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Universidad Complutense de Madrid, Madrid, 28040, Spain
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Machine learning systems are becoming more and more ubiquitous in increasingly complex areas,
including cutting-edge scientific research. The opposite is also true: the interest in better under-
standing the inner workings of machine learning systems motivates their analysis under the lens
of different scientific disciplines. Physics is particularly successful in this, due to its ability to de-
scribe complex dynamical systems. While explanations of phenomena in machine learning based on
physics are increasingly present, examples of direct application of notions akin to physics in order
to improve machine learning systems are more scarce. Here we provide one such application in
the problem of developing algorithms that preserve the privacy of the manipulated data, which is
especially important in tasks such as the processing of medical records. We develop well-defined
conditions to guarantee robustness to specific types of privacy leaks, and rigorously prove that such
conditions are satisfied by tensor-network architectures. These are inspired by the efficient repre-
sentation of quantum many-body systems, and have shown to compete and even surpass traditional
machine learning architectures in certain cases. Given the growing expertise in training tensor-
network architectures, these results imply that one may not have to be forced to make a choice
between accuracy in prediction and ensuring the privacy of the information processed.

Vast amounts of data are routinely processed in ma-
chine learning pipelines, every time covering more aspects
of our interactions with the world. When the models pro-
cessing the data are made public, is the safety of the data
used for training it guaranteed? This is a question of ut-
most importance when processing sensitive data such as
medical records, but also for businesses whose competi-
tive advantage lies in data quality.

The gold standard in privacy protection within ma-
chine learning [1, 2] is provided by differential privacy [3],
which consists of inserting carefully crafted noise either
in the training dataset [4, 5], in the final model param-
eters [3], in the objective function [6], or in the gradient
updates [7], in order to hide the presence or absence of
any particular sample in the training dataset. There ex-
ist, however, privacy-related issues that do not directly
fall in this category. Imagine a machine-learning algo-
rithm designed to diagnose a specific disease, which uses
patients’ records as training data, and that these records
have a strong imbalance in a particular morbidity which
turns out to have no association to the disease target of
the model. Even if irrelevant for the final task of the al-
gorithm, knowing this imbalance may have consequences
even at the individual level, if the participation of a pa-
tient in the study (in contrast with the knowledge of their
full record) is disclosed by other means. As a first result,
we show that this concern is a reality in machine learn-
ing architectures based on neural networks, caused by
the driving of the corresponding network parameters to
erase the information that is irrelevant.

In regards to the protection of privacy, the ideal model
would only retain from the training dataset the informa-
tion that is essential to perform well. In this sense, access
to the model’s parameters in one such models would not
be more informative about the data used for training
than having a description of it by means of recording the
outputs generated for different inputs. This is a prob-
lem similar in spirit to the protection of software against
Man-At-The-End attacks [8]. As a second contribution,
we show that the characterization of complex physical
systems can provide a fruitful alternative viewpoint on
the problem of privacy in machine learning. Concretely,
we rigorously prove that in specific tensor network archi-
tectures [9], inspired by the theory of efficient representa-
tion of quantum many-body states, it is possible and easy
to find alternative parametrizations of a model that are
as informative as a black-box access to it. Moreover, this
is achieved with no impact on the model’s performance,
in contrast with solutions based on differential privacy.

This work wants to drag focus to physics as a source
of mathematically founded inspiration for machine learn-
ing solutions. Cross-fertilizations between machine learn-
ing and physics are now commonplace [10]: on the one
hand, machine learning algorithms are routinely used in
particle colliders [11], in the understanding of quantum
matter and its properties [12, 13], or in the experimen-
tal control of quantum computers [14, 15]; on the other
hand, tools developed within the umbrella of physics have
proven invaluable in the understanding of the training
and performance of machine learning algorithms, perhaps
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the most significant being the theory of the information
bottleneck [16]. It is expected that such improved un-
derstanding leads to new proposals, inspired by physics,
of machine learning architectures or training algorithms.
However, with the very notable exception of Boltzmann
machines [17–19], this type of influence of physics in ma-
chine learning has been arguably limited. Our work is one
of such form of influences, the main message being that
tensor-network architectures provide a favorable frame-
work to develop privacy-preserving machine learning al-
gorithms.

I. THE VULNERABILITY

Training neural networks is routinely performed via
optimization based on gradient descent: given a dataset
that wants to be learned and a parametrization of a fam-
ily of models, a notion of error between the evaluation
of the function on the dataset and the expected result is
minimized by adjusting the parameters of the model in
the direction given by the gradient of the error. Also,
most model classes have, at some point in their architec-
ture, a concatenation of parametrized affine transforma-
tions, of the form y(l) = W (l) · z(l−1) + b(l) where W (l)

is a matrix of weights and b(l) is a vector of biases, and
fixed nonlinear functions, z(l) = φl(y

(l)), applied to the
data. These parameters, as we shall see now, contain
information about the training dataset that, ideally, a
model should not reveal.

