T e

MONOGRAFIAS
DE LA

ACADEMIA
DE
CIENCIAS

Exactas
Fisicas
Quimicas y
Naturales

DE

ZARAGOZA

AN INTRODUCTION TO NUCLEAR SPACE
by

C. BESSAGA, B. HERNANDO BOTO and E. MARTIN-PEINADOR
Seminar, February 1994

1997



Depésito legal: Z. 974 - 1997

Imprime:
Sdad. Coop. de Artes Graficas
LIBRERIA GENERAL
Pedro Cerbuna, 23
50009 Zaragoza

AN INTRODUCTION TO NUCLEAR SPACE
by

C. BESSAGA, B. HERNANDO BOTO and E. MARTIN-PEINADOR
Seminar, February 1994



AN INTRODUCTION TO NUCLEAR SPACES

by
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Abstract.

These are slightly extended and revised notes of seminar
lectures delivered by the first-named author at the Universidad
Complutense in Madrid (Spain). they cover only special intro-
ductory topics on nuclear spaces, selected intentionally for the
purpose of illustrating the role of Kolmogorov diameters and

Kolmogorov numbers.

The discussion is restricted to real locally convex spaces
and their subclasses. Nevertheless all the theorems presented
are valid also in the complex case. The complex versions can
either be proved in exactly the same way, or can be derived from
the real theorems using some extra argument, (see Remark 1.7 and

Exercise 2.4).

Many important subjects related to nuclear spaces are not
even touched. For instance: Relations to the theory of absolu-
tely summing operators; Discussion of concrete nuclear spaces
and concrete bases; T. & Y. Komuras' theorem on universal
spaces; Vogt's structure theory and in particular applications
of his "splitting theorem"; Relations to the distribution
theory; Tame structures and commections with Nash-Moser implicit

function theorem; .....

Partially supported by Polish KBN grant N2 2 P301 05.




CONTENTS

§ 0. Preliminaries . . . . . . . . . . . 9
§ 1. Kolmogorov diameters . . . . . . . . . 12
§ 2. Nuclear operators . . . . . . . . . 17
§ 3. Locally convex nuclear spaces. Mitiagin’s characterization 23
§ 4. Nuclear spaces with bases. Absoluteness . . . . 25
§ 5. The unigeness problen. Regular bases . . . . . 3|
§ 6. Nuclear Fréchet space without bases . . . . . 36
§ 7. Notes and comments . . . . . . . . . 40
References . . . . . . . . . . . . 44
Index of terms . . . . . . . . - . 47
Index of symbols . . . . . . . . . . . 48




TS

§ 0. Preliminaries

i o
We shall concentrate on deviations from the standard terminology and

i i s ints which ma cause
notation of functional analysis and on the PO Y se a
confusion.

i 1s.
R' denotes the set of all non-negatVe reais

topological vect
Unless stated otherwise, X,Y,,--- denote real topolog ector

. . . . spaces of continuous
spaces, and X, Y ... their duals (i-€- the P

. . . Y we mean a continuous
linear functionals). By an operator T:X

i i ; field of scalars.
linear mapping.A functiomal is an operatol to the fie

A . i of T, while the
Here the arrow indicates the domain and codomain

: = w o nd X >
expression "x — x" stands for viim X, =X a n Y
denotes the mapping which sends each X to Y-

i ted by TS.
The composition TS of operators will also be deno y

inear
By a subspace of a topological yector space X we mean a 1

Y of X is said to
(not necessarily closed) subspace of X- A subspace

; i ojection of X with
be complemented, if there is a continuou® linear proj

the range Y. For a subset A ¢ X the mxavow {A] stands for the subspace

of X generated by A.

i : . ector space X is a function
Seminorms A seminorm defined on a VY p

= f all
p:X — R’ such that p(x+y) = p(x) + p(y): p(tx) ,_ﬁ_vﬁxv or

= X; x) = 1), denotes
X,yeX, and for all scalars t. The symbol Y, (xeX; p(X) )

i :X — R" such that
the seminorm-ball. A norm on X is a SeMNOTM P

i i I i) where X is a
p(x) = 0 implies x = 0. A normed space i5 2 PaiF (X,

he normed space 1is
vector space and f #:X — R’ is a normi; often the P
denoted by the single letter X.
i i the
The symbol cpl X stands for the Banach space which 1is

completion of X in the norm.




mx nﬁxmx;x_Nu:m:Q mxn (XeX;lixit = 1)
are the closed unit ball and the unit sphere of the normed space X.
To each seminorm p defined on a vector space X corresponds the
quotient space xu = x\v-,ﬁov whose elements are the cosets:
(x] = (yeXip(y-x)=0),
The space x_. will be regarded as a normed space with the norm __T:v__
= p(x), in the sequel denoted briefly by the same symbol p.

We shall also consider the Banach space X = cpl X, and we
P P
denote its norm again by the same symbol p.
If g is a seminorm on X dominating p, i.e., p(x} = cq(x) for some

€ > 0, then the linking operators

L= X, LOo=(x] ;i I :X— X I Ix))=1x)

w:amnx .. . . .
@ xnl xu\ ﬁ:moo:ﬂp:cocmmxﬁmJMHO:om H%. are well defined.

Let X be a topological vector space. Denote by ¥(X) and by Uu(Xx)
the set of all continuous seminorms and the class of all
zero-neigborhoods in the space X. We shall say that a subclass

¥ < U(X) is fundamental if there are constants c(W) > 0, WeWw, such

that the family (c(W) ‘W:WeW} is a base of zero-neighbourhoods of X; a

subset P ¢ ¥(X) is said to be fundamental if the fanily (U :peP} is
P
fundamental.
c . . .
learly, each cu 1s a convex, symmetric with respect to zero and
closed zero-neighborhood, and to every convex centrally symmetric

U .
€ U(X) corresponds a continuous seminorm p such that U is the
P

closur i
e of U, the gqauge functional of U. However it may happen that

£(x i i
(X) consists of the Zero seminorm only (e.g.for the space L with
0 = p <1). u

Locally convex Spaces and Fréchet spaces. The Space X is locally

conv i i
ex 1ff ¥(x) is fundamental. Complete-metrizable locally convex

Spaces are called Fréchet spaces. a grading of a Freéchet space X is
a

10

nor-decreasing sequence § = :usv. P #(X) whose elements constizute a
furdamental set.
Every Fréchet space, being metrizable, admits a countable

furdamental set of seminorms E..“:m_zf therefore it also admits

gradings, § = G:T where p= mch-“ m=n} for nelN.

A Fréchet space X is said to be locally radially bounded if it
adrits a base of zero-neighbourhoods each of which does not contain
any half-line, equivalently, if there exists a grading for X

consisting of norms.

The following fact is referred to as the Banach - S:teinhaus

theorem for seminorms:

0.1 Let X be a Fréchet space. If q e 7(X), nelN are such that

q(x) = sup g (x} < o, then the seminorm g is continuous.
n

Proof. By the assumption, the seminorm-balls >=u {xeX:q(x)=n}

covar the (complete metric) space X. Therefore there is an n_ such

that W = int A is non empty. Since the set A is convex and cextrally
n

symnetric, it contains the open zero-neighbourhood U = wT W-W.

. -1 . < .
Therefore, if x € n:oc then q(x}) = €, i.e., the seminorm gq 1s
continuous at zero and, being sublinear, is continuous everywhere. 4

0.2 Corollary. Let X be a Fréchet space and Y an arbitrary

locally convex space. If esnx.lf neM, are continous linear

operators such that T(x) = Hw...a e..ca exists for every xeX, then T is a

continuous linear operator.

Proof. Let p € #(Y) an arbitrary seminorm. Let q (x) = p(T (X)),

continuity

and q = sup q . By 0.1 ¢ is continuous, which implies the
n n

of T. g

11



§1. Kolmogorou diameters

Definition. Let A,B be two nonempty subsets of a vector space X.

