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Symmetries of discrete dynamical systems involving
two species
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C. P. 6128, Succ. Centre-ville, Mon&ile(QC) H3C 3J7, Canada

(Received 24 December 1998; accepted for publication 4 March)1999

The Lie point symmetries of a coupled system of two nonlinear differential-
difference equations are investigated. It is shown that in special cases the symmetry
group can be infinite dimensional, in other cases up to ten dimensional. The equa-
tions can describe the interaction of two long molecular chains, each involving one
type of atoms. ©1999 American Institute of Physids$S0022-24889)03206-3

I. INTRODUCTION

Our purpose in this article is to perform a symmetry analysis of a system of two coupled
differential-difference equations of the form

El:Un_ Fn(t,unflyun yun+11Unflvvn 1Un+1):01
(1.9

E;=0,—Gp(t,Un_1,Un,Unt+1,0n-1,0n,Un+1)=0.

The overdots denote time derivatives. The discrete variaplays the role of a space variable; it
labels positions along a one-dimensional lattice. The functigpand G,, represent interactions,
e.g., between different atoms along a double chain of mole¢séesFig. 1. The functiond=, and

G,, area priori unspecified; our aim is to classify equations of the typé) according to the Lie
point symmetries that they allow. The interactions in such a model depend on up to six neighbor-
ing particles. For instance, we can interpugtandv,, as deviations from equilibrium positions of
two different types of atoms, say typeand typeV. The accelerations,, andv,, depend on the
deviationsu andv of both types of atoms at the neighboring sites1, n, andn+1. We do not
restrict to two-body forces, nor do we impose translational invariance for the chain. We do,
however, assume there is no dissipation, i.e., syste@ does not involve first derivatives with
respect to time.

Such differential-difference equations typically arise when modeling phenomena in molecular
physics, biophysics, or simply coupled oscillations in classical mechanics.

A recent articlé was devoted to a similar problem, but was concerned with a single species,
i.e., one dependent variahle(t). The approach adopted here is similar to that of Ref. 4. Thus, we
shall consider only symmetries acting on the continuous varidbigs andv,. Transformations
of the discrete variabla must then be studied separately.

Several different treatments of Lie symmetries of difference and differential-difference equa-
tions exist in the literaturé-13 The one adopted in this article is that of Refs. 4—6. It has been
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FIG. 1. Double molecular chain with two types of atoms.

called the “intrinsic method,” makes use of a Lie algebraic approach, and is entirely algorithmic.
The Lie algebra of the symmetry group, the “symmetry algebra” for short, is realized by vector
fields of the form

X= 7(t,Up,vp) 3+ dn(t,up :Un)aun"' n(t,Up :Un)avn- (1.2

The algorithm for finding the functions, ¢,,, and ¢, in (1.2) is to construct the appropriate
prolongation pX of X (see Refs. 4—6 and Sec) &nd to impose that it should annihilate the
studied system of equations on their solution set,

erEl|El:E2:0:Or erE2|E1:E2:0:O- (1.3

Our first step is to find and classify all interactionts,(G,,) for which the systen(l.1) allows
at least a one-dimensional symmetry algebra. The next step is to specify the interactions further
and to find all those that allow a higher-dimensional, possibly infinite-dimensional, symmetry
algebra.

As in previous article$* our classification will be up to conjugacy under a group of “al-
lowed transformations.” These are fiber preserving locally invertible point transformations,

Up=Qn(Un, 00 1), v,=Tn(U,,0,,1), t=t(1), (1.4)

which preserve the form of Eqgl.1), but not necessarily the functiofs, andG,, (they go into
new functionsF,, andG,, of the new arguments

Throughout the article we assume that bbthandG,, depend on at least one of the quantities
Up—1,Un+1,Un-1,Un+1, SO that nearest neighbors are genuinely involved. In the bulk of the article
the interaction is assumed to be nonlinear.

In Sec. Il we formulate the problem, establish the general form of the elements of the sym-
metry algebra, and present the determining equations for the symmetries. We also derive the
“allowed transformations” under which we classify the interactions and their symmetries. Section
Il is devoted to a classification of interactiofts,, G,,, allowing at least a one-dimensional
symmetry algebra. Ten classes of such interactions exist, each involving two arbitrary functions of
six variables. In Sec. IV we study higher-dimensional symmetry algebras and introduce an im-
portant restriction. We first prove that four equivalence classes of symmetry algebras isomorphic
to sl2,R) exist. Then we restrict to just one of them, sk, generating a gauge group acting only
on the fieldsu, andv, (in a global, coordinate-independent mann&ve describe all symmetry
algebras, containing the chosef2gR) as a subalgebra. In Sec. V we obtain the invariant inter-
actions for all algebras containing sIR3; . The results are summed up and discussed in Sec. VI,
where we also outline future work to be done.

II. FORMULATION OF THE PROBLEM

To find the Lie point symmetries of the systéfin1), we write the second prolongation of the
vector field(1.2) in the fornf°
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n+1 n+1
PraX=7(t,uy, )+ 2 eltUn,vn)dy + X Ya(tUn,v0)d, + Sy + Yl
k=n—-1 kK k=n-1 k n n
(2.1)
with
U=DZ¢,— (DZ7)U,—2(D7) iy,
(2.2

YR =Dy~ (DZT)0n—2(Dy)iy,

whereD; is the total time derivative. The determining equations for the symmetries are obtained
by requiring that Eq(1.3) be satisfied. The obtained equations will involve terms likeo¥, and
ukv'. The coefficients of each linearly independent term must vanish and this provides 16 linear
differential equations that are easy to solve and do not involve the interaction funetjoGs, .

The result is that an elemeitt of the symmetry algebra must have the form

'7.

X=1(t)d+| | 5

+a, [Up+baun+ Ny (1) Chlp+

T
§+dn Un"‘ﬂn(t)}avny (2.3

0"un+

where the overdots denote time derivatives. The functigbs \,(t), u,(t), a,, b,, ¢,, andd,
satisfy the two remaining determining equations, namely,

.. n+1 .
T - T
Eun+)\n+ an_E-T Fn+bnGn_TFn,t_k:;71 Fn,uk (§+ak Uk+bkvk+>\k(t)}
n+1 T
_k:;_]_ Fn,vk §+dk)vk+ Ckuk+ ,u,k(t)}=0, (24)
.. n+1 .
T - 3. T
Evn+l’vn+ dn_ ET Gpt+cFn— 7'Gn,t_k:;71 Gn,uk §+ak uk+bkvk+}\k(t)}
n+1 r
_k;_l anUk E"‘dk Uk+CkUk+,U/k(t)}:O. (25)

In Egs. (2.3), (2.4), and (2.5 the quantitiesa,, b,, ¢,, andd, are independent of To
proceed further, one could specify the interaction functiepgendG,,. Instead, we shall assume
that at least one symmetry generaf@r3) exists and make use of allowed transformations to
simplify this vector. The second step is to find interactiénsand G,, compatible with such a
symmetry.

