≡ c2S ≡ P0/ρ0 , where cS = 0 for dust matter adiabatic
perturbations.

With the previous assumptions, the equations (3.27) can be combined to obtain the
growth rate δ evolution in Fourier space 2. For instance, for dust matter the resulting
differential equation is

δ′′ + H k4 − 6ρ̃k2 − 18ρ̃2

k4 − ρ̃(3k2 + 9H2)
δ′ − ρ̃

k4 + 9ρ̃(2ρ̃− 3H2) − k2(9ρ̃− 3H2)

k4 − ρ̃(3k2 + 9H2)
δ = 0 (3.30)

2In the rest of the present chapter it must be understood that symbols δ , Φ , Ψ and v will hold for
the Fourier corresponding quantities but the subindex k will be omitted in order to simplify the notation.
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where ρ̃ ≡ 4πGρ0a
2 = −H′ + H2 according to the background standard Einstein equa-

tions, as seen for instance from (2.15) setting P0 ≡ 0 and f(R) constant. We point out
that in order to obtain the equation (3.30) it is not necessary to calculate the potentials
Φ and Ψ explicitly, but algebraic manipulations in the equations (3.27) are enough to get
this result.

Some limits can be taken in the previous equation: for instance, it is of particular
interest to consider those k modes whose wavelength is much smaller than the Hubble
radius. These modes are known as sub-Hubble modes and are identified by the condition
k ≫ H or equivalently kτ ≫ 1 . In this approximation the equation (3.30) reduces to the
well-known expression:

δ′′ + Hδ′ − 4πGρ0a
2δ = 0. (3.31)

In this regime and at early times, the matter energy density dominates over the cosmo-
logical constant term and it is easy to show that δ solutions for (3.31) grow as a(τ) . At
late times (near today) the cosmological constant contribution is not negligible and thus
the equation (3.31) does not admit any more power-law solutions of the type δ ∝ a(τ)γ

for some γ . It is necessary in this case to assume an ansatz for δ : one which works very
well is that proposed in references [66] and [75] namely

δ(a)

a
= exp

[∫ a

ai

(ΩM(a)γ − 1) dlna

]

(3.32)

where ΩM (a) ≡ ΩMH2
0

aH2 and ΩM was defined in expression (2.10). Expression (3.32) turns
out to fit with high precision the numerical solution for δ with a constant parameter
γ = 6/11 .

3.3 Cosmological perturbations in f(R) theories

3.3.1 Perturbed Einstein equations in f(R) theories

Using the perturbed metric (3.1) and the perturbed energy-momentum tensor (3.24), the
first order perturbed equations for f(R) theories in the metric formalism, assuming that
the background equations given in expression (1.10) in Chapter 1 hold, may be written as:

(1 + fR)δGµ
ν + ((R(0))

µ
ν + ∇µ∇ν − δµ

ν �)fRRδR+ [(δgµα)∇ν∇α − δµ
ν (δgαβ)∇α∇β]fR

−
[

gαµ
(0)(δΓ

γ
αν) − δµ

ν g
αβ
(0)(δΓ

γ
βα)
]

∂γfR = −8πGδT µ
ν (3.33)

where (R(0))
µ
ν will denote here the Ricci tensor components corresponding to the un-

perturbed FLRW metric (2.2) in comoving coordinates whose trace provides the scalar
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curvature already given in equation (2.8). Note that f(R) derivatives with respect to
R(0) have been expressed as usually, i.e., fR ≡ df(R)/dR|R(0)

, fRR = d2f(R)/dR2|R(0)

and again � ≡ ∇α∇α and ∇ is the usual covariant derivative with respect to the un-
perturbed FLRW metric. Notice also that unlike the ordinary EH case where Einstein’s
equations are second order, the equations (3.33) constitute a set of fourth order differential
equations.

For the linearized modified Einstein equations, the components (00) , (ii) , (0i) ≡ (i0)
and (ij) , where i, j = 1, 2, 3 , i 6= j , in Fourier space, read respectively:

(1 + fR)[−k2(Φ + Ψ) − 3H(Φ′ + Ψ′) + (3H′ − 6H2)Φ − 3H′Ψ]

+ 3f ′
R[H(−3Φ + Ψ) − Ψ′] = 2ρ̃δ (3.34)

(1 + fR)[Φ′′ + Ψ′′ + 3H(Φ′ + Ψ′) + 3H′Φ + (H′ + 2H2)Ψ] + f ′
R(3HΦ −HΨ + 3Φ′)

+f ′′
R(3Φ − Ψ) = 2c2sρ̃δ (3.35)

(1 + fR)[Φ′ + Ψ′ + H(Φ + Ψ)] + f ′
R(2Φ − Ψ) = −2ρ̃(1 + c2S)v (3.36)

Φ − Ψ = − fRR

1 + fR

δR (3.37)

where δR ≡ R− R(0) is given by:

δR = − 2

a2

[

3Ψ′′ + 6(H′ + H2)Φ + 3H(Φ′ + 3Ψ′) − k2(Φ − 2Ψ)
]

(3.38)

and δP = c2Sδρ has been again assumed.

By computing the covariant derivative with respect to the perturbed metric ∇̃ of the
perturbed energy-momentum tensor T̃ µ

ν , we find the conservation equations:

∇̃µT̃
µ
ν = 0 (3.39)

which do not depend on f(R) explicitly. To first order, the equations (3.39) read

3Ψ′(1 + c2S) − δ′ + k2(1 + c2S)v = 0 (3.40)

and

Φ +
c2S

1 + c2S
δ + v′ + Hv(1 − 3c2S) = 0 (3.41)

for the temporal and spatial components respectively.

In a dust matter dominated universe, (3.40) and (3.41) can be combined to give

δ′′ + Hδ′ + k2Φ − 3Ψ′′ − 3HΨ′ = 0. (3.42)
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3.3.2 Equation for density perturbations in f(R) theories

In this subsection, we are going to obtain the differential equation obeyed by δ in a dust
matter dominated universe when the longitudinal gauge and the metric formalism are
considered to study first order scalar perturbations of f(R) theories.

To do so, let us consider equations (3.34) and (3.36) for a dust matter dominated
universe, and combine them to express the potentials Φ and Ψ in terms of {Φ′,Ψ′; δ, δ′}
by means of algebraic manipulations. The resulting expressions are the following

Φ =
1

D(H, k)
{

[3(1 + fR)H(Ψ′ + Φ′) + f ′
RΨ′ + 2ρ̃δ](1 + fR)(H− f ′

R)

+ [(1 + fR)(Φ′ + Ψ′) +
2ρ̃

k2
(δ′ − 3Ψ′)][(1 + fR)(−k2 − 3H′) + 3f ′

RH]
}

(3.43)

and

Ψ =
1

D(H, k)
{

[−3(1 + fR)H(Ψ′ + Φ′) − 3f ′
RΨ′ − 2ρ̃δ][(1 + fR)H + 2f ′

R] − [(1 + fR)

×(Φ′ + Ψ′) +
2ρ̃

k2
(δ′ − 3Ψ′)][(1 + fR)(−k2 + 3H′ − 6H2) − 9Hf ′

R]
}

(3.44)

where

D(H, k) ≡ −6(1 + fR)2H3 + 3H[f ′2
R + 2(1 + fR)2H′] + 3(1 + fR)f ′

R(−2H2 + k2 + H′).

(3.45)

The second step will be to derive equations (3.43) and (3.44) with respect to τ and thus
Φ′ and Ψ′ may be rewritten algebraically in terms of {Φ′′,Ψ′′; δ, δ′, δ′′} . These last results
can be substituted in equations (3.34) and (3.36) to obtain the potentials Φ and Ψ just
in terms of {Φ′′,Ψ′′; δ, δ′, δ′′} . So at this stage, let us summarize that we have been able
to express the following quantities

Φ = Φ(Φ′′,Ψ′′; δ, δ′, δ′′)

Ψ = Ψ(Φ′′,Ψ′′; δ, δ′, δ′′)

Φ′ = Φ′(Φ′′,Ψ′′; δ, δ′, δ′′)

Ψ′ = Ψ′(Φ′′,Ψ′′; δ, δ′, δ′′) (3.46)

but we do not do here explicitly. By the previous expressions we mean that the functions
on the l.h.s. depend on the functions inside the parenthesis on the r.h.s. in an algebraic
way.

The natural reasoning at this point would be to try to obtain the potentials second
derivatives {Φ′′,Ψ′′} in terms of {δ, δ′, δ′′} by an algebraic process. The chosen equations
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to do so will be (3.42) and the first derivative of (3.37) with respect to τ . In (3.42) it
is necessary to substitute Φ and Ψ′ by the expressions obtained in (3.46) whereas (3.37)
first derivative may be sketched as follows

Φ′ − Ψ′ = − fRR

1 + fR
δR′ +

[

fRRf
′
R − f ′

RR(1 + fR)

(1 + fR)2

]

δR. (3.47)

Before deriving, we are going to substitute Ψ′′ that appears on (3.37) by lower derivatives
potentials {Φ,Ψ,Φ′,Ψ′} , δ and its derivatives. To do so we consider (3.34) and (3.36)
first derivatives with respect to τ where the quantity v has been previously substituted
by its expression in (3.40). Following this process we may express Ψ′′ as follows

Ψ′′ = Ψ′′(Φ,Ψ,Φ′,Ψ′; δ, δ′, δ′′) (3.48)

and now substituting the previous result (3.48) in δR definition given by expression (3.37),
we can derive equation (3.37) with respect to τ . Solving a two algebraic equations system
with equations (3.42) and (3.47) and introducing (3.46) we are able to express {Φ′′,Ψ′′}
in terms of {δ, δ′, δ′′, δ′′′} .

Φ′′ = Φ′′(δ, δ′, δ′′, δ′′′) ; Ψ′′ = Ψ′′(δ, δ′, δ′′, δ′′′). (3.49)

Thus we substitute the results obtained in (3.49) straightforwardly in (3.46) in order to
express {Φ,Ψ,Φ′,Ψ′} in terms of {δ, δ′, δ′′, δ′′′} . With the two potentials and their first
derivatives as algebraic functions of {δ, δ′, δ′′, δ′′′} , we perform the last step: We consider
Φ(δ, δ, δ′′, δ′′′) and derive it with respect to τ . The result should be equal to Φ′(δ, δ′, δ′′, δ′′′)
so we only need to express together these two results obtaining a fourth order differential
equation for δ . Once this fourth order differential equation has been solved we may go
backwards and by using the results for δ we obtain {Φ′′,Ψ′′} from (3.49) as conformal
time τ functions. Analogously from (3.46) the behaviour of the potentials {Φ,Ψ} and
their first derivatives could be determined.

The resulting equation for δ can be written as follows:

β4,fδ
iv + β3,fδ

′′′ + (α2,EH + β2,f)δ
′′ + (α1,EH + β1,f)δ

′ + (α0,EH + β0,f )δ = 0 (3.50)

where the coefficients βi,f (i = 0, ..., 4) involve terms with f ′
R and f ′′

R , i.e. terms
disappearing if the choice fR constant is made. Equivalently, αi,EH (i = 0, 1, 2) contain
terms coming from EH term and the linear part in R(0) of f(R) .

It is very useful to define the parameter ǫ ≡ H/k since it will allow us to perform a
perturbative expansion of the previous coefficients α ’s and β ’s in the sub-Hubble limit.
Other dimensionless parameters which will be used are the following:

κi ≡
H(i)

Hi+1
i = 1, 2, 3 ; fi ≡

f
(i)
R

HifR
i = 1, 2. (3.51)
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where superindex (i) means ith derivative with respect to time τ . Expressing now the
α ’s and β ’s coefficients as parameter ǫ expansions, we may write

αi,EH =
3
∑

k=1

α
(k)
i,EH i = 0, 1, 2

βi,f =
7
∑

k=1

β
(k)
i,f i = 3, 4

βi,f =
8
∑

k=1

β
(k)
i,f i = 0, 1, 2 (3.52)

where two consecutive terms in each series differ in a ǫ2 factor. The expressions for the
coefficients are too long to be written explicitly. Instead, in the following sections we shall
show different approximated formulae which are proven to be useful in certain limits. As
a consistency check, we find that, both in a matter dominated universe and in ΛCDM, all
β coefficients are absent since f1 and f2 defined by expression (3.51) vanish identically.
For these cases, equation (3.50) becomes equation (3.31) as expected. For instance, in
the pure matter dominated case, coefficients κ ’s are constant and they take the following
values κ1 = −1/2 , κ2 = 1/2 , κ3 = −3/4 and κ4 = 3/2 .

Another important feature from our results is that, in general, without imposing |fR| ≪
1 , the quotient

α1, EH + β1, f

α2, EH + β2, f
(3.53)

is not always equal to H . In fact only the quotients

β
(1)
1, f

β
(1)
2, f

and
α

(1)
1,EH

α
(1)
2,EH

(3.54)

are identically equal to H . This last result, namely α
(1)
1,EH/α

(1)
2,EH , is in perfect agreement

with δ′ coefficient in expression (3.31) when one is studying sub-Hubble modes in ΛCDM
theory, i.e., when βi, f i = 0, ..., 4 are not present.

3.3.3 Evolution of sub-Hubble modes and the quasi-static appro-

ximation

We are interested in the possible effects on the growth of density perturbations once they
enter the Hubble radius in the matter dominated era. In this case H ≪ k and therefore
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the sub-Hubble limit ǫ ≪ 1 can be considered. It can be seen that the β4,f and β3,f

coefficients are suppressed by ǫ2 with respect to β2,f , β1,f and β0,f , i.e., in this limit the
equation for perturbations reduces to the following second order expression:

δ′′ + Hδ′ + (1 + fR)5H2(−1 + κ1)(2κ1 − κ2) − 16
a8 f

4
RR(κ2 − 2)k88πGρ0a

2

(1 + fR)5(−1 + κ1) + 24
a8 f

4
RR(1 + fR)(κ2 − 2)k8

δ = 0 (3.55)

where we have taken only the leading terms in the ǫ expansion for both α and β coeffi-
cients.

This expression can be compared with the one usually considered in the literature
by performing the so-called quasi-static approximation, obtained after performing strong
simplifications in the perturbed equations - (3.34), (3.35), (3.36), (3.37), (3.40) and (3.41)
- by neglecting time derivatives of Φ and Ψ potentials, (see [76]). Thus, for instance in
references [77] and [78], the quasi-static approximation is given by:

δ
′′

+ Hδ′ −
1 + 4k2

a2
fRR

1+fR

1 + 3k2

a2
fRR

1+fR

4πGρ0a
2

1 + fR
δ = 0. (3.56)

This approximation has been nonetheless considered as too aggressive in [79] since
neglecting time derivatives can remove important information about the evolution of per-
turbations.

Note also that in equation (3.55) there exists a difference in a power k8 between those
terms coming from the f -part and those coming from the EH-part. This result differs
from that in the quasi-static approximation where difference is in a power k2 according
to expression (3.56).

In order to compare the evolution for both equations, we have considered a specific
function

ftest(R) = −4R0.63 (3.57)

where H2
0 units have been used, which gives rise to a matter era followed by a late time

accelerated phase with the correct deceleration parameter today. In fact this model belongs
to Class II f(R) models presented in Section 2.4 and it is therefore cosmologically viable.

Initial conditions in the matter era were given at redshift z = 485 where the EH-
part was dominant. Results, for k = 0.2 hMpc−1 are presented in Figure 3.1. It can be
seen that, as expected, both expressions give rise to the same evolutions at early times
(large redshifts) where they also agree with the standard ΛCDM evolution. However, at
late times the quasi-static approximation fails to describe the evolution of perturbations
correctly.
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Figure 3.1: δk with k = 0.2 h Mpc−1 for ftest(R) model and ΛCDM . Both standard quasi-static
evolution and equation (3.55) have been plotted in the redshift range from 100 to 0.

Notice that this f(R) model given by expression (3.57) satisfies all the viability con-
ditions described in Section 1.6 except for the local gravity tests implemented by the
condition 4 in that section. As is proven below, it is precisely this last condition namely

|fR| ≪ 1 (3.58)

which in fact ensures the validity of the quasi-static approximation. Therefore we shall
now restrict ourselves to f(R) models satisfying all the viability conditions, including
|fR| ≪ 1 .

In Appendix A.1 we have reproduced all the α ’s and the first four β ’s coefficients
for each δ term in (3.50). When the sub-Hubble modes are studied and the condition
|fR| ≪ 1 is imposed, it can shown that the dominant contributions are the first four
β coefficients of the f -part plus the first α coefficient of the EH-part for each term in
equation (3.50). Thus in this case, the full differential equation (3.50) can be simplified as

c4δ
iv + c3δ

′′′

+ c2δ
′′

+ c1δ
′

+ c0δ = 0 (3.59)

where coefficients c0,1,...,4 are:

ci ≡ lim
|fR|≪1

(

α
(1)
i, EH +

4
∑

j=1

β
(j)
i, f

)

i = 0, 1, 2

ck ≡ lim
|fR|≪1

4
∑

j=1

β
(j)
k, f k = 3, 4 (3.60)
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once the condition |fR| ≪ 1 has been imposed on the corresponding α ’s and β ’s contribu-
tions. These coefficients c0,...,4 have been explicitly written in Appendix A.2. We see that
indeed in the sub-Hubble limit the c4 and c3 coefficients are negligible and the equation
can be reduced to a second order expression. Moreover, for our approximated expression
(3.59) it is true that c1/c2 ≡ H as can be seen in Appendix A.2 straightforwardly.

From those expressions in Appendix A.2, the second order equation for δ becomes

δ′′ + Hδ′ − 4

3

[

6fRRk2

a2 + 9
4

(

1 −
√

1 − 8
9

2κ1−κ2

−2+κ2

)] [

6fRRk2

a2 + 9
4

(

1 +
√

1 − 8
9

2κ1−κ2

−2+κ2

)]

[

6fRRk2

a2 + 5
2

(

1 −
√

1 − 24
25

−1+κ1

−2+κ2

)] [

6fRRk2

a2 + 5
2

(

1 +
√

1 − 24
25

−1+κ1

−2+κ2

)]

×(1 − κ1)H2δ = 0 (3.61)

which can also be written as:

δ′′ + Hδ′ − 4

3

(

6fRRk2

a2 + 9
4

)2 − 81
16

+ 9
2

2κ1−κ2

−2+κ2
(

6fRRk2

a2 + 5
2

)2 − 25
4

+ 6−1+κ1

−2+κ2

(1 − κ1)H2δ = 0. (3.62)

Note that the quasi-static expression (3.56) is only recovered in the dust matter era (i.e.
for H = 2/τ ) or for a pure ΛCDM evolution for the background dynamics. Nonetheless,
in the considered limit |fR| ≪ 1 it can be proven, using the background equations of
motion, that

1 + κ1 − κ2 ≈ 0 (3.63)

and therefore 2κ1 −κ2 ≈ −2 +κ2 ≈ −1 +κ1 what allows to simplify the expression (3.62)
to become (3.56). This is nothing but the fact that for viable models the background
evolution resembles that of ΛCDM [31].

In other words, although for general f(R) functions the quasi-static approximation
is not justified, for those viable f(R) functions describing the present phase of accelera-
ted expansion and satisfying local gravity tests, it does give a correct description for the
evolution of perturbations. This result has been here stated for the first time shedding
some light about the controversy which remained about the validity of the quasi-static
approximation.

3.3.4 Some proposed models

In order to illustrate the results obtained in the previous section, we propose two particular
f(R) theories which allow us to determine - at least numerically - all the quantities involved
in the calculations and therefore to obtain solutions for the equation (3.61).
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Figure 3.2: δk with k = 1.67 h Mpc−1 for f(R) model A evolving according to equation (3.61),
ΛCDM and quasi-static approximation given by equation (3.56) in the redshift range from 100 to 0. The
quasi-static evolution is indistinguishable from that coming from the equation (3.61), but diverges from
ΛCDM behaviour as z decreases.