For simplicity, let us start considering a hypothetical
situation (see Figure 1) where all points in the dataset
that we want to learn have one binary feature which takes
always the same value, say 1, and the model is a concate-
nation of these affine transformation and nonlinearities.
Since all the datapoints in the dataset have the same
value of the binary feature, this information is of no use
for the classification, and thus an ideal final model shall
not depend on it. During training, the contribution of the
biases in the affine transformations are driven to compen-
sate that of the corresponding weights, in the attempt of
eliminating the effect of this irrelevant variable on the fi-
nal prediction. If the initial data has the constant value 1,
this will make that the corresponding weights and biases
are directed towards taking opposite signs. The situation
is the opposite if the binary feature takes the constant
value of −1. In order to minimize the contribution of the
irrelevant feature, in this case the gradient will drive the
parameters towards taking values with same signs. An
attacker that has access to the model can thus easily re-
cover the nature of the irrelevant feature just by looking
at the parity of a set of weights and biases.

In more realistic scenarios the situation is not as clear-
cut (after all, if a feature takes the exact same value
in the whole dataset, it is not reasonable to feed it to
the model). It is more common to have features which
have some imbalance between the different values it can
take. In such situation, this type of vulnerability is still
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FIG. 1. Illustration of the proposed vulnerability. Each
point represents a simple neural network model, fθ(x) =
φ (Wrelxrel +Wirrxirr + b) (where φ is an activation function),
that is trained to learn the function y(x) = sign(xrel). Each
model is trained on a different dataset where xrel ∼ N (0, 1),
and xirr is +1 for all datapoints used to train the models de-
picted by the blue stars and −1 for the orange circles. The
plots show the values of the neural network weight for the
irrelevant variable, Wirr, and the bias of the output neuron,
b, (a) before and (b) after training on a different, random
dataset for each model. In this architecture, the gradients of
any loss function L are ∂WirrL = xirrφ

′∂φL and ∂bL = φ′∂φL,
implying that ∂WirrL = xirr∂bL. These gradients will natu-
rally drive the parameters to distinguishable regimes, which
can be identified after training as demonstrated in (b). The
codes for generating these figures are available in the compu-
tational appendix [20].

present, as we demonstrate in Figure 2d. There, we
show an illustration with deep neural networks trained
on real-world data of medical records derived from the
global.health database [21] of COVID-19 cases around
the world. The task in which the neural networks are
trained is the prediction of the outcome of the infection
given demographics, symptoms, and the parity of the
date when the case was recorded (this is the feature ir-
relevant to the task). Then, the attacks follow the spirit
of shadow training [22, 23]: the attacker is provided with
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trained models and labels denoting the majority value of
the irrelevant feature in the corresponding training set,
and with them trains a meta-model that constitutes the
attack. Notably, for the case of neural networks, sim-
ple logistic regression meta-models perform well in the
attack task, highlighting the vulnerability to the sort of
privacy leaks described.

II. QUANTUM-INSPIRED ARCHITECTURES
WITH PRIVACY GUARANTEES

The above example is a (rather extreme) illustra-
tion that neural-network architectures store information
about the training set in the way that the network pa-
rameters process its features. Now we will see that in
alternative architectures, inspired by the study of quan-
tum many-body systems, this information can easily be
deleted without compromising on model performance.

Continuing with the previous example, it is clear that
there exists a straightforward way to erase the informa-
tion about irrelevant features that does not lead to pri-
vacy leaks: simply setting to zero the weights that prop-
agate the influence of those features to the initial layer of
the network. In a hypothetical situation where one fixed
such parameters and trained the rest, the result would be
an alternative collection of weights and biases leading to
a model, ideally equally performing, yet not containing
any information about the training dataset other than
that needed for making the prediction. Thus, the abil-
ity to characterize the sets of parameters that lead to the
same model opens the door to ways of choosing model pa-
rameters which contain no more information about the
training dataset than what can be inferred from recording
the output for different inputs. The first part of our con-
tribution in this aspect is formally proving this intuition
in Section III. The second part is showing, in Section IV,
that for the family of matrix product state architectures
(this is a family of architectures originally developed in
the context of many-body quantum systems that have
recently attracted interest in machine learning [24, 25])
one can make an assignment of parameters that has spe-
cially suitable properties when analyzed under the lens
of privacy in machine learning.