For every neN, the n-th Kolmogorov diameter of A with respect to B is

defined by
5 (A,B) := inf inf(t>0; ActB+L),
n
L
the first infimum taken over all linear subspaces L of X with
dim L <n. (Recall that the infimum of the empty set is o !)

It should be clear that the Kolmogorov diameters depend also on
the linear .space X. In the situation A,B c X ¢ Y the diameters
relative X may differ from those with respect to Y.

1.1 Remark. For a normed space X the Kolmogorov diameters with
respect to the unit ball mx can be expressed by

8 (A) = inf sup dist(x,L).
" dim L<n XEA
1.2. Elementary properies of Kolmogorov diameters:
(i) 8,(A,B) = 5,(A,B) = & (A,B) = ...
(ii) 8 (A ,B) = & (A,B) whenever Ac A and B> B.
n 1 1 n 1 1
(iii) & (an,BB) = pm-Ji?E if a2 0, 8 > 0.
(iv) 8 (A,C) =& (A,B)-8 (B,C).
(v) If X is a normed space, A ¢ X, then m_A>.mxv = sup{lall;acA).
that of 1.8 (i). The other

The proof of (iv) is similar to

properties are evident. g

Vanishing of Kolmogorov diameters of a set A is related to the

dimension of its linear span.

1.3 Let A be a subset of a normed space X and let neN. Then the

following implications hold

BT Ter———

(a) dim{A] < n implies & (A) = o0,

(b) dim[A) = n implies s (A) > o.

In particular dim[A}= i
[AJ= o iff m=A>V #* 0 for every neN.

Proof. The statement (a) is obvious.

Assume that (b) is false, i.e., that there exist n linearly

independent i i
P vectors a,...,a, in A together with s A>~mxv = 0. By
n

Hahn-Banach theorem th i
€re are linear functionals m“\...\m= such

that

m,Am_v = m:. the Kronecker delta. Since mmﬁﬁm:v =1, there

exists a

A > 0 with -
amﬁﬁm,h Q__y # 0 for _R___ = A.

Let ti=2A max{Nf u; ._.I_. ses, ). m.._.:Om S (A,B =0 there
\ A . ’ ’ v A ’ xv ’ r is a
MCUM“NOQ L ¢ X of QHSQ:WHOB at most n-1 such that A c tB + L
. . Thus
a =tx +¢ ’ J=1,...,n for some X i B 12 i - e =
’ L, in and in L As d ﬁﬁ £ AN v v 0

and _ﬁmmﬁx_v_ = A wWe have

0 ¢ det(f (a) - tf (x))) = det(f (£)) = o,

a contradiction. -

Now it seems natural to study bounded sets A of a normed space X
such that dim [A] = i = i
(A) « but Hwa maﬁ>\mxv = 0. The following proposition

characterizes these sets:

1.4 A bounded subset A of a normed space X is precompact if and
o 3 3 —_
nly if st m=A>\mxv = 0.

Proof. We recall that A is precompact if for €>0 there

every
exilsts a finite set F ¢ X such that A C nwx+ F. Therefore, if

Precompact, t i = i i i
p , then Hwa m=A>\mxv = 0. The converse implication follows
from the fact that every bounded subset of a finite-dimensional normed

space is precompact. -

The following theorem of Krasnoselski, Krein and Milman is the



main technical tool for computing and estimating Kolmogorov diameters,

cf [T].

1.5 Theorem. For every n-dimensional (nzl) subspace H of a normed

space X it is satisfied that msAm=~wxv = 1.

Proof. (following (DG]) As we have observed, the n-th Kolmogorov
diameter of an arbitrary set A with respect to the unit ball mx is
equal to

inf sup dist(x,L),
dim L<n X€A

and since the vector 0 belongs to every subspace L, it follows that

8 (B,B) = sup #x-01 = 1. So it remains to prove the following fact:
n
x€B

(kkm) Let H and L be finite-dimensional subspaces of X. If
dim L < dim H, then there is an xe S such that dist(x_,L)

= lx Il = 1.
0

Proof. There is no loss of generality in assuming that dim H
= dim L + 1. Suppose first that the norm Il | is strictly convex, i.e.,
Ix+y# < fixh + Wyt whenever x, y are linearly independent. It is then
easily seen that each x € X, 1in particular, x € mm has a unique

nearest point y = ¢(x) and that the metric projection p:5,— L is

continuous. (Use standard Bolzano-Weierstrass argument: If X— X in s,
then every convergent subsequence of the sequence Aeﬁxnvv has the same
limit p(x), and every subsequence of Asﬁxsvv contains a convergent
sub-subsequence. Hence sﬁxL\l¢ ©(X) ). Furthermore the mapping ¢ has
the property ¢(-x) = -p(x) for all x e m:. Consequently by the Borsuk
theorem ([DG],3.5.2), there is an X € m: such that GAXOV = 0. Clearly
X is the required point.

(S
In the general case choose a basis MH\MN\...~M , n=dimH, in H*

n

and define

14

ixn =V ixi® + n 2 2

W m Amﬂﬁxv +...+ m=ﬁxv )
=x=s 1s a new and strictly convex norm in H For each meN there is
X € m: with QHMﬁEAxa\hv = =Xa| o=an 1. Since =xs= < =xtfu 1, the
sequence Axsv contains a convergent subsequence relative I 1; the

limit x, of this subsequence satisfies the requirements of the

theorem. g

1.6 Exercise. Under the additional assumption, that the subspace

is a range of a contractive projection of X, prove the last theorem

without referring to the Borsuk theorem.

The additional assumption above is met in the applications

presented in these Notes.

1.7 Remark. Assume now that X is a complex normed space. Let

msﬁw~mv be the n-th Kolmogorov diameter of A with respect to B, and
R
let m=A>~mv denote the n-th real Kolmogorov diameter, i.e., with the
infimum taken over all real subspaces L of real dimension less than
. R
n. Obviously mmsAv~wv = m=~v~wv. Hence, by Theorem 1.5, if H is a
subspace of X of dimension n, (and real dimension 2n) then

. xR
msAm=~wxv S m~=ﬁm=~wxv = 1. That means that Theorem 1.5 implies its

complex version.

Definition. Let T:X — Y be an operator acting between normed

spaces. The n-th Xolmogorov number of T is defined by

aaﬁew"u mzAaAmwv.m<r
Obviously, ITH = d (T) = d (T) =

1

1.8 Basic properties of Kolmogorov numbers

Assume that T: X—s Y and S: Y — Z. Then



va Q AmevaAevamv-w:vmﬁﬁwochﬁ\QAmevmmAev.=m=w:Q
n+m-1 n m n n
d (ST) = uTiH-d (S) for every n,melN.
m m
(ii) If T:cpl X — cpl Y is the continuous extension of the operator
T, then QsA@v = QsAev for all nelN.
(iii) If Y is a linear subspace of Z and J:Y — Z 1is the canonical

inclusion then QsAuev s Qerv for all neN; if Y is a range of

a contractive linear projection of Z, in particular , if Z is a

Hilbert space, then Q:Auev = Q:AHV.

(iv) An operator T is compact, if an only if 1lim QsAev = 0.
n

Proof. (i) Ignoring the trivial case when one of the right hand
side factors is infinite, assume that «a > QaAev and B8 > QsAev. By
definition of the Kolmogorov numbers there exist subspaces L and A of
Y and Z, respectively, with dim L < n and dim A < s,,mcow that

T(B)c L + oB and S(B)c A + BB_.
Therefore
ST(B,)c S(L)+a(A + BB)) < S(L) + A + aBB, and dim(S(L)+A)<n+m-1
The statements (ii) and (iii) are obvious and (iv}) is a direct

consequence of 1.4. g
We end this section with a useful fact concerning seminorm-balls.