Substituting(1.4) into Eq. (1.1) and requiring that the form of these two equations be pre-
served, we find that the allowed transformations are quite restricted, namely,

(%GU_(Qn Rj%“%uxﬂ)+‘““)
Bn(t)

vn(t) S, T To(t) )1 t=t(t), —#0. (2.6)

The entriesQ,,, R,, S,, and T, are independent of: t(t) is an arbitrary locally invertible
function oft; «,,8, are arbitrary functions ofi andt, and the matrix

Qn Ry

s, Tn)’ detM ,#0, 2.7

M|

is nonsingular.
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It will be convenient to use a shorthand notation for the vector figlaf Eq. (2.3), namely,

R | A
A )| AT

Cn dn .
If we perform an allowed transformatiot2.6), then Eq.(1.1) goes into an equation of the
same form, withF, andG,, replaced by

Fol iigo 4 (Fnl [@n
(~ ):‘ M, (Gn)‘(zan

n
whereF, andG,, are functions of the new variables.
The vector field characterized by the tripl@t3) goes into a new one of the same form,

(2.8

L. e ]
TYE-3 2%og-al [ Hn
+(2tt U )('%)’ (2.9

Xa(D)
Zn(D)

[7(’5),'An , ] , (2.10
with

(1) = r(t(D)),

A=M_'AM,,
in(i) :Mnlfllz[ An"'z (an)_T( é’n)_ﬁ_ )\n) )
n(t) 2\ Bn Bn Mn

We shall use the allowed transformations to simplify the vector field, rather than the equation
itself.

lll. SYSTEMS WITH ONE-DIMENSIONAL SYMMETRY GROUPS

Let us now assume that the systéinl) has at least a one-dimensional symmetry group,

generated by a vector field of the tyf23). Using allowed transformatior(@.6), we takeX into
one of ten inequivalent classes.

Indeed, for7#0 we can choose the functior(t) so as to transformr(t) into 7=1, the
functionsa,(t) andB,(t) so as to annuk(t), andu,(t) and the matriXM,, so as to také\, into
its canonical Jordan form.

For =0 the standardized form of depends on the rank of the mati,. For rankA,
=2, we can again transform, and u,, into A,= x,=0 and takeA,, into one of three canonical
forms. For rankA,=1, only one of the functiona, or u, can be annulled. We choose it to be
An(t)=0. ThenA, can be taken into one of the two standard matrices of rankRErf. For rank
A,=0 bothA,(t) and w,(t) survive.

We thus obtain ten mutually inequivalent one-dimensional symmetry algebras, listed below.
The statement now is that any single vector figlaf the form (2.3) can be transformed by an
allowed transformation into precisely one of these vector fields.

The next step is to determine the interactions for which a one-dimensional symmetry group
exists. To do this, we run through the canonical vector fields just obtained, substitute the corre-
spondingr (=1 or 0), A, A (t), andu,(t) into Egs.(2.4) and(2.5), and solve these equations for
F,andG,.

Following this procedure, we arrive at the following list of interactions and their one-
dimensional symmetry algebras:
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Al,l X: &t-i- anun(?un-f- dnU nﬁun,
Fn:eantfn(‘fk ’ nk)r
Gn: edntgn(gk ’ 7]k)1
G=ue ¥, p=ve W,
k=n—-1n,n+1;

A, X=d+ (aqunt+un)dy +anvnd, ,
Frn=e"[fo(&. ) +tn(xk. m) 1,
Gh= eantgn(gk » 7K
=(u—toge ™, p=ve ¥,
k=n—-1n,n+1;

A1,3 ;(: o+ (anun+ bnvn)aun+ (_ bnun+ apv n)(?uny bn>01

(F“)—eant cosbyt Sinbnt)(fn(.fk,']]k))
Gn/ ~ \—sinbt cosbyt/\Gn(é&.m))’
&=nre 3, p=0tb,

U=Tr, COSH, v=rcSiné,
k=n—1,n,n+1;

A1,4 x:anunaun"'dnvnavnr |an|>|dn|a
Fn:Unfn(faﬂ?k't)v
Gn:Ungn(ga!nk!t)l
ga: uinur;aa! nk:vsnu;dk!
k=n—1n,n+1, a=n—-1n+1;

Ars  X=(apUn+tvn)dy +awnd, , an#0,

Fa=vnfn(74,ék,1) + 00 IN@©R)IN(74 i D),
Gh=2an0n0n( 74,k 1),

u _
gk:akv_:_ln(vlai ﬂa:UZnUn aa!
k=n—1n,n+1, a=n—-1n+1;

Al,G X=vn(9un,
Fn:fn(vkvga vt)+ungn(vk 1§aat):
Gn=vnOn(vk,éat),
ga: U Untuply,
k=n—1n,n+1, a=n—-1n+1;

Atz X=(agn+bywn)dy +(—byun+awn)d, . by>0,
F, cost, —sin6\(f (&, 7.
n sind, cosé, )(Qn@k,ﬂa,t))'
=1, 9, =by0,~b,0,,

Ug=Tr, COSH, v =r¢Sing,
k=n—1n,n+1, a=n—-1n+1;

:ef(an /bn)ﬁn

A1g X= anun&un+ Mn(t) (?Un' Hn# 0,
Fn: unfn( Na !gk !t)v

Mn
Gn:_vn+gn( naagk !t)!
Mn

MNa=MnVa™ MaUn> gk:uke_akvnlﬂn!
k=n—-1n,n+1, a=n—-1n+1;
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A1 X:Un‘?un"':“n(t)&una Hn# 0,

14
Fnzi ;gvﬁ_l—vngn( Nes T vEa D Fa( My T 16 D),
n

Hn
Gn:; Unt 4nGn( 70 70 €a i)
n

_ 2 1 2 —_
na_#nua+ E/Jéavn_ﬂnvnva! ‘fa_lu’avn_lu“nvav
7= MnUn— 205, @=Nn—1n+1;

Al,lO X:)\n(t)aun+ﬂn(t)’9vni Any 70,

by
Fnz}\_: UntFr(m,€400),

,l...L
Gn:;n un+gn(77k 75& ,t),

n

Ea=NUp— AN Un, = pUp— Aoy,
k=n—1n,n+1, a=n—1n+1.

We mention that the variableg and 7, are to be taken exactly as above. For instagge;
is not an upshift of,, .

The above results are summed up quite simply. Namely, the existence of a one-dimensional
symmetry algebra restricts the interaction terfsand G, to two arbitrary functions of six
variables, rather than the original seven variables. The algérasA, , andA, 3 involve time
translations. Hence, the time dependence in these cases is resffictadd G,, depend on time
explicitly and via invariant variable§, and », that, in turn, depend explicitly oh The algebras
Aj4....,A1 10 COrrespond to gauge transformations: the group transformations act on dependent
variables only. The time variable figures in the arbitrary functions, as does the discrete indepen-
dent variablen.