As was proven before, the background evolution for viable f(R) models resembles
that of ΛCDM at low redshifts and that of a matter dominated universe at high redshifts.
Nevertheless, the f(R) contribution gives the dominant contribution to the gravitational
action (1.3) for small curvatures and therefore it may explain the cosmological accelera-
tion. For the sake of concreteness, the models parameters have been fixed by imposing a
deceleration parameter today q0 ≈ −0.6 .

Thus, our first model A will be:

f(R) = c1R
p. (3.64)

According to the results presented in references [55] and [80] viable models of this type
belong to Class II introduced in Chapter 2. As was mentioned there, they both include
matter dominated and late time accelerated eras provided the parameters satisfy c1 < 0
and 0 < p < 1 . We have chosen c1 = −4.3 and p = 0.01 in H2

0 units. This choice does
verify all the viability conditions, including |fR| ≪ 1 today.

As a second model B we have chosen:

f(R) =
1

c1Re1 + c2
(3.65)

with values c1 = 2.5 · 10−4 , e1 = 0.3 and c2 = −0.22 also in the same units.

For each model, we compare our result (3.61) with the standard ΛCDM evolution and
the quasi-static approximation (3.56) by plotting δ evolution in Figures 3.2 and 3.3 for
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Figure 3.3: δk with k = 1.67 h Mpc−1 for f(R) model B evolving according to equation (3.61),
ΛCDM and quasi-static evolution given by equation (3.56) in the redshift range from 100 to 0. The
quasi-static evolution is indistinguishable from that coming from the equation (3.61), but diverges from
ΛCDM behaviour as z decreases.

models A and B respectively. In both cases, the initial conditions are given at redshift
z = 1000 where δ is assumed to behave as in a matter dominated universe, i.e. δk(τ) ∝
a(τ) with no k -dependence. We see that for both models, the quasi-static approximation
gives a correct description for the evolution which clearly deviates from the ΛCDM case.

In Figure 3.4 the density contrast evaluated today was plotted as a function of k for
both models. The growing dependence of δ with respect to k is verified. This modified
k -dependence with respect to the standard ΛCDM model could give rise to observable
consequences in the matter power spectrum, as shown in [56, 72], and could be used to
constrain or even to discard f(R) theories for cosmic acceleration as will be done in the
next section.

3.4 A viable f(R) model different from ΛCDM?

Some modified f(R) gravity models have recently been proposed (see for instance [58])
claiming to be cosmologically viable in spite of having a cosmological behaviour clearly
distinguishable from ΛCDM . Contrary to already mentioned opinions which consider that
self-consistent f(R) gravity models distinct from ΛCDM are almost ruled out, authors
in [58] seem to claim that their proposed model would be cosmologically viable. We have
shown [72] that although that model does satisfy some consistency conditions, precisely
because of its departure from ΛCDM behaviour, it does not satisfy local gravity constraints
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Figure 3.4: Scale dependence of δk evaluated today (z = 0) for k/H0 in the range from 103 to 4 ·104 .

and, in addition, the predicted matter power spectrum conflicts with SDSS data provided
in reference [69]. The proposed f(R) model reads

f(R) = −αR∗log

(

1 +
R

R∗

)

. (3.66)

This model does satisfy three of the usual viability conditions for f(R) theories provided
in [31] and specified in Section 1.6. However, the model (3.66) does not satisfy the fourth
of those conditions, namely, |fR| ≪ 1 at recent epochs, imposed by local gravity tests
[33] from solar system. Although it is still not clear what is the actual limit on this
parameter, certain estimations give |fR| < 10−6 today. This condition also ensures that
the cosmological evolution at late times resembles that of ΛCDM . However, for the model
(3.66), |fR| ∼ 0.2 today for α = 2 and ΩM ∼ 0.25 .

If we are only interested in considering large scales, local gravity inconsistencies could
be ignored, but still deviations from ΛCDM can have drastic cosmological consequences
on the evolution of density perturbations, as discussed by several authors [56, 70, 79].

Thus, the linear evolution of matter density perturbations for sub-Hubble ( k ≫ H )
modes in ΛCDM is given by equation (3.31). Notice that in this equation the evolution
of the Fourier modes does not depend on k . This means that once the density contrast
starts growing after matter-radiation equality, the mode evolution only changes the overall
normalization of the matter power-spectrum, but not its shape.

However, in f(R) theories for sub-Hubble modes, as was thoroughly studied in the
previous section, the corresponding equation reads as (3.55). Notice from this equation
the k8 dependence in the δ term which appears due to the fact that fRR 6= 0 . Moreover,
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Redshift EH term (in H0 units) f term (in H0 units) RfRR

100 61.35 1.90 · 10−4 1.45 · 10−6

50 30.97 5.34 1.12 · 10−5

20 12.69 2.86 · 106 1.58 · 10−4

0 −0.45 1.01 · 1017 0.079

Table 3.1: Values (in H0 units) for both the first EH term and the first f term (the one proportional to

k8 ) in the numerator of the δ coefficient in equation (3.55) for this model (3.66). Different redshifts have
been considered and the studied scale was k = 0.33 h Mpc−1 . The EH term, which is k independent,
cannot be ignored at high redshift. In fact, the redshift at which EH and f terms contributions (for
this value of k ) equal is around z = 45 . The strong suppression with the redshift of the f -part term
– which is proportional to k8 in the δ coefficient in equation (3.55) – comes from the rapid suppression
of f4

RR factor as the redshift increases. The dimensionless quantity R fRR has also been included in the
last column of the table and it is seen to grow as the redshift decreases ( z → 0 ).

a careful calculation of involved contributions in equation (3.55) shows that in the δ term3

there exist two contributions: one term is proportional to k8 , which is coming from the β ’s
contribution, i.e. f -part, and another term coming from α ’s contribution, i.e. EH-part.
At high enough redshift the EH-part term dominates, whereas at low redshift the situation
is reversed and the f -part term becomes dominant. This is the crucial point that explains
why k -independent terms both in numerator and denominator cannot be straightforwardly
removed from δ coefficient in equation (3.55) but they have to be preserved for a correct
sub-Hubble modes study. Thus for instance, for k = 0.33 hMpc−1 , we give explicit values
in Table 3.1 for the terms in the numerator of the δ coefficient in equation (3.55).

As a consequence the matter power-spectrum P
f(R)
k is further processed after equality

and would differ today from the standard ΛCDM power spectrum PΛCDM
k . These two

quantities would be related by a linear transfer function T (k) given by:

P
f(R)
k = T (k)PΛCDM

k . (3.67)

This fact changes the shape of the matter power spectrum dramatically, as shown in Figure
3.5, where normalization to WMAP3 [81] was imposed. In this figure, SDSS data from
luminous red galaxies [69] and the ΛCDM power spectrum from the linear perturbation
theory with WMAP3 cosmological data [81] are also shown. Notice that ΛCDM gives
an excellent fit to data with χ2 = 11.2 , whereas for the f(R) theory χ2 = 178.9 , i.e.
13σ out. Even if the overall normalization is drastically reduced by a 20 % , which is
the present uncertainty over this parameter, the discrepancy would still remain at the 7 σ
level. Actually, leaving the power spectrum normalization as a free parameter, the best
fit would require a 32% normalization reduction and still would be 4.8σ away as seen in
Figure 3.5.

3Let us consider the numerator of this term for simplicity. This does not mean any loss of generality
since the denominator behaviour is completely analogous.
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Figure 3.5: Linear matter power-spectra for ΛCDM and f(R) in [58] with α = 2 . Data were taken
from SDSS [69].

The linear transfer function (3.67) for this model has been plotted in Figure 3.6 and
it has been seen that T (k) follows with a nice fit a power law in the plotted interval
T (k) = (k/keq)

0.19 where keq ≃ 10−2 hMpc−1 corresponds to the physical scale entering
the Hubble radius when matter-radiation equality happened.
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Figure 3.6: Transfer function T (k) for f(R) model given in equation (3.66) with α = 2 and ΩM ∼
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3.5 Conclusions

In this chapter we have studied the evolution of matter density perturbations in f(R)
theories of gravity. Thus we have presented a completely general procedure to obtain the
exact fourth order differential equation for the evolution of scalar perturbations in the
longitudinal gauge. This expression is valid for any general f(R) theory and applicable at
any scale k . If the EH gravitational action – both with and without cosmological constant
– is considered in this general expression, well-known standard results are recovered.

We have also shown that for sub-Hubble modes, the obtained expression reduces to a
second order differential equation. Hence, we have been able to compare this result with
that obtained within the quasi-static approximation, widely used in the literature. Our
research has explicitly shown that for arbitrary f(R) functions such an approximation is
not justified.

However, if we limit ourselves to f(R) theories for which |fR| ≪ 1 today, then the
perturbative calculation for sub-Hubble modes requires to take into account, not only the
first terms, but also higher-order terms in the ǫ ≡ H/k parameter. In that case, the
resummation of such terms modifies the equation. Thus, this equation can be seen to be
equivalent to the quasi-static case but only if the universe expands approximately as in a
matter dominated phase or in a ΛCDM model. Finally, the fact that for f(R) models
with |fR| ≪ 1 the background behaves today precisely as that of ΛCDM makes the
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quasi-static approximation correct in those cases.

We have finally applied our results to prove that no significant departure of f(R)
theories from ΛCDM is allowed for those models that intend to be cosmologically viable
according to recent data. In fact, the strong k -dependence appearing in the evolution of
perturbations has allowed to rule out f(R) gravities which have recently been claimed to
be cosmologically viable.
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Chapter 4

Black holes in f (R) theories

4.1 Introduction

We finish the exposition of our research on f(R) modified gravities by considering some
aspects derived from the study of BHs in these theories.

Following the motivation already explained in Section 1.1, f(R) models may present
BH solutions as GR and other alternative gravity theories do. Therefore it is quite natural
to ask about BHs features in those gravitational theories since, on the one hand, some BHs
signatures may be peculiar to Einstein’s gravity and others may be robust features of all
generally covariant theories of gravity. On the other hand, the results obtained may lead
to rule out some models which will be in disagreement with expected physical results. For
those purposes, research on thermodynamical quantities of BHs is of particular interest.

These attempts to detect particular signatures from these objects could be experimen-
tally implemented, as was explained in Section 1.10, at the LHC in the coming years.
Therefore the generation of mini BHs could provide important information about the co-
rrect underlying gravity theory.

Previous literature on f(R) theories [82] proved, by previously performing a conformal
transformation in the gravitational action, that Schwarzschild solution is the only static
spherically symmetric solution for an action of the form R+aR2 in D = 4 . Also by using
this conformal transformation, uniqueness theorems of spherically symmetric solutions for
general polynomial actions in arbitrary dimensions were proposed in [83] (see also [84] for
additional results and [85] for spherical solutions with sources).

Using the Euclidean action method [86, 87] in order to determine different thermody-
namical quantities, anti-de Sitter (AdS ) BHs in f(R) models have been studied [88]. In

69
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[89] the entropy of Schwarzschild-de Sitter BHs was calculated for some particular cosmo-
logically viable models in vacuum and their cosmological stability was discussed.

BH properties have also been widely studied in other modified gravity theories: for
instance, [90, 91] studied BHs in Einstein’s theory with a Gauss-Bonnet term plus a cos-
mological constant. Different results were found depending on the dimension D and the
sign of the constant horizon curvature k . For k = 0,−1 , the Gauss-Bonnet term does
not modify AdS BHs thermodynamics at all (only the horizon position is modified with
respect to the EH theory) and BHs are not only locally thermodynamically stable, but also
globally preferred. Nevertheless, for k = +1 and D = 5 (for D ≥ 6 thermodynamics is
again essentially that for AdS BH) there exist some features not present in the absence
of Gauss-Bonnet term. Gauss-Bonnet and/or Riemann squared interaction terms were
studied in [92], where the authors concluded that in this case phase transitions may occur
with k = −1 .

Another approach is given by Lovelock gravities, which are free of ghosts and where
the field equations contain no more than second derivatives of the metric. These theories
were for instance studied in [93] and the corresponding entropy was evaluated.

The layout of this chapter is as follows: In Section 4.2 some generalities about BHs in
f(R) theories such as several aspects of constant curvature solutions for static spherically
symmetric cases with and without electric charge are presented. Then in Section 4.3 a
perturbative approach around the EH action, with no previous imposition of constant cur-
vature, is performed. There we shall find that up to second order in perturbations only BH
solutions of the Schwarzschild-AdS type are present. Explicit expressions for the effective
cosmological constant are obtained in terms of the f(R) function. To deal with such
differential equations we have used the algebraic manipulation package Mathematica [94].

Finally, we shall consider in Section 4.4 the BHs thermodynamics in AdS space-time.
There it will be found that this kind of solutions can only exist provided the theory satisfies
R0 + f(R0) < 0 where R0 holds for the constant curvature solution. Interestingly, this
expression is proved to be related to the condition which guarantees the positivity of
the effective Newton’s constant in this type of theories. In addition, it also ensures that
the thermodynamical properties in f(R) gravities are qualitatively similar to those of
standard GR. Then, some consequences for local and global stability for some particular
f(R) models will be provided in Section 4.5 and figures of thermodynamical regions will
be shown in Section 4.6. The present chapter is finished by Section 4.7 remarking some
conclusions of the presented results.

This chapter is mainly based upon the results that have been presented in references
[26] and [95].



4.2. Constant curvature black-hole solutions 71

4.2 Constant curvature black-hole solutions

The most general static and spherically symmetric D ≥ 4 dimensional metric can be
written as (see [96]):

ds2 = e−2Φ(r)A(r)dt2 − A−1(r)dr2 − r2dΩ2
D−2 (4.1)

or alternatively

ds2 = λ(r)dt2 − µ−1(r)dr2 − r2dΩ2
D−2 (4.2)

where dΩ2
D−2 is the metric on the SD−2 sphere. The identification λ(r) = e−2Φ(r)A(r)

and µ(r) = A(r) can be straightforwardly established. For obvious reasons, the Φ(r)
function is called the anomalous redshift: notice that a photon emitted at r with proper
frequency ω0 is measured at infinity with frequency ω∞ = ω0e

−Φ(r)
√

A(r) .

Since the metric is static, the scalar curvature R in D dimensions depends only on r
and it is given, for the metric parametrization (4.1), by:

R(r) =
1

r2
{(D − 2) [(D − 3)(1 − A(r)) + 2r(A(r)Φ′(r) −A′(r))]

+ r2
[

3A′(r)Φ′(r) −A′′(r) − 2A(r)(Φ′2(r) − Φ′′(r))
]}

(4.3)

where the prime denotes derivative with respect to r . At this stage it is interesting to
ask about which are the most general static and spherically symmetric metric tensors with
constant scalar curvature R0 . This metric tensor can be found by solving the equation
R(r) = R0 . Thus, it is immediate to see that for a Φ(r) = Φ0 constant, this equation
becomes

R(r) ≡ R0 =
1

r2

[

(D2 − 5D + 6)(1 − A(r)) + rA′(r)(−2D + 4) − r2A′′(r)
]

(4.4)

whose general solution is

A(r) = 1 + a1r
3−D + a2r

2−D − R0

D(D − 1)
r2 (4.5)

with a1 and a2 arbitrary integration constants. In fact, for the particular case D = 4 ,
R0 = 0 and Φ0 = 0 , the metric can be written exclusively in terms of the function:

A(r) = 1 +
a1

r
+
a2

r2
. (4.6)

By establishing the identifications a1 = −2GM and a2 = Q2 , this solution corresponds
to a Reissner-Nordström solution, i.e. a charged massive BH solution with mass M and
charge Q . Further comments about this result will be made at the end of the section.
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Now that the general static and spherically symmetric solution for constant curvature
has been obtained as given by expression (4.5), let us insert the metric (4.1) into the
general f(R) gravitational action (1.3), and let us also perform variations with respect
to the functions A(r) and Φ(r) , in order to find the corresponding modified Einstein
equations for this parametrization. Thus, we obtain

(2 −D)(1 + fR)Φ′(r) − r
[

fRRRR
′(r)2 + fRR (Φ′(r)R′(r) +R′′(r))

]

= 0 (4.7)

and

2rA(r)fRRRR
′(r)2 + fRR [2(D − 2)A(r)R′(r) + 2rA(r)R′′(r) + A′(r)rR′(r)]

+ (1 + fR)
[

2r(A(r)Φ′′(r) − A(r)Φ′(r)2) + 2(D − 2)A(r)Φ′(r) − rA′′(r)

+A′(r)(2 −D + 3rΦ′(r))] − r(R + f(R)) = 0 (4.8)

where as in previous chapters fR ≡ df(R)/dR , fRR ≡ d2f(R)/dR2 and fRRR ≡
d3f(R)/dR3 . The above equations look in principle quite difficult to solve. For this
reason we shall firstly consider the case with constant scalar curvature R = R0 solutions.
In this simple case the two previous equations reduce to:

(2 −D) (1 + fR)Φ′(r) = 0 (4.9)

and

R + f(R) + (1 + fR)

[

A′′(r) +
(D − 2)

r
(A′(r) − 2A(r)Φ′(r)) − 3A′(r)Φ′(r)

+2A(r)
(

Φ′(r)2 − Φ′′(r)
)]

= 0 (4.10)

As was commented in the Section 1.5, the constant curvature solutions in vacuum of f(R)
gravities are given by the equation (1.33) which can be rewritten as:

R0 =
D f(R0)

2(1 + fR(R0)) −D
(4.11)

whenever 2(1 + fR(R0)) 6= D . Thus from (4.9) one obtains Φ′(r) = 0 and then, for a
constant scalar curvature R0 , the equation (4.10) becomes

R0 + f(R0) + (1 + fR(R0))

[

A′′(r) + (D − 2)
A′(r)

r

]

= 0 . (4.12)

By inserting expression (4.11) in the previous equation (4.12), we get

A′′(r) + (D − 2)
A′(r)

r
= − 2

D
R0 . (4.13)
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This is a f(R) -independent linear second order inhomogeneous differential equation which
can be easily integrated to give the general solution:

A(r) = c1 + c2r
3−D − R0

D(D − 1)
r2 (4.14)

which depends on two arbitrary constants c1 and c2 . However, this solution has no
constant curvature in the general case since, as was found above, the constant curvature
requirement demands c1 = 1 . Then for negative R0 this solution is basically the D
dimensional generalization studied by Witten [86] of the BH in AdS space-time solution
considered by Hawking and Page [87]. With the natural choice Φ0 = 0 , that solution can
be written as:

A(r) = 1 −
(

RS

r

)D−3

+
r2

l2
(4.15)

where

RD−3
S =

16πGDM

(D − 2)µD−2
(4.16)

with

µD−2 =
2π

D−1
2

Γ
(

D−1
2

) (4.17)

being the area of the D − 2 sphere,

l2 ≡ −D(D − 1)

R0
(4.18)

is the asymptotic AdS space scale squared and M is the mass parameter usually found
in the literature.

Thus we have concluded that the only static and spherically symmetric vacuum solu-
tions with constant curvature of any f(R) gravity (R0 < 0 provided) is just the Hawking-
Page BH in AdS space. However, this kind of solution is not the more general static and
spherically symmetric metric with constant curvature as can be seen by comparison with
the solutions found in expression (4.5). Therefore we have to conclude that there are cons-
tant curvature BH solutions that cannot be obtained as vacuum solutions of any f(R)
theory.

Let us now consider the case of charged BHs in f(R) theories. For the sake of simplicity
we shall limit ourselves to the D = 4 case. The action of the theory will be now:

Sf(R)-Maxwell =
1

16πG

∫

d4x
√

| g | (R + f(R) − FµνF
µν) (4.19)

which is a generalization of the Einstein-Maxwell theory. The tensor Fµν is defined as:

Fµν ≡ ∂µAν − ∂νAµ . (4.20)
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Considering an electromagnetic potential of the form: Aµ =
(

V (r), ~0
)

and the static

spherically symmetric metric (4.2), we find that the solution with constant curvature R0

reads:

V (r) = −Q
r
,

λ(r) = µ(r) = 1 − 2GM

r
+

(1 + fR(R0))Q
2

r2
− R0

12
r2 . (4.21)

Notice that unlike the EH case, the contribution of the BH charge to the metric tensor is
corrected by a (1 + fR(R0)) factor.