1.9 Let X be a vector space, p,q ¢ ¥(X). If q dominates p then
d(I ) = =
=A auv QaAHauv maAca~cuv for every neN.

Proof. The first equality directly follows from 1.8 (ii). The
second equality 1is a consequence of the following three easily

verifiable facts:

xmc MmmﬁxummnchHmmmxumm.
P P xv q q xa

For every subspace L ¢ X with dim L < n and for every t > 0 the

condition ca [« ncu+ L implies mxn ﬁmx+ I (L).
P
q P

For every subspace H ¢ xu with dim H = k < n and for every t >0
the condition I Amx ) < nmx + H implies ca C ncu+ L, L being any
qp
q P

subspace of X generated by the vectors XiveoorX such that Hva\

3

...~HxxHu are linearly independent in the space H. g

g2. Nuclear operators

We shall be concerned with the relations between the property

¥ :nnsAHv < w, a>0 of an operator and its nuclearity

n

Definition. Let X and Y be normed spaces. An operator T:X— Y is
said to be nuclear if there exist two sequences ﬁm=v ¢ X* and ﬁwzv c Y
such that

¥ =m== ly Il <@ and T(x) = ¥ msAxv<= for all xeX.
n

n

The mentioned sequences are not unique and the expression

T = Y m:e Y, is called a nuclear representation of T. The set N(X,Y)
n

of all nuclear operators from X into Y is a 1linear space and the
function :N(X,Y) — R defined by

7(T) := inf * L 10yt ; T=F foy w

n

is a norm on N(X,Y).
It is convenient to assume that 7 is defined for all operators

and ¥(T) = @ 1f T is not nuclear.

2.1 Elementary properties of nuclear operators. Assume that

T:X— Y 1is an operator. Then

(i) ITH = y(T), whence nuclear operators are the I U-limits of
finite rank operators, therefore they are compact.

(ii) If S:Y — 2, then 7 (ST) = min{y (S)UTHh, ¥ (T)ust}.

(iii) If Y is a Banach space and S :X— Y are such that the series
n



n n

Y :m:v < ©, then T:= Y m: is a nuclear operator. “

(iv) If Y is complete then (N(X,Y),7) is a Banach space.
(v) If T:cpl X — cpl Y is the continuous extension of the operator

T, then 7(T) = 7(T).

(vi) Let <_ be a subspace of Y and let T:X— Y be a nuclear
operator with wvalues in <i and let ﬁ“xl ﬁ be the
astriction of T, i.e., ﬁﬁxv = T(X) for xeX. If either Y is

1
dense in Y or .f is the range of a contractive linear
projection, then T, is nuclear.

Proof of (iii). For each neN take a nuclear represenation
—_ n n . . -
§= L f oy with [ __m.”__ __<....,__ = 7(s) + 27"
m m
Then T(x) =

n n
W ¥ m_,Ax:\.._ for all x € X and therefore T e N(X,Y).
- .

(iv) easily follows from (iii).

(V) The inequality QS.L = 7(T) is obvious. The other inequality
follows from the argument below.
(vi). Assume that T = ¥ m=® Y, with yeY is a nuclear

n

representation of T. If <_ is dense in Y, then, for every £ > 0, each

Y, is a sum of a

series such t .o7n
m<§ hat ¢ ly 0= nyn + g-27",

whence T = is the nuclear representation; if P:Y — Y, is

a . . . _ .
contractive projection then ﬁ =7 m:@ wC\:V , the required nuclear
n

representation.

Routine proofs of (i) and (ii) are left to the reader. -

Let us note that the astrictions of nuclear operators need not

be nuclear; they are called guasinuclear, see {P], sect. 3.2.

2.2, Lemma. Let Y be a normed space and Z one of its subspaces of

dimension n. Then there exists a linear operator P:Y — %

such that

P(z) = z for all zeZ and ¥ (P) =< n.

Proof. Let wus take an Auerbach basis for 2, i.e. vectors
2. 02€ Z and functionals mi..ih:m z' such that M,ANHV = mr_ and
bz n = _:..._._ for i,j € {1,...,n}), cf. [W), 2E.11. Let g, __m—__ =1, be
the Hahn-Banach extension of ﬁ for i=1,...,n. Then P = [ g6 z has

the required property. g

2.3 If T:X — Y is a rank n operator, i.e., dim T(X) =n, then

7(T) = niTu,

Proof. T = JT, where J is the operator of the previous Lemma with

Z = T(X). Hence, by 2.1 (i), #(T) s 7 (I)ITH. g

2.4 Exercise. Let X and Y be complex normed spaces, T:X — Y an

operator which admits a nuclear representation by means of real linear
functionals defined on X. Show that T is nuclear.

Hint. If T:X — Y is a complex linear operator, i.e., such that

linear functionals m"i
= m - . N
s:?: > :.,:?c Hm:?x: are

real

1

T(x) = ~iT(ix), and T
then T(x) = [ ¢ (X)y,

r n.:@ A with

nelN, where

complex linear functionals with o I = Wf W,

An excursion to Hilbert spaces . We shall be concerned with real

Hilbert spaces X, Y, Z, ... and compact operators acting between them.

Inexplained terminology and the proofs which are omitted can be found

in Schatten’s book [Sch). The reader interested in generalizations of
the stated results to the cases of noncompact operator and to complex

Hilbert spaces is also referred there.

Recall that for an operator T: X — Y, its Hilbert conjugate

T: Y — X is the only operator such that (T(x)ly) = C:,H..C\: for alil

X e X, y € Y. An operator T: X — X is said to be hermitian if T = T.

An hermitian operator T is positive if (T(x)Ix) = 0 for every x = X.

Recall the spectral theorem for compact hermitian operators.



2.5 Every compact hermitian operator K: X — X can be expressed

in the form

K(x) = L A (xIf )£

n

where >=~ nelN, are non-zero eigenvalues of K, repeated according to
their multiplicity and Am=v is the sequence of eigenvectors
corresponding to these eigenvalues, i.e., xﬁm=v = >=m:. The values A

n

are real and >= — 0.

Clearly, the operator K is positive iff A =z 0 for all neNlN.

Definition. The n-th sinqular number of a

s (T) = K\MIJ , where

n

compact operator

T:X — Y is defined by () is the sequence of
eigenvalues of the positive compact selfadjoint operator K = TT put

in the non-increasing order.

of the

A consequence spectral theorem is the

following

representation theorem for compact operators:

2.6 Every compact operator T: X — Y can be represented in the

form

m msax_m=vm=~ where s = maAev.
where ﬂmzv and Am=v are orthonormal systems in X and Y, respectively,
for each neN, e is the eigenvector of the operator TT corresponding

to the eigenvalue mm and em: = m:m:.

2.7 For a compact operator T: X — Y acting between Hilbert

spaces the singular numbers are exactly the Kolmogorov numbers.

Proof et T =7 msax_msvm=~ H(m) = (£ ,...,f

n

ewav ={yIstf; ¥t =1),

). Then

and, for every x € ewav~£m have

W dist(x,H(m)) = sup{l T st fu; ¥ t° = 1)
W -.—W-s n n n n n
. 2 . -
= s -m-sup(l ¥ ﬁ=m==.M t = 1) s .

m
nZm n

Hence d (T) = s . On the other hand, and

eﬁmxvazﬁa+wv > mamiazv.

therefore, by theorem 1.5, aaaev zZsS. u

2.8 A compact operator T: X — Y acting between Hilbert spaces is

nuclear iff ¥ mzﬁev < . Furthermore 7(T) = § msAev.
n

n

Proof. By 2.6, T = ¥ m:ﬁw e, whence 7 (T) = ¥ =m=m==.=m==u ¥s

n n n

n

=Y d (7). Therefore the condition § aaAev < ® implies the nuclearity
n

n n

of the operator T.

Now suppose that T admits the nuclear representation T= [ gey.
n

Let s, e, £, be those of 2.6. Fix an nelN. By Bessel’s inequality
n

n n
we have

ny 1 = ¢ _Qum_:w

=@=__N > M_Aa=_m_v_~ ;
[ 3

and, by the cauchy-Schwartz inequality,
172

172
Ti(gle)lI(y I£)] = _ Ti(g le v_¢ ﬁ Ti(y i f v_mu = lig h Ny I.
5 n J n J 5 n J 3 n J n n
Thus

) m_Aev = m s, = m Aemg_m_v = mﬁ m Aor_m_v<=_mu u =
=77 Aaz_m_v A<=_m_v =7V _Aa=_muv_ _A<=_m_v_u L g h iyl <o g
j n n j

Back to normed spaces. The following vwovomwﬁwo: is a link

connecting nuclear operators acting in Hilbert spaces with those in

Banach spaces.