IV. HIGHER-DIMENSIONAL SYMMETRY ALGEBRAS

A. General strategy

The commutator of two symmetry operatds3) is an operatoXz=[X;,X,] of the same
form, satisfying

T3=T1T2— 7271, An|3: _[An,l’An,z]v

)\n3) ()-\nZ) ( %l)()\nz) .7'2)()\n1
Cl=rg| M - —|Apit = Tl Apot o ’
(Mn,S 1 Mn,2 T2 nit 2 Mn2 n2t

Mn,1
To obtain a finite-dimensional Lie algebra of symmetry operators, we see that the “differen-
tial components”;(t)d; must form a Lie algebré 4, the “matrix components”A, ; must also
form a Lie algebral.,,, homomorphic toLy. Moreover, Eq.(4.1) shows that the “functional
components”(\p, ;(t), un i(t)) must satisfy certain cohomology conditions.
The algebra of diffeomorphisms @, {7(t)d;} has only three mutually nondiffeomorphic
finite-dimensional subalgebras, namelg2st) and its subalgebras, realized, e.g., as

4.1

An1

Mn,1

{6, 1o, 120, {o,,to), and{a}, 4.2

respectively.
For n fixed, the matrice®\, generate the Lie algebra of(g|R). However, since the depen-
dence om is arbitrary, an unlimited number of copies ofgR) and its subalgebras is available.
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We shall not perform a complete classification of possible symmetry algebras here. Instead,
we shall first concentrate on(8|R) symmetry algebras and show that, up to allowed transforma-
tions, four different §2,R) symmetry algebras can be constructed. We then consider just one of
these four and study its extensions to higher-dimensional Lie algebras.

B. Equivalence classes of sl (2,R) symmetry algebras

Since s{2,R) is a simple Lie algebra, it has no ideals. Hence, a homomorphism between
sl(2,R) algebras is either an isomorphism, or one of the algebras is mapped onto zero. Correspond-
ingly, we have three possibilities to explore: we shall call them B)2, sl(2R),,, and sl(2R),
(whered stands for “differential,” m for “matrix,” and c for “combined”).

1. The algebra sl(2,R),
We havea priori

X1=dy+ )\n(t)ﬂun"' Mn(t)avnv
X2:t‘9t+(%Un+Pn(t))aun+(%Un"'o'n(t))‘?un- 4.3
X3=t29;+ (tUp+ n(1))dy + (tvn+ Kn(1)d, .

Using allowed transformations we transfonp— 0, u,—0. The commutation relatiopX;,X5]
=X, then require$,= &,=0. A further allowed transformatio(2.6) with t(t)=t, M,=1, and
(an,Bn) constant will not chang&,, but takep,—0, o,—0 (while leaving\,= u,=0). The
commutation relationgX,,X3]= X3 and[ X4,X3]=2X, then imply w,= x,=0.

2. The algebra sl(2,R) ,

A priori we have
X1=bnvn&un+ )\n(t)&un-i- ,un(t)&vn,
X2=an(unﬁun—vnﬁvn)-l-pn(t)(?un-i— Un(t)ﬂvn, (4.4
X3=CpUnd, + wn(t)ﬁun+ kn(t)d, .
The structure constants cannot depenchpso the commutation relations imply

a,=a, b,c,=bc. (4.5

Given that the produdb,c,, does not depend om we can use an allowed transformation to
takeb,—b, c,—c. A further allowed transformation will take,— 0, o,— 0. The commutation
relations then imph\ ,= ©,=0 andw,= k,=0.

3. The combined algebra sl(2,R).
In view of the above results, we can write a “combined” algebra as

X1=di+ avpdy + fn&un-l— N, a#0,

X2:tﬁt+[(%+ﬁ)un+)\n]ﬁun_'—[(%_ ﬁ)vn"_ﬂ“n]&una (4.6)

Xg=t?3;+ (tun+ pp)dy +(YUnttog+op)d, .
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We use allowed transformations to set1, £,= 7,=0. The commutation relations then deter-
mine =3, y=—1. The functions\,(t), us(t), pn(t), ando,(t) are greatly restricted by the
commutation relations. As a matter of fact, we either haye u,=p,=o,=0, or we can use
allowed transformations to obtai,=t, u,=1, p,=2t? o,=2t.

We arrive at the following result.

Theorem 1: Precisely four classes @&f(2,R) algebras can be realized by vector fields of the
form (2.3). Any suclsl(2,R) algebra can be taken by an allowed transformation (2.6) into pre-
cisely one of the following algebras:

sl(2,R),: Xi= Undy,»

XZZ%(unaun_Unavn)a (47)
X3: Unavn,

SI(Z,R)Z X]_:(;t,
Xp=td+ 3(Undy +vnd, ), (4.9
Xz=t23+t(Updy +tvnd, ),

Sl(Z,R)S Xl=é’t+vn(7un,
X2=t8t+un¢9un, 4.9
Xg=t?dy+tupdy +(tv,—Up)d, ,

SI(Z,R)4: X1=<9I+vnz9un
Xp=tdy+ (Unt+t)dy +d,_ (4.10
Xa=t29;+ (tu,+2t%)dy +(tvg— Uy +2t)d, .

C. Indecomposable Lie algebras containing sl  (2,R);

A Lie algebral is called indecomposable if it cannot be written as a direct duml
®L,. A Lie algebra overR containing si2,R) is either simple or it allows a nontrivial Levi
decompositiort?

L=S>R, (4.1

whereSis a semisimple Lie algebra amlis the radical, that is, the maximal solvable idealof

It follows from the results of Sec. IV A that the only simple Lie algebras that can be con-
structed from operators of the for(2.3) are the four §2,R) algebras obtained in Sec. IV B. We
can hence concentrate on Lie algebras of the fotrhl).

The algebraS is either sI(2R); itself, or the direct sum of sl(R), with one or more other
sl(2,R) algebras.

Requiring that a symmetry operatérshould commute with all elements of slR3;, we find
that Y must have the form

Yo=7di+ (3 7+ap) (Undy +0nd, ). (4.12
It is hence possible to construct precisely one semisimple Lie algebra properly containing
sl(2]R),, namely, the direct sum sl(),®sl(2]R), with sI(2]R), defined in Eq(4.8).

Let us introduce some notations for vector fields, to be used below. We put

V(@n) =an(Undy tvnd, ), (4.13
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T(an) = dy+an(undy +uvnd, ), (4.14
D(ay) =tdi+ (3+an) (Undy +0nd, ), (4.15
P(an) =t?d;+(t+ay) (Updy +vnd, ), (4.16

R(an)=(t*+ 1)+ (t+a,)(Undy +vnd, ), (4.17)
YuAn)=An(D)dy, Yy (Ap)=An(1)d, . (4.18

In all cases we hava,=0, but\,(t) can be a function of. Both a, and\,(t) can be functions
of n.
Let us consideS=sl(2R); andS=sl(2R);®sl(2,R), in Eq. (4.11) separately.

1. S=sl(2,R),

The considered Lie algebras will have a basts,X,,X3,Yq,...,Y,} with X; given in Eq.
(4.7). The basis elementsyq,...,Y,,} span the radicaR. The algebraS acts onR according to
some linear, not necessarily irreducible, finite-dimensional representation.

We start with the Cartan subalgebf,} of sl(2,R). It can be represented by a diagonal
matrix in any finite-dimensional representation. ConsiderR. We have

[X2,Y]=pY, (4.19

with Y as in Eq.(2.3). Equation(4.19 implies

pr=0,
T 1
P §+an :0, p+§ )\n=O, (p+1)bn:O, (420)
T 1
p §+dn =0, p_z #n=0, (p—1)c,=0.