4.3 Perturbative results

In the previous section we have considered static spherically symmetric solutions with
constant curvature. In EH theory it is trivial to show that the only static and spherically
symmetric solution possess constant scalar curvature. However, it is not guaranteed this
to be the case in f(R) theories too. The problem of finding the general static spherically
symmetric solution in arbitrary f(R) theories without imposing the constant curvature
condition is in principle quite complicated. For that reason, we shall present in this section
a perturbative analysis of the problem, assuming that the modified action given by the
expression (1.3) is a small perturbation around EH theory.

The computation we are about to sketch is quite an involved one since, in order
to calculate the solutions to a given order, it requires to introduce previous order re-
sults. To deal with such large equations we have used the algebraic manipulation package
Mathematica [94].

Therefore let us consider a f(R) function of the form

f(R) = −(D − 2)ΛD + αg(R) (4.22)

where α ≪ 1 is a dimensionless parameter and g(R) is assumed to be analytic when
expanded for perturbative solutions. Note that nonanalytic functions in α are therefore
excluded of this analysis.

By using the metric parametrization given by (4.2) the equations of motion become:

λ(r)(1 + fR) {2µ(r) [(D − 2)λ′(r) + rλ′′(r)] + rλ′(r)µ′(r)}
− 2λ(r)2

{

2µ(r)[(D − 2)R′(r)fRR + rfRRR R
′(r)2 + rR′′(r)fRR] + rR′(r)µ′(r)fRR

}

− rµ(r)λ′(r)2(1 + fR) + 2rλ(r)2(R + f(R)) = 0 (4.23)
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and

µ(r)
{

2λ(r)R′(r) [2(D − 2)λ(r) + rλ′(r)] fRR + r(1 + fR)(λ′(r)2 − 2λ(r)λ′′(r))
}

−λ(r)µ′(r) [2(D − 2)λ(r) + rλ′(r)] (1 + fR) − 2rλ(r)2(R + f(R)) = 0 (4.24)

where R ≡ R(r) is given by expression (4.3). Now the λ(r) and µ(r) functions appearing
in the metric (4.2) can be written as follows

λ(r) = λ0(r) +

∞
∑

i=1

αiλi(r)

µ(r) = µ0(r) +
∞
∑

i=1

αiµi(r). (4.25)

Notice that λ0(r) and µ0(r) are the unperturbed solutions for the EH action with cos-
mological constant given by

µ0(r) = 1 +
C1

rD−3
− ΛD

(D − 1)
r2

λ0(r) = C2 µ0(r) (4.26)

which are the standard BH solutions in a D dimensional AdS spacetime ( ΛD < 0 pro-
vided). Note that the factor C2 can be chosen by performing a coordinate t reparametriza-
tion so that both functions, µ0(r) and λ0(r) , could be identified. For the moment, we
shall keep the background solutions as given in (4.26) and we shall discuss the possibility
of getting λ(r) = µ(r) in the perturbative expansion later on.

By inserting the expressions (4.22) and (4.25) in the equations (4.23) and (4.24) we
obtain the following

First order equations:

(D − 3)µ1(r) + rµ′
1(r) +

2ΛDgR(R0) − g(R0)

D − 2
r2 = 0 (4.27)

C2

[

C1(D − 1)r3−D − ΛDr
2 +D − 1

]

g(R0)r
2 +

[

C1(D − 3)r3−D +
2ΛD

D − 1
r2

]

λ1(r)

+ C2(D − 2)(D − 1)
(

ΛDr
2 −D + 3

)

µ1(r)

+

(

1 + C1r
3−D − ΛDr

2

D − 1

)

[

2C2(1 −D)r2ΛDgR(R0) + rλ′1(r)
]

= 0

(4.28)
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where gR(R0) ≡ dg(R)/dR|R=R0 and whose solutions are:

λ1(r) = C4(D − 1)(D − 2) +
(C1C4 − C2C3)(D − 2)(D − 1)

rD−3

− [C4(D − 2)ΛD + C2 (g(R0) − 2ΛDgR(R0))] r
2

(4.29)

µ1(r) =
C3

rD−3
+

(g(R0) − 2ΛDgR(R0))

(D − 2)(D − 1)
r2 . (4.30)

Up to second order in α , we obtain the following

Second order equations:

(D − 3)µ2(r) + rµ′
2(r) +

(g(R0) − 2ΛDgR(R0))

D − 2

(

gR(R0) −
2D

D − 2
ΛDgRR(R0)

)

r2 = 0

(4.31)

[

−C1(D − 3)r3−D − 2ΛDr
2

D − 1

]

λ2(r) + C2(D − 2)(D − 1)
(

−ΛDr
2 +D − 3

)

µ2(r)

−
(

C1r
4−D + r − r3ΛD

D − 1

)

λ′2(r) − C3C4(D − 2)(D − 1)
(

−ΛDr
2 +D − 3

)

r3−D

− C2

[

(D − 1)(C1r
3−D + 1) − ΛDr

2
]

[

2ΛDgR(R0)
2 + g(R0)

(

2DΛDgRR(R0)

D − 2
− gR(R0)

)

− 4DΛ2
DgR(R0)gRR(R0)

D − 2

]

r2 − C4

[

C1(D − 1)r3−D + 2
]

[2ΛDgR(R0) − g(R0)] r
2 = 0

(4.32)

where gRR(R0) ≡ d2g(R)/dR2|R=R0 and whose solutions are:

λ2(r) = C6 +
C6C1 + (C3C4 − C2C5)(D − 2)(D − 1)

rD−3

+

[

−C6ΛD

D − 1
+ (g(R0) − 2ΛDgR(R0))

(

C4 + C2gR(R0) −
2C2DΛDgRR(R0)

D − 2

)]

r2

(4.33)

µ2(r) =
C5

rD−3
+

(g(R0) − 2ΛDgR(R0)) (2DΛDgRR(R0) − (D − 2)gR(R0))

(D − 2)2(D − 1)
r2. (4.34)
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Further orders in α3,4,... can be obtained by inserting the previous results in the sub-
sequent differential equations to get {λ3,4,...(r), µ3,4,...(r)} . Nevertheless, these equations
become increasingly complicated to be explicitly solved.

Notice that from the obtained results up to second order in α , the corresponding
metric has constant scalar curvature for any value of the parameters C1,2,...,6 . As a matter
of fact, this metric is nothing but the corresponding one to the standard Schwarzschild-
AdS geometry, and can be easily rewritten in the usual form by making a trivial time
reparametrization as follows:

λ(r) ≡ λ(r)
[

−C2(D
2 + 3D − 2) + C4

(

D2 − 3D + 2
)

α + C6α
2 + O(α3)

]

µ(r) ≡ µ(r). (4.35)

Therefore, at least up to second order, the only static, spherically symmetric solutions
which are analytical in α are the standard Schwarzschild-AdS space-times.

4.3.1 General expression to arbitrary order for constant curva-

ture

Let us now assume from the very beginning that the solutions for the equations (4.23) and
(4.24) belong to Schwarzschild-AdS BH type at any order in the α expansion. Thus we
can write ( J > 0 provided):

λ(r) ≡ µ(r) = 1 −
(

RS

r

)D−3

+ Jr2 (4.36)

as solutions for the modified Einstein equations (4.23) and (4.24) derived when the mo-
dification in the gravitational Lagrangian is given by expression (4.22). If we expand the
quantities RS and J in terms of parameter α we get:

RS ≡ RS +
∞
∑

i=1

Ciα
i

J ≡ − ΛD

(D − 1)
+

∞
∑

i=1

Jiα
i (4.37)

where RS and Ci are arbitrary constants. The Ji coefficients can be determined from
expression (1.33), which here becomes:

R − (D − 2)ΛD + αg(R) + 2(D − 1)J(1 + αg′(R)) = 0 (4.38)
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with R = −D(D − 1)J is the obtained result when calculating R with functions given
by (4.36). Expanding equation (4.38) in powers of α it is possible to find a recurrence
equation for the Ji coefficients, namely for the Jl (with l > 0 ) coefficient, we find:

(2 −D)(D − 1)Jl +
l−1
∑

i=0

∑

cond.1

1

i1!i2! . . . il−1!
(J1)

i1(J2)
i2 . . . (Jl−1)

il−1g(i)(R0)

+ 2(D − 1)
l−1
∑

k=0

Jk

l−k−1
∑

i=0

∑

cond.2

1

i1!i2! . . . il−k−1!
(J1)

i1(J2)
i2 . . . (Jl−k−1)

il−k−1g(i+1)(R0) = 0

(4.39)

with R0 = −D(D − 1)J0 ≡ DΛD and g(i)(R0) ≡ d(i)g(R)/dR(i)|R=R0 . In the previous
recurrence relation, the first sum is done under the condition 1 given by:

l−1
∑

m=1

im = i, im ∈ N ∪ {0} and

l−1
∑

m=1

mim = l − 1 (4.40)

and the second one under the condition 2:

l−k−1
∑

m=1

im = i, im ∈ N ∪ {0} and
l−k−1
∑

m=1

mim = l − k − 1. (4.41)

For instance we have:

J1 =
A(g ; D, ΛD)

(D − 2)(D − 1)

J2 = −A(g ; D, ΛD)[(D − 2)gR(R0) − 2DΛDgRR(R0)]

(D − 2)2(D − 1)
(4.42)

where A(g ; D, ΛD) ≡ g(R0) − 2ΛDgR(R0)

Now we can consider the possibility of removing ΛD from the gravitational Lagrangian
(4.22) from the very beginning and still getting an AdS BH solution with an effective
cosmological constant depending on g(R) and its derivatives evaluated at R0 ≡ 0 . In this
case the results, order by order in α up to order α2 , are:

J0(ΛD = 0) = 0,

J1(ΛD = 0) =
g(0)

(D − 2)(D − 1)
,

J2(ΛD = 0) = − g(0)gR(0)

(D − 2)(D − 1)
. (4.43)

As we see, in the context of f(R) gravities, it is therefore possible to have a BH in an AdS
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asymptotic space-time even if the initial cosmological constant ΛD vanishes but α g(0) > 0
and α small enough as considered in the explained reasoning.

To end this section we can summarize by saying that in the context of f(R) gravities
the only spherically symmetric and static solutions in the general case (without imposing
constant curvature) in perturbation theory up to second order are the standard BHs in
AdS space. However, the possibility of having static and spherically symmetric solutions
with nonconstant curvature cannot be excluded in the case of f(R) functions which are
not analytical in α .

4.4 Black-hole thermodynamics

In order to consider the different thermodynamic quantities for the f(R) BHs in AdS
space-time, we start from the temperature. In principle, there are two different ways of
introducing this quantity for the kind of solutions that we are considering here. Firstly
we can use the definition coming from Euclidean quantum gravity [97]. In this case one
introduces the Euclidean time τ = it and the Euclidean metric ds2

E is defined as:

−ds2
E = −dσ2 − r2dΩ2

D−2 (4.44)

where:
dσ2 = e−2Φ(r)A(r)dτ 2 + A−1(r)dr2. (4.45)

The metric corresponds only to the region r > rH where rH is the outer horizon position
with A(rH) = 0 . Expanding dσ2 near rH we have:

dσ2 = e−2Φ(rH )A′(rH)ρ dτ 2 +
dρ2

A′(rH)ρ
(4.46)

where ρ = r − rH . Now we introduce the new coordinates R̃ and θ defined as:

θ =
1

2
e−Φ(rH)A′(rH)τ ; R̃ = 2

√

ρ

A′(rH)
(4.47)

so that:
dσ2 = R̃2dθ2 + dR2. (4.48)

According to the Euclidean quantum gravity prescription, τ coordinate in expression
(4.46) is included in the interval defined by 0 and βE = 1/TE . On the other hand, in
order to avoid conical singularities, θ must run between 0 and 2π . Thus it is found that

TE =
1

4π
e−Φ(rH)A′(rH) . (4.49)
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Another possible definition of temperature was firstly proposed in [98] stating that
temperature can be given in terms of the horizon gravity K as:

TK ≡ K
4π

(4.50)

where K is given by:

K = lim
r→rH

∂rgtt
√

|gttgrr|
. (4.51)

Then it is straightforward to find:

TK = TE. (4.52)

Therefore, both definitions give the same result for this kind of metric tensors. Notice also
that in any case the temperature depends only on the behaviour of the metric near the
horizon but it is independent from the gravitational action. By this we mean that different
actions having the same solutions have also the same temperature. This is not the case
for other thermodynamic quantities as we shall see later. Taking into account the results
in previous sections for Schwarzschild-AdS BHs, we shall concentrate for simplicity only
on those solutions, i.e. for a metric as (4.2) where A(r) is given by expression (4.15) and
Φ = 0 is adopted as a natural choice.

Then, both definitions of temperature lead to:

β =
1

T
=

4πl2rH

(D − 1)r2
H + (D − 3)l2

. (4.53)

Notice that the temperature is a function of rH only, i.e. it depends only on the BH size.
In the limit rH going to zero the temperature diverges as T ∼ 1/rH and for rH going to
infinity T grows linearly with rH . Consequently T has a minimum at:

rH0 = l

√

D − 3

D − 1
(4.54)

corresponding to a temperature:

T0 =

√

(D − 1)(D − 3)

2πl
. (4.55)

The existence of this minimum was established in [87] for D = 4 by Hawking and Page
long time ago and it is well-known. More recently Witten extended this result to higher
dimensions [86]. This minimum in the temperature is important in order to set the regions
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with different thermodynamic behaviours and stability properties. For D = 4 , an exact
solution can be found for rH :

rH = l

(

9RS

l
+

√

12 + 81
R2

S

l2

)2/3

− 121/3

181/3

(

9RS

l
+

√

12 + 81
R2

S

l2

)1/3
. (4.56)

Thus, in the RS ≪ l limit, we find rH ⋍ RS , whereas in the opposite case l ≪ RS , we
get rH ⋍ (l2RS)1/3 . For the particular case D = 5 , rH can also be exactly found to be:

r2
H =

l2

2

(
√

1 +
4R2

S

l2
− 1

)

(4.57)

which goes to R2
S for RS ≪ l and to lRS for l ≪ RS . Notice that for any T > T0 , we

have two possible BH sizes: one corresponding to the small BH phase with rH < rH0 and
the other corresponding to the large BH phase with rH > rH0 .

In order to compute the remaining thermodynamic quantities, the Euclidean action

SE = − 1

16πGD

∫

dDx
√
gE (R + f(R)) (4.58)

is considered. Extending to the f(R) theories the computation by Hawking and Page
[87] and Witten [86], we evaluate the gravitational Lagrangian in the Schwarzschild-AdS
scalar curvature solution times the difference between the AdS space-time volume minus
the BH space-time volume. Thus, we may write:

∆SE = −R0 + f(R0)

16πGD

∆V (4.59)

where R0 = −D(D − 1)/l2 and ∆V is the volume difference between AdS and BH
solutions, which is given by:

∆V =
βµD−2

2(D − 1)

(

l2rD−3
H − rD−1

H

)

. (4.60)

Notice that from these expressions, it is straightforward to obtain the free energy F since
∆SE = βF and therefore

∆SE = −(R0 + f(R0))βµD−2

36π(D − 1)GD

(

l2rD−3
H − rD−1

H

)

= βF. (4.61)

We see that provided −(R0 + f(R0)) > 0 , which is the usual case in EH gravity, one has
F > 0 for rH < l and F < 0 for rH > l . The temperature corresponding to the horizon
radius rH = l will be denoted T1 and it is given by:

T1 =
D − 2

2πl
. (4.62)
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Notice that for D > 2 we have T0 < T1 .

On the other hand, the total thermodynamical energy may now be obtained as:

E =
∂∆SE

∂β
= −(R0 + f(R0))Ml2

2(D − 1)
(4.63)

where M is the mass defined in (4.16). This is one of the possible definitions for the BH
energy for f(R) theories, see for instance [99] for a more general discussion. For the EH
action with nonvanishing cosmological constant one has f(R) = −(D − 2)ΛD and then
it is immediate to find E = M . However, this is not the case for general f(R) actions.
Notice that positive energy in AdS space-time requires R0 +f(R0) < 0 . Now the entropy
S can be obtained from the well-known relation:

S = βE − βF. (4.64)

Then one gets:

S = −(R0 + f(R0))l
2AD−2(rH)

8(D − 1)GD

(4.65)

where AD−2(rH) is the horizon area given by AD−2(rH) ≡ rD−2
H µD−2 . Notice that once

again positive entropy requires R0 + f(R0) < 0 . For the EH action with nonvanishing
cosmological constant one has f(R) = −(D − 2)ΛD one has R0 + f(R0) = −2(D − 1)/l2

and then the Hawking-Bekenstein result [100]

S =
AD−2(rH)

4GD
. (4.66)

is recovered. Finally, one can compute the heat capacity C which can be written as:

C =
∂E

∂T
=

∂E

∂rH

∂rH

∂T
. (4.67)

Then it is easy to find

C =
−(R0 + f(R0))(D − 2)µD−2r

D−2
H l2

8GD(D − 1)

(D − 1)r2
H + (D − 3)l2

(D − 1)r2
H − (D − 3)l2

. (4.68)

For the already mentioned case of the EH action with nonvanishing cosmological constant
one finds:

C =
(D − 2)µD−2r

D−2
H

4GD

(D − 1)r2
H + (D − 3)l2

(D − 1)r2
H − (D − 3)l2

. (4.69)

In the Schwarzschild limit l → ∞ , this formula gives:

C ⋍ −(D − 2)µD−2r
D−2
H

4GD
< 0 (4.70)
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which is the well-known negative result for standard BHs of this type. In the general case,
assuming like in the EH case (R0 + f(R0)) < 0 , one finds C > 0 for rH > rH0 (the large
BH region) and C < 0 for rH < rH0 (the small BH region). For rH ∼ rH0 (T close to
T0 ) C is divergent. Notice that in EH gravity, C < 0 necessarily implies F > 0 since
T0 < T1 .

In any case, for f(R) theories with R0 +f(R0) < 0 , we have found an scenario similar
to the one described in full detail by Hawking and Page in [87] long time ago for the EH
case.

For T < T0 , the only possible state of thermal equilibrium in an AdS space is pure
radiation with negative free energy and there is no stable BH solutions. For T > T0 we
have two possible BH solutions: the small (and light) BH and the large (heavy) BH. The
small one has negative heat capacity and positive free energy as the standard Schwarzschild
BH. Therefore this last configuration is unstable under Hawking radiation decay. For the
large BH we have two possibilities: if T0 < T < T1 then both the heat capacity and
the free energy are positive and the BH will decay by tunnelling into radiation, but if
T > T1 then the heat capacity is still positive but the free energy becomes negative. In
this case the free energy of the heavy BH will be less than that of pure radiation. Then
pure radiation will tend to tunnel or to collapse to the BH configuration in equilibrium
with thermal radiation.

In arbitrary f(R) theories one could in principle consider the possibility of having
R0+f(R0) > 0 . However, in this case both the energy and the entropy, given by expressions
(4.63) and (4.65) respectively, would be negative and therefore in such theories the AdS BH
solutions would be unphysical. Therefore, R0 + f(R0) < 0 can be regarded as a necessary
condition for f(R) theories in order to support the existence of AdS BH solutions. Using
(1.33), this condition implies 1+fR(R0) > 0 . Let us remind that this condition has a clear
physical interpretation in f(R) gravities already presented as the condition 2 in Section
1.5.

4.5 Particular examples

In this section we are going to consider several f(R) models in order to calculate the heat
capacity C and the free energy F since, as was explained in the previous section, these
are the relevant thermodynamical quantities for local and global stability of BHs. For
these particular models, R0 can be calculated exactly by using the relation (1.33) with
R = R0 . In the following we will fix the D dimensional Schwarzschild radius in expression
(4.16) as RD−3

S = 2 for simplicity.

The models that we consider in this section have been previously studied in the lite-
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rature, but attention there was drawn in studying their cosmological viability according
to conditions provided in Section 1.5. Here we draw our attention on thermodynamics for
Schwarzschild-AdS BH solutions for these f(R) gravities.