A. Matrix product states

The field of quantum many-body physics has been
developing manageable ways of simulating the states
and evolutions of quantum systems composed of many
particles, which have recently gained attention in ma-
chine learning as alternative parametrizations of high-
dimensional, convoluted functions. These are the so-
called tensor network architectures and, notably within
them, the matrix-product state (MPS) representa-
tions [9, 24]. In fact, these parametrizations of complex
functions were later rediscovered in the field of numeri-

cal analysis, under the name of tensor trains [25, 26]. An
MPS architecture is best defined when viewing functions
as hyperplanes on high-dimensional feature maps of the
input. This is, when we consider (vector) functions f(x)
of the input x as taking the form

f(x) = M ·Ψ(x). (1)

MPS architectures correspond to the family of functions
illustrated in Figure 2b. These are obtained when the
vector feature map, Ψ(x) (typically non-trainable), has
a tensor-product form with one component per dimension
of the input, Ψ(x) = ψ1(x1) ⊗ ψ2(x2) ⊗ · · · ⊗ ψN (xN ),
and the hyperplane is expressed as a product of in general
complex matrices (hence the name), namely

M `
s1,s2,...,sN =

∑
{α}

Aα1
s1 A

α1,α2
s2 · · ·Aαj ,αj+1

` · · ·AαN
sN . (2)

These architectures have a very well-characterized gauge
symmetry group, which characterizes the sets of param-
eters that describe the same function. If between every
two consecutive matrices one inserts a decomposition of
the identity 1 = Yj · Y −1j for an invertible matrix Yj , the

set of matrices given by Bsj = Y −1j · Asj · Yj+1 produce
M as well. Importantly, it is well-known from quantum
many-body physics that these are the only symmetries of
the MPS architectures [27], and that it is possible to fix
a value of the gauge for each MPS. This fixing is known
as a “canonical form”, and it is generally obtained via
singular value decompositions [27, 28].

III. PRIVACY FROM REPARAMETRIZATION
INVARIANCE

Invariance under reparametrizations is commonly
known as gauge symmetry [29]. This is a concept that is
commonplace in many-body physics, nuclear and parti-
cle physics, or in general relativity. In order to rigorously
prove that a complete characterization of gauge symme-
tries protects against revealing unintended information,
we must first define some mathematical objects. For a
fixed learning architecture (this is, a functional ansatz
depending on n parameters), call W ∈ Cn the set of all
possible values of its parameters. The architecture, along
with a point θ ∈ W, completely determines a model.
Thus, we will refer toW as the set of white-box represen-
tations for a given architecture. In this picture, training
a model amounts to choosing the optimal θ for a specific
task. In general, this optimal value will depend on the
data used for training the algorithm. Analogously, the
set of black-box representations B can be understood as
the set of oracular functions (i.e., seen as input-output
pairs) corresponding to each θ ∈ W. In general, there ex-
ists a function π : W → B that assigns every white-box
representation to its corresponding black-box oracle. In
certain cases one can define a right inverse, α : B → W,
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that assigns a set of parameters to a black-box represen-
tation. This function satisfies π ◦ α = idB→B, this is,
that the oracular function associated to a white-box rep-
resentation of a black box is the black box itself. Due
to redundancies in the description, there can be many
θ ∈ W that lead to the same black-box representation,
so in general, even if an α can be defined, it is not true
that α◦π = idW→W . This function, which takes all white
boxes describing the same black box to the same element
of W, is commonly known as canonical form.

Consider also what an attack is. In the proposed con-
text, an attack is a function applied on a white-box repre-
sentation whose output provides information about fea-
tures of the training data. Formally, we can model this
as a (smooth) function f :W → C that maps the param-
eters of a model to a complex number.

With these, we can now state our first result:

Theorem 1. Consider the set of white-box representa-
tions for some architecture, W ∈ Cn, and its associated
set of black-box representations, B = π(W). If a right
inverse α : π ◦ α = idB→B can be defined, then for every
function f

f(θ̂) = f̂ [π(θ̂)],

where θ̂ = α ◦ π(θ) ∈ W are the parameters denoting a

canonical form for the model described by θ and f̂ = f ◦α
is the application of f in black boxes.

Proof. By expanding f(θ̂):

f(θ̂) = f ◦ α ◦ π(θ)

= f ◦ α ◦ idB→B ◦ π(θ)

= f ◦ α ◦ π ◦ α ◦ π(θ)

= f̂ [π(θ̂)],

where we have decomposed the identity in the space of
black boxes as idB→B = π ◦ α.

The relation above means that the evaluation of an at-
tack, f , in a set of parameters that describe the canonical
form of a model, α ◦ π(θ), coincides with the evaluation

of the induced attack, f̂ = f ◦ α, in the associated black

box, π(θ̂) = π(θ). Therefore, an attack f cannot extract
from a canonical form any information that is not present
in the associated black-box.

Note that the only requirement of Theorem 1 is that
the function α can be defined. However, in particular,
there are no requirements on the degree of regularity, or
smoothness, of α, so in general the degree of regularity of

the black-box attack f̂ will depend on the regularity of
both f and α. In the next section we prove that, for the
case of MPS, α can indeed be taken as smooth as possi-
ble: namely holomorphic. This implies that the degree of
regularity of the white-box and black-box attacks is the
same, and therefore, that MPS are strong candidates for
privacy-preserving machine learning architectures.