2.9 Lemma. If X and Y are Banach spaces, then every nuclear
operator T:X — Y can be factored through the Hilbert space ﬁ.
Proof. Choose a nuclear representation T = 7§ fe e such that

n n
n



WE W = lle n. Obviously T Wf 1= [ __ms__NA ®. The operators T :X — ¢
n n

n n

and emnnm — Y defined by ﬁCc = AmnAx: and em:m.,: =¥ ae are

both continuous and satisfy T = T,T - m

Now wWe are ready to prove the main results of this section,

2.10 Let X and Y be normed spaces and T:X — Y a composition of

three nuclear operators. Then } Q:ﬁuv < .
n

Proof. According to 1.8 (ii),(iii) and 2.1 (v),(vi), we may pass
to the completions of the spaces and assume that T = JRS 1is the
product of three nuclear operators: S:X — 2, R:Z2 — W and J:¥W — Y,

where X, Z, W, Y are Banach spaces. The previous lemma allows us to

write T as the composition of the following ovmnmﬁonmn,

T: X — leb<

S
Z
m_/. /s .f/_ 'z
L 2 14 2
2 2
Hence T = .u~=m_. where H = .u_wmm is a nuclear operator. Since, by 2.8,

¥ m:ﬁ.: < o, we conclude that
n

Ld(T) = [ I3,1d (H)ISH < =. g

n

2.11 Let X,Y be normed spaces. If an operator T:X — Y satisfies

) :masﬁev < », then T is nuclear.

Proof. Take an (n-1)-dimensional subspace L < Y such that

n-1
sup awan.r:-L.. %mu&mx: < m&:ﬁ.v. By Lemma 2.2 there exists a
projection w:-_“< — r?_ such that __vsi__ = :v.lv = n-1.
We claim now that: T(X) = Hwa v?neﬁc.
This can be proved as follows: take x € wx and let Nmﬁ=-~ be the

nearest point to T(x). Then

HT(xX) - m.:-_.zx:_ = WT(x) - zk + _:u:-—.H_CC - m.:-—ﬁmv__ < NQ:A.H_V
+ NADI:Q:AHV = NDQ:GJ.
By the assumption on T, Hwa m:&:ﬁ; = 0.

o

Let us write T(x) = m._,zxv + ¥ :u=| m:-_V.H_CS. We have
2

I(P- P )TN = UIT~P T - (T-PT)H =< UT-P TI + WT-P TH =
n n-1 n-1 n n-1 n
= 2nd (T) + 2(n+l)d  (T) = (4n+2)d (T).
Now, since rank(P T - v?_.E = 2n-1, by Proposition 2.3 we obtain:
#(PT - P T) = (2n-1)IPT - P T = (2n-1) (4n+2)d (T)=8n°d (T).
n n-1 n n-1 n n
Since T is a sum of a series of nuclear operators such that the sum

of their nuclear norms is convergent, we conclude that T is nuclear. g

§ 3. Locally convex nuclear spaces. Mitiagin's characterization

We recall that a topological vector space X is locally convex iff
#(X) is fundamental.
It is clear that if X 1is 1locally convex and 1if P c #(X) |is

fundamental, then every p € ¥(X) is dominated by a seminorm q € P.

Definition. A locally convex space X is said to be nuclear if for

every pe¥(X) there exists a gef(X) such that the linking operator H€

is nuclear.
In the above definition the expression "pef(X)" can be replaced
by "peP, a fundamental set of seminorms", and the operator “_”A=v can be

replaced H%. This is a direct consequence of 2.1 and 1.8.

Now we are ready to state the Mitiagin characterization theorem.

3.1 Theorem. For a locally convex space X the following

statements are equivalent:

(1) X is nuclear,



(11) there is an a > 0 such that for every p € ¥(X) there is a
q € ¥(X) with g > p and sup :unsﬁH%v < w,

(*ii) there is an a > 0 such that for every U « U(X) there is a
V e U(X) with sup :J:E\S < o,

(iii) for every a > 0 and for every p € #(X) there is a gq € ¥(X)
with ¢ > p and sup SuasAHA_L < @,

(*iii) for every a > 0 and for every U e U(X) there exists a

V e U(X) with sup :J::ﬁE < ®,

3.2 Remark. Assume that W ¢ U(X) and P c ¥(X) are fundamental.
Then, by 1.2 and 1.8, in the statements (*ii), (*iii) above the U(X)
may be replaced by ¥ and in (ii), (iii) the ¥(X) may be replaced by .

Also the link operators H% may be replaced by m%.

Proof. (i) == (ii). For a fixed p € #(X) let r, s and g be three
continuous seminorms on X with psrsssq such that the corresponding

operators I , I and Hﬁ are nuclear. Then, by 2.10, the operator
rp

sr

I =1I I I satisfies p d (I ) < . Hence the sequence E”AH%:

s s
qp rp sr g n

is bounded for a = 1.
(ii) =—>(iii). Given p € ¥(X) there exist a g F(X), q>p and

a constant C > 0 such that 4 (I ) = 0~:-u for all neN. Next, there
n'Tq

1
exist q, € LX), a > q and c, > 0 such that Q._AH..;V = n~:

2 21

all n, whence gq_ > p and, by 1.2,

2

-2a
< . = C for all n.
QmsﬁHamvv Q:Qamnnv Q..AHA:L ~n~=

Proceeding in the same way, for every keN, we can find a nxmfxv\

q > p, and cx > 0 such that

k

d (I ) =Dn ' for all neN.

Now, given b>0, if kelN is so big that k-a = 3b, then

b
sup aasAanL < @

because for every m z x> there is an n z k such that kn = m = k(n+1)

3b k-a

A
3

escmsuaﬁvmacnﬁvm:naumx:isumziswﬂu:
m nxv kn nRv

(iii) = (i). Let p € ¥(X). By the hypothesis, we can pick a

gef(X) so that sup :naaAH%v < ®. Then, by 2.11, Hnn is nuclear.

(#1i) <> (il) & (*¥iii) «—(iii). By 1.9, d (I ) =& (U ,U).

We complete the proof by applying Remark 3.2 with % = Acvn p € ¥(X)).

§ 4 Nuclear Fréechet spaces with bases. Absoluteness

The aim of this paragraph is the Dynin Mitiagin criterion
characterizing nuclear spaces among Fréchet spaces with bases, which
implies that all bases of nuclear Fréchet spaces are absolute.

Assume that X is an infinite-dimensional Fréchet space. Recall
that ¥(X) denotes the set of all continuous seminorms defined on X.

A sequence (X } < X is said to be a basis [an absolute basis] of

X if every x € X has a unique representation x = ¥ t x [and moreover
n n

n

¥ p(t x ) < o for every seminorm p € ¥(X)]-
n

It is known that the coeficient functionals :L of the basis defined
by

mxAM tx) =t, for keN,
are continuous, cf. [R], sect. 2.6. Therefore by the Banach-Steinhau

theorem the projectors P and P defined by

vsAxvuMﬁx~ P =P - P, n,meN,

17 n,m ném n
are equicontinuous, that means:
(*) VYp € #(X) 3r e #(X) such that P(P (X)) = r(x) VxeX, n,meN
In the sequel when writing "a basis sz‘n.:v: we shall have in

mind that {x ) is a basis and Am,_v the sequence of 1its coeficient



functionals. |

Definition. A seminorm p € ¥(X) is said to be adjusted [resp.

NH adjusted ] to the basis Axs.mzv if __m.,@ xsnxu — Xv__ = 1 for

every neN, that is, if p(f (x)x ) = p(x) [resp. L p(f (Xx)x) = p(x) )

for all xeX, n eN. A grading ¥ is said to be adjusted HNH adjusted )

if each seminorm of the grading is adjusted HNH adjusted }.