Both free energy and heat capacity signs are studied for the different values that param-
eters which appear in these f(R) functions take. Once these signs are known, both local
or global thermodynamical stability can be determined for these f(R) theories following
the reasoning explained at the end of the previous section. The considered models are:

Model I: f(R) = α(−R)β

This model belongs to Class II of f(R) models presented in Section 2.4 if parame-
ters satisfy α < 0 and 0 < β < 1 as seen from Table 2.1. and it could be therefore
cosmologically viable.

Substituting in expression (1.33) for arbitrary dimensions we get

R

[(

1 − 2

D

)

− α(−R)β−1

(

1 − 2

D
β

)]

= 0 . (4.71)

Since we are only considering nonvanishing curvature solutions, then we find:

R0 = −
[

2 −D

(2β −D)α

]1/(β−1)

. (4.72)

Since D is assumed to be larger than 2, the condition (2β − D)α < 0 provides well
defined scalar curvatures R0 . Thus, two separated regions have to be studied: Region 1
{α < 0, β > D/2} and Region 2 {α > 0, β < D/2} . For this model we also get

1 + fR(R0) =
D(β − 1)

2β −D
. (4.73)

Notice that in Region 1 , 1 + fR(R0) > 0 for D > 2 , since in this case β > 1 is
straightforwardly accomplished. In Region 2 , we find that for D > 2 , the requirement
R0+f(R0) < 0 , i.e. 1+fR(R0) > 0 , fixes β < 1 , since this is the most stringent constraint
over the parameter β in this region. Therefore the physical space of parameters in Region
2 is restricted to be {α > 0, β < 1} .

In Figures 4.1, 4.2 and 4.3 we plot the physical regions in the parameter space (α, β)
corresponding to the different signs of (C, F ) .

Model II: f(R) = −(−R)α exp(q/R) − R

This model may also belong to Class II of f(R) models presented in Section 2.4 if
α = 1 as seen from Table 2.1 and could be therefore cosmologically viable.
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In this case, a vanishing curvature solution appears provided α > 1 . In addition, we
also have:

R0 =
2q

2α−D
. (4.74)

To get R0 < 0 the condition q(2α−D) < 0 must hold and two separated regions will be
studied: Region 1 {q > 0, α < D/2} and Region 2 {q < 0, α > D/2} .

In Figures 4.4, 4.5 and 4.6 we plot the regions in the parameter space (α, q) corres-
ponding to the different signs of (C, F ) .

Model III: f(R) = R [log (αR)]q − R

This model may also belong to Class II of f(R) models presented in Section 2.4 if
q > 0 condition is satisfied and could be therefore cosmologically viable.

A vanishing curvature solution also appears in this model. The nontrivial one is given
by

R0 =
1

α
exp

(

2q

D − 2

)

. (4.75)

Since R0 has to be negative, α must be negative as well, accomplishing αR0 > 0 . If
q < 0 is considered then, for D > 2 , the expression (4.75) would imply αR0 < 1 and
then, from f(R) expression for this model, an inconsistency would appear since a negative
number would be powered to a negative q value. Then q > 0 is the only allowed interval
for this parameter and therefore there exists a unique accessible region for parameters in
this model: α < 0 and q > 0 .

In Figures 4.7 and 4.8 we plot the regions in the parameter space (α, q) corresponding
to the different signs of (C, F ) .

Model IV: f(R) = −αm1

(

R
α

)n [
1 + β

(

R
α

)n]−1

As was mentioned in Section 2.5, this model was originally proposed in [33] where it
was considered to satisfy both cosmological and solar system tests without a cosmological
constant. For this model, n = 1 was considered for simplicity. Hence denoting fR(R0) ≡ ǫ
we get

m1 = −(D − 2(1 + ǫ))2

D2ǫ
(4.76)

and a relation between m1 , D and ǫ can be imposed. Therefore this model would only
depend on two parameters α and β . A vanishing curvature solution also appears in this
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model and two nontrivial curvature solutions are given by:

R±
0 =

α

2β(D − 2)

[

D(m1 − 2) + 4 ±√
m1

√

m1D2 − 8D + 16
]

. (4.77)

The corresponding 1 + fR(R0) values for (4.77) are

1 + fR(R±
0 ) = 1 − 4(D − 2)2

(√
m1D2 − 8D + 16 ± D

√
m1

)2 (4.78)

where m1 > 0 and m1 > (8D − 16)/D2 are required for R0 solutions to be real. Since
1 + fR(R0) > 0 is also a condition to be fulfilled, that means that sign(R±

0 ) = sign(αβ) .

On the one hand, it can be shown that 1+fR(R−
0 ) is not positive for any allowed value

of m1 and therefore this curvature solution R−
0 is excluded of our research. On the other

hand, 1 + fR(R+
0 ) > 0 only requires m1 > 0 for dimension D ≥ 4 and therefore ǫ < 0

is required according to (4.76). Therefore only two accessible regions need to be studied:
Region 1 {α > 0, β < 0} and Region 2 , {α < 0, β > 0} .

In Figures 4.9 and 4.10 we plot the thermodynamical regions in the parameter space
(α, β) for a chosen ǫ = −10−6 . Note that 1 + fR(R+

0 ) does not depend either on α nor
on β and that R+

0 only depends on the quotient α/β for a fixed m1 .

4.6 Figures for thermodynamical regions

In the following pages we have plotted accessible thermodynamical regions for previously
proposed f(R) models I-IV. Thermodynamical regions have been plotted using different
colors: red: {C < 0 , F > 0} , green: {C > 0 , F > 0} and blue: {C > 0 , F < 0} .

Parameter spaces have been chosen in order to show possible thermodynamical transi-
tions between regions.
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(a) Model I, D = 4 , Region 1, α < 0 , β > 2 . (b) Model I, D = 4 , Region 2, α > 0 , β < 1 .

Figure 4.1: Thermodynamical regions in the (α, β) plane for Model I in D = 4 . Region
1(left), Region 2 (right).

(a) Model I, D = 5 , Region 1, α < 0 , β >
2.5 .

(b) Model I, D = 5 , Region 2, α > 0 , β < 1 .

Figure 4.2: Thermodynamical regions in the (α, β) plane for Model I in D = 5 . Region
1(left), Region 2 (right).
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(a) Model I, D = 10 , Region 1, α < 0 , β > 5 .
(b) Model I, D = 10 , Region 2, α > 0 , β <
1 .

Figure 4.3: Thermodynamical regions in the (α, β) plane for Model I in D = 10 . Region
1(left), Region 2 (right).

(a) Model II, D = 4 , Region 1, α < 2 , q > 0 . (b) Model II, D = 4 , Region 2, α > 2 , q < 0 .

Figure 4.4: Thermodynamical regions in the (α, q) plane for Model II in D = 4 . Region
1 (left), Region 2 (right).
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(a) Model II, D = 5 , Region 1, α < 2.5 , q > 0 . (b) Model II, D = 5 , Region 2, α > 2.5 , q < 0 .

Figure 4.5: Thermodynamical regions in the (α, q) plane for Model II in D = 5 . Region
1(left), Region 2 (right).

(a) Model II, D = 10 , Region 1, α < 5 , q > 0 . (b) Model II, D = 10 , Region 2, α > 5 , q < 0 .

Figure 4.6: Thermodynamical regions in the (α, q) plane for Model II in D = 10 . Region
1(left), Region 2 (right).
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(a) Model III, D = 4 , α < 0 , q > 0 . (b) Model III, D = 5 , α < 0 , q > 0 .

Figure 4.7: Thermodynamical regions in the (α, q) plane for Model III in D = 4 (left)
and D = 5 (right).

(a) Model III, D = 10 , α < 0 , q > 0 .

Figure 4.8: Thermodynamical regions in the (α, q) plane for Model III in D = 10 .
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Figure 4.9: Thermodynamical regions in the (|α|, |β|) plane for Model IV in D = 4 (left)
and D = 5 (right).

Figure 4.10: Thermodynamical regions in the (|α|, |β|) plane for Model IV in D = 10 .
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4.7 Conclusions

In this chapter we have considered static spherically symmetric solutions in f(R) theories
of gravity in arbitrary dimensions. Firstly, we have discussed the constant curvature case
(including charged BH in 4 dimensions). Then, the general case, without imposing a priori
the condition of constant curvature, has also been studied.

Another important result of this chapter was obtained by performing a perturbative
analysis around the EH case, assuming regular f(R) functions. We have found explicit
expressions up to second order for the metric coefficients. These coefficients only gave rise
to constant curvature (Schwarzschild-AdS ) solutions as in the EH case.

On the other hand, we have also calculated thermodynamical quantities for the AdS
BHs and considered the issue of the stability of this kind of solutions. We have found
that the condition for a f(R) theory of gravity to support this kind of BHs is given by
R0+f(R0) < 0 where R0 is the constant curvature of the AdS space-time. This condition
also implies that the effective Newton’s constant is positive and that the graviton does
not become a ghost. Consequently thermodynamical and cosmological viabilities of f(R)
theories turned out to be related as we have shown.

Finally we have considered several explicit examples of f(R) functions and studied the
parameter regions in which BHs in such theories are locally stable and globally preferred.
It was found that the qualitative behaviour is the same as in standard EH gravity but the
thermodynamical regions are modified depending on the parameters values in each case.



Chapter 5

Brane-skyrmions and the CMB cold

spot

5.1 Introduction

Although the properties of BH solutions in BW models have been exhaustively studied in
the literature, this is not the case of a different type of (topological) spherically symmetric
solutions, the so-called brane-skyrmions. These configurations may appear in a natural
way in a broad class of BW theories.

On the one hand, this type of textures can be understood as holes in the brane which
make possible to pass through them along the extra-dimensional space. For such objects,
cosmological involved scales and consequences have not been already studied in the litera-
ture. Therefore, the leitmotiv of this chapter will be precisely to study some astrophysical
and cosmological effects that those configurations may have in the CMB data.

On the other hand, some striking features have recently been discovered [101] in the
CMB data such as the presence of an anomalous cold spot (CS) in the WMAP temperature
maps. This CS has been interpreted in different manners by making use of different physical
mechanisms. Among them, one of the most exciting from the physical point of view could
justify the appearance of cold spots as the result of a collapsing texture, perhaps coming
from some early universe Grand Unified Theory (GUT) phase transition.

In this chapter we shall propose an alternative explanation to those in the existing lite-
rature: it will be shown that the brane-skyrmions provide a natural scenario to reproduce
the CS features and that typical involved scales, needed for the proposed brane-skyrmions
to describe correctly the observed CS, can be as low as the electroweak scale.
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The present chapter is thus organized as follows: brane-skyrmions in brane-worlds are
presented in Section 5.2 and then we shall determine the possible distortion in the fractional
profile of temperatures generated by the presence of these objects. Next, in Section 5.3 we
shall present the most recent results that claim the existence of a CS in the CMB data.
Different possible explanations that have been previously proposed in the literature will
be summarized in Section 5.4.

The subsequent physical interpretation of the calculations performed in Section 5.2
will be presented in Section 5.5. In this section, we will also show that those results are
in agreement with the CMB data and with other theoretical proposals. To conclude the
chapter, possible future detection of these brane-skyrmions and some conclusions will be
studied in Section 5.6.

The results of this chapter were originally published in [102].

5.2 Spherically symmetric brane-skyrmions

In this section we are going to generalize the results presented in Section 1.8 for static
brane-skyrmions. Here we shall allow time dependence for these objects but spherical
symmetry will be preserved. Starting from the physical branon fields equations provided
in equation (1.65), one may define the brane-skyrmion spherical coordinates with winding
number nW by the nontrivial mapping πα : S3 −→ S3 as follows:

φK = φ , θK = θ , χK = F (t, r) (5.1)

with boundary conditions satisfying the requirement

F (t,∞) − F (t, 0) = nWπ. (5.2)

This map is usually referred to as the hedgehog ansatz. With these coordinates (5.1)
introduced in the metric (1.58), the Nambu-Goto action given in expression (1.53) may be
rewritten in terms of the previous coordinates as follows:

SNG = −f 4

∫

d4x sinθ

(

2
v2

f 4
sin (F ) cos (F )

)[

1 − v2

f 4

(

Ḟ 2 − F ′2
)

]1/2

. (5.3)

Varying this action with respect to the function F (t, r) the equation of motion for the
skyrmion profile is obtained and it becomes:

sin(2F ) − 2rF ′ +
(

r2 +
v2

f 4
sin2F

) F̈ − F ′′ + v2

f4

(

F̈F ′2 + F ′′Ḟ 2 − 2F ′Ḟ Ḟ ′
)

1 − v2

f4

(

Ḟ 2 − F ′2
) = 0 (5.4)
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where dot and prime denote – throughout this section – derivatives with respect to t and
r respectively.

In this chapter we are interested in the potential cosmological effects due to the presence
of a brane-skyrmion within our Hubble radius. For that purpose, gravitational field pertur-
bations will be computed at large distances compared to the size of the extra dimensions,
i.e., we are interested in the region

r2 ≫ R2
B =

v2

f 4
. (5.5)

Notice that in this region, gravity behaves essentially as in four dimensional space-time
and standard GR can be used in the calculations. Notice also that in order to simplify
these calculations, the effects due to the universe expansion will be ignored or at least
assumed negligible. This assumption is fully justified provided r ≪ H−1

0 . In such a case
the unperturbed (ignoring the presence of the defect) background metric can be taken as
Minkowski, i.e., g̃µν = ηµν in expression (1.58). From assumptions in (5.5), the equation
of motion (5.4) reduces to:

r2
(

F̈0 − F ′′
0

)

+ sin(2F0) − 2rF ′
0 = 0 (5.6)

which is equivalent to expression (3) in reference [103]. Notice that this is an expected
result since, as shown in [104, 105], at large distances, i.e. except in the microscopic
unwinding regions, the dynamical evolution of the fields is completely independent from the
symmetry breaking mechanism, it simply depends on the geometry of the coset manifold
K . On small scales [104, 105] it is possible that higher-derivative terms could affect the
dynamics and even stabilize the textures, this is also the case of brane-skyrmions [49],
although generically they could unwind by means of quantum-mechanical effects.

The equation (5.6) admits an exact solution with winding number nW equals to unity
of the following form:

F0(t, r) = 2 arctan
(

−r
t

)

(5.7)

with t < 0 since as explained below, we will be interested in photons passing the texture
before it collapses.

Our approximated equation (5.6) is consistent with the complete equation (5.4) for the
above solution (5.7) since the second term in the numerator in equation (5.4) vanishes for
F ≡ F0 and

Ḟ 2
0 − F ′2

0 = 4
r2 − t2

(r2 + t2)2
; sin2 F0 = 4

r2 t2

(r2 + t2)2
(5.8)

so that in the considered regime, the neglected terms in equation (5.4) are indeed irrelevant
for all r and t values.
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Now that F0(t, r) has been determined, we may calculate the energy-momentum tensor
components also in this region from the Nambu-Goto action (1.53) as:

T µν = 2|g̃|−1/2 δSNG

δg̃µν

(5.9)

where note that g̃ is the involved metric to determine this tensor. In spherical coordinates
they become

T00 = −2v2(r2 + 3t2)

(t2 + r2)2
; Trr =

2v2(t2 − r2)

(t2 + r2)2

T0r =
4v2rt

(t2 + r2)2
; Tθθ =

2v2r2(t2 − r2)

(t2 + r2)2

Tφφ = sin2θ Tθθ (5.10)

and note that ∇µT
µ
ν identically vanishes.

We shall now determine the background metric g̃µν in the r ≫ RB region and in
the presence of the brane-skyrmion as a small perturbation on the Minkowski metric, i.e.
g̃µν = ηµν + hµν .

Thus, for the scalar perturbation of the Minkowski space-time in the longitudinal gauge,
the line element will adopt the form, straightforwardly obtained from equation (3.18) in
Chapter 3 if a(τ) ≡ 1 , that follows:

ds2 = (1 + 2Φ)dt2 − (1 − 2Ψ)(dr2 + r2dΩ2
2) (5.11)

and thus the perturbed Einstein tensor components in cartesian coordinates are the follow-
ing (see [106]):

δG0
0 = 2∇2Ψ

δGj
i = −[2Ψ̈ + ∇2(Φ − Ψ)]δj

i + ∂i∂
j(Φ − Ψ)

δG0
i = 2∂iΨ̇ (5.12)

with i, j = 1, 2, 3 and ∇2 ≡
∑3

i=1 ∂i∂
i . Using Einstein’s equations δGµ

ν = −8πGT µ
ν we

determine that the potentials Φ and Ψ are

Ψ ≡ Φ = 4πG v2 log

(

r2 + t2

t2

)

. (5.13)

The physical metric on which photons propagate is not the g̃µν we have just calculated,
but the induced metric (1.58). However, using the solution in (5.7), we find that the
contribution from branons fields is O(R2

B/r
2) , i.e. negligible in the region we are interested

in, so that gµν ≃ g̃µν .
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Figure 5.1: Schematic representation of photon trajectory passing near the brane-skyrmion
as originally presented in [103]. R is the impact parameter (the radius in the plotted circle)
and the photon trajectory through the bottom horizontal line is chosen along the Z axis.

Photons propagating on the perturbed metric will suffer red (blue)-shift due to the
Sachs-Wolfe (SW) effect [106]. The full expression for the temperature fluctuation is given
by:

(

∆T

T

)

SW

= −[Φ]
τf
τi +

∫ τf

τi

(

Ψ̇ + Φ̇
)

dτ = −[Φ]
τf
τi +

∫ τf

τi

2Φ̇dτ (5.14)

where we have considered local and integrated SW effects and neglected the Doppler contri-
bution. τi and τf are the initial and final times respectively required to study temperature
fluctuation in that interval. Substituting expression (5.13) in the previous one and using
that

r2 = z2 + R2 ; z = t− t0 (5.15)

as may be seen at the schematic representation in Figure 5.1, the fractional distortion we
obtain is:

(

∆T

T

)

SW

= 8πGv2

(

t0
√

2R2 + t20
arctan

(

t0 + 2z
√

2R2 + t20

)

− log|t0 + z|
)zf

zi

(5.16)

where R is the impact parameter and t0 is the time at which the photon passes the
texture position at z = 0 . In the limit where zi → −∞ and zf → ∞ the result is

(

∆T

T

)

SW

= ǫ
t0

√

2R2 + t20
(5.17)

with ǫ ≡ 8π2Gv2 . As shall be seen in the next section, this temperature profile is the one
which fits the apparently observed anomaly in the CMB data.
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Figure 5.2: The combined and foreground cleaned Q-V-W WMAP map after convolution
with the SMHW at scale R9 as shown in [115]. The CS position is marked and seen at
the bottom left part of the plot.

5.3 Cold spot in WMAP data

One of the most important pieces of information about the history and nature of our uni-
verse comes from the Cosmic Microwave Background (CMB). Measurements of the CMB
temperature anisotropies obtained by WMAP [11, 107] have been thoroughly studied in
recent years. Such anisotropies have been found to be Gaussian as expected in many stan-
dard cosmological scenarios corresponding to density fluctuations of one part in a hundred
thousand in the early universe. However, by means of a wavelet analysis, an anomalous CS,
apparently inconsistent with homogeneous Gaussian fluctuations, was found in [101, 108]
in the southern hemisphere centered at the position b = −57 ◦ , l = 209 ◦ in galactic
coordinates. 1 The characteristic scale in the sky of the CS is about 5 ◦ .

The CS position in usual WMAP plots is shown in Figure 5.2. The existence of this
CS has been claimed to be confirmed more recently in reference [109]. However, in recent
references [110] it has been argued that there is no compelling evidence for deviations from
the ΛCDM model in the WMAP data. In particular, it is claimed that the evidence that
the CS is statistically anomalous is not robust.

1where b is the galactic latitude measured from the plane of the galaxy to the object using the Sun as
vertex. The galactic longitude is referred to as l and it is measured in the plane of the galaxy using an
axis pointing from the Sun to the galactic center.
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Concerning the origin of the CS, different explanations have been proposed in the
literature: in references [111, 112, 113] the CS was tried to be explained by voids in the
matter distribution whereas the reference [114] dealt with possible string theory bubble
origin. Other authors proposed in [115] the Sunyaev-Zeldovich (SZ) effect as possible
explanation showing that the flat frequency dependence of the CS is incompatible with
being caused by a SZ signal alone. However, a combination of CMB plus SZ effect may
explain the spot and could have a sufficiently flat frequency spectrum.