IV. GLOBAL CANONICAL FORM IN MPS

We now know that if a canonical form can be defined,
then the information about the training dataset stored in
the model’s parameters is the same information that is
stored in the corresponding black box. However, it could
still be possible that accessing this information is easier
when knowing the model’s parameters. In this section
we prove that this is not the case for MPS architectures.
The reason for this is that the map α, from the space B
to the space W described in Section III, can be taken to
be holomorphic, and hence possesses the highest degree
of smoothness. Then, since holomorphy implies that the
composition of any function with α preserves its regu-
larity, any attack at the white-box level, f : W → C,
can be upgraded to an attack at the black-box level,

f̂ = f ◦ α : B → C, with the same regularity. Therefore,
for every white-box attack to a canonical-form represen-
tation not only there exists a black-box attack with the
same performance (as we showed in Theorem 1), but also
with the same regularity. This is, not only the canoni-
cal form stores as much information as the black box,
but also it is equally hard to extract such information in
both cases.

In this section we give an explicit construction for
such holomorphic map α in MPS architectures. Recall
that MPS architectures process the input x via f(x) =
M ·Ψ(x), where Ψ(x) is a (typically non-trainable) fea-
ture map with a tensor-product form and M was de-
scribed in Eq. (2) with each entry of the A tensors in
the left-hand side being a trainable parameter. Thus,
when considering MPS architectures, the set W is a sub-
set of Cn (where typically n = Nb2d for some number
of sites N , bond dimension b, and physical dimension
p, see Refs. [30, 31] for descriptions of these quantities
and their connections with the simulation of quantum
many-body systems) given by all the possible values of
all the elements of the A tensors in the right-hand side
of Eq. (2). The function π that maps a white-box rep-
resentation of an MPS to its corresponding black box is,
precisely, Eq. (2). Then, the set B is defined as π(W), i.e.,

the subset of Cn
′

(with n′ = dN ) defined by all allowed
values of the entries of the M tensor in the left-hand side
of Eq. (2).

In order to provide the map α, we will construct a
specific holomorphic canonical form for MPS. Formally,
this is an holomorphic map W → W, transforming each
MPS to its canonical form, so that all MPS related by
a gauge transformation are mapped to the exactly same
canonical-form MPS. This map then induces uniquely the
desired α : B → W, which will also be holomorphic, as
shown below.

The construction of the holomorphic canonical form is
done in the following Theorem:



5

Theorem 2. For an MPS defined by a collection of tensors {Aβj−1,βj
sj }Nj=1, a global, holomorphic canonical form is

given by Âβ1
s1 = 1, Â

βN−1
sN = 1, and Â

βj−1,βj
sj =

∑
γ L

βj−1,γ
sj Cγ,βj

, where

Lβj−1,γ
sj =

∑
{α}

Aα1
1 · · ·A

αj−3,αj−2

1 B
αj−2,αj+1

βj−1,sj ,γ
A
αj+1,αj+2

1 · · ·AαN−1

1 ,

B
αj−2,αj+1

βj−1,sj ,γ
=

∑
αj−1,αj

A
αj−2,αj−1

βj−1
Aαj−1,αj
sj Aαj ,αj+1

γ ,

C = L−1, with Lγ,βj = L1,βj
γ .

Proof. The function is well-defined whenever the L ma-
trices are invertible. In such case, the only non-trivial
operation is the computation of such inverses, which is an
holomorphic operation in the elements of the matrix.

Following the usual graphical notation for tensor net-
works (for its definition see, for instance, the explanations
in Figure 2b or Ref. [31]), this decomposition is

Â = L C , (3)

with

L

sj

βj−1 γ=

1 11 1

... ...1 j − 2 j − 1 j j + 1 j + 2 N

sjβj−1 γ

,

C =

(
L1

)−1
,

1

i
= δi,1 .

Theorem 2 assumes, a priori, that the dimension of all
legs are the same. However, it is easy to obtain decom-
positions with different dimensions, by using projectors
different than the one considered. Importantly, note that
this decomposition requires that the L matrices are in-
vertible. These matrices are, at every step in the pro-
cedure, just a projection on specific sites of the original
MPS. While the projected states are not invertible in all
MPS, typicality arguments show that this will be the case
in general: the set of parameters that give rise to MPS
with at least one non-invertible L is of measure zero in
the space of all possible parameter values. Note also that
the canonical form obtained in this way will be the same
for all MPS that are related by a gauge transformation,
as required, which means that this canonical form indeed
gives a well-defined map α : B → W.

It remains to show that α is also holomorphic. In or-
der for this statement to be meaningful, or even to de-
fine what it means for an attack on black boxes to be
smooth, one needs to endow the set B with a smooth

structure; more specifically, with a complex manifold
structure. Note that W is trivially a complex manifold,
since it is an open subset of some Cn.