4.2 Let X be a Fréchet space with a basis (x ). For

n

every

seminorm p € ¥(X) there is a seminorm q € ¥(X) which is adjusted to

the basis and such that gq = p.

Proof Given p, let
a(x) = sup {P(P _(x))i n,meN).

Then, clearly, g =z p, and since ﬁw X = v?_3~ we get nﬂmzﬂxvxb =
= vAm:ﬁxvxzv = g(x). The continuity of gq follows from q(x) = r(x),
with r selected according to the condition (*) above. g

The proof of the main result is based on a lemma concerning
operators acting between Banach spaces. Recall that a rank one
operator F:X — X is an operator of the form T = £ e x, where mmxﬂ
xeX, £ # 0, x = O.

4.3 Lemma. Let Z and Y be normed spaces, T:Z — Y an operator
such that
(1) £ md (T) < w.

If m=nN — 2, m="< — Y are rank 1 operators such that:

(i) FF =8 F; GG =6 G,
n m nm n n m am n n
(ii) G =1 and the operators P = ¥ o_ are equicontinuous,
1=1
(iii) the set MQ.A<V v mwaxv U ...) is dense in Y,

TF = GT;

n n

for all n € N. Then

(iv) T(F (2)) = G (Y); WFI =1

n

L IGTH < w.

n

Proof Denote >=u =n=e=~ neN, and observe that, by (iv), the
image G T(Z) = T(F (2)) = 0=A<v is one-dimensional and therefore
A= 0.

n

Further argument will proceed in five steps.

1°y = Hma P (y) for every y e Y.

If y e HO~A<v v mma<v U ...), say Yy = OnAwnv + ...+ OaA<av\ then,
by (1), m=A<v = mzszv for n = m and 0=A<v = 0 for n > m. Therefore

y = Hwa P (y) for every Yy e H0~A<v v 0~A<v U o...]
By (ii) and (iii) the same is true for every y e Y.
2° A — o.
n

In fact, if not, there would exist a bounded sequence AN:V in 2z,
a subsequence {(k(n)) of indices, and an €>0, such that
(2) G, T(z )l = €.
Since, by (1), the operator T is compact, we may assume without loss
of generality that

mxS,eAusv — y € Y.

But, by (i), nsﬁ<v = Hwa nsnx;,Aeauzvv = 0 for every fixed meN,
whence, by 1°, vy = 0, a contradiction with (2).

3° IT(u)K = A -llul for every u € F (Z), neN.

In fact, by (iv),

>=u mcvﬂ=em=ANv=n NmmNV = mcvﬂ=emsﬂmsﬂnvv=" Nmm~v

and 1=Am~v c m~. Therefore >=u mcvﬂ=am=A:v=nc € mND M=ANvV = =em=Accv=

for some u e mND msANv. But since the range mzamv is one-dimensional,

o
we get the equality 3°.
According to 2°, after passing to a permutation of indices, we

may assume that



(3) Az Az Az ..

Consider the m-dimensional subspace H(m) 0H33+ ... + G (YY), for a

fixed meN. We claim that

a

L
4 m::.:n m .u,_...:mnv.

Proof of 4°. Pick an arbitrar v = G + +
Yy v »C\L OsC\.._v € m_:..:.

By (i), G (y) = G (yv) forn = m, i.e
Y = G (Y) +...% G_(¥).

By (iv) there are u e m__amv such that o:CJ = Hm,sAcsv for ns=m, whence

= : = o -1 -
y =T(z) with z =u+...+u. By 73° e = ATNT(u ) = >=___o._::__ s

< a1 -1 -1 -
= A Myl. Hence, by (3), nzl = (A7'e ...+ aA)nyn s Eyg:_i_\ it  means
that z ¢ ma 'B_.
m 2z
0
5" Now we complete the proof of the lemma. Combining (3) with

theorem 1.2 we get

nd (T) = 8 (nT(B,),B,) = AS (mA_'T(B),B) = AS (B, ,B) = A

Hence the assumption (1) implies § A < o. -
m

m

Now we can state the Dynin-Mitiagin criterion

4.4 Theorem. Let X be a Fréchet space with a basis {x ,f }. Then
n n

the following statements are equivalent:

(n1) X is nuclear,
(n2) Y pe?(X) 3 qge¥(X), q=zp, such that TlMfe x:X — Xl < .
X n n q P
(n3) Y pe#(X) 3 qe¥(X), gzp, such that L p(x)/d(x) < =.
n n

Proof. (nl) = (n2). Let p ¢ #(X). Choose r,s,q € #(X), so that

P =r ==s =g, r and q are adjusted to the basis and ¥ md (I ) < .
m sr

(This is possible because of 3.1(ii) and 4.2.), whence

(4) m anaanuv < @.

Let M = (neN; H.Ax:v # 0) and let {k(n)) be the increasing sequence of

all the the indices belonging to M. Let Y =X, ' C
r n r

z = Hxiiua moH.:m?Nnn:mOHomcnmomn:mmmn :N_.“:m_z: w:n:m

mm:wn:mmumom xa. hmneumlf 1=uN lN~ m="< |v<~ :m?umn:m
continuous extensions of the operators defined by the formulas:
T((x]) = I _([x]) =L £ (x)0x, 1 =L£f (XY,
n n
FOx1) = £ .,0z, G ([x]) = £ (Xy.

Since (x ) is a basis in X and the seminorms r,q are adjusted, it
easily follows that the conditions (i) - (iv) of the lemma 4.3 are
met. The condition (4) is nothing else but the hypothesis (1).

Hence, applying the lemma with the specified above data, we get
the statement (n2).

(n2) = (nl). Obvious.

(n2) < (n3). By 4.2, the two statements remain unchanged when
restricting .no p,qe?(X), adjusted to the basis. Hence the following

observation completes the proof:

4.5 Let X be a Fréchet space with a basis Axs.m..v. If p.qef(X),

p=q and g is adjusted to the basis then, for every neN,

__m=® xznxa — xv__ mix:v\nﬁx:v (0/0 = 0).

Proof Fix neN, denote F = fe x. Since g is adjusted, we have
q(F(x)) = g(x) for every xeX. Hence
P(£ (X)X ) = q(f (X)X ) -P(X)/a(x) = a(x) P(x)/d(x)-

On the other hand, ﬁ:ﬂ:Axsvx:v = Exsv = nszv.vﬁxsv\ﬂx:V. That means:

P(F(x)) = q(x)-p(x)/qa(x) and p(F(x)) = a(x ) -p(x)/q(x),

i.e., __m."xﬂ_ — xu__ = ﬁax:v\aaxzv. -



Every basis in a nuclear Fréchet

4.6 Corollary. space is

absolute.

Proof. Assume that nxs.ﬂu is a basis in a nuclear Fréchet space

X. Let pe¥(X). Choose g according to the condition (n2) of 4.4. Since,

for each xeX, the series [ msﬁxvxs

n

is convergent, we conclude that

sup nAm=ﬁxvx=v < o, whence by (n2) ¥ vAm=Axvx:v < @,

n

There is only one type of absolute bases of infinite-dimensional,

separable Banach spaces: the unit vector basis of the space ﬁ. More
precisely:
If Ax:~m=ﬁﬁz is an absolute basis in a Banach space X with

=x== = 1 for all nelN, then the map
X3 x — AmsAxvv € ﬁ
is an isomorphism which takes the basis {x } of X onto the unit vector

basis (e ) of the space ﬁ.

Definition.

Let A = Aw§vr=m2 be a Kéthe matrix, i.e. a matrix
of real numbers such that, for every nen,
0 = a = a, = ... and H”a a > 0.
The Kdthe space ﬁA>v is the linear space of all numerical seguences
X = {X(n)) such that, for each keN, UrAxv =7 _w§xA:v_ < @, regarded
n

as a Fréchet space with the grading § = P )en -

Clearly, the sequence AﬁL of unit vectors, i.e., msA:v = mS. is
an absolute basis of the space ﬁAbv and the grading ¢ is Nu adjusted

to this basis,

The theorem 4,7 below provides the complete description of

absolute bases in Fréchet spaces in terms of Kothe spaces ﬁA>v.