For p=0 we obtain an operator that commutes not only &th but with all of sl(2R),, namely,
Y, of Eq. (4.12. This is a singlet representation of&R).

Forp=1, orp=—1, Eq.(4.19 forcesY to be an element of sI(R),, in other words, no such
Y e R exists.

Forp=+3we obtainle)\n(t)aun andez,un(t)aUn, respectively. Acting withX; and X,
on these operators, we find that the only representation oR3}{ Zhat can be realized is a doublet
one, namelf{Y,(\,),Y,(\,)} of Eq. (4.18, with \,(t) an arbitrary function ofh andt. The
indecomposable Lie algebifa;,X,,X3,Yy(N,),Y,(Ny)} is isomorphic to the special affine Lie
algebra saf2,R).

All further indecomposable symmetry algebras containing B must be extensions of
saff(2,R). The objects that we can add to €afR) are either §2,R) doublets or singlets. Let us
run through all possibilities.

(1) We can add an arbitrary numbkrof doublets of the form(4.18), where thek functions
ML) A2(1),... AK(t)} must be linearly independent. However, we shall see in Sec. V that
the presence of three such pairs forces the functlgpand G, in Eq. (1.1) to be linear.
Moreover, even two such pairs are compatible with a nonlinear interaction only if they are of
the form (or transformable intp

AD=1, \i(1)=t. (4.20)
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(2) We can add a singlet of the forfd.12. If we have =0, then the commutation relations
[Yo,Y, ]l and[Y,,Y,] imply a,=a, .1 and we can sei,= 1. We obtain an affine Lie algebra
gaff(2R), consisting of saf2,R) andV(1) of Eq.(4.13.

If we have 7#0 in Eg. (4.12 and only one operator of this type, then we can use allowed
transformations to take(t) into 7(t)=1. The commutation relatior|sY,Y,] and[Y,,Y,]
then imply

M(D=R €& R =0.

For k=0, the algebra is decomposable. ket 0 we can use allowed transformations to put
k=-1 andR,=1. We obtain a second algebra isomorphic to @alff), but not conjugate to
the previous one. We have

gaff(2)R)p~{X1, X2, X3, Yo (€@~ ), Y, (e~ T(a,)}. (4.22

In the special case @,=a,. 1 in Eq. (4.22, a further extension is possible. We transform
A=e@ Dt into A=1; then T(a,) goes intoD(b,) with b,=b,,;=b#—3, since forb
= — } the algebra is decomposable.

(3) We can add two singlets of the for(.12. If they commute, they must H&/(1),T(0)}. The
obtained algebra is decomposable. If they do not commute, they must form a two-dimensional
Lie algebra, namel4T(0),D(a),a,=a,.;=a}. This implies\,(t)~1, i.e., the entire radi-
cal is{Y,(1),Y,(1),T(0),D(a)} with a+ 3 (the casea= 3 corresponds to a decomposable
algebra.

(4 If we add three singlets, the only case corresponds to the radical
{Yu(1),Y,(1),V(1),T(0),D(0)}. There will then be no invariant interactideee below.

(5) Let us consider the special case of two doublets of the f@ni8, namely,

YiD)=dy, Y,(D=4,, Y O)=tg, Y, ()=td,. (4.23
This algebra can be extended by a further element, namely,
Z=(7o+ mit+ pot?) g+ (371t ot @) (Undy, +0nd, ),

4.2
8y =8.1=2, (429

wherery, 71, andr, are constants. By allowed transformations we can ko one of the
four operators/(1), T(a), D(a), or R(a) of (4.13, (4.14), (4.19, and(4.17), respectively.
(6) We can add a two-dimensional algebra(4023, namely,

{T(O),b@}, {TO),V(D)}, {M1),DO)}, or {V(1),R(0)}.
(7) We can add only one three-dimensional algebrédt@3), namely,

{T(0), D(0), V(D)}

This completes the list of indecomposable symmetry algebras of the orbd) with S
=sl(2R);.

2. S=sl(2,R),®sl(2,R),

The algebré&Sis itself decomposable. It gives rise to precisely two indecomposable symmetry
algebras. First, we have the one obtained by adding the Abelian de2® to sl(2R),
®sl(2,R),. Second, we get an 11-dimensional algebra by ad¥ifig) to the first case.

D. Decomposable Lie algebras containing sl (2,R),

All decomposable Lie algebrdsy can be obtained from the indecomposahbleones, by
adding their centralizers,
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Lp=L,®C, [C,L,]=0. (4.25

The centralizelC must commute with all elements of sl{f; and hence all of its elements
will have the form ofY, of Eqg. (4.12.
Let us consider the individual indecomposable algelbsas

1. L,=sl(2,R),;

The centralizeiC can be Abelian. Then we have the following possibiliti€s={V(a; ,),i
=1,..k} or C={V(a; ,),T(by),i=1,...k}. The quantities, ,,...,a, , must form a set ok lin-
early independent functions aof. If the centralizer is non-Abelian, then we have eith@r
~sl(2,R), or C={T(0),D(a)}. Both of these centralizers can be further extended by adding
V(apn), i=1,...k, (with a;,,...,ax, linearly independent

2. L,=saff(2,R)

We must requireY, of Eqg. (4.12 to commute withY,(\,) andY,(\,) of Eq. (4.18. We
obtain

An(37+a,)— 7A,=0. (4.26)

For =0, Eq. (4.26) implies A,a,=0, and this is not allowed. For#0 we taker—1 by an

allowed transformation, and E¢.26) then implies\ ,(t) = y,e®'. A further allowed transforma-
tion will take y,—1. We obtain the decomposable Lie algebra saff{2,T(a,). In the special
casea,=a,,, we transform\,(t)—1 and obtain a larger centralizer, namgly(0),D(—3)}.

3. L,=gaff(2,R)1

A nontrivial centralizer exists only if we have,(t) =e*" in saff(2,R). In the casa,#0, the
centralizer isC={T(a,)}. If a,=0 the centralizer i€={T(0),D(—3)}.

4. L/=gaﬁ(2,R\)2

The centralizer iC={T(a,)—V(1)}. This algebra corresponds to the first one obtained in
the casd.,=gaff(2,R), above.

E. Summary of possible symmetry algebras containing sl (2,R),

The classification of possible symmetry algebras can now be summed up rather simply. In
addition to sl(2R), of Eq. (4.7), we have a further algebia: (the “complementary” algebna
The structure of each symmetry algebra is

L=sl(2R)1+Lc, [s2R)1,Lc]lCle, [Le.lclCle. (4.27)

The symboH- denotes a direct sum of vector spaces. Moreover(&£87) shows thaL is either
a direct sum or a semidirect one. The algebgais also a representation space for SK)3.
Irreducible representations in this case can be of dimension 1 or 2. All higher-dimensional repre-
sentations are completely reducible into sums of one- and two-dimensional representations.

For further use it is convenient to split the symmetry algebras into four series, according to the
structure of the Lie algebrac. In all cased contains sl(2R),. We shall just specify.c.

1. Series A

L is solvable and each element is a SRR, singlet. There exist three different infinite-
dimensional Lie algebras of this type:

Ay {V(agn)}, (4.28

Az {T(bn),V(akn)}, (4.29
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As. {T(0),D(bn),V(agn)}- (4.30

In each case we have=1,2, ..., and thexpressions, must be linearly independent functions
of n. Taking 1=sk=<N for some finiteN, we obtain finite-dimensional subalgebras.