There are a priori two ways to see B as a complex man-
ifold. One is as a submanifold, generated by the π given
by Eq. (2) as B = π(W) and embedded in the ambient
(exponentially large) complex vector space of all possible
input-output relations. The other is as the space of or-
bits defined by the gauge symmetries. This is, if we call
SMPS to the complex Lie group of gauge symmetries, the
space of orbits is nothing but the quotient set W/SMPS,
where a natural complex manifold structure can be de-
fined whenever the symmetry group action is reasonably
good (holomorphic, free and proper). One can see, using
well-known results in the theory of complex manifolds,
that both ways to describe B are equivalent. Formally,
the complex manifolds W/SMPS and B are biholomor-
phic, and thus we write B =W/SMPS from now onwards.
The analysis of these manifolds has been done in full de-
tail for the set of “full-rank” MPS in Ref. [30], where we
also refer to for the necessary definitions and background.
Due to our extra condition of the matrices L being in-
vertible, our sets W and B are (full measure) subsets of
those considered in Ref. [30], but the exact same proof
applies.

By the way the complex manifold structure is defined
in the space of orbitsW/SMPS, for any holomorphic map
W → W that is invariant under the action of the gauge
group SMPS –as it is the case for the canonical form de-
fined in Theorem 2– the uniquely defined associated map
α : B = W/SMPS → W is also holomorphic. All details
can also be found in Ref. [30] and the references therein.

Summarizing, we have defined a new, holomorphic,
canonical form for MPS architectures. This implies
that the MPS parameters obtained after computing the
canonical form have no more information than the infor-
mation already included in a black-box oracular access
to the model, and that such information is equally hard
to extract in both cases. Importantly, the sets of param-
eters generated by the gauge freedom all describe the
exact same function, and thus the reparametrization to
a canonical form does not have an impact on the per-
formance of the model. This is in stark contrast with
approaches based on differential privacy to protect the
privacy in neural networks, where noise is added to the
training dataset or the final parameters in a way that
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there is a tradeoff between the model’s utility and the
protection of the dataset.

In particular, for the type of examples discussed in
Section I on features that are irrelevant to the target
task, and in the ideal scenario in which the model learns
perfectly, this means that the MPS parameters obtained
after computing the canonical form would have no de-
pendence at all on these irrelevant features. In realistic
scenarios such as that illustrated in Figure 2d, one ob-
serves that there is still some dependence for high biases,
but this is notably lower than that present in the param-
eters obtained directly from training.

It is important to clarify that our Theorem 2 is just
a proof-of-principle illustration of the power of this ap-
proach to obtain privacy-preserving machine learning
based on tensor networks. We have focused on preserving
regularity, but for any other property that one is inter-
ested in, in order to obtain a similar reduction from white
boxes to black boxes, all that one needs is to find a canon-
ical form that preserves such property. In particular, it
is important to note that the canonical form described in
Theorem 2 differs from that in the standard literature of
MPS algorithms, based on a sequence of singular value
decompositions (SVD) [27, 28]. The SVD-based canon-
ical form of MPS presents a residual U(1) × · · · × U(1)
gauge freedom [30], and it is not clear how to perform
a global section of this residual gauge in an holomorphic
manner. However, one can a priori expect at least some
degree of privacy protection from the SVD-based canon-
ical form. Indeed, relaxing a bit the mechanism, the pro-
cess of computing the canonical form of an MPS via SVD,
and afterwards choosing randomly a representative of the
gauge orbit, is equivalent to first computing the canon-
ical form described in Theorem 2, and then computing
the SVD-based canonical form of this MPS and randomly
choosing a representative of the gauge orbit. The latter
process has all the privacy guarantees described in this
work because of the application of our canonical form in
the first step, and therefore so does the former. More-
over, the analysis on Figure 2 indicates that the direct
application of the SVD-based canonical form, without
subsequent randomization, also guarantees a significant
degree of privacy.

V. EXPERIMENTS

As an illustration of the protective power of the canon-
ical form of MPS, we depict in Figure 2 the training of
one of these MPS architectures in the real-world dataset
used in the demonstration with neural networks (the pre-
diction of the outcome of COVID-19 infections given de-
mographics, symptoms, and the parity of the date of the
record), as well as the probability of success of attacks
based on shadow training [22, 23], both before and after
computing its canonical form. This sort of attacks con-
stitute an upper bound to the efficacy of realistic ones
because it allows the attacker to have much more infor-

mation than reasonable. Details on the training and at-
tacks can be found in appendices A and B, respectively.
Both types of models (neural networks and MPS archi-
tectures) perform very similarly in the target task (see
Figure 2c), while the vulnerability to attacks is markedly
different: as can be seen in Figure 2d, both neural net-
works and MPS architectures straight out from train-
ing are equally vulnerable but MPS in canonical form
are not. For instance, at 80% imbalance of the irrele-
vant feature, attacks on both models have around 78%
of accuracy, while in the canonical-form description of
the MPS the accuracy drops down to around 56%, close
to the limit of random guessing. Notably, as it is de-
scribed in Appendix B, this happens despite the attacks
performed to MPS architectures being more general than
those performed to neural networks.