4.7 Theorem. Let Ax:\ﬁgsmi be an absolute basis in a Fréchet

space X and let (p ) a grading for X, and A = {a ) = (p (x)}. Then

the map
X3 x —> Aﬂ%xvv € wav
is an isomorphism which takes the basis Ax:v of X onto the unit vector

basis {e) of the space ¢ (A).

Proof. Obviously the linear mapping T:X — ﬁA>v defined by the

formula T(x) = AmsAxvv is bijective. Since, for, for every keN, vaxvm

= ¥ p (f (x)x ), the operator T is continuous. And since
k n n

n

T(x) = ¢ mzﬁxvms for xeX,

n

the operator T is the limit of continuous linear mappings (the partial

sums of the series) and, by 0.2, is continuous. g

An immediate corollary of the last theorem is the following:

4.8 A basis (x } of a Fréchet space X is absolute if and only if
n

B

X admits a grading ¢ adjusted to the basis.

§ 5. The uniqueness problem. Regular bases

In this section we consider only infinite-dimensional Fréchet

spaces.

Corollary 4.6 together with the observation concerning absolute

bases of Banach spaces, motivates the study of unigeness of bases in

nuclear Fréchet spaces. We precise the sense of the word "unique":

Fréchet space X. The

Definition. Let Ax:,ﬂL be a basis of a
coordinate range of the basis is the set of coeficients:

Cr {x) = Aﬁﬁsv“ Y ﬁaxs converges) = AﬁmsAxvv“ xeX).

n

Bases (x ) and (y ) of Fréchet spaces X and Y, respectively, are saicd
n n

are said to be diagonally

to be equivalent if Cr axsv = Cr nwav“



equivalent if there exists a sequence of non-zero scalars Anav such
that the {x) is equivalent to the basis Aﬁ=<=vw finally ﬂxsv and A<=v
are called asi-equivalent if there is a permutation mn:N — N such
that A<:.3v is a basis diagonally equivalent to Ax=?

We have

5.1 If ~x=~msv and A<=\a=v are bases of Fréchet spaces X and Y,
respectively, and if Cr {(x) = cr (y}, then the mapping X —y,

n

neN, uniquely extends to an isomorphism T:X — Y.

Proof. Let T(x) = I f (x)y, whence T (y) = The

Lg (x)x.

continuity of T and T} follows from 0.2. »

Let us note that the theorem 4.7 together with corollary 4.6 say

that every basis of an infinite-dimensional nuclear Fréchet space is

equivalent to the unit vector basis of a space mﬁ>v with a suitable
matrix A.

Except the case where X is isomorphic to the space 52 of all
numerical sequences, if Axsv is a basis in X one can always find a
sequence Anav of positive scalars such that Axsv and (tx)} are not

nn

equivalent; also it can be proved that a permutation can change the
diagonal-equivalence type of the basis. Hence, the most convenient is

the concept of the quasi-equivalence. The general question of whether

in every nuclear Fréchet space with a basis all the bases are
quasi-equivalent is still open. One of the partial solutions 1is the
theorem, established independently by Kondakov and by Crone and
Robinson, related to the concept of a regular basis.

Definition. Assume that X is a locally radially bounded Fréchet
space and ¥ (X) the fundamental set of seminorms consisting of all

continuous norms. A basis (x } of the space X is said to be reqular if
n
for every p € ¥ (X) there is a q € ¥(X) such that

p(x)/a(x) = B(x,,)/a(x,) for all neh.

5.2 Theorem. Any two regular absolute bases (X ) and A<=v of an

arbitrary Fréchet space are diagonally equivalent.

Proof. The argument presented here, based on the Kolmogorov
diameters, is due to Djakov mcwu.

We can take gradings § = {p,) ¢ N¥(X) and XK = Aaxv c N(X) which
are f adjusted to the bases szv and A<=v. respectively, and such
that
(1) the sequences {p (x)/P, (X)) o 2and (q, (v )/9,,, (Y ) ) ey 2T€

non-increasing for all keN.
Without loss of generality we may assume that
P, =4 =Py *dp = ey
for otherwise, we pass to suitable subsequences of the norms and
replace them by their positive multiples.
Let W = cv and v o= c#. the unit balls of the normed spaces
x diameters

(X,p ) and Ax.&xv respectively. The respective Kolmogorov
k

are expressed by

a (v

n' ken’

d (W, W) = P, (X ) /P, (X)), vy = q (v /9.,y ),

for k,h,neN. This follows from the results of § 1 m:a.n:m inclusions:

W < bzﬂ.NA:V~ pB_ < zfr\

k+h z{n)
where p = vuﬁxsv\v~;ﬁx=v\ Z(n) = Hx_\...\x?_u\ mnrzu zrD Z(n),
and from the corresponding inclusions for V . and V,
Therefore
(2) if k=) then W> V > Vo> W and a::f._,zL = a:E_LC.
whence p (X )/P (X)) = q(y)/q,(y ).



(3) if Xk » j then <_u LAVER A and d (v,v) = Q=A£-z7 ).

e
whence q (y )/q,(Y) = P, (X)/P (X)-
By (2) and (3)

P (x)/aq (y) = p  (x)/q(y) for all k,j,n € N.

(x) for

Let r = sup (p (x)/q (Y )ikeN}. Then p (x) = rdq/(y) =p, (X

all k,n € N.

Hence Cr (x } = ¢ ({p (X ))) = L ((rq(y)}) =cCr(ry). mu

5.3 Theorem. Let X be a nuclear Fréchet space with a regular
basis Axa.m=v. Then, for every basis A<=.Q=V of the space X there is a

permutation m:N — MN such that (y } 1s a regular basis.

M(n)

Consequently all the bases in X are quasi-equivalent.

For the proof we need two lemmas concerning rank one projections.

5.4 Lemma. Let X be a Fréchet space with an absolute basis
Axs\msv and let ¥ = Ava be a grading f adjusted to the basis and
such that

(1) p. . =z 2 p, for every keN.

Assume that F = g @ y:X — X is a rank one projection, i.e.,

(ii) g(y) = 1,
such that

(iii) pe F=p for all keN.

Then there exist an index m € Supp y := (neN; f (y) # 0) and a vector
n
ty 1in the range of F such that

(x ) for all keN.

p (x) =p.  (ty) =p _(x

k+l

Proof. Let velN be the first integer such that p_  (y) # 0. Then,

V+l1
by (i) and the fact that the grading ¥ is f adjusted, we get

-k

P, (VL £ () Ip(x) = p(v)/p,, (Y) = 27° for every k = v

n

k+1 k+1

whence

(3) L IE(y)l sup p(x)/p (v) =L If(y)I £ p(x)/p, (¥) =

X
n kzv n kZV *1

s TP, Lp()Ef(yl=s L

k=P
By (iii), _QAxav_ = vE—AJu\vxﬂ<v for every nelN and k>v. Hence,

_mAxsv_ = inf p

(x)/p,(¥)
k>V

el
Therefore, by (ii),

(x,)/P,(¥)

K+l

(B) 1 = F £ (y)g(x) = TIf (y)llg(x)| =L If (y)| inf p

n k>V

Comparing (A) and (B), we conclude that there is an m € Supp y such
that

sup p (x)/p,, (y) = inf p (x)/p (y) > O.
k=Y k>V

Taking t = inf p
K>V

P (X)) = tp

(x)/p,(y) we get

k+1

x:A<v = vINAxav. for every k z v.