2. Series B
L¢ is solvable and contains precisely one sR)2, doublet,

Bi={Yu(An),Y,(Np)}- (4.30)
This is the indecomposable algebra €af) [B; together with sI(Z),]. We have dinL =5,
B2={Yu(An), Y, (M), V(D)} (4.32
B, corresponds to the indecomposable algebra gafjg2with dimL =6,
Bs={Y, (e~ 1), Y, (e 1) T(ay)}. (4.33
B5 corresponds to the Lie algebra gaff@®;, isomorphic but not conjugate B,,
B,={Yu(e™),Y, ("), T(ay)}. (4.39
This algebra is saff(R) @ T(a,),
Bs={Y4(1),Y,(1),T(0),D(a)}. (4.39
The algebraBs is indecomposabléexcept ifa=—3),
Be={Yu(e® 1), Y, (e V) T(a,),V(1)}. (4.36
The algebraBg is decomposable,
Bz={Yu(1),Y,(1),T(0),D(0),V(1)}. (4.37)
The algebraB; is indecomposable.

3. Series C

L contains two gP,R) doublets. The doublets could be characterized by any two functions
A 1n(t) andX,p,(t). However, we shall only be interested in the cage-1, \,=t. The others do
not lead to invariant interactions. Similarly, we do not need algebras containing three or more
doublets. In all cases the algebta contains the element&l.23. For dimL-=5 it contains
further elements. We have

C1={Yu(1),Y,(1),Yyu(1),Y, (D)} (4.38

Further, we just list the additional elements,

C,. {T(a)}, a=0 or 1, (4.39
Cs. {D(a)}, (4.40
C,. {R(a)}, (4.41)
Cs. {V(1)}, (4.42

Ce. {T(0),D(a)}. (4.43
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In all cases above does not depend om(a,, . 1=a),

C,. {V(1),T(0)}, (4.49
Cs. {V(1),D(0)}, (4.495
Cyo. {V(1),R(0)}, (4.46
Cio. {T(0),D(0),P(0)}~sl(2,R),, (4.47
Cy1. {T(0),D(0),V(1)}, (4.48
Cy,. {T(0),D(0),P(0),V(1)}. (4.49

4. Series D
L contains sl(Z), and (possibly further elements, namely,

D;. None, (4.50
Da. {V(an)}, (4.51)
Ds. {V(ain),V(azn)}, (4.52
Dy {Yu(1),Y,(1),Yy(1),Y, ()}, (4.53
Ds. {Yu(1),Y,(1),Yy(1),Y,(1),V(1)} (4.59

(D4 coincides withC,y andDg with C,).

V. THE INVARIANT INTERACTIONS

A. General procedure and interactions invariant under SL (2,R),

In this section we shall find all interaction functions, invariant under symmetry groups, con-
taining SL(2R),. We make use of the subalgebra classification provided in Sec. IV.

We first establish the form of the interaction, invariant under SR)2jtself. To do this we
set7(t) =\, (t) = uy(t) =0 in the determining equatiori2.4) and(2.5) and consider the equations
obtained for a,=-d,=1, b,=c,=0, then b,=1, a,=—-d,=c,=0, and, finally, c,=1,
a,=—d,=b,=0. The general solution of the obtained system of six equations can be written in
the following form:

Fo=Uni1fntUn8n, Gp=v,i1fntovngn, (5.1
wheref, andg, are functions of four variables each, namely,
t, En=Unt1Un—1—Un_1Uns1, &= UUp—Unl,, a=nxl (5.2

Note that¢,,, &,.+1, and&,_, are as given in Eq5.2). They are not upshifts or downshifts of
each other.

We shall proceed further by dimension of the symmetry algebra and by its structure. Thus, we
can successively add(8IR) singlets of the form(4.12 or doublets of the form4.18. We
continue adding symmetry elements until the interaction is completely specified, i.e., it involves
no further arbitrary functions. We then solve the “inverse problem.” That is, we substitute the
functionsF, and G,, back into the determining equations and solve for the symmetries. This
provides a verification of previous calculations. More important, this procedure will find the
largest symmetry algebra allowed by any given interaction.
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Obviously, all invariant interactions will have the for®.1). It is the functionsf,, andg,, that
will be further refined, and their dependence on the variableendt will be restricted.

For future convenience we write down two further forms of the SRf2jnvariant interaction
functions, equivalent t§5.1). The first is

%h,ﬁrunkn, Gn=vn+1%hn+vnkn, (5.3
n n

whereh,, andk,, are arbitrary functions of the variabl€s.2). The second convenient form is

Fr=Uns1

n
Fr=(An-1Unr1=AnrUn-1) @nt (NppqUn—=NpUni 1) ¢+ Nni1 Un+1,
n+

(5.4

n
Gr=(A\n-10ns1=AMir1Vn-1)Pnt Nni 10— ApUni 1) ¥n+ N +lvn+lv
n

wherel ,(t) is some arbitrary function af andt and ¢,, and,, depend in an unspecified manner
on the variableg5.2).

B. Interactions invariant under four-dimensional symmetry groups

As was shown in Sec. IV, two types of four-dimensional symmetry algebras containing
sl(2]R), can exist. Both are decomposable according to the patteB8#4. Here and below we
shall always list the operators that we can add to B2,

1. V(ap) = an(unaun'i' Vn‘?vn)

The invariant interactions will have the forih.3), but h, and k,, will depend on three
variables only.
(i) ay_1tan+1#0. The variables are

t, 7a=(&,) 1734 1(£) " %, @=nx1. (5.5
(i) a,_1+a,+1=0. The variables are
t &ny 7= (Enen) 27 o0( & q) B0t o, (5.6

2. T(by)=8+b,(u,d, +v,d,)

The invariant interaction will again have the for(®.3), however, in this cash,, andk, are
arbitrary functions of the three variables,

O L (5.7

We see that adding further singlets of the t¥f{@,) will restrict the variables in the functions
h, andk,, not, however, the general form of Ec.3).

C. Five-dimensional symmetry groups

From the results of Sec. IV, we know that three decomposable and one indecomposable
symmetry algebras of dimension 5 can exist. Let us run through all four possibilities.

1. Decomposition 5 =3+1+1
a. V(& n) =& n(Undy tvnd, ,) 1=1,2, 8,57 a;,. The interaction is of the fornt5.3).
The functionsh,, andk, depend on two variables each, namely, tinand

7= (€n-1)"(Ens ) P(E)° (5.8



2796 J. Math. Phys., Vol. 40, No. 6, June 1999 Gomez-Ullate, Lafortune, and Winternitz

A=aip(azns1tasn-1)tainr(@p-1—a0) —a1p-1(82n+1+a2p),
B=—ajn(azns1tagn-1)tains1(@zn-1tazn) —ain-1(aznr1—a2n0), (5.9

C=ajp(azn+1—a2n-1)—@1nr1(azp-1+tazn) tain-1(azn+1+tazp).