5.4 Cold spot as a cosmic texture

A very interesting possibility about the CS origin has recently been proposed in [116].
According to it, some theories of high energy physics predict the formation of various
types of topological defects, including cosmic textures [104] which would generate hot
and cold spots in the CMB [103]. These textures would be the remnants of a symmetry
breaking phase transition that took place in the early universe.

In order to produce textures, the cosmic phase transition must be related to a global
symmetry breaking pattern from one group G to a subgroup H so that the coset space
K = G/H has a nontrivial third homotopy group. A typical example is K = SU(N) ,
which has associated π3(K) = Z for N ≥ 2 . Notice that, as usual, in order to get
a texture formed in the transition, the symmetry breaking must correspond to a global
symmetry since if it were local it could be gauged away.

Textures can be understood as localized wrapped field configurations which collapse
and unwind on progressively larger scales. These textures can produce a concentration
of energy which gives rise to a time dependent gravitational potential. CMB photons
traversing the texture region will suffer a red (blue) shift producing a cold (hot) spot
in the CMB maps. In reference [116] the authors consider a SU(2) non-linear sigma
model to build up a model of texture that could explain the observed CS. They simulate
the unwinding texture by using a spherically symmetric scaling solution and they find a
fractional temperature distortion given by:

∆T

T
(θ) = ±ǫ 1

√

1 + 4
(

θ
θc

)2
(5.18)

where θ is the angle from the center, ǫ is a measure of the amplitude and θc is the scale
parameter that depends on the time at which the texture unwinds. The best fit of the
CS is found for ǫ = 7.7 × 10−5 and θc = 5.1◦ . Furthermore, the parameter ǫ is given
by ǫ ≡ 8π2GΦ0 , where Φ0 is the fundamental symmetry breaking scale which is then set
to be Φ0 ≃ 8.7 × 1015 GeV. This scale is nicely close to the GUT scale thus making the
results given in [116] extremely interesting.
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Nonetheless, it is important to stress that textures require having a global symmetry
breaking but what one finds typically in GUTs is a local symmetry breaking producing
the Higgs mechanism and then destroying the topological meaning of texture or any other
possible defect appearing in the cosmic transition.

5.5 Physical interpretation of the results and involved

scales

As has been shown in Sections 5.2 and 5.4, the results for the fractional temperature
distortion provoked by the CS given by expression (5.18) coincides with the fractional
distortion caused by a brane-skyrmion given by expression (5.17) provided that:

Φ0 = v ; 2

(

θ

θc

)

=
R

t0
(5.19)

where θc was defined in reference [116].

Let us now estimate the required scales in order for this kind of brane-skyrmion to be
able to explain the observed CS. For the minimal model supporting brane-skyrmions with
three extra dimensions δ = 3 , the relation (1.50) approximately becomes

M2
P ≃ R3

BM
5
D (5.20)

since gravitation is embedded in D = 7 dimensions and therefore R3
B is the characteristic

volume for the compactified extra dimensions. Therefore

RB ≃
(

M2
P

M5
D

)1/3

(5.21)

and consequently

v2 ≡ f 4R2
B ≃ f 4

(

M2
P

M5
D

)2/3

. (5.22)

If the parameter ǫ needs to be fixed around 7.7 · 10−5 , then the required v would be

v ≃ 1.2 · 1016 GeV (5.23)

which in fact can be achieved with MD ∼ f ∼ TeV. Notice that for this parameter range,
the radius of the extra dimension is around

RB ∼ 10−8 m, (5.24)
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i.e., previous approximations in expression (5.5) are totally justified.

In addition to the previous estimations, we have also checked that the possible effects
coming from a nonvanishing branon mass are suppressed by O(M2/v2) . Therefore for
mass values also around M ∼ TeV, which are typical of branon as dark matter candidate,
see [25], such effects are negligible.

In other words, brane-skyrmions provide an accurate description for the CS without
any need of introducing very high energy (GUTs) scales since the correct temperature
fluctuation amplitude can be obtained with natural values around the electroweak scale.

5.5.1 Brane-skyrmions abundance

The abundance of brane-skyrmions in this model is given by its low-energy (large distance)
dynamics as described by a non-linear sigma model as that in [116]. This is nothing but the
well-known fact that, except in the microscopic unwinding region, the field evolution only
depends on the geometry of the coset space K , but not on the details of the symmetry
breaking mechanism. As was shown in [105] in a simple model with a potential term, the
final abundance of defects and other properties of the pattern of density perturbations are
expected to be not very sensitive to the short distance physics, once the texture unwinds,
making this kind of theories highly predictive. For that reason, we expect that provided
the same kind of initial conditions are imposed in both models, the predicted abundance
of hot and cold spots agree with that obtained from simulations in [116]. Such simulations
show that the number of unwinding textures per comoving volume and conformal time τ
can be estimated as

dn

dτ
=

ν

τ 4
(5.25)

with ν ≃ 2 . This allows to estimate the number of hot and cold spots in a given angular
radius interval. As commented above, this is a quite robust result at late times with little
effects for short distance dynamics. In the case of brane-skyrmions, the short distance
effects will be embodied in the higher-derivative terms appearing in the expansion of the
Nambu-Goto action or even in possible induced curvature terms generated by quantum
effects [49]. Provided that such terms do not stabilize the brane-skyrmions, we expect that
such an abundance could be directly applied in our case.
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5.6 Future prospects and conclusions

In this section we dedicate some lines to mention how both present and future experiments
may confirm the validity of the BW models. Then we shall sketch the most important
conclusions and consequences of the brane-skyrmion model presented in this chapter as a
viable explanation for the observed CS.

On the one hand, the fact that the fundamental scales of the theory are of the order of
the TeV opens the possibility to test this explanation with collider experiments through
the production of real or virtual branons and KK-gravitons. The expected signatures of
the model [117] from the production of KK-gravitons come fundamentally from the single
photon channel studied by LEP, which restrict MD > 1.2 TeV at 95% of confidence level.

On the other hand, the LHC accelerator will be able to test the model up to MD = 3.7
TeV, analysing single photon and monojet production to establish the number of extra
dimensions as was explained in Section 1.10.

Finally, there also exists the possibility to find signatures of the model at low energies
associated with branon phenomenology. This case is more interesting from the cosmological
point of view, since branons can constitute the nonbaryonic dark matter abundance as
typical WIMPs [25, 118]. Present constraints coming from the single photon analysis
realized by L3 (LEP) imply f > 122 GeV (at 95 % C.L.) [119, 120] and the LHC will be
able to check this model up to f = 1080 GeV through monojet production [118]. The
idea to test the physics associated with the CS with the next generation of colliders at the
TeV scale is a very intriguing and distinctive property of this texture.
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Conclusions and prospects

In this thesis we have studied some cosmological and astrophysical consequences in two di-
fferent types of modified gravity theories: f(R) theories and brane-world extra dimensions
theories.

First, we have shown some relevant results for f(R) modified gravities. Thus, we
have studied how some features of general relativity can be mimicked by f(R) models if
certain conditions are imposed on those models. We have also proved that there exists a
class of f(R) models which can indeed reproduce the present cosmological evolution –from
matter-radiation equality till today – as described by general relativity within the standard
cosmological concordance model. These f(R) models allow to remove the cosmological
constant term and therefore the observed acceleration is understood to have a purely
geometrical interpretation with no dark energy origin. Furthermore, initial conditions may
be imposed on such a class of theories in order to recover a null scalar curvature solution
for a vacuum scenario. Unfortunately such functions are not cosmologically viable and
should be considered as effective models to reproduce ΛCDM evolution.

Also, it has been proved that any perfect fluid parameterized by a constant equation
of state can be reproduced by the presence of f(R) terms. Thus, these functions could
provide a mechanism to reproduce the cosmological behaviour of dark energy type fluids.
It therefore seems worthwhile to try to search for a unique phenomenological f(R) theory
able to explain the main features in the cosmological evolution, from inflation till late time
observed acceleration.

Next, we have considered the modification introduced by the new f(R) terms in the
evolution of cosmological perturbations. Here, an analysis concerning first order cosmolog-
ical scalar perturbations has been performed. We have presented a general method in order
to obtain the evolution equation of the matter density contrast for arbitrary f(R) theories.
That procedure was proven to be valid regardless of the chosen f(R) model or the size of
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the involved scales. An important by-product of the calculations is the conclusion that the
usual approximations made in the literature for sub-Hubble modes are not always valid.
In fact, the required hypotheses to get the so-called quasi-static approximation have been
established here. For those sub-Hubble modes, it was found that only for f(R) models
satisfying the local gravity constraints, the evolution of perturbations is indistinguishable
from that obtained using the quasi-static approximation but perfectly distinguishable from
the evolution obtained by the ΛCDM model.

Now that those theoretical calculations were made, the correct evolution for matter
perturbations in sub-Hubble modes for f(R) models is obtained. Therefore some robust-
ness tests may be used to compare experimental data with expected theoretical results.
Thus both the validity and certain constraints on those f(R) functions may be estab-
lished. This procedure shows how our theoretical results may be used in order to confront
the predictions made by a given f(R) theory with large scale structure observations.

As a final subject within our f(R) models research, we dealt with some features of black
holes in arbitrary dimensions. First, the scalar constant curvature case for static and spher-
ically symmetric solutions in vacuum was studied. It was determined that the only possible
solution for the modified Einstein equations in this case was the Schwarzschild-(anti-)de
Sitter solution. As a complementary result to the previous research, we studied the static
and spherically symmetric case without imposing the constant curvature condition. To
do so, a perturbative approach was performed around the standard Schwarzschild-anti-de
Sitter solution of general relativity. It was found that, up to second order in perturbations,
the only solution was the generalized Schwarzschild-anti-de Sitter solution with modified
coefficients in terms of f(R) and its derivatives evaluated at the background curvature.

This part of the thesis was finished by studying the thermodynamic properties of
Schwarzschild-anti-de Sitter black holes in f(R) theories. Thus accessible thermodynami-
cal regions for several f(R) models were studied in detail. In that realm, a very interesting
property, which encourages further investigation, was found: it turned out that thermo-
dynamical viability of f(R) theories in constant curvature solutions was embodied by the
condition 1 + df(R)/dR > 0 . This condition was also required to ensure gravitational
viability for f(R) models. Consequently two different aspects of the viability of f(R)
theories have been brought together.

The last part of the thesis was devoted to a study of some consequences of the existence
of topologically nontrivial brane configurations, the so-called brane-skyrmions, in brane-
world theories. In particular we have considered the effects of brane-skyrmions on the
temperature fluctuations of the CMB and their potential connection with the so-called
CMB cold spot. We have shown that brane-world theories can naturally accommodate
this striking cosmological feature by invoking these nontrivial topological configurations.
A different type of textures related to Grand Unified Theories has also been considered
in the literature, but the model presented here shows that this type of defect could be
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explained from the electroweak scale physics.

To conclude, the results included in this thesis have shown that modified gravity theo-
ries remain compelling candidates to describe the properties of the gravitational interaction
on very large scales. Both the validity and viability of these theories have still to be sub-
jected to many theoretical and experimental tests. To do so, the possibility of reproducing
standard cosmological results, first order perturbations, black holes and features on the
CMB temperature maps were considered as interesting aspects which could shed some light
on the fundamental properties of the gravitational interaction.
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Appendix A

Coefficients in f(R) cosmological perturbations

In this appendix we include the coefficients for the series expansions given in equation
(3.50) in Chapter 3. All the α ’s terms (coming from EH-part) and the first four β ’s
terms (coming from f -part) for each δ derivative, i.e. δiv, ..., δ, , in equation (3.50) have
been included once the condition |fR| ≪ 1 has been imposed to simplify their expressions.
For sub-Hubble scales the excluded β ’s terms are negligible with respect to the written
ones.

A.1 Appendix I : α′s and β ′s coefficients

Coefficients for δiv term:

β
(1)
4,f ≃ 8f 4

R(1 + fR)6f 4
1 ǫ

2

β
(2)
4,f ≃ 72f 3

Rf
3
1 ǫ

4(−2 + κ2)

β
(3)
4,f ≃ 216f 2

Rf
2
1 ǫ

6(−2 + κ2)
2

β
(4)
4,f ≃ 216fRf1ǫ

8(−2 + κ2)
3. (A.1)

Coefficients for δ′′′ term:

β
(1)
3,f ≃ 8f 4

R(1 + fR)5f 4
1Hǫ2[3 + fR(3 + f1)]

β
(2)
3,f ≃ 6f 3

Rf
2
1Hǫ4{8f2(−2 + κ2) + 4f1[12κ1 + 9κ2 − 2(9 + κ3)]}

β
(3)
3,f ≃ −72f 2

Rf1Hǫ6(−2 + κ2)[−4f2(−2 + κ2) + f1(19 − 23κ1 − 10κ2 + 4κ3)]

β
(4)
3,f ≃ −216fRHǫ8(−2 + κ2)

2[−2f2(−2 + κ2) + f1(7 − 11κ1 − 4κ2 + 2κ3)]. (A.2)

Coefficients for δ′′ term:

α
(1)
2,EH = 432(1 + fR)10H2ǫ8(−1 + κ1)(−2 + κ2)

3

α
(2)
2,EH = 1296(1 + fR)10H2ǫ10(−1 + κ1)

2(−2 + κ2)
3

α
(3)
2,EH = 3888(1 + fR)10H2ǫ12(−1 + κ1)

2(−2 + κ2)
3

β
(1)
2,f ≃ 8f 4

R(1 + fR)6f 4
1H2

β
(2)
2,f ≃ 88f 3

Rf
3
1H2ǫ2(−2 + κ2)

β
(3)
2,f ≃ 24f 2

Rf
2
1H2ǫ4(−2 + κ2)(−28 + 2κ1 + 13κ2)

β
(4)
2,f ≃ 72fRf1H2ǫ6(−2 + κ2)

2(−14 + 4κ1 + 5κ2). (A.3)
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Coefficients for δ′ term:

α
(1)
1,EH = 432(1 + fR)10H3ǫ8(−1 + κ1)(−2 + κ2)

3

α
(2)
1,EH = 2592(1 + fR)10H3ǫ10(−1 + κ1)
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3

α
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3
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(4)
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Coefficients for δ term:

α
(1)
0,EH = 432(1 + fR)10H4ǫ8(−1 + κ1)(2κ1 − κ2)(−2 + κ2)

3

α
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A.2 Appendix II : c′s coefficients

The coefficients appearing in equation (3.59) are explicitly provided here once the condition
|fR| ≪ 1 has been imposed.

c4 = −fRf1[−fRf1k
2 − 3H2(−2 + κ2)]

3

c3 = −3fRH[−fRf1k
2 − 3H2(−2 + κ2)]{f 2
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1k
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4 + 5fRf1H2k2(−2 + κ2) + 6H4(−1 + κ1)(−2 + κ2)]

c1 = [−fRf1k
2 − 3H2(−2 + κ2)]

2

×[f 2
Rf

2
1k

4H + 5fRf1H3k2(−2 + κ2) + 6H5(−1 + κ1)(−2 + κ2)]

c0 =
2

3
H2(−1 + κ1)[−fRf1k

2 − 3H2(−2 + κ2)]
2[2f 2

Rf
2
1k

4 + 9fRf1H2k2(−2 + κ2)

+ 9H4(2κ1 − κ2)(−2 + κ2)]. (A.6)
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[61] D. Sáez-Gómez, Gen. Rel. Grav. 41, 1527 (2009).

[62] E. W. Kolb and M. S. Turner, The Early universe, Front. Phys. 69, 1 (1990).

[63] A. Dobado and A. L. Maroto, Phys. Rev. D 60, 104045 (1999).

[64] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009
(1998); S. Perlmutter et al.[Supernova Cosmology Project Collaboration], Astrophys.
J. 517, 565 (1999).

[65] D. J. Eisenstein et al. Astrophys. J. 633, 560-574 (2005).

[66] E. Linder, Phys.Rev. D72, 043529 (2005).

[67] E. M. Lifshitz, Zh. Eksp. Teor. Fiz., 16, 587 (1946).

[68] J. C. Hwang and H. Noh, Phys. Rev. D 54, 1460 (1996); S. M. Carroll, I. Sawicki,
A. Silvestri and M. Trodden, New J. Phys. 8, 323 (2006); Y. S. Song, W. Hu and
I. Sawicki, Phys. Rev. D 75, 044004 (2007); S. Carloni, P. K. S. Dunsby and A. Troisi,
Phys. Rev. D 77, 024024 (2008); S. Tsujikawa, Phys. Rev. D 77, 023507 (2008);
S. Tsujikawa, K. Uddin, R. Tavakol, Phys. Rev. D 77, 043007 (2008).

[69] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 74, 123507 (2006).

[70] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 77, 123515
(2008).

[71] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, AIP Conf. Proc. 1122, 252
(2009).

[72] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. Lett. 103, 179001
(2009).

[73] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203
(1992).

[74] J. M. Bardeen, Phys. Rev. D 22, 1882 (1980).

[75] D. Huterer and E. Linder. Phys. Rev. D 75, 023519 (2007).



BIBLIOGRAPHY 115

[76] B. Boisseau, G. Esposito-Farese, D. Polarski and A. A. Starobinsky, Phys. Rev. Lett.
85, 2236 (2000) ; G. Esposito-Farese and D. Polarski, Phys. Rev. D 63, 063504
(2001).

[77] P. Zhang, Phys. Rev. D 73, 123504 (2006).

[78] S. Tsujikawa, Phys. Rev. D 76, 023514 (2007).

[79] R. Bean, D. Bernat, L. Pogosian, A. Silvestri and M. Trodden. Phys. Rev. D 75,
064020 (2007).

[80] I. Sawicki and W. Hu, Phys. Rev. D 75, 127502 (2007).

[81] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 170, 377 (2007).

[82] B. Whitt, Phys. Lett. B 145, 176 (1984).

[83] S. Mignemi and D. L. Wiltshire, Phys. Rev. D 46, 1475 (1992).

[84] T. Multamaki and I. Vilja, Phys. Rev. D 74, 064022 (2006).

[85] G. J. Olmo, Phys. Rev. D 75, 023511 (2007).

[86] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998).

[87] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).

[88] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP 0502, 010
(2005).

[89] F. Briscese and E. Elizalde, Phys. Rev. D 77, 044009 (2008).

[90] M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628, 295 (2002).

[91] R. G. Cai, Phys. Rev. D 65, 084014 (2002).

[92] Y. M. Cho and I. P. Neupane, Phys. Rev. D 66, 024044 (2002).

[93] R. G. Cai, Phys. Lett. B 582, 237 (2004) ; J. Matyjasek, M. Telecka and
D. Tryniecki, Phys. Rev. D 73, 124016 (2006).

[94] S. Wolfram, Mathematica, A System for Doing Mathematics by Computer Addison-
Wesley, New-York, (1991).

[95] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Proceedings of the Spanish
Relativity Meeting ERE 2009, Journal of Physics: Conference Series (JPCS).

[96] T. Ort́ın, Gravity and Strings, Cambridge University Press (2003).



116 BIBLIOGRAPHY

[97] J. B. Hartle and S. W. Hawking, Phys. Rev. D 13, 2188 (1976); G. W. Gibbons
and M. J. Perry, Proc. R. Soc. London A 358, 467 (1978); G. W. Gibbons and
S. W. Hawking, Phys. Rev. D 15, 2752 (1977); G. W. Gibbons and S. W. Hawking,
Euclidean Quantum Gravity, World Scientific, (1993).

[98] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975) [Erratum-ibid. 46, 206 (1976)].

[99] T. Multamaki, A. Putaja, I. Vilja and E. C. Vagenas, Class. Quant. Grav. 25, 075017
(2008).