If k < v then p(y) = P, (¥) = 0 and, since m € Supp Yy and (p )

is ¢ adjusted, also vrﬁx ) = 0. Therefore the assertion is proved. g
1 m

We shall need the following concept

Definition Let X be a Fréchet space and let hxav. h<=~ be

two arbitrary sequences of elements of X. We say that (y ) is

seudodominated by (x ) if there exist a sequence of indices (m(n))}
n

with m(n) — «, a sequence (t } of positive numbers and a grading
€ = (p } for the space X such that
n
< < N.
(pd} p(x ) =p (ty) =p,(x ) for all k,n €

k' m(n)
5.5 Lemma. Let X be a Fréchet space and Y a closed subspace with
dim ¥ = o such that there exists a continuous linear projection P of X
onto Y. Let Axav and A<=v be bases of X and Y, respectively. If X does

not contain any subspace isomorphic to the Banach space f\ in

particular if X is nuclear, then A<=V is pseudodominated by szv.



Proof. Since all the rank one projections F=gey are equi-
continuous (see (*) in § 4}, there is a grading ¥ = {p} satisfying
the condition (i) of lemma 5.4 and such that each m:. nelN, mcwmwwwm
(ii) and (iii). Hence, for each neN, we can select an m(n) and ﬁ: to
satisfy the condition (pd). It remains to show that m(n) — «.
Otherwise there would exist an m/ with m(n) = m, for infinitely many

indices n, and the corresponding subsequence of the basis (ty } would
nn

be equivalent to the unit vector basis of m. Finally let us remark

that, if X is nuclear, then so is Y and Y cannot be isomorphic to the

the infinite-dimensional Banach space ¢ . g

Now to complete the proof of the theorem 5.3 it is enough to make

the following trivial observation

S.6. If {x } and {y } are absolute bases in the spaces X and Y
respectively, Axav is regular and szv is pseudodominated by szv and
if m:N — N is a permutation which makes the sequence {m(n)) appearing
in the condition (pd) to tend non-decreasingly to infinity, then

{y ) 1s a reqular basis. g

M(n)

Another consequence of lemma 5.5 is the following fact (stated

already in [B] in terms of infinite systems of equations):
5.7 Theorem. Every basis Axsv of the space 52 is equivalent to
the unit vector basis.

Proof. By 5.5, Crix) = ( (c); L cte  is convergent] = R,
n

n n m(n)

the set of all numerical sequences. g

§ 6 Nuclear Fréchet spaces without bases

Recall that, by the theorem 4.4, to each basis of a nuclear

Fréchet space corresponds a sequence of rank one operators Am=® x=v

such that

{npi) V pe¥(X) 3 ge¥(X), g=p, such that §} =m=® xsuxal¢ xu= < o,

n

Such a sequence of operators will be called an npi, the abbreviation

for nuclear partition of the identity.

We shall present a nuclear Fréchet space E without any npi, which
is a sleight modification of Djakov - Mitiagin example [DjM], cf. also
[Be] and [BeDu]. The construction is based on a geometrical property
of the 2-dimensional space Re.

Let Am_~m~v be the canonical basis of R® and let m“~mm € AEJ.

its coeficient functionals. Denote W= m~+ e, W = m~+ e, and
. . .

W =e-e
2 2 1

6.1 Lemma. For every u € ﬁﬁ v € AEJ. the rank (=) one operator
T = veu: R° — R° satisfies the inequality

le;T(e )| = leT(e)| + le;T(e) | + I1w,T(w)I.

Proof. Assume that the left-hand side of the inequality is not
zero. The substitution s = _mmﬁcv\mmﬁcv_~ t = lv Ammv\< Am_v_ reduces

the inequality to the elementary fact: 1 = s+t+(l-s)(1l-t) for s,tz0. g

For a fixed nelN define on the space R® the three norms:

_x_nu _mnﬁxv_ + 2 _mwﬁxv_~
_x_mn 4 _m,ﬁxv_ + 2 *mmAxv_~
_x_un 4 _ipﬂxv_ + 8 _£~Axv_.

For an operator T:R* — R° and i e {(1,2,3) we denote

_e_: = sup ﬁ_aﬁxv_ﬂ“ _x_, mpv.

It is straightforward to check that

2
_x_~ = _x_N = _x_u for all x € R

and

‘oe | je oe_| W ow | 2"
® = e oe = = W_ow = .
_m~ m~ 11 1 2 22 2 1 33



6.2, Lemma. Let T :R°— 5- meN, be rank one operators and let
m

Y T (x) = x for every xeR. If there exists a constant C < ® such

that

T _<..H.aA5_ = 0_<.e:_: for every u € 5w9<. € mev.. je(1,2,3)

then c = 2%/4.

Proof. Taking <.@c = mm@mi next mmemﬁ and next £“e:~ we get
le'T | = 27 telT (e)l = 27"C Iw'T | = 2'™"c
L leT (e)l = L leT (e)l = » LW, T (W)l = .
Hence by lemma 6.1, 1= m“Am_v =7 m“e (e)) = L _m“e (e) 1 = 4c27",
m L]
m m

Therefore C = 27/4. g

Let K ((i,3) € NxN; i+l < j) and let o:N — K be a surjective
mapping such that, for every (i,j) € K, the set o.-nf.:u.v is infinite.
With the same fixed neN we denote by x: the space R? equipped

with the sequence of norms () defined by

_x_n for k = i
il = _x_N for i+ 1 = k= j
Ixl, for j >k

where (i,j) = o(n).

Till this moment we have considered a fixed n € N and a fixed
space x_i from now on we shall be dealing with the sequence Axav:m_z
Of course, if n,meN with o(n) # o(m), then the norms (I 1) on the
space x: are not the same as the norms on the space x_._ denoted by

the same symbol. This should not create confusions !

Here is the promissed example:

6.3 Example. The space

E = {(x = Ax._: X € x: and vraxv”u T :r__xs__rA o for every kelN)
n
equipped with the grading § = {p,) is a nuclear Fréchet space which

does not admit any npi; therefore E has no basis in.

We omit the routine verification that E is complete. The
nuclearity of E follows from the fact that, for each keN, the 1linking

operator T = I is a sum of a series [ e: of rank two operators

Prea’ Py n

-3

such. that ___H,:__ =n and therefore, by 2.3, the nuclear norms

7(T) = :-N. whence [ i_H_L <wo. Thus T is a nuclear operator.
n
n

Suppose that E has an npi ;._._T m... = %n.@ Y for melN. Then

(1) T m._..nﬁ =y for all y € E,

and acording to the condition (npi) we have:

(2) for p = P, there is q = p (i > 1) such that

i

Lp,(F,(y)) =P (¥) L Iy's Y.iE, = E, I

there is ¢q = _uu (j > i+1l) such that

m P, (F(y)) =p(y) [lye y:E — E |

L] i+l b

(3) forp=p,

there is q = p {k > j+1) such that

(4) forp=p 3

.M..” _u_:a.aﬂﬁv =p(y)- ¥ Iy e %a"m_:l m_. .

m 13

Let i, j be those appearing in the last estimates. Take an
arbitrary fixed n e o.LC.lu.v and 1let rzulem be the canonical

projection:

embedding and w:"m — x: the canonical N

P(Y) = Y.

Finally let ea = PF L regarded as an operator acting on R, Then,

nmn

from the definition of the norms :uav together with the statements

(1), (2), (3) we conclude that every x € R® is the sum

x =7 T (x) and
n m
and

1+1 J+1

! K
) :__H,saxv__uo: _x__. I n __H__..Cc _uuo: _x_u.
m

Py |
_eanv_mlo: _x_m. In
m m
Hence, with s = max (i-1,j-i-1,k-j-1}, we have

< oS
m _esax:ﬂu cn _x_n for ¢« € {(1,2,3},

and by lemma 6.2, C = 2"°n°, and the last estimate must hold for all

n in the infinite set Q.LCL.T a contradiction. g



§ 7. Notes and comments

Ad § O

Locally convex spaces have been distinguished by Tychonoff ([T].
Fréchet spaces (called mov spaces have been defined by S. Mazur and
W. Orlicz in the context of summability theory and later re-discovered
by French mathematicians from the Bourbaki circle. on the best of my
knowledge the first published paper in which the term "B, space"
appears is Eidelheit’s [E], 1936; the treatise [MO] of Mazur and
Orlicz devoted to a systematic study of these spaces appeared only
after the Second World War. The French School, in contrast to Mazur
and Orlicz, put the emphasis on infinite-dimensional locally convex
spaces with such properties which are shared by Banach spaces of a
finite dimension only, rather than looking for analogies with the
general (infinite-dimensional) Banach space theory. In this context

the classes of Montel, Schwartz and nuclear spaces have been defined.