VI. DISCUSSION

As machine learning permeates through more layers
in society, it is increasingly important to shift the focus
from prediction accuracy to greater goals such as privacy
and fairness. This work shows that global information
about the training dataset is hidden in the parameters of
deep learning models, even if this information is irrele-
vant for the task at hand. More importantly, it points at
physics, and more concretely at the tensor networks used
in quantum many-body physics, as a favourable frame-
work where to find architectures that are robust to pri-
vacy leaks. In this second aspect, our results are encom-
passed in Theorems 1 and 2, which can be informally
stated in the following way:

Theorem 1 (Informal version). If the sets of parameters
that leave a model invariant can be characterized, then
each white-box attack performed on a representative of
the set is equally performing (in terms of accuracy) as
an attack in the corresponding black box.

Theorem 2 (Informal version). There is a canonical
form for the set of MPS architectures so that every white-
box attack to such canonical-form set of parameters is “as
good” (in terms of the attack accuracy and its regularity
as a function) as an attack to the black-box representa-
tion.

We have shown that the key of the protection comes
from the ability to characterize all sets of parameters that
produce the same trained model. Once this set is char-
acterized, making the final choice of parameters in a way
that is independent of the training dataset (i.e., choos-
ing a canonical form) implies that the final parameters
contain no more information about the training dataset
than the strictly necessary to produce the output. For
neural networks, one could imagine obtaining a canoni-
cal form by proceeding in the spirit of model extraction
attacks [32, 33]. While one would need to study carefully
whether the requirements for robustness are satisfied in
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FIG. 2. Comparison between deep neural networks and MPS architectures when learning a model predicting the outcome
of COVID-19 infections given demographics and symptoms. Figures of merit are computed as a function of the percentage
of dominant value in the irrelevant feature, namely the parity of the day of reporting. For every such percentage, several
trainings are run for each of several different datasets, and statistics are computed over the full ensemble of resulting models.
Figures (a) and (b) show the neural network and MPS architecture used throughout the experiments. In (b), each element
is a tensor with as many dimensions as legs. The purple squares in the lower row represent the parameters of the MPS.
They are arranged in three-dimensional tensors, which are multiplied by their neighboring tensors and by the input. This is
encoded in the one-dimensional vectors depicted by the yellow squares in the top row. The final tensor after multiplications
via Eq. (2) is a vector encoding the output, because the bottom leg of the orange square in the bottom row is free. The gauge
symmetry that allows to erase information about irrelevant features is the decomposition of the identity, represented by the
green diamonds, in invertible matrices that are later absorbed by the original tensors. Figures (c) and (d) show, respectively,
the performance and vulnerability of neural networks and MPS trained on the COVID dataset, as a function of the imbalance
between the two values of the irrelevant feature in the training set. The codes for generating these two figures are available
in the computational appendix [20]. Figure (c) depicts the average accuracy in the whole database from which the different
training sets are generated. The fact that models trained on datasets biased towards different values of the irrelevant feature
perform equally indicates that the feature is indeed irrelevant. Figure (d) represents the accuracy of attacks attempting to
predict the majority value of the irrelevant feature in the training dataset. Importantly, the MPS not expressed in canonical
form are vulnerable in a similar way to the neural networks.

this scenario, one should bear in mind the increased com-
putation time and amount of necessary data (after all, a
second model must be trained from input-output queries
to the vulnerable one, ideally using datapoints not used
in the training of the first), and the potential loss of ac-
curacy entailed by the process.

The standard in privacy protection within machine
learning is provided by differential privacy. While now
having become the standard in the industry in regards to
privacy-preserving machine learning [1, 2], adding noise

imposes a tradeoff between the level of privacy and the
utility of the model. Moreover, the vulnerability illus-
trated regards global properties of the dataset rather
than individual datapoints. Therefore, whether differ-
ential privacy protects against the vulnerability demon-
strated remains to be understood.

With this work we want to shift the focus towards
a promising class of architectures for machine learning.
Our contribution is a foundational step in that direc-
tion, where many open questions still lie ahead. We
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have provided only an exemplary family of architectures,
that of matrix product states, which we prove to ad-
mit parametrizations that are no more informative than
a black-box access to a trained model. Our results
nevertheless apply to any architecture where different
parametrizations lead to the same model and where a
global, smooth, and one-to-one mapping can be defined
between the space of black-box representations and a rep-
resentative of every possible model. If such mapping ex-
ists, one can use it to eliminate information that the final
model should not have. This part of the proof is not re-
stricted neither to MPS architectures, to general tensor-
network architectures, nor even to neural networks. How-
ever, given all the expertise of the community of quantum
many-body physics, it is expected that model classes that
satisfy the required conditions are easier to find within
the tensor-network family [34]. Finding such architec-
ture classes, which are also enough expressive and easy
to train, will constitute a very important task.