[100] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973).
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Caṕıtulo 1

Introducción a las teoŕıas de

gravedad modificada

El siglo veinte ha presenciado el desarrollo de la gravitación y la cosmoloǵıa como dis-
ciplinas cient́ıficas sujetas a datos experimentales. Detectores y aceleradores de part́ıculas,
telescopios y satélites han permitido verificar predicciones teóricas y descartar algunos mo-
delos teóricos propuestos en estas disciplinas. Con la llegada del nuevo siglo, se han abierto
nuevas perspectivas a través de los últimos experimentos, tales como WMAP, PLANCK
o SDSS, capaces de determinar cada vez con mayor precisión las caracteŕısticas del fondo
cósmico de microondas (CMB), la distribución de estructuras a gran escala (LSS) y mu-
chas otras propiedades cosmológicas del Universo. Sin embargo, falta todav́ıa encontrar
una teoŕıa fundamental de la gravitación que sea renormalizable desde el punto de vista de
las teoŕıas cuánticas de campos y aplicable a todas las escalas, desde los tests gravitatorios
microscópicos, pasando por los tests en el sistema solar, hasta las escalas cosmológicas.

La teoŕıa de la Relatividad General, incluso habiendo sido la teoŕıa gravitacional más
exitosa de estos últimos cien años, no ha dado respuesta satisfactoria a algunos problemas.
Esta teoŕıa por ejemplo no es renormalizable y, si se utiliza para construir el modelo
cosmológico estándar, con un contenido material que venga dado por materia ordinaria y
radiación, no puede explicar la expansión acelerada del Universo que se observa actualmente
a grandes escalas, sino que necesita incluir una contribución de enerǵıa oscura. Por otro
lado, la Relatividad General tampoco puede explicar las curvas de rotación de galaxias si el
contenido material viene dado únicamente por la materia luminosa, requiriendo por tanto
la inclusión de materia oscura para reconciliar los datos con sus predicciones teóricas.

Tales problemas podŕıan poner de manifiesto la necesidad de agrandar el marco teórico
de la cosmoloǵıa mediante teoŕıas de gravedad modificada. Estas teoŕıas tratan de poner
de acuerdo los resultados experimentales con sus predicciones sin invocar exóticos compo-
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2 Caṕıtulo 1. Introducción a las teoŕıas de gravedad modificada

nentes cosmológicos.

En efecto, ya en los comienzos de su andadura, se cuestionó que la Relatividad General
fuera la única teoŕıa gravitatoria correcta. No obstante, no fue hasta los años sesenta del
pasado siglo cuando invariantes de orden superior se introdujeron en la acción gravitacio-
nal a fin de que la teoŕıa resultante fuera renormalizable a orden de un lazo. Recientes
investigaciones han demostrado que si se consideran correcciones cuánticas en teoŕıa de
campos o correcciones superiores en la dinámica de bajas enerǵıas de la teoŕıa de cuerdas,
la acción gravitacional efectiva a bajas enerǵıas incluye estos invariantes de curvatura de
orden superior. Estos resultados reavivaron el interés por las teoŕıas de gravedad de orden
superior: al comienzo, las modificaciones consideradas eran sólo relevantes en escenarios
de alta enerǵıa, tales como el estudio del Universo primitivo o en cálculos para estudiar
las proximidades de agujeros negros. De esta manera dichas correcciones no afectaban
a la fenomenoloǵıa gravitacional a curvaturas bajas, es decir, en la evolución última del
Universo.

Por otra parte, recientes evidencias, tanto astrof́ısicas como cosmológicas, han demos-
trado la homogeneidad e isotroṕıa del Universo a grandes escalas aśı como su actual ex-
pansión acelerada, planteando por tanto la urgente pregunta de encontrar una causa a este
hecho. Como ya se ha mencionado, la Relatividad General con un contenido de materia
ordinaria y radiación no puede dar cuenta del mismo. Las explicaciones más usuales pue-
den clasificarse en una de las tres siguientes categoŕıas: la primera trata de reconciliar esta
aceleración con la Relatividad General, invocando para ello la presencia de un extraño
fluido, la enerǵıa oscura, el cual posee una presión negativa y que incluye el caso de la
constante cosmológica Λ para el que la presión es igual y de signo opuesto a la densidad
de enerǵıa. Esta última configuración da lugar al modelo ΛCDM que se suele complemen-
tar con la presencia de un campo escalar, el inflatón, para proporcionar un mecanismo
de inflación. No obstante esta descripción presenta los llamados problema de la constante

cosmológica y el problema de la coincidencia que parecen indicar que este modelo es en
realidad una aproximación fenomenológica de una teoŕıa gravitacional subyacente. El se-
gundo tipo de explicaciones son las teoŕıas de quintaesencia que consideran una enerǵıa
oscura dinámica mediante un campo escalar. Si la introducción del campo escalar se realiza
en el sector gravitacional, las teoŕıas que aparecen pasan a conocerse como teoŕıas escalar-
tensor. Finalmente una tercera explicación intenta dar cuenta de esta aceleración como
consecuencia de una nueva f́ısica gravitacional. De este modo, la Relatividad General se
modifica mediante la adición de potencias de la curvatura escalar, los tensores de Riemann
y Ricci e incluso sus derivadas, como por ejemplo hacen las teoŕıas Lovelock o las teoŕıas
f(R) que estudiaremos en esta tesis. Las teoŕıas f(R) , dinámicamente equivalentes a un
caso particular de las teoŕıas de Brans-Dicke, pueden considerarse pues como una gene-
ralización de la Relatividad General a través de la inclusión de un término f(R) en la
acción de Einstein-Hilbert (EH), de modo que la acción gravitacional generalizada para D
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dimensiones resultaŕıa

S =
1

16πG

∫

dDx
√

|g| (R + f(R)) (1.1)

A partir de esta acción generalizada pueden derivarse las ecuaciones de Einstein modifi-
cadas a través de varios principios variacionales. En nuestros cálculos se decidió emplear
el formalismo métrico que considera la conexión como dependiente de la métrica y las
variaciones se realizan por tanto únicamente respecto a este último campo. Las ecuaciones
obtenidas dejan de ser de segundo orden en las derivadas (como sucede en Relatividad
General) para convertirse en ecuaciones de cuarto orden y para las que la traza del tensor
enerǵıa-momento y la curvatura escalar dejan de relacionarse mediante una ecuación al-
gebraica para hacerlo a través de una expresión diferencial. Señalemos también que estas
teoŕıas pueden presentar soluciones en vaćıo que no tienen, a diferencia de las obtenidas en
Relatividad General, curvatura escalar nula y que, cumpliendo determinadas condiciones,
pueden también reproducir soluciones bien conocidas de Relatividad General.

Otro de los problemas aún abiertos en la F́ısica se conoce como el problema de la

jerarqúıa que presenta el modelo estándar de part́ıculas y que podŕıa estar relacionado
con la escala fundamental de gravitación. En efecto, este problema aparece en el proceso
de renormalización de teoŕıas que contienen campos escalares. En dichas teoŕıas se espera
que las masas renormalizadas de los escalares vengan dadas por el cut-off caracteŕıstico
de la teoŕıa, el cual se sitúa t́ıpicamente en enerǵıas del orden de la escala gravitacional,
es decir, la escala de Planck. Se requeriŕıa por tanto un ajuste muy fino para conseguir la
masa esperada, en particular la masa de la part́ıcula de Higgs. Si por el contrario la escala
fundamental de gravitación se sitúa cerca de la escala electrodébil, el correspondiente cut-
off seŕıa del mismo orden que la masa esperada del Higgs y no se requeriŕıa un delicado
ajuste fino.

Con el deseo de resolver este problema, recientemente se han considerado teoŕıas de
dimensiones extra de gran tamaño. A diferencia de las tradicionales teoŕıas de Kaluza-
Klein, que poseen dimensiones extra compactificadas del tamaño de la escala de Planck,
los modelos de mundos brana pueden contener dimensiones extra de mayor tamaño. Para
evitar la presencia de torres de Kaluza-Klein de copias de part́ıculas del modelo estándar
con masas similares, estas teoŕıas obligan a las part́ıculas del modelo estándar a propa-
garse en la brana, mientras que únicamente la gravedad puede propagarse en el espacio
total. De esta manera, la escala fundamental de gravedad puede reducirse a la escala elec-
trodébil y el problema de la jerarqúıa desaparece. Algunas teoŕıas de mundos brana podŕıan
también explicar la observada expansión acelerada del Universo y las excitaciones de la
brana, los branones, pueden considerarse como part́ıculas masivas débilmente interactuan-
tes (WIMPs) que seŕıan candidatos naturales de materia oscura. Señalemos finalmente que
tales teoŕıas de gravedad con dimensiones extra podŕıan dar lugar a la producción de mini
agujeros negros en el LHC, cuya detección proporcionaŕıa importante información sobre
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la dimensionalidad del espacio-tiempo y otras interesantes propiedades de la interacción
gravitatoria.

En esta tesis vamos a profundizar pues en aspectos cosmológicos y astrof́ısicos que
estas dos teoŕıas de gravedad modificada podŕıan explicar. En primer lugar estudiaremos
aquellas teoŕıas f(R) capaces de proporcionar un mecanismo de aceleración cosmológica
sin necesidad de introducir ninguna contribución adicional de enerǵıa oscura en el contenido
energético. Para ello, emplearemos métodos de reconstrucción que parten, bien de una
solución dada para el factor de escala cosmológico para una métrica homogénea e isótropa,
o bien de la ecuación efectiva de estado. En particular presentaremos las funciones f(R)
capaces de mimetizar las soluciones de EH con constante cosmológica en cuatro dimensiones
y demostraremos que el comportamiento de cualquier fluido perfecto con ecuación de estado
constante puede también ser imitado por funciones f(R) .

Después, el caṕıtulo segundo tratará del cálculo de perturbaciones cosmológicas esca-
lares para teoŕıas f(R) . Ya que las ecuaciones de Einstein modificadas se han presentado
en el caṕıtulo anterior como ecuaciones de fondo, resulta bastante natural preguntarse
cómo la presencia de términos f(R) afectaŕıa a las ecuaciones perturbadas a primer orden
y las consecuencias que estas teoŕıas provocaŕıan en el crecimiento de estructuras. A lo
largo de este caṕıtulo, obtendremos una ecuación diferencial completamente general para
la evolución de estas perturbaciones, la cual particularizaremos para las llamadas escalas
sub-Hubble. En estas escalas, dicha ecuación diferencial se demostrará muy útil para, por
un lado entender el régimen de validez de las aproximaciones previamente realizadas en la
literatura y por otro, para excluir, de acuerdo con recientes experimentos, algunos modelos
f(R) propuestos como cosmológicamente viables.

La introducción de teoŕıas de gravedad modificada, con o sin dimensiones adicionales,
podŕıa conducir a la existencia de nuevas soluciones con respecto a las ya existentes en
Relatividad General. A este respecto, la investigación de soluciones esféricamente simétri-
cas resulta de particular interés, puesto que podŕıa dar información sobre, por ejemplo,
el número de dimensiones adicionales, la escala fundamental de gravitación o el espacio
accesible de parámetros de estas teoŕıas a fin de no entrar en conflicto con evidencias
experimentales. Por estas razones, los caṕıtulos 3 y 4 estudiarán soluciones esféricas.

Más concretamente, en el caṕıtulo 3 nos concentraremos en el estudio de agujeros
negros en teoŕıas f(R) en dimensión arbitraria ya que, si estas teoŕıas afirman ser teoŕıas
gravitatorias plausibles, resulta razonable preguntarse sobre si objetos gravitacionales como
los agujeros negros estarán presentes y si heredarán idénticas o diferentes caracteŕısticas
respecto a aquéllos que aparecen en Relatividad General. Con este propósito, estudiaremos
primero soluciones de curvatura constante para luego, mediante una expansión perturbativa
en torno a la solución estática y esféricamente simétrica de Relatividad General, tratar de
encontrar su generalización en estas teoŕıas. Finalmente, en la parte final de este caṕıtulo
estudiaremos la termodinámica de los agujeros negros de tipo Schwarzschild-anti-de Sitter
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en teoŕıas f(R) . Tal estudio, nos conducirá a demostrar la existencia de una condición
de viabilidad termodinámica que se relacionará con una de las condiciones de viabilidad
gravitacional de estos modelos.

Ya en el caṕıtulo 4, estudiaremos detenidamente otro tipo de soluciones esféricas en
teoŕıas de mundos brana que no son agujeros negros sino configuraciones topológicamen-
te no triviales, los skyrmiones, y que aparecen en teoŕıas con dimensiones extra. En este
contexto, la presencia de un objeto inesperado en el CMB, llamado mancha fŕıa, se expli-
cará como un defecto topológico de la brana y se demostrará que los resultados obtenidos
están en estricto acuerdo con resultados previos en la literatura que han intentado explicar
este objeto como consecuencia de una textura en un modelo sigma no lineal.
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Caṕıtulo 2

Enerǵıa oscura en las teoŕıas f (R)

Las ecuaciones modificadas de Einstein en teoŕıas f(R) pueden reescribirse en la forma
usual si se define un tensor enerǵıa-momento efectivo que incluya las contribuciones que
estas funciones introducen en las ecuaciones de campo. La contribución de los términos
procedentes de f(R) a ese tensor efectivo de enerǵıa-momento podŕıa pues considerarse
como que estas funciones actúan como un fluido de enerǵıa oscura. En consecuencia, resulta
natural considerar las teoŕıas f(R) como candidatos a explicar la aceleración cosmológica
actual. Históricamente algunos modelos de funciones f(R) se propusieron para modificar la
Relatividad General a altas enerǵıas intentando proporcionar un mecanismo inflacionario,
pero no fue hasta hace pocos años cuando estas teoŕıas comenzaron a considerarse como
capaces de producir un mecanismo que explicase la aceleración cosmológica.

A tal fin, las funciones f(R) que hubieran de proponerse, aparte de verificar diversas
condiciones que aseguren su viabilidad gravitacional, deben ser compatibles con experimen-
tos y verificar ciertas restricciones cosmológicas. Aśı por ejemplo tales funciones debeŕıan
incluir una evolución cosmológica con nucleośıntesis tras la gran explosión, fases cosmológi-
cas dominadas sucesivamente por radiación y materia y generar perturbaciones cosmológi-
cas que permitan la formación de estructuras y estén en acuerdo con las observaciones del
CMB y LSS.

La evolución cosmológica a gran escala ha sido habitualmente descrita mediante una
métrica cuadri-dimensional homogénea e isótropa, la métrica de Friedmann-Lemâıtre-
Robertson-Walker (FLRW), la cual, de acuerdo con los datos más recientes, parece ser
espacialmente plana. De este modo, la única magnitud que aparece es el factor de escala
a(t) y, por lo tanto, la curvatura escalar R puede expresarse en función de a(t) y sus
derivadas.

Si se consideran la acción gravitacional de EH, la métrica anterior y se asume que el

7
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contenido material viene dado por fluidos perfectos, pueden obtenerse las ecuaciones de
Einstein usuales para esa métrica. Éstas resultan ser dos ecuaciones diferenciales indepen-
dientes para el factor de escala: la ecuación de Friedmann y la ecuación de la aceleración,
que pueden escribirse respectivamente

H2 ≡
(

ȧ

a

)2

=
8πG

3

∑

α

ρα (2.1)

ä

a
= −8πG

6

∑

α

(ρα + 3Pα) (2.2)

donde ˙ denota derivada respecto al tiempo cósmico y la suma en el sub́ındice α representa
la contribución de todos los fluidos presentes (bariones, radiación, materia oscura, enerǵıa
oscura, etc.). Si se impone que la aceleración cosmológica sea positiva, i.e. ä > 0 , debe
cumplirse que Σα(ρα + 3Pα) < 0 . Sin embargo esta condición requeriŕıa que, si s’olo un
único fluido perfecto estuviera presente, su ecuación de estado debeŕıa satisfacer ωα <
−1/3 . Esta condición resulta no cumplirse para fluidos usuales como materia en polvo
o radiación. Por el contrario, una constante cosmológica Λ śı podŕıa proporcionar una
aceleración positiva en la ecuación (2.2) ya que su ecuación de estado satiface PΛ = −ρΛ .

Si por otro lado, la acción que se considera no es la acción de EH sino la acción dada
por la expresión (1.1), las ecuaciones que se obtienen al realizar variaciones respecto a la
métrica de FLRW son las ecuaciones modificadas de Einstein que, para fluidos de densidad
de enerǵıa ρ0 y presión P0 , son:

3(1 + fR)
ä

a
− 1

2
(R + f(R)) − 3

ȧ

a
ṘfRR = −8πG ρ0 (2.3)

(1 + fR)(Ḣ + 3H2) − 1

2
(R + f(R)) − 1

a

d

dt

(

a2ṘfRR

)

= 8πG P0 (2.4)

donde fR ≡ df(R)/dR y fRR ≡ d2f(R)/dR2 . Estas ecuaciones, a diferencia de las usuales
ecuaciones de Einstein, dejan de ser ecuaciones de segundo orden en las derivadas de la
métrica y pasan a convertirse en ecuaciones de cuarto orden siempre que fRR 6= 0 .

Las ecuaciones de conservación del tensor enerǵıa-momento ∇µT
µ
ν = 0 coinciden en

el caso EH o en el caso con contribuciones f(R) , si bien es obvio que el factor de escala
obtenido dependerá de la función f(R) elegida.

En este caṕıtulo se quiso determinar si el factor de escala que se obtiene a partir de
las ecuaciones de Einstein usuales cuando se considera que el contenido material viene
dado por una constante cosmológica y materia en polvo puede ser obtenido a partir de las
ecuaciones de Einstein modificadas para alguna función f(R) . Para realizar este estudio se
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consideró un contenido material sin constante cosmológica y con materia en polvo idéntica a
la del modelo ΛCDM salvo un factor multiplicativo (1−η) que expresa la posible diferencia
que puede introducir la presencia de esta teoŕıa f(R) en el contenido material. A fin de
garantizar la ausencia de constante cosmológica y la recuperación del comportamiento
efectivo de la acción de EH a curvaturas bajas sin redefinir la constante de Newton, las
condiciones iniciales que se impusieron sobre esta función fueron f(0) = 0 y fR(0) =
0 . De este modo el Lagrangiano gravitacional resultante será anaĺıtico en el origen y
presentará R = 0 como solución de vaćıo. Por consiguiente, las soluciones de Minkowski y
Schwarzschild serán también soluciones de esta teoŕıa f(R) . Con estas condiciones iniciales
la función f(R) solución del problema anterior puede escribirse como la suma de dos
funciones fp(R) y fh(R) , a saber:

fp(R) = −ηR + 2 (η − 1)Λ ; fh(R) = Λ (K+f+(R) + K−f−(R)) (2.5)

donde

f±(R) =

(

3 − R

Λ

)−a±

2F1

[

a±, 1 + a± − c, 1 + a± − a∓;−
(

3 − R

Λ

)−1
]

(2.6)

con 2F1 funciones hipergeométricas y las constantes

a± = − 1

12

(

7 ±
√

73
)

; c = −1/2 (2.7)

Las constantes de integración K± se fijan con las anteriormente mencionadas condiciones
iniciales de modo que:

K+ = 0,6436 (−0,9058 η + 0,0596) ; K− = 0,6436 (−0,2423 η + 3,4465) (2.8)

Notar que el Lagrangiano gravitacional dado en la expresión (1.1) ha de ser real. No obs-
tante las funciones hipergeométricas obtenidas se definen sobre el plano complejo. Para
resolver este problema basta considerar la parte real de fh(R) . Los tests de consisten-
cia realizados muestran que esta función proporciona verdaderamente el factor de escala
deseado como solución de las ecuaciones de Einstein modificadas para cualquier valor del
parámetro η , es decir, para cualquier valor de materia en polvo. Si bien, algunas res-
tricciones pueden imponerse sobre este parámetro. Por ejemplo η < 1 es la condición
que garantiza la positividad de la densidad de materia. Por otra parte ĺımites mucho más
estrictos sobre el parámetro η son necesarios si se desea que este modelo funcione correc-
tamente hasta la era de nucleośıntesis. En este el parámetro η debe fijarse a un valor de
0,065 con un estricto ajuste.