Theorem 0.1 expresses the well-known fact that Fréchet spaces are
barrelled.

Ad § 1

More about Kolmogorov diameters and their applications in the
approximation theory can be found in V. Tikhomirov's paper ([Tij. For
relations of Kolmogorov diameters and numbers with similar parameters,

e.g. Gelfand diameters and numbers, see A. Pietsch [Pi].

Ad §§ 2 & 3

Nuclear spaces and nuclear operators were introduced in early
fifties by A. Grothendieck in, see [G]. The attempts to understand the
so called Red Book [G] stimulated the study of nuclear spaces and
related topics of the operator theory in Eastern Europe, 1in G.D.R.,
Poland and the Soviet Union. The appearance cof the beautiful monograph
{P] of Albrecht Pietsch, helped to clarify the general notion of an
operator ideal (Pietsch [Pi]) and was a beginning of the intensive

research on absolutely summing operators (Kwapiernn, Lindenstrauss,

Pelczynski, Pietsch and others).

Ad § 4

According to corollary 4.5 every basis in a nuclear Fréchet space
is absolute. This property characterizes nuclear Fréchet spaces among
Fréchet spaces [Wo].

Every absolute basis is unconditional, i.e., the expansions with
respect to the basis are unconditionally convergent. For a discussion
on unconditional bases in Banach spaces and the existence and
uniqueness problems for them see [D].

Pelczyrniski and Singer [PS] found that every infinite-dimensional
Banach space with basis admits two bases which are not diagonally
equivalent and, at least, one of them is not unconditional.

* * *

For a Kéthe matrix A = (a ) one can also define the spaces

kn

NQA>V = {x = Am:v“ Am§m=v € mQ for every kelN); waxv = =Am§m=V:Q.
for 1 = ¢« = », and similarly noﬁvv. These spaces are nuclear, if and

only if the matrix A satisfies the additional condition

(Kn) YjeN JkeN such that | m?\mx < o.

Under this condition the unit vectors Amsv constitute an absolute
basis in each of the spaces and therefore noﬁ>v = ~9ﬁ>v = ﬁﬁ>v for

every 1 = p = o; the spaces are isomorphic under the identity mapping.

Ad § 5

We do not know any "natural" example of a nuclear Fréchet space
without a basis. In this context it is important to be able to
represent a given functional nuclear Fréchet as a Kéthe spaces ﬁﬁ>v
with a relatively simple structure.

Specially interesting are the spaces fﬁ>v which are generated by
a single sequence, among them power series spaces of types  and 0.

Let Amsv and Ausv be sequences of reals such that

(1) 1 = a=a, =... ; 1= U,w Uuw...w 0.

Consider the Kéthe matrices A = Amrv and B = Actfv. The spaces ﬁﬁ>v

and N»ﬁwv are called power series spaces of type o and 0
respectively.
The nuclearity of power series spaces is characterized by the
conditions
JkeN with § m” < o, and Vs>0 [ Uw < o, respectively.
n

n

Observe that the unit vectors Amzv of a power series space



constitute an absolute and regular basis. Using 5.2 it is not

difficult to show that a power series space of type o is never
isomorphic to the one of type 0. We also have
7.1 Povwer series spaces X and Y of the same type are isomorphic

if and only if they are equal as sets of numerical sequences.

Proof (Sketch). Recall that zxu AxnvxﬁvaHv for kelN. By (1), if
i < 3, then

= i Kk
Qaaz_.z_v =a for the space h.ﬁﬂwavv~
and

171-1/ ’
b ] 17k

Q=A2_~z,v = b for the space ~_AAU= }) .

Hence

n

h_:m”: = {{t}):; 3i ¥j with ¥ 1€,1/d (W W) < o) =

n

(e ): Ju Vv with 7} It [/d (V,U) < o),
and similarly
LB ) = ((t): Vi 3 with § It 1-d (W, W) <o) =

n

(e )i YU 3V with ¥ _ns_.as?scv < o},

n
where V and U run over all zero-neighbourhoods. That means that the

two classes of numerical sequences can be described invariantly. g

The products X x Y of power series spaces of different types have
bases but no regular bases.

Standard examples of power series spaces are:

LUn), L@y,
They isomorphically represent the functional spaces: C*(T) of periodic
infinitely differentiable line, H(C) of entire
functions, H(D) of holomorphic functions on the open disk. To get the
representation we use the trigonometric system as the for the

functions on the

basis
first space and the sequence AN?,V for the second and third.
that the H(C") of functions of r
variables and H(D") of holomorphic functions on the r-dimensional open
a_awv and nuﬁwv~

We notice

spaces entire

polydisk are represented by the power series spaces

A rauxn xuuzgxn
a= {2} 5= {2 3

The dimension r of the domain is an isomorphic invariant of the spaces
of holomorphic functions, while every space c®(M) of all infinitely
differentiable functions on a smooth compact manifold, regardless of
the dimension of M, is isomorphic to ().

More information on the isomorphical classification of Banach and
Fréchet spaces of functions can be found in the survey article [Pe].

* * *

well as the

each

The concept of the quasi-equivalence of bases as
first result relating this concept to nuclearity (all

H(C) and H(D) are quasi-equivalent) are due to Dragilev [Dr].
* * *

bases in

Let X be an infinite-dimensional Fréchet space with a basis. We
X has the
gquasi-equivalent to each other;

QE property if all the bases of X are
X has the
complemented subspace of X has a basis; the basis Ax:v of X has the
CBS property if every basis A<L of a complemented subspace of X is

quasi-equivalent to a subsequence of Axav“ X has the CBS property if

say that:

CS property if every

every basis of X does it.
The labels QE, CS§
"complemented subspace" and

and CBS stand for

"complemented basic sequence".

"quasi-equivalence",

There are three fundamental problems concerning the uniqueness of

bases:

QE. Does every nuclear Fréchet space with a basis have the QE
property ?

CS. Does every nuclear Fréchet space with a basis have the
CS property ?

CBS. Does every basis of a nuclear Fréchet space have the CBS
property ?

One can also ask these questions for concrete spaces, concrete

bases or for complemented subspaces with certain special properties.
Mitiagin and Djakov have observed that using the Cantor-Bernstein
mapping to the sets of indices of the bases one gets:

7.2 If the two base Axsv and A<=v of the space X have the CBS

property then they are quasi-equivalent.

Hence it is natural to ask:



CBS1., Assume that X has a basis with the CBS.
X have this property ?

The problems are rather difficult. During the last 25 years only
partial answers have been obtained. In particular, Mitiagin has proved
that power series spaces of type 0 have the CS property. Any new
partial result, as well as inventing a new technique of handling the
problems would be valuable.

For detailed information on these and other problems and an
extensive bibliography we refer to the survey (A-Z].

Ad § 6.

The first example of a nuclear Fréchet space without basis,

apparently under a psychological influence of Enflo’s negative
to the basis problem for Banach spaces, was
Zobin (Mz] in 1974.

answver

given by Mitiagin and

The space E presented here, although without bases, is obviously

the direct sum of its two-dimensional subspaces, in particular it has

the bounded approximation property (i.e., the identity operator is the

point~wise sum of a series of finite rank operators). The first

example of a nuclear Fréchet space without the b.a.p. was given by

Dubinsky [Du], and his construction was essentially simplified by Vogt
[V]. The Vogt'’s

example 1is approximately on the same

complexity as our space E. Another interesting technique

level of

of getting
nuclear spaces without bases is given by Moscatelli [M].
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