In contrast with defenses based on differential privacy,
the canonical form guarantees that defense in tensor-
network architectures can be achieved without compro-
mising on prediction accuracy. However, tensor network
architectures can also be trained using differentially pri-
vate mechanisms, thus adding privacy of individual dat-
apoints on top of the canonical form. Still, more effort
must be put into the optimization of training of tensor-
network architectures, which only recently are finding
advantages over state-of-the-art deep neural network ar-
chitectures [35]. For this, it is fundamental to develop
tensor-network models beyond the highly structured ones
developed within the physics community (which, never-
theless, already cover large families of interesting archi-
tectures [34]). A good source of inspiration is the “ten-
sorization” of popular deep learning models, a field that
is rapidly gaining traction [36–38]. More broadly, both
neural-network and tensor-network architectures can eas-
ily be combined [39–41], so it is not unreasonable to imag-
ine having hybrid architectures where tensor-network lay-
ers take care of some privacy aspects, and neural-network
layers do the heavy-lifting on private data.
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Appendix A: Dataset and training of models

To illustrate the fact that neural networks are vul-
nerable to irrelevant feature leaks and MPS are not,
we have trained both architectures in a real-world
dataset. This is part of the global.health database of
COVID-19 cases [21]. This is a very large database
that allows us to make small partitions, so that we
can train shadow models when illustrating the at-
tacks. We take the dataset available on March 22nd
2021, use the data of two countries, Argentina and
Colombia, for generating our database. The database
built only contains the columns location.country,
events.outcome.value, events.confirmed.date,
demographics.ageRange.start,
demographics.gender, and symptoms.status from
the whole dataset, and all datapoints where at least
one of these entries is empty are discarded. As a first
balancing between countries, we take all entries for
Argentina and, evenly, one out of every seven (which
is approximately the ratio between the number of
datapoints for each country) points for Colombia’s
cases where the column events.outcome.value takes
the value Death, and the same amount for the cases
where events.outcome.value takes any other value.
As a second balancing, now between cases with odd
and even registration dates, we take all cases where
the column events.outcome.value takes the value
Death (a total of 21 503), and the first 5 375 cases for
each combination of country and parity from the subset
of points where the column events.outcome.value
takes the value Recovered. We provide the computer
codes, written in Python, for generating the database
from the global.health dataset in the computational
appendix [20].

The classification task in which both, neural net-
works and MPS, are trained, is in predicting the value
for events.outcome.value when provided the rest.
While all features are discrete in nature, we treat the
age feature as continuous. As irrelevant feature, we
choose the parity of the report date, extracted from
events.confirmed.date. While this quantity is indeed
expected to be irrelevant for the classification, we check
that it is sufficiently uncorrelated with the remaining fea-
tures (see Table I).

The neural network model used is depicted in Figure 2a
and consists of a five-layer architecture with structure
16-16-8-4-2, totalling 614 trainable parameters. Each in-
termediate layer has a rectified linear unit as activation.
Training optimizes the cross-entropy between the predic-
tions and the labels in batches of 8 datapoints, using the
Adam optimizer with learning rate of 3·10−4 and `2 regu-
larization of magnitude 6·10−3, for at most 1 250 epochs.
The final model picked is that along the training history
that achieves higher accuracy in a held-out validation set
composed of 5 000 samples of the original database.

The matrix product state model is depicted in Fig-
ure 2b and consist of six tensors where all the dimensions
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parity country age gender symptoms recovery

parity 1 0.005 0.001 0.001 −0.012 −0.002

country 1 0.059 0.033 0.161 −0.055

age 1 −0.010 0.128 −0.707

gender 1 0.004 0.078

symptoms 1 −0.143

recovery 1

TABLE I. Pearson correlation coefficients between
the columns of the dataset used for training the
neural network and MPS models. The columns
in the table correspond to the columns (in or-
der) events.confirmed.date, location.country,
demographics.ageRange.start, demographics.gender,
symptoms.status, and events.outcome.value of the
original database.

have cardinality 2. This is, the leftmost and rightmost
purple squares in Figure 2b are 2 × 2 matrices, and the
remaining purple squares and the orange square are ten-
sors of dimensions 2 × 2 × 2. All entries in all tensors
(a total of 40) are free, trainable parameters. Training
optimizes the cross-entropy between the predictions and
the labels in batches of 100 datapoints, using the Adam
optimizer with learning rate of 10−1, for 20 epochs.