Con respecto a la viabilidad cosmológica de este modelo, se demostró que si se desean
satisfacer las condiciones de viabilidad cosmológica 1 + fR > 0 , fR < 0 y |fR| ≪ 1 en
épocas recientes, el parámetro η debe ajustarse finamente a un valor de η ≈ −1,4311 pero
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para ese valor fRR cambia su signo a curvaturas altas y por tanto la condición fRR > 0 no
se cumple. En conclusión, el modelo f(R) presentado debe considerarse como un modelo
efectivo capaz de reproducir la expansión cosmológica del modelo ΛCDM después de la
igualdad radiación-materia pero no puede considerarse como una teoŕıa gravitacional válida
en todas las escalas.

Por otra parte, la parte final de este caṕıtulo se dedicó a estudiar cómo las teoŕıas
f(R) pueden mimetizar la influencia de un fluido perfecto barotrópico y con ecuación de
estado constante en la evolución cosmológica. Se demostró que la modificación del sector
gravitacional por estas funciones podŕıa entenderse como la presencia efectiva de tales
fluidos. Este hecho tiene especial relevancia cuando fluidos de enerǵıa oscura con ecuación
de estado constante deseen entenderse como procedentes de una modificación en el sector
gravitacional a través de teoŕıas f(R) .



Caṕıtulo 3

Perturbaciones cosmológicas en

teoŕıas f (R)

En el caṕıtulo anterior nos hemos centrado en estudiar soluciones cosmológicas de las
teoŕıas f(R) que estén de acuerdo con la actual aceleración del Universo a gran escala y
que puedan reproducir el comportamiento de diversos fluidos perfectos. La pregunta que
surge inmediatamente es cómo discernir a través de observaciones entre diferentes modelos
de enerǵıa oscura que procedan de diversos modelos de gravedad modificada. Para ello
debemos señalar que es bien conocido que cualquier expansión cosmológica, incluida la
proporcionada por el modelo ΛCDM , puede ser imitada con funciones f(R) conveniente-
mente elegidas y por lo tanto, la sola utilización de las observaciones de SNIa, oscilaciones
acústicas de bariones y el factor de desplazamiento del CMB, basados en diferentes medidas
de distancias, las cuales son sólo sensibles a la historia de expansión, no pueden determinar
la naturaleza de la enerǵıa oscura.

Sin embargo, existe un tipo diferente de observaciones que śı son sensibles a la evolución
de las perturbaciones de densidad de materia. Por otra parte, el hecho de que la evolución
de las perturbaciones śı dependa del modelo de gravedad elegido, es decir, que difiera de
la evolución estándar, incluso aunque la evolución de la métrica de fondo sea la misma,
significa que esta clase de observaciones puede ayudar a distinguir experimentalmente entre
diferentes modelos propuestos para explicar la actual aceleración cosmológica.

Para determinar la evolución de las perturbaciones escalares en teoŕıas f(R) consi-
deraremos una métrica espacialmente plana FLRW perturbada en el gauge longitudinal
mediante dos potenciales: Φ y Ψ . Por otra parte las perturbaciones en el tensor enerǵıa-
momento nos darán el contenido material perturbado en términos de δ ≡ (ρ − ρ0)/ρ0

donde ρ y ρ0 son las densidades energéticas perturbada y sin perturbar respectivamente.

11
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A partir de las perturbaciones escalares en la métrica y en el tensor enerǵıa-momento
es posible obtener las ecuaciones de Einstein modificadas perturbadas a primer orden.
Un aspecto importante a resaltar es que en estas teoŕıas, siempre que d2f(R)/dR2 6=
0 , los potenciales Φ y Ψ no son iguales, a diferencia de lo que ocurre en Relatividad
General. Para estas ecuaciones perturbadas puede demostrarse que, tras ser manipuladas
y combinadas adecuadamente, arrojan una ecuación diferencial de cuarto orden para la
magnitud δ de modo que en la ecuación resultante, los coeficientes de tercer y cuarto orden
involucran únicamente términos proporcionales a d2f(R)/dR2 , los cuales desapareceŕıan
para funciones f(R) lineales en R . Por otra parte los coeficientes de orden dos, uno y cero
en δ de esta ecuación contienen tanto términos como los anteriores como términos lineales
en f(R) . A fin de manipular esta ecuación, podemos definir el parámetro ǫ ≡ H/k , donde
H ≡ a′/a y el śımbolo prima denota derivada respecto al tiempo conforme. Este parámetro
ǫ se utilizó para realizar una expansión perturbativa de los coeficientes anteriormente
mencionados.

El llamado ĺımite sub-Hubble consiste en considerar escalas k ≫ H y por tanto ǫ ≪ 1 .
Éste es de hecho el ĺımite a considerar si se desea estudiar los posibles efectos del crecimiento
de las perturbaciones de densidad una vez que éstas entran en el radio de Hubble en la
época dominada por materia. En este ĺımite puede demostrarse que los coeficientes de orden
tres y cuarto para la ecuación diferencial de δ resultan estar suprimidos en un factor ǫ2

con respecto a los siguientes coeficientes y, por consiguiente, la ecuación se reduce a una
ecuación de segundo orden, en la que si se consideran los términos dominantes en ǫ se
obtiene, en el espacio de Fourier, la siguiente ecuación diferencial

δ′′ + Hδ′ +
(1 + fR)5H2(−1 + κ1)(2κ1 − κ2) − 16

a8 f
4
RR(κ2 − 2)k88πGρ0a

2

(1 + fR)5(−1 + κ1) + 24
a8 f 4

RR(1 + fR)(κ2 − 2)k8
δ = 0 (3.1)

donde ′ denota derivada respecto al tiempo conforme y κi = H(i)/(Hi+1) i = 1, 2 . Esta
ecuación puede ser comparada con la que se ha venido utilizando en la literatura, llama-
da aproximación cuasi-estática. Esta aproximación se obtiene tras realizar simplificaciones
muy agresivas en las ecuaciones perturbadas, desechando por ejemplo las derivadas tem-
porales de los potenciales Φ y Ψ . Nuestras investigaciones han demostrado que para
funciones f(R) que satisfacen todas las condiciones de viabilidad cosmológica excepto la
condición |fR| ≪ 1 para curvaturas próximas al momento actual, la ecuación (3.1) y la
ecuación derivada de la aproximación cuasi-estática no conducen a la misma evolución de
las perturbaciones. Por tanto, se demostró que dicha aproximación cuasi-estática resulta
demasiado agresiva en sus simplificaciones. Nótese también que la evolución de las pertur-
baciones cuando se estudia con cualquiera de las dos ecuaciones anteriormente señaladas,
difiere de la evolución proporcionada por ΛCDM .

Sin embargo, si los modelos f(R) considerados satisfacen todas las condiciones de
viabilidad, incluida la anteriormente no impuesta, i.e. |fR| ≪ 1 , puede demostrarse que
la evolución de fondo de las ecuaciones modificadas de Einstein pasa a parecerse a aquélla
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proporcionada por el modelo ΛCDM y que la ecuación de segundo orden que determina
la evolución de los modos sub-Hubble, de nuevo en espacio de Fourier, pasa a ser

δ′′ + Hδ′ − 4

3

(

6fRRk2

a2 + 9
4

)2 − 81
16

+ 9
2

2κ1−κ2

−2+κ2

(

6fRRk2

a2 + 5
2

)2 − 25
4

+ 6−1+κ1

−2+κ2

(1 − κ1)H2δ = 0 (3.2)

la cual śı se comporta, bajo esta hipótesis, como la ecuación de las perturbaciones dada por
la aproximación cuasi-estática. En otras palabras: aunque en general para funciones f(R)
cualesquiera la aproximación cuasi-estática no está justificada, para aquellas funciones que
describen la fase acelerada de expansión cosmológica y que satisfacen los tests de gravedad
local, esta aproximación śı proporciona una descripción correcta de la evolución de las
perturbaciones.

Para comprobar nuestros resultados, se propusieron dos modelos de funciones f(R)
que satisfacen todas las condiciones de viabilidad a fin de obtener soluciones usando la
ecuación (3.2) y la aproximación cuasi-estática. Como ya se ha mencionado, para modelos
viables, la evolución del fondo reproduce la proporcionada por el modelo ΛCDM a bajos
redshifts y la de un universo dominado por materia a altos redshifts. El primer modelo (A)
estudiado es de la forma f(R) = c1R

p (en unidades H2
0 ). De acuerdo con los resultados

de la literatura, modelos de este tipo incluyen tanto una fase dominada por materia como
aceleración final siempre que sus parámetros satisfagan c1 < 0 and 0 < p < 1 . Los
valores elegidos fueron c1 = −4,3 and p = 0,01 de modo que este modelo śı satisface
la condición | fR |≪ 1 . El segundo modelo (B) elegido fue f(R) = (c1R

e1 + c2)
−1 con

valores c1 = 2,5 · 10−4 , e1 = 0,3 y c2 = −0,22 también en las mismas unidades.

Para cada uno de los modelos, hemos comparado nuestro resultado con el resultado
estándar de ΛCDM y la aproximación cuasi-estática en la Figura 1 para los modelos
A y B respectivamente. En ambos casos, las condiciones iniciales se dieron en redshift
z = 1000 .

Para ambos modelos puede observarse que la aproximación cuasi-estática da una descrip-
ción correcta de la evolución, la cual claramente se desv́ıa de la proporcionada por el modelo
ΛCDM .

Por último se estudió la viabilidad de modelos propuestos recientemente en la literatu-
ra y que afirmaban ser cosmológicamente viables incluso cuando su comportamiento cos-
mológico era claramente distinguible de ΛCDM . Estos modelos, aun satisfaciendo algunas
condiciones de consistencia, no satisfacen los tests locales de gravedad y en consecuencia su
espectro de potencias entra en conflicto con los datos de SDSS. Por ejemplo un modelo tal
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Figura 3.1: δk con k = 1,67 h Mpc−1 para modelos f(R) A (izquierda) y B (derecha) que evolucionan
de acuerdo a (3.2), ΛCDM y aproximación cuasi-estática en un rango de redshift desde 100 hasta 0. La
evolución cuasi-estática es indistinguible de la evolución dada por la ecuación (3.2) pero ambas divergen
del comportamiento de ΛCDM cuando z disminuye.

como f(R) = −α R∗log
(

1 + R
R∗

)

satisface todas las condiciones de viabilidad cosmológi-

ca usuales pero sin embargo no satisface |fR| ≪ 1 en épocas recientes impuesto por tests
de gravedad local en el sistema solar y la cual garantiza que la evolución a tiempos largos
se parezca a aquélla del modelo ΛCDM . Para este modelo |fR| ∼ 0,2 hoy para α = 2 y
ΩM ∼ 0,25 . En este caso, el estudio del espectro de potencias revela su desacuerdo con los
datos de SDSS como puede verse en la Figura 3.2.

Podemos concluir este caṕıtulo afirmando que en el estudio de perturbaciones cos-
mológicas escalares, la ecuación diferencial para la evolución de los modos sub-Hubble se
reduce a una ecuación de segundo orden que se ha comparado con la obtenida mediante la
llamada aproximación cuasi-estática profusamente utilizada en la literatura. De este análi-
sis se concluyó que la utilización de esta aproximación no está justificada para funciones
f(R) arbitrarias. Sin embargo para teoŕıas que satisfacen |fR| ≪ 1 hoy, el cálculo pertur-
bativo requiere no sólo considerar los primeros términos en el parámetro ǫ sino términos
de orden más alto en este parámetro perturbativo. Este hecho, una vez realizado un proce-
so de resumación modifica la ecuación de las perturbaciones de modo que se convierte en
equivalente al caso cuasi-estático, pero únicamente si el Universo se expande como en la
fase dominada por materia o siguiendo el modelo ΛCDM . Por otra parte, el hecho de que
para modelos con |fR| ≪ 1 el fondo se comporte hoy precisamente como ΛCDM , hace
que la aproximación cuasi-estática sea correcta en esos casos.
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Figura 3.2: Espectro lineal de potencias para los modelos ΛCDM y modelo f(R) con α = 2 con
datos del espectro de potencias SDSS con normalización de WMAP3. Nótese que ΛCDM proporciona un
ajuste excelente con χ2 = 11,2 , mientras que el modelo f(R) proporciona χ2 = 178,9 , es decir, 13σ

de desviación. Incluso si la normalización global se reduce un 20 % , la discrepancia permaneceŕıa con un
nivel de 7 σ . Si la normalización del espectro se deja como parámetro libre, el mejor ajuste requeriŕıa una
reducción del 32 % en la normalización y se desviaŕıa en 4,8σ .

Hemos utilizado también nuestro análisis para poder excluir modelos f(R) que se han
propuesto recientemente como viables y que hemos aqúı demostrado que estan en desacuer-
do con los datos de SDSS. De hecho la fuerte dependencia con la escala k , a diferencia
de lo que ocurre en el modelo ΛCDM que aparece en la evolución de las perturbaciones
permite excluir esas teoŕıas.
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Caṕıtulo 4

Agujeros negros en teoŕıas f (R)

Con este caṕıtulo terminaremos nuestras investigaciones sobre teoŕıas f(R) a través
del estudio de algunos aspectos de los agujeros negros (BH) en estas teoŕıas. Siguiendo
la motivación esbozada en la introducción, las teoŕıas f(R) podŕıan permitir la existen-
cia de BH, de la misma manera que la Relatividad General y otras teoŕıas alternativas
de la gravitación los presentan. Es por consiguiente bastante natural preguntarse sobre
las caracteŕısticas de estos objetos en estas teoŕıas a fin de, por un lado encontrar cuáles
son las caracteŕısticas peculiares de los BH en la gravedad einsteniana y cuáles se extien-
den a las teoŕıas f(R) de gravedad modificada. Por otro lado los resultados obtenidos
pueden conducir a excluir algunos modelos que estén en desacuerdo con resultados f́ısi-
cos esperados. Con este propósito, el estudio de magnitudes termodinámicas de BH de
tipo Schwarzschild-anti-de Sitter mediante el método de la acción eucĺıdea es de especial
interés. Como evidencia experimental, señalemos que mini BH podŕıan ser generados en
aceleradores hadrónicos, como el LHC, proporcionando importante información sobre la
teoŕıa subyacente de gravitación.

Comencemos señalando que la métrica D dimensional estática y esféricamente simétri-
ca para el campo gravitacional generado por un objeto no rotante viene dada por

ds2 = e−2Φ(r)A(r)dt2 − A−1(r)dr2 − r2dΩ2
D−2 ≡ λ(r)dt2 − µ−1(r)dr2 − r2dΩ2

D−2 .

En este caso, la curvatura escalar R en D dimensiones depende únicamente de la
coordenada r y puede escribirse como

R =
1

r2

{

(D − 2)[(D − 3)(1 − A) + 2r(−A′ + AΦ′)] + r2[3A′Φ′ − A′′ − 2A(Φ′2 − Φ′′)]
}

(4.1)

donde prima denota aqúı derivada con respecto a r . De esta forma, las métricas estática

17
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y esféricamente simétricas más generales con curvatura cosntante R0 pueden encontrarse
resolviendo la ecuación R = R0 . Para un valor constante Φ(r) = Φ0 , la solución es
de la forma A(r) = 1 + a1r

3−D + a2r
2−D − R0

D(D−1)
r2 con a1,2 constantes arbitrarias

de integración. Para el caso particular D = 4 , R0 = 0 y Φ0 = 0 , la métrica puede
escribirse exclusivamente en términos de A(r) = 1 + a1r

−1 + a2r
−2 donde si se realizan

las identificaciones a1 = −2GM y a2 = Q2 , esta solución corresponde a un BH cargado
masivo con masa M y carga Q (solución Reissner-Nordström).

Por otra parte, si se considera el caso de curvatura constante R = R0 , la ecuación de
Einstein modificada para teoŕıas f(R) para la función A(r) se reduce a:

R + f(R) + (1 + fR)

[

A′′ +
(D − 2)

r
(A′ − 2AΦ′) − 3A′Φ′ + 2A

(

Φ′2 − Φ′′)
]

= 0 (4.2)

Como puede demostrarse a partir de las ecuaciones de Einstein modificadas con teoŕıas
f(R) , las soluciones de curvatura constante en teoŕıas f(R) vienen dadas por:

R0 =
D f(R0)

2(1 + fR0
) − D

(4.3)

donde si se hace la hipótesis Φ′(r) = 0 , la ecuación (4.2), utilizando (4.3), se reduce a

A′′ + (D − 2)
A′

r
= − 2

D
R0 → A(r) = c1 + c2r

3−D − R0

D(D − 1)
r2 (4.4)

con c1,2 son dos constantes arbitrarias. Sin embargo, esta solución no tiene curvatura
constante en el caso general puesto que como puede verse en los cálculos anteriores, el
caso de curvatura constante requiere c1 = 1 . En ese caso, para R0 < 0 , esta solución es
básicamente la generalización D dimensional obtenida por Witten en un espacio-tiempo
anti-de Sitter de la solución de Hawking y Page. Con la elección natural de Φ0 = 0 la
solución puede escribirse como:

A(r) = 1 − (RS/r)D−3 + r2/l2 (4.5)

donde RS y l tienen la interpretación usual. Aśı, hemos concluido que las únicas solucio-
nes estáticas y esféricamente simétricas en vaćıo con curvatura constante (negativa) para
cualquier teoŕıa f(R) son simplemente los BH de Hawking-Page en un espacio-tiempo
anti-de Sitter. Sin embargo, se ha visto que este tipo de soluciones no proporcionan la
métrica más general estática y esféricamente simétrica con curvatura constante.

Una vez que hemos estudiado las soluciones de curvatura constante, merece la pena
subrayar que en la teoŕıa EH la solución estática y esféricamente simétrica posee curvatura
escalar constante. Este hecho no está a priori garantizado para teoŕıas f(R) . El proble-
ma por tanto de encontrar soluciones generales estáticas y esféricamente simétricas para
teoŕıas f(R) arbitrarias sin imponer la condición de curvatura constante es en principio
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arduo complicado. Por esta razón, hemos realizado un análisis perturbativo del problema,
asumiendo que la acción gravitacional puede escribirse como una pequeña perturbación en
torno a la teoŕıa de EH de la forma f(R) = −(D − 2)ΛD + α g(R) donde α ≪ 1 es un
parámetro adimensional y g(R) es una función anaĺıtica.

Si por otra parte se asume que las funciones λ(r) y µ(r) que aparecen en la segunda
parametrización de la métrica presentada al principio del caṕıtulo son también anaĺıticas
en α , entonces podrán escribirse de la siguiente forma

λ(r) = λ0(r) +

∞
∑

i=1

αiλi(r) ; µ(r) = µ0(r) +

∞
∑

i=1

αiµi(r) (4.6)

donde λ0(r) y µ0(r) corresponden a la solución de la acción EH con constante cosmológica
dadas por µ0(r) = 1+ C1

rD−3 − ΛD

(D−1)
r2 que son las soluciones usuales de BH D dimensional

en un espacio-tiempo anti-de Sitter. Si entonces las expansiones propuestas de f(R) y las
soluciones {λ(r), µ(r)} se introducen en las ecuaciones modificadas de Einstein, se obtie-
nen los diferentes sumandos, orden a orden en α , de las soluciones. Cuando este análisis se
realiza, se encuentra que, hasta segundo orden, la solución obtenida tiene curvatura cons-
tante para cualesquiera constantes de integración. De hecho, hasta este orden, esta métrica
no es más que la correspondiente a la geometŕıa estándar de Schwarzschild-anti-de Sitter
que puede reescribirse en la forma habitual mediante una simple reparametrización de la
coordenada temporal. A órdenes superiores el proceso se complica, pero basta introducir
los resultados anteriores en las ecuaciones de orden α3,4,... y obtener las soluciones λ3,4,...(r)
y µ3,4,...(r) . En conclusión, hasta segundo orden, las únicas soluciones estáticas y esférica-
mente simétricas que son anaĺıticas en el parámetro perturbativo α son las habituales de
los espacio-tiempos Schwarzschild-anti-de Sitter.