Note that the variabley always exists since the conditidx=B=C=0 (and hencey=cons}
only occurs fora, ,—j8,,— a3 n@20—1=0, which impliesa,,=\a;,,, A=const, and this is not
allowed.

b. V(an)=an(unaun+vnavn), T(b,) =0+ bn(un&un+vnﬁun). The invariant interaction is as
in Eq. (5.9 with h, andk, functions of two variables each. Namely, the following.

(i) apq+an-1#0:

Pa=(Ln) 1 8n-1(f) "% % g=n=*1, (5.10

with ¢,, ¢, as in Eq.(5.7).
(i) @p41ta,-1=0:

Pn="{n, O'n:(gn—1)an+l+an(§n+1)a”+l_an- (5.1

2. Decomposition 5 =3+2
a. T(0)=4¢,, D(b,) =to,+ (3+ bn)(unaun+unavn). We imposeb,# — ; otherwise we have
no invariant interaction. We must distinguish two subcases here.

(1) byy1+b,_1+1+#0. The interaction as in Eq5.3), with
hn:(gn)—zl(brwl-*—bn,l-%—l)pn’ kn:(égn)—Z/(bn+1+bn,1+1)qn’ (5.12,
wherep, andq, depend on two variables, namely,
Xa= (&P Pt (g) ™ P g=nx1. (5.13
(2) bpri+by_1+1=0, b, +b,+1#0:
hn=(&+0) Pre 1Pt D k= (£nyq) "2 Onea Pt g, (5.14
wherep, andq, depend on
Xn= &y )Pt Pt (g )P (5.19
Note that forb, ;+b,_;+1=0, b, ;+b,+1=0, we haveb,= — 3, and there is no invari-

ant interaction.

3. Indecomposable Lie algebra
Yu()\n):)\n(t)&una Yu()\n):)\n(t)(?un- (5.19

The invariant interaction is as in E¢p.4), but the functionsp,, and ¢, depend on only two
variables, namely,

t, o=N—1énr1—Anén—Anraén-1- (5.1

D. Six-dimensional symmetry groups

1. Decomposition 6=3+1+1+1
a. V(& n) =a n(Undy +vnd, ), i=1,2,3. The invariant interaction is as in H§.3), buth,
andk, are functions ot only. We see that the coefficiengs , do not figure in the interaction.
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Hence, we can add an arbitrary number of vector fi®lfs; ), i € Z to the symmetry algebra. In
other words, the symmetry algebra for the interact®3) with h,, andk,, depending or alone is

infinite dimensional.
b. V(ai,n):ai,n(unaun+vnﬁun), i=1,2,T(b,) =0+ bn(UnO"un+Un<9vn)- The invariant inter-
action is as in Eq(5.3), buth,, andk, depend on one variable only, namely,
bn—l bn bn+l
w= 77672‘“\"', M=| @ip-1 Q1n QAip+1 |, (5.19

a2,nf 1 a2,n a2,n+ 1

with 7 as in Eq.(5.8).

2. Decomposition 6 =3+2+1

a. V(ap)=an(updy tvnd, ), T(0)=0;, D(Cp)=ta+(3+Cp)(Undy, tvnd, ). We start
from Eg. (5.3). The presence of (0)= 4, implies thath,, andk, do not depend on. We first
notice that if we have

Ya=Cnt+3=0 or y,=cp,+3=\a,, (5.19

then we must havk,=k,,=0 (no invariant interaction In all other cases, invariance undéta,,)
andD(c,) implies

hn: (gn)#(§n+1) V(gn—l)ppn(w)v kn: (gn)#(§n+1) V(gn—l)pqn(w)r

c (5.20
0= (&n-1)"(&n+1) (&S,
with A, B, andC as in Eq.(5.9), with the substitutions
al,n_>cn+ %, Aop—ap.
The constantg:, v, andp in Eq. (5.20 satisfy
(Apsrtan-dut(antay)v+(a,_1+ay,)p=0,
(5.21

(Yne1t YD+ (Y1t v v+ (vno1t va)p=—2.

Thus, forC+#0 we can put

antan_3 antansy
p=0, v=2——em pEm2
ForC=0, A#0,

_jantang S @pptang _
M_ZT, V= ZT, p—o.

ForC=A=0,B#0,
ap_1+ap pi1tan—1
M__ZT' v=0, p—ZT

The caseA=B=C=0 corresponds to Eq5.19 and hence to the absence of an invariant inter-
action.
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3. Decomposition 6 =3+3
a.sl(2R)1®sl(2R),. The algebra sl(R), is as in Eq.(4.8) and the invariant interaction is

&n

1 -1
Un+ 15_ Pn(Xn+1:Xn-1) T Unln(Xn+1:Xn-1)
n

P e’

oo L
" (én)°

&
Un+12_lpn(Xn+laXn1)+Unqn(Xn+1aan)}v (5.22

n

X :§n+1 X :gn—l
n+1 gn ' n-1 gn .

4. Decomposition 6 =5+1
a.saff(2)y®A;. We have

Y (e =et'g, , Y, (e)=e*', , T(an)=d+an(Updy +vnd, )

The invariant interaction will be as in E@5.4) with \,=e3!. The functions¢, and i, will
satisfy

¢n:e(an_anfl_aMl)tKn(w)a lﬂn:e_amltl-n(w),
(5.23
w:e—(an+an+1)t§n+l_e—(an+1+an,1)t§n_e—(an,1+an)t§n_1.
5. Indecomposable symmetry algebras
It was shown in Sec. IV that two inequivalent g&ff symmetry algebras exist.
a. gaff(2R) .
Yuo\n):)\n(t)‘?un- YU()\n)=)\n(t)(90n, V(l):unaun+vn‘7vn-

The interaction is as in Ed5.4), however,¢,, and ¢, depend only on. This means that the
equations are linear and, moreover, the equati@r® for u, andv, are decoupled.

b. gaff(2R),. The algebra is as in E¢4.22) [or (4.33], the interaction as in Eq5.4) with
An(t)=e@n Dt The functionse,, and ¢, satisfy

b= e*<an+1+an—ran*1)tKn(w), Y= e(*an+1+1>t|_n(w), (5.24

with @ as in Eq.(5.23.

E. Seven-dimensional symmetry groups

1. Decomposition 7 =3+1+1+1+1

We exclude the case
V(ai’n)=ai’n(un6un+vnavn), i:1,...,4,

since the only invariant interaction (5.3 with h,, andk,, functions oft. We already know that the
symmetry algebra is infinite dimensional.

a. V(a n) = ai‘n(unaun+ vnﬁun), i=1,2,3,T(b,)=0,+ bn(unaun+ Unﬁun)- The interaction is
as in Eq.(5.3) with h,, andk,, constant§depending om). The algebra is actually infinite dimen-
sional: we can take any number of operatd(s,; ).
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2. Decomposition 7 =3+2+1+1
a. V(ajn)=ain(Undy +vnd, ), 1=1,2, T(0)=4dy, D(cy) =td+(5+ Cn) (Undy, +vnd, ).
We puty,=c,+ 3. An invariant interaction exists if and only if we have

Yn Yn+1 Yn-1
A=detl ain @1pr1 A1p-1 | #0. (5.29

a2,n a2,n+ 1 az,n— 1

The invariant interaction is that of E5.3), with

hn=7"Pn,  kn= 7"y, k:_K- (5.26
The variabley is as in Eq.(5.8); p, andq, are constants.