The encoding of categorical variables in the input is
different for both architectures. For neural networks we
perform a traditional one-hot encoding. In contrast, for
MPS we perform a noisy encoding, in such a way that for
each datapoint the class is encoded in a random value in
either

[
0, 12 − ε

]
or
[
1
2 + ε, 1

]
, with ε = 5 · 10−2. Then,

every dimension of the input is encoded in a different two-
dimensional vector via ψ(x) = (1 − x, x), and these are
the objects that are input to the MPS (the yellow squares
in Figure 2b). For the demographics.ageRange.start
column, a min-max normalization is performed before
producing the input vector. The different encoding of
the variables for neural networks and MPS does not have
severe impacts in the vulnerability of the models: as
demonstrated in Figure 2d, the MPS architectures are
still vulnerable if no protection is applied.

Notably, the function computing the canonical form
that is used in the experiments is the standard one based
on singular value decompositions. As we commented in
Section IV, it is left for future work to analyse whether
the SVD-based canonical form fulfills similar regularity
properties as the new one we construct here for the proof
of Theorem 2. In any case, the analysis on Figure 2
indicates that, in practice, the canonical form obtained
via SVD guarantees a significant degree of privacy.

Appendix B: Attacks

The attacks we consider are in the spirit of shadow
modeling attacks [22, 23], whereby the attacker is pro-

vided with a large collection of models trained on
datasets that share the statistics of the dataset where
the victim model has been trained on. This is a situa-
tion where the attacker has much more power than what
is realistic, so the results are upper bounds to realistic
attacks.

In order to produce Figure 2d, we generate, for ev-
ery percentage of the majority class in the irrelevant
variable, a total of 200 datasets (100 for each major-
ity class) with that proportion, randomly sampled from
the original dataset. On each of these datasets, a total
of 100 models are trained according to the prescription
described in ‘Dataset and training of models’. This pro-
duces, for each of the percentages (the horizontal axis of
Figure 2d), 20 000 trained models. Out of all of them,
those corresponding to 80 of the datasets are provided
to the attacker along with their corresponding majority
class, while the models for the remaining 20 datasets will
be those to be attacked.

The attacker, depending on the type of models, does
a different kind of attack: for neural networks the attack
consists of a logistic regressor over the full set of models’
weights and biases after a proper normalization, with `2
regularization and using the LBFGS solver. This attack
is arguably simple, but this only reinforces the argument
that neural networks are very vulnerable to leaking the
nature of irrelevant features. Removing parameters and
keeping those in the initial layer, or doing PCA to reduce
dimensionality, did not offer advantages to using the full
set of model parameters as input.

For MPS architectures, the attacker trains a deep feed-
forward neural network that is input the model weights
(after a proper normalization) and outputs the corre-
sponding label. This was done to provide the attack
with more generality, so it could hopefully extract more
information from the parameters of the model. The at-
tack neural network consists of six layers with structure
20-20-10-10-2-2, using rectified linear units as activation
functions for the intermediate layers. Training optimizes
the cross-entropy between the predictions and the labels
in batches of 1 000 datapoints, using the Adam optimizer
with learning rate of 10−3 and `2 regularization of mag-
nitude 10−4, for at most 1 000 epochs. The set of 80
datasets is split randomly in an 80-20 proportion as to
generate a validation set for early stopping.

In order to provide statistics, we train and evaluate
the attacks for several random choices of the 80 datasets
given to the attacker. We do a total of 1 000 of these
repetitions, which provide the confidence intervals in Fig-
ure 2.



10

[1] Apple, Differential privacy overview,
https://www.apple.com/privacy/docs/
Differential Privacy Overview.pdf (2021), accessed:
2021-12-02.

[2] Google, How we’re helping developers with differential
privacy, https://developers.googleblog.com/2021/01/
how-were-helping-developers-with-differential-

privacy.html (2021), accessed: 2021-12-02.
[3] C. Dwork, F. McSherry, K. Nissim, and A. Smith, J. Priv.

Confid. 7, 17 (2017).
[4] S. L. Warner, J. Am. Stat. Assoc. 60, 63 (1965).
[5] C. Dwork and A. Roth, Found. Trends Theor. Comput.

Sci. 9, 211 (2014).
[6] N. Phan, X. Wu, and D. Dou, Mach. Learn. 106, 1681

(2017).
[7] M. Abadi, A. Chu, I. Goodfellow, H. B. McMahan,

I. Mironov, K. Talwar, and L. Zhang, in Proceedings
of the 2016 ACM SIGSAC Conference on Computer
and Communications Security , CCS ’16 (Association for
Computing Machinery, New York, NY, USA, 2016) pp.
308–318.

[8] C. Collberg, J. Davidson, R. Giacobazzi, Y. X. Gu,
A. Herzberg, and F.-Y. Wang, IEEE Intell. Syst. 26, 8
(2011).

[9] F. Verstraete, V. Murg, and J. I. Cirac, Adv. Phys. 57,
143 (2008).

[10] G. Carleo, I. Cirac, K. Cranmer, L. Daudet, M. Schuld,
N. Tishby, L. Vogt-Maranto, and L. Zdeborová, Rev.
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straete, Rev. Mod. Phys. 93, 045003 (2021).
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