Para terminar este caṕıtulo hemos realizado un estudio de la termodinámica de BH
en teoŕıas f(R) . Por simplicidad, nos hemos concentrado en el estudio de soluciones D
dimensionales de BH de curvatura constante en anti-de Sitter tomando Φ(r) ≡ 0 como
eleccción natural. De esta manera las definiciones usuales de Hawking y la obtenida me-
diante el uso del método de la acción Eucĺıdea, conducen a que la temperatura de estos
objetos depende únicamente de la dimensión D y del radio del horizonte rH que satisface
A(rH) = 0 . Además esta temperatura posee un mı́nimo T0 en la posición rH0 . De este
modo para cualquier T > T0 , existen dos posibles tamaños del BH: uno que corresponde a
la fase de BH pequeño con rH < rH0 y el otro que corresponde a la fase de BH grande con
rH > rH0 . Las restantes magnitudes termodinámicas en teoŕıas f(R) pueden calcularse
por el método eucĺıdeo: la enerǵıa libre F una vez calculada, viene dada por una expresión
en la que, si se cumple la condición −(R0 + f(R0)) > 0 (la cual se presenta naturalmente
para el caso de gravedad EH) se cumple: F > 0 para rH < l y F < 0 para rH > l .
Por otra parte, el calor espećıfico C , una vez calculado, es una magnitud que depende de
D , rH y es proporcional al factor −(R0 + f(R0)) . Se supondrá de ahora en adelante que,
análogamente al caso EH, se satisface la condición (R0 + f(R0)) < 0 que es además la
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Modelo f(R) R0 Regiones

α(−R)β −
[

(2−D)
α(2β−D)

]1/(β−1)
1 {α < 0, β > D

2 } ;2 {α > 0, β < D
2 }

(−R)α exp
( q

R

)

− R 2q
2α−D 1 {q > 0, α < D

2 } ; 2 {q < 0, α > D
2 }

R [log (αR)]q − R 1
αexp

(

2q
D−2

)

Región única α < 0 and q > 0

−αm1(R
α )

1+β(R
α )

α
h

D(m1−2)+4+
√

m2

1
D2−8m1(D−2)

i

2β(D−2) 1 {α > 0, β < 0} ; 2 {α < 0, β > 0}

Cuadro 4.1: Modelos f(R) I, II, III y IV que se han estudiado desde el punto de vista termodinámico.
Se presentan las curvaturas escalares constantes en vaćıo R0 < 0 para los cuatro modelos aśı como las
regiones termodinámicas accesibles a fin de garantizar el cumplimiento de las condiciones R0 < 0 y

1 + fR(R0) > 0 . Para el modelo IV, se ha tomado fR(R0) ≡ ǫ lo que implica m1 = − (D−2(1+ǫ))2

D2ǫ
. De

hecho para conseguir R0 < 0 se necesita m1 > 0 y por tanto se consideró ǫ < 0 e igual a −10−6 en la
figura correspondiente.

condición para garantizar que en estas teoŕıas tanto la enerǵıa como la entroṕıa del BH
sean positivas. Esta condición implica a través de la ecuación (4.3) que 1+ fR(R0) > 0 , lo
que está de acuerdo con los requisitos cosmológicos para la viabilidad de las teoŕıas f(R) .
Con esta restricción se encuentra que C > 0 para rH > rH0 (la región de BH grandes)
y C < 0 para rH < rH0 (la región de BH pequeños). Para rH ∼ rH0 (T cerca de T0 )
C es divergente. En cualquier caso, para teoŕıas f(R) con R0 + f(R0) < 0 , se ha encon-
trado un escenario análogo al descrito en detalle por Hawking y Page para el caso EH:
para T > T0 dos posibles soluciones de BH están presentes, los BH pequeños y grandes:
el pequeño tiene C < 0 y F > 0 como el BH estándar de Schwarzschild. Para el BH
grande aparecen dos posibilidades: si T0 < T < T (rH = l) entonces C > 0 y F > 0 y
el BH decaerá por efecto túnel a radiación, pero si T > T (rH = l) entonces C > 0 and
F < 0 . En este caso F del BH grande será menor que la enerǵıa libre de la radiación pura.

Para ilustrar los cálculos anteriores, se han elegido cuatro modelos de funciones f(R)
(I, II, III y IV) que se presentan en el Cuadro 4.1. Estos modelos poseen curvaturas cons-
tantes de vaćıo R0 < 0 no nulas. Para todos ellos se han estudiado los signos del calor
espećıfico C y la enerǵıa libre F a fin de determinar las regiones de estabilidad local y
global de los BH dependiendo de los valores que tomen los parámetros de los que depen-
den estos modelos. En todas ellas se consideró por simplicidad un radio de Schwarzschild
RS = 2 .

En las figuras 4.1, 4.2 y 4.3 se representaron las diferentes regiones termodinámicas
accesibles de los modelos I, II, III y IV para D = 4 .
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Figura 4.1: Regiones termodinámicas en el plano (α, β) para el Modelo I in D = 4 : Región
1(izquierda) y Región 2 (derecha).

Figura 4.2: Regiones termodinámicas en el plano (α, q) para el Modelo II in D = 4 :
Región 1(izquierda) y Región 2 (derecha).
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Figura 4.3: Regiones termodinámicas en el plano (α, β) para D = 4 en el Modelo III
(izquierda) y en el plano (|α|, |β|) para D = 4 en el Modelo IV (derecha).



Caṕıtulo 5

Skyrmiones y la mancha fŕıa del

CMB

Como se ha mencionado en la introducción, soluciones topológicamente no triviales y
esféricamente simétricas, llamadas skyrmiones-brana o texturas, aparecen en teoŕıas de
mundos brana. Este tipo de texturas pueden entenderse como agujeros en la brana que
permiten pasar a lo largo del espacio extra. Este caṕıtulo se ha centrado en estudiar algunos
efectos astrof́ısicos y cosmológicos que estas configuraciones pueden tener en el mapa de
temperaturas del CMB. Recientemente una mancha fŕıa anómala ha sido descubierta en el
CMB al estudiar los datos procedentes de WMAP, de modo que se han propuesto diferentes
mecanismos f́ısicos a fin de interpretarla: entre ellos, uno de los más interesantes podŕıa
justificar la presencia de manchas fŕıas como resultado del colapso de texturas procedentes
de una transición de fase en teoŕıas de gran unificación en el Universo primitivo. Nuestra
propuesta consiste en demostrar por un lado que los skyrmiones-brana proporcionan un
escenario natural que permite reproducir las caracteŕısticas de estas manchas y por otro,
que las escalas implicadas, que permiten reproducir las observaciones, pueden llegar a ser
tan bajas como la escala electrodébil.

A partir de las ecuaciones de campo de branones es posible definir coordenadas esféri-
cas para un skyrmión con número de winding nW de modo que la aplicación no trivial
(ansatz del erizo) satisface {φK = φ, θK = θ, χK = F (t, r)} con condiciones de contorno
F (t,∞) − F (t, 0) = nWπ . Con estas coordenadas, es posible derivar las ecuaciones de
movimiento de la función F (t, r) a través de la variación de la acción de Nambu-Goto.
Para distancias grandes con respecto al tamaño de las dimensiones extra, la interacción
gravitatoria se comporta esencialmente como lo hace en un espacio-tiempo cuadridimen-
sional con Relatividad General estándar. Una vez resueltas estas ecuaciones se obtiene
F(t, r) = 2 arctan

(

−r
t

)

con t < 0 puesto que los fotones deberán pasar por la posición
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Figura 5.1: Representación esquemática de la trayectoria de un fotón que pasa cerca del
skyrmión-brana. R es el parámetro de impacto (el radio del ćırculo representado) y la
trayectoria del fotón a lo largo de la ĺınea horizontal se elige a lo largo del eje Z.

de la textura antes de que ésta colapse. Una vez que la función F ha sido determinada, es
posible calcular las componentes del tensor enerǵıa-momento a partir de nuevo de la acción
de Nambu-Goto. Por otra parte se supuso que la métrica de fondo en regiones r ≫ RB

en presencia del skyrmión-brana, vendŕıa expresada por una pequeña perturbación de la
métrica minkowskiana, de modo que las perturbaciones escalares en el gauge longitudinal
vendrán dadas por los potenciales Φ y Ψ . Una vez que las componentes del tensor de Eins-
tein perturbado se igualan a las componentes del tensor enerǵıa-momento anteriormente
calculado, es posible escribir estos potenciales en función de la función F ya calculada, de
modo que Ψ ≡ Φ = 4πGv2 log[(r2 + t2)/t2] .

Aśı, los fotones que se propaguen en esta métrica perturbada sufrirán un desplazamiento
de frecuencias debido al efecto Sachs-Wolfe, de modo que la distorsión de la temperatura
viene dado por

(

∆T
T

)

SW
= ǫ t0√

2R2+t2
0

con ǫ ≡ 8π2Gv2 , R es el parámetro de impacto y

t0 el momento en que el fotón atraviesa la textura como puede verse en la Figura 5.1. Este
perfil de temperaturas da cuenta de la aparente anomaĺıa observada recientemente en los
datos de CMB.

Las anisotroṕıas del CMB estudiadas con WMAP han resultado seguir una distribu-
ción gaussiana, como se predećıa en el escenario inflacionario estándar, correspondiente a
fluctuaciones de una parte en cien mil en el Universo primitivo. No obstante una mancha
fŕıa anomala, aparentemente inconsistente con estas fluctuaciones parece haberse encon-
trado en esos datos, abocando a la proposición de distintas explicaciones: desde vaćıos en
la distribución de materia o como consecuencia del efecto Sunyaev-Zeldovich. Esta man-
cha fŕıa podŕıa también proceder de teoŕıas de f́ısica de alta enerǵıa, las cuales predicen la
formación de diferentes defectos topológicos, incluyendo texturas cósmicas y que podŕıan
dar lugar a manchas fŕıas y calientes en el CMB. Estas texturas seŕıan remanentes de
una trasición de fase con ruptura de simetŕıa que tuvo lugar en el Universo primitivo, de
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modo que la transición de fase cósmica debe relacionarse con un patrón de ruptura de una
simetŕıa global de un grupo G a un subgrupo H de modo que el espacio coset K = G/H
tenga un tercer grupo de homotoṕıa no trivial. Un ejemplo t́ıpico es K = SU(N) , que
tiene asociado π3(K) = Z para N ≥ 2 . Nótese que para lograr una textura formada
durante la transición, la ruptura de simetŕıa debe corresponder a una śımetria global ya
que de ser local podŕıa gaugearse y desaparecer. Estas texturas pueden entenderse como
configuraciones de campo enrolladas que colapsan y se deshacen en escalas cada vez mayo-
res. Las texturas pueden además producir una concentración de enerǵıa que da lugar a un
potencial gravitacional que depende del tiempo provocando que los fotones del CMB que
atraviesan la región próxima a la textura sufran un desplazamiento de frecuencias. Este
desplazamiento es el que daŕıa lugar a una mancha fŕıa o caliente en los mapas del CMB.

Por ejemplo, se han propuesto modelos sigma no lineales SU(2) para construir modelos
de texturas que pudieran explicar la mancha fŕıa observada a través de una textura que
se deshace usando una solución esféricamente simétrica que proporciona una distorsión
relativa de la temperatura dada por ∆T

T
(θ) = ±ǫ 1

q

1+4( θ
θc

)
2

donde θ es el ángulo desde el

centro y el mejor ajuste a la mancha fŕıa corresponde a ǫ = 7,7 × 10−5 and θc = 5,1◦ . El
parámetro ǫ viene dado por ǫ ≡ 8π2GΦ0 , con Φ0 la escala fundamental de ruptura de
śımetria que se ajusta a Φ0 ≃ 8,7×1015 GeV, escala razonablemente próxima a la escala de
gran unificación. Sin embargo en las teoŕıas de gran unificación lo que se encuentra es una
ruptura local de simetŕıa que produce el mecanismo de Higgs y que por tanto destruye el
significado topológico de la textura o cualquier otro defecto que apareciera en la transicion
cósmica.

Aśı pues, los resultados de la distorsión relativa de temperaturas coinciden si se consi-
dera un modelo sigma no lineal o si los cálculos se realizan para un skyrmión realizando

las identificaciones Φ0 = v ; 2
(

θ
θc

)

= R
t0

.

Una estimación de las escalas requeridas para que el skyrmión pueda explicar la mancha
fŕıa observada puede comenzar considerando un número de dimensiones extra igual a tres
(D = 7 ) de modo que para conseguir ǫ ≃ 7,7 · 10−5 debe cumplirse v ≃ 1,2 · 1016 GeV lo
cual puede alcanzarse si la escala fundamental de gravitación es MD ∼ f ∼ TeV. Nótese
que para este rango de parámetros, el radio de las dimensiones extras debeŕıa situarse
alrededor de RB ∼ 10−8 m y las aproximaciones realizadas para determinar el perfil de
temperaturas causado por un skyrmión estaŕıan totalmente justificadas. Se comprobó igual-
mente que los posibles efectos procedentes de la masa del branón estaŕıan suprimidos al ser
de orden O(M2/v2) y los valores usuales de las masas para branones se sitúan en torno a
M ∼ TeV a fin que éstos puedan ser candidatos a materia oscura.

Se concluyó por lo tanto que los skyrmiones proporcionan una descripción adecuada
para la mancha fŕıa observada en el CMB sin necesidad de introducir altas escalas de
enerǵıa, es decir, sin recurrir a mecanismos de gran unificación puesto que la amplitud
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correcta de las fluctuaciones de temperatura puede obtenerse con valores naturales de la
escala electrodébil.



Caṕıtulo 6

Conclusiones y perspectivas

Los resultados que hemos presentado en esta tesis intentaron dar respuestas a algunas
cuestiones todav́ıa abiertas en la investigación de teoŕıas de gravedad modificada, tanto en
el ámbito cosmológico como en el astrof́ısico. Estos resultados han proporcionado algunas
consecuencias relevantes, tanto desde el punto de vista teórico como experimental y han
sugerido futuras investigaciones ya comenzadas. Entre las diferentes teoŕıas de gravedad
modificada, dos de particular interés se han estudiado en esta tesis: las teoŕıas f(R) de
gravedad modificada y las teoŕıas de dimensiones extra en mundos brana.

En primer lugar, para las teoŕıas f(R) hemos mostrado que estos modelos de gravedad
pueden reproducir la evolución cosmológica actual tal y como viene descrita por la Rela-
tividad General dentro del modelo cosmológico estándar ΛCDM, desde el momento de la
igualdad radiuación-materia hasta la actualidad. En este orden de investigaciones, fuimos
también capaces de demostrar que la presencia de cualquier fluido perfecto parametriza-
do por una ecuación de estado constante puede ser imitado por la presencia de términos
procedentes de modelos f(R) , de modo que la adición de funciones f(R) a la acción
gravitacional estándar de Einstein-Hilbert puede proporcionar un mecanismo que repro-
duzca diversos tipos de como enerǵıa oscura. Este hecho parece indicar la importancia de la
búsqueda de una única funcion f(R) que pudiera explicar, al menos fenomenológicamen-
te, las principales caracteŕısticas de la evolución cosmológica, desde la época inflacionaria
hasta la actualmente observada expansión acelerada.

A continuación, y dentro de las modificaciones que las teoŕıas f(R) introducen en la
Relatividad General, se ha realizado en esta tesis un análisis acerca de las perturbaciones
cosmológicas escalares a primer orden. A este respecto, se ha obtenido un método com-
pletamente general para encontrar la ecuación diferencial que proporciona la evolución del
contraste de densidad de materia. Este método es válido independientemente del modelo
f(R) que se considere y del tamaño de las escalas implicadas. Una consecuencia inmedia-
ta de estos cálculos fue la conclusión de que las aproximaciones habituales que se veńıan
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realizando en la literatura para modos sub-Hubble no eran siempre válidas, sino que deter-
minadas hipótesis, que se han establecido en esta tesis, deben asumirse sobre las funciones
f(R) a fin de obtener la habitual aproximación cuasi-estática.

Como resultados subsiguientes, se decidió estudiar la evolución del contraste de densi-
dad en escalas cosmológicas sub-Hubble. A este respecto se determinó que para modelos
f(R) cosmológicamente viables, las perturbaciones en este régimen son indistinguibles de
las obtenidas a través de la aproximacion cuasi-estática pero perfectamente distinguibles
de aquellas obtenidas a través del modelo ΛCDM.

Con los anteriores cálculos teóricos, que permitieron obtener la evolución correcta de las
perturbaciones de materia en los modos sub-Hubble para modelos f(R) , pueden realizarse
algunos tests a fin de comparar los datos con los resultados teóricos esperados y poder
aśı establecer la validez o algunas restricciones sobre esas funciones f(R) . Este tipo de
procedimientos muestra pues la relevancia de los resultados obtenidos cuando se desea
comprobar la viabilidad de un modelo f(R) que sea propuesto frente a los resultados de
recientes experimentos.

Como punto final dentro de las investigaciones presentadas en modelos f(R) , se
trató con diversas caracteŕısticas de agujeros negros en estas teoŕıas: en primer lugar se estu-
dió el caso de soluciones estáticas y esféricamente simétricas en vaćıo y se determinó que, al
igual que en Relatividad General, la unica solución presente era la solución Schwarzschild-
(anti-)de Sitter. Como resultado complementario del anterior se realizó un estudio del caso
estático y esféricamente simétrico en vaćıo. En este estudio no se asumió a priori curvatura
escalar constante, de modo que para el tratamiento de este problema se realizó un análisis
perturbativo alrededor de la solución Schwarzschild-de Sitter en Einstein-Hilbert con cons-
tante cosmológica no nula. Una vez realizados los cálculos se encontró que hasta segundo
orden en perturbaciones, la única solución era la solución generalizada Schwarzschild-de
Sitter con coeficientes modificados que se expresan en términos de f(R) y sus derivadas
evaluadas en el valor de la curvatura de fondo.

Esta parte de la tesis finalizó estudiando la termodinámica de agujeros negros
Schwarzschild-anti-de Sitter en teoŕıas f(R) : para ello se representaron, dependiendo de
los parámetros de diversos modelos que se propusieron, las regiones accesibles desde el
punto de vista termodinámico en términos de los signos de la capacidad caloŕıfica y la
enerǵıa libre, ya que la combinación de signos de estas magnitudes proporciona la estabi-
lidad local y global de estos objetos. A este respecto se encontró una caracteŕıstica muy
importante que anima a continuar la investigación en estas ĺıneas: en efecto, se observó que
la viabilidad termodinámica de teoŕıas f(R) en soluciones de curvatura constante estaba
sujeta al cumplimiento de la condición 1 + fR > 0 que es de hecho una de las condiciones
que se impone a estos modelos para ser cosmológicamente viables, por lo que dos aspectos,
en principo diferentes y que condicionan la viabilidad de estas teoŕıas, fueron aqúı y por
primera vez, expresados conjuntamente.
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La última parte de esta tesis se dedicó a estudiar algunas evidencias experimentales de
los escenarios de mundos branas. Configuraciones topológicamente no triviales, los skyr-
miones, que aparecen de forma natural en estas teoŕıas, parecen estar de acuerdo con
datos procedentes del CMB, en particular con la recientemente descubierta mancha fŕıa.
Se concluyó que los modelos de mundos brana con un número suficiente de dimensiones
extra pueden acomodar la presencia de la mancha fŕıa observada y al mismo tiempo son
capaces de rebajar la escala fundamental de gravitación a valores del orden de la escala
electrodébil.

Para concluir, los resultados que han sido incluidos en esta tesis han demostrado que
tanto las teoŕıas f(R) como las teoŕıas de mundos-brana constituyen posibles candidatas
para una mejor comprensión de la naturaleza de la interacción gravitatoria en grandes
escalas. Tanto la validez como la viabilidad de estas teoŕıas necesitan aún ser sometidas a
tests teóricos y experimentales a fin de poder descartar o mantener como viables los mo-
delos propuestos. Para ello, aspectos como la posible imitación por parte de estos modelos
de los resultados que proporciona la cosmoloǵıa estándar, la evolución de las perturba-
ciones cosmológicas, las caracteŕısticas de objetos gravitatorios tan distinguidos como los
agujeros negros y las caracteŕısticas de los mapas de temperaturas del CMB, fueron consi-
derados en esta tesis como dignos de estudio que pueden arrojar luz sobre las propiedades
fundamentales de la interacción gravitacional.
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