3. Decomposition 7 =3+3+1

a.sl(2R)@sl(2R),®A;. We haveA;={V(a,)}. The invariant interaction can be obtained
from Eq.(5.22. The additional invariance implied by the presenc&(d,,) restrictsp,, andq, to

_ ( §n+1
én
( §n+1) 2(aptytap—g)/(ap—ap—_1)
&
0= (&n4 1) H17 (£, ) Anm1(€,) -1 A,

and we must impose,# a,,_ 4 (otherwise we havé,=G,=0).

2(an+1tan-1)/(@n—an-1)
rn(w)a

n

sp(w), (5.27

n

4. Decomposition 7 =6+1

The algebra gaff(R), does not allow any nonlinear interactions. Let us consider g&j,2,
of Eq. (4.22.

a. gaff(2R),®{U=u,d, +vnd, }. The interaction is as in E¢5.4), with ¢, and ¢, as in
Eq. (5.24. Invariance under the dilations correspondinglamplies that ¢, and ¢, do not
depend orw. Hence, the interaction is linear and decoupled.

5. Indecomposable Lie algebras

a. Yu()\n):)\n(t)auna Yv()\n):)\n(t)avnv Yu(ﬂn):ﬂ*n(t)aunv Yu(:u’n):/-”n(t)(?vn- We start
from Eqg. (5.4 with ¢, and ¢, functions oft andw as in Eq.(5.17). If ¢,, and, do not depend
on o, the interaction is already linear and decoupled. Hergenust be invariant under the
transformations corresponding ¥Q,(«,) andY,(u«,). This implies thatx, and u, are indepen-
dent ofn. Further, invariance implies

o Bn o~
=k (5.28
Nn Mn
with k= const. Equation{5.28 allows solutions,
An| [ sinkt sinhkt 1
wn/  \coskt)’ |coshkt/® \t) (5.29

These solutions are all equivalent under allowed transformations. We chqesk u,=t, i.e.,
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Yu(1)=¢9un, Yv(l)zavn, Yu(t)=t&un, Yv(t)=tavn. (5.30
The invariant interaction is

Fr=(Up+1—Up—1) dp(@, )+ (Uy—Upy 1) Pp(w,1),

(5.3)
Gn=(Vn+17Un-1)n(@,1) + (V= Vn11) Yn(w,1),

with
0o=& 11— &n. (5.32
b. Yy(1)=dy, Y,(1)=d,, T(0)=d;, D(b)=ta+(3+b)(usdy tvnd,), b#—3 b
=const. The invariant interaction is as in €§.31), with
¢n:knw_2/(2b+l)r ¢n:pnw_2/(2b+l), (5.33

with k, and p,, constantsw as in Eq.(5.32. For b= — 3 there is no invariant interaction. For
# — 1 the symmetry algebra is actually larger and incluhirg(st)=t¢9un and Yv(t)=t¢9vn

F. Symmetry groups of dimensions 8, 9, and 10

By now, all invariant interactions have been specified up to arbitrary congtiapiending on
n), except those involving symmetry algebras containing the subalgebr&)sl¢XI(2R),, or the
subalgebralY,(1),Y,(1),Y,(t),Y,(t)} of Eg. (5.30. Let us consider the remaining nonlinear
interactions.

1. sl(2,R),@sl(2,R),@{V(ay )} &{V(ayn)}

The invariant interaction is obtained from E&.27) by specifyingr,(w) ands,(w) to be
specific powers ofv. The result is

—_ -1 _ _
Fn=én "  Uns 1=z — Pot Untin | (€n-1) P&y 1)~ 220(&) AP,
n
(5.39
_ én—1 _ _
angn2 Un+12_ Prtvndn|(€n-1) 2A/D(§n+1) ZB/D(gn)Z[(/_HB)/D]-
n
Herep, andqg, are constantsh andB are as in Eq(5.9), and
D=ajn(@zn+1—a2n-1) trn+1(82n-1—a2p) T A1p-1(82p—A2n+1)- (5.39

We assumeD+#0; otherwise there is no invariant interaction. In particular, we hayg
Fain+1, QonFaAzn+1-

2. Algebras containing (Y, ,(1),Y,(1),Y,(1),Y,(t)) of (5.30) plus one additional
operator Z

The interaction is as in Eq5.31) with a restriction ong,, and ¢, .

(i)  Z=T(a)=d+a(usdy +vnd, ), a=an=an+1,

d=bn(n),  h=tn(n), n:we—Zat. (5.36

(ii) Z= D(a):tat+(%+ a)(unaun+vn‘9vn): a=ap=any1,

1 1
$n=g(: th=pS(m), p=at = (5.39
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(i) Z=R(b)=(t*+1)d+ (t+b)(Updy +vnd, ), b=by=Dp,1,

1 1
%men(ﬂ), ¢n=(tz+—1)25n(77),
(5.38

(O]

_ —2b arctant
= e
KR

with w as in Eq.(5.32 in all cases.
(iv)  Z=V(1). Then ¢, and ¢, depend only ort and the interaction is linear.

We can add two operators to those of E§.30
T(0)=0y, D(b):tat"'(%"_b)(unﬁun_"vn&un)-

The invariant interaction coincides with that of E§.33).
Finally, the interaction(5.31) is invariant under a ten-dimensional symmetry algebra of the
form

(sI(2R)1@sI(2,R)2)B>{Yu(1),Y, (1), Yy (1), Y, (D)},

for

¢n:knw721 ¢n:pnw72, (5.39
i.e.,b=0 in Eq.(5.33.

VI. SUMMARY AND CONCLUSIONS

Let us first sum up the results on invariant interactions and the corresponding symmetry
algebras. We shall follow the summary of possible symmetry algebras outlined in Sec. IVE. The
results are presented in the following tables.

Table |. The Serieé of symmetry algebras. The algelra of Eq. (4.27) consists entirely of
sl(2,R), singlets. In the first column of Table | we list the symmetry algebras. The number in
brackets[e.g., A;(3)] denotes the dimension of the symmetry algebra. The notation for basis
elements in column 2 are as in Eq4.13—(4.18. Note that if the function$, andk, in the
interaction(5.3) depend only ort or are constants, then the symmetry algebra is infinite dimen-
sional, although the interaction is nonlinear.

The caseA;(7) corresponds to an algebrawith dimL=7 and the interaction is completely
specified see(5.3), (5.25-(5.26]. In other cases the functioms andk,, depend on one, two, or
three variables involving, andv.

Table 1l. The Serie8 of symmetry algebras. The symmetry algebras are either five or six
dimensional. The interactions are as in E§4) and involve two arbitrary functionsp, and ¢,

A B-type symmetry allowsp,, and i, to depend on just one variable involving andv . Any
extension of thé3-type algebras will restrick ,(t) to bex,,=1 and will involve a further pair with
Mn=t. This takes us into the seri€sof symmetry algebras.

The algebra8,, B, andB- of Egs.(4.32), (4.36), and(4.37) lead to linear interactions. Any
interaction invariant with respect 8 will be invariant under a larger group, corresponding to a
Lie algebra in the series C. We do not include linear interactions in the tables and we list
interactions together with themaximalsymmetry algebras.

Table lll. The SeriesC of symmetry algebras. The interaction will be as in E§.31),
involving a variable ® as in Eq. (5.32. The algebras
C5(8),C+(9),C5(9),C4(9),C14(10),C15(11), absent in the table, lead to a linear interaction.
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TABLE |. SeriesA of symmetry algebras. The interaction has the f§&ng®).

Restrictions on Variables and
No. Le h, andk, comments
A(3) téni1.én-1.60 (5.2
[/ NE N (5.5
As(4) V(an) [ s O
A(5) V(ain).V(azy) t, 7 (5.8
Aq(e) V(ajn).ieZ” ¢
Ay(4) T(bn) Zni1:8n-1:4n (5.7
Pn-1,Pn+1 (5.10
As(5) T(by) V(an) [ s (O
Ax(6) T(by),V(ain),V(azy) s 7(5.18
Ax(») T(by),V(agn) keZ” h, ,k, constants None
As(5) T(0),D(b,) (5.12 or (5.19 (5.13 or (5.15
As3(6) T(0),D(cn), V(an) (5.20 o (5.20
As(7) T(0).D(cn),V(ayn)V(azn) (5.2 None

For C4(9) andC,4(10) the interactions are specified up to constéthitat can depend on).
In all other cases, the arbitrary functions depend on one variable, invalyisgdv, .

Table IV. The Serie® of symmetry algebras. There are three such algebras of dimension 6,
7, and 8, respectively. They all lead to nontrivial invariant interactions of the {&22. For
D4(8), theinteraction is completely specified. We do not I34(10) in Table IV since it coin-
cides withC,¢(10) of Table Ill. The algebr&®s(11) corresponds to a linear interaction.

For each interaction we have verified that the given symmetry algebra is the maximal one.

A few words about the interpretation of the invariant interactions. From(&q) and the
variables(5.2) we see that invariance under slg®; imposes very strong restrictions.

(1) In particular, if the interaction is linear and sl invariant, we must have

n+1 n+1

Fo= 2 AU, Gi= > Adbu, (6.1)
k=n—1 k=n—1

i.e., the equation§l.l) for u, andv, decouple(into identical equations fou, andv,, sepa-
rately).

(2) If the interaction term& , andG,, in Eq. (5.1) are nonlinear, they always involve many-body
forces. That is, they cannot be written as sums of terms of the tyge,,v,) or
hn(u,,vn+1), etc. Indeed, each invariant variakdg, &, 1,é,—1 itself involves four of the
original variableay; ,v; simultaneously. This many-body character becomes more pronounced
when the invariance algebra is larger.

(3) The operatord/(a,) correspond to site-depending dilations,

TABLE Il. SeriesB of symmetry algebras. The algebra includes one ¥a{h,), Y,(\,). The interaction has the form
(5.4).

Restrictions on\,, additional

No. Elements ofL Restrictions ong,, and ¢, Variables and comments
B4(5) t, w as in(5.17
B4(6) A=, T(ay) (5.23 w (523

B3(6) Ay=eE "D T(a,) (5.29 o (5.23
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TABLE lll. SeriesC symmetry algebras. The algebras contain §f2,Y,(1), Y,(1), Y.(t), Y,(t), and possibly addi-
tional elements. The interaction is as in E£§.31).

No. Additional elements Conditions ap, and ¢, Variables

C.(7) - o,1(5.32

C2(8) T(a) n=we 2

Cs(8) D(a) ¢n=t72rn(77)1 ¢n=t725n(n) n= wt~(2at1)

Ca(8) R(b) bn=(P+1)?r (), 7=w(t?+1)7*
l//n: (t2+ l)’zsn( 77) e72b arctant

Cs(9) T(0),D(a) ¢n:knw72/(za+l)r wn:pnw72(2a+l) None
k., p, constants, a+1+0

C14(10) T(0),D(0),P(0) Dn=Kn® 2, Yn=ppw 2 None

U=y, 7,=e%v,. (6.2

Invariance under two such one-dimensional symmetry groups, generated by
{V(a1n),V(az,)}, wherea, , anda,, are two linearly independent functions mfintroduces
the symmetry variable

wDE(gn—l)A(§n+ 1)B(§n)cu (63)

as in Eq.(5.8). Here all six variables are coupled together.
(4) The pair of operator¥ ,(\,),Y,(\,) induces site-dependefend time-dependenshifts of
the dependent variables,
TUn=Un T eNp(t), Tn=vnt eNy(t). (6.4

The corresponding invariant variable again involves all six varialdes Eq(5.17)],

or=Nn_1&nr1= M= Mr1éno1- (6.5

A special case of the variable; is obtained setting,=\,_;=\,;1=1. This is the case of Eq.
(5.32, where

o=0s= 1~ &1 (6.6)
is invariant with respect to two such translations:
TUp=U,+ e+ 6t, Tp=v,+e+ 6t (6.7

(e, and e, are group parameters and hence constants

A continuation of this study is in progress. It involves several aspects.

The first is a study of the integrability properties of the equations that are completely specified
by their symmetries. These are, first of all, those with infinite-dimensional symmetry groups,
namely

. fn fn—l

-1 .
un:un+1§_hn+unkn1 Un:Un+1§_hn+Unknu (6.9
n n

TABLE IV. SeriesD of symmetry algebras. The algebra contains 82psl(2,R),. The interaction has the fori(s.22).

No. Additional elements if.¢ Conditions onp,, andq,, Variables

D1(6) Xn+1) Xn—1 @sin(5.22
D,(7) V(a,) (5.27) nasin(5.27)
Ds(8) V(agn), V(azn) (5.39




2804 J. Math. Phys., Vol. 40, No. 6, June 1999 Gomez-Ullate, Lafortune, and Winternitz

with h, andk, functions oft or constant§seeA;() andA,() in Table I].

Completely specified equations with finite-dimensional symmetry algébaas the following
ones.

(i)
_— fnfl —2/A . gnfl —2/A
U= un+lTpn+unqn Wp , Up= vn+1§_pn+vnQn wp (6.9
n n
with wp as in Eq.(6.3), A as in Eq.(5.29. This is caséA;(7) of Table I.
(ii)

. —2/(2a+1
Un=[(Un41=Un—1)Pn+(Uy—Uny1)0n] g (2a* )!

i}n:[(vn+1_vn—1)pn+(Un_vn+1)Qn]w§2/(2a+l) ) (6.10

with wg as in Eq.(6.6), p,,,0,,a# — 3 const. This is cas€4(9) of Table Ill.
(i) For a=0, Eq. (6.10 is invariant under a ten-dimensional symmetry algebra, namely
C1o(10) of Table 111

(iv)

U= (&-1)~ 2Ky 1) 200,24 B-0ID]

n1
un+l g pn + unqn
n

On=(&n-1) " 2VP(&11) 72D () HATETDID)

gn—l
Un+1 3 PntUnbn
n

with p, andq,, depending only om. The constanté andB are given in Eq(5.9), D in Eq.
(5.35.

A further task is to complete the classification, that is, to treat the cases of ofBgt)sl
algebras and also of solvable symmetry algebras